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10 UNITED STATES LIFE TABLES AND ACTUARIAL TABLES

relationships which may, ot first sight, appear some-
what surprising.  For example, figure 2 shows that the
mortality rates for total females are lower than those
for total whites at all ages above 42, notwithstanding
the fact that Negro females show a8 much higher mor-
tality than white males during a large part of this age
interval. This seeming inconsisteney is due to the
fact that Negro and “other races” females form a
much smaller group than white males, so that com-
bining them with white females produces less change
in the mortality rate of the entire group (as compared
with that for white females before the addition) than
if the white males had been added.

Because mortality rates for females are so consistently
lower, age by age, than the corresponding rates for
males, particular interest attaches to the few instances
in which exceptions to this general rule oceur. The
exceptions are found among Negroes at ages 14 to 19,
inclugive, and among “other races” at ages 12 to 34.
In the case of Negroes, further analysis by particular
causes of death shows that the phenomenon is primarily
due to the effect of higher mortality from tuberculosis
among females ot vounger ages. Deaths from puer-
peral causes appear to be a negligible factor at the ages
in question. In the case of “other races,” examina-
tion of data showing a more detailed racial classification
makes it clear that the Indians are almost entirely
responsible for the higher female mortality, as the
Chinese show heavier mortality for males in all age
groups and the Japanese show o very slightly higher
mortality among females in the late twenties only.
In 1940, Indians constituted G6.4 percent of the total
female population excluding whites and Negroes, as
indicated in table G. Here again, an excess of deaths
from tuberculosis among females is the chief factor
involved, but in this case deaths from puerperal causes
exert a significant, although secondary influence.

The rates of mortality for “ other races’ show a further
peculiarity in that they decreaze with increasing age at
ages 24 to 26 for males and at ages 29 to 36 for females.
Both of the peculiaritics mentioned—the higher mor-
tality of females at certain ages, and interruptions in
the steady inerease of the mortality rate—are usually
prominent features of life tables for depressed countries
where the general level of mortality is high, such ns
British India, Japan, and Bulgaria, and they are com-
monly associated with a high tuberculosis death rate,
combined perhaps with a higher mortality from puerperal
couses. It is curious to observe, however, that both
peculiarities have been consistently noted in the life
tables of Canada, o relatively prosperous country
having a level of mortality lower, in general, than that
of the United States. For example, in the Canadian
life table for 1930-1932 the mortality rate of females
exceeds that of males ot ages 23 to 42, and the mortality
rate of males decreases with advancing age at ages 24
to 26. Analysis of deaths by cause indicates that the
higher mortality of Canadian females at certain ages

has been primarily due, as in other countries where this
occurs, to deaths from tuberculosis.  While the over-all
death rate for tuberculosis was, in the period under
consideration, only slightly higher in Canada than in
the United States, the deaths from this eause in Canada
are found to be more heavily concentrated among
females and at the younger ages. '

Comparison with earlier United States life tables.—
Table J prezsents a comparison of values based on the
life tables in this volume with those of earlier United
States life tables. In addition, rates of mortality for
white males and white females are plotted in figures 7
and 8 for five life tables covering the period 1900 to
1941.  Although the life tables for periods prior to
1930 do not cover the entire United States, any possible
geographic variation in the mortality of white persons
could account for only a small part of the spectacular
improvement which the comparizon shows. TIn the 40
years between 1900 and 1940 the average duration of
life increased by more than 14 years for white males and
more than 16 years for white females. The proportion
of persons surviving to age 65 has increased by one-
half, and the rate of infant mortality has declined to
little more than one-third of its value in 1000, Similar
improvement is shown throughout childhood and young
adulthood and, to a lesser degree, in middle age. The
mortality rate at age 40 has diminizshed to less than
half its former value. At older ages the improvement
becomes in proportion progressively less, but the recent
figures are slightly lower even at the oldest ages shown.
The improvement is more marked in the case of females,
and remains substantial in amount to a later age
than for males,

In the case of Negroes, only the 1029-1031 and 1939—
1941 life table values are shown, since the life tables
for Negroes show a considerable geographie variation
(perhaps due as much to geographic differences in the
completeness of registration of Negro deaths as to
actual differences in mortality) which makes it inad-
visable to present any comparisons not involving
identical areas. However, even in the 10-year period
between 1930 and 1940, the improvement is striking,
the average duration of life of Negroes having risen
during the decade nearly 5 years for males and more
than 6 years for females.

