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PREFACE.

HIS Lecture was prepared, by speeial request, for the Birmingham
Insurance Institute shortly after its formation. That Institute
is, I think, with the exception of the Manchester Society, the
oldest of the now numerous provineial institutes. If the many
interesting addresses which have sinee been given in the provinces
had been then in existence, I should never have thought of
giving this Lecture the form it took: but being somewhat of a
pioneer, I suppose I set out with youthful energy to cover the
ground. When the Lecture was printed it met with some approval
{it is pleasant now to remember that it brought me a kind letter
from Dr. Sprague), but I expect most of my old friends will think
that the little thing might now, with the exhaustion of its first
edition, have been allowed to die in peace. The publishers,
however, are still being asked for copies, and so I agreed, perhaps
rather weakly, to issue a revised edition.

No doubt, as regards its scope, the Lecture is open to
the criticism that it attempts at once too much and too
little. I hope, however, that it may still be found useful to the
class for whom it was more particularly intended, viz.,, the
Branch Managers and other Branch Officials who have but limited
time and energy for study, but to whom it is so very important,
in discussing Life Assurance daily with the general publie, to
know something of the theory of their business. To such, even
if they do not master the whole, it must surely be useful to
have a general inkling of the difficult problems which lie behind
most pages of the prospectus, and which need much_delicacy in
daily treatment if the public are not to be misled.

I sincerely thank Mr. Frank L. Collins, F.ILA., the Assistant
Actuary of the Clerical, Medical and General Life Assurance
Society, for several suggestions, and for his general help in seeing
this new edition through the press; and also Mr. O. F. Diver,
M.A., F.LLA., and Mr. G. H. Lawton, A.LLA., for kind assistance
in looking through the proofs.

w.J H W

18, AIRLIE (+ARDENS,
November, 1909.






THE THEORY OF LIFE ASSURANCE.

:imn‘tmﬂ““' Ix choosing a subject on which I could address you

: this evening, I have heen guided by a suggestion made
to me that there are many junior members of this Institute who
have not at present any extended acquaintance with the theory of
Life Assurance, and that an address with an educational tendency
would be preferred. I shall therefore endeavour to place before you an
outline of some elementary actuarial work, the study of which may, by
a slight effort of acquisition, he made really useful in the every-day
business of Life Assurance. This should ereate an appetite for further
knowledge by showing how, for a comparatively small outlay of time
and work, a certain degree of acquaintance may be reached with a
subject which will otherwise remain a sealed book to all who do
not aspire to the name of Actuary.

i ctf&?‘i:lm of What is an Actuary? Some have said a " Scientific
Wiy Accountant.” A former President of the I]Jist-]tute of

Actuaries suggested as the best description—a — Seientific
Financial Adviser.” None of these attempts at definition has
been happy, and it will be more profitable to enguire, What is the
proper scope of an Actuary’s work? For instance, an Accountant
deals only with ascertained facts. Not so the Aetuary, who deals
chiefly with probabilities or contingencies. There is a highly perfected
doetrine of compound interest with which the Aceountant may possibly
have some degree of acquaintance ; and there is an abstruse theory
of probabilities and life contingencies in which pure mathematicians and
modern statisticians are possibly proficient. The real starting point of
the Actuary’s special pursuit of an Expert in Life Assurance is where
he commences to interweave probability with interest. It is, in fact,
the study of the problems raised by the practice of Life Assurance that
has evolved the Actuary. Some of us think that the evolution of the
Actuary might well proceed further. The nation’s vital statistics, the
nationai schemes for Old Age Pensions, for Invalidity, and for
Unemployment, many problems connected with the Navy and the
Army, and the administrative work of the great government



departments and local councils together open a vast field of usefulness
before the well-trained Actuary. To occupy it effectively he must,
however, widen his horizon and enlarge his present function, which is,
primarily, that of an Expert-n the theory of Life Assurance.

I have said that the Actuary combines interest with probability. 1
will ask your attention, then, first to some elementary propositions in
compound interest and probabilities (ineluding life contingencies), and
then to a consideration of some of the more easy problems of the
theory of Life Assurance which has been built on the study of these
subjects combined.

[—COMPOUND INTEREST.

8. Amount T ghall endeavour in what follows to assume an

of a sum of . s

iy acquaintance on your part v._lth no more than the most
clementary rules of arithmetic and algebra.

By the “ amount” of a sum is meant the amount of money to which
the sum will be inereased if it be invested at a stated rate of interest
for a stated period. In all that follows the interest is assumed, for
simplicity, to be re-invested at the end of every year.

If i be the interest of 1 for one year, then

The amount of 1 in 1 vear =(1+4i)
v s 2 years = (1+i)+ill+i)=(1+i)
" LE] m . =1 +£]“
o . minm ,, =z(l 4

Example.—1f £1 be invested at 4 per-cent. interest, to what will it amount in
7 years?

Here the amount we want is (1047 ; orin logarithms* 7 xlog 1'04. Using the
handy Table of 4-figure logarithms printed in the Appendix on p. 38, we have

log 1:04=0-0170
i

01190

This result, we see by the Table of anti-logarithms at page 40=1og 1:315.

The answer is 1'315, or £1. fis. 44d,

On pages 36 and 37 there are printed some Tables of selected Compound Interest
functions, and a reference to the 4 per-cent. col. of the first Table shows that the
correct amount is, to the fourth place, 1'313%, o that our answer got thus roughly is
correct to the nearest penny.

Of course, in practice, one uses any Tables already calculated that may be
available. From the same Table, we see ihat the amount of 1 in 10 years at
5 per-cent. is 1620, so the amount we seek is obvicusly 222 x 1629,

log 222 = 23461
log 1-629=0-2119

25583 =log 361°6

—

Answer : £301. 125 Od.

* It is quite easy to use logarithms without any knowledge of the principles on
which they are based. The few simple rules prefixed to the Tables at page 34 will
he found sufficient for the present purpose,

e



4. Present  Trom the above it is evident, that at i per 1 interest, 1
value of a

sum of money, 15 the present value of (1+¢) due a year hence.

ot |5
That is, T+ 8 the present value of 1 due a year hence.
g s 1
Similarl . - . " 1 due 2 years hence.
iy '
And generally {i--|1- iy - - ST "

Frample.—What is the present value of £1 due 7 vears hence at 4 per-cent, ?

Here the result we want is fT'ﬁ]-l?’ which may also be written (1'04)-7; or in
logarithms log 1=7 log 1'04. Log 1 being 0, we want, in other words, the
complement of 7 log 104, commonly called the ""mlng.“ :

In See. 3 we saw that 7 log 1'04=01190. Colog.=1-58810=log ‘7603.
On p. 36 we see the correct value to the 4th place is ‘750Y, the slight inaccurac;
being due to using only 4-figure logarithms. The caleulation is still shorter wit

the aid of the table of reciprocals on page 42. “_;{-,‘, is the reciprocal of (1°04)7,

The latter we found to be 1:3159, and this, entered in the Table, gives us directly the
result as “T601,

Answeer: About 15s, 24,

These examples sufficiently illustrate the principles underlying the ealeulation
of a Table of present values. From the latter the value of any stated sum is obtained
by simple multiplication as in the latter example of Sec, 3.

Thus we have two uzeful results :—

(1) The sum to which 1 will amount in n» years at i per 1
interest is (1 + i)™,

(2) The sum which will amount to 1 in the same time, or in other

words, the present value of 1, is (1-_|1-T};"' or (1 4+4)°",
It is usual to put % =1 ; 20 that we have the convenient symbols
[

vy, ¢, ¢°, &ec., to denote the present value of 1 due 1, 2, 3, &e.,

years hence.

5. Diseount. Apgther symbol which we shall have oceasion to use
later is d, which stands for the discounf on 1 for one
year. Trade discount, as you are aware, is always caleulated on
the full amount of the payment to become due, i.c., the trade discount at
i per 1 on a sum of 1 due a year hence would be 1xi=4 The true
diseount, however, should be such that the present value of 1 and the
discount of 1 will together amount to the 1. That is, we must have
r+d=1: whence d=1 —v.
We can also see that the present value of 1 due a year hence
together with inferest on that present value must amount to 1 at
the end of the year, —ie., v+iv=1, or it=1—r, which, as just seen,
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equals d. Hence the discount on 1 is alternatively equal to iv;
and we see that discount may be regarded in a double light, either as
(1) Interest on present value ; or
(2) Present value of interest—that is, interest paid in advance.

These views of discount should be well remembered.

