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My Worthy Friend
Cuaarcies Cox £fg;

Member of Parliament for the
Burgh of Southwark.

Dear S1r,

O MO NG the many Obligations
N Ton bave conferred on me, I ac-
count it not the leaft, that you
bave given me a Rife to revive
NSS4 ny Mathematical Studies ; 77
wbzr& as 1 have formerly [pent fome ﬁﬁfﬁ,
ﬁ:: I know of no more ufeful Way of ernploy-
ing my leifure Hours.

And indeed, Siry the Diverfion and Ad-
‘vantage J ba:we lately reaped from them, bath
(by the Divine Blefling) both (upported e
undery and in a good Meafure carried me
through (uch Preffures and Difficulties, as I

‘once almoft defpaired of [urmounting.
g The




- The Epiftle Dedicatory.

The Mathematick Lecture which You at
firft fet up gratis in your Burgh, and whick
out of an uncominon Generofity, Tou did af-
terwards remove into the City of London, is
a demonftrative Proof both of your fincere En-
deavour to promote the Good of your Country,
and alfo of your Capacity to do it the beft
Way. Aud as I have already, in a good De-
greey [0 I hope to fee [uch Effects from fo no-
ble a Defigny as will render your Name juftly
bonourable to Pofterity, as well as this pre-
(ent Age. Siry Tou kuow your Self and
Me too well to take this for Flattery. ’Tis
what Truth, Jultice and Gratitude oblige
zie to [ay.

I fball only add, That I amn again glad of

this Opportunity to fhew the juft Efteem I
have of your Merit, and the equal Regard I
bave for your Friendfbip. 1 am,

S IR,
Your moft obliged

Humble Servant

Fobn Harris.
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ITRANSLATOR

# 8  RRY S gy 7

READER

MRS Frer frequent Perufal, and mature De-

4 l?bﬁ?’ﬂ?ﬂfﬂ 01 If;ji Book 5 1 im’ge it ro be
NS\ \SEE /e plaineft, [borteft, and wet eafie
)i \f:r'j-;- e Eﬂ?ﬁfﬁ'y f;b@e ei{?er feeiz iﬂéﬁ’zﬁcﬁ
WESakeasy A1d therefore I thought it very awell
aworth iy while to let it appear a fixth TLime in our
own Lauguage, as it bad alveady done tawice before
in the Latin Zongue. °And *tis [0 well efteent’a of,
Dy wvery comperent Fudges amongft Us, asto be read
in our Univerfities, by Tutors to their ‘Fupils: And
alfo, which is not ufual wirth Books of this Kind,
there have been three entire Impreffions (0i2 off in & -

little more than as many Years Time.

As to the Tranflation s I bave by no means obliged
my [elf [ervilely to follow the French way of Ex-
preffion 5 for indeed a literal Verfion of a Book out
of any Language will be [carce intelligible in En-
glith. T Zave therefore all along aimed ratker to
give youw F. Pardies’s Senfe; than bis Words 5 and
have made bim (peak what I judge be wonld bave
done, bai be wrote in our Language. Ihave mnade
10 Seruple to adi any thing that I (aw neceffary,

1 78



The TRANSLATOR, &v.

to render hbim clear and intelligible 5 and particu-
larly whar follows, which was not 1 [ome of the
Jormer Editions.

As the [econd Book of Euclid about the Power
of Lines 5 The Menfuration of the Surfates of So- |
lids, Archimedes /15 Proportion of the infcribed
Cone and Sphere to the circumfcribing Cylinder 5 the
Figure of the 5 vegular Bodies 5 (everal Additions
and Tmprovements 11 the Doltrine of Proportion :
T he Menfuration of the Fraftums of Pyramids and
Cones 5, fore 16w Properties of a Right-angled Tri-
‘angle, and of the Circle, &e. T have allo left our
fore more of Pardie’s Propofitions, which, ow re-
peated Experience in Teaching, I bave found lefs
afefuls as alfo all the Elements of plain Trigono-
smetry, which I bad before added to his Ninth Books
becanfe T have publif’d a (inall Treatife on that
Subijett by it [elf 5 and wzy chief Aim now barb been
z0 lead the Learner into a little more abfiratted and
conci(e, tho' a moft wfeful and univer(al Method of
Demonfiration 5 tntroiucing now and then a litrle
Algebra, thar 1 thereby engage the Reader in 4
Love of ,and and Value for thar moft noble and won-
derful Science : And to give bim a good Foundation
20 build wpon, and a fufficient Rife thereby to caryy
bim into Fluxions, and the new Methods of ITnve-
frigation and Demonfiration, where be will find
(ufficient Satisfaclion. Nor need ke be difcouraged
at the Attempt, for ’tis well known, that 1 have
taught [everal Perfons to underftand the elementary
Parts of all Mathemaricks o well, that they bave
been able to go on every where, without the Affift
ance of any Mafler, in lefs than a Year’s Time.

PARDIE’S



PArRD1EBs Advice to thofe
who  would Underftand
Geometry.

tHEY ought to enure them-
4 {elves to confider well the Zj.
% gures, at the fame Time as
3 they read the Propofitions.

% - There will be fome I.abour
and Difficulty at firft, but they will break
thro’ it in two or three Days.

I1. They ought not to be difcouraged, if
they meet with fome Things which they do
not underitand at firft; Geometry is not {o
eafie to be attained, as Hiftory.

LI If, after they have read and confi-
dered attentively any Propofition, they find
‘they don’t underftand it, let it be paflfed
over, it will probably be intelligible by read-
ing farther, or at leaft when they have gone
over the whole, and have began to read it
over a-new. There are indeed many things

in Geometry, that will never be well under-
{tood at firft reading over. |

57 The



Advice to thofe, &c.

IV. The Numbers which are within the
Parenthefis, v. gr. (3. 14.) fhew that the
Matter there {poken of, hath been proved
elfewhere, viz. in this Inftance, in the 14th
Article of the 111 Book: And they ought al-
ways to mind the Number of the Article, and
to confult the Places referred to, that {o
they may gain the Demonftration of what
they read.

V. When they meet with any Words
which they don’t underftand, they may
confult the Table at the End of the Book.

VL. *Tis good to have a Mafter at firft,
to explain to them the Nature and Manner-
of the Demonttrations ; for by that Means
they will underftand the Thing much eafier,
and much fooner, than they can do by read-
ing by themfelves.

E LE-
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GEOMETRY.

BOOK 1

el etigeidBRRERAGREd R Ry

Of Lines and Angles.

@€Y the Word Quantity, which in
#5 the General is the Subject of Geo-
S metry ; we mean that whereby one

| B0 J&4 Thing being compared with an-
{a==cy Other of the {ame Narture, may be

- {aid ro be Greater or Lefs than, E-
(qual or Unequal toit: As Extenfion, 7. c. Length,
‘Breadth or Thicknefs, Number, Weight, Time,
' Motion, and ail thofe things which are capable of
Ibeing fo compared asto more or Lefs, are the Oba
1ject of Geomerry.

2. We defign neverthelefs to confider now only
'Extenfion ; as being thar which ferves for an Exam-
\ple and Rule 1o meafure all other Quantities by,

B 3. LAt
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2 ELEMENTS

3. That Quantity which, being {uppofed without
any Breadth or Thicknefs, is extended only in
Length, is called a Line. That which bath both
Length and Breadth, (bur 1s {nppofed to have no
Thicknefs) is called a Surface, or Superficies: And
that which hath Length, Breadth and Thicknefs, is
called a Body, or Solid.

4. A Poine is that, which is confider'd as having
no manner of Dimenfions ; and as being indivifible
in every refpect. The Ends or Extremities of
Lines, as alfo the Middle of them, are Points.

5. There are Strait Lines, and there are Crooked
or Curved ones: Alfo there are Even and Plain Sur-
faces which are called Planes; and there are Crooked
or Curved ones : Which like a Vaulr, (or the Tilt of
@ Boat or Waggon, are Convex above, and Concave
below.

The Generation of Lines may eafily be conceived
to be made by the Motion or Fluxion of a Point,
as A.

Which if it move diretly from the Term A, to
the Term C, or go the neareft or fhorteft Way
poffible, it then forms what Geometers call a Righe,
or Strait Line.

If it go firft dire&tly to B, and then alfo the near-
eft Way to C ; it forms two Right Lines, AB and
B C, which, taken together, are longer than the Line
A C; and confequently, two Sides of any Triangle
muft be longer than the Third.



Book I. of GEOMETRY. 3

If the Point A move not in ore or more right or
ftraic Lines towards C, it muft go crooked, and fo
will form a Curve or crooked Line, as ADC,

And from hence alfo ’tis plain, That any two
Points, moving with equal Velocity, will inthe fame
Time generate equal Lines.

6. When two Lines meet in a Point, the Aper-
ture, Dijtance or Inclination between them, is call'd
an dngle, Which, when the Lines forming it are
right or ftrait ones, is called a Reétilineal Angle ;
as A. Bur if they are crooked, ‘tis called a Curvi-
lineal One ; as B. And when one is ftrait and the
other crooked, ’tis called a Mix’d Angle ; as C.

N. B. The Lines, forming any Angle, are called
sts Legs,

QL

7. That Angle is faid to be le(s than another,
whole Legs are more inclined to (or nearer to) each
other. Let there be two Lines A B and A C meet-
ing in the Point A, If you ima-
gine thofe Lines to be moveable like
the Legs of a Pair of Compafles,
and yer faftened rogether in A, as
with a Joint, %is eafie then to con-
ceive, that the further they are open-
ed, or parted from one another, the
greater will be the Angle between them : Ason the
Contrary, the nearer they are brought together, the
more they will incline towards each other, and fo
the Angle between them muft be the lefs.

B 8. Is
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8. It muft therefore be obferved, thar the Quan-

tity of Angles is by no Means mealured by the:
Length of their Legs, but by their Incimanon'

Thus, ». ¢r.the Angle B is bigger than A ; tho’ the

Legs of the Angle B, are much fhorter than thofe
of A: But then thofe of A are

much more inclined to each c-

apprehend this the berter, ima-

on A, as you may conceive by
the prick’d Lines about A,
which reprefent the Legs of B lying on it. For 'tig
plain the Angle A will be eafily contained within B
and thatits [ egs are much moreinclined to one ano.
ther, than thole of B, and therefote it is lefs than B,
9. An Angle is ufually marked by three Leurers,
of which T.ht.‘: middlemoft, and which always is
placed at the Angular Point where the Lines meer,
~ denores the Ang !e As in the Figure fmiuwmg,
b a ¢ derotes IhE Angle made by the two Lines 4 4
and ca meeting in the Point «
ro. If we imagine the Line a b faftened by its End
a, 1o m:: middle of the Line d ¢, but yer fo as to be
moveable to 2, as on a Center:
jesseeen b If then You conceive it to be mo-
/ “  ved quife round, rtill it arrive at
d: (/ :¢ the Plage where it began, the
. @ :  Point b\will defcribe a Curve
*~., .+ Line, which is ufually called a

C:rcle but ’tis rarher the Cirs

cumference of a C:rc!c, for prnperl}' {fpeaking, the Cir-.
cle is the Space conrain’d within the Circumference,

11. Any Part of the Circumference is called an

Ark, as be.
12. The Line de (paffing through the Center) and

terminated by the Circumference, is called the Dia-
meter,

ther, than thofe of B. Ardto

gine the Angle B ro be put up-

i



Bookl. of GEOMETRY. g

meter, and divides the Circle into two equal Parts.

Alfo every Right Line paffing thro’ the Center a2
((and terminated at each End by the Circﬂmferfﬂce)
divides the Circle into two equal Parts, as will be
a Diameter,

13. The Line 4 b or a ¢, or any other drawn from
the Cenrer to the Circumference, is called the Ra-
dius, or Semi-diameter,

14. All Radius’s or Semi-diameters (of the fame or
equal Circles,) are equal. (As is plain from the Genefis
of a Circle given in Art, 10.)

15. When the Ead b of the Radius 2 b is equally
diftant from rhe two Ends of the Diameter dc;
That 1s, when the Point & is in
the very middle of the Semiacir-
cumference dbc; then will b4
make two Angles with d¢ that are
called Right ones: Which are e-
qual to one another, that is, the
Angle dab isequal to bac. And
if the Line & 2 be produced below |
to e, it fhall then (with 4¢) make four Right An«_
gles; and it will be another Diameter ; which with
i)he former de¢ will divide the Circle into four equal

arts,

16. Then thofe Lines are faid ro be perpendicular
one to another, viz. batode, and dato be.

17. But if 4 be nearer to one End of the Diame-
rer (or Right Line) d¢, thaniristo
III:E mtl;er, ib:']is then {aid to fall on S b
the other obliquely; and it makes : /7
with dc two Englgs that are Une- d{/ \
~qual : Of which the Leffer bac \

is called Acute, and the Greater e
d a b is called Qbuufe.

B3 If
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If the Line 2 b be produced to e, it will be a new
Diameter, and will make below two other Angles :
| So that in the whole here will be

3, four Angles ; of which thofe two

d that touch only in the Angular
Point, as bacand ea d; as alfo,
z % 5 dabandeac, are called Vertical,

~ or Oppofite Angles. But thofe that

| ~ have one Leg common to both, as
dabandbac; and bacand eac are called 44-
joining or Contiguous Angles. ;

18. Thofe Angles, which (‘at equal Diftances from
the Angular Point) are {ubtended by equal Arks,
are alfo equal themfelves. Asif the Ark & ¢ be pro-
ved equal to the Ark 4 e, then will the Angle E ac
be equal o dae.

19. The two Contiguous Angles taken together, are
always equal to two Right ones.

- For as the Line dc¢ is a Diamerer, and therefore
cuts the Circle into two equal Parts, the two Arks
d b and b c, raken together, will be equal to a Semi«
citcle. 'Wherefore the two Anglesda band bac,
together, will be equal to two Righr ones, becaufe
they complear the whole Semi-circle, as two Righe
ones do. (Are. 15.)

20. S0 thart this Propofition is of univerfal Truth,
That one Right Line, falling on another, makes the Con=
ziguous Angles (together) equal to two Right omes,
For if the Lines are Perpendicular to each other, as

aisto dc. Then ‘tis plain the
r| /b Angles muft be Right (by the 15.)

' And if the Line fall obliquely, as

q > ba doth, then indeed the Angles
e are unequal : Bur as much as the
Obtufe one d 4 b exceeds one Right

Angle, by fo much is the Acute one bac exceedgd

Y




| Bookl. of GEOMETRY.

by the other Right one. So that the Smallnef(s of
one is compen{ated by the Greatnefs of the other,

21. Hence alfo it follows converfely, for (where-
ever the Property is found, there the Thing is, in
Geometry,) that if two Angles, which have one Leg
common to both, do make Angles equal to two
Right ones, their other Legs do make bur one Right
Line. Letthe Anglesdab and bac be (togeiher)
equal to two Right ones, Then I fay, that the
Lines 4 2 and 4 ¢ do join {o together, as to make one
Right Line (vid. Fig.in Art. 17.) which is clear
from whar hath been faid.  For if on the Center a4
you deflcribe a Circle d b c e, the two Arks 4 4 and
b ¢ will be equal to a Semi-circle, becaufe the two
Angles da b and b ac are {uppofed to be equal to
two Right ones. Wherefore the Linesda and ca
will make a Diameter, and confequently be joined
inzo one Right Line.

22. If from the Point 2 youdraw feveral Lines, as
ad, af, ab, ab, ag, &c. they will make diverfe
Angles; and all thofe Angles taken together, be they
more or lefs, will be equal to four
Right ones. For s clear, all l’
thefe Angles together do compleat ¥
the Circle d&ce, whofe Circum- j L
ference they divide into 'as many :

Arks as there are Angles. Now _,
all thefe rogether are equal ro four e &
Quarcers of a Circle ; which is

as much as to fay, that all the Angles are equal in
the whole to four Right ones; for {o many Righe
Angles do alfo complear the Circle.

B4 AXIOM
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A XK TQubE T

If to, or from equal Things, you add or
[ubtralt Equals, the Sums or Rewainders
will be equal.

23. The Vertical or oppofite Angles are equal.
Let there betwo Right Lines dacand bac (croffing
or cutting one another in the Point a,) 1(ay, the An-
gle dacis equal to bac. For the Ark bd, with the

‘ Ark bc, makesa Semi~-circle ; and
L . fo doth the fame Ark bd with the

/7\ Atk de. Therefore the Ark be
al o muft be equal to de; becaufe the
: \/“ Atk d b continues the fame, whe-

ther it help to compleat the Semi-

circle with de, or b ¢ : (wherefore
being taken away from both, it muft
leave the Ark d e equal to be, But if the Arks be e=
qual, the Angles fubtended by them muf} be [o too, and
therefore the Angle dae is equal tobac.) And by the
fame Reafon theAngle dab will be equal to eac.

24. The Circumference of every Circle is (Jup-
pofed to be) divided into 360 equal Parts, which are
called Degrees : And every Degree inro 60 Minutes,
every Minute into €0 Seconds, every Second into 6o
Thirds, and (o on infinitely. And to determine the
Quantity of every Angle, we compute the Degrees
that (¢be Ark, which is its Meafure) doth coniain,
v, gr. When we (peak of an Angle of go Deg. we
mean 2 Righr Angle ; becaufe the Right Augle con-
tains the fourth Part of the whole Circumference,
which is go Deg. the fourth Part of 360. Soan An.
gle of 6o Deg. is an Angle that contains two Thirds
of a Right one, |

235- { Deg,
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25. Degrees are marked either with Degr. or ﬂﬁfgf{y
with a fmm’:’ Cypher over the e’.;y? Figure, as 60°.) Mie
nures with a (mall Line, as 50/, Seconds with [wa
fuch, as 20", Thirds wuh three (uch, as 25", &e.
So that 25° 32"43", isto be read, 25 Degrees,
32 Minutes, 43 Seconds.

26. Two Lines are faid to be parallel, when they
run always equi-diftant from
each other. Thus the two 4 B i
Lines a b and ed are parallel, : :
if they are equally diftant from : :
each otherin ze, in BD, in € ° D d
bd, and in all other Places.

27. This Diftance is always meafured by a Per-
pendicular ; as if from the Point 2 you imagine the
Line a¢ to fall perpendicular on ec; as alfo doth
the Line & d on the lame Line ; we naturally conceive
that if thole two Perpendiculars are of the fame
Length, or equal ; the two Lines 24 and ¢ 4 are e-
qually diftant from each other in thofe rwo Places,
which 1s {elf-evident, and needs no Proof,
 28.Twao parallel Lines, being continued infinizely,
yet can never meet : For being always equally di-
ftant, there may any where be drawn berween them
a Perpendicular equal to 4 ¢ or b d, and confequent-
ly they can never meet.

29. Two parallel Lines have the {ame Iaclinati-
on, one as the other, to
any right Linethar crofs
fes them both. A

That is, the Angle 4

will aiwa}s be equa! to .
ﬁ and ¢to d; for the ..__-Q;;;:fi- o BE 7 e
inter{ecting Line being i

{uppofed inflexible, as Vi
is rhe Cafe of all Ma-

themartick Lines, 11 cannot bepd to, or from one
Parallel
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Parallel more than it doth to or from the other : And
neither of thefe Lines can alter its Poficion in re{pectf
of the Croffing Lines, for then the Paralleli{m would
be deftroyed, which contradicts the Suppofition.

And this is the firft Property of Parallel Lines.

30. Whenever a Right Line curs two Parallels, jc
makes with them eight Angles: Of which four 4. 5.
h.g. are external ; and the other four:

ﬁ’A c. d. e.f. are internal. The Angles

T ¢/ ¢ andf, asallo dande, are called!
cf.. . - Alternate. The Angles e and 4, as)
h/o alfo f and &, are called the internal,
and oppofite on the fame Side. And the

Angles df, as allo cand e, are called the internal’
Angles on the fame Side,

AXIOM IL
Things equal to a Third, are equal to one
another. |

31. The Alternate Angles c and fmuft be equal 3
and alfo e and d; for ¢ is equal tc the Vertical Angle
b, and b is equal to the internal one f, by the laft
Prop. Wherefore ¢ and £, being both equal 10 6, muft
be equal to one another. _

The {ame may be proved of ¢ and 4, which are
both equal 1o 4.

32. When
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32. When a Line falls on two parallel ones, it
rmakes the internal Angles on the fame Side equal
1to two Right ones.

I fay, the Angle d with f, is equal

ito two Right ones: Becaufe f is e- e
‘qual to ¢ (by 31.) and ¢ and d toge= ~ ¢/
ither are equal to two Right ones Lo
(by 20.) Therefore f and 4 rtoge- %7
.ther muft be equal to two Right

.ones, which was to be prov’d.

(The fame ¥¥ay may ¢ and e rogether be proved equal
‘to two Right ones; for ¢ and d taken together are fo
(by 20. but d is equal to e (31.) Thercfore ¢ and e
are equal to two Right ones.)

33. One Propofition is called the Converfe of an-
other ; when, after a Conclufion is drawn from
fomething (uppofed, in the Converfe Propofition that
Conclufion is fuppofed ; and then that which was in
the other {uppofed, is now drawn as a Conclufion
from it. For Example : We fay here, if two Lines
are parallel, (and another crofs them,) the Angles d
and f together, are equal to two Right ones: Where
we fuppofe the Lines to be parallel, and from thence
conclude thofe Angles muft be equal to two Righe
ones : Burt the Converfe is thus, If the inrernal An-
gles on the [ame Side, d and f together, are equal to
two Right ones ; Then thofe Lincs are parallel :
Where, after we have {uppofed the Angles equal to
two Right Ones, we conclude the Lines are pa-
- rallel.
. 34. Converfe Propofitions in this Cafe are very
" troe ; as thar, if a Line cut two other Lines, and
makes the alternate Angles cqual; Thofe two Lines
are parallel : which I defire the Reader 1o remem.

ber.

351t

—
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35. If two Lines are parallel to a third Line, they
are [0 to one another.

Let the Line 2 b be parallel to ¢ 4: and Jet ef al-

fo be parallel to the fame Line c 4 ; [ (ay, a4 is pa-

rallelwo ¢ f: For if you draw 2 Line

a b/ asbhdf cutting them all Three ; the

Angle b will be equal to 4 (by 31.)

;‘? and the fame d will be equal to f (by

£ 31.) becaufe ¢f is alfo parallel to ¢ 4.

Wherefore the Angle 4 muft be equal

te f: Becaufe by Axiom 2. if rwo Things are equal

to a third, they are fo one to another. ~Bur if the

Angle be =f, then the Line 4 b js paraliel to e £,

(by 34)

£
€

E L E-
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B0 O K - 1k

Of Triangles.

Fipure is a Space compaffed round
s on all Sides. And if the Lines,
which rerminate ir, are all Right
{ ones, 'tis called a Rectilineal (or -
Right Lined) Figare: If they are
Pt 2 crooked, 'tis called a Curvilineal 5
‘and if they are partly Right Lines, and partly
{Crooked, ’is called a Mix'd Figure.
' 4. There are Plane Figutes, which are Plane Sur-
{faces, and there are Solid ones, which bave three
'Dimenfiops. But we {peak here only of Plane Sar-

|faces, or Plane Figures.

3. All



14 ELEMENTS

3. All the Lines which encompafs any Figure, ta~
ken together, make chat which is called the Circum-~
ference, Perimeter, or the Compafs of the Figure.

4. Of all Curvilineal or Mix'd Plane Figures, in
Common Geometry, we confider properly only the
Circle, or a Part of a Circle terminated on one Side
by an Ark, and on the other by one or more Right
Lines. :

5. Of Rectilineal Figures; the moft fimple are
Triangles, which are terminated by three Right
Lines (and no more) making as many Angles.

If a Right Line, (A B) having one of its Ends or
Points' (as A) in the Vertex or Top of the Angle
E AD, be moved downwards, with a Motion always
- parallel ro it felf, fo that the Point A fhall always
keep in, or touch the Line AE, until it come to be

all of it within the
Legs of the Angle
E AD ; that is, ull
itcome to be inthe
Sitvation E F; that
Line fhallinitsMc-
tion continually cut
the Line AD, and
at length defcribe
the Triangle EAF
within the Legs of
D the Angle ; asalfo
another equal rto it
(AFB) on the other Side of the Line AD. The
Parts of which lacter Triangle fhall continually de-
creafe, as thofe of the former AEF, do continually
increale. And the Line A B fhall alfo defcribe with
its whole Length the Quadrilateral Figure AEF B3
which will be divided inte two equal Parts by the

Diagonal Line A F.

N. B,
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N. B. The Line A B may be called the Defcri-
bent, and AE the Dirigent, becaufe the latter
direcs the Motion of the former.

6. A Triangle as 4, which hath
sne Right Angle, is a Right-an-
| led Triangle; if it have one An-
tHe Obtufe, ’tis called an Obrufe-
ngled one, as b; and if all its
ree Angles are Acate, ’tis call-
d an Acute-angled Triangle,
¢

7'. If a Triangle have all its
ree Sides unequal, ’tis called a

/N
‘calene, as d. If it bath two Sides
qual, ’tis called an Ifofceles, ase;

/f\ =

od if all the three Sides are e-
jeal , ’ds called an Egquilateral
ne, as f.

8. When two Sides of a Triangle are confider’d,
ey may be called its Legs, and the third Side
ay then be called the Bafe. But any one Side
ay be called the Bafe, tho' we ufually and maft proa
erly call that fo, which lies parallel to the Horizon,
rnd which is next to us. :

9. In every Triangle, the three Angles, taken to-
sether are equal to two Right ones.

Let the Triangle be 2 b c: 1 fay, thar the Angle 4
sdded to the Angle ¢, added to the Angle b (or the
Sum of all three) are equal to two Right ones. For
set de be drawn parallel to the Bafe a ¢, then will
thofe two parallel Lines be cut by the Line bc ; and
confequently the alternate Angles ¢ and d will
oe equal to each other (by 1.31.) Moreover the
_ine b a falling on, or cutting the fame Parallels

e and ac, will make the two internal Angles on
e the




the fame Side equal to two Right ones ; that is; 2

added te 2 b ¢ are equal to two Right Angles (by 1.,

32.) Bur the Angle abe contains

the two Angles & and 4. So that

mesmseecgunzeannns & the Angle 2 added to 4 added to 4,

d will be equal to two Right ones.

{ E But ¢ being equal to d, it will fol~

... low, that g added to b added to ¢,

or the Sum of all three together,

muft be equal to two Right ones : Which was to be
proved.

10. If any Side of a Triangle be produced, or
drawn out, the cxternal Angle

a will be equal to the two 1~
ternal oppofite Angles, (zaken
togetier.) Let the Triangle be

A7 alk a be, whole Bafe ¢ 5 draw out
""""" C tod, by which means a new

Angle as e will be made,
which is called the External Angle of that Triangle.
Then I (ay, That thar external Angle e, is equal to
both the internal and oppofite ones a and c.

For thole Angles 2 and ¢, together with &, are e-
ual to two Right ones (by the Precedent,) and fo
alfo are eand b, by (1.20.) Wherelore e muft be e
qual to 4 added to ¢, becaufe togerher with b, it
makes two Right Angles, asthey do. Q.E.D.

COROI'EARTES

1. The Sum cf the three Angles of all Triangles
is che lame. -

2. No Triangle can have above one Right, or
Obryle Angle. |

3. If
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- 3. Ifin any Triangle, one Angle be Right, the
tf}ther two muft be Acute.

4. Ifinany Triangle there be one Angle equal 1o
\both the others, that muft be a Right One.

... 5 If you know the Degrees of one Angle in any
Triangle, you know the Sum of the other two ; for
' 'tis what is wanting of 18¢°, and if the Sum of anyrwo

be known, the Quantity of the Remainder is known.

~ 6. Hence if two Triangles have any two Angles
frefpectively equal to one another, the remaining
i Angles muft alfo be equal.

7. The Angle of an Equilateral Triangle is X of
two Right Angles, or T of one Right Angle, equal
to 60°. o

8 Hence ‘tis very eafy to Trifet a Right Angle,
'y making on one of the Legs an Equilateral Tri-
Ingie. _

11.If a Triangle A B C hath two Sides, A B and
A C, equal to two other a4 and 4 ¢ in another Tti-
angle, and if al{o the Angle A be e-

Xqual to 2 ; I {ay, the third Side BC
allbeequalto b c; the Angle Be-
qual to b, the Angle Ctoc¢, andthe g o

whole Triangle ABCtoabe. Z

For if we imagine the Triangle /\

be to be placed upon ABC, {o that  § c
the Side 4 64 fhall lie exaétly on its

qual A B: Then muft the Side 2 ¢ fall on itsEqual
" C, becaufe the Angle 4 is equal to A, and fo the -

BPoint ¢ will fall on C, and / upon B, and the whole
¢ : Tri-
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Triangle @ b c on the Triangle A B C ; becaufe all
things {o exaltly anfwer, that nothing of the upper
Triangle can fall befides the under oise.

12. Figures which do thus meet, fir, or anfwer
to each other exactly, when they are placed one
upon the other,are called Congrnous Figures, Dnia
mutuo fibi Congruunt, 4

And thercfore the third Axiom is, Que fibi mutuo
Congruunt funt /Equalia; i.e. Thole Figures, which
placed one upon anotker, do anfwer to, and cover
one another exactly, areequal. |

13. It is alfo true, That if a Triangle hath all
its three Sides equal to the three Sides of another
Triangle, all the Angles alfo in one, fhall be equal

to thole intheother : And all the Space
Al which one Triangle conrains, fhall be
3l C equal tothat contained in the other :
Y Asif ABbeequaltoab, AC roac,
and B Ctobc: I f{ay, that the Angle
b € A hall be equal to 4, B to 4, and C o

¢ ; and the whole Triangle A B C, to
a b ¢ ; this needs no other Proof.