Figure 7 calls attention to one rather curious feature
which calls for special comment. This is the low level
of mortality above age 45 in the life table for white
males in 1919-1921 in the death-registration States of
1920. From age 52 to 69, the rates of mortality in
this life table are actually lower than those of the
1939-1941 table for white males in the United States.
The years 1919 to 1921, coming immediately after the
influenza epidemic of 1918, were years of unusually
low mortality, probably because many persons who,
under ordinary cireumstances, would have died in these
3 years actually died in 1918. These conditions, of
course, affected both sexes and & muech broader range





















UNITED STATES LIFE TABLES AND ACTUARIAL
TABLES, 1939-1941

PART 1
INTRODUCTION

Plan and scope of this volume

The life tables in this volume are based on the 1940
eensus of population and the deaths of the 3-year period
1939-1941. Separate life tables have been prepared for
each sex for each of three racial groups: white, Negro,
and other races. This is the first time official life tables
have been prepared for races other than whites and
Negroes in the United States, Life tables are also
included for the total population of each sex, for the
total population of each racial group without distinetion
by sex, and for the entire population without distine-
tion by race or sex. Each of the 12 life tables is based
on data for the entire continental United States. Also
included are certain actuarial tables derived from the
life tables for white males, white females, and total
whites, to be used in caleulating premiums and values
for life annuities, life assurances, and other monetary
benefits contingent on death or survival. Other sections
give a brief synopsis of the elementary mathematical
theory of life contingencies, ineluding those involving
more than one life; instruetions for using the actuarial
tables, with numerical examples; and a complete nc-
eount of the methods and processes used in constructing
the life tables. Beecause of the increasing interest in the
preparation of life tables on the part of demographers,
public health workers, and other groups, an effort has
been made to render this statement of methods and
processes intelligible fo readers having a reasonable
knowledge of mathematics and statistics, but without
specific actuarial training. For this reason, some of the
explanations will doubtless seem to the actuary un-
necessarily full, and even somewhat tedious. An ap-
pendix, intended primarily for actuaries, explains the
special processes used in the construction of the actu-
arial tables, and certain other technical matters.

Accuracy of the tables

It is well known that the statistics on which these
life tables are based are subject to various errors, the
magnitude of which is, in most cases, difficult to esti-
mate with precision. These errors, whether found in
statistics of populations, deaths, or - births, fall into
two general classes: (1) incompleteness or underenu-
meration, and (2) incorrect reporting of some of the
pertinent information, such as age, race, or sex. Very
little specific information is available as to the extent

of incompleteness of reporting, except in the case of
birth statistics.! However, it is believed that the un-
reported cases constitute, in general, a small percentage
of the totals involved, except in the case of data for
very young children (including births). In the latter
case, a serious attempt has been made to introduce a
suitable correction in the process of construeting the
life tables* Tt should be mentioned also that when
death statistics are related to the corresponding popu-
lation data, as in the computation of rates of mor-
tality, any incompleteness in the enumeration of the
population tends to offset whatever deficiency may
exist in the reporting of deaths. It is believed, there-
fore, that errors of incomplete reporting are not likely,
in general, to be of sufficient magnitude to seriously
affect the life table values for white persons. How-
ever, there 18 some indication that in the rural areas of
the South the reporting of Negro deaths may be appre-
ciably less complete than the enumeration of Negroes
in the census? Since 49 percent of the total Negro
population is found in the rural parts of the South, it is
possible that mortality rates for Negroes may he some-
what understated. There is a more serious possibility
of error in the case of the group of “other races” which
includes Indians living on reservations, a class which
presents real difficulty from the standpoint of complete
reporting and enumeration.