Example.—The discount on 1 due a year hence, at 5 per-cent.,
=]—v=1—"0024="047C.
It is seen by inspection that this may be viewed either as 5 per-cent. interest on the
present value of 9524, or as the present value of the ‘05 interest due at the end of
the vear.
6. Perpetuity. Suppose 1 to be invested in a perpetual stoek produeing
i per annum. Then 1 is called the value of a perpetuity
of i.
Thus, if the value of a perpetuity of i=1

we have |, o &= 1= :
And v o w k= i

Frample—1f £100 permanent Railway Debenture 4 per-cent. Stock be bought
for £133, what rate of interest does it return ?

Here £133 is the present value of a perpetuity of £4, ie.,

4

133 = T or = ='03. Answer; 3 per-cent.

4
133

7. Amount  Ngw we have seen that in n years 1 will amount
of annuity- to (1 +i-}“
certain,

.. the Inerease of 1 in the n years is (14i)" -1

But this increase must obviously be the accumulated amount of
the annual interest of i due at the end of every year. Thus the
expression gives us the amount of an annuity of i for » years. And

the amount of 1 per annum for # years at the same rate is seen to be

4P =1 dnis AB :
{ 3 —, This it is usual to write as s, .

Erample.—~What is the amount of an annuity of 1 per annum for 7 years at
4 per-cent. ?
(104)7 =1

0 -
T ey e s . 1:3189-1 ...
In Section 3 we saw that (1'04)7 =1-3159 : and the answer is - T "BOTH.

The Table (p. 37) shows that the amount correct to the fourth place is 7-3983.

Here the result we need i=

8. Present  Quppose the following line on which a duration of

::L‘::’;;;{ 20 years has been marked off, to be capable of infinite
eertain. extension at the right hand end and to represent a

perpetuity.
? E - &

0 20



-
i

Now if from the value of this whole perpetuity we subtract the
present value of a perpetuity deferred 20 years, we shall clearly have
the value of the intervening portion—i.e. of an annuity-certain for
20 years.

The value of a perpetuity =1

And the value of the same | _ 1
deferred 20 years I i
1

Thus the value of an annuity for |
the first 20 years as required/ i i
e I o0 Y

i i

L_ T

a

And, generally, the present) _
value of an annuity for nyears | i

The following is another way of regarding the present value of
an annuity-certain. The value of 1 due » years hence, as we have
__]-_ .

{1 +i’}ﬂ
.". The value of an annuity for n years=v+ ¢+ + . ... +"

\ ! . : . = ;
The sum of this geometrical progression is £ an expression

already seen, is

similar to that obtained above. It is usually denoted by the
convenient symbol ;)
Example.—What is the present value of an annuity of 1 per annum for 7 years
at 4 per-cent. ?
1-(1:04)-"
= ;

In Section 4 we saw that (1:04)-7 =-7599, and the answer is

1—-7509 2401 ., ... °

i T e

A reference to the Table (p. 37) shows that the present value correet to the
{ourth place is 6:0021.

The value we seek is

8. Annuity [p Section 7 we saw that the amount of an annuity of 1

that will i

" ] E'} —_ 5 - " - -
amount te 1, or for g years is (1+ : L = g5 . From this it is obvious
Sinking Fund. i

that an annuity of L will in # years amount to 1. In

{11

other words 1 is the annual Sinking Fund, payable at the end of each

year, that will replace 1 at the end of n years.

Ezample.- £100 is invested in a wasting security that will produce 10 per-cent.
for 20 years and then cease. What Sinking Fund, to be accumulated at 4 per-cent.,
must be set aside annually to replace the £100 7

Here s at 4 per-cent. =20-7781 (see page 37). This entered in the Table of
Reciprocals gives 03358, and multiplying by 100 we have 3:358 as the result.
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Answer : £3, Ta. 24, leaving a balance of £6, 12s. 10d. annually to the investor by
way of interest.

Nore.—In this case the correct answer is 3-35318. To be sure of exactitude a
Table of Reciproeals to more fignres than ours, or a Table of 7T-figure logarithms,
should be used.

Of late years there has been a great increase in the number of
Sinking Fund or Redemption Assurances granted by Life Offices. In
these cases, following the analogy of premiums on other assurances, the
payments are made at the beginning of each year, instead of at the end

as in the foregoing example. Now _1 payable at the end of a year is
the same thing as » x ql payable at tlm beginning. Hence the annual

premium for a ‘wuakmg Fund Policy of 1 payable in n years is
? 1 1

= ——— . The last expression is easily seen to be = ———,

(1 +i)ss, sam =1

from which any net premium can be directly obtained.

Feample—What is the net premium for securing £100 at the end of 20 vears
at 3 per-cent ?

Here a5 = 2567065, Reciprocal of 276765 ="03612.

Anseer: £3. 122, 3d., which mmust be considered approximate, as belore
mentioned.
10. Anwvuity As a; (sce Section 8) is the present value of 1 for =

that 1 will W ey s 1 . .
purchase. vears, it iz obvious that 1 is the present value of

-—I: pavable for # years, and would be the net purchase

T

" I " -
money of an annuity of — if an office were asked to grant one. This
‘I’" 1

doez not happen often, lmt the formula is frequently required for
quoting the terms of loans, to publie bodies and others, which are to be
repaid by equal annual instalments of principal and interest combined—
that is, by way of annuity.

Frample—A corporation borrows £1,000 at 4 per-cent. repayable by annuity in
30 vears. What will the annual payment be ?

Here a;; at 4 percent. =17292. Reciprocal by our Table =-05785,
Approximate answer £57. 17a. 0d.

It is interesting to reconcile this formula with that in the last
Section. A capital of 1 produces an annuity-certain for n vears of
L . Of the latter sum i 13 needed each year for interest, leaving

Ol
a halance of E{ ~ i to be accumulated by way of sinking fund for
nl
replacement of the capital of 1. But
e =
ﬂ;f] 1 s 1 ) {.1"1";.;'”." 1 2 Sirl*
(1 +)*

which is the expression for the sinking fund to replace 1 we have
alveady obtained in Seec. 9.
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I.—PROBABILITIES AND LIFE CONTINGENCIES.

1: flhﬁ c‘;,n' We will first consider the construction of an ordinary
:ﬁ; ‘;":h?a Life Table, taking as a guide the specimen por tion of

the H Table. which ta: now exhibited, The B2 Tahis
is now largely superseded by the more modern O and other
Tables, but it is retained here as its use is restricted to purposes
of illustration.

It will be noticed that, for the sake of brevity and simplicity, this
Table of ours begins at age 70 ; but the principles involved are exactly
the same as if the Table commenced at birth or any subsequent age.
Suppose, then, that 381 persons aged 70 were observed till death, and
it were found that there died of them (d,)

In the 1st vear ... 24
5 ol - - 24  and so on
as set forth in Col. 3 of the Table. 'ﬁe shr}uhi here have all the
materials for the construction of our limited mortality Table ; and the
column “* No. living,” or I, would in this case be formed by dedueting
from the No. living at any previous age the number who had died in
the intervening year,

Of course, in the world of facts, the material for a mortality Table
from birth to old age does not exist in the simple form here supposed.
The observations for a Table are usually compressed within a limited
time. They may be recorded by many different methods, and there is
a great variety of classes from which they may be drawn. Finally,
when the dafa are complete, the construetion and graduation of the
Tables are matters so complicated as to eall for the highest skill of
the greatest actuaries. It will be seen that we are here touching the
fringe of a large subject, and that the use of Mortality Tables needs,
where important interests are involved, considerable judgment and
experience,