14. If the Angle A be equal 10 4, the Angle B to
b, and the Side A Bto4 b : Then fhallthe Side A C
be always equal toa ¢, BCto bc; and the whole
Triangle A B Cto a b ¢ : which is ealy to prove by
the precedent Propofitions.

15. In every Ifofceles Triangle, the Angles at the
Bafe, oppofite to the equal Legs, are equal.

_ det theTriangle be 2 b ¢,whofe Legs

a d b and a c are equal : I fay, the Angle

bis alfo equal to ¢, For imagine the

t . Bafe bcdivided into two equal Parts
4 € inthe Point d, then will the Line 2 4
(which let be drawn ) make of the whole

two Triangles, 2 b d and d a ¢, which will have all
three Sides in one, equal to thofe in the other: For

ab
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«a b is equal to 2 ¢ by the Suppofition, and &4 4 is e-
qual to d ¢, and 2 4 is common to both. Where=
fore (by 2. 13.) the whele Triangle & 2 4 is equal
tod a ¢, and the Angle & is equal to ¢ ; which was
to be proved.

16. Inan 1fofceles Triangle, if a Line drawn from
the Angle ar the Top do (biffet or) divide the Bafe
into two equal Parts, itis both perpendicular to the

afe, and allo biffects the Angle ar the Top. For
(vid. Fig. pracedent) the Angle a dc is equal to the
Angle ad b (by the laft) and confequently they muft
be borh Right ones; and therefore the Line # d is
erpendicular to the Bafe 5 ¢ (1. 15.) and the Angle
a4 ¢ will be equal to 4 4 4 (by the laft Prop.)

17. In every Triangle the Grearer Side 15 always
ppofite to, or fubtends the Greater Angle.
In the Triangle 4 b, let the Side b ¢ be longer
than b4,then I {ay, the Angle b 2 ¢ fubtended by the

reater Side b ¢, is bigger than the Angle ¢, which
is (ubrended by the Lefler Side. For let 6 4 be taken
equal to b 4, then will 2 & d be an
[fof eles Triangle; whofe Angle

a d will beequalto bd a(2.15) {?“:_
ut the Angle c2b is bigger / \
than bad; (The Whole being 1 d. >

greater than thePart ) and therefore

aft be bigger than b d 2 (which is equalb a d.)
ow the Angle 2 d b 1s an Exrernal Angle in rea
ipe&t of the lile Triangle 24 ¢ ; and therefore
uft be bigger than the Internal one ¢ (by 2. 10.)
WV herefore the Angle & 2 ¢ being bigger than d, muft
certainly be bigger than ¢; which was to be proved,

C 2 18, Of
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18. Of all Lings that can be drawn from a Point
given to a Line given, the fhorteft is the Perpendi-
cular; and they are all longer, according as they

are farther diftant from it. Let

b the given Line be a4d, and the
! M Point given b 5 let & a be perpen-
£ 3 dicular to da; let alfo b ¢ and
© 9 btdbedrawn. I fay, that ba 18
the fhortet Line that can poflibly be dratwn from 4;
and (for inftance) is thorter than b ¢ (or any other
that can be affigned: ) And I fay alfo, that &4 is
longer than & ¢c. :

For in the Triangle bac, the Anglea is a Right
One, and cenlequently bigger than either of the
other ; becaufe they muft neceffarily be both Acute
(by Cor. 3. of 4rt. 10.) Therefore the Side & ¢ is lon=
ger than b 4 (2. 17.) as fubtending a greater Angle.

So allo in the Triangle dbc, the Angle d¢b is
Obtufe, becaufe the Angle b ¢ 4 is Acute : And con=
fequently the Side d & muft be longer than ¢ b, as
fubiending a grearer Angle (2. 17.)

19. In every Triangle any two Sides taken toge=
ther are longer than the third ; becaufe a Right
Line is the nearefiDiftance between any two Points.

PR O-
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PROBLEM I

On a Line given a d, to make an Angle B,
equal to a given oue L.

Place the Compafes in ¢,the Vertex of the given
(Angle, and delcribe the Ark R 7 ; then keeping them
iat the (ame diftance,
{fet one Foor in 2,0ne

end of the given
!Line, and with the
other defcribe the
Artkobd; fetRr
from dtwo b, and
draw 2 4, {o fhall
ithe Angle bad or
iBbeequalto Z.

For the Legs of | '
teach are Radii of e- & d
nqual Circles,and the

ILine & d was taken equal to R » ; wherefore the
vwhole Triangles c R7 and 2 b 4 mu&t be equal (by
113.) and conlequently the Angle 4 equal to ¢,

PROBLEM IL

Hence the Prattice of making all forts of Triangles,
Equilateral, Ifofcelar ; or without any given
Angles or Sides, will eafily appear,

C3 PR O.
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PROBLEM IIL

A Right Line, as P, being given, to draw
thro’ a, ‘@ Point given, the Line 7 a, Pa-
rallel to it.

Through 2 draw any Line, as XX, making any -
Angle, as b, with the
X 8ven Line; then make

the Angle Z aX —=to0 b,
/ and Z a (hall be the Pa-

Z —. ~ rallel foughr.
: For theAlrernate An-
/ a glesaand b are equal by
P : ; Conftru&ion; Where-
/ fore Z a is Parallel to
K P s, (by 1.31.) Q.E.D.

PROEBILE M 11

Zo Biffet or Divide a given Line ¢ b inte
Ywo equal Parts jn the Point a.

Open the Compaffes to more than ; the Length
of 4 2 c,and with that diftance make

. at each end of b a ¢, two Pairs of
w3, interfecting Arks, as at ¢ and 4 -
Then drawing the Line ¢ d, it will
*-1' a6 biffect the given Line in 4.

“n
"
......

L1 For the Triangles bedand dec
s are equal (by 2. r3.) Wherefore the
wogow  Angleabd=—adc, Therefore the

: ..~ Triangles abd and 2 d ¢ will be e-
qual alfo (by 2. 11.) and confequently 4 & is — to
se Q.E D, & PR O
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PROBLEM 'V,

By much the fame Method may a Perpendicular,as ad,
be raifed in-the middle of any given Line, or one
may be let fall from the Point e or d, to the given
Line ab ¢, and the Demonftration is the fame in
all,

And after the (ame way of Praitice may the
given Angle b d c be Biffelted,

If fecting one Foot of the Compafiles in 4, you
take d b equal to d c. And then ferting the Com-
paffes in & and ¢, ftrike the Arks interfecting each
other in ¢; So thall 4 e biffe&t the Angle requir’d.

C4 E L E-
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BOOK IIL

Of Quadrilateral Figures  and Polye

g OnS.

€58 H O S E Figures, whofe Sides are

2\ four Right Lines, and thofe ma-

&Gu) King four Angles, are called Qua~
Y drilateral, or four-fided Figures.

{2 2. Whenthe oppofite Sides are pa-

= rallel, the Quadrilateral Figure is

called a Parallelogram, as 4 5 bur if nor,

E tis called a Trapezium, as B, |

3.When the Parallelogram hath all its four Angles

Right, ’tis called a Rectangled Parallelo-

¢ | [dl grant; orfor brevity’s {ake a Rectangle,

- asc: And if the Angles are right, and

the Sides are all equal, ’tis called a Square, as d,

4 I
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4. If a Parallelogram harh all its Sides equal, bur
s Angles unequal, then ’us called a

| bombus, as e.
' 5. If a Paralelogram hath neither

F Angles nor Sides all equal, 'tis cal.
tda Romboides, as a.

' The Generation of all Paralelogramick 'Figures
rill be eafily conceived,

'you fuppofetheDe/eri-  p B o
rnt A C, rto be carried
- moved along the Di-
kgent A D, in a Pofition
\ways parallel to itfelf
v its firft  Situation.
or then, if the Angle A D E ¥
rbich the Defcribent

1akes with the Dirigent, be a right one, and A B
iz equal to A D: The Figure produced will be a
nuare. 1t A C be longer or fhorter than A D,
pe Figure will be an Oblong or a Rectangle.

If the Anglear A be oblique, only a Parallelo-
“am ar large will be delcribed : Which when the
vefcribent is equal to the Dirigent, the Figure will
= a Rbombus 5 if unequal to it, 2 Rbomboides.

CORALLARIES.

I. Hence ’tis natural ro {uppofe, that equal Lines

oving thro’ the fame or equal Spaces, will de-
Fribe equal Surfaces. |

| ;

. IL. Equal Lines, with uniform or equable Motions
.e being neither accelerared nor retarded) in e-
wal Times, will defcribe equal Surfaces : And if
cey do thus defcribe equal Surfaces, it muft be in

1ual Times,
s . I1I. Hence
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IT1. Hence alflo, if the Line 4 in agiven Time de=
fcribe the Parallelogram A and the equal Line 4 in
th: {ame Timedefcribe

the Oblique Parallelo-

- da b gram B or C, whofe
j\ Perpendicular Altirude;

Ara g e C . is the fame with thag
Weake e \ of A : Thofe Parallelo-

grams will be all three

. equal one to another,
Becaufe the Oblique Motion, which the Line 4 hath,
whereby ’tis carried, either to the right or left Hand,
is by no means contrary to the dire¢t Motion down-
ward ; and confequently, the Line 4 will move the
{ame perpendicular Diftance in the fame.time, with
an equable Morion, whether the lawer Motion be
impreflcd upon it or nor, 'Wherefore,

IV. All Par:llelogramick Figures, with equal Bafes

and equal Perpendicular Altitudes, muft be equal.
| A

6. In everyParallelogram.rhe npp-::-i"n;}ingles are

Lo equal. Letthe Parallelogram be o c:

4 #; 1 {ay, the Angle o, is equal to ¢ ; for

'/ the Angle oisequal to the Alternate

ane b (1. 31.) and the External one &

is equal to the Internal onee (1. 31.)
wherefore o 1s equal to c. "

' 7. ALine, as d b.drawn acrofs the

5 b Figure from Angle to Angle, is cal-

;/ C/ led the Diagonal, and by fome, the
d= Diameter. | | %

8. Every Parallelogramis divided intotwo equal

Parts by the Diagonal. The Diagonal 64 divides the

Parallelogram o ¢, into the two equal Triangleso bd

and bcd. For, 1. The Angle 015 equal to ¢ ( %I' f].)-

: i €

_,j.
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2. The Angleo bdisequal to c¢d b (1. 31.) and
he Side 04 is common to both thefe Triangles;
wiierefore the Triangle o b d is equal toc d b (by
e T4, )

9. In every Parallelogram, the oppofite Sides are
[lways equal. ' )

. For (drawing the Diagonal d b) the whole Trian-
le do b will be equal to the Triangle b¢ d, by the
regoing Prop. And confequently, theSide ¢ d muft
e equal 1o 04, and the Side 0 4 to ¢ b. .

10. Two Diagonals,a ¢ and 4 d do, biffet each
ther in the middle at e.

For in thetwoTriangles aedand bec the Side ad
sequaltobc (3.9.) The Angle e 2 d is equal to ecd
1.31.) and moreover the (Vertical) p
wngles acd and ceb are equal allo b |
. 23.) Wherefore the whole Triangle | .~*€
ced is refpeétively equal to the Triane d &
lebec (2.14.) And confequently,

e Sided e isequaltoe b, and the Side ¢ to the
iide ec. The two Diagonals therefore biffeét each
ther in the middle. Q.E.D.

11. Every Right Line, as f g, pafling through the
niddle of a Diagonal, divides the Parallelogram
nto two equal Parts,

Todemonftrate which,the Trapeziumor Irregular
uadrilateral Figure f g d 4 mufk be proved equal to
ae Trapezium fgcb. And that is chus done. 1. The
-riangle befis equal to the Triangle deg : For the
\de de is equal toe b by the Suppofi- 1
lion ; and the Angle ¢ £ b is equatto. - P A
(g4 (1.31.)and the oppofire Angles E
‘e areequal ;whereforetheTriangle g L—\° C
1fbis equal to e d g (2. 14.) 2. The & -
treat Triangle 4bd is equal to bdc (3.8.) wherefore
I from the Triangle 4 4 d you take away the little
Triangle fe b, and inftead of it pur the Triangle e dg
(| (which
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(which is equal to f e b) you will have the Trapezium,
f a d g, which will be equal to the Triangle 2 4§
That 1s, to juft one half of the whole Parallelogram
(3. 8.) which was to be proved. ‘3

12, Ifin the Diagonal 44 youtake a Point as e,
and thro’ it draw two Lines b7 and £ g parallel to|

the two Sides of the Parallelo-

;, gram, it will be divided by them
into four lefler Parallelograms, i. e,
f#, bg (whichtwo are called the
Parallelograms about the Diameter )
and a e, e c; which other two are
called the Complements. And thole two Comples
ments with either of the Parallelograms abourt the
Diameter, make a Figure that is called a Gnomon,
As you fee in the Figure, where the Guomon is di-
ftinguifh’'d by being fhaded.

13. In every Parallelogram the Complements are
equal. We muft prove thateaisequal to e c.

DEMONSTRATION.

The whole Triangle 2 & d is equal to the whole
bdc(3.8.) And theliule Trianglee £ is (for the

fame Reafon) equaltoe b7, And
a_____F 1 the Triangle hedis alfo (by the
iHIIHl!IMiJIMH!JHH‘HJlJE.L&L[i';}'|r| fame) equal toe dg. Wherefore

"= if, from the two equal Triangles
—— abdandbdc,wetakeawayequal
& things, vi7. if from one we rake a-
way ¢ fband d b e,and {from the other eb7and e g d, -
there will remain on one Side the Paralellogram e 4, -
equal to the Parallelogram e ¢, which remains on -
the other ; which was to be proved.
14. Parallelograms having the fame Bafe, and be-

ing between the fame Parallels, are equal.

.!I.I
H "
=iy
__1
=

e
=
—_——
e —
———)
==
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\ Let there be a Parallelogram & ¢, and another af,
ioth on the {ame Bafe 4 & ; and let the
.ine ¢ d, when produced, be (uppofed
o pals by e f ; {o that the two Paralle-
ppgrams fhall be between the {ame Pa-
llels, and terminated by them ; that
» between the two Parallelsc fand 2 6. I (ay then,
at the Paralellogram ¢ & is equal to 4 f.
" Forcais equalto b J, and a e equal to 4 f, be-
aule oppofite Sides of Parallelograins, and the An-
tles at ¢ and d equal (by 29. 1.) wherefore the Tri-
ingle ¢ 2 e is equal to the Triangled & f. Now if
rom each of thefe equal Triangles be raken the lit-
le Triangledo e, and to the Remainders be added
he Triangle 2 0 4, the Parallelogram 2 4 will be e-
jual to the Parallelogram 2z £ Q. E. D.
15. Parallelograms on equal Bafes 2 b and g ,and
etween the {ame Paralleis 2 b and ¢ f, are equal.
For if we imagine the third Parallelogram f 2 to
pe drawn ; that thall be equal to the Parallelogram
12 d, becaufe on the (ame Bafe 2 b with
it, and berween the fame Parallel dire
Lines 2 b and ¢ . And that Paralle- cj el
cogram will alfo be equalto e b, be. =" | |
icaufe it hath the fame Bafeefwith €56 &
te (it matters not whether you reckon
the Bafe above or below ) and it is between the fame
Parallels. Therefore 4 e and b ¢, being both equal
to the third Parallelogram f 4, muft be equal to
each other.
| 16. Triangles on the {ame Bafe 4 b, and being be-
itween the fame Parallels ¢fand 4 &,
mre always eqnal. c
The Trianglea b c isequal to a e b:
[Becaufeif youimagina Linebddrawn a
parallel to 4 ¢c,and anorher as 4f,drawn
parallel to 2 e;there will be madetwoParallelngraﬂs
4cdb,
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acdbandae fb; which being on the fame Bafe,
and berween the fame Parallels, will be equal to one.
another (3. 14.)

Bur the Triangle 2 & ¢ isthe half of the Parallele-.
gram « ¢ d b, and the Triangle 4 4 e is the half of
the Parallelogramaefb (3.8.); wherefore, (fince’
the Wholes are equal,the Halves muft) and confequent~
ly the Triangle 2 ¢ 6 is equalto the Triangle 4 ¢ b.

17. Triangles on equal Bafes, and between the
fame Parallels, are alfo equal ; as is very ealy to
prove from (3.15.) | :

18. If a Triangle # ¢ b have the {ame Bafe with a

Parallelogram, and be
d. € C  alflo between the fame

; Parallels, it fhall be juft
. 5 the half of that Paralles
. \ logram, For it will fill

i be equal to 2 b ¢, which
14 is juft half (3. 8.).of
a b abcd

The -Menfuratinn of

all Squares, Recangles, Parallelograms and Trian-
gles will be underftood from whar hath been deli-
ver'd above. If you fuppofe,
A 10Ty 1. Tharthe Defcribenr A B
, 2‘ or A C, before its moricn, be
.4....} divided into any dererminare
4 : bj Number of equal Parts ; and
' ip the Dirigent (now fuppofed to
r | ftand at Right Angles with it)
b E .E into the !’amge oranyotherNume
' ber of {uch Parts ; for then the
Motion of the Defcribent Line, thus mark'd our by
Points into Unirs will deicribe a Square (if the Di-
rigent be equalio it) and aRe&ang[e‘ if it beune-
qual. Which Square or Rectangle will be divided
into as many little Squares as there are Units l:n
the
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e Product of the Number of the Divifions,or equal
arts 1n one Line, multiply’d by thofe in the other;
‘hat is A B 4 muliply’d by A D 4, produces 16,
ie Square of 4. And A C 6 multiply’d by A D 4,
oduces 24 ; the Rectangle under A C and A D.
that whar is a Predu@ in Numbers or in Arith-
1eticK ; in Lines, or in Geometry, is called aRe&-
gle. And therefore you will find the Latin Wri-
ers of Geometry, when A C is to be mulriply'd by
. D, not faying Multiplica, but Duc A C in A D.
“har is, carrythe Line A C along the Dirigent A D,
¥ a2 Normal Pofirion to ir, till it come to end, and
ten it will form the Re¢tangle A F =24 ; where-
sre the Area of a Square is found, by multiplying
¢ Side A B inro itfelf.
The Area of any Retangle, as A F, is found by
waldiplying the Side A C
AD B

And fince a Rectangle : z
1 the {ame Bale and of P
se fame Altitude with a i o :

rallelogram is equal to C i
i3 to find the Area of
1y Parallelogram, as A B, you muft multiply the
ide A C by a Perpendicular, as P, let fall from the
Lher Side 1o ir.

And fince every right.lin’d Triangle is the half
" a Parallelogram or
tcectangle of the fame A

fe and Alutude: To _

1d the Area of the Tri- _5
sgle A BC, you maf :

?.l?ltiply any Side,as BC, B : P \

7 aPerpendicular, as P, C

efallto it fromanoppo- -

ce Angle, and rake half the Produc: or if eithier P

B happen to be even Numbers, multiply one b];.
0
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% of the other, the Product is the Area of the Tril
angle. 1.
19. A Pentagon is a Figure having five Sides and
five Angles,

If all the Sides are equal, and confequently the
Angles, “tis called a Regular Pentagon.

20, An Hexagon is a Figure of tix Sides and Ane
gles, an Hepragon of (even, an O&tagon of eight, &e.
which are all called Regular when they have equal
Sides and Angles. |

21. A Polygon in general fignifies any Figure of
many Sides and Angles; butno Figureis called by
thisName,unlefs it have more than four or five Sides.
- 22. Every Polygon may be divided|

oo into as many Triangles as it hathSides;

if any where within the Polygon you,

ﬂ@i take a Point, as 4, and from thence
5 draw Lines to every Angle a b, a¢;

# a d, &c. they fhall make as many Tri.,
angles as the Figure hath Sides. 14

23. The Anglesof any Polyzon taken all togethes,
will make twice asmany Right ones, except four, as
the Figure hath Sides, v. gr. If the Polygon have fix
Sides, the double of that is 12 ; from whence take
four, there remains eight. I fay, that all the Angles
of that Polygon, viz. b, ¢,d, e, f, g, takentogether are
equal to eight Right Angles. For the Linesab, ac,
a dy @c.dodivide the Figure into fix Triang/es ; the
three Angles of each of which areequal to two Righe
ones (2. 9.); fo that all theirAngles together make 12"
Rightones. But now, each of thefe fix Trianples

hath one Angle in thePoint 2, and by it they complear

the {pace all round the (aid Point. And all the Angles

about thatPoint,are equal to four Righr ones {1,225

Wherefore thofe four being taken from 12, (The Sum
of the Right dngles of all the fix Triangles) leaves'

eight, the Sum of the Right Angles of the Hexagon, |

which

| ";'..'[
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'which make 8 rtimes 9o, or 720 Degrees; and
itherefore cach Angle muft be £ of that, Viz. 120
| Degrees.

So that the Figure hath plainly twice as many
E&ight Angles as it hath Sides, excepr four ; which
as to be proved.

COROLLARY.

All the external Angles of any Right-lined Figure,
kve equal to  juft four
ight Ones : For draw-
tng out the Sides, as in

the Figure, ’tis plain """/ |
the internal and exrer- o
1al Anglestogerher will | :

ake twice as many
ight Ones as the Fi-

ture hath Sides ; but \
e internal Angles are

qual to all thefe, ex-
ept four (by this Prop.)
herefore the external Angles muft make up thefe
ur, and no more.

24. A Polygon may be divided alfo into Triangles,
y drawing Lines from Angle to Ar.
le. But then the Number of the
ides will exceed that of the Trian-
es. And hence the Area of any ,./
«ight-lined Figure may be found, by

zducing it into Triaagles, ard then finding the A=
2a of each Triangle {everally, adding all into one
um.

-
-

L

.

D PR O-
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PROBLEM L

On @ given Line ab, to make a Parallelo=

gram, baving an Angle equal to a given
Angle A.

Make the Angle ca b =A. Then take 4 b in your
Compaffes, and fetting one Foot in ¢, ftrike an Ark

C

a b

as d: Next take the Diftance 4¢, and placing one
Foot in b, crofs the Ark ind: drawcd and d &,
and it is done.

And thus alfo may the Line ¢ 4 be drawn parallel

to 4 b, thro’ a Point affigned, and any Parallelogram
readily be defcribed. |

PR OB.
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P'R/OB 1.

A Triangle a bd beiug given, to make a Pa-
rallelogram equal to ity which [ball have
a given Angle equal to A.

Biflet the Bafe of the Triangle in ¢ : Make the
Mngle cde — A, thro’ the Vertex 4 draw 4 ¢ paral-

“_‘da e
_A o —
b L q

cel to the Bafe b d. Make ae —c¢ d, and draw « .
o will ¢ e be the Parallelogram required.

For being on but half the Bafe, and of the fame
Height with the Triangle, it will be equal to ir,
2y the 1825 of this Book, and its Angle ¢ d ¢ is c.
fnualto A. Q. E.F.

EROWM. 1

n a Line given, as L, to wake a Parallelo-
 gram equal to a given Triangle chbe,
- and having an Angle equal to an Angle
given, as A.

Make the Parallelogram doequal to the Triangle,
land having iis Angle e == A, by Problem the latt.
5 5 Then
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Then produce p o, till 0 m become equal to L, and
draw out d ¢, till ez be alfo equal to L. Then draw

L

6 Hdopan 3

“ ;

c "/

d ¢

&l

the Diagonal # 0, producing it till it meet with d p,
alfo produced o f. Thendraw fk—dn,and nk ==
d f, and that will compleat the Parallelogram fa ;
in which the Complement g m will be equal to p e,
(3. 13.) which is equal to the Trianglecbe. Q.E.F.

And thus tis eafie to make a Parallelogram equal
to any Right-lihed Figure given, by reducing that
Figure into Triangles, &e.

5
/]
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OF

GEOMETRY,

BOOK IV.

Of a Gircle.

8 Line is {aid to Touch (or to be a Tan-
Oy gent to) a Circle, when,
&% though produced borh
o Ways from the Point
3y} of Contact, it will
- ¢ only touch it, and nor j
t¢ or enter within it.  Thus the Line
iwouches the Circle C, as that Circle
. doth the Circle D ; but 4 enters
lithin the Circle, and curs ir, and is called a
ccant. _
:2. It » Righr Line enter within 2 Circle and cut
anto twe Parts, thole Parts are cailed Sepmenrs : b
ia lefs Segment, and D a greater: That Part of the
D3 line
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Line cutting the Circle (and which 7 within it) is
called a Chord as e f. And the Parts of the Circle (or
rather Circumference) cut off, are call’d 4rks: The
Chord with the Ark makes two mix’d Angles, as e
and f. and they are call’d Angles of a Segment.

3. If you take a Point, as ¢, in the Ark of any Seg-

ment, and from thence draw two Lines

g, ©4 and c b (tothe Ends of the Chord) they
a===\" (hall make an Angle acb; which is call'd

an Angle in a Segment ; And that Angle
acb is [aid to infift or ffand on a b d,the
Ark of the other Segment below,
4. A Setor of a Ciftle is a mix'd
Triangle comprehended berween two
54 Radii, 24, ac, and the Ark of the
Circle & ¢; 'tis mark’d in the Figure

b ¢ by being fhaded.

_ 5. If at the End of any Radius, or Se-
midiameter, 2 4, you draw a Perpendicular, as d &,
it thall touch the Circle but in one Point, And all the

Points of the Line 4 4 fhall be without

db d_ the Circle, ». g. I'fay, the Point 4 (or

" any other affignable) is without : For if

you draw the Line 2 d from the Center,

and that fhall cut the Circle in the Point

¢, that Line 2 d will be longer than 4 4;

(2. 17.) and confequently longer than a ¢, which is

equal to @ b (1. 14.) Wherefore the Point d is with-
out the Circle. Q. E.D.:

6. A Cbord, as b c, is divided into two equal Parts
(or biffected) by a Perpendicular d a4,
drawn from the Center 4. For the Tri-
C angle ab ¢ is an Ifofceles, becaufe ba is
equal to ca (1. 14.) and therefore the
Perpendicular 4 4 biffects the Bafe b ¢
(2.16.) The Ark bc is alfo by this
means biffeCted.

7. Twa
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7. Two Tangents, ¢ b and ¢ d, drawn from the
ame Point without a Circle, are equal one to ano-
ther. For, draw from the Center to the Points of
Contal®, b aand ad; Then will thofe
_ines be Perpendiculars to the Tangents
by 4. 5.) Then if you draw alfo the s /N 2
_ine b d, the Angle a b d will be equal to ﬁ
tdb (2. 15.) Wherefore if from the
Right, and (confequently) equal Angles
~pa and ¢ 4, you take away the equal One a b d
wnd 4 d b, the remaining Angles ¢ b d and ¢ 4 & will
se equal : Wherefore their oppofite Sides muft alfo
se equal by the Converfe of (2. 15.) That is, ¢ b is
equal to cd. . E. D,

8. Equal Chords, as b ¢ and b, do cut off equal
Segments bdc and f g b. And the Perpendiculars ae
and 4 7, drawn to them from the Center, are alfo e-
qual, as is eafily proved ; (faith Pardie, but he gives
us no Demonftration.) Yet 'tis plainly thus proved ; The
Chords and Arks are both biffelled by the Perpendicus
lars (4.6.) And therefore the Seflors ca d,
dab, fagandgah, muft be all equal 5
us alfo will all the Triangles x,z, 0 and k,
by (2. 11.) Therefore their Doubles will ¢
walfo be equal, i, e. The Setor ba c will be
wqual to fah: And the Triangle ba c to
ehe Triangle f ah. And if thefe laft Tri-
\angles are taken from the equal Seétors ha fand bac,
the Segments bcd and b g f muft remain equal. That
the Perpendiculars are equal, is plain from the Equae
ities of the Trianglesz and o, or X and K.

o. Let there be a Semidiameter R ¢, and a Per-
ipendicular (¢0 it without the Circle) R T,

.another Line cutting the Circle in S, R
'and a Perpendicular (let fall from thence) ( BCE\S
'to the Radius R C inn (a Point within \ ©
‘the Circle.) All thefe Lines have Artifi-

D4 cial
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cialNames. The Line TR iscalled theTangent of the
Atk RS (which fuppofe 30° ) TC is called the Secant |
of the fame Ark of 30°, and the Line S » is called
the (Right) Sine of the fame Ark. RC is by {ome
called the whole Sine, but moft ufually the Radius,
And 7R is called the Verfed Sine of the fame Ark.
ro. If in the Circumference of a
d Circle, you rake two Points, as 4 and
b, and from thence draw two Lines to
the Centre ¢, and two others to any
Point, as 4 in the Circumference ; they
will make two Angles, of which ¢ b
is called an dngle at the Center, and
@ dban Anglear the Circumference.
11. The Angle at the Center ac b is always dou-
ble to one at the Circumference 4 db
d (infifting with it on the Jame Ark a b.)

C

Of which there are three Cafes.

" T I. Tf one of the Lines, as db, pals

thro’ the Center ¢, then ’tis plain the

external Angleacé (2.10.) will be equal to both
the internal and oppofizeOnes 2 and draken together,

Bur the two Angles 4 and 4 are equal, becaufe

a ¢d is an I{ofceles Triangle, whofe Side 4 ¢ is equal

t0 ¢d (2.15.) Therefore the Angle ¢ ar the Center

being equal to both, is double of either alone : That
is, double ro d. Q. E. D.