Among the errors due to incorrect reporting, those
arising from incorrect statements of age are by far the
most important class, as regards the comstruction of
life tables. These errors in age fall into two general
types: (1) systematic errors, which arise from a pref-
erence for ages ending with certain digits, such as 0, 5,
and the even numbers generally, and (2) errors charac-
teristic of particular ages or periods of life. The sys-
tematic errors are believed to have been largely elimi-
nated in the graduation of the data described in part
V. A typical example of an age error of the second
type would be that described by Wolfenden * as “a
natural inclination to overstate the age until the attain-
ment of majority, and then to understate at adult ages,

1 oo p. 102,

1 Epa pp. 108-108,

177, 8, Burean of the Census, Unlted Stater Abridged Lite Tables, 1535, [ybon and
Rural, by Regions, Coldr, @nd Ser, i 5, Jane 13,

{ Wolfemden, Hugh H, Pepulation Statisfics and Their Compitation {Aofwarial Studies,
No. £, p. 37, Actwiris] Soclety of Amerlea, MNew Yaork, 193
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10 UNITED STATES LIFE TABLES AND ACTUARIAL TAELES

relationships which may, at first sight, appear some-
what surprising. For example, figure 2 shows that the
mortality rates for total females are lower than those
for total whites at all ages above 42, notwithstanding
ihe fact that Negro females show a much higher mor-
tality than white males during a large part of this age
interval. This seeming inconsisteney is due to the
fact tliat Negro and “other races” females form a
much smaller group than white males, =0 that com-
bining them with white females produces less change
in the mortality rate of the entire group (ag compared
with that for white females before the addition) than
if the white males had been added.

Because mortality rates for females are so consistently
lower, age by age, than the corresponding rates for
males, particular interest attaches to the few instances
in which exceptions to this general rule oceur. The
execeptions are found among Negroes at ages 14 to 19,
inclusive, and among “other races” at ages 12 to 34.
In the ease of Negroes, further analysis by particular
causes of death shows that the phenomenon is primarily
due to the effect of higher mortality from tuberculosis
among females at younger ages. Deaths from puer-
peral eauses appear to be a negligible factor at the ages
in question. In the case of “other races,” examina-
tion of data showing a more detailed racial classification
makes it clear that the Indians are almost entirely
responsible for the higher female mortality, as the
Chinese show heavier mortality for males in all age
groups and the Japanese show a very slightly higher
mortality among females in the late twenties only.
In 1940, Indians constituted 66.4 percent of the total
female population excluding whites and Negroes, as
indicated in table G. Here again, an excess of deaths
from tuberculosis among females is the chief factor
involved, but in this case deaths from puerperal causes
exert a significant, although secondary influence,

The rates of mortality for“ other races” show a further
peculiarity in that they decrease with increasing age at
ages 24 to 26 for males and at ages 29 to 36 for females,
Both of the peculiaritics mentioned—the higher mor-
tality of females at ceriain ages, and interruptions in
the steady increase of the mortality rate—are usually
prominent features of life tables for depressed countries
where the general level of mortality is high, such as
British India, Japan, and Bulgaria, and they-are com-
monly associated with a high tuberculosis death rate,
combined perhaps with a higher mortality from puerperal
causzes. [t is curions tor observe, however, that both
peculiarities have been consistently noted in the life
tables of Canada, a relatively prosperous country
having a level of mortality lower, in general, than that
of the United States, For example, in the Canadian
life table for 1930-1932 the mortality rate of females
exceeds that of males at ages 23 to 42, and the mortality
rate of males decreases with advancing age at ages 24
to 26. Analysiz of deaths by cause indieates that the
higher mortality of Canadian females at certain ages

has been primarily due, as in other countries where this
oceurs, to deaths from tuberculosis.  'While the over-all
death rate for tuberculosis was, in the period under
consideration, only slightly higher in Canada than in
the United States, the deaths from this cause in Canada
are found to be more heavily concentrated among
females and at the younger ages.

Comparison with earlier United States life tables.—
Table J presents a comparison of values based on the
life tables in this volume with those of earlier United
States life tables. In addition, rates of mortality for
white males and white females are plotted in figures 7
and 8 for five life tables covering the period 1900 to
1941. Although the life tables for periods prior to
1930 do not cover the entire United States, any possible
geographic variation in the mortality of white persons
could account for only a small part of the spectacular
improvement which the comparison shows. In the 40
years between 1900 and 1940 the average duration of
life increased by more than 14 years for white males and
more than 16 years for white females, The proportion
of persons surviving to age 65 has increased by one-
half, and the rate of infant mortality has declined to
little more than one-third of its value in 1900. Similar
improvement is shown thronghout childhood and young
adulthood and, to a lesser degree, in middle age. The
mortality rate at age 40 has diminished to less than
half its former value. At older ages the improvement
becomes in proportion progressively less, but the recent
figures are slightly lower even at the oldest ages shown.
The improvement is more marked in the case of females,
and remains substantial in amount to a later age
than for males.