Passing over columns 4 and 5 for the moment, we
12. Curtate .56 to column 6, headed X1y, which has been
Expectation § R | o thi "W h s
of Life. ormed by adding column 2, the ~ No. living " at each

age, continuously from the bottom, but in such a
manner that opposite age 70, for example, stands the sum of the Nos.
living, not from age 70, but from age 71 to the end of the Table.
This column shows, therefore, the total number of complete and
unbroken years of life which will be enjoyed by the number living at
any age, and does not include the portions of a year which remain to
be enjoyed by those who die before attaining the next age. If now
we divide this total number of unbroken wears of life at any age by
the number living at that age, we arrive at the average number of
integral years of life which the persons at that age will, taken one with
another, enjoy. This result is called the Curtafe .E:’rpm’ufim of Life,
and the values of this fun{:ﬁnu are inserted in colamn 7 under the
symbol e;. Thus at age 72 there are 333 persons who may be expected
to enjoy 2359 unbroken years of life. This gives a curtate expectation
of T-08 years: so that persons of that age might, one with another
expect, according to our Table, to keep seven more birthdays.
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IE"E: B‘;:xr;*“ The method of ascertaining the curtate expectation of
of E-ife. % life takes no account, as before mentioned, of the
portions of years of life which are enjoyed in the years
of death, and if we assume the deaths to be evenly distributed
throughout the year, the persons dying in any particular year
will enjoy on the average six months of life more than is shown
above. Thus at age 70, instead of taking into account, in respect of
the first year, merely the 357 years completed by the survivors, we
should add to them 12 years, being six months for each of the number
dying in that wvear. The total is 369, as appears by column 8.
The general expression, then, for the total years of life between
one age and the next is 4d,+l.+;, which is the same thing as
- L)+ Ly =30.+1,+)); and this is usually denoted by L,.
If, now, column & be summed from the bottom as shown in column 9,
headed T,, we have at each age a full estimate of the number of years
of life which will be passed through by the hody of persons existing at
that age. The numbers in this last column being divided at each age
by those numbers living we arrive at the results shown in column 10,
headed ¢,. This means the complete expectation of life.  For instance,
at age 72 there are 333 persons who may be expected to enjoy amongst
them a total number of years of life of 2525-5, giving a complete
expectation of 7-58 years. You will notice that each value in the last
column is, as it should he, -5 of a year, i.e., six months in excess of the
corresponding curtate expectation of life.  When we speak simply of
the " expectation of life ”, we mean the complete expectation.
It is important that we should always bear in mind, when speaking
of this function, the nature of the ecaleulation by which its value is
found and which you will see to be typified in the following formula :

T-  ZL, _ M+ l) + 30 +1,50) + &e.

L o L
{;r-l-'| + Iil,r-'--;_r -+ !:_rJ.-R <= i.‘:'l_."'..,
L

14. Mﬁ“ Many suppose that the = expectation ” exhibits the most
ﬁ"&g H::“" probable duration of a lifetime. To find the latter we

must first seek the most probable age at death ; and this
is, pretty obviously, the age at which the largest number of deaths
occur,  Looking at our Table we see that the largest number (26)
die at age 74, so that four years is the “‘most probable duration”
of life at 70, in the sense that death is more likely to oceur at 74 than
any other particular age, whereas the * expectation” by column 10 is
81 years.

16. “Vie  Then, again, the expectation of life has been confused
Frobable. with what the French call * Fie Probable”, or the age
which a person has an even chance of attaining. Now to arrive
at the latter age we need to know the age at which the numbers
living are reduced by one-half. For instance, referring again to the
Table we see that the 381 persons aged 70 will be reduced to 190 hy
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the agze of about 77§ years; and this gives T3 years as the after-

lifetime which the man of 70 ]11.-1 an even chance of enjoying, as

against the 8% years ~expectation.” The latter is simply the average

number of years which persons of a given attained age will, one with

?j!mtlhcr, live through, if they die according to the given Mortality
able,

‘lii-hlf?: Efﬂ We will now further consider some of the secondary but
Nn“aﬂﬂmm highly praetical uses which can be made of a Life Table
ary population.from the statistical point of view, that is, before

questions of interest and monetary mlues are introdueed.
In this connection it is first important to mention that where
a question of population is coneerned the Life Table represents a
stationary population ; that is to say, when the I, persons now aged x
become [+, persons aged =+ 1 their places are assumed to be taken by
another [ persons who concurrently attain age . In applying a Life
Table, therefore, to the consideration of questions of population and
communities, we must remember that the Table does not strictly
represent the actual position. A population is never stationary, but is
constantly being affected by increase of births over deaths, or the
reverse, or by immigration or emigration ; subjeet, however, to these
reservations, Col. T, which has hitherto only been used for ascertaining
the expectation of life, may be regarded as showing at any age x, the
total number of the population of age » and upwards. To test
this, imagine a stationary community which is subject to the mortality
of the Table of which our specimen portion forms part, and in which the
births do not necessarily oceur annually on a fixed day, as postulated in
the Life Table, but are distributed, like the deaths, evenly throughout
the year.* Let us now see what is found if a census of this
community be taken on any given day. Commence with the babies.
They will be found of all ages from 0 to 1, but they will not add up to
Iy, the number with which the Mortality Table commences; for some have
died. On the average they are half way through their first year of life,
so that 3d, are already dead, and the number enumerated at age 0
will be I—3dy=0,-34;-1)=30,+1), which agrees with the
formula at the head of the column L,. Similarly the enumerators
would not find 381 persons, aged 70, for instance. On the average,
those calling themselves 70 would be T04 vears old, and of those
dying between 70 and 71, one-half would, one with another, be already
dead, so that the enumerators would be able to record only the
remainder, being those who had survived the first six months of the
year of age from 70 to 71. ,That is, they would record the 369 persons
appearing in Col. 8 (Ls) of our Table. This column being added
up from the bottom to form Col. T,, the latter may properly be said to

* Having spoken of a * year”, one cught to define it strictly. In mortality
investigations there are known to actuaries many kinds of vears, such as* calendar
years "', “‘financial years”, * policy yvears ", * life vears ", and so forth. For the
present purpose we must picture a * census year ', of which the census day would
he the central point ; such as would be an ordinary calendar year if the census day
were July 1st.
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represent at any age », subject to the operation of the law of averages
and to the reservations previously made, the total number of the
population of age » and upwards, such as would be recorded at a census.

17. Examples That portion of the imaginary community represented Ly

of Use of - . . =

F nilinkion our sectional Life Table is, as we have scen, constantly

Column. being recruited by 321 entrants at the age of 70.  What
will be the total standing population over that age!

Col. T, shows us that the number is 3,239, of whom 809 will be aged 79

and upwards,

Mr. George King, in the Institute Text-Book, applies column T, to
answer a number of interesting questions, such as the number of soldiers
of a certain age which a population recruited by a certain number of
births will support ; the number of new eclerks and superannuations
involved in carrying out a pension scheme ; and the strain on an annuity
society, &e. Reverting, for the sake of simplicity, to our small Table,
suppose that under a national pension scheme 50,000 persons hecame
annually entitled, at the age of 70, to a pension of 5z per week, to be
raised to T7s. per week on attainment of age 75. In course of years
what would be the total number of heneficiaries under each class 7

Now we have seen that 381 recruited annually will support a
community (see Col. T,) of 3,239 on the assumption that the population
is subject to the rate of mortality on which the Table is based. Hence,
by rule of three,

The total number of beneficiaries = ’-}‘7—'3 x 50,000 = %ﬁ? »% 50,000
70
= 425,066
Similarly—
The number of Pensions @ 5s. - = _ﬂ_i_’l; x 50,000
T
3,939 - 1,639 .
= s x 50,000
= 209,974
; . e 7 1 S
And the number of Pensions @ 7+ = T 50,000 = rTvilke 50,000
70
=9215.092

It will of course be remembered that the use of the H Table for
the above or any other example is no indication of its suitability in
actual practice.

;&ﬂfggi We have already touched on probability. Before finish-
pmpmmﬁgs ing what I have to say on the use of the Life Table, it is

in probability. necessary to devote a few words to the most elementary
propositions of this subject.

If an event may happen in « ways and fail in 8 ways, so that the

total number of possible ways is a4 /3, and each way is equally likely,

then the probability of happening is —Ef— ; and the probability of
t ==
failure —5—

=
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The simplest possible illustration of this may be found in the Life
Table itself, Taking [l persons aged r, the event of survival until
age r+ 1 will happen in ly+; cases: it will fail in ds, or Iz = lz4,, cases.
Hence the probability of a life aged z living to age z+ 1 is equal to
'f,-r:--]

I, z

aged = dying before attaining age z+ 1 is equal to “Z; and this is
denoted by g,.. Thus at age 70, there are 381 persons living, of whom
357 will be alive at the end of the year, and 24 dead. The probability,
therefore, that a person aged 70 will be alive at the end of the year is
357 - 4 3 - ma
e 937 ; and that he will be dead 381 ™ 063. We can in this way
complete our Life Table in respect of columns 4 and 5, calling the
former series p, and the latter q..