{I. If neither of the Lines 45, 4 e (which form
the Angle at the Circumference) pals
thro’ the Center c: (Bue fall both on the
Sfame Side of the Diameter ) Let the Dia-
meter dce be drawn,  Then will the
whole Angle zce (ar the Center) be
double t0 the Angle 2 d ¢ (ar the Cir- X
| camference)
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mmference) by whar was proved in the firft Cafe.
«lfo the Angle bce is double to 6 d e, by the fame,
Wherefore if from the Angle 2ce, we take away
that b c e, and from the Angle 2 de, which is the half
f ace, we take away b de, which alfo is the half
¥f b ce, the remaining Angle a2 4 b muft be juft che
1alf of acb. For 'ts as plain as an Axiom, that if
sne Quantity be double to another, and you take
iway from the Bigger, juft the Double of what you
mke from the other, the Remainder of the Bigger
muft be double to the Remainder of the Leffer.

II1. If the Diameter fall between the Lines form-
mng the Angle at the Circumference :
I hen will, as before, the Angle ace b

ne double to abe (by Cafe 1. of this)
ind the Angle e ¢ 4 will be deouble to
» b d by the (ame; therefore the whole ‘ ¢

Angle 2cd muft bedoubletoabd. 4>

So that in all Cafes the Angle at the

Tenter is double to one at the Circumference, if they
both ftand on the fame ArR, or (which is all one) are
in the fame Segment.

12. All Angles (in the fame Segment or) infiting on
the fame Ark « b, are equal, lec them
cerminate in any Part of the Circum-
ference whatfoever. -

For the Angle 2d 4 will be equal to
e b, becaule each is the half of the
fAngle ar the Center 2c 6 (4. 11.)

13. An Angle ar the Center bce, J |
ftanding on half of the Arkz e b, ise- o3
iqual to the Angle a d b at the Circum-
terence, ftanding on the whole Ark,
ifor ¢ is equal to twice x ; (by 4. 11.)
wand x is equal to o, that is to halfabd, €
(4.6.and 4.8.) Whercforec is equal toad b. Q_E.D.

' ' 14. Ehe
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14. The Angle 445 ftanding on the Semi- circume
ferenceaeb (or being in the Semi-circle adb) is a
Right One, Let ce be drawn bif-
fecting the Semi-circumference ae b3
then is (by the Precedent) the Angle
b ace at the Center, ftanding on half
, a Semi-circle (or on a Quadrant) e-
qual ro 244 at the Circumference,
which ftands on twice that Ark, or
on a Semi-circle. But sce is a Right Angle;
wherefore 44 & (it's equal) muft be fo too.

COROLIARY L

Hence is derived the Commion Practice of Ere¢t-

ing a Perpendicular, as 4 4, at the End of a given

Line. For opening

. q the Compafies to any

convenient Diftance,

.. {er one Point in ¢

: and with the other

: : draw the Ark d b a,

< 1, cutting the given Line

P i b in a’;.gl:hts:*ng a Ruler

laid from d to c fhall

find the Point 2, which is perpendicularly over b :

Por the Angle dba, being in a Semi-circle, is a
Right Oae.

COROL.



wokIV. of GEOMETRY. 43
COR OLe Al

Hence alfo arifes this expeditious Practice of
irawing from a Point given, as 4,aTangent,as4/, to
. given Circle. For joining the Points 4 and 4, the

i.._

—enter of the Circle, biffe¢t their Diftance 2 4 in the
Point ¢: On ¢, as a Center, defcribe the Semi-circle
-bd : So fhall a b be a true Tangent, becaufe the
Angle 2 b d being in a Semi-circle, is a Right One.

15. The Angle ab d in a Segment lefs (¢han a Se-
mi-circle) is Obtufe : Becaufe the
Ark 4 e d being mare than half the
—ircumference, its half, the Ark z e,
muft be more than ¢o®; therefore
the Angle 2 b d, which is equal to
#c e, (4.13.) muft alfo be more than
9o°, that is obtufe.

16. The
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16, The Angle 2 5 d made in a Segment greater
than a Semicircle, is dcutze, -.
For ’tis equal to the Angle ac e (4
13.) whofe Meafure ae being the
half of ae 4, an Ark lefs than a Se-
micircle, muft be lefs than g¢o°.
And therefore a b d is lefs than go°.

(. e.) dcute.

17. If aRight Line, as g 4, touch a Circle, as in
the Point 2; and another Line as 2 e cut it there.
The Angle b a e [hall be equal to », or any Angle
made in the oppofite Segment 24 b e. And the Angle

¢ a g thall be equal to f, or any An-
gle made in the other Segment,

d
ﬂ ef a. r
i € " For, drawing the Diameter 24,

f which will be perpendicular to 4 &,

J—=E="b (4.9.) (and alfo the Line d e:) The

Angle aed will be a Right One ;
(4. 14 ) And confequently, becaufe the three An-
gles of every Triangle are equal to two Right
Ones, (2.9.) the Angle ¢ 4 d, together with 4, muft
make juft another Right Angle.

But that Angle dae, together with e 2 b, doth
make allo a Right One, becaufe the Radius ¢ # is
perpendicular to the Tangent a b; wherefore zake
away e a d from both, and then e 2 b will remain e-
qual to 4;2nd confequently to0 4, or to any other An-
gle in that Segment a h e, or that fands on the {ame
Ark e fa: For all thofe Angles are equal (by 4. 12.)
The Angle ¢4 b therefore is equal to b ; which is
the firft Parr of the Propofition. !

We muft next prove the Angle g 2 ¢ to be equal
to f ; which is the other Part. b

In the Triangle a fe, all the three Angles e, fand
a,are equal 10 two Right Ones (2.9) And the An-
gle ¢ 1s equal 1o f 4 &, by the firfl Part of this Pro-

pofizion
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bofition, for fa may be confider'd as cutting the
Circle in the Point 2, where 4 4 touches it, and con-
iequently fa b will be equal to any Angle that can
se made in the oppofite Segment 2 b de f; and there-
joretoe. Now the two Angles e af, and fa b (that
s e) together with f, are equal to two Right Ones,
72. 9.) and {o are 4 f, and fa & raken together with
rae (1.20) Wherefore the Angle f is equal to
rae. Which was to be proved.

18. Every Quadrilateral Figure, as def 4, infcriba
'd in a Circle, hath irs two oppefite Angles taken
ogether (as d added to f) equal to
wo Right Ones.

For if thro’ the Point 4, there be
frawn a Tangent, as 74, and a Dia-
ronal, as ea ; the Angle ar fwill
ve equal to gae (4. 17.) and the g a b
Angle e 2 5 will be equal tod(4.17.)

\nd confequently the two Angles, gaeandead,
reing equal to two Right Ones (1.20.) the Angles
" and f taken together, muft be f{o roo0.

After the {ame Manner might the other two op.
wofite Angles, d af, and def, be proved equal 1o
wo Right Ones, by drawing another Tangent
aro’ the Point fo!

19. The Converfe of this Propofition is alfo ma.
ifeft ; viz. That if any Quadrilateral Figure have
s oppofite Angles equal to two Right Ones; it
1ay then be infcribed in a Circle ; that is, a Cir-
le may be made that fhall touch or pafs thro’ all
s four angular Points,

20, A
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20. A Re&ilineal Figure is faid

to be circum(cribed abour a Circle,
when all its Sides touch the Circle
withour cutring it.  Thus the Tri-
angle d 2 e is circumfcribed about
the Circle b g f; becaule every Side
of the Triangle touches the Circle
in &, g and f£.
21. A Figure is ffid to be Infcribed in a Circle
when all its Angles are in the Circumference of that
Circle, as the Triangle 2 b ¢, in the following Figure.

22. Every Triangle, a & ¢, may be infcribed in a

Circle ; for if two Lines, as ¢/ and
b € ¢4 aredrawn perpendicularly bifa
A,‘ fecting the Sides & 2 and ¢ &, they
¥ b q Will crofs or meet each other in the
' Point e, on which, as on a Center,
' a Circle may be drawn, which fhall
pafs through 4. And I f{ay alfo,

that that Circle fhall pafs through 4 and c.

For I. The two Trianglese 7 £ and e i 4 are e.
qual ; becaufe 5 & is equal to i 2 by the Suppofiti-
on, the Side ¢ i is common to both, and the Angles
at 7 are Right.  Wherefore the Side ¢ & is al{o e
qualto ea (2.11.)

II. And for the fame Reafon the Triangles e h ¢
and e hb may be proved equal, and conflequently, the
Side e ¢ alfo will be equal to e b and to e 2. Bur if
thofe three Lines are all equal, the Point ¢, where
they meet, muft be the Center of a Circle of which
they are Radii : And therefore the Triangle is cir-
cumfcribed by a Circle. Q. E. D.

And thus may a Circle be made to pafs through any
three Points, if they be not all in a Right Line.
23. Every
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23. Every Triangle may (bave a Circle inferibed

¢, or) be circumfcribed about one. ¥id. Fig. in
wt. 20,

For drawing the Lines 2 ¢ and e 4, biffeting the
mgles 2 and 4, and from the Point ¢, where the
tofs, letting fall the Perpendiculars (1o the Sides
i the Triangle) eb, e fandeg ; I fay, that if you
raw a Circle on the Center e through &, that Cir-
te fhall vouch all the Sides of the Triangle in the
oints b, f and g.

For I. The two Triangles ze fand 2 ¢ b are es
ual, as having the Side a¢ common, the Angles at
rand b Righr, and thofe at 4 equal (by the Suppo-
tion:) Wherefore ¢ & is equal to e £, (2. 14.)

IL. By the fame Method e g may be proved equal
foroef, (that is toe 4) fo thar thefe three Lines
eing all equal, a Circle will pafs through their three
mtremities, of which Circle they will be Radii, and
eing alfo all perpendicular to the Sides of the Tri-
ngle, the faid Sides are Tangents to that Circle (4.
;) and therefore do circumfcribe it (by 4. 18.)

24. Every Polygon circumf{cribed about a Citcle

equal to a2 Recétangled Triangle, one of whofe
tegs fhall be the Radius of the Circle, and the o-
aer the Pecimeter (or the Sum of all the Sides) of
te Polygon. ’

e ———
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Let the Line FA be equal to the Radius f5, and
to ir, at Right Angles, draw the infinite Line
ABCD, ¢, out of which take Ab equal to 4 b,
h B equal to h b, Biequalto b7, and 7 C equal to
i ¢, &c. So thar the whole Line ABCDEA may be
equal to the whole Compals, or Perimeter of the
Polygon a bcd e a. Al{o draw FF parallel 1o AA,
fo that all the Perpendiculars, Fb, Fi, Fk, &c.
may be equal to the Radius fh, or f7, &c. "Tis
then plain, that the Triangle A F B will be equal to
the Triangle 4 f b in the Polygon, and the Triangle
BFC,tbfc;and alfo CFD,te ¢ f 4, &c. So that
all thefe Triangles taken together, will be equal to
all thefe in the Polygon, or to the whole Polygon.

But the Triangle FA A is equal to all the five
Triangles within the Parallels ; becaule drawing the
Lines, BF, CF, DF, &c. the Triangle FAB will
be equal to FAB, FBC 10 FBC, &¢. (3. 16.);
wherefore the Triangle F A A is equal to the Poly-
gon, which was to be proved.

25. Every regular Palygon is equal to a Rectan.
gled Triangle, one of whofe Legs is the Perimeter
of the Polygon, and the other a Perpendicular drawn
from the Center, to one of the Sides of the Polygon,
The Proof of which is the fame as that in the pre-
cedent Propofition ; For all the Perpendiculars £ 5,

fi, fk, &c. are equal, &e. See the laft Figure.

Fberefore the Area of every regular Polygon 1 found,
my multiplying the Perpendicular let fall from the
Center of the infcribed Circle by any one Side ; and
then multiplying the balf of the Produét by the
Number of the Sides.

26. Every
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26. Every Polygon circumf(cribed aboura Circle,
5 bigger than it ; and every Polygon infcribed, is
efs than the Circle; as is manifeft, becaufe the
thing containing, is always greater chan the thing
rontained.

'27. The Perimeter, or (as fome call it, tho’ im-
iroperly) the Circumference of every Polygon cir-
mmicribed about a Circle, is greater than the Cir-
umference of that Circle ; and the Perimeter of
wery Polygon infcribed, is lefs.

28. If in any little Segment of a Circle, you in.
cribe an Ifofceles Triangle, as a b ¢ ; fo that 44 be
gual to b c; I {ay, that Triangle fhall
% greater than balf that Segment.
tor if you draw aTangent e b d,which
aall be parallel to ¢ 2 ; and which
wall be, as cais, perpendicular to the
.adius & f; (4. 5.) (4.6.) And then
pmpleat the Reangle ad ¢ ¢ ; that
tectangle will be greater than the whole Segment
«cb: But the Triangle a b c, is the half of that
arallelogram (3. 18.) And therefore muft be grearer
aan half the Segment 2 4 . '

29. Lettherebe a Tangent 2 d b, a Secant Fcé,
{Chord 4 ¢, and another Tangent cd ; I (ay, that
se Triangle d 4 ¢ is more than half the mixt Trian-
te a ¢ b, comprehended between the Lines 2 4, b,
ad the Ark of the Circle a¢c. For in
se Triangle db¢, the Angle c, being
IRight one (4. 5.) the Side d b, is
inger thande (2. 17.) That is, than
a4 ; whichis equal to de¢ (4.7) g
therefore the Triangle bdc (having |

longer Bafe, but the [ame Height
ith ad c) muft be greater than i ;
15 may be colleéled from (3. 7.) And
serefore it muft be greater than the

E half
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half of the whole Triangle 2cb. But the Triangle
ach, is greater than the mixt Triangle, made by the
Ark 2¢, and the Right Lines, b and ac; and
therefore the Triangle bd ¢, (which is more than
half of 2 c &) muft be greater than the half of the
mixe Triangle abec. Q.E.D.

30. From thefe two laft Pofirions, it follows, that
by multiplying the Sides of Polygoos, you may make
them (o circum/cribed abour, or inferibed in Circles,
that the Difference by which the circumf{cribed ex-
ceeds, or the infcribed wants of the Circle. fhall be
as {mall as you will: Becaufe if from any Quantity
whatever, you take more than the half, and from the
Remainder more than its half, and again from that
Remainder more than its half ; you mdy by doing
this very often, at laft come to leave a Remainder as
{mall as you pleafe; asis felf-evident. Thus (See
the 28th Figure) after a Triangle is infcribed ina Cir-
cle that fhall be lefs than it by the three great Seg=
ments, you may infcribe an Hexagon that fhall exs
ceed the Triangle by thofe three Segments, but fhall
be lefs than the Circle, by the fix little Segments
that are lefc white in the Figure, |

But thofe fix white Segments taken together, do
not contain o much Space as the half of the three
former fhaded ones, (4.28.) After this you may als
{o infcribe a Duodecagon, which will be lefler than
the Circle by 12 {maller Segments; which 12 Sege
ments will ftill be lefs than the half of the fix Segs
ments of the Hexagon : And thus may you, by in=
creafing the Number of Sides of the Polygon, leflen
the Difference by which the circumfcribing Circle
exceeds it, as much as you pleale. So likewife on
the other Hand, you might bave firft circumfcribed
a Triangle, then an Hexagon, and then a Duodecae
gon, ¢, (and have made, that way, the Difference
between the cfrcum[crih'ng Polygon and the Circle, as
fmall as you would.) 31. Every
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31.Every Circle is equal to a Re@angled Triangle,
rne of whofe Legs is the Radius, and the other a
Right Line equal o the Circumference of the Cis-
le. For {uch a Triangle will be greater than any
Yolygon infcribed, and lefs than any Polygon cir-
mmlcribed, (by 24, 25, 26, and 27 of this fourth
sook ) And :herefore muft be equal to the Circle,

For thould it be grearer than the Circle, be the
sxcefs as liccle as it will, a Polygon may be cir~
umf{cribed, whofe Difference from the Circle (hall
e yet lefs than the Difference between thar Circle
nd the Rectangled Triangle, and thar Polygon
rill be lefs than the Triangle, which is abfurd. And
it be faid thac this Rectangled Triangle is lefs
aan the Circle, an infcribed Polygon may be made,
rhich fhall be greater than that Triangle, which is
npoflible.

* This kind of Demonftration,which we here ufe,
tand which is called Reductio ad Abfurdum, five ad
iImpoffibile, is one of the fineft Inventions of the
‘Ancients: And on it is founded all the Geomerry of
Undivifibles ; {o that I cannot bur much wonder
ifome of our Modern Authors fhould rejet it as
lindirect and deficieat.  Bur if we muft arrive 1o
ffuch a Point of Nicenefs, that we can’t bear any
\Demonftration, unlefs it be Direc and Pofirive 3
ftis ealy enough o give rhis before us fucha Turn,
s fhall render it Regular and Diredt.
¢ For this cannot buc be admirted as a Principle;
[That if two determinate Quantities a and b are fuch,
that every other imaginable Duantity, which z great-
er or lefs than a, is alfo greater or lefs than b ; thefe
tewo Quantiries a and b mult be equal. And rhis
IPrinciple being granted, which is in a Manner felf-
evidenr, it may directly be proved thar the Trian,
igle (before-mention’d) s equal to the Circle : Be.
cauie every imaginable in{cribed Figure, which is

E 2 ¢ lefs
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¢ lefs than the Circle, is alfo lefs than the Triangle ¢
¢ And every circumfcribed Figure greater than the
t Circle, is alfo greater than the Triangle.

This is that which is called the Quadrarure of
(or fquaring) the Circle, which confifts in finding a
Square, Triangle, or any other Re&ilineal Figure
exactly equal ro a Circle. And this would eafily
be done, could we find a Right Line equal to the
Circumference ; as is plain from this laft Propofi-
tion. But fuch an Equality is not to be found Ge-
ometrically.

To find the Area of a Circle.

Since the Circle is equal to a Right-angled Tri-
angle, whofe Bafe is the Radius, and ihe Perpendi-
culara Lineequalrto the
Circumference; halfthe
Product of the Radius
into the Periphery, will
give the Area of the
Circle.

In Practice, therefore
{ay, either as 7 : to 22
: : So is the Diameter in
Inches equal Parts, &c.
to the Circumference, or more nearly and without

Divifion, {ay, as 1oco isto 3141 : : Sois the Ra-f
dius of any Circle in Inches (fuppofe 9 Inches) to
28 269, which therefore will be Semi-circumfe~

rence: And this multiply'd by 9 Radius, gives_:
254.421, for the Area required.

For the Area of a Seétor or Segment of any Circle.

Since a Circle may be conceiv'd as an Aggregat::
of an infinite Number of Ifofceles Triangles, whofe
common Vertex is the Center ; any Portion of the
Periphery, as & ¢, being confidered as a ftrait Line,

and
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md the Perpendicular 2¢ let fall, the Area of the
i2Ctor muft be balf the Produét of the Ark 4 ¢ into
se Radius 4 ¢; and if from the Sz&or you take the
rrea of the Right-lined Triangle 2 4 ¢, there will
:main the Area of the Segment beec.

32. ItaRight Line could be dilpofed into theForm
" the Circumference of a Circle, it would conrtain
tore Space than any other Figure, or Regular Po-
igon wharfoever : Suppofe the Circumference of
te Circle, abcd, to be difpofed into the Form of a
[Juare, or into any other Regular Polygon : So that
il the Sides eg, gh, hi,and i e to-
:ther may be equal to the Circum- a
wwence ab cd; I fay, the Circleis ¢
ceater than thar Square. For the L
iircle is equal to a Rectangled Tri. L
a1gle, one of whofe Legs is the Ra= b
s f a,and the other the Circum- ¢
tence. Andthe Polygon is equal
{o to fuch a Triangle, one of whofe Legs is the
me Circumference 4 & ¢ d, or the Sum of the Sides
wi b ; andthe other Legis the Line fo (4. 25.) Bug

the Line f o is lefs than the Radius f4, {o the fe.
wnd Triangle, which is equal to the Polygon, muft
- lefs than the firft, which is equal to the Circle ;.
ad therefore the Square or Polygon muft be Jefs
ian the Circle, which was to be demonftrated.
‘“ And this is what we mean, when we ufually
fay, that of Ifoperimetrical Figures (or which have
equal Perimeters or Circumferepces) the greateft is
the Circle. '

Before we go to Solids, I thoughe it proper o
wve the Learnzr here, this moft noble Theorem of
vthagoras ; becaufe, tho’ it be indeed demonttrated

the fixth Book, yet nearly after Euclid’s manner,
rmay alfo be done here: Thus,

E 3 In
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In every Right-angled Triangleasabe. The
Square of the Hypothenufe 4 ¢, is equal to the Sum
of the Squares of the Legs 2 band b ¢ ; For, :

I. The Square of ¢ 4, is eqﬁal to the two Re&-'
anglesd f and fe.

II. The Rectangle d f is double of the Triangle
a b d, being of the fame Baf> and Aliitude ; and the
Recangle f e is for the fame Reafon, double of the
Triangle bec. (by 3. 18.)

Iil. Bur thofe Triangles, being of the fame Bafe
and Altitude with, will be equal alfo to one half
of the Squares b b and b k: Wherefore the Square
of a¢ isequal tothe Sum of the Squares of theLegs.

AR
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I'have hereadded alfo the Subftance of the fecond
wok of Euclid, about the Power of Lines, &Jc.
md [ would advile the young Geomerrician, before
& proceeds any farther, (and if not done already)
» begin the Study of Algebra; a little of which
ill be of excellent Ufe ro him in facilitating the
demontftrarions in Geometry, and in preparing the
lind, and enuring of it to Abftraction, before he
»me to the Doltrine of Proportion. And the four
ft Rules of 4dditson, Subfiraétion, Multiplication
ad Divifion in Integers and Fra&ions, wiii be {uf-
cient to enable him ro underftand the following
ropofitions: As allo the moft ufeful Ones, which
= will find added (in this Edition) in all the fol-
\wing Books of thefe Elements.

I. If there be two Lines Z and X, one of which,
%, 1s divided into any Number of Parts, as inte
—+e+4-i-+0. The Reftangle under the two
thole Lines z x, is equal to the Sum of all the
teCtangles made by x multiplied into the Parts of 3.

a e z 0
Z) e | l It
X| ——|

fhatis, ZX —=X aXe-}Xi+ Xo. Thisis
» plain, it needs no Proof.

If a Right Line, as Z, be divided into two
iarts, 4=+ e ;  The Rectangles made by the whole
vine, and both irs Parts, are equal to the Square
f the whole Line.

a e

*I'—“mm

E 4 The

Z
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That is, e3¢ =33%.
Forza—aa--ae.
Andzer=ae-}-ce.

That is, '

zatze=aat2aetce= Qa + e
Q. E. D. |

111. Let the Line Z be cut intoa—4-¢; then fhall
the Re&angle under the whole Line (Z) and the
Part (2) be equal to the Square of that Part 4, to-
gethz:]r with the Rectangle made by the two Parts
4 and e.

Thatis, Z a—=aa~f-ae.

a €

—— |

Z

ForZ —a -}
And ateXa=aatae QE.D.

1V. The Square of any Line, as Z, divided into
any two Parts 2 and ¢, is equal to both the Squares
of thofe Parrs, together with two Rectangles made
out of thofe Parts,

Thatis, 3 3—=aa-+t2ae-t}ce.

4 e

7| e e e e |

Multiply a4 ¢ by itlelf, and the thing is plain,
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COROLLARY.

Hence ’tis plain that the Square of any Line is
qual to four rimes the Square of its half. "For fup-
ofeZ to be biffeted, then each part will be 2, and
wltiplying 4 -+ 4 by tfelf, the thing will plainly
ppear.

& a3

e e e |

a a
a-—4a

P

dd-ﬂl—dd-l—*aa—l—ad:;;dl.

V. If a Line be'divided inro two Parts equally,
nd in two other Parts unequally, the Rectangle
'nder the unequal Parts, rogetber with the Square
f (the intermediate Part) the Difference berween

he equal and unequal Parts, is equal to the Square
f half that Line,

Let
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Ler the whole Line be 2 4, then each Part will
“be a. Let the lefler unequal Part be ¢, then the in-
termediate Part will be 2 — ¢, and the greater un-
equal Part will be 2 4— ¢ ; which multiplied by

BfSiFERsEannan s

e TR FEFEWINIOET EE

'||'fl—'-l.‘h|lt!"'|l]ll N E
n

a a-—=e
E. A
..:-: ::" i J#‘ :
- a - aA—e .z
z e
3 et
-l". ““-
20, .Za H—IE 2
"Ternsaqguw (LA

e, produces 2ae~—ce; To which adding the
Square of the Difference, or intermediate part a—e,
whichis 24 —2a e 4 ee, the Sum will be only
a a, the Square of half the Line.

VL. If a Line be biffected,and then another Right
Line be added to ir, the Recangle or Produc of
the whole augmented Line, multiplied by the Part
added, together with the Square of the half Line,
15 equal 1o the Square of the half Line and part
added, confider’d as one Line.

g i e

Z]

Let the firft Line be 2 4, and the Part added e,
then the whole will be 2 4 -+ ¢ ; which mulriply'd
by e, produces 2 a¢ -4-¢ e, and the Square of hal{ the

Line
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line 4 4 being added to ir, it will be 2 2e-}-ce L
u, whichis equal to the Square of 2--¢, by
rop. 4.

VII. If a Quantity or Line be divided any how
ito two Parts, the Square of the whole added ro
te Square of one of the Parts, fhall be equal o twa
tectangles contained under the whole Line,and that
iart added to the Square of the other Parr,

a &

s

A I

Let a be one Pare, and e the other. The Square
" the whole and of the lefler Parr ¢, makes 4 4
«ae~t=2ee. Then if the whole 4 ~+ e be mul.
lied twice by ¢, it will produce 22e~4-2¢c¢; and
tto this be added the Square of the other Part 4 4,
se Sum will be

aa-t2ae-f 2ee, equal to the former.

VIIL. If a Line be cut any how into two Parts,
se Quadruple Reétangle under the whole Line and
ne of the Parts added to the Square of the other
art, 18 equal to the Square of the whole and the
ther Part added to it, as if it were but one Line,

a e

Z|

PR

Let the whole Line be 2 =} ¢, then four times thar

wltiply’d by e (or the Quadruple Redtangle under

nat and e¢) will 42 -+ 4 ee ; 1o which adding the
quare of the other Part 4 4, the Sum will be
a4 4ae—4ee.

And if you {quare a -~ 2 ¢, which exprefies the

thole Line, with ¢ added to it, the Produ will be

ae former Sum of 4 a4~ 4a ¢ J 4ee.

IX. If
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IX. Ifa Line be biffe¢ted, and allo cut into two |
other unequal Parts, the Sum of the Squares of the |
unequal Parts will be double to the Sum of the
Squares of the half Line, and of the Difference be- |
tween the two unequal Parts.

bivi a-sb
2.4\ a v

L
ot

S

Let the whole Line be 2 2; and the Difference
between the equal and unequal Parts 4 ; then the
greater unequal Part will be 2 + b, and the leffer
a— b : The Sum of the Squares of the unequalParts
willbe2 a2 -~ 2 5 b, which is double to the Square -
of half the Line added to the Square of the Diffe~ |
fence. . OLE.D. i

X. Ifa Line be biffected, and then another Line
added to it 53 the Square of the whole encreafed |
Line, together with the Square of the Part added,
is double the Sum of the Squares of the half Line, -

and of the half Line and Parc added, taken as one
Line. :

a a e

7, | st | ot

- Letrhe whole Line be 2 4, and the Part added e3¢

then the whole encreafed Linewillbe 24 4 ¢ ; and
the balf Line and Part added will be 2 6. The
Sum of the Squarcsof 24 ¢, and of ¢,is 4 22
- 44e-+2 ee; which is plainly double to 24,
andast+2ae-}-ee, added together. 2. E. 'I.?" Il
' nis.



wook IV. of GEOMETRY. 61

This Problem is alfo of frequent Ufe.

PROBLEM.

0 divide a Line (o, as that the Reltangle
under the whole Line a c, and one Seg-

ment a b, fball be equal to the Square of
the other b c.

A a
'Cﬁ:blo

T i = e i ae am . -

]

o A
o f C g

On 2c make the [ cd, whofe Bafe ¢ ¢ bile& in
and draw 4 f; make f g —af, and compleat the
1 bg, producing b /s to k; Then is ac truly divided
15 ; torthe Line e ¢ being bifle@ted in £, and the
‘are c) g édgfd J!{1;1;1 i_t;,_the (by Prop. 6. of the Power of
.ines) Rect feg—=fogesfag~gg
e q: Whereforftaking feq ﬁ*gm bntﬁi the R?EZ&.F
‘g =acq, and itaking the Redt. £ ¢ from both the

eCt. do—(bg; that is Re®.cab =bgaq.
D.E F. g5 g9

N. B.
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N. B. This is called dividing a Line according to

Extream and Mean Proportion ; which Propore
tion cannot be exprefs’d in Numbers.

PROP. L

In an Obtufe-angled Triangle, the Sguare
of the Side (ubtending the Obtufe Angle,
exceeds the Sum of the Squares of the other
two Sides by the double Relfangle, (2ba)
under the Bafe, and the part added to it.

Let fall the Perpendicular p, and produce &, till
it meet with it

DEMONSTRATION.

1.bh=bb-+2bad-aatpp.
2. And oo=pp t-aa.

3. Butbbd-00o=bb+aatpy.

Wherefore b b exceeds the laft Step by 2 4 .:m.;f
O E D : PROP.
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PROP 1L

# an Acute-angled Triangle, 77e Syuare of

the Side (h) (ubtending an Acute Angle,
45 lefs than the Sum of the Squares of the

other two Sidesy by double the Rectangle
under the whole Bafe, (b+a) and the Seg-

ment of the Bafe (a) which is next to the
Acute Angle.

Let fall the Perpendicular p.

DEMONSTRATION.
. bh=bb—+4pp.
2. 00=<pp—aa.
3 Qb+t a=bbtrbataa

T




4. bb4pp+2aa+2ab, is the Sum of the
Squares of the Legs.

Wherefore b b is lefs than that by 2224 24 5,
which is plainly equal to the double Rectangle un-
der the whole Bafe, and the Part 4.

E L E-
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Of Solids.

P28 Righe Line is faid to be Right up-
V¥ BN ona Plane, when it ftands on it
NS ar Right Angles, juft like a Pillar
¥ on the Ground, and is inclined
no more to any one fide of the
. Plane, than to the other,
2. Two Planes are parallel to each other, when
llthe Perpendiculars that can be drawn between
nem, are equal. (Thatis, when they every where
e equally diftant.)
3. One Plane isright or perpendicular to another
dane, when, like a2 well-made Wall, it inclines and
aans on one fide no more than it does on the other.

F 4 A

RS e




66 ELEMENTS

4. A folid Angle is made by the meeting of three
or more Planes,and thole join=
ing in a Point ; like the Point
of a Diamond well cut.

5. I[f we imagine a Line, as
a b, fix: above in the Point a,
to be moved along the Sides
of any Polygon dbc; rthat
Line by its Motion fhall de-
{cribe a Figure thatis call'd a
P;mms'd..

6. The Polygon is call’d the
J Bafe of the Pyramid.

7. If a Line faftened, as before, move round a
Circle, as dbec, it will defcribe a Cone ; and the
Circle is uts Bafe. And a Line drawn from the
Center e 10 4, is call'd its Axis.

8. If a Line 4/ move uni-
formerly about two Polygons:
a g f a anddcb, which are every
h way equal, having their Sides |
and Angles murtually parallel
and corre(ponding exactly ro
one another, as afwobc, fg
tod ¢, &c. then that Line fhall
by its Motion defcribe a Figure
which is call’d a Prifm, and the |
Polygon is its Bafe.
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9. Ifzll the Sides of a Prifm be a Parallelogram,
Fhen that Prifm is call'd a Paralle-
fopiped.

10. If a Line a4 move uni-
formly round two equal and pa-
allel Circles, it fhall defcribe or
enerate a Cylinder,

11. The Line jeining the Centers e e, in the two
Bafes, is call'd the Axis.

* There is no need of conceiving two Bafes, e-
‘qual, parallel and oppofire, for the Genefjs of
Pri{ms and Cylinders. For they will be deferib’d
as well by imagining a Line moving round the Cjr..
cumference of any plane Figure with a Morion
‘always parallel to it felf in its firft Pofition, As
if 25 be luppofed to be carried round any of the
Bafes d ¢ b, keeping always the fame Angle wirh
tthe Plane which it firft had, it will defcribe a Tri-
cangular, Quinquangular, or Circular Prifm, accord=-
iing to the Figure of the Bafe. And the upper end
tof the Line will defcribe a Bafe (as you may call
1t) at the Top, equal and parallel to that below.

CORAL L XRE

The Solid Content of all Ifofceles Prifms and Cylin.
rs (as alfo of all Parallelepipeds) is had by multi.

yying their Heighr into the Area af their Bale.
. And if they are {calencus Prifms or Cylinders, by
mltiplying the Bafe by the perpendicular Altitude,
But after all, this Genefis of Prifis and Pyramds
Mr. Pardie, refpects only their Surfaces. And
rerefore, the moft proper way to conceive the Ge-
tfis of all kinds of Prifms, is to imagine a Trian-
2, Quadrilarteral Figure, or Polygon, or the Plane
:a Circle to be muve% in a Pofition always par:;li
- 2 e
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lel to itfelf; as fuppofe from htoe, or from g r0d
(in the preceding F:gures) according ro the Directi-
on of the Line he or gd. Oraccording ro Euclid,
2 Cylinder will be generated by the Revolution of
~ the Para!lelugram gede (See Fig. in Are 8.) round
abour the Axisae.

* COROILEMNMRL

And from hence (‘as was obferved before of Lines)
"tis plain that equal Surfaces moved uniformly over
equal Places or Intervals, will defcribe or generate
equal Solids,

And as for the Genefis of Pyramids, fuppefe the
Triangle 4 b ¢,t0 move downwards from the Top of

a Plane Angle, determined

a C by the two Planes 4 A B,
- —ﬂ a A C : Let this Motion be
b T always parallel to itfelf,
\ Ny |7 and let the Angular Point
of the moving Triangle 4,
PN - be fuppofed alwa}sm keep

| Nk in the Line 4

% | 3E "Tis plain, as S this Tris
#ﬁﬁ{%f/" ¢ anglemoves farther down-
“ wards, it will fill get more

and more within the Solid

B Angle and atlaft will come
to be all of it within i it,and
tolie in the Pofition A B C, which will be the Bafe_ |
of a Triargular Pyramid, whofe Vertex isat 4.

The fame Triangle 4 be, will alfo, by its Mo-

tion, defcribe another Pyralmd whnfe Ba[e Ihall:'

be the Parallelogtam b ¢ B C, and its Vertex 4, as
before. 1

13. If
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13. If a Semi-circle 2 4 be rurned quite round
on s Diameter 4 b, it will delcribe a
sphere or Globe, whofe Axis will be 4 4

a
ind its Cenrerc, the {ame with the Semi- d 1
tircle. Every Line paffing through the (@
—enter ¢,and ierminated ar each end by \S
the Surface of the Sphere, is calleda D'- b
imeter, and may be called an Axts.

14. All Lines drawn from the Cenrer cto the Sur-
iace, are call’d Radii, and are all equal 1o ope ano-

ther,

o find the Surfaces of Solids.
L. For all Prifms, Parallelopipeds and Cylinders.

Find the Perimeter of the Bafe (which in Practice
s done by girting it witha String ) and mulriply that
1y the perpendicular Heighe, the Produc is the Sur-
ace without the Bafe, (7. e, withourthe top and bot-
om Planes) and the Bales may be found by the
wules given in Plain Menfuration : The Reafon of
vhich is, becaufe a Re@®angle of that Form and Di-
nenfions will jult cover the outfide of the Body.

II. For Pyramids and Cones.

The Sarflace of a Pyramid, is anly an Aggregate
F Triangles, which therefore muft be found feve-
ally, and chen added up inco one Sum.

3

The Surface of fcalenous Cones cannot be found
mactly 5 but for Right Oaes multiply the Circuma
erence of the Bale by half of the Side of the Cone,
ae Product is the Area ofthe Convex Sarface. Be-
aufe the Curve Surface of a'Cane is equal 10 a Tri

P angle,

ey
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angle, whofe Bafe is the Periphery of the Bafe, and
its Heighr the Side of the Cone ; fuch a Figure be-
ing capable of exactly covering it.

IIL. For the Surface of the Sphere.

Multiply the Diamerer by the Periphery of any
great Circle, or by [uch a Circle as hath the Diame.
ter of the Sphere for its Diameter, the Preduct is
the Surface.  As appears from what will be prov'd
below, after 4re. 34,

IV. The Surface of the five Regular Bodies, is eafily
had, by the Principles of Plain Menfuration.

15. Two Right Lines if they meet {o as to cut
or crofs each other, are in the {ame Plane: Where.
fore all the Angles and Sides of every Triangle are
in the (ame Plane.

16. If two Planes ¢ 5d and agf cut or interfect
one another, they fhall do fo in a
Right Line, as & d; which is call'd
their common Se&ion.

17. If a Right Line d¢ be perpen-
dicular totwo Linesdfand d Z,which
are in the {ame Plane, that Line is al-
fo perpendicular to that Plane.

18. If a Right Line 4 ¢ be perpendicular to three
Right Lines df, d g and d a, they are all three in the
fame Plane:

19. It twoLines d¢, b i are perpendicular to the
fame Plane fg 4, they will be parallel to one another.

20. Iftwo Linesdec, b are parallel, and youdraw
another Line, from any Point in one to the other, -
as b d_ thofe three will be all in the fame Plane, |

21, Ik
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21. If two Lines d¢, bi are parallel to a third
a k. though that third Line be not in the fame Plane
with them, yer they fhall be parallel to each other.
22.Ifa right Line 2 4 be perpendicular to (or make
any otber equal Angles with) two
Planes f ¢ andc 4, thofe Planes are ¢
parallel. £
23. 1f two parallel Planes,d /g
and 4 fe, are cut by a third i 7 7,
the common Secions £ e and & o
are parallel, d
24. If a Solid Angle be made
by three Plane Angles, any two of
thofe are always greater than the
third. d
All thefe Propofitious are o mani- a
(feft to ome that will but confider them ﬂ
with a litile Attention. that ’tis 51
- meedlefs to flay to demonfPrate them.
\(Andindeed the Solemn and Regular ¢
Demonfiration of a thing plain in
3tfelf, always makes it more obfcure.
25. The Plain Angles, concurring ro make a So-
1 lid one, taken all together, are always lefs rhan
{four Right ones. For if they fhould make four
‘Right Angles, they would form a Plane and not
:an Angle. Wherefore, that they may make a Solid
Angle, they muft be lels than four Right ones.

@

"Tis a very good way in order to gain a clear Idea of

\ Solids and their Angles,to make the Regular Bodies out
vof thick Paper or Pafl-board, and after the Defcription

tof every Body, you will fee the Figure, which being

\folded up together, will exprefs the Solid.
26. In all Parallelopipeds, the oppofice Planes
tare equal ; as is ealy to conceive (from 5. ¢.)

F4 27. All

e
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27. All Parallelopipeds having cqual Bafes (and
Heights) or being between the fame Parallels, are
equal, for they ave equal Aggregates of equal Pa-
rallelograms. (3. 14.)

28.Every Parallelopiped is divided into two cqual
Triangular Prifms, by a Diagonal Plane, which is
perpendicular to its Bafe: For every Parallelogram
of which the Figurc is compoled, is equally bif-
fected.

29. Triangular Prifms, having equal Bafes (and
Heights) or being between the fame Parallels, are
equal, for they are equal Aggregares of equal Tri-
angles.

30. Pyramids having equal Bafes and Heigh:s,
are alfo equal: For they are all fuppoled to grow
taper alike,

31. All Prifms in general, all Cylinders and
Cones, with equal Bafes and Heights, are equal.

32. Pyramids and Cones on equal Bafes, and of
equal Heighrts with Prifms and Cylinders, arc one
third of fuch Prifms and Cylinders.

In a Triangular Prifm and Pyramid of the {ame
Bafe and Alticude, it is thus prov'd |

The Quadrangular
Pyramid zcef b is di-
vided into two equal

C Triangular Ones, by
the Triangular Plane
fbc,and the Pyramid
fcab, is the very

{ame withbac f;and

this is ‘equal to the

Pyramid dfea: As
having an equal Bale |

< o and the fame Altirude |
~ 7 with 1t, and therefore |
the wholePrilm is divided intothree equaiPyramids,

And
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.nd Gnce all multangular Prifms can be divided in-
» Triangular ones, and that Cylinder is only a
Multangular Prifm of infinite Sides, the Propofition
+ univerfally true j That Pyramids and Cones, &c.

N. B. A Piece of Cerk or Woed, in the Form of
a Triangular Prilm, may be cut into three €.
qual Pyramids.

CORAL'LARY I

Hence the way of finding the Solidity of a
Pyramid or Cone is difcover’d, viz. o mui-
tiply the Bafe by . of the Perpendicular
Altitude.

33. Every Sphere is equal to a Cone whofe Per-
pendicular Axis is the Radius of the Sphere, and its
Bafe a Plane, equal to all the Convex Surface of it.

For you may conceive the Sphere to confift of an
tnfinire Number of Cones, whofe Bafes raken all
rogether compofe the Surface, and whole Vertexes
meet all together inthe Center of the Sph:re : Juft
as a Circle may be imagined to be compofed of an
unfinite Number of I{ofceles Triangles, the Aggre-
gate of whofe Bafes makes the Circumference, and
their common Veriex is at the Center,

COROL.
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C'O RO L

Hence the Solidity of the Spherewill be gain’d)
by multiplying its Surface by 2 of its Ra-|
dius. .

Ler the Square 24, the Quadrant cb d, and the !

Right-angled Triangle 2 bd, be fuppofed all three to |
revolve round the Line -

bd as an Axis: Then
will theSquare generare
a Cylinder, the Qua-
drant an Hemi(phere,
and theTriangleaCone,
all of the fame Bale and
Altitude,

I. Then theSquare of
e h(which is equal tothe
Square of £d, which is
. equal to the Square of
f b, together with that of 5 d (or its equal g h) will
be equal to the Square of g h (== b d) together with
the Squares of fh. And fince Circles are as the
Squares of their Diameters (which muft be now ta-
ken for granted, but will be proved in the fixth
Book ) the Circle made by the Revolution of e b,
muft be equal to the two Circles made by the Mo-
tion of f band b g. Wherefore,

ILIfyourake the Circle made by the Revolution
of f b from borh, there will remain the Circle made
by the Motion of 75 equal to the Ring defcrib’d by
the Motion of ef: And thus it muft always be,

wherever you'draw the Line e b, or i m. &c.
2 | IIL. There-
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Iil. Therefore the Aggregate of all the Rings

made by the Revolution of the ¢ f’s, muft be equal
o that of all the Circles made by the Motion of the
- b’ : (7. e,) the Difh-like Sclid, formed by the Re-
rolving Rings will be equal to the Cone formed by
the Revolution of the g b’s, which are the Elements of
the Triangle 2 b d. Thatis, the Difh-like Solid willbe
1s the Cone is § of the circumfcribing Cylinder, and
confequently theHemif{phere muft be 3 of it: Where-
ore the Sphere is % of the circum{cribing Cylinder.

IV. Letthen the Radius of the Sphere be » —
d = b d, then the Diameter will be 2 7; let the Sur-
pace of the Sphere generated by the revolving Semi- -
sircle be called S ; and that of the Cylinder,formed
by the Revolution of 2 4 ¢ = 27 = Diameter, be
:alled /. Wherefore in what was juft now proved,
Iby 4re. 33. of this Book) the Expreflion for the
ppolidity of the Sphere in this Notation will be

S and puting ¢ equal to the Circumference of the

3afe, or for the Periphery of a great Circle of the
vphere, the Curve Surface of the Cylinder (by mul-
iplying the Altitude into the Peripbery of the Bale)

illbe 27 ¢; alfo” will be the Area of a greac
2

Tircle (by Prop. 26. of Book 4.) and this mulsi-

. 2rrc . : S
olied by 2 r, makes ——', which is the Solidity

2
nf the Cylinder (by Cor. 4r2. 11.) Now fince
" was put equal to 27 ¢==to the Curve Surface

f the Cylinde.lf—:(by fubftituting [ for 2 rc)

will be alfo — ro the Solidity of the Cylinder.

MNow fince the Sphere is == 2 of the Cylinder, rS

3

& =
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—3 r—f That is a2t/ ::f.[ Wherefore r S
2 3 6 3

—r [ that is, dividing by », S—=/ or the Sur-

face of the Sphere, is equal to the Curve Surface of

the Cylinder: Bur the Curve Surface of the Cylin-

der was 2 7 c. '

Wherefore to find the Area of the Surface of either
Sphere or Cylinder, you muft multiply the Diameter
(= 2r) by the Circumference of a great Circle of
the Sphere, or by the Periphery of the Bafe. From

this Notation alfo rf, the Area of a great Circle of

the Sphere, is plainly % of 2 » ¢ the Surface of the
Sphere. Thatis, the Surface of the Sphere is Qua-
druple of the Area of a grear Circle of it.

V. Wherefore, to 2 » c,the Convex Surface of the
Cylinder, add r ¢ equal to the Area of both irs Bafes

(each of which is tf) you will have 3 » ¢ ; which

fhews you that the Surface of the Cylinder (inclu-
ding its Bafes) being 37 ¢, is to the Surface of the
Sphere, which is, 2 r ¢, as three is to two : Of that
the Sphere is ;- of the circumfcribing Cylinder, in.
Area, as well as Solidity.

34. Of all Solid Figures that can be encompafs'd
or determinated by the fame Surface, the greateft is
a Spherical One, by Arr, 13. of this Book, and 4r2,
the laft of Book the 4th.

35. Thatis call'd a Regu/ar Body, whofe Surface
is compoled of Regular and Equal Figures. And =
whofe Solid Angles are all equal, as arew——

36. The
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36. The Tetrabedron, which is a Pyramid, com-
rehended under four equal and
quilateral Triangles; {o that
ks Bafe is equal to each Side.
Wherefore its Solidity will be
bund by multiplying the Bafe b,
of the A!!fmdﬂ; which i the
zneral way for all Pyramids.
37. Lhe Hexabedron or
sube, whofe Surface is
ompos'd of fix equal
quares, like Dice which
re us'd in play. :
Its Solidity will be found
v Cor, of Are. 12.

38. The O&abedron, which is bounded by eight
iqual and equilateral Tri-

ngles. :
This Figure is two Pyra- |

2ids put together at their
,'aﬁ'.rf Wfﬁ'refare it Solia #/\
Zty is bad by multiplying = f

be Quadrangular Bafe of

Ether (bere they are both

win’d together in the middle ;
Fthe Figure) by one third of the perpendicular Alti-
wde of one of the joined Pyramids, and then doubling
e Produét,

' 39. The Dodecahedron, which is contained under
wvelve equal and equilateral Pentagons.

e

e

i
o

——
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This Figure confifts of twelve Pyramids, with Pentd- .
gonal Bafes, whofe common Vertex is the Center of a |
circumfcribing Sphere : Wherefore any one of thefe
twelve Pentagonal Bafes multiply’d by % of the Diftance |
between the Center of that Bafe, and the Center of the
Sphere 5 and then that Produét multiplied by twelve,
gives the Solid Content of this Regular Body. .
4o. The Icofthedron,confifting of twenry equal and
equilateral Triangles,
g This Figure is compom
/\/\/\  fedof 20Triangular Py=
ramids,all equal to one
another, and whofe Vey=

\/ \ / \/\/\/ tex is the Center of a
: |  circumfcribing Spheres

Wherefore any one of the 20 Triangular Faces, mul
tiplied by ; of the Diftance between the Center of the
Face and the Center of the Sphere, and that Produét.
multiplied again by 20, gives its Solid Content.
41.Befidesthele five Regular Bodies,'tis not poflible
to find any ochers that {hall correfpond to the De-~
finition ; which is thus demonftrated. B
To begin with equilateral Triangles which are the
moft imple of all Reétilineal Figures. Of thefe there
muft be threear the leaft ro makea Solid Angle, and
three of them join’d togethcr will juft make theTetrae
bedron. For thofe three Trianglesmeeting in a Point
do form a Triangular Bafe fimilar and equal to the
Sides ; as appears by the bare Compofition of the
Figure. Four Triangles join'd together in a Point
make the Angle of the C&tabedron.
By joining five {uch Triangles together, the An~
gle of the Icofthedren 1s form’d.
Burt fix{uchTrianglesjoin'd in a Point can't make
a Solid Angle: Becaufe they make four Right Ones
(for every Angle of an cquilateral Triangle is 5 of two
or
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-+ of one Right Angle, either of which Fraftions mul=
i plied by fix, gives four right Angles.) Whereas every
bolid Angle is made up of fuch plane Angles as all
ogether muft be lefs than four Right ones (5. 25 )
b0 that with Triangles ’tis impoffible to form any
sore Regualar Bodies than thefe three.

Nexr, 1f you take Squares and join three of them
pgether, they will make the Angle of the Cube:
«nd there can no other Regular Body but a Cube

made with Squarcs, for four Squares join'd to-

ther, will nor make a Solid Angle, but a Plane.

§25.) |

If you join the Aagles of three Pentagons. toge-
aer, you will cenftitute the Angle of the Dodeca-

dron: But four fuch Angles cannot make a Solid
Jne.

And laftly, Three Hexagons joined rogerher do
1ake juft foar Right Angles, and thereiore they

nnot make a Solid Angle: And as for three Hep- -

zgons, or other Figures of yer more Sides, they

an much lefs do it ; (becaufe their Augles being very

dotufe, three of them will exceed four Right Ones.)

no that upon the whole 'tis plain, that of thele five

segular Bodies, three are made of Triangles, one of

: uares, and one of Pentagons, and there can be no
er.

e T E e R T -
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B O OK. Vi

Of Proportion.

‘- fay, that any Quanmy is great,
e we always make a Comparifon
S between that Quantity and fome
other of the fame Narture, in re-
fpeét to which we fay that it is

Great,

Thus wefav of an H:H that ’tis Little; or ofa
Diamond, tha.t cis Large ; becaufewe cumpare that
Hill with others that are Higher, and in re(pec of |
them ’tis Lictle; and we compare that Diamond
with others that are Little, and in refpect of them,
we fay 'tis a Large one,

2. When we confider one Quantity in_ refpect of
another, to fee what Magoitude it hath in cUmpafrl- -

on
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fon of that other : The Magnitude {o found, is call’d
tts Ratio or Reafon ; tho’ it would be more mtelllgl-
sle if it were call’d Comparifon.

3. That Quantity which 1s compar’d with another
is cali'd the Antecedent; and that other with which
IS compar 'd, is call’d ‘the Confequent.

. When we confider four Quaarities, and com-
uare them (by Pairs) two with two ; as ¢ 4 with
2, and ¢ 6 withd 3. If we find that hath as
nuch Magnimde (01‘ is as big) in
tomparifon of &, as ¢ hath in compa-

ifon of 4 ; (i.e. FWhen we find that a 42 3
¥ contaivied in, or doti containb i ¢ as %]E 1 5
Yeen as c is contained in, or dothcon- Gy 7
iin d) : Then we (ay, that their Ra.
€0’s are equal ; that is, the Ratio that 4 hath to &
s equal ro the Ratio of ¢ to d: For as 4 is twice as
\ig as b ; fo ¢ is twice as big as d.

5. Bur if 4 4 hath more Magnitude in refpect of

, than ¢ & hath in refpet of e 5. Thatis, if as 2 4

twice as big as 6 2, ¢6 be found norto be twice as
1g ases: Then the Ratio’s are unequal : And we
Ly, 4 hath a greater Ratio to 4, than ¢ hath to e,
0 that to have a greater Ratio, is nothing but to
ave more Magnitude, or to be bigger; in refpect of
|fecond Term, than a third is in re(pect of a fourth,

6. The E uallty of Ratio’s is cailed Propﬂrtmn;
nd when we find that of four Quantities or Num-
ers, the firft hath as much Magnitude (or is as big)
. refpect of the (pcond ; as the third is in relpect of
te fourth ; then we fay, thart thofe four Quantities
‘e Proportionals

The better to make the Myfteries of Proportion com~

rebended, which pafs for the maﬂ ficult things in Ges .

metry, as unguqﬁmnaﬁi‘; they are moft important, I
Ell explain tiem by an Example 5 which (in my Opi=

2 G nion)

'
= T ———
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nion) will render all thofe things very intelligible, which,
otherwife appear very perplex’d. - |

7. Let us imagine the Circle b A 4 to be defcrib’d
by the Motion of the Line o b, round the Center o:
And art the {ame time, let the Cir-
cle ¢ a e be defcribed by the Moti-
on of a Point ¢, in the Line o0 b¢
Let us fuppofe alfo that the Line
o b be moved once round again, and
at laft to ftand in the Pofition od.
Letthe Ark d B b be called B, and
the Ark e D ¢, be called D. Let A
be put for the whole outer Circle, and 4 for the
whole inner one.

Now if we compare the whole Circle A with its.
Atk B, and the whole other Circle 4 with its Ark D
We thall find plainly, that the Circle A is juft as big
in refpect of the Ark B, as the inner one 4 is in re=
fpect of the Ark D ; and therefore if B be a fourth,
or any other Part of the Circle A, D allo will be a
fourth, or the fame proportional Part of its Circle 4.
Which we ufually exprefs by faying, as A is to B,
foisatoD. And write it thus, A:B::4:D, or
24316 8:2. |

8. If you fhould change the Order of the Terms,
and compare B with A, and D with a; you will find -
plainly that B: A:: Dz 4. Sothat {uppofing A:B:s
a : D, we cannot but prefently conclude by inverfe
Proportion, that BsA:: D:a.

g. If you change them fo asto compare Antece-
dent with Antecedent, and Confequent with Con-
{fequent, you will find Alternately, that Aza:: B3
D. And this is very plain; for if the whole Circle
A be double, triple of, or in any other Proportion,
to the Circle 4, the Ark B muft be al{o double, tri-
ple of, or in the fame Proportion to the Ark D ; for
Aliquot Parts will be as their Wholes. This I (ay is

plain,
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plain, becaufe the two Circles A and 4 are deferib'd

y the Motion of the Lineoc 4 ; fo that while & de-
cribes the Circle A, ¢ defcribes the inner Circle 4 ;
nd while 4 de{cribes the Ark B; ¢ alfo defcribes the
rk D. And this by one common circalar Motion ;
nly the Point ¢ moving much flower than the Point
%, delcribes a Circle much lefs, in proportion to the
ownefs of its Motion: Thus aifo when the Point 4
all have defcribed the Ark B, the Point ¢ in like
anner will have defcrib’d the Ark D, which will be
uch lefs than B; in Proportion to the flownefs of
ts Motion ; in Numbers 24:8::6: 2.

10. If we compare the Differences between the
Antecedents and Confequents, with
heir Confequents ; as tor Inftance,
Ale(s B with B, and 4 lefs D with
, we fhall find they allo are pro-
ortional : And that A lefs B: B::
tlefsD:D:18:6::6¢2.

For ’tis manifeit that the Ark
‘Ad (whichis A lefs B) is to B
bs the Ark c a e (which is 2 lefs D) is to D. And thig
5 call’d Proportion by Divifion,

11. If we add the Anrecedents and Confequents
ngether ; we fhall find that A more B, isto B: : as
more D is to D. Which is call'd Compofition. In
Wumbers 3o :6:: 103 2.

12. And if we would (ay, that AAlefs B::a:a:
ifs D. This kind of Proportion s call'd Converfion.
‘ou may allo infer by way of mixing the Terms, as
wme callit, That AdB:A—B::a}-D:s—D,
wthat A4Bs4-D::A—B:2s—D, &c. That

30:18::10:6and30:10::18:6, .

And it will be very convenient for the Learner to
mure himfelf to all the Changes and Varieties of
'roportion, and to have them ready in bis Mind ;
secaufe a great many Propofitions in Geometry, as

- G 2 they
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they have been delivered by the Ancients, and put-
fued by the Moderns that have trod in their Steps,
are demonftrated by Compofition, Divifion, Aler-
nation, and intermixing of Proportion. :

13. If never o many Quantities are thus propor=
tional : It will be as any one Antecedent to its Conw
fequent :: So is the Sum of all the Antecedents to
the Sum of all the Confequents. ». gr.

11 & z:ﬁ,::;:g::s:lsrthenmaﬂ
T 542 5 4 ¢ 12,

14. Ifia b izscnd
4:12::3 :9, and allo,

bisiFerdsp.
12:36:: 927

Then will it be by Proportion of Equaliry.

a's Fieigia i
A'r 362232

The Reafon of which is plain, if you confider,
That fince b: f::d: g :f and g muft needs be either
fimilar aliquot Parts, ot Equimultiples of b and d.
And therefore fince # and ¢ are to & and d, in the|
fame Rario as b and 4 are to f and g, 2 muft alfo be
in the fame Ratio to f, the Part or Multiple of b2
as cis to g, the Part or Multiple of d. |

Ifa:b::c:d
24 :-4 ::9: 3, and then,

biof b zie
4:2::18:09.
KThen
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Theawill a:fF:: b d.
12121853

Which is called Proportio ex wquo perturbata ; and
rhis muft be true; Becaufe 12 containing 4 as oft as
2 contains 3, and 4 containing 2, as oft as 18 con-
kains 9 ; 12 muft contain 2 as often as 18 conrains
3. Wherefore this is only the orderly Proportion of
3quality difturbed, and therefore is by fome called
‘nordinate Proportion.

15. It B be taken as often as D, ex. gr. 3 B and
t D, we may conclude that B: D :: 3 B: 3 D, or as
oBtoioD, alfo 121B, to 122 D. And {6 on
whatever Proportion the two Magnitudes B and
are multiplied, {o they are multiplied equally, or
at you take one as often as you take the other. For
en there will be the fame Proportion between the
agnitudes thus equally multiplied, as there was
etween the fimple Magnitudes, before {fuch Malri-
lication. And thefe Magnitudes, thus equally mul-
(plied, are call’d Equimultiples of the fimple Mag-
itudes B and D; and we fay thar Equimultiples
rein the fame Proportion as fuch fimple Magaitudes,
ut of which they are compounded.
16. If B be divided in the fame Manner as D is
d ex, gr. you take a fourth Part of B, and the like
£D, or the tenth, or any other Part of B, and the
ume of I). Then will thefe Parrs be proportional to
aeir Wholes, B:D: ;% B {or:% B) is to ©orz: D,
L1l which is (elf- evident.

17. To multiply one Line by another is to make a
wectangled Parallelogram, whofe two
ntiguous Sides fhall be the two c'—:&
t1nes given. Thus, if you multiply the « b
tine A by B, ’tis the fame thing as to A——
sake the Rectangle abcd; whofe B—i
tdeab is equalto A, and 2c¢ to 4,

G3 18. To




86 ELEMENTS

18. Tomultiply a Re&angle, or any other Surface
by a Right Line, is to make a Rect-
b angled Paralielopiped (or Prifm)

fﬁ__i (s. 9.) whofe Bafe fhall be the Sur-

Lalalde face given, and its perpendicular
I:I ' 2 Height the Line given.
E— Thus to multiply the Surface a &

d ¢ by the Line E, 1s the fame thing
as to make a Solid a4 fg he, whofe Bafe is the
Surface given ad, and its Height 2 ¢ or £f, equal
to E, the Line given.