Now the probability of the happening and that of the failure must
always together make certainty, therefore p,+ g, must always equal
unity ; and ¢,, the probability of death, may thus be represented
by 1 - p,.

d If there bhe (say) three independent events, the probabilities of
which happening are respectively p;, pa, ps, then—

: and this iz denoted by p.. Similarly, the probahility of a life

The probability of all happening... =p; x pa x py
The probability of all failing ... =(1—p){1 =pu)(1 - py)

The probability that all will not
happen (i.e., that one at least
will fail) ... e =1 = X P X Pg

The probability that all will not fail
(i.e., that at least one will
happen) oo =1 =(1=p)(1 = pa)(1 = )

The probahility that the first will
happen and the others fail... =p;(1 - p)(1 - pa).

These simple formulas will enable us to answer several interesting
questions with the aid of a Life Table.

Eramples-—A husband is aged 73 and his wife 71, they having been married
45 years, What is the probability that they will live to enjoy their golden wedding ?

The probability of a person aged 73 living 5 years = b IE
lag 308
G e e
" 1] v n 1 1 L] 1] I; 3A7T
: s 183 232 42456 2
Required probability = , 0 x 5o = 109,956 = 5 nearly

Therefore, of 5 chances in all, 2 are in favour of the happening of the event and
3 are against it. Henee, if yon desired to bet, the odds would be 3 to 2 against it.

Again, what is the probability that either both or ene of the said persons will
survive the 5 years ? In other words, we want the probability that both will net die.
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Here the probability that 73 will die = las=lzs

lrs
and = sl o _lri=lsq
loy
oo okl . . ="?a-"qex§?, lrs
1 ]‘.73 1”'
bes—lze L =1
gLE 1 ,» bothwill not die =1-— Y71 ﬂ
573 e
] 208—183 357-232 . 125 25
a5 357 3{]3 TEm
=1—-l (nearly)= -

That is, 6 chances are in favour of the event and one against it, the odds being
therefore 6 to 1 on the event.

A, B and C are aged respectively 70, 72 and 74. What is the probability that
in 4 years time A will be still living amd B and C dead ?

Here the probability of A living 4 years % i&
7o
1 , B dying in the 4 years =1— 7®
T2
ancl = i (i L o e lra
I T4

E:a s
_ 283 333232 283183
SRS . R
JS\E - 5 - e nearly,
T 381 733 " 283 126,873 %5
showing odds of 23 to 2 against the supposed event.

: = 1 ! !
Required probability = [P L 78
q l i 'T'D ( ( )

I[II.—THE COMBINATION OF INTEREST WITH
PROBABILITY,

198. Endow- Syppose now that 381 persons aged T0 agree to sub-
e seribe to provide an endowment of £1 for each one who
survives to 80, how much must each pay, taking interest at 3 per-cent.?
In 10 years £139 will be required. The present value of that £139
due 10 years hence, as we have seen, is 139 x #'%. There are 381
subscribers to make up this sum, amcl the share each has to pay is
139 x o
381
the answer will be found to be -2715, or about 5s. B, This, then,
is the net premium at 3 per-cent. for an endowment of 1 on a life
aged 70, payable at age 80 if then alive.
Putting the case generally we suy the value at age 2 of an

therefore The table of values of » gives us v'*=-7441 and

endowment payable # vears henece, g et . Looking at the matter

in a different way, we see that the probability of any one person aged =z
receiving the endowment at age z+ n is 'r“}' 2 whilst the value of the
&

I
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endowment, if it were a certainty, would be #".  Multi plying this value
into the chance of receiving it, we have for the value of the endow-

A
Interest and Probability, a step which may be considered to constitute
the real threshold of actuarial study.

20. Life If a person aged 70 desired to secure, instead of an
pa jsolated endowment at age 80, a succession of endow-
ments of 1 for every year that he survived, what would the value be?
Proceeding as in the last section, and multiplying the present value of
each payment by the chance of receiving it, we have
AL Y irs + PAhs g U + Pl &e., up to the end of the Table.

ETU iJ:Tn E:‘ﬂ |F.'|.} Elr-ll
'i'n";l <1 ?-‘Etl';-g 4= s = _;_l.%'ﬂ.

I

and gives us the value of an annuity of 1 on the life of a person
aged 70, denoted by a;;. Thus, for the general formula for the value of
a life annuity, we have

This =

1 2 ;
i = E {'ﬂx-iui + vl + i:'J']:#‘i'ﬁ iz &'c‘)
x

Erample.—What annuity, payable annually and not apportionable to date of
death, conld be dgiven to a male aged 90 in exchange for £100, taking interest at
3 per-cent. and disregarding expenses? In this example 1 have taken age 90 for
the sake of brevity in making the caleulation. The principles are the same in all
cases,

We first need to find ag,, the formula for which is

i (tlgy + 0%l + 135 + vy +1%1gs)
90

2 gﬁf-g';{};} « 11 40426 x 8 +-0151 » 5 + ‘8885 % 3 + 8626 x 1)

26:3243 ° o
= 5 = 1-7Hdil,

The reciprocal of this, viz., 3698, gives us the annuity at age 90 which 1 will
purchase, so for £100 the annuity given would be £57.

Simple as is the mode of calculating the value of a life annuity,
there are few things which it is more important to understand
thoroughly, for the annuity-value enters, directly or indirectly, into
most actuarial formulas. OF course, in practice, one always takes the
values of a, from a Table; and the values for a Table are calculated
much more briefly than in the example here given from first principles,

21. Annuity- Many people suppose that the value of a life annuity is

certain and ; i

life annuity the same as that of an annumity-certain for the term

compared. of the expectation of life. This is not so. It would
be, perhaps, outside the scope of this lecture to give

the strict algebraical proof, but the rationale of the distinetion is

interesting. Suppose the expectation to be n years. The value
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- ; : BB
of an annuity-certain for n years is, ag we have seen, v4 v +2"+ .. . 0.
The life annuity-value is

Ir:.r_1 _1_ ”’:f T o iai!a:'i":":
L, L I,

and we may coneceive this life annuity as an annuity-certain, lasting to
the end of the Life Table, with gradually diminishing payments
consisting of

i + &g

R T

But these fractions together represent the expectation (curtate) itself.
Hence we see that the total amount of money paid on the average in
respect of the life amnuity is the same as would be paid under the
annuity-certain for the term of the curtate expectation. But in
the case of the life annuity the payments are spread over a longer
period ; and the aggregate discounted value of these payments must
therefore be less than the value of the certain payments, the last
of which is only # years henece.
The following small diagram illustrates the point :

i,

‘\\

Age » 4N End of Table.

Here the rectangular figure represents the actual money which
would pass under a number (sufficient to form an average) of annuities-
certain for n years. The extended triangle represents the aetual
money which would pass under a similar number of life annuities
granted at the same time. The area covered by both figures is,
as explained above, exactly the same. Hence we see that if interest
were disregarded the two benefits would be of equal value. But when
interest is brought into account, then we see that the life annuity
must necessarily be the smaller in present value.

22. Natural We will now consider the value of a benefit |u13.al;rl in
;'i.rka:::::::. the event of the death of a person, instead of in the

event of his survival ; and we will commenece with
the value of a benefit payable a year henee, provided a person now alive
be then dead. The probability of a person aged # dying in the

i

first year 1s - 1, If we multiply the chance of the money being paid hy

(az hefore) tlm ratio of its present value if it be paid, we have

U X Flf”. This, then, is the net premium & must pay for an assurance of
&€

1 for 1 year payable at the end of the year of death-—that being the

basis upon which most assurance premiums are caleulated, If he

survived the first year and, having attained » + 1, desired to assure for

i)

B =



the second year, the net preminm would be similarly, ¥ x S Now
x+1

if we were to proceed thus to the end of the Table, we should arrive at
a series of premiums for term assurances of one year each \-.-l:uch would
gradually increase towards the end of life, and would, if set out

graphically, assume a form which may be roughly illustrated thus :

20 30 40 50 60 7O 80

I this diagram the gradually increasing vertical lines drawn from the base to
the curve represent the risk premiums above deseribed. The height of the lowest
dotted line represents the level or continnons premivm for age 20 at entry; whilst

that of the muddle and upper dotted lines represents the same for ages 40 and 60 at
entry respectively.

The seale of increasing preminms indicated in this diagram is
representative of the scheme of mutual assessment assurance which
has been largely practised in America, and it was inevitably found that
the premium became intolerably heavy in old age. A Society having
no hold on its members, there was a tendency in healthy ones to leave
it when the rates of premium became high. This in turn tended to
make the payments of the remaining old and less healthy members
more intolerable still, because the survivors were = assessed ” for what-
ever contributions might be needed to meet the expenses and growing
claims, The result' was that, one after another, the Sovieties broke up
and disappeared. When thiz lecture was first delivered assessment
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assurance was still largely practised, and was even getting some hold in
this country ; but the actuarial warnings issued against it have been
so abundantly justified by the result that a system certain to bring
dizeredit on legitimate Life Assurance has itself become thoroughly
diseredited and is now searcely heard of.