19. All Magnitudes may be exprefs'd by Lines :
As if one Magnitude be double or triple of another 3
or in any other Ratio, iwe Lines may eafily be taken,
of which one thall be double or triple of the other,
ot in any other like Proportion with thofe Magni-
gudes : So for Inftance, to exprefs two times, as one
Hour and two Hours ; or two Velocities, of which
one fhall be double to the otber ; you need only take
two Lines, as 2 double of #; and then you may fay
.that 4 reprelents two Hours or Velocities, and b an<
{fwers to one of each ; and then you may proceed to
compute with thofe two Lines, as with the Hours |
and Velocities themfelves, &e.

20. To know the Proportion of Rectangles, the
Rario of the Length of one, to the Length of the
other, and moreover the Ratio of the Breadth of
one, to the Breadch of the other muft be known.

For Example ; To know what Proportion the

: Reétangle 4 ¢ hathtoeg: "Iis not|
iT enough only to know that the Length|
I

""""" ¢ abis tiple of eh; bot it muft be|
-1 known alfo, that ad is double of ¢ f.|
&-D For if 2i be taken equal to ef, the|

Re&angle &i will be triple of e g, be=
caufe 2 b istriple of eh, and a i equal to ef. And
maoreover, becaufe 7 d is allo equal to 44, or'z f (fu:
ad
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a d is {uppofled to be double of 27, and of e f ) the
_ Re&angle 7 ¢ fhall alfo be triple ﬁfeg, {o that the
'whole Rectangle 4 ¢ is twice triple of the Rectangle

e g; thatis, {extuple ofir, or containing it fix rimes,

And whar we {ay now only of the double or triple
Ratio of their Breadths and Lengths, is al{o to be

underftood of any cther Rario, be it what it wills

For if 2 b be quadruple of e b, -and 4 d triple of ¢ f,

‘the Re&angle ac, will be three times quadruple of
'the Rectangle e g ; that is duodecuple of it, or doth
. contain 1t twelve times.

But if 2 b be duodecuple of e , and at the fame
‘time e f be triple of 2 d, then there is a cerrain Com-
- penfation made : For if Refpect were had to their
.Breadths 26 and ¢ b only, the Rectangle 4 ¢ would
1exceed rhe other, nay indeed con-

'tain it 12 times : Neverthelefs this a___ 12 b
.Excefs is loft (in fome Meafure) in EI11T 1
i refpe® of their Altitudes or Heights 4 CEP)

a d and ef, which if only confi-
tder'd, the Rectangle e g7 would be
ttriple of ac. Bur then when we J=£
«come to compare thefe {everal Ex-
« cefles and Deficiencies together ; we fhall find that
ithe Rectangle 2 ¢ being one way 12 times greater,
:and the other way three times lefs than e g, will be
:at laft but only four times as great.
21. And this is what we mean, when we fay, that
:all Retanglesare to each other in aRatio compounded
«of that of their Sides ; for if ab be

itriple of e b, and 2 d double of ¢ f; « b
ithe Re&angle ac, fhall be to the j--.|-... }

'Rectangle e g in a Ratio compoun- 4 c
(ded of the triple and the double, c:jf-'
( that is, it fhall be twice double, or &8

| twice tnple or in one Word fex-
‘tuple. " So alfo if 4 b were quadruple of ¢ &, and 24
G 4 triple
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triple of ef; the Rectangle ac would then be toeg
in a Ratio compounded of the quadruple and the
triple ; fo that it would have been three times qua-
druple, or four times triple, or in one Word duo-
decuple of e g. |

Moreover, if ab were duodecuple of e/b, and
a d {ubrriple of e b, (that is, if ¢ f be triple of @ d)
the Ratio of the Re@®angle 2 e 1o eg would be com-
pounded of the duodecuple and fubtriple Ratio ; fo
that 2¢ would have been 12 times {ubtripie of, or
in one Word quadruple of e g.

If you take the third Part of a Crown 12 times, it
will make, or be equal to four whole Crowns : So that
four Crowns are 12 times fubtriple of one Crown ; thae
35, do make 12 Thirds of a Crown.

22. From whence it will appear, that if the Sides
of two Redtangles are reciprocally proportional,
thofe two Retangles are equal : For if 4 & be dou-

ble to e b, and reciprocally 4 g be dou-

ﬂl | b bletoch: Orif abbe triple of e b, and
a e then h g be triple of bc; orina Word,
e 5 if whatever Ratio ab hath toebh, bg,
hath back again the fame Ratio 1o b,
A tis plain, that as much as the firft Rect-
angle 4 ¢ exceeds the other in Length,

juft (o much is it exceeded by the other in Breadth;
fo that the Length of one compen(ates for the
Breadrh of the other, and confequently they muft
be equal. And from hence is deduced this moft
ufeful and important Propofition ; Thar, |

———

" If
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23. If four Quantities (or Numbers) be propor-
.onal, the Product arifing from the Multiplication
f the two middle Terms, is al-
vays equal to that which is made g
y the Multiplication of the two ({[—
ixtreams. Asifabseb::bhg:

2 ‘;-f—f:-'
. ——

I (ay, from the Multiplication E‘t ¥
bf the Extreams 44 by bc there 7 =1
5 produced the Rectangle ac: )

And by multiplying the middle Terms e b and b g,
ere is produced the Rectangle e g ; and thofe two
eCtangles 2 ¢ and e g are equal. (6. 22.) Becaufe,
s much longer as a b is than e b, jufl fo much longer
s hgthan'bc). Oa which is founded the Reafon

»f the Golden Rule.

COROEIVAR Y.

5

1

b
2
c

Hence, if in two Ranks of Difcrete Proportionals,
he four middle Terms are the fame: Asifazb:s
.+d, and then alfo e; b::c: f. 1 fay it will be as
g:e:: So will reciprocally 7, be to d: For fince
{he middle Terms are the fame in both, the Redt-
angle ad will be equal to ef, and coafequently
their Sides muft be reciprocally proportional ; that
ssaze:sf:d.

W har is thus done by Lines and Rectangles, may
e done by any Quantity what{oever; becaufe all
Duantities can be exprefs’d by Lines, and all Mul-
riplications of Magnitudes by Muluplications of
[Lines, 7. e. by Reétangles. (6.24.)
24. When Re@angles have their Sides directly
roportional, fo thata b:e h:: ad: e f, then is the
Ee&angle 4 ¢ to the ReGtangle e g, in a Duplicate
iRatio, 1o that of their Sides: For the Ratio of ac to
e s

' 4
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¢ g, is compounded of the Ratio of abto e b, and of
the Ratio of adtoef (6. 26.). Bui

@ £ b ihe Ratio of ab to e b is in this Cafe
4 (by the Suppefition) the fame as the
11124 Ratioof adtoef; forthatto gain
d ¢ the Ratio which the Redtangle a¢
e E b  bathtoeg, we need only take ewice
2 miam the Ratio of a b o e h. For Exame
F ple, if as here 4 & be double to e b,

and 2 d double to ¢ f, the Rectangle ¢ fhall be
twice double, that is, quadruple of the Re&angle
eg. And if 25 had been triple of e b, and confequent-
ly ad riple of ¢ f: Then the Retangle 4 ¢ would
have been three times triple, that is nine times as
bigaseg; Or if 24 had been quadruple of e b, a¢
would have been 16 times as great as e g.
25. If a third Line be taken as # 03 and it be {o
proportional that ab teb::ebh:no. Then
#|wufo thall the two Retangles 2 ¢ and eg be to
one another, as the two Lines 24 and no ;|
(vid. Fig. Preced.)

For 4 4 is to n ¢ in a duplicate Ratio of abto e b,
And if 2 b had been (as it is double, ) triple or qua=
druple of ¢ : Then would 4 b have been in a Ra-
#io three times triple ; or four times quadruple of
(that is nine or 16 times as great as) the third Pro.
portional no.

26. Thofe Rectangles which have their Sides thus
proportional : Thatab:eh::ad:ef, are called
Similar, whofe Homologous Sides are thole which an-
{wer each to other in the Proportion, as 4 4 and e b,
oradandef: For asab is the greateft Side of the
Redtangle ac, fo eh is alfo the greateft Side of the
Rectangle ¢ g.

27. All
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27. All Squares are fimilar Rectangles, For iis
lain that if 2 b be double or triple of e b, a m muft
Ifo be double or triple of hi:
i_cta;ge; misequaloab,and 4 T b 5!_ )

: ; 44 N

28. All Gmilar Rectangles I {{1j.
re to each other as the Squares ; 4
bf their Homologous Sides. I ~m ™"

y the Rectangle 4 c is to the
ectangle e ¢ ; : as the Square bm to the Square eJ.
“or as well Squares as Re&angles are to one another
a duplicate Ratioof a bto e b (6.29. 30)
29. To know the Ratio between two folid Rect-
ungles or Parallelopipeds, there ought to be known the
everal Ratio’s that their Bafes and Heights have to
-ach other ; becaufe the Rario of one Solid to ano-
her is compounded of the Ratrio’s of their Lengths
ind Breadihs and Thickneffes or Heights 5 as is ea-
je to conceive, if that be well underftood which hath
seen {aid about the Proportions of ReCtangles. For
fone Parallelopiped hath its Bafe double to the Bale
of another, and its Height, triple of the Height of
he other: The former will be twice triple, or three
c:imes donble, or in one Word fextuple of the latter.
30. If the Bafes of two Parallelopipeds be Recipro-
sally as their Heights, thofe Parallelopipeds are equal 2
hich is proved by the 27th of this Book ; for as
uch as one exceeds the other in Breadth and
ength, fo much doth the other exceed irin Heighr,

31. When Parallelopipeds have all their Sides pro-
portional, they are called Similar ; and they are in
@ Triplicate Ratio of their Sides, as it hath been
mproved of Rectangles, that they are in a Duplicase
fRatio of their Sides.

32. Similar Parallelopipeds are ro one another as
tthe Cubes of their Homologous Sides ; for both
(Cubes and Parallelopipeds are in a Triplicate Ratio
cof thfeir Homologous Sides. 34. All
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34 All Re®tangles, baving the fame or equal
Heights, are to one another as their Bafes, and ha.
ving the {ame Bafes their Heights are equal.

Let the Rectangles A and B be between the fame
parallel Lines dfand c 2 {o that 2d be equal to ¢ f;

then do I fay, that A ;B::ab:be.

e g Thar the Re&ingle A is to the Ret-

fE—A_' angle B, as the Bafe 2 b to the Bafe b ¢c:

¢ b ¢ And that if, for Inftance, a4 be double

to be, then fhall A be double to B. For

A 1s nothing but the Line b 4 multiply’d by d 4. (6.

17.); and B is nothing but the Line ¢ 4 multiply’d

by the fame Lioe 2 d, or (whichis all one) be or fe.
Wherefore (6. 15.) A:B:: abs b

35 All Parallelograms which are between the fame

Parallels (or which bave the fame Height) are as their

Bafes. I {ay the Parallelogram e b is

ed S I 1othe Parallelogram 4 :: as the
Ve Bafe a 4 is to the Bafe be. For ha-
/o ving made the two prick’d Reét-
- angles on the fame Bafes, thofe
will be equal to the Parallelograms,

(by 3. 14.) Burt thele Rectangles are as their Bafes
. (by the Precedent). Wherefore the Parallelograms
Enuﬁ alfo be as their Bafes; Thatise b : bgizab:

C.

36. All Triangles (which bave the [ame Heighes)
or are berween the {ame Parallels, as are their Ba-
fes; For they are Halves of Parallelograms (3. 8.)

37. When Triangles (as thole in the following
Figure) have their Bafes on one and the {ame Line,
and their Vertices or Tops meeting in the famePoint;
They are raken to be between the fame Parallels, as
ade and cde, and adeand bde (becaufe they bave
the [ame perpendicular Height,) ,

PR O-
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PROBLEMTL

Hence may a Trapezium as abce, whofe two
Edes abandec are

arallel, be divided
to any given Ratio.
For take cd=al
rnd draw a d, then
will the Triangles
bf and fcd be e~
tual (by 14. 2.) and
nfequently theTri-
ngle e 4 d — Trapez. eabc. Wherefore if you di-
ride e 4 the Bafe of the Triangle e 24 into any Num-
er of Parts, or according to any Ratio, Lines,
{rawn from the Vertex toe fuch Divifions of the
afe, will divide the Triangle ea d, and conie-
juently the Trapezium, in the (ame Ratso.
38. If in any Triangle a Line be drawn parallel
the Bafe, that Line thall cuc the Legs proportic-
aally. Let the Triangle be abe,
und let the Line d e be parallel to be. Z
Jfaythatad:ae::absaci:
§b :ec, &c. Draw the Lines de¢
ind ¢ b, then fhall the Triangle
cdbetoead, asthe Bafeec is
0 ae. {6. 40.46.) So alfo the Tri-
ingle debistoeads: as the Bale |
146 is to d a. But the Triangle ec d is equal to deb
"3. 15.); wherefore the Triangle bde (orced) is
co theTriangleead::asbdistoda::orasceto
»a. Therefore alfomuft bd:daz:ce:ea, be-
~aufe both the Ratio of bd: d ez, and alfo thatof
ec :ea, are the very fame with that of the Tri-
iangle b¢ d or ¢ ed, to the Triangle a de.

COROL-

i
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COMGLLARY.

- If many Lines are drawn
parallel to the Bafe of any Tria
angle, the Segments of the Sides|
a,bc, and d, e, f, will be pro=
portional, for drawing o x pa=~
rallel to 2bc:br—=0 and a— %,
butx:o::f:e: Whereforea: b
sids e ) BB,

39. If in a Triangle, asacb, you

a draw a Line d e parallel to the Bafe
cb, Ifay, thated:cb::ae:ac:
orasad:ab. For drawing e f Paral-

e 42 lelw ab; fb will be equal toe d.
. 3 (3. 9.) But by the Precedent f b : ¢ &

7 :2ac:ac. Wherefore ed: (f b)
eb::aezac,orasadtoab.
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PROBLEM I

bwo Lines a and b being given, to find c, &
thivd Proportional to them.

Make any Re&ilineal Angle, and from the Verrex
« Topof it, fet the two given Lines down on the
kegs, as you fee in the Figure. Set allo & downward

N

tomSto L, join S T, and draw N L parallel to
:3 fo thall T N be ¢, the Line fought; Fora:5
: b3 ¢, by rthis Propofition,

PR O-

.
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PROBLEM IIL

pdiud this way ’tis very eafy to find a Line

that fhall exprefs the Produét of any two
Numnbers or Quantities: Or the Quotient

of one divided by the other.

For fince in all Mulriplication, as 1.is to the
Mul:iplicaror : : So is the Multiplicand to the Pro-
fuct: And fince in Divifion, as the Divifor is to
-+ Sois the Dividend to the Quotient: You may
ke your 1. of any Length off a Scale, and finding
. fourth Proportional to the three firk Terms, thac

all be a Produét, or a Quotient required : Thus
f b were to be multiplied by ¢, make « equal ro
Jnity, and fet off b and ¢ as before hew’d, fo fhall
!be the Produét. Or if d were to be divided by & ;
ke 2 =1, and fer off all things as before ; fo
nall ¢ be the Quotient; for bz a :: d: ¢,

.HL
|
'__...._-..'.-'.-'l-.l..‘}.'h'.

H PRO.
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PROBLEM V.

\Zo divide a given Line ab into iwo Parts,
fo.that they fhall be to each other as the -
Line C to D; or in any given Ratio.

Make any Angle with the given Line 2 4, and fet
ithe Line ¢ from its Vertex 2 tof. And fet the Line
from frog ; draw the
ine g b, and thro’ f, a

arallelto it, as f d: So
all the Point 4 divide ‘Q 7
b in the Ratio required: ¢ 5
orC:D ::ad:dbé.

D

~And much the {ame
ay may you cut off from
any given Line 4 / any

art or Parts required ;
as fuppofe %.
Makeany Angleasgab &
a8 before, and {et on the
Leg ag, £ equal to five Parts taken off from any
scale : Then fet two (uch Parts from 4 to f, join
1 b, and draw f d parallel to it ; (o fhall 4 4 be equal
0 % ofa b, ‘ '

b

§ H 2 38, Thefe
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38. Thofe Triangles are called

I Like ot Similar, which bave all their

three Angles refpectively equal to one

| LA another, or which are Equiangular:

£ £ by, gr. If the Angle A be equaf to a,

B the Angle B to 4, and C to ¢, then the

c whole Triangle A BCis Like or Si-
milar to the Triangle a be.

39. All imilar Triangles have their Sides about
the equal Angles proportional. Ifay,AB:ab::
AC:ac:: BC:bc,&c. Fortakein the grearer
Triangle A B C, A/ equal w0 ab, and A ¢ equal
0 4 ¢ ; then will the Triangle A bc be every way
equal toa bc (2. 11.) and the Angle A b ¢ is equal
to the Angle a bc; wherefore it will be alfo to B,
which by the Suppofition was equal 1o 2b¢, and
therefore ¢ b is parallel o CB (1. 31.) and confe-
quently (by 6. 42, 43.) Ab:AB::Ac: AC ::
¢v:C B,

COROEL ARY L

If a Quadrilateral Figure, as 2 b ¢ d,be infcribed
in a Circle, the Redt-
a angle under the Diage-

nals b d and 4 ¢, is equal|

to both the Rectangles|

d under the oppofiteSides:|

l) Thatis, acxbd=

baxcd- adxbe,

make the Anglebae—

cad; and then adding|

the Angle e af to both,

C the Angle baf—cad;

: And the A 4 24 fimilar|

o Abaf: Thenwillac:cd ::bha:be (bythis|
Prop.) Wherefore acxbe=cdxba  Again aff-
0

\
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oad:de::ac:ch. Whereforead xceb—de x

bac. Butacxbedacxed=acxbd Where-
foreac xbd="baxdc4daxbe Q E D,

COROT I

The Segments of Lines interfecting each other be=
rween two Parallels, are e
proportional : g

Thatis,c: d::e: £ for
Sy fimilar Triangles ¢z e o
| fa’ s f3 wheref’ngre alter- f ':E ;
atelyc:d::e: f, Where- b ST
orecf=—=de.

4o. All fimilar Triangles are in a Duplicate Razio
of, or as the Squares of their Homologous Sides ;
or fimilar Triangles arethe Halves of fimilar Paral-
lograms, wherefore they muft be as their Wholes.

41. Similar Polygons are thofe which having an
qual Number of Sides, have all
e feveral Anglesin one, equal A

thofe in the other, and allo y b
he Sides about thofe equal Ar- Be
tles proporuonal. As ii the ¢
Aogle A be equal t0 2, Bto 4 €.
ind moreover AB: 20:: BC ; .

¢::CD :cd; then tholetwo
Pnl}rg{}ns are fimilar,
H3 4t. And
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42 Andamong curvilineal or mixt Figures, thofe
are fimilar in which you may infcribe or about which
you may circumicribe fimilar Poly-
gons ; fo that any Polygon being
infcribed or circumfcribed abour
one Figure, "you may infcribe or
' circumfcribe a fimilar one about
the other. For inftance, if having
in{cribed any Palygon,asA BC DE,
in the greater curvilineal Figure you
can infcribe another in all refpets fimilar to it in
the leffer Curvilineal Figure 24 ¢ d e, then thofe
two curvileneal Figures are fimilar. |

§dn like manner baving raken two mixt Figures,as

- the two Segments of Circles BAC and bac; and:
having infcribed in one any

A Triangle at pleafure, as

a BA C; if then you can in-

B@C 2£#7>c Afcribe in the mh?er Scgment
ot ety it anocher Triangle b 4 c,'thiagt
X s =" fhall be fimilar to the for-
Avied b mer ; then fhall thofe two '
Segmentsbe fimilar Figures,
And if the Circles of which they are Segments be'’
compleared, they fhall be fimilar Parts of thofe two '
Circles ; fo that if BAC be a third Parc of its Circle,
b ac (hallalfo be a third Part of its Circle : And if to
the Centers you draw the Lines BD and C D, and
alfo b d and cd; the Angles D and 4 thall be equal.

(See 4. 1¥. and the following Propofitions.)

COROLLARY.

"The Peripheries of Circles are as their Diameters:
Foras BA:ba:: BD:bd::2BD:25b4d ::(oit will
be of every fide of the infcribed or circum{cribed Po-
lygon; wherefore the Sum of them all, that s thePe-

ripheries, muft be in the fame Ratio, 434 ﬁ“.
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43 All Circles are fimilar Figures.

44. All fimilar Polygons may be divided into an
[Equal Number of fimilar Tri-
angles Ler the fimilar Polygons
e ABCDE and abcde;
pand let the firft be divided in-
o Triangles by the Lines E B
mand E C(3. 14.) I fay that if
the other be alfo divided into
Triangles by the Lines ¢/ and
z¢c, all the Triangles in one fhall be (refpe@ively)
fimilar to thofe in the other.

For inftance, I {ay the Triangle abe is imilar to
B E: for the Angle 4 is equal to A, (by the Sup-
fition)andalfo A B:at :: AE:ae (by the fame;)
herefore the Triangle ABE is fimilar to 4 & e.
“6. 46.) Again, the Angle E B C may be proved
2qual 10 ¢ b ¢ ; becaule the Angle A B C is (by the
uppofirion) equal to abe, and it was proved (in
the laft Step, where the Triangle A B E was proved fi-
ilar to a b e) that the Angle @ b e is equal ro A BE;
wherefore from equal things raking away equal, the
ngle E B Cremains equal tothe Angle eb¢c. In
like manner the Angle ecb is provid equal to
C B, and confequently (6. 45.) the whole Trian-
le e b c will be fimilarto EB C; and (o of the reft.

Hence the Practice of making ona Line given a
olygon fimilar to one afligned is derived. For di-
iding the given Polygon into Triangles, make a Fi-
ure, confifting of a like Number of fimilar Trian-
les, on the given Line.

45. All fimilar Polygons are to one another in a
[Daplicate Ratio of. or as the Squares of their He-
mologous Sides. 1 {ay, as the Squareof A B: Is to .
ithe Square of 4 4 :: So is the whole Polygon
‘A B C(}) E : Tothe Polygon b cde. For fince all
tehe Triangles in one Polygon are fimilar to thole

| H 4 in
< i
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in the other (6. 51.) Allin one Polygon will be to

all thofe in the other in a duplicate Ratio of any of

their Homologous Sides; that is, as the Square of
A B is to the Square of 4 &.

46. All fimilar Figures, even Curvilineal ones are

to one another as the Squares

A {[:‘f any Sideh of any Igmilar

a igures, which can be in-
B/\C bZC feribed or circumfcribed a-

i i i 1 i boutthem,v. gr. Let there
\, i =" be two Circles, in which are
M - infcribed two fimilar Tri-
angles abcand ABC : I

{ay, the whole Circle A B C, istothe Circle a be: :
So is the Square of B C,to the Square of ¢,or,which
is the fame thing, as the Square of the Radius B D
to the Square of the Radius 4 4. For in or about
the Circle a4 b ¢ may be infcribed or circumicribed
any Polygon you pleafe (or arleaft fuch an one may
be imagined ) (4. 30.) Bur every Polygon infcribed
in a b cwill have a lels Ratio to the Circle A B C,
than the Square of 5 ¢ bath to the Square of BC:
and every one circumfcribed abour 2 b¢ will have
a greater Rario to the Circle A B C, asis eafy to
prove by the Precedent, and from whar hath been
faid of Circles in the fourth Book, Wherefore all

fimilar Figures, &c.
COROLE AR Tl

I. Circles areto each other asthe Squares of their
Radii or Diameters s for {uppofe a Circle whofe Ra-
dius 1s , and then another Circle greater, or lefs
than that; and call its Radius R, then will its Dia-
meter be 2 R: then whatever the Ratio of the Dia-
meter (2 R) be to the Periphery, let it beegpreflfed

by
)

LY

*,
= ] LA i-""i Z .E
]
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vy the Letter e, then will 2 R e (ore times the Dia-
meter) be the Periphery ; and half of this, iz. R e,
multiplied by R will be the Area, viz. R Re. And
vy the fame Method of reafoning, the Area of the
wther Circle will ber r e. But cerrainly RRe:

re::RR:7r:: 4RR : 4 rr. Wherefore, &Jc.

II. Hence 'tis plain, that the Square of the Dia-
meter of any Circle is to the Area of it, as the Dia=
meter is to ¢ Part of the Periphery.

A e ey B

4
E‘s is plain by multiplying the Exireams and mean
erms by one another. .

I1I. Hence allo ’tis plain (again) that the Peri-
pheries of Circles are as their Diamerters.

Thatis, -2 R:3r:22Rezvare.

IV. And fince the Area of every Circle is » r e,
ithat is, the Produd® of the Square of the Radius
multiplied into the Name of the Ratio, between its
Jiameter and Periphery.) A very ready way (for
common ufe) to find the Area of a Circle whofe Ra-
lius 1s given, will be to multiply the Square of the
Radius inro this or {uch like Decimal 3.1. Thus
tappofe the Radius ¢ Inches : 81 X 3. 1 = 251. 1.
which is very nearly the Area in f{quare Inches,
lho’ fomething lefs.

 47. Allthis may be apply’d to Solids. And there-
ore fimilar Solids ave fuch, as have their Angles all
2qual, and the Sides abour thofe Angles Proportio-
nal 5 or (if they are of a fpherical or of any [pheroidical
Figure) fuch, as can have fimilar Solids inferib’'d or
icircumficrib’d in or about them, &Je.

48. Simi-
f
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48. Similar Solids areto one anotherin a (Tripli=
cate Ratio of, or) as the Cubes (of their Homologous
Sides, &c.) See 6. 36, 37, &Ee.

(And therefore all Spheres muf? be to one another as
the Cubes of their Diameters, &c.) Which may be ea-
fily thus proved; the Solidity of the Sphere may be
exprefled after this manner ; by what is {aid, in the
Corallaries in p. 75, 76.

The Area of a great Circle of the Sphere, whofe
Radius is R or r, being R R e orr 7 e (by Cor. 1.
Art. §3.) 4 times that will be the Surface of each
Sphere ; that is, 4 R Ree the Surface of the greater
and 4 r r e the Surface of the leflfer 3 and multi-
plying the Surface by ; of the Radius, the Soli-

.

dities will be 2 RRR Gand BT Whichtwui

: 3 3

Quantities being multiplied and divided by the.
fame, will be in the fame Rario, when withour fuch
4RRRe

; :
477" °.:R R R:rrr. Thatis, Spheres ate as

Multiplication and Divifion: That is

3
the Cubes of their Radii, and confequently, as the
Cubes of their Diameters. Q. E. D.

PRO.
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PROBLEM.

o find the Solidity of the Fruftum of a Pyra-
mid or Cone, cut by a Plane parallel to the
'Bafe, baving given the two Bafes together
with the Height of the Frufium.

Solution. By Prop. 32.0f Solids, a Pyramid or Cone
"equal to 5 of a Prifm or Cylinder of the fame
safe and Alurude. Let m n =& o the Altitude of the
ruftum, be called H;

d m a the Height of
1e Top- piece wanting
3 the Greater Bafe of
1e Fruftum B,and the
“ffer b ; the Triangleg
pkandac g areimi.
ar, (c g and p R being
arallelexHyp. )where-
recg:gaz: pkika
rnd alternatelycg:pk::
va:ka. Botgatha:: C & 0
a:ma (fromthe Similarity of the Triangles, gan
tnd k 2m ; ) Wherefore exequo cg:pk::na ma;
rnd b)’ Divifion C’g—-pk:;}k::ng-ﬁ—mg:(:
3 n)ma; Wl}iﬂh put into Symbols (putring cg rhe
ide of the Bafe ==§ and p k — s )will ftand thus § —
1 H: SH

§—zs

—h. Wherefore having found

the Height of the little Pyramid or Cone which is .

wanting, If{ay, having found it in known Terms, it
will be ealy to find the Solidity of the Fruftum; for
multiplying the Bafe B into the whole Height H-£-5,

: the

i »

i
H
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the Produt BH - Bh=a Pri(m of the fame
Bafe and Alritude with the whole Pyramid or Cone;

and b h *=a Prifm or Cylinder of the fame Bafe and
Altirude with the lefler Pyramid or Cone. W herefore,
BH-LB5 M

3

Solidity of the whole Pyramid or Cone, and 2~ =

3
Solidity of the leffer ; now from the Solidity of the
whole taking the Solidity of the lefler Pyramid or
Cone, there will be lefr the Solidity of the Fruftrum

required, vz, bl i b Solidity of the
3 .

by the afotementioned Propofition,

Fruftrum.

The Theorem in Words is this - Multiply the
greater Bafe by the whole Height, and from the Pro-
dull fubftrait the upper Bafe multi piy'd by the Height
of the Top-picce wanting, and % of the Remainder will
give the Eruftrum, )

49-\If
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49. If in a Re&angle Triangle 4 bc, a Lineasad
e drawn from the Vertex or Top
Ef the Right Angle, perpendicular

a

(o the Bafe, Hyporthenufe, or long. :
eft Side & ¢, it fhall divide the Tri- /}:\
angle ab ¢ into two other Re@- b T
ingled ones, 2 b d and d ac, which :
ill be fimilar to each other, and
0 the whole b2 c. For, 1. Allthe : .
hree Triangles have one Right An. e m
sle. 2. The Triangles 2 b ¢ and
t & d have the Angle 4 common ro both: Wherefore

ey are fimilar (6.45.) 3. The Triangles 2 & ¢ and
e d ¢ have alfo the Angle ¢ commonto both : there-
ore they two are fimilar ; and laftly,abd andadc
eing both fimilar to one third Triangle a b ¢, will be
9 to each other,)
so. The Perpendicular 2 disa mean or middle
’reportional between bdand dc. Thatis,cd: da::
a : db. For the Triangles ¢ d 2 and b d a being fis
lar (by the laft) c d(the leffer Leg of the Triangle
da) fhallbe to a d (the greater Leg) : : As the fame
d (the lefler Leg of the other Triangle a4 4) is.to
d the grearer Leg. (6. 46.)

51. The Square of 4 dis equal 10 the Re@angle
ade between ¢d and d b. For, fincecd:da::da:
', (by the laft) the Rectangle of the Extreams ¢ d
tnd d & is equal to the Rectangle of the mean Terms
Yaand da (6. 28 ) Butthe two fides of that Re@-
tngle being equal, becaufe s only d araken twice ;
that Rectangle muft be the Square of d z ; and fo it
may be laid down asan univer(al Theorem, that &e.
tehe Square of the Perpendicular drawn from the Vertex
'Wany Reétangle Triangle to the Hypothenufe, iscqual
10 the Reélangle under the Segments of that Hypothe=

rufe.

52. The
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52. The Square of a mean Proportional is always
equal to the Rectangle of the Extreams.

PROBLEM 1

Between two given Lines a and b, to find a
mean Proportional, as d.

Join 2 and 4 both in one Line, which make the
Diameter of a Circle ; and then at the Pointx, where
the given Lines join, erect a Perpendicular as 4 ;that

fhall be the mean Proportional required. For the
Angle DR S being a Right one (as being in 2 Semi=
circle) b : d :: d : a,by Prop. 57.

PROB. Il

And thus may you find a Line equal ro the Square
Root of any Number or Quantity, by finding a
mean Proportional between it and 1. For if 6 —4,
and 2 =1 ; then will d =2, equal to the Square
Roor of 4.

N\
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PR.QBL I

Thus alfo may a Square be found equal to any
aectangle given, by finding a mean Proportional
ketween its Sides, which fhall be the Side of the
kquare required.

PRO:B; TV,
To find a Square equal to any Triangle.

Find a mean Proportional between a Perpendicu-
jar let fall from any Angle to an oppofite Side, and
the half of that Side ; and that fhall be the Side of
nie Square required.

53. A Reétangle being given to make another Reél-
mgle equal to it, which [ball have a Length given.
et the Recdtangle given be 2 ¢, and let

- be required to make another equal to 4, b
:, the Length of one of whofe fides fhall 4 C
se the Line e f: Here are now three ¢—P
.1nes given, viz. a band b c (which are B |

the fides of the Rectangle given)and e f, Sl—g
which muft be one fide of the Rectan.

‘le required. Thereforea fourth Line muft be found
Elhich fhall be the other fide of theRectangle fought :

hich is done by finding a fourth Proportional to

e three given Lines (6. 43.) which let be e 5. So
thate fia b:: bc:ebh; and then | fay, the Re@an-
le f b)is equal to d 4, and is the Rectangle required.
b9, 27.

N. B. This is called Application of the Reftangle,

iqual to a Right Line ab, vid. Eucl. p. 6. €. 6.
I

54. To
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s4. To exprefls a Rectangle, you need ufe bug
three Letters, v, gr. When we f{ay the Rectangle
bdc: We mean a Rectangle,one of whofe Sides is
b d, and the otherd ¢. But if wefay the Rectangle
bcd, we then mean a Rectangle,ore of whofe Sides
is b ¢, and the other ¢ 4.
55.1n every Rectangle Triangle the Square of the
' Hypothenufe is equal to the (Sum
a of the) Squares of the two other

Sides (or o the Sum of the Squares
Iac of the Legs.)

Let the Square b m, be divided

: : i by the Perpendicular 4 d e into the
: : i two Rectangles dm and d n. I (ay
n e m that the Rectangle dm is equal ta

the Square of 2 ¢, and the Rectangle
d n,to the Square of 4 &: and that by confequence
the whole Square & m is equal to the Sum of the
Squares of 2 band 2 ¢.  For, 1. The two Triangles
adcand a b c being fimilar (6. 56.) dc : ¢ 2 (in the
lefler Triangle dc 4) :: as the fame 4 ¢ : ¢4 in the
greater Triangle 2 ¢ 5. Wherefore 2 ¢ is a2 mean
Proportional between d ¢ and ¢ b (or ¢ m) and con-
fequently the Square of # cis equal to the RecCtangle
bed,or dcm, thatis d m.

And after the very fame manner may a5 be prov'd
to be a mean Proporrtional between & 4 and & ¢ (that
is bn, &c.) (for the Triangle a b d being fimilar to
a bc; d bthe leffer Side in one will be toba the grea.
ter Side, asthatb a (now the leffer Side in the other
Triangle abc) is to bcthe greater Side : That is,
db:ba ::ba:bc (or bn) and confequently the
Square of a b is equal to the Reftangle d b n, or d n.
And fo both the Squares together, of b a and ac, or
their Sum is equal to the Square of the Hypothenufe,

Q. E.D.
" PR O-

.\_
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PROBLEM I

Hence any two, or more Squares may eafily be
added togerher into one Sum. Letad, bd, and ef,
Ebe the Sides of three given Squares, place 4 b and b d

e

b d a

5

2t Right Angles, and draw the Hypothenufe 2 4,
who(e Square will be equal to the Sum of the Square,
fd band ab. Then fet da from b to e, and the
ziven Line e 7, from 4 to f; So thall the H pothenufe
"¢, bethe Side of a Square equal to the gum of the
three given Squares.

PROB. IL

- Or if two Squares be given, you may {ubtrack
ene from the other, and find a Square equal to the
Difference between them.

Let 2 and & be the Sides of the given Squares;
nake (the longeft Line) the Radius of a Circle, and
2t b from the Center on the {fame Right Line with 43
it the End of &, erect the Perpendicular p, which will
¢e the Side of a Square equlal to the Difference be-

: iween
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ttttt
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&

o

o b

tween the Squares of 4 and b the two Squares given ;
for fince the Square of 4 is equal to the Sum of the
Square of b and p: (by the precedent Prop) The
Square of p muft be the Difference between the twal
given Squares, whofe Sides are 4 and 4.

PRODB. I

Hence alfo may a Square be made equal to anyj
given Polygon, or irregular Right-lined Figure : By,
reducing the Figure into Triangles ; finding Squares:
equal to thofe Triangles ; and then one Square at
laft equal to the Sum of all chole Squares.

Orby making Rectangles equal to thofe Trian-
gles, which fhall have all the fame Height;-then
joining thofe Reéangles rogether, {o as to make one:
great one equal to them all ; and laftly, make a
Square equal to that Rectangle.

se. If|
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59. If upon the three Sides of a Re&angled Tri-

angle are made three fimilar Figures, and thofe fimi-

larly pofited, the greateft fhall '
' be equal to the other two.

For the three Figures being
fimilar are as the Squares of
| theirHomologous Sides (6. 53).

And therefore the Figure A
‘thall be to B and C, as the
-Square of & ¢ is to the Squares
of 2 band ac. But the Square of b ¢ is equal to
ithofe two Squares (by the lajt) therefore (the Figure
A 7s equal to both B and C together.

PROBLEM I

‘Do find two Lines b and c, which fhall have
the [ame Ratio to one another, as two Giw
ven Sqnares, Similar Triangles, Similay
Polygons, or Circles.

... Letaand d be the Sides of the two given Squares,
Triangles, Polygons ; or the Diameters or Radius’s
tof the Circles given : Set them ar Right Angles 10

¥ w
L ITTTT

,I i one
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One another, as you fee, and draw the Hypothenufe
b J- ¢, o which let fall the Perpendicular p, which
fhall divide the Hypothenufe into two Parts 4 and ¢,
the Lines required. For the Triangles Z and X be-
ing fimilar (by 56. of the 6.) will be to one another
as the Squares of their homologous Sides # and 4,
(6.47.) TheleTriangles al{o having the fame Heighr,
will be as their Bafes (6. 42 ) wherefore their Bafes
b and ¢, are as the Squares of dand 2. Q.E.D.

PROBLEM IL

This Problem wmay be inverted thus; o
make two Squares, Triangles, &c. having
the Ratio of two given Lines, b and c, or
n any given Ratio.

Join the Lines into one continued Line, and then
make that the Diameter of a Circle, from the Point
where » and ¢ join ; eret a Perpendicular to the :
Curve as p, then draw 4 and 2, and they (hall be the
Sides of the Squares, Triangles, fimilar Pelygons,
or the Diameters of the Circles required.

In a Rightsangled Triane
gle let the Hypothenufe be b,
the Cathet: or Legs 4 and ¢,
a Perpendicular from the
Vertex of the Right Angle p,
and the Segments of the
Bale made thereby, 2 and e.
Then 1. beb:zesp.  Wherefore bpr—=1bdf
from whence will arife thele 4 Theorems, for find-
ing any of the Sides or Perpendiculars by having the
reft.

1. b

N
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l.fsr"_:,.b_c. g.c:ﬂ
P b
h p be
3 gl e
2 = 4. p o

2. a4 bssb'b e
Wherefareg
e, vt euh ep ==gd
Whence will arife rhe(e two Theorems for finding
kthe Segments from the 3 Sides. |

BT e - ge=pé
s % Wherefore % %
c.prie b eb=pec

From whence thefe Theorems will arife for find-
tng the Segments, the Sides or the Perpendiculars,

) 2, 22 =e
I. . —4a 5
é.f—f::ﬁ. 4.-5-!—’-—-.#

7 P

ac e b
. — 6, —=p,
B P - ?

4. bipizoe bes=pc

% Wherefnre{
ca=pb

spivha
I3 And
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And confequently,

¢
I.c::‘?_. 2.5:‘:;"&5.
b c

5. And fincee:= Z’; and (by 3) ff-:e,

Therefore -p—; = c—;. Wherefore pc h="5 ce:
and dividisg both bye,pbh=1bec.

“That is, the Re &angle under the Legs, is equal te
thar of the Perpendicular into the Hypothenule, &e

For, by proceeding after this Methed, the Reade:
may eafily difcover many fuch Propofitions as thefe:
Which I leave to exercife his Skill and Diligence
this way.

1. That the Re@angle under either Leg of a righ
angled £, and the oppofite Segment of the Bale
is equal to that under the Perpendicular into the
other Leg. -

f1. The Square of the Hypothenufe is to that o
either Leg :: as the Rectangle under the Hypothe!
nufe, and the Seginent of it, oppofite to that Leg, 1
to the Square of the Perpendicular.

111. The Solid under the Perpendicular into thy
Redtangle of the Legs, is equal to that under thy

Hypothenufe into {he Rectangle of its Segments..

IV. The Squa;e of the Perpendicular is to the
Square of any Leg, as the Segment oppefite to th:
Leg, is to the whole Hypothenufe. v. 1l
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V. The Square of one Leg into the oppofite Seg-
-ment of the Hypothenule equal to the Square of the
(other into its oppofite Segmen:,  Wherefore,

VI. The Squares of the Sides are as thofe Seg-
| menrs.

56. If on the Hypothennfe & ¢ of a ReGangled
‘Triangle, there be made a Semi-
icircle bac, and on the other two n S
‘Sidesa b and a ¢, two more Semi- @
icircles bn a and amec, that great b o ¢
‘Semicircle will be equal to the o-
ither two (by the laft Propofition.) And if from the
|greater Semicirclz, and the two lefler ones, yon
itake away what is common to both ; which are the
itwo fhaded Segments a6 and 2c; what remains
(of each muft be equal, 4. e. the Triangle 4/ ¢ is e-
«qual to both the Lunes fn a4 and amc.

And this is the Quadrarture of the Lunes of Hippo-
terates of Scio.

57. When the Triangle & 2 e is an Ifofceles, then
tthe Lunes will be equal, and then alfo the Triangle
.ab o, being the half of 2 b ¢, will be equal to each
|Lune. Bat if the Triangle be a Scalene, as in this
|Figure, the Lunes are unequal 3 and ’tis as difficult
ito divide the Triangle a4c¢ into two Paris by the
|Line a0, {o as to be able to prove the Triangle 450
1to be equal to the Lune bn 4, and the Triangle 04¢
ito be equal to the other Lune a m ¢ ; this is, I fay,
tas difficult as to find the Quadrature of the Circle.

N. B. Since ¢his, feveral ways bave been difeover’d
of [quaring any affizned Portion of thefe Lunes, .
(See the Philofophical Tranfaitions, N. 259.
pag. 4, 11.) Of which this is one,

1 Le

¥
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Let there be a greater Circle BG A C, on whofe
quadrantal Arch B A, let the Lune be BEAGB, or L,
be drawn by defcribing the femicircular Arch BEA,
which is one half of the lefler Citcle BC A E. Let
then a Line, as C E, be drawn from the Center of
- the greater Circle, cutting off any Portion or Seg-
ment of the Lune, as BED: 'Tis required to
{quare that Segment.

Draw B G at right "Angles to E C ; So fhall the
Chord BG be perpendicularly bifle¢ted in the Point
F or n, draw alfo BE and E G A. 1({ay, that the
Right-Lined Triangle B EF, is equal to the Part
of the Lune BE D.

For FG being equal to FB, EF common to both,
and the Angles at F equal, becaufe both Right, the

Triangle EFG will be equal to BEF : Wherefore
the Angle o being equal to 4, they muft beboth Se-

mi-right ; And confequently, fand § muft be ES:E:G
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Semi-right : Therefore the three Triangles E B G,
B BF and E FG, muft be each one the half of a
Square. And confequently, GB: EB::4/:2: T 0
or the Square of G B is double the Square of EB ;
and fince fimilar Segments are as the Squares of
their Chords, the Segments BG muft be double of
IBE : Wherefore the half of one will be equal ro all
the other ; thatis, BDF equal to the Segment BE.
IAnd therefcre the Reilineal Triangle BEF, ex-
wceeding the Portion of the Lune by the haif Segment
IBEF, and falling fhort of the Lune by the Segment
B E, which is equal to that former half Segment
[BDF, the Triangls is exactly equal to the Portion
iof the Lune. Q. E.D.

~ Aud the Ground of all is this, that the Angle BCE
tbeing at the Center of one Circle, and at the Cir-
wcumnference of the other, muft divide the Quadran-
xal Arch BG A, inthe fame Proportion as it deth the
‘Semi-circular one BE A : On which depends the
[Equality of the Segments BE, and BD F.

And fince the Triangle BCA is equal to the Lune
[L, (as is apparent by taking the common Segment
IB G A B, from the Semi-circle BE A B, and from the
(Quadrant BG AC.) It will be eafie to take from
ithence a Part, as the Triangle BOC, equal to the
:afligned Portion of the Lune. For having ler fall a
|Perpendicular from E, to find the Point O,draw OC3
.and then will the Triangle BO C, be equal to the
"“Triangle B EF, before proved equal to the Segment
(of the Lune. For the Triangles B CAand BEF
. are fimilar, as being each the half of a Square : And
\therefore the former tothe latter will be as the Square
of BA. to the Square of BE (6. 47.) their homc-
|logous Sides. Thatis,as B A iste B O (6. 25.) for
'BE is a mean Proportional between BA and BO.
'Farther, the Triangle B A C, having the fame Height

‘with BOC, will be to jt as the Bafe A B to BO.
Where-
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Wherefore the two Triangles BEF and BCO, be-.
ing proved ro have i.. {ame Ratio to one and the;
{fame thing, muft be equal. Q. E. D.

And therefore to divide the Lune according to any
given Rario, you need only divide the Diameter:
AB, according to that Rario 1a the Point O,and from .
thence eret a Perpendicular to find the Point E :
then draw EC, which fhall cut off the afligned Por-
tion of the Lune.

58, Two Chords curting or crofling each other in |

a Circle, have the Segments reczpro=
q...d  cally Proportional, |

Ifay,thatac:be::de:ec,and

.+ confequently the Reangle 2 ec is e-
\e qual to the Rectangle d e 4.
-------- " . For draw the prick’d Lines # 5 and

d c, and the two Triangles 24 e and
d ce will be Similar: Bccanfe 1. The Vertical or
oppofite Angles at e are equal (1.232.) 2. The Angle
¢ 1s equal to ¢, becaufe ftanding both on the fame
Atk ad, and being in the fame Segment (4. 12.)
wherefore the two Triangles are Similar, and con-
fequently ae.eb::de.ec. (6.46.) Q.E.D.

59. If ac be the Diameter of a Circle, and £d a
Perpendicular toit, de or b e will be
a mean Proportional between the
Segments of the Diameter ae and

| e;\e ec. Becaule de isequal toel (by
_/ 4.6.) and therefore fince (by the laf?)

the Reltangle b ¢ d (that is be

Square) is equal to zec, asthe Re-

¢tangles of the Parts of ali crofling Chords are; the
Line be or e 4, muft be a mean Proportional be-

tween aeandec. Q. E. D.

“3 o, Tw_u
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. ¢o0. TwoLinesa ¢ and 2 d, drawn from a Point
(a, without a Circle, to the internal
iand oppofite Part of its Circumfe-
irence ; are to each other Reciprocally
(as their external Segments. Ifay, a¢,
ad:cae 4 bﬁ, and confequently 1;hqe:
‘Reétangleca b isequalto dae. For 5N,
:fuppuﬁngg the Lines ce and & 4 to be k/.{
'drawn, the Trianglesaecand ad b
‘will be fimilar, becaufe the Angle 2 is common to
'both, and the Angle ¢ is equal to 4, becaule ftanding

on the fame Ark be (4. 12.) Wherefere dazab::

ca:acyandalternately,dazca::ab: ae. and by

Inverfionca:dazsac:ab (6. 45.) And therefore

the ReGtangle ca bisequal o dac. Q. E. D.

If one Line as a &, rouch a Circle, as in the Point
b, and another Line 2 d, drawn from the fame Point
a, do cut it ; then is a b (rbe Tan-
gent) a mean Propertional between
adand ae (i.e, between the whole
Sccant, and the Partof it withour the
Circle.)

For drawing the Lines be and o4,
the Triangles s eb and b 2 d will be
fimilar, becaufe the Angle 4,1s com-
mon to both, and the Angle 2 b ¢ (made by the Tane
gent, and Secant ¢ b) is equal to d (an dnglein the
oppofite Segment) (4. 17.) therclore they are fimilar,
and confequently ¢ 2 (in the liwle Triangle) will be
to ab::asthat famea bisto 4 4, in the greater

Triangle :i.e.ea:ab::abiad Q E.D.

61. Let
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61.Let there be 2 Diameter 4 & cut in ¢ by an Infie:
nite Perpendicular e e, whether with-
“' in the Circle, as in Fig, 1. at the Cir-.

2(‘9 cumference, as in Fig. 2. or without
<2 e the Circle, as in Fig. 3. Let there:
_ b be drawn al{o from the Point 4, any

= Right Line, asae, cutting the Per- .

/3@) pendicular in e, and the Circle in 4.

. I fay, itfhall always beass d: ac:s
ab:ac.

For drawing the Line bd, there
‘D will be made two Triangles thar are

fimilar, aseac and da b ; which
e ¢l e will be (o, becaufe they have one An-
le as 2, common to both, and the
Angle d equal (0 c, becaufe both are Right cnes (for
d is Right by 4. 14) as being an Angle in a Semi-
circle, and ¢ is Right by the Suppofition. Wherefore
the Triangles are fimilar, and confequently 2d: 2 ¢
s taboae, QL E D,

62. In the fecond Figure, ad is always a mean
Proporrional between ze and ad; in the firft, the
middle Proportional s 2 E, drawn from 4, to the
Place where the Line e ¢ cuts the Circle.

63. If of a Triangle infcribed in a Circle, the An-
gle b ac be biffeCted by the Line ¢ d.

ffay, thenba: ae: :ad:ac. For drawing the

Line e 4, there will be made two Tri-

angles abd and aec, which are fi-

A BN milar ; becaufe the Angle 4 is equal to

¢ (4. 12.) as (being in the fame Segment)

or infifting on the fame Ark, and bad

is equal to e ac, by the Suppofition.

d Wherefore the Triangles are fimilar,

and confe quently baz:ad::ace:ac (and therefore
alternatelyba:ae:sad:ac) Q-Ea[.);

64. When
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64. When the Angle ar the Vertex is thus bife
=ted, the Segments of the Bafe & ¢ are alfo propor.
tional to the Legs of the Triangle (7.e.) be:ee

: baiae. Forf{uppofing e f drawn parallel to b a.
Thenwillbazac:: ef:fc (6,40.) But ef ise-
gual to a f; becaufe the Angle 2 ¢ fis equal 1o ¢ 4 b,
tas being alternace Angles 1. 31.) and confequently
(0 eaf (bythe Suppofition) wherefore ithe Triangle
® e f 1s an Ifofceles (2. 15.) And therefore inftead of
putting of it as before ba:ac::ef fe, wemay
mybaczac::af:fc. Bur as af:fe::foishe

ec (6.42.) wherefore ba:ac:.he:cc. Or,
whichis allone, bc:ec: : b gz 4., 8 D o e

N. B. This Propofition is Univerfal ; and if any
Angle of a Triangle be biffeied, the Legs abour
that Angle drefraparriaﬂ.i! to the Segments of

the oppofice Side made by the Iine biffeéting
the Angle,) :

65. If two Circles touch one anorher
#ithin) as a, and if to that Poing
toudraw a Tangent and a Perpeticn s, © dax
\icular 2 ¢b (which will pafs thro’ |
‘oth their Centers) (4.5.) and if
Ifo you draw any Secant from
ne fame Point, as aed [ {ay, d
will always be ae:ad::qc: b
‘6. For having drawn the Lines
te and db, the Triangles a e c and 4 b d wil] be £-
ailar, as having the Angle at 4, common ; and e

nd d both right ones ; (by 4. 14.) and confequent-
Vae:ad::ac¢:40b. Q.E. D.
66. The Atk ec is to the Ark 4 b, as the whole

tircle a e ¢, to the whole Circle 4 4 4. (6. 49. and
- I1.)

(ir @ Poine

i

PROP.
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67. If two (or more) Chords, asc, C, iffue from

the fame End of any Diameter of a Circle ; Their
? Squares [ball be direttly,as the

Verfed Sines x X.

And fball alfo be equal ta
the Rectangles under the Di=
ameter and fuch Verfed Sines.

Let fall the right Sines $
and S. Then willcc=3s3
~+xx,and CC =SS
X X, and if the Diameter be
called D, its Parts will be x
and D—x, XandD—X

- Butss— x, D— xx, and
SS=DX— XX (by 66 of this Book) where-
fore {ubftitute thofe two laft Quantirties inftead of
“the Equalss s and $S ; and you will have ce=Dx
—xx+xx (thatis) Dx and CC=D X -
XX4-XX (thatis) DX which proves the lattes
Part of the Propofition, thar the Square of the Chord
1S alﬂ{a}fs equal ro the Rectangle under the corres
{ponding verfed Sine, and the whole Diameter.

And ’tis plain thar,

Dx.DX:: x.X. Q. E.D.

LYRO P,

68. A Circle whole Area is equal to the Convex
Surface of a given Cone, will have its Radius %
mean Pml?nrtmual between the Side of the Cone and
Radius of its Bale. |

‘ iy Le
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Let the Side of the Cone be ==a, the Radius of
the Bale = r; then the Diameter will be 2 r, and
the Periphery =22 re —¢. But half the Periphe-

y into the Side of the Cone is = 10 the Convex Sur-
face of the Cone (by ....) thatis, are exprefles the

he Area of the Cone. Now fince »/ : 27 is 2 mean
roportional between 2 and » (for a.N : a7 :: 3/~ 27

») 1 imagine ¥: 2 7 to be the Radius of the Circle
hofe Area — Area of the Cone. Then will irs

Diameters be 24/ 4 r_ and its Periphery 24/ s qre»
ind by Muiriplication of 20/ : 27 e, the Periphery

Y

i0to £ 4/ : 7 4 the half Radius: or v 27e into Vira
he Radius of the Circle will be g7 e — h, the Sur=
ace of the Conz. Q. E. D.

69. The Convex Surface of a right Cone is to the
Area of its Bafe : : as the Side of the Cone is to the
Radius of the Bafe.

For fince the Convex Surface of the Cone, (by
hat is faid after 14. Book 4.) is equal toa Trie
gle whofe Bafe is cqual to the Periphery of the
oircular Bafe of the Cone, and its Height the Side
f that Cone, call the Periphery ¢, and the Side of

ne Cone 2, then will %E expre(s the Area of the

“onvex Surface, and the Area of the Bafe will be
Z. (by Art. 26. Book 4.) But there is no Doube

L. 0. Wherefore, ¢,

2 2

70. A Circle whofe Radius is equal to the Dig-

weter of the Sphere, will have its Area equal to se
iphere’s Surface,
©

Let

T Al Wi e S s e et
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Let the Radius of fuch a Circle be 27, then its)
Diameter is 4, and its Periphery will be 4 re, and|
by multiplying that by 7 = half of Radius, the A=
rea is 4 r re. Let then the Radius of the Sphere be
7, then will its Diameter be 27, and the Peria
phery of a great Circle 2 7 e, which being muluipli=
ed by the Radius , makes 27 7e ; the half of which
is 7 e, the Area of a great Circle ; bur the Area of
4 {uch Circles is equal to the Sphere’s Surface (by
Cor. V. p. 76.) that is, 4rre=—=rto the Sphere’s|
Surfacz ; which was above proved equal to the A=
rea of the Circle, whofe Radius was equal to the
Sphere’s Diameter. Wherefore, &c.

E L E=
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GEOMETRY.

BLO O KUV

Of Incommenfurables.

0t Lefler Quantity is {aid to meafure a

Y NGO greater, when being taken a certain

&t number of Times, it is exactly equal

“ to the greater, V. gr. Suppofe a Fa-

Y} thom to contain fix Feet ; then may

=== one Foot be faid to meafure} that Fa=

ithom, becaufe being taken or repeated fix times, it
will be exactly equal to the Fathom.

2. The Quantity which is thus a Meafure to 2
preater Quantity, is called a Part of that greater ;
iund the greater Quantity is call’d the Multiple of the
ceffer, So a Foor is the Part of a Fathom, and a
Fathom is the Multiple of a Foor.

3. If you take the Quantity (of a common French
Pace) which is two Foort and balf, and try with that

K i

Sl e
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to meafure a Fathom, you cannot do it : Becaufe if
you add that Pace only twice, it will make but five
Foor, which are lefs than the Fathom ; and if yon
take it three times, it makes feven Foor and half,
which are more than the Fathom ; o that this Quan.
tity of two Foot and half cannot meafure the Fa-
thom, and therefore properly fpeaking is not a Pare
of ir. But neverthelels they may be (aid to be Parts
of the Fathom, becaufe this Quantity contains five,
half Feet; for an half Foor isa Part of a Fathom,
becaule being taken 12 times, it will jult meafure
it; {o therefore this Place contains Paris of the Fa~
thom, becaufe it contains five half Feer, which are
<3, thatis five twelfths of a Fathom.

4. When two Quantitics are fuch, thatathird can
be found which thall be an (Aliquot or Even) Part of
both, that is, which (hall meafure them both exats
ly: Then thofe Quantities are {aid to be commen=
{furable ¢ As for Inftance, a Pace and a Fathom are
two commenfurable Quantities, becanfe we can find
a third Quantity, 3. half a Foot, which will mea-
fure them both; For if the half Foor be taken five
times, it makes the Pace, and taken 12 times, it
makes the Fathom.

s. But when it is not poffible to find any third
Quantity which can meafure two others, then thole
two Quanrities are called Incommenfurables.

6. Commenfurable Quantities are as Number to
Number, that is, thole Quantities can be exprefled
by Numbers, fo that as one Quantity is to the other,
{0 fhall one Number be to the other. Thus a Lire
of fix Foot or a Fathom, and a Line of two Foor
and a half, as a Pace, are to one another as Number
ro Number. For half a Foot meafuring them bath,
the latter by being taken 5 times, and the former by
being raken 12 times ; it’s plain that one Line con-
tains s half Feet,and the other 12,and thteefore they
ar€ as § to 12, or as Number to Number. 7. 1€
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7. Iftwo Quantities are not as Number to Num-
ber, thatis, if it be impoffible ro exprefs their Mag-
nitudes by two Numbers, they are Incommenfura-
ble : As is plain from the laft.

8. We oughr then to fee whether there are in Re-~
ality any fuch Quantities whote Magnitude cannot be
expre(s’d by Numbers, and if there be anv {uch, we
muft {ay that there are Incommenfurable Quantities.

9. A plane Number is that which may be produ-
ced by the Multiplication of two Numbers (one in-
to another) v. g, 6 is a plane Number, becaufe it

~may be produced by the Multiplication of 3 by 2 :
For wwice 3 makes 6: So alfo 15 is a plane Num-
ber, arifing from 5 being multiplied by 3; and g is
a ;;iane Number, produced by the Multiplication of
3 by 3.

10. Thofe Numbers which,being multiplied one
by another, do produce a plane Number, are called
{the Sides of that Plane, as 2 and 3 are the Sides of
ithe Plane 6 ; and 3 and § are the Sides of 5.
i1, If we imagine Units to be little Squares,
ithofe Squares may be formed into 2 Re@angle, if
itheir Number be a Plane. V. gr. 12 Squares may be
placed in the form of a Re&angle, one of whofe
‘Sides may be 6 and the other 2, and 48 will make 2

ectangle whofe two Sides may be 12 and 4. See

he following Figures B and C.
12. A [quare Number is a Plane, whole Sides are
equal 5 as 4 arifing from the Multiplication of 2 by
12 ; as 9, the Produc of 3 by 3: And 16 made by
¢4 multiplied by 4, &c.