%3' i; Level™ A system of assurance based on the premium for the
i mere current risk of death has never commended itself

to responsible persons in this country, and in the earliest
times the pioneer Actuaries were called upon to quote a premium
which would ASSURE, i.c., a so-called * level ” premium like that repre-
sented by the level dotted line in the above diagram, which could
never be increased after the assurers had made their contract. The
mode of ascertaining this may now be usefully considered.

24. Single sobahili - : s o
S The probability of a person aged » dying in the first

an Assurance. year has been seen to h-::!—'r*". The probability that the
& - - < B -Iil 2 s "
same person aged » will die in the second year is '—T--', and in the third
i ”ir-*ﬂ &
year ~9=, and so on.
ax

If for every year from » to the end of the Table we multiply the
chance of the money being paid by (as before) the ratio of its present
value if it be paid, we have in the total the value of an assurance
of 1 (A,) for the whole life of .

That is, we have

'I' (3 i‘; R & ”f B
.‘"l. =_:1:,;i= .:Ar'-il‘!-l _,--'__.i'-‘._! Lo,
= I"I i ‘-'r.c it f.: +t{f
s " {rr 5 -_{:_-r'-'F_:I + J_"r'{ “_:_i_-l -2 lIIIJ!_:_‘_.:} o _p-:; 1-';1.4-_) = !;;__: EL+ fin.
L

:1-‘{1 )3 : (s + " lesa+. . .]1 = -1-{1-'& b1+ P lero + 0 4. L)
L !k

= (1 + az) — a, (compare Seetion 20)
=(1 -d) (1 +a:) —a, since v=1 -
=1 =l {l + '5‘5.1.‘]

This last formula admits of simple self-evident feasoning. 1f 1 he
payable at once its value is 1.  But if its payment be deferred until the
death of a person now aged =, its value is 1 less such a sum as will
provide interest until the life fall in, namely, d(1 +az). Note that the
deduction is not an ordinary annuity (a.) of interest payable at the end
of each year (i) ; but an annnity due (1 + ax) of d, which is interest paid
in advance. Interest in advance must he provided for, because the
final payment of ar is made at the end of the year preceding that in
which death oceurs ; whereas A, is the value of 1 payable at the end
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of the year in which death happens. The * value ” of an assurance
thus obtained is in other words the Net Single Premium for the
SITIC.

Example.—What is the net single premium for an Assurance of £100 on a male
aged 90, by the HM Table, at 3 per-cent. ?

In Section 20 we found that, according to these data,a,,=1755; and the Table
on p. 36 shows us that d=1—v=-0291, Thus we have 1=d(l +ay,)=1—"0291
x 2755, which by logarithms is quickly found to e 1 =-0802 =-0198.

Ansicer ; £02,

25. Annual  Having found A, the single premium for a whole life
Premium for

an Assurance, dssurance, we can easily find P the annual premium.

Now P, must be such that one payment immediately,
together with the value of an annuity of P, for the remainder of 's life
life must be equal to A,. Hence, we have—

Aa
P+ Pr.ox=A, and P, = 1—:_ o
T S
1 4a, 1+ e

Erample.~—What is the net annual premivm corresponding to the single preminm
in the last example ¥ :

Here we ean either divide AL ="0193) by 1 +a..[=2:755) or we can calculate
oo ; sol,

the premium from the direct formuia —— —d= ;—- —0201. With a Table of
l. + I!a:} &

Reciprocals (sce p. 42) the latter is simpler, and gives "3620 —-0201="3338.
Anaswer : £33, 8s.

It is clear from what we have seen that the premium for an
assurance in no way depends on the expectation of life, as many people
suppose, for the formula involves an estimate being made of the
probability of the life dropping in each year up to the end of the Table,
and the due valuing at interest of each such chance. We have further
seen, however, that it is not necessary in most cases to caleulate these
probabilities in detail, but that if we have already ascertained the value
of an annuity on the life of #, the value of an assurance, and the annual
premium for the same, are easily ascertained from the annuity-value.

IV.—.SOME PROBLEMS IN LIFE ASSURANCE.

28. Practical The calculation of a set of net premiums for assurance
considerations

skt b Eenk i3 a simple and mechanical proeess when once the table
in view. of mortality and rate of interest have been determined

upon. It is when these premiums require to be loaded
and adapted to office use that the Actuary’s real trouble and responsibility
commence.  Amongst the points he must consider arve the future of the
money market ; the probable classes who will enter the Society ; the
constitution of the Society ; the mode in whieh it will divide its honuses ;
the expense at which it will conduet its business, and the probable
extent of its new business ; and he must not lose sight of the rates of
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the cifices who will compete with his Society. From the bare enumera-
tion of some of these considerations, you will see how impossible it is to
satisfactorily forecast the future and the need, at least, for safe margins.

27. The value T think I need scarcely stop to show that a necessary
of a Policy. P : : :

condition of the receipt of a level premium—-ie, a
preminm which is at the outset in excess of the measure of the current
risk of death—is that a life assurance policy gradually acquires a value.
This is represented by the reserve which every office holds against its
liabilities and which is estimated to be sufficient, together with the
future preminms to be received, to meet those liabilities as and when
they arise. Having considered the Annuity-Values, Single Premiums
and Annual Premiums, we can now ascertain how this ™ value” of a
policy may be estimated. A person assures for 1 at the age of # under
a net annual premium of P,. What will be the value of the policy at
age v+n! Let .V, be this value. Now ,V, must be such that it will
he sufficient, together with the value of the premiums remaining to be
paid in future, to provide the sum of 1 at the death of the assured,
who is now aged #+mn. The value of the future premiums being
P, (1 + #,+,) and the value of 1 at death of »+n being A,+,, we have
the equation

}t-"‘—:q: + P'v {l + g+ u} = A;‘r'"i? 1

or “1,'.“5 — A$+ﬂ- - ]-:.-11 (1 + ﬂ':l:'!'ﬂ-}‘

In other words, the value of the policy is the value of 1 payable at
the death of (v +u) less the value of the future preminms payable
under the policy. The premium is multiplied into the annuity-due
(1 +a,-,) because .V, means the value of a Poliey at the end of the
nth year, when the (n+ 1)th premium is about to fall due.

28. Thevalu- The formula thus found for the value of a single policy
gii;:;t;f 2 is a type of the operation which may be called the most

: important part of the Actuary’s duty, and that on
which most of all depends the safety and honour of his institution,
namely : the periodical valuation of its liabilities. The ealenlation just
exemplifiedd has to be performed, in one way or another, for every
contract on the office books, in order to obtain, as at any fixed date,
the sum total of the caleulated liabilities. But at the outset a difficulty
oceurs,  The preminms, the future payment of which the Aetuary is
called upon to discount and bring into present account, are not net
premiums such as those we have lately been constructing direct from
the Life Table, but loaded premiums which may have been formed
from several different mortality tables and loaded in different ways.
They may, indeed, have been obtained by averaging the rates of half a
dozen other offices. Every premium contains, therefore, besides the
actual net premium for the assurance, a balance, or loading, to provide
for expenses of management, for commission, for bonuses and for
seneral safety ; and it will not do to discount and bring into present
account the portions of those premiums which, when the time for their
receipt arrives, will be required for such extrancous purposes as those
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just referred to, and will not be, in any sense, available towards

providing the actual assurance itself. What premium then, must the
Actuary value? [ will refer to-night to two uul:,' of the many methods
of valuation which are at times adopted.