3. A [quare Number may be ranged into the
form of a Square, and that Number which can be
wanged into the form of a Square, is a f(quare Num-
iber, and that which caanot be ranged into the form
of a Square; is not a fquare Number.

K 2 14. 8.

I e SR e, TR TR SR e ——
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14. Similar plane Numbers are thofe which may
be rznged into-the Form of
fimilar Rectangles ; that is,

"
6
_.;,_Lj 11 l into Re&angles, whofe Sides
3
A

are proportional ; fuch are
12 and 48 ; For the Sides
[ of 12 are 6and 2 (See Fig.

- B) and the Sides of 48 are

12 and 4 (See Fig. C.) Buré:2::12:4, and
therefore thofe Numbers are fimilar.

15. All fquare Numbers are fimilar Planes (6 32.)

16. Every Num-

) ) ber may be placed

ey | in the Form of a
C | 4|3 Right Line, and in
4 that Difpofition may
i sl be raken for a Plane.

Thus 3 (in Fig. A.)
may be conceived as a Plane fimilar to 12 or B; For
the Sides of the Plane 3, are 1 and 3, (becaunfe once
3 is 9) and ihe Sides of 12 are 2 and 6. Burasis

sd9: 6. "
; 17. There are Numbers which are not fimilar
Planes : As if you examine from 1 to 10, you will
find indeed that 1, 4,9, being Squares are fimilar,
and (o are 2 and 8, which have one Side double o
the other. But the reft as 3,5, 6,7, are by nol
means fimilar Planes.
17. If one {quare Number be multiplied by an-
other, the Produc will be a third fquare Number.
Thus A 4, and B 9, being both
B s Squares do, when multiplied into
I -] EHA one another, produce the Number
H“’:’ — 36 or C: And I fay that third Num=
ERARES = Uher'is a Squares For the Meaning|
of multiplying B by A, is take B
as often as there are Units inﬂﬁ,
{
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Bur I may confider the whole Number B 9. as one
only Square, and I can rake that as often as there are
Units or litle Squares in A, And as the Unirs in
A are ranged into a Sqnare, fo I can range the
Square B as often into a iquare Form, juft as if it
were an Unit.  $o thar there will be four (uch
Squares of B, which, being placed as you fee in the
Figure, will make the Square C or 36.

19. If two Numbers are fimilar Planes, the grearer
may be divided inro as many Squares as there are U-
nits in the leffer, A, 3. and B,
12. are fimilar Planes ; {o that
the Side 3. is to 6 :: as che Side
1.1s to 2. Wherefore [ can di-
vide the Plane B, 12 into 3
Squares placed juft in fuch a
'manner as tkofe 3 littleSquares
1in the Plane A. And every one
tof the grear Squares of B fhall anfwer to 4 of thofe
iin A. So al(o if the Planes

thad been 8 and 72; I can D

cdivide 72 into eight Squares : :

(of which every one fhall TR
(contain ¢ of thofe in the : ; :
llefler Plane 8. The fame 9

would come to pals alfo, if
¢either one, or both theNumbers had been Fra@ions.

1As if A contain 3 and 3, and B14. [ can divide 14
1into three Squares and half, difpofed jult like thofe
iin A. as may be {een by the Partitions in che Figure,
mnd by the half Square added in prick’d Lines.
In like Manner if the Planes were B 12,and D 27,
[ can divide 27, not only into three Squares, difpofed
saafter the fame Manner as thofe in A:  Bur alfo into
112 Squares, fo ranged as thofe in B, as the prick’d
[Lines in the Figure D do fhew. The Way to do which
its to divide'the Sides of the greater Plane into as ma-
my Pars as the homologous Stdes of the leffer Plane
K3 are
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are divided into; the Figure fhews the thing, and
makes it eafie.

20. Thofe plain Numbers which can be fo divi-

~ ded as that there are as many Squares in the greater
Plane, as there are Unirs in the lefler, are fimilar;
- Lhis is the Converfe of the former.

21. Two fimilar plane Numbers, multiplied one
into another, do produce a Square. For having di-
vided the greater Plane into as many Squares as there
are Units in the leffer (7. 19.)  One Plane will be
multiplied by the other, if the greater Squares of the
greater Plane be taken as often as there are Units or
little Squares in the leffer Plane : Burt to muluply

~ any Number of Squares, by the fame Number, is
to make one Square out of all thofe Squares.

For Inftance, A 3. and B 27. being fimilar Planes,
1 confider B. 27. as a Plane compos'd of three great
Squares, as A 3.is a Plane compos’d of three Units,
or three little Squares. So that if I take all thefethree
great Squares, as often as there are Units in A, that
is three times ; I produce then three times three {uch
great Squares as are in B, thatis, 9 {uch Squares ; of
which every one contains ¢ of thofe in A, and all
thefe o Squares of B contain 81 of thofe of A ; o
ghat A 3. multiplying B 27. produces 81. which 1s a

Number of the leffer Squares rang'd

into a {quare Figure; and by confe-

B__Q;_EEJA quence a {quare Number (7-13.) In
- :l like Manner if the Planes were B. 12.

' =9 and D.27. 1 divide 27 into 12
E’E" i1 Sqoares, which T multiply by 12.
idibill  and there are produced 144 greater
Squares rang’d in the Form of a

Square, which do contain in all 324

of thofe of the lefler Plane. (N. B. To divide 27 in-
Yo 12 Squares, each Square muft be 2.25. (or two and
aBDuarter) as you may fee it is in the Figure D.N* 191.}
I 22. ¥
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22. If two Plane Numbers are fimilar, after what
Form foever you range one,fthe other alfo may be fo
aifpofed. Let 3 and 12 be fimilar Planes. If 12
be {o rang’d in a Right Line that will make a Re&-
angle, one of whofe Sides fhall be 12, and the othee
1. 1 fay that 3 may be fo difpofed as to make a fi-
milar Rectangle, one of whole Sides will be 6, and
the other the half of one, &e.

23. If one Number divide another that is a {quare
one, a third fhall be produced which will be a Plane
fimilar to rhe Divilor.

Letthere bea Square 4¢ 16, and let it be divided

by any Number, as fuppofe by 8, which is done if

‘you take the eighch Part of the Side 1
\ad, viz. ae, and thro’ e draw the: % :
'Paraliel ¢ f: For by that means you o opagly

‘will have rhe Plane 4 f, which will
|be the eighth Part of the Square a c.
| But to divide a Numbcr or a Plane d
Iby 8, is to take the eighth Part of
tthat Number or Plane.
I fay the Plane 4 f is fimilar to 8 ; for 8 being rang=
ced into a Right Line, {o as 10 make a Rectangle, one
cof whofe Sidesthall be 8, and the other 1, fhall be fi-
imilar to ir, becaufe 4 e was taken the eighth Part of
iad or ab: Wherefore as 8 : 1 :: (which are the Sides
tof the Plane 8 theDivilor) (o thall #4 : ae (which are
tthe Sides of the Plane of the Quotient avifing when the
{Square 2 ¢ was divided by 8.) Therefore if oneNum.
Iber divide another that is a Square, &c. Q. E. D.
24. If two Planes muldiplying one another do
rproduce a Square, whofe Planes are fimilar.
25. Two Plane Numbers which are noc fimilar
iif they are mulriplied into one another, cannot pro-
cduce a Square. Thele two Propofitions are E?t;n.

Ifectaries from the foregoing ones.

K4 26. If

c
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26. Iftwo Numbers are fimilar Planes, their Equi-
multiples and any of their (refpeitively) equal Parts,
are al{o fimilar Planes. Let the Planes be 2 b ¢ d. 3.
and ABCD. (2. (othatab: AB::bc:BC. I
{ay, if you take the double of the one, and the dou-
ble of the other (or any other Equi-mulriple, be it
what you pleafe) thofe Doubles fiall be fimilar.

For baving taken a e doubleto 4 d, and AE dou-

ble to AD : in order to

make the Plane £ ¢ dou-

A B f;l 1’ ble to 6d, and BE
e d——— double o BD : 'Tis
D! Qe wt  clear that ad: AD:;
: ae:AE. Butad:AD
i c:ab: AB. Wherefore

| alloae:AE::2b:AB,

And confequently the Planes be and BE are fi-
milar, ' .
"Twould be the fame thing had you raken their
Halves b 0o and BO, or any other equal Parts of each,
‘27. If two Numbers are not fimilar Planes, their
Eui-multiples, and all their (re/peétively) equal Parts
will alfo be not fimilar, which l}r;lluws from the laft,
28. Between any two fimilar plane Numbers
whatfoever, there is to be found a mean Proportio-
nal. Let the two Numbers be 2 and 8, I (ay it is
poffible th find a Number which fhall be a mean Pro-
porrional betweea them. For if we imagine the
Plane 8 to be ranged in a Right Line A B, and the
Plane 2, allo be ranged in another Right Line, as
A D, and that out of thofe two Right Lines there be
formed the Plane A C, 16,

Al B That Plane A C, 16. will be
| produced by the Mulriplication
D - o of the two Numbers 2 and 8

- (6. 17, and the following Proa
Poﬁ:inns) and confequently the Number of the lit-
tle
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tle Squares of the whole Plane AC: 16, fhall be a
{quare Number (7. 21.) and they 5
imay be ranged into the Form of a gf
(Square (7. 13.) Let them then be
difpoled into the Square a¢. So fhall
|:the Square a ¢ be equal to the Plane
A C, tor’tis only the fame Number d ¢
kdifpos'd or rang'd after another Manner. Wherefore
(6. 59.) the Side 4 b 4 fhall be a mean Proportional
Ibetween A D 2, and AB 8.

29. Berween two Numbers non-fimilar a mean
Preportional can’t be found. Let the Numbers be
4, and 6. Range each of them into a Right Line, and
'mulriply them, they will produce the Plane 24. But
'this Plane 24 is riot a {quare Number (7. 25.) and
.confequently cannot be ranged into a {quare Form.
'‘Wherefore “tis impoffible to have any Mean between
4, and 6, For fuch a pretended mean Proportional
‘muft, muliiplied by it {elf, produce a Square, which
{(as hath been prov'd elfewhere) will be equal to the
Plane made between 4, and 6. (6. 59.) which is im-
 poflible, becaufe this Plane 24, made out of 4 and
6, 1s not a f{quare Number.

30. Let there be two Lines a¢ and ec, {o to one
another, as one Number to another %
non-fimilar. V. gr as 1.t02. Leral-

{o e b b2 amean Proporiional, {o that
‘aczebiieb:ec. If{ay thatebis @ ¢
- incommenfurable with the two Ex-
treams a¢ and ec. For qae and ec,
being as 1 to 2, (i.e.) as Numbers
‘non-fimilar (by the Suppofition) as alfo are all their
Equimultiples (7. 27.) "tis impoffible 10 find a mean
Proportional between ae and e ¢ (by the Precedent)
and confequently e b cannot beto a e, orto ec, as

Number to Number, Wherefore it is incommer.
{urable with them.

{ 31. The

SR S ——
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31. The Diameter of a Square 26 is Incommen-
{urable tothe Side a c. For taking ad

e b double to z¢, and making the Tri-
Z | angle a b d, it fhall be fimilar to the
a¥—€.:..xd Triangle a bc ; becaule ¢ 4 being e-

", 1 qnal to ¢b, the Angle d is equal to
«3. ¢cbd (2.15.) and the Angle d muft

be a Semi-right one as well as ¢ 4 &;

wherefore 4 4 d is a right Angle ; and confequently
actab:iab:ad. Thatis, abis a mean Propor-
tional between ac 1, and 2 4 2, and therefore Inconm-

men{urable (by the Precedent.)

COROLLARY.

Hence ’tis impoffible to exprefs one Sguare
that fball be Double of anotber in rational

Numbers.

32. The Power of a Line is the Square which is
made upon it. Thus the Power of the Line ac (Fig.
preced.) is the Square ae be ; and the Power of the
Line ab is the Square abdf. And we fay that
Line a bis double in Power (in Latin bis poteft) vo
the Line a ¢, which is a manner of fpeaking borrow-
ed from the Greeks, and generally receiv’d amongft
Geometers. : - -

23. The Diameter a b is Commenfurable in Power
to the Side 2 ¢ : That is, its Square 2 b df is Com-
menfurable to the Square a e b ¢, for 'tis indeed

double 1o it.

. 34. Buat
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34. But if you take 4 o, a mean Proportional be-
htween 4 b and ac, that mean a0 thall be Incommenfu-
irable to them even in Power ; i.e. the Square of 40 is
|Incommen(urable to the Square of 2 4, or

‘to the Square of a e, for the Square of ac g =
I:r.n the Square of 4 b, 1s in a Duplicate Ratio

of ac to 20 (6.22) ; thatis, asacroab (6. 30.)
iBur ac is Incommenfurable o 24 (7. 31.) where-
Ffure the Square of 20 is Incommenf{urable ro the
!Square of zo,

- 35. There is a Second Power of a Line which is
called the Cube, which is made by multiplying the
Square by that firft Line, or Roor.

36. If two mean Proporiionals 2» and am be
taken betwen ac¢ and 2/ ; fo that ac
an::am, ab; the Line an will be In- 4 =12
commenfurable in this fecond Power to 2 ——m
ac (i.e.) The Cube of 4 ¢ will be In-
commenfurable to the Cube of a2, becaufe the Cube
of zc to the Cube of a# is in a Triplicate Ratio of
the Side ac, tothe Side an ; 5. ¢. as ac to a b. Bur
«ac and ab are Incommen(urable, wherefore, €Je.
However ac and 4 b are Commenfurable in the fe-
cond Power, for the Cube of 44 is double to the
Cube of «c.

37. Tis eafy to apply to So/id Numbers whart hath
here been faid of Plane ones: And thofe are called
{Solid Numbers, which arife from the Multiplication
tof a Plane Number by any other whatfoever. V. gr.
18. is a folid Number made of 6 (which is a Plane)
tmultiplied by 3; or of 9 multiplied by 2.

38. Similar Solid Numbers are thofe, whole lirtle
(Cubes may be fo ranged, as o make fimilar and
irectangular Parallelopipeds.

39. Cubick Numbers ate fuch as can be ranged into
ithe Form of Cubes as 8.or 27, whofe Sides are 2 and
:3, and their Bafes 4 and 9.

4o0. Every
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40. Eyery cubick Number, malriplying another
cubick Number, produces a third cubick Number.

41. Between two fimilar {olid Numbers there may
be found two mean Proportionals.

That which bath bsen demonfirated, in refpe¥ to
Plane Numbers, may be applied to Solids.

42. Thele Demonftrations by which 'tis proved
that there are incommen{urable Lines and Magni-
tudes thew al{o that a Continunm is not compos’'d of
finite Points:  For if the Diameter as well as the
Side of a Square were compos’d of finite Points, a
Point would meafure both the Side and the Diame.
ter, for that Point would be found a certain Number
of Times in the Side, and another determinate
Number of Times in the Diameter, which the pre-
ceding Propofitions prove impoflible.

43. Becaufe in a2 Rectangle Triangle the Square
of the Hypothenufe is equal ro the Sum of the
Squares of the Legs; (6. 61.) we have always ufed
this Triangle for theDifcovery of Incommenfurables.
For if all che three Sides are commenfurable, they
may all three be expre(s’d by threc Numbers, and
then the Square of the greateft Number will be equal
to the Sum of the Squares of the other two.  As if
the greateft Side or Hypothenufe be § Feer, the leaft
Side 3, and the middle one 4 : The Square of 5
will be 25, the Square of 3, 9, and the Square of 4
will be 16: And 9 and 16 added together do make
the great Square 25. Bat if the leaft Side of fuch a
Triangle be 2, and the middle one 3, then the grear-
eft Side cannot be exprels'd in Numbers, becaufe the
Square of the leaft Side 4, added to the Square of the
middle Side 9, makes 13, which exprels the Square
of the greateft Side. Burt as that Number 13 is not
a fquare Number, fo its Side or Root cannot be ex-
prels’d by any Number.

44. Atall times Men bave been follicitous to find
out fome Method of dilcovering proper Numbers to

- - S r Bk fx'
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exprefs the three Sides of 2 Recangle Triangle, fo
:as to be affured that all the three Sides are Commen-
{furable. Therefore I here fhew you fuch a Method,
'by which you may find cur all the poffible Nums
kbers that are proper for this Purpofe.

45. If you take any two Numbers (even Unity it
felf) differing but by an Unir, and add the Squares
of them rtogether, the Sum will be 2 Number which
fhall be the Root of a Square equal to two Squares ;
And that Number will exprefs the greateft Side of a
Rectangle Triangle, whofe middle Side thall be thac
INumber leflen’'d by Unity, ard the leaft Side fhall be
the Sum of the two firt Numbers. V. gr. Having
taken.1 and 2, and {quared each of them, you have 1
and 4; Add thofe two Squares together, and the
Sum is 5. I (ay 5 will exprefs the greateft Side, and
then 4 will be the middle one,and 3 the leaft; and 2 §
tthe Square of the Hypothenufe, will be equal to the
Sum of the other two Squares. 1In like manner if
ou take 2 and 3, dnd add the Squares 4 and g 10-
gether, the Sum is13. Then [ fay, will 13, 12 and
‘5 be three Sides of a Rectangle Triangle ; fo that
1169, the Square of 13, fhall be equal to 144, and
25, the Squares of 12 and 5. Moreover it you rake
‘3 and 4 ; The Sum of their Squares 9 and i6,
akes 25, wherefore I {ay 25 may be the greateft
ide of a Rectangle Triangle, whereof 24 will be

he middle Side, and 7 the leaft Side.
It muft be obferv’d alfo, that the Equimnultiples of
@any 3 Numbers thus found will do the fame thing :
“Thus, having found 5,4 and 3, their doubles 10, 8
saand 6, will reprefent the three Sides of a Re&angle
“Triangle, fothat 10o,the Square of 10, fhall be equal
tto the Sum of €4, and 36 the two Squares of 8 and
6. And their Triples alfo 15, 12 and 9, will do
tthe {fame thing : For any cne may fee thar all thefe
INumbers, ftill having the (ame Propotticn, do as it
were
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were conftitute bur one only Triangle, v/z. tha
which is exprefls'd by 5, 4, and 3. And cherefore all
thofe Numbers may be taken for the {ame.

N. B. The three Sides of a Reftangled Triangle will
then only be commenfurable , when they are in
this Proportion, viz. asaa -t-ee, aa—ee,
and 2 a €. That is, the Sum of two Square Num-
bers, the Difference of their Squares, and the
double Rettangle of their Roots.
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Of Progreffions and Logarithms.

(W Tre X Rogreflion is = Series or Rank of
' BRY@ Quantities which keep between
W) one another any kind of fimilar
£ Relation or Proportion; and eve.
ry one of the Quantities is called
a Term,
2. When the Terms which fo follow one another
do equally increafe or decreafe, the Progrefiion is
wcalled Arithmetical; as are all Numbers proceeding
according to the natural Order of the Figures, as I,
2, 3, 4, 5,6, &e. Asallo all odd Numbers, as 1, 3,
5,7, 9, 11, &e. oras 4, 8, 12, 16. or as 20, 15, 10,
iand the like,

3. Arithmerical Progreffion may be increafed in-
nnitely, but not diminifhed.

4. If
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4. Ifin an Arithmerical Progreffion there be four
Terms, the D:fference between the two firft of which
is equal to the Diffirence berween the other two,
thole four Terms are {aid to be Arithmetically Pro=
portional : As in the Progrefiion of the natural Num-
bers, 1,2,3 4,5,6, 7,8, 9.&¢c. Hyou take four as
2,3::2 0, 10, (This Mark : :: I fhall for the furare
ufe to fionific AritbmeticalProporticn) there will be the
fame Arithmetical Proportion between 2 and 3, as
there is between ¢ and 10 ; that is, 10 exceeds g,
as much as 3 doth2: Sealfo3:5:::8:10, are
in"Arithmetical Proportion ; and fo are 1': 5222 5: 9,
where § being raken twice, is an Arithmeutical mean
Proportional between 1 and o,

s. In Arithmetical Proportion the Aggregare ot
Sum of two Extream:s is equal ro the Aggregate of
the two Means, asin2:3:::9: 10. the Sum of
2 and 1o is equal to the Sum of 3 and 9, thatis 123
foalloing:5::: 8:10. The Aggregate of 3 and
10 is 13, which is equal to the Aggregate of 5 and 8.
And the Realon of this is fel*~evident. For tho’ 10 ex-
ceeds 8, yer that which is added to 8, (v:3. 5.) doth
juft as much exceed 3, which is added to 10, and fo
there neceffarily arifes an Equality between them.

6. The Sum of the firft and laft Terms in any
Arithmerical Proportion, is equal to the Sum of the
fecond and the laft fave one ; or to the Sum of the
third from the firft Term, added to the third, accounted
backward from the laft, &c. as in the firft Example,
1 and 9 make 10, and fo do 2 and 8, 3 and 7, or
6 and 4 always make 10. And in the middle re-
mains §, Which being taken twice (as if it were equi-
valent to the Terms, becaufe ’ts equally diftant
from the firft and laft Term) makes alfo 10.

7. If you add the firft Term to the laft, and mul-
tiply that Sum by half the Number of the Terms,

the Produét thall be equal to the Aggregarte or Sun}
o
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of all the Terms. As in the former Example, 1 ad-
ded to 9, makes 10, and ro multiplied by 42 (or
4, 5) for there are 9 Terms, produces 45, which is
the Sum of all the Terms from 1 t09. Asis mani.
feft from the Precedent,

8. When the Terms of the Progreffion are conti-
nual Proportionals ; thar is, when the firt is to the
fecond, as that is to the third Term, as rhe third is
to the fourth, and as the fourth is to the fifth, &e.
then the Progreflion is call’d Geometrical,as 1,2, 4, 8,
16,32:: ;' Orasi,3,9,27, 81:: or again, as 3,
12,48, 192,768, or defeending, as 8, 4,2, 1::; or
Jaftly as X5, -2 1 X e,

9 Geomerrical Progreflion may be encreas’d and
‘diminifh’d infinitely.

10, When the Progreffion begins with 1, the fe~
.cond Term is call'd the Rooz, Side or firfk Power ;
ithe #bird 1s call'd the Square or fecond Power ; the
| foureh, the Cube or third Power ; the fif¢h, the Biqua-
«drate or fourth Power ; the fixth, the Sur.folid or fifeh
| Power ; the feventh the Quadrato-Cube or fixth Power,
qee. 22

11. If (in fuch a Progreffion) you take four Terms,
ithie former two of which are as much diftant from
Leach other, as the two latrer are : Thofe are fimply
|Proportional, and the Rectangle of their Extreams
iis equal to thar of their two middle Terms.

12. Let the Quantity AB be {o divided in C, D,
Eand F, &c. that AB:AC:: AC: AD:: AD:
ﬂA E, &ec.- ThenI(ay, BC: CD : DE: EF, ¢J¢. are
jin continnal Geometrical Proportion: and alfo thag
WAB: AC::BC:CD::CD:DE, &e. for be-
ccaufe AB: AC:: AC: AD, it will follow by Divi-
fion of Proportion, that AB : lefs AC : (that is CB ;) -
(AC :: as AC lefs AD : (that is DC) AD, and con-
({fequently alternately CB: CD :: AC: AD, oras
{AB: AC, and fo of all others ir may be proved :: DC:
IBD:: EF:: GF, . L 13. Lert
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13. Let there be a Progreflion of Quantities in a
‘A Right-line BC, €D, DE, EF, ¢, let €4
G7 be equal to the fecond Term CD, that fo
FI we may have B d the Difference between the
1. firff amd fecond Terms: And let it be made
as Bd:BC::BC, to a fourth Line, v/3.
T BA. Ifay, that if the Number of the Terms
pt BC:CD:DE, & be finite, tho' never
{o great, all thofe Terms taken together, al-
though there be an hundred thouland Milli-
¢l onsof them, fhall be lefs than BA. But if
we fuppofe the Progreflion infinite, or that
& the Terms are infinitely many, then fhall all
L 1€ of then taken together be exactly equal to
BA. For fince by the Suppofition B 4, (that is
BClefsCdor CD) isto BC:: BC, (that
B+ js ABlefs AC) AB, it may eafily be found
. thatasBC:CD::AB: AC::AC:AD,
&c. and confequently all the Terms CD, DE, EF,
e. will always be found within, or be hither the
oint A. To which it approaches the nearer, the
more the Number of the Terms is increas'd.So that
we fee plainly, that all thefe Terms (which in Books
are ufually call'd Pares Proportional) tho’ they be
actually infinite, cannot make an infinite Length, be-
caufe they will be all included within the Line B A.
14. This Demonftration will appear much more
eafie and fenfible by the Example of a particular
Progreflion, where the Terms are in a double Ratie
v. gr. Let CB be deuble to DC, and DC double to
D%, &e. For if the Number of the Terms be here
finite, tho’ it be an hundred thoufand Millions, and
you take the laft and leaft Term, for Example FE,
and add to it another Quantity, as fuppofe AF, e-
qual to it s It is then plain, that E A muft be equal
to the Term E D, which is theaft (ave one ; For
ED is double EF by the Suppofition. (the Rario

& being
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being every where double) and E A is alfo double to
EF by the Conftruction, it having been made fo, by
taking F A equal EF. In like manner A E with
DE, that is AD, fhall be equal to the following
Term CD, and at laft A'C will be equal 1o BC.
So that from hence it appears, that the firft or greats
eft Term is always equal to all the others taken to-
gether, provided there be added to them buta Quans
rity equal to the laft and leaft Term ; but if nothing
be added, the firft Term is always greater than the
Sum of them all.

If thefe Terms are fuppos’d to be a@ually infinite,
then the greareft BC will be exactly equal roallthofe
infinite others taken together CD, DE, EF, &e¢. For
any one may eafily difcern, that the more there are
of fuch Terms, the more you approach towards A.
by curting off fill the half of the Remainder : Bue
when any Quantity is thus leffen’d by half, and the
Remainder again by half, and then the half of thac
third Remainder taken, and fo on: ’Tis plain, that
by fuppofing the Diminuation to be made an infinite
number of Times, nothing at laft will remain,

This alfo might be demonftrated by a Reduétion ad
Impoffibile, by thewing that all thofe infinite Terms,
t;ken together, are neither greater nor le(s tham

B.

15. Hence may the Difficalties raifed by the
- Schoolmen againft the (Infinire) Divifibility of a
- Continuum be folved, tho’ to Perfons ignorant of
Geometry they appear unfolvible : But indeed ag
the Bottom they are nothing but meer Paralogifms.

16. If two Progreffions are fuppoled, one Geome=
trical beginning with 1, and the other Arithmetical
beginning with o, fo that the Terms in one fhall be

placed over, and an{wer refpectively to thofe in the
2 other;
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other ; The Arithmetical ones are called Logarithms,
Exponents, (or Indexes) as in the following Ranks.

B Elacy B uBne s Bvny G illare v
1. 5., 4. 8, 16." 33 041281256

17. That which is produced in a Geometrical Pro-
greflion by Mulriplication and Divifion, 1s effeCted
inthe Logarithms by Addition and Subtraction: As,
if having three Numbers given; 2:8:: 645 You
would find a fourth Proportional to them in Geome-
trical Progreflion : You muft multiply 64, by 8,
(which are the two middle Terms). For the Product
s12 (hall be equal to the Product made by 2, and
the fourth Number fought, they being the two Ex-
rreams of four Proportionals. And to find this fourth
Number, you need only divide 512 by 2, and the
Quotient will be 256. Sothat 2:8:: 64:256,and
64 and 256 will be juft as far diftant from one ano-
ther in the Order of the Progreflion, as 2 and 8 are.
Bur if inftead of the Geometrical Numbérs 2: 8 ::
64, you had ufed their Logarithms 1:3: : 6, which
anf{wer to them in the Progreflion, and were minded
to find a fourth Logarithm, then you muft have ad.
ded 3 and 6, which makes ¢, and from thence have
fubtracted 1, there would remain 8. The Loga-
rithm an{wering to the Geometrick Number 255.

18. So alfo, if there be two Geometrick Numbers

4 and 8, to which the Logarithms 2 and 3do anfwer;
by multiplying 4 by 8, you produce 32 ; the Num-
ber under the Logarithm 5, which is the Sum of

the Logarithms of 2 and 3. -

19. In like manner by multiplying 16 by it felf,
there will be produced 256, which ftands under the |
Logarithm of 8, the Sum of 4 added ro it felf.

20, S0
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20. 8o if the Geometrical Number were required
thar fhall anfwer to, or ftand under, the Logarithm

- 16, youn muft take 256, which flands under 8, and

multiply it by ic felf, and it will produce 65536,
the Number required.

21. If moreover the Geometrical Number an-
{wering to the Logarithm 23 were requir'd, yon may
take any two Logarithms, whofe Sum is 23, as fup-
pole 7 and 16, and muliplying the Geomerrical
Namber vnder them, v72. 128 and 65536 one by
another, the Product will be 8388608, The Num-
ber which oughr to ftand under the Logarithm 23,
or in the 23d Place of a Series of Geomerrical Pro-
portionals, beginning from 1.

22. From hence appears the Way of an{wering

that ordinary Quefticn, how much a Horfe would

coft, if boughr on this Condition : That for the
firft Nail in his Shoe a Farthing were to be paid, for
the fecond Naii two Farthings, for the third Nail -
four Farchings, for the fourth Nail eight Farthings,
and {o on, ftill doubling for 24 times: For the 23d
Place in fuch a Progreflion would be the laft Num-
ber 8388608 Farihings, which, being reduced, is
8738 L. 2 s 8 d. and being doubled according to (8.