29, Office First, as seems most natural, we will consider that in
ﬂff:ﬂ?m which the Actuary has ruruwl to the actual office
premiums which the assurccl have contracted to pay.
From these is usually thrown off a fixed percentage to represent the
loading of which we have heen speaking, so that we get down to that
portion of the premium which is regarded as sufficient to provide the
sum assured, and which for the moment we will call the net premium.
Having, then, decided upon an appropriate table of mortality and rate
of interest by which to make the wvaluation, the Actuary proceeds to
value on the one hand the sums assured which have to be paid, and on
the other the net or valuation premiums which have to be received.
Subtracting the latter from the former, we ascertain the calculated
liability and thus know whether the office exhibits a surplus or
a deficiency. This method of wvaluation has become in a sense
discredited by a tendency which it possesses to produce so called
ne.gatlve values.” To enable you to see what these are and how
they arise, let us look a little more closely into the modus operandi.
The fﬁ]]f:.-wing curve is intended to represent an average scale of
office premiums at successive ages.

b
20 X x+n 30 40 30

Suppose that 20 per-cent. be the loading thrown off these office
premiums ; then the dotted curve will represent the remaining net
premiums which are to be valued. Suppose further that the valuation
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be made by data which are not stringent, say the Carlisle Table
and 4 per-cent. interest; and that the curve of dashes represents
the * pure”* premiums for successive ages, which we should arrive
at if we were to construct a set of premiums according to the
Carlisle Table with 4 per-cent. interest by the method previously
explained in Seetion 25. We proceed to value at age z+mn an
insurance effected at age x; and in order to do so, we must, as
explained in Section 27, deduct from the value of the sum assured the
value of the future net premiums. That is, calling this net preminm
P’,, we have to find the value of the expression A,:, — P (1 +axs,);
of which A,4, represents the liability, and P'.(1 + a,+,), the value of
the future premiums, represents the asset side of the account. Now
in the above circumstances we shall almost certainly have here a
case in which the net premium to be valued (ab=P',) is greater
than the pure premium (cd = P+, say) at the valuation age aceording
to the data used in the valuation. Then inasmuch as P, is =P,., we
shall have PF&:U + a¢+n} 22 P-r.-t-'.li,“- + tpty).  But Pry,(l + ”';r.-i-n) = Ay tus
as we saw in Section 25; therefore the asset side of the valuation
comes out greater than the lability and this is what is technically
termed a negative value.

Looked at in another way, we see that if we deduet from the
present value of the sum assured at age x4 n the value of a future
annual payment of the corresponding pure premium for the swwme
age (ed in the diagram), the difference or liability will be nothing. 1f,
however, we deduct the value of a future annual payment of the
corresponding pure premium for a pownger age than x40, which
premium would be smaller than ed, there will be a positive difference or
liability. DBut if we deduct the value of a future payment which
has been arbitrarily obtained and which happens to be larger than
od (such as ab), the difference will be a negative one constituting
a negative liability, or asset, instead of the positive liability to which
every contract should give oceasion, It is this tendency to the
produetion of negative values which has partly discredited this mode of
valuation.

It is, however, easy to see that, either by making the arbitrary
deduction larger, or by making the bases of valuation more stringent
and thus inereasing the theoretical pure premiums according to
those bases, or by a combination of both processes, the dotted
curve might be made to fall below the dashed curve at all ages, and the
effect of this would he, not only to prevent negative values, but
to make even a stronger reserve than would ensue from a pure premium
valuation according to the bases adopted.

In weighing the effect of this method of valuation in any particular
case it is of the utmost importance to know (1) that the table of
mortality and interest assumed in the valnation are sufficiently
stringent, (2) that the percentage of the premiums reserved is
sufficiently large and, generally (3) that no negative values enter

* The expression * net ™ premiums would in the ordinary way be more usually

applied here: but that term has already been taken in this section, as the most
appropriate phrase, to signify the reduced premiums bronght into valuation.
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into it in the mode explained above.  Subject to these most important
qualifications, the method is one for which much may be said. Tts
sreat advantage is that one deals with the office preminms, which are
accomplished facts.  Yon have eontracted to receive those premiunms,
and therefore they form an allimportant factor in the future.
For this reason the method under discussion is the only proper
one to be used in cases of insolvency or transfer, but for the
purposes of a prosperons going concern Actuaries frequently prefer
to shut their eyes to the premiums actually payable, and value only the
theoretical pure premiums according to the bases assumed, ie., the
premium which I represented above by the dashed eurve.

30. Pure This method, called the net or pure premium method,
E::ﬁ;:ln. which for reasons already stated it is better to designate

here by the latter term, is the only other mode to which
I shall refer to-night. Now if the same table of mortality and rate of
interest be used in the valuation as were used for eonstrueting the
premiums, the latter having been loaded 25 per-cent. for office purposes,
the net premiums to be valued would be 80 per-cent.of the office
premiums and would be represented by our dotted curve in the
last diagram. A little consideration will show that in this event
P,+.(1 +a,.,) must always be greater than P.(1+a,:,); and that
negative values are therefore impossible.  The valunation is, in fact, a
pure premium one; and with this recommendation, that the 20
per-cent. thrown oft for safety, and for future expenses and profits;
is reserved untouched in the valuation, and will always be available for
its purpose.

It is seldom, however, that this is the ecase in practice. An office
does not frequently alter its scale of premiums, hut the developments
of actuarial science may not infrequently necessitate a change in the
valnation basiz, and the Actuary may thus have a pure premium to
value which bears no fixed relation to the office premium. This is
illustrated in the last diagram where the dashed curve may be taken to
represent the net premium (P,) to be brought into the valuation ; and
this brings us to the distinguishing feature of the pure preminm method,
which is that the net or valnation premium must always correspond
with the other data of the valuation. In other words, the valuation
must be made by the formula A, cn— Py (1 +a,10) where P, is taken
at the same rates of mortality and interest as A,+, and a,+,. As the
valuation premium is thus always larger at age x4 n than at age o,
every policy must rank as a liability, without any special care being
taken to exclude negative policy values.

But there is an anomaly of another sort, viz, that as the pure
preminm, which is also the valuation premium, bears no fixed ratio to
the office preminm, the margin remaining for future expenses and
profits is more or less a matter of chance. For instance, if the pure
premium were much below the office premium at young ages at entry,
but greater at high ages at entry, the result would be this, that if
the office assured many young lives and no old ones, its margin would
be large : while if it assured no young lives but many old ones, its
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margin would be very small. It is, therefore, very important to note
the margin of reserve for future contingencies, by way of comparison
with the valuation data. I say by way of comparison with the data
becanse a noteworthy thing is, that as we make the data. more
stringent, i.e., increase the effect of mortality and decrease the rate of
interest, and conzequentlyinerease the pure premiums, we raise our dashed
line (P,) still nearer to the office premium and correspondingly decrease
the margin of premiums to be reserved. A small margin thus accounted
for would be satisfactory ; but a small margin found in combination
with weak valuation dafe would point to the office premiums being
insufficient, at any rate at the ages at which the assurances were
generally effected. © Thus, while an inerease in the proportion of
premium income reserved would be an unfailing sign of increased
strength under the mode of valuation first deseribed, it would, taken
by litsxilf, indicate a decrease of stringency under the pure premium
methodd.

81, Sources A little study of the different modes of valuation on the
of Surplus. li S Tk n] Elloanie bles t R
ines we have just been following enables one to sce
pretty clearly from what sources the surplus of a Life Office comes.
One chief item of profit is that arising from the eurrent husiness, i.e.,
the zain from a favourable mortality and the unused portion of the
free margin of the premiums which has been reserved for expenses and
profits, always assuming that the valuation data are not so weak as to
lead to the margin being encroached upon by the claims.  Care in the
selection of risks and a moderate ratio of expenditure in comparison
with the ratio of the premiums reserved are, therefore, vital factors in
the production of profit. Where an office is suffering from a heavy
mortality or is habitually spending in commission and expenses as large
a ratio of its preminms as was reserved in the valuation, then it is clear
that little ewrrent profit is being made. The other chief source of
profit is from the interest on the Assurance Fumd which has been
received in excess of that anticipated in the valuation, In an old
office valuing at a low rate of interest and receiving a good rate on
its investments, this item of profit would be very large—perhaps
contributing one-thivd or even one-half of the total surplus.

Office A.  Office B, To illustrate the usefulness of investi-
Valuation | .1 < 31 rating the sources of surplus and to show
Riba: ..l 750 = /% that the amount of a surplus actually

Interest | g3 o/ 41 declared is not of itself all important, |
earned...)] 75 /% rive imaginary but not impossible particu-
Proportion lars of two offices valuing by the net
of Prem- 15 293 premium  method and charging about
iums re-[ ' === % equal rates of office premiums.  Now I see
served... nothing here to prevent office B showing
ool bonus results, perhaps almost as good as office A, for the time
heing. It makes up for its smaller excess of interest by drawing a
larger margin from every premium receiverd,  Yet office A is incom-
parably stronger than Office B and therefore better equipped for
maintaining or inereasing its bonuses in time to come.