14.) gives the whole Price of the Horfe 17476/,
54 4d. : -

- 23. Where two compleat Progreflions are fitted {o
as to an{wer one to another, the Geomerrical to the
Arithmerical ; as fuppofe in Tables for that purpofe
calculated in Books, there abundance of Pains and
Labour is (pared, in finding the Geometrical Num-
bers : For Inftance, let thofe three Numbers 32, 64,
128 be given, and thar a fourth Proportional were
required : Inftead of mulniplying 64 by 123, and
dividing the Product by 32 (whichWay is very tedi-
ous in great Numbers) : you need only take the Lo
garithms of the three given Numbers, 2iz. 32, 64,

L3 128 ;
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128. and adding the 2d and 3d together, from their
Sum fubtract the firft, the Difference will be the
Logarithm of the correfponding Geometrick Num-
ber 256.

24. But becaufe in fuch 2 Geometrical Progreffion
all Numbers will not be found, this Mediom hath
been difcovered ; they have calculared two Progre(-
fions, one of which contains all Numbers 1, 2, 3, 4,
s,6,7,8, &c. which feems to be an Arithmerical
Progreflion, but yet hath in reality the Properties
of a Geometrical one. And the other which con-
tains Numbers in Appearance the moft irregular, is
neverthelefs a true Arithmetical Progreflion. See
here a Line, which will difcover perfectly all thefe
Myfteries.

25. Let |
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25. Let the Right-line A E be divided into th®
equal Parts AB, BC, CD, DE, &c. from the
Points A, B, C, D, E, &e¢. let the Lines A4, Bb,
Cc, Dd,andEe, be drawn all (p:rpendicular to
AE, and confequently) parallel to one another : And
let them be all in a Geometrical Progreffion; As let
Aaber, Bbio, Cec 100, Dd 1000,

E ¢ 10000, ¢Gc. Then fhall we have two Progreflis
ons of Lines, the one Arithmetical, and the other
Geometrical : For the Lines AB, AC, AD, AE,are
in Arithmetical Progreffion, or as 1, 2, 3, 4, 5, &e.
and fo do reprefent the Logarithms ; to which the
Geomerrical Lines Ag, B4, Ce, €¢c. do corre-
{pond. '

L 4 26. L
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26. Let each of the equal Parts ED, D C, CB,
&c. be divided equally again inF, G, H, and let the
Parallels F £, G g, ¢fc. be drawn, and be mean Pro-
poriionals between the Collareral ones ; that is, Ee:
Ff::EBf:Dd::Dd:Gg. Letthere alfo be more
mean Proportionals. drawn frem the middle of each
Sub-divifion EF, FD, DG, and {o on, till thefe
Parallel Lines growing very numerous, have art laft
bur a very {mall Diftance from each other ; then
1magine aCurve Line drawn thro’ all theExtremities
of thefe Parallels aseonfdgha: By this Means
you will gain a Line, whofe Properties are very cor-
fiderable, and its Ufes equally grear, as fhall be
fhewn in its proper Place.

27. If this Figure were drawn on a very large
Table, and with a requifite Exa&nefs ; each Part
AB, BC, &c. might be divided not only into an
100, or 1ovo, but even 1nto 10000, Icoooo equal
Parts and more. So that A B being 1000000, AC
would be 2000000, A D 3000000, {Jc. as muft al-
ways be an Arithmerical Progreffion.

28. The Line Ee being {uppoled to contain. 1000
Parts, ler us imagine thro’ each of thofe Divifions
a Parallel to be drawn to the Line AE, cutring rhe
Curve in fo many Points, v.gr. Letthe Lineio
be drawn thro the Divifion 9gco of the Line Ee and -
which curs the Curve in the Point o. Ler there be
allo fuppofed the Parallel (to Ee) Oo, cutting the
Line AE in the Divifion 399563. Then any one
may know thar 399563 is the Logarithm of the
Number goooo, In like manner if S « paffed thro’
the Divifion gcoo ofthe Line Ee, and the Line z v
were drawn cutiing AE in 395424, then would that
Line u v be the Logarithm of gcoo, &e.

29. So that by this means a Table of Logarithms
from 1 to 10,000 may eafily be made ; and farther,
by producing the Line A E,

30. Nate
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' 30. Nore, toobrain all the Logarithms from 1 o
10000 ; twill be encugh to feek the Logarithms
from 1oco to ioooo s That is (having drawn the Pa-
rallel 47, 1o take the Logarithms of zll the Divifions
from #to e, which Logarithms are all conrained be-
~tween E and D.  For by this you will have the Lo-
_garithms of all the Parts that are berween ¢ and E 3
and whofe Logarithms lie between D and A : For
- Example, {ince O 0 is 9900 Parts, and its Loparithm
399563, the fame Number may be taken for the Lc-
garithm of 990, which is N z ; as alfc of the Nurr -
ber Yy 99, changing only the firft Figure 3 Becaule,
. according to the Compofition of this Lire, ON or
N Y ougbt to be equal 10 E D or DC, as one may
“eafily prove. So that ON or N Y will contain
100,000; and becaufe AO is 399563, fubtracting
O N 100,000, there will remain 299563, for AN,
from whence aifo taking 100,600, there will reft
199563 for AY. -And after the farme manner, ha-
ving AY 3995424 for the Logarithm of V # which
1s 9coo; you may have allo 095424 for the Loga-
rithm of X x whichis 9.  Or 195424 for the Loga-
ritbm of 9o, or 29524 for the Logarithm of 900.
31. All this may be reduced to Pracice for Cal-
culation, without actually drawing thefe Figures,
but only imagining them to be drawn. For by the
Rules of Common Arithmerick we may find out FFf,
the meanProporcional between D4 and Ee, and after
that, another Mean between D dand F £, or be-
twen Ffand Ee, ¢9c. Buat whar we have here ex-
plained is {ufficient to gain as much Knowledge as is
neceflary for us to bave of the Nature 2nd Compo-
fition of Logarithms: There being no Need for us to
undergo the Labour of calculating Tables of Loga-
rithms ; fince 'uis already fo well and {0 often doge
to our Hands. God, for the Publick Good, having
raifed fome Perfons, whom he has pleafed to endow
with {ufficient Patience to furmoeunt fo tedious and

! laborious
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laborious a Work, as one would think ro be infu®
perable. For we know that above 20 Men were en=
gaged in fuch a Calculation, for above 20 Years to-
gether, with indefatigable Induftry and Affiduity.

(Pardie fpeaks bere a little Covertly, feeming willing
to infinyate thar this moft ufeful and admirable Vork
was done firft in bis own Country, whereas the Loga-
rithms were the Invention of my Lord Neper a Scotch
Baron, and the firft Tables were calculated by him with
the Affiftance of our Countryman, Mr, Henry Briggs.) |

Of late feveral Improvements have been made in this
Matter ;: As by Nicholas Mercator, of which {ee Dr.
Wallis's Thoughts, in Philofoph. Tranfaét. 38. John
Gregory hath given us a ay to find Logarithms to2§
Places by belp of the Hyperbola. But Doétor Halley,
in Philof. Tran(alt. N° 216. fbews a Way from the
bare Confideration of Numbers, and withall by the Help
of Mr. Newton's #¥ay ¢to find the Uncizx of the Num=
bers of a Binomial Power, &c. By which you may find '
compendioufly the Logaritkms of all Numbers to above
30 Places. And be gives there feveral Series for this
Purpofe, [ome univerfal, and [ome appropriated to 4
peculiar fort of Logarithms.
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Problems or Pra&ical Geometry.

BtH A'T Propofition is called 2 Problem
2\ In (Geometry) which teaches us how
) t0 do any Thing, and demonftrates
¢ allo the Pratice of i - Whereas Theo-
429) rems are {peculative Propofitions, in

which are confidered the Affe@ions and
Properties of Things akready done.

2. To

—nn -

CE e T A—
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2. To-divide a Circle into four and fmn-ﬁx; and qft
Arks iato twe equal Pares: To divide 1t into four,
L e U draw/twa: Lines as dac and-Bw e
- B+ at Righr Angles to each other. . Fo
divide it into eight Pares 5 bifl=¢k
the four Arks Be, ce, &c. which
is done Dy ftriking (without the
Ark B¢) two other Arks, with the
fame opening from the Points B,
and C, forif a Line be drawn
from the Point where thofe Arks crofs each other, ro
the Cenrer 2, it thall biffect the Atk BC, The like
is to be done for the other Arks. '
To divide a Circle into fix equal Parts ; you need
only take the Length of the Radius ; and applying it
fix times about the Circle, it will exactly divide the
Circumference into fix equal Parts, and thus by a
new Biffe@ion, may-a Circle be divided into 12,
24, 48, or into any Number of equal Parts, &e.
3. 1o divide a Circle into five, into fifteen, and into
ohter equal Parts. This may be done thus; (as I
demonftrate in 4lzebra) Make a Rectangled Trian-
gle, one of whofe Legs fhall be the Radius of the
Circle, and the other half the Radius. From the
Hypothenule of this Triangle, take half the Radius,
the Remainder fhall be the Chord of 36 deg. and
the Side of a Decagon. Double that Ark, you have

the Ark of 72 deg. (whofe Chord is the §ide of a Penta- |

gon) and it is the fifth Pare of the Circumference :

and the {ame Chord fhall be al{o the Hypothenufe uf’ '

 a Re@angled Triangle one of whofe Sidesis theRadi-
us,and the other the Side of a Decagon. And asby the
laft was found the Chord of 6o deg. fo by fubtract-
ing theChord of 36deg. from 6o deg. you may bavethe
Chord of 244eg. which is the 1 5th Parr of ctheCircums=
ference. But for Practece, the fhorteft and {ureft Way
is, by repeated Trials with the Compaffes to find a

Diftance |
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IDiftance rhat will go precilely five times about the
(Circle : Then divide, after the fame manner (by
ITrials) that Diftance into three equal Parts exadtly.
'So fhall you gain‘a Chord that will divide the Cir-
\cumference into 15 equal Parts, and then dividing
teach of thofe 15 Chords into four equal Parts, and
teach of thefle into fix ; you will divide the whole
ICircumference into 360 deg.  And this Divifion is
imoft commodious for Practice and Ufe. Note, that
ithe Way to divide a Circle into 3, 5, 7, or into any
rother odd Number of Parts, is not yer found Geo-
imetrically ; Geomerrically I (ay, that is, by mak.
iing Ufe only of a ftrait Line and Circle.

““. This Divifion of a Circle into 360 deg. is very
ufeful, when a Perfon underftands how to ufe the
CompafJes of Proportion (or :

* Sector.) 'Tis {ocalled,be- ¢

caule 'tis a kind of Com- g - 0,

'“ paffes with broad Legs: : ™ __A2Df g
' AsaB, 4C, onwhichare =2

defcribed divers Lines (§
and Divifions, but thofs,
which are moft in Ule, are of two Sorts. On one
Side of this Sector, and on each Lef, is a Line
aeBand aeC, which ferves to divide a Circle.
into 360 deg. at one, and ‘alfo to take ar an
time as many Degrees as you pleale: And this
““ Line on the Sector is thus divided.

4. To divide and graduate the Seftor, that i may
ferve for the Divifion of a Circle. Imagine a Semi-
icircle a E D B accurately divided into 180 deg. if
'then from the Point 4, as from a Center, you tranf-
fer the Divifions of the Semicircle into a Line 2 B.
‘w.gr. 1If from E, 60 deg. you draw the Ark E e,
\and if from D godzg. in the Semicircle, you draw
the Ark Dd, Je. Then ought 60 deg. on 1hat Leg
of the Se@or, to be placed at the Peint ¢, and go

deg,

[ 41

I1c

eE.
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des. at the Point d, ¢fc. And if you transfer the
fame Degrees after the fame Manner into the other
Leg 4 C, you will graduate the Lines 24 B and 2 C,
(on the Seor) as they ought to be for this Purpofe,
and will they be two fimilar Lines of Chords.

5. To explain the Ufe of the Sector as far as it [erves
for the Divifion of a Circle. Let there be a Circle
given A f; take with your Compafies the Radius Af,
and (keeping that Diftance) fet one Foot of them in
e or 6o deg. on one Leg of the Sector ; move the as
ther Leg of the Se¢tor to and fro {o long, till the other
Point of the Compafles falls exactly on e or 6o deg.
in that Leg of the Sector: So that the Diftance e ¢
be exactly equal to the Radius Af: Then if you
would have readily go degrees of that Circle ; (/es-
ting the Seflor lie fiill, and always keeping the [ame
Angle) Open your Compafles till the Points fall
exactly on 4 and d, or go deg. on each Side of the
Secor : And then that Diftance transferred into the
Circle, inf, g, gives you the Ark of godeg. f, g.
So alfo if you would have bad 35 deg. you need .
only apply your Compafles to 35 deg. and 35 deg.
on each Leg of the SeGor in the Lines (of Chords)
a B and 4C: and that Diftance transferred into the |
Circle, hall cut off the Ark of 35 deg. and thus
may you proceed to find any Degrees you pleafe.
All which is grounded on the 42, 43, 49 and 5o
Propofitions of the VI. Book. For fince all Circles |
are fimilar Figures, (6. 50.) the Chord fg will be |
to the Radius fA : : as the Chord of 44 to the Ra- |
dins ee; thatis, asadisto de. Now ‘tis plain,
from what hath been proved ellewhere, that the |
Triangles 4 d d and ne ¢ are fimilar; and therefore |
dd:ee::ad:ae. Butdd is by the Conftruction |
equal tofg, andeeto Af, wheretore fg:Af:z

dasae. QE.D.
6. To:
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6. To divide the Line of equal Parts or Lines o ¢the
Sector, for the Divifion of any Right-lines given. There
being two Right-lines drawn from the Center of the
Sector on the Legs as 4 B and 2 C: Let each be di-
wided into 100 or 200 equal Parts : And then they
will ferve to dﬁide any If._ine gi-l-
wen, into any Number of equa | ] —
Parts: As fgr Inflance, l».f:':e‘:l the Al :
ILine given be ¢, and that you :
were required to rake 35 Parts of (Fg
it. Now to divide the whole
ILine ¢ & into 97 equal Parts, and then to rake 25 of
them according to the common Way of dividing
Lines, would be very tedious : But by the Seor
{tis done eafily and {peedily thus ; Take the Length
of the whele Line ¢4 in your Compaffes, and fic or -
apply it over in your Sector berween 97 and 97 in
zach Leg, from B, fuppofe to C. Then letting the
Bector lie opend at that Angle, take in your Coma.
pafies, the Diftance between 25 and 25 in each Leg,
nr between e and e, which transfer into the given
Line from b to f; fo thall 4 £ be Juft 22 of the whole
Line ¢& : As is plain from the Triangles A BC and
A ¢ ¢ being fimilar, |

7. Ona Line given to make an dAngle that foall con-
tain any Number of Degrees
#ffign’'d: Let the Line gi-
ven be ac, on which ’tis
cequired to make an Angle
of 30 deg. From the Point
#, as from a Center, firike

the Ark fe, from which take by the Secor, or other-.

wile, 30 deg. from e to f; then through f draw the

Line 4 f; which with the Line 4 ¢ will make an An-
sle of 30 deg,

8. Having
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8. Huaving the Anglesof any Triangle and one Side
given to find the other two Sides. Suppofe you are told
there is a certain Triangle fome where, whole Bafe
A Cis 10 Fathom; and that the two Angles at the
Bafe are AC B 150 deg. and C A B 20 deg. (and
confequently the remaining Angle at the Verrex or
Top muft be 10 deg. for the Sum of 150,20 and 1o,
is jult 180 deg. which is two Right Angles). You are
required to rell how many Fathom there are in the
other Sides A B and A C. Make on Paper, or rathet
on fine Paft:board, a Triangle 4 b ¢ fimilar 1o the
prapos’d one, after this manner. Take a Bafe at
pleafure a¢, 2nd from any Scale of equal Parts ler 1¢

0
|,|._‘
¥

be 10 Inches, half Inches, &¢. in Length. On this
Line 2 make two Angles, one c a5 of 20 deg. and
the other ac b of 150 (9.7 ) Then will the twa
Lines ¢ and ¢ b crofs one another, when produced

in the Point b, Then mealure (on the fame Scale

you took the Bafeac from) how many Inches, &c. the
Lines a b and ¢ b are in Length; And you may be
affared that there are juft {o wany Fathom in the
Lines A B and C B fought, as you find Inches, &e.
or any equal Parts, in the Lines 2 b and ¢ b. For
fince the Triangles are equiangular, they are fimi-

lar, and therefore ac:ab:: AC: AB, &e.
9. Te

e
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9. To meafure Diftances, Heights, Depths, and in
'general, the Dimenfions and Magnitudes of all yemore
land inacceffible Places, If on the Top of any Hill ap-
'pearing ata Diftance, there wereaTower, as BE, and
rits Diftance from us and irs Hcight, were required -
You muft firk with fome Inftrument (as with a
\Quadrant, that is the fourth Part of a Circle divided
linto 9o deg. and furnithed with 2 Ruler, or Label
‘with Sights, and moveable on the Center) you muft,
I fay, with fome fuch Inftrument, take rwo Angles at
two feveral Stations in this manner - [f you are in
ithe Station A, place your Infirument fo, that one
Sideof it may an{wer exactly to the Horizontal Line
A D and keep it without raifing or deprefling it
in this Pofition. Then place your Eye at A, (thar
is at the Center of the Inftrument) and turn the La-
bel till it point to the Top of the Tower B, and that

“ﬁt.-;'é'—_-____'_:?;ﬁ.ﬁlﬁ ==

EE——

f
.rl"_l 1]

ooking through the Sights you can fee theTopofthe

Fower exactly ; thea will the Label car in the Limb
of the Quadrant the Degrees of the Angle BAD,

or the Limb is [uppoed to be graduared for this Pur- -

sofe : Then change your Srarion, moving ina Right-
ine forwards 1o Fathom (or ir might have been anv
sher Diftance, and backward as wel] zs forward)
0 C, and there take after the (3me manner the An-

gie

————
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gle BCD: By which means you will have alfo the

Angle BCA, becaufe thofe two together make 180
der. or two Right ones. So that in the Triangle

A B C you have now found the Bafe AC, which is

1o Fathom, and alfo the two Angles at the Bafe;

and confequently the Sides CB, and A B, may be

known ¢ (9. 18.) And then you may have the Height

D B. or the Diftance A D, if you make a lutle Tri-

angle fimilar tothat, and there from the Point b, lec

fall a Perpendicular bd, to the Bafe Line A C cons

tinued to 4. For BD, or AD will be juft as many

Fathoms as bd, and ad will be equal Parts meafur'd

on the Scale, (as in the laft.) And if after you have

thus gain’d the Height BD, you find, by the fame

Method, the Height E D allo, you may (by Subtraéi-
ing this Altitude from the former) find the Height of
the Tower E B.

N. B. The common Duadrant, with a String and |

 Plummet, and with the Sights fix'd on one of its
Sides, is more convenient and ready than this of
Pardie’s, which is now out of Ule.

¢ Sometimes inftead of advancing towards the
¢« Tower, and of making Obfervations of the Height
¢¢ below, or of thole Angles the vifual Rays make :
¢ with the Horizontal Line, it is convenient to take !
¢ two Stations fide-ways of each other; Bur it
¢ comes all to the fame, and the Pradtices in reas |
“ lity are not at all different. |

“ And by this Means, as any one may {ee, may’
¢ all imaginable Heights and Diftances, and other '
“ Dimenfions be taken ; provided we can but come:
¢ o obferve their Extremities, from two different |
¢ Places. I fhall not ftay now to defcribe the pare:
“* ricular Ways of doing this, nor to enumerate the
‘- great Advantages that would accrue from tthfef "

L1 u
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't of Telefcopical Sights fix’d on the Label. or on the
¢ Side of the Inftrument ufed in taking Angles s
* which indeed is an Invention of ineftimable Bene=
¢ fir to Surveyors,
. Yo. To take the Plane of any Place. Let A BCDE
'be a City, or any other Place, and you were requi-
ired to take the Plane, and to make a Draught of ir.
| Take all the Length of its Sides, and of Lines drawn
from Angle to Angle: And transfer all thefe upon
‘Paper, laying them down according to their true
\Proportion. For Inftance, having found A B to be
30 Paces, BC 1o be sa, €D A 5
‘to be 50, B E to be 67, and 5
\AE 49, @c. and having ready B el
‘drawn on Paper, a plain Scale B
divided into 100 equal Pars. c Vi
\Make the Line 44 30 of fuch _
\Parts; be, 67; and ae, 49,
then thofe Linesdrawn and join’d rogether will make
the Triangle 2 be every way fimilar to the Triangle
ABE. And if you go on thus, and make the Tri-
angle be ¢, fimilar to BEC, &4e. you will form the
Figure abede every way fimilar to the Plane of the
Place ABCDE.

11. Bur if you cannot get into the Place to furvey
it, and 10 meafure the Diftance between rhe Angles
FBand EC, yon muft take the {everal Angles of
the Plane, and transfer them into your Draught; fo
that if the Angle BAE be 65 deg. the Angle bae
muft alfo be 66 deg. and fo of a!l the reit. A
. 12. To make a Draught of any City or Country. A~
feend up into any two elevated Places, from whence
you can plainly fee the Ciry or Country, whofe De=
lineation you would make.” And baving with you a
Quadrant, whole Circle, or Semicircle well divided
into Degrees, together with irs Label (with Sights)
ind its Center: Place your Infirument ar A, and

O ) M2 fo
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{o that one of its Sides may lie in a Line between A
and B, which done, and the Inftrument fix'd there,

obferve the feveral Steeples, eminent Houles, Tow-
ers, Hills, and all other remarkable Places, as EDC,
€3¢ and rake their Angles with the Label and Sights,
and write them all down to help your Memory.
Thus, let the Angle CA B be 50 deg 30 min. the
Angle D A B 45 deg. 8 min. &c. Proceed after the
fame manner at the Station B; npoting down the
Angle ABC 10 be 40 deg. 10 min. the Angle ABD
A7 deg. 28 min. &c. Atier which, draw on Paper
any Line at Pleafure, as 2 4, and make, at each End
of it, Angles equal to thofe which you found, ca b
equal to CA B, dab equal to DAB, and abc e-
qual to ABC, &e. And by this Means you will
have the Points ¢, d and ¢, &c. which will be in the
{ame Pofition to one another as the Steeples, or ¢-.
ther eminent Places CDE, & are. And thus
having drawn the moft confpicuous and principal
Places, the reft may eafily be taken by the Eye:
But to make this Operation very exact, 'tis conve-
nient to take the Angles alfo at a third or fourth
Station, and then, if they all agree, any one will
know that the Work was well done.

F 1. N1 3§
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Of the Words and Terms of Arts ex-
plained in this GEoMETR V.

N. B. The firft Figure fhews the Book, the
{fecond the Article.

A

Lternate and Inverfe
Proportion 6. &, 9
Angles Alternate, Internal
1. 30

Right, Obtufe and Acute
I. 17

External of any Triangle
%

| Oppofite, Vertical,Contiguons,

Adjacent or Adjoining 1.17
Curvilineal,
mixt 1. 6
Subtending, Subtended 2. 17
Angles of a Polygon, their
Cuantity 3. 23
4.2
4.3

the Circumference of a Cir-
cle

4 10
Angle Solid~ 5. 4
Ark of a Circle T, 11

Area of a Triangle how
known ; 318

Area of a Circle, how gain’d
- - L] +. 3 I_
Arithmetical Proportion 8. 4

Afe of a Triangle 2.3

B Of a Pyramid or Cone

5.6

Bi-Quadrate g 10

Body or Solid 1.3
C

Hord of a Circle 4.2

Their Powers 6. 67

Circle 1. Ig

Circumference of a Circle, a
Raght-line found equal 3o
it 4 31

Commen[urable GQuantities,

Complements of a Parallelo-
gram L 301>
Compounded Proportion

6. 11, 12

Congruons or Concurring Fi.
gures 2. 12
Concaye
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Concave 5z
Cone meafured ¥
Contiguous Angles ¥, 37

Content (Solid) of Parallelo-
pipeds,Cylinders, Pyramids,
Cones and Spheres, how
found §.11. 32

Continuum 2ot compofed of

Finite Parts 7. 42
Converfe Proportion 6. 12
Converfe Propofition 1. 33
Convex I. §
Cubes 8. 10. 34
Cubick Numéber 7. 39
Curvilineal Angle I. 6

Figure 8.1 T
Cylinder 5., 10
D.

I~ Egrees of Progreffion
D Geometrical 8. 10
Degrees, Minutes, Seconds,

1.25
Defcribent 2,5
Dirigent 25
Diagonal of Quadrilateral

Figures 3.7
Diameter Teld. 37
Difcrete Proportionals 6. 23

- Dodecahedron 5. 39

Divifion of Proportion 6, 10
Draught of a City or Conn-

ry, how taken 9. 12
E

—~ Qual Parts 9. 16

E Equi-lateral 20 7

Equi-multiple . _ 6. 15

"Ex ®quo a Species of Propor-
tion [o called 6.13. 14
Extream and mean Proporti-
0%

6z

3.
Igure infcribed in 4 Cirele
4. 20, 21
Circum/cribed about a Circle
380,21,
Fruftum of a Pyramid and
Cone how meafured 6. 48

G
Eometrick Proportion
G g
Gnomon FoTR
Generation of Sines Y4
Of Triangles 2. §
Of all Parallelogramick Fi
gures 3. 5
H
Armonical Proportion
H 3. 32
Heptagon 3. 20
Hexagon 3. 20
Hexahedron 5. 37
Homologous Sides 6, 26

Hypothenufe of 4 Right-an-
gled Triangle 4. 32.6. 55
I

Cofihedron 5. 40
I Incommen[urable Quan-
tities IR
Indivifible 4, 31
Inverfe Proportion 6. 8
1f{ofceles Triangles 2. %

Ifoperimetrical Figures 4. 32
- :

LE gs of a Right-angled Tri-

angle 6. 55
Like Triangle 6. 38
Line I. 3
Logarithms 8. 16
Lozenge Figure_, 3. 4

Lines defcribing equal Sur-
faces 3.5
; Mean
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M
ME:!?: Proportional 6. 50

Meafure what 7. g
Meafuring of all Heights and

Diftances 9. 9

Menfuration of Area’s 3. 18
Minuzes Ti24
Mix'd Angle I. 6

Figure T
Multiplication of one Line by

another 6. 17
Of a Surface by a Line
6. 18
N

N Y Umbers Plane . 7.9
N Simmilar Planes 7. 14
Cubick 7.39
Solid 7. 37
Square \ 7 12

! o ‘
Bligue Line 1,17
| O Obtufe Angle  ibid.
ﬁ:(}&agon 3.320
- O&ahedron £.38
Art and Parts 7, 2, 3
P Proportional 8. 13
Parallel Lines I,26. 33
Parallelograms 3.2
About the Diameter 3. 13,
Parallelopiped 5.9
How meafured §o 11
Pentagon 3. 19

Perpendicular 1, 16 & 4. 14
Plane Surface I.§

Plane of any Place how taken

. 9. 10
Polygons 3. 21
Powers of Lines pag. 55
Prifm w508 7. 38 3%
Problems 9. I

Progreffion Arithmetical 8. 2
Geometrical 8. 8

Of Squares, Cubes, &c. 8. 34
Proportion 6. 6, [ee Progre(-
fion

Pythagorick Theorem Pp. 53,
54

Proportion Circles bear to the
Squares of their Diameters
of Spheres to the Cubes of

toeir Diameters 6. 46
Uadrato-Cube 8. 10
Quadrature of the Cir-

cle 4 31

Of Hippocrates’s Lunes 6.56
Of any affigned Proportion of

a Lune 6. 57
Guadrilateral Figures 3, &
Qluantiry ol
—-Their Properties 6. 39
Of any Angle 1, 8

Adius 1. I2
Ratio, or Reafon 6, 2
Compound 6s 24
Duplicate 6. 24
Triplicate 6. 32
Of the greater to the

leffer 6. 5

Ratio of the Sphere and Co
to the Cylinder s, 32, 33

Rettangle 3. 3
Rettilineal Angle 1.6
Rﬂribrami Figures 6. 22
Right Angle what I. 14
Regular Figures 3. 20
Bodies S aw
Redutio ad abfurdum
4 31
Rhombus

3. 4
Rhomboides
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| B;hétlnbuidcs

Solid or Body

2. To 3
Root of a Square 8. Ig Solid Angle -4 &
| Lo Superficies 1.3
Calene Triangle 2,7 Or Plane Surface 1.5
S Cone or Cylinder Sur-[olid 8. 10
. 5,6, and 10 T '
Secant : 4, 1 Angents 49 .
Sector 4 4 T Terms in a Progreffion
Segment & 2, X
Similar Reffangles 6. 26 Thecrems 9. 1
Triangles 6. 38 Tetrahedron 5. 36
Plane Numbers 5. 14 Trapexium 3. 2
Polygons 6, 44  How divided in any given
Curvilineal Figures Ratio 6. 37
6. 42 Triangles their Divifion 2.7
Sines, Tangents, Secants, &c. How o medfure their Area
4. 9 3- 18

i i i g e S p—————

ok

The Charatters, Marks, Signs or Symbols:
bere nfed, are only thefe. g7

== ual to.

—]—EQMnre, or Adding.

— Lefs, or Subtracting. "

 : The Mark of four Quantities being difcretely
proportional Geometrically.

<> The Mark for Continual Proportion, or Geome-
trick Progrefiion.

¢ :: The Mark for Arithmerical Proportion,

% The Mark for Muluplication,

K1 Square.

l] Rectangle.

A Triangle,

£ Angle.

|| Parallel,

e
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