=
-
Ty

F



36

32. Bonuses. \When the surplus has been ascertained, upon what
principles should it be distributed ! A generation ago
there was a bewildering number of systems in use, and the subject,
which is very technical theoretically, was for years much discussed by
Actuaries. Speaking generally, the systems could be classified in three
categories, viz.,, those in which the surplus is converted into Rever-
sionary Bonuses and then allotted in proportion to the Sums Assured;
those in which cash apportionments were made in proportion to the
premiums or loading paid ; and those in which an attempt was made to
analyse the sources of the surplus and apportion it correctly amongst the
contributors. The * contribution method 7, as the last is named, is
equitable, using the word in the restricted sense of returning to a person
his own contribution towards the profits. It has, however, never been
very popular in this country, and apparently is not becoming more so.
The first-named system, especially as modified into the well-known
“ Compound Reversionary ” method, under which existing bonuses
count for apportionment as well as Sum Assured, is tending to prevail.
Its advantages are that the bonuses increase with age, which is popular,
that it is simple to understand and to apply, and finally that it is fairly
equitable where the premiums and valnation data are suitably adjusted
to it. The other and miscellaneous methods were often inequitable,
but they have tended to disappear through amalgamations. Of those
now remaining most have heen modified by adjusting either the system,
or the premiums, or both ; and I doubt whether any important office is
now open to serious criticism for inequitable distribution of surplus.

I cannot venture into further details here, but there are some
general considerations which should be borne in mind by all concerned.
One is that general excellence is much more important than supposed
equity in the Bonus System. Inequity as between young entrants
and old ones is material, but that is more a question of premiums and
:t::nds to adjust itself ; for otherwise the office would suffer through

selection” on the part of the public. But as between recent
entrants and old poliecyholders, it is best not to dogmatize about
equity. Office A may favor the old people, and say with justice it is
trying to redress the misfortune of old age. Office B may favor the
voung ones, and say with equal justice that it is but emphasizing the
greater henefit that acerues anyway on early deaths. Taking the
broadest view, most systems are equitable in which the various
entrants have, at starting, fairly equal chances of securing the
henefits,

%3;1:&‘:"“‘1“‘ To see that a Life Office must gradually accumulate a

: reserve against its acerning labilities is also to see that
on heing relieved from those liabilities it can well afford to return at
least a portion of the past over-payments. Hence every office pays
surrender values on purchasing its own policies ; but inasmuch as it is
Justifiable to fine a person who for his own purposes wishes to terminate
a contract into which he has deliberately entered, it is the practice not
to pay the full value of a policy on withdrawal. Amongst other reasons
for this practice may be mentioned the fact that good lives have the
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option of withdrawing, perhaps leaving bad ones behind, and the
consideration that vacancies eaused by withdrawal will have to be
filled up, possibly at considerable expense to the office.

But first there is the important question : How is the full value of
the policy itself to be arrived at for purpose of surrender? Where the
actual office premium payable enters into the caleulation of the office
reserve, as in the first of the two methods of valuation we have discussed,
there appears to be no alternative, and the basis of the surrender value
will be the office reserve held against the policy in question. Where,
however, as in most cases, the pure premium method of valuation is in
use, it is a fair question for argument whether the office reserve is the
proper basis. It may be said that in knowing the age of the assured,
the amount assured and the premium payable, the office has all the
data for determining at what price 1t should buy the policy, and that
the caleulated reserve which it chooses for its own purposes to set up
against the risk has nothing to do with the case. On the other hand
it may be urged that an office cannot return what it does not possess,
and that there is no reason beyond the general prineiple of deduection
already mentioned, why it should give less. The system of adopting
the reserve as the basis of surrender-values further has the sanction of
a great many, if not the majority of Aetuaries ; and if it be ohjected
that by this method a withdrawer is admitted to share in a fund which
may have been artificially enlarged for purposes of safety, vet there is
the obvious reply that the withdrawer's own contributions have in past
yvears been used towards the creation of that fund, and that he is on
withdrawal equitably entitled to his share of it.

In practice, most offices make a deduction of a fixed percentage
from the full value of the policy, This plan has the disadvantage that
it fines most heavily those who should he dealt with most leniently,
viz., the older policyholders. A graduated deduction such as would
he brought about by valuing the policy as an ordinary reversion at a
higher rate of interest, or by increasing the value of the future
premiums instead of diminishing the net value of the poliey, might be
more strictly defensible. But a still better graduated deduetion is
obtained by slightly varying the Reserve formula and allowing on
surrender, say, '

A;:'I"u " P:u'i'] (] + (- u}

caleulated by the Valuation Table of Mortality, but at a higher rate of
interest. The office impounds, as it were, the whole of the first
premium, and the value begins to acerue as from age 4 1. The value,
further reduced by the higher rate of interest, thus somewhat punishes
recent entrants who quickly surrender ; but it ultimately approximates
to, though it ean never exceed, the Reserve value itself, and may thus
be regarded as an actuarial modification of that funetion.

As no practical Actuary would dream of exceeding the Reserve
Value, and as the most forceful objections to its adoption as a basis for
surrender-values are removed by this latter method, it has naturally
received high sanetion. Of course it is generous, and if the rate of
interest be not taken too high it will enable the office to give more for-
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its policies than they wonld fetch in the open market ; but this is no
more than it ought to be able to do. It likewise lends itself to meet
certain  other practical considerations which modern developments
compel us to bear in mind. These are ~ quick change” days, and a
policy is often converted into a Paid-up Policy, or an Endowment
Assurance, or an Old Age Pension, only to be re-converted a little later,
perhaps, into a Cash Surrender-Value,  If these operations are to he
conducted with satisfaction to all concerned, it is obvious that the
varions formulas must be correlated and made eonsistent ; and my own
experience has led me to the conclusion that it is necessary for the
Actuary to construet some arbitrary system, based on defensible
general principles, that will reconcile the interests of his office with
the equitable claims of the assured,

84. Endow-  PBefore terminating my remarks, which have, I fear,
::;1_“'“' strayed considerably beyond their proper limits, T should
like to say a few words about Endowment Assurances.
Now a whole life policy is nothing else than an Endowment Assurance
payable at the limiting age of the Table, or at previous death ; and it
1= therefore natural that the expressions for the single and annual
premiums for an Endowment Assurance should be analogous to those
for a whole life poliecy. Thus if A.; and P.; be respectively used to
denote the single and annual premiums for an Endowment Assurance
on a life aged x payable at age z#+#a and -0, be the value of a
temporary annuity on the life of &, to last for 2 — 1 years, then—

1

—d

Avii=1-d (1 +y-105); and Pry=

These expressions are as self-evident as the L-:}rmspundmg expres-
sions for a Whole Life Assurance. Thus taking the single premium, we
may say that if 1 be payable now it is worth 1: but if its payment he
deferred until » attain x4+ n or previously die, then its value is 1 less
such a sum as will provide an annuity of the annual interest of 1 until
the sum of 1 be payable: i, from 1 we must deduet, for reasons
already explained in Section 24, the value of a temporary annuity in
advance of interest payable in advance for n years, whence we get the
above expression 1 —d (14 |,-3a2). The annual premium is of course
obtained by dividing the single premium by 1+ ,, 0=

An Endowment Assurance, it will thus be seen, is in effect a whole
life policy with an arbitrary age at maturity substituted for the limiting
age of the table. For example, in the case of an Endowment Assur-
ance payable at age 60, no part of the Life Table above age G0 enters
into the calenlation in any way, and if the business of a particular
office were to consist wholly of endowments payable at age 60, a Life
Table entirely cut off after that age would answer all its purposes. Let
us consider some of the consequences of working by this limited Table.
The whole of the heavy mortality at age 60 and upwards to the end of
the Table occurs or is theoretically supposed to oceur at age 59—the
carrent rate of mortality for every age below 59, remaining, of course,
the same as in the complete Table. The value of the benefit to
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be received under it is much larger than under the whole Life Table,
whilst the term during which the annual premium for such inereased
henetit is payable is considerably shorter. Hence the annual premium
is very much larger than when based on the whole Life Table. Now
we saw that the ordinary whole life level premium consisted of (1) the
premium for the current risk, and (2) an exeess to be aceumulated to
meet the heavy mortality rate of old age. ‘The Endowment Assurance
premium we are now considering contains (1) the same contribution to
eurrent claims as the whole life premium, and (2) a very much larger
excess payment to be aceumulated to provide for the exodus (or
theoretical deaths) of all the surviving polieyholders at age 60. The
following diagram shows, as in the case of the whole life premiums,
the risk premiums and the level premiums. Itisnot drawn to seale, and
iz only intended to roughly impress on the mind how large a portion of
the level premium for an Endowment Assurance is not paid for
assurance at all, but is only received to be aceumulated for the payment
of the theoretical claim at the end of the chapter.

Level
Premium

o o e e S e ] e e e L -

——— o
e S e i - e

Current
Risk

Age---- 30 4D 50 60

Our business being primarily Insurance and not Im-'cstnmnt,vxt is
obvious that persons who are our customers during t-he_ early portion of
life while the current risk is small and then all die off theoretically at
the early age of 60, are in a different category from those who will

consent to stay on.
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35. Some If this gquestion were merely one of technical interest, it
Ef;::;ﬂ’;::n' would be of secondary importance ; but unfortunately it
respacting has serious practical bearings. In the first place it is the
Endowment persistent old lives who give the offices a chance of
Assurances.  .oquine those handsome profits from longevity which are
the reward of care in the selection of risks. Then every policyholder
who leaves an office has to be replaced with constantly increasing
difficulty and expense. There are further drawbacks in the facts that
the Endowment Assurance premiums unduly swell the premium
income of an office and have to bear a proportion of the expenses which
from their nature they are ill-fitted to bear.  Danger lurks, too, in the
not ancommon practice of giving to Endowment Assurances the same
ratio of profit as appertaing to whole life policies. Unless the
premiums have been specially loaded to provide such bonus, the effect
will be to decrease the general ratio of profit for the benefit of a
certain class, Then again, there is a tendency to accept lives at
ordinary rates under Endowment Assurances which would not be
admitted under the whole life seale; or, if a surcharge be made, to
rate the life for caleulating the Endowment Assurance premium at the
same age as would be applicable for a whole life poliey. Now, except
in comparatively rarve instances the reasoning here is totally incorreet,
as will, I think, be made clear to you by the following two small
diagrams.

IMAGRAM A
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the dotted line in diagram B. If the ground of ohjection accord with
this assumption well and good : the effect of cutting short the Table
at age 60 will not be to injure the office.  Butif the cause of ohjection
be an apprehended imminent risk as depicted by the dotted line in
diagram A, what then? Why we have only been paid for the little or no
extra risk depieted in diagram B, whilst we have borne the large extra
risk of diagram A, and the office must therefore stand to lose considerably.
For if the assured die in the term, the claim must be paid. If he
survive the term of the policy, which is also the term of the risk, he
likewise takes away the sum assured without waiting to help recoup
the office for the early claims, as a whole life policyholder would do.

Without going further, I think there are sufficient reasons here for
regretting, in the interests of the life offices, that there is a tendency
in the present day to forsake the whole life policy for the Endowment
Assurance. Indeed, it is a great question whether it will not in many
cases act disastrously for the family of the Assured the money being
spent or wasted in his lifetime instead of being carefully harboured for
after necessities,

Unfortunately facts remain and we must face them. Within
proper limits it is our duty to meet the increased and increasing
demand for this form of Assurance, taking care only that the principles
upon which the business is conducted are sound, and like the great
leading principles which have made the old-fashioned forms of
Assurance so successful, conducive to the mutual interests of both
Assurers and Assured.

36. Con- I fear that my remarks have extended beyond the
SiRpion, limits we first contemplated ; and I am painfully
conscious of being open to your eriticism on the ground of having been
at once diffuse and wanting in thoroughness where it might have been
more profitable to give fuller explanations within narrower limits.
Some, in fact, may be inclined to remind me of Pope's admonition—

“ A liile learning is a dangerous thing ;

Drink deep or taste not the Pierian spring :

There shallow draughts intoxicate the brain

And drinking largely sobers us again.”

Still, if I have endeavoured to show that there are many exact
problems which a very moderate exercise of our abilities will enable
us to solve, I hope I have also succeeded in suggesting that there are
many general questions, especially those relating to Valuations, Bonuses,
Surrender-Values, and Endowment Assurances, which, though often
simple on the surface and interesting to discuss in an elementary way,
are yet extremely complicated in their ultimate bearings. In regard
to such we must try to = drink largely ” ; and in any case it behoves
us all, as ambassadors to the public of honourable institutions, to
exercise a wise care, so that no hasty or incorrect generalisation,
no unfair argument, no ungenerous eriticism, no ill-founded suggestion
may prejudice the general cause in of which we all have =o

great an interest. %
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NOTE ON THE USE OF LOGARITHMS.

THE integer part of a logarithm is called the fnder, or Characteristic ;
the decimal part is called the Mantissa.

In seeking the logarithm of any four fizures, find by inspection in
the following table the manfissa for the first three figures. To this add

the numher found in the “ Proportional Parts * columns in respect of
the fourth figure.

The Index of the logarithm of any number greater than 1 and less
than 10 is 0. For instance, log 6-:422 = 0-8076. The indices for other
numbers derived from the same figures depend on whether 6:422 is
taken into positive or negative multiples of 10, as follows :—

Positive Multiples. Negative Multiples,
For log 6422, Index is 1. For log ‘6422, Index is —1, written 1
BB e gt COBEE g =8 o R
. 0422 o 3. » 006422 -3 . B

It is important to note that the mantissa is always positive. It is
only the inder that may be positive or negative. For example, divide
the logarithm 1-2164 by 2. The quotient is not - -6082. The
logarithm should be mentally altered to —2 4 1:2164 ; and this, when
divided by 2, gives the correct quotient, viz., — 1+ 6082 or 1-6082,

To find the number corresponding to a given logarithm, the Table
of Logarithms may be used in the reverse manner; but a table of
anti-logarithms, if available, is easier. The latter table is * entered ”
(as it is called) with the first three figures of the mantisse of the given
logarithm, and to the result is added, as before, the amount for the
fourth figure found under * Proportional Parts.” The inder of the
given logarithm is then used to determine the place of the decimal point
in the result, according to the rule already stated for ascertaining the
inder from a given number.

From elementary algebra we know that when numbers having the
same Toot are to be multiplied or divided, the indices or exponents are
added or subtracted respectively. Logarithms having the same base
are strictly analogous ; so that when numbers have to be multiplied or
divided their logarithms are simply added or subtracted. Involution
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and Evolution may be fegarded as extensions of multiplication and
division. For example, 9" means 9 x 9 x 9 x 9, or the logarithm of 9
added four times. These remarks will help to explain the following
rules :—

1.—To multiply together fwo or more nwmbers.

Add together the logarithms of the several numbers, and the
sum will be the logarithm of their product.

9 —To divide one number by another.

Subtract the logarithm of the divisor from that of the dividend,
and the remainder is the logarithm of the quotient.

3.—To find any power of a given nuwmber.

Multiply the logarithm of the given number by the exponent

of the power, and the product is the logarithm of the power
required.

4.—To find any root of a given number,

Divide the logarithm of the given number by the index of the
root, and the quotient is the logarithm of the root.

Note,—It may here be explained briefly that common logarithms, having 10 for
a base, are obtained as follows. We know that 102=100. Here 2 is called the
logarithm of 100 to the base 10 ; and as 10°=1, and 10* =10, we have also 0=1log 1,
and 1=log10. Let us interpolate a few other logarithms between these last two.
First find the square root of 10, viz., 3162. This givesus 4/10=10=10%=5162;
whence ‘5=1log 3'162. Then the square root of 3162, which will be the fourth root
of 10, =1778. This givesus 108 =10-25=1-778 ; whence 25= log 1'778.  Similarly,
the cube root of 10 is 2'154, and the ninth root of 10 (being the cube root of 2:154) is
1:201. Thus we have 10{=10-3333=2:154 and 10}=10-2111=1291; whence
‘3333 =log 2'154 and ‘1111 =log 1-291. Collecting these results, we have

log 1-000=0-0000 log 2154=03333
log 1201 =0-1111 log 3'162=0-5000
log 1778 =0-2500 log 10-000=1-0000.

This rudimentary table sufficiently illustrates the prineiples underlying the
construction of a Table of Logarithms, though the computation of a complete table,
to several places of decimals, needs great skill and entails enormous labour. It will
be =een that only the logarithms for numbers between 1 and 10 need be computed,
inasmueh as all other numbers are obtained therefrom by being multiplied into positive
or negative integral powers of 10, such as, for example, 102 = 1000, or 10-3 =001,
giving log 1000 = 30000 and log 001 =30000. In other words, there is in the
case of all such other numbers (under the multiplication and division rules above stated)
an unexpressed additional or supplementary logarithm corresponding to the required
power of 10; and this must always be a positive or negative integer. It will form,
in fact, the index of the completed logarithm, and in no way affects the mantissa.
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