In the case of Negroes, only the 1920-1931 and 1939-
1941 life table values are shown, since the life tables
for Negroes show a considerable geographic variation
{perhaps due as much to geographic differences in the
completeness of registration of Negro deaths as te
actual differences in mortality) which makes it inad-
visable to present any comparisons not involving
identical areas. However, even in the 10-year period
between 1930 and 1940, the improvement is striking,
the average duration of life of Negroes having rizen
during the decade nearly 5 years for males and more
than 6 years for females.

Figure 7 calls attention to one rather eurious feature
which ealls for special comment. This is the low level
of mortality above age 45 in the life table for white
males in 1919-1921 in the death-registration States of
1920. From age 52 to 69, the rates of mortality in
this life table are actually lower than those of the
19391041 table for white males in the United States.
The years 1919 to 1921, coming immediately after the
influenza epidemic of 1918, were years of unusually
low mortality, probably because many persons who,
under ordinary circumstances, would have died in these
3 years actually died in 1918. These conditions, of
course, affected both sexes and a much broader range




































22 UNITED STATES LIFE TABLES AND ACTUARIAL TABLES

lived between the indicated birthdays by those reaching
the earlier birthday among the survivors of a cohort of
100,000 live births. Thus, the figure 83,962 for white
males in the year of life 45-46 is the total number of
vears that will be lived between the forty-fifth and
forty-sixth birthdays by the 84 285 (column 3} who
reach their forty-fifth birthday out of 100,000 white
males born alive. The corresponding figure in column
6 (2,180,567) is the total number of years that will be
lived after attaining age 45 by the 84,285 reaching that
age. This number of years divided by the number of
persons (2,180,567 divided by 84,285) gives 25.87 as the
average future lifetime of white males at age 45.

Care must be exercized in drawing conclusions from
the figures in eolumn 7. Thus, observing that the “ex-
pectation of life” at birth is always greater for white
persons than for Negroes, one should not conclude that
the oldest ages reached by white persons necessarily
exceed those attained by the most long-lived Negroes.
The difference in the average length of life is due to the
fact that a greater proportion of MNegroes die before
reaching old age. For example, the number surviving
to age 65 out of 100,000 born alive is far greater among
whites than among Negroes; yvet the average length of
life remaining at age 65 is practically the same for both
races.

Table 15— Subdivisions of the first year of life.—What
has been said about the various eolumms of the life table
applies alzo, with certain obvious modifieations, to the
life table values for subdivisions of the first year of life,
given in table 13. The figures corresponding to age
“2-3 weeks"” for white males may be taken as an illus-
tration. The age interval {column 1) is the period be-
ginning with the exact age 2 weeks and extending up to
the exact age 3 weeks: in other words, the third week of
life. The mortality rate of 1.64 in column 2 means that
out of every 1,000 white male infants alive exactly 2
weeks after birth during 1939-1941 this number, on the
average, died during the following week. The number
living (97,194 in column 3) signifies that thizs many
would still be alive exacily 2 wecks after birth out of the
life table cohort of 100,000 live births, on the assump-
tion that the mortality rates shown in ecolumn 2 have
prevailed during the first 2 weeks of life. The number
dying (150 in column 4) means that out of the 97,194
alive exactly 2 wecks after birth this number would die
during the following week. The figure 1,861 in column
5 indicates that during the third week of life the sur-
vivors of the life table cohort of 100,000 white male
births have lived a total of 1,861 person-years of life.
Or, alternatively, this figure is the number of infants
aged 2-3 weeks in a stationary population of white
males supported by 100,000 annual births and subject
always to the mortality rates shown for white males in
column 2 of this table and of table 5. The figure
6,277,440 in column 6 represents the total number of
person-years of life lived beyond the first 2 weeks of life

by all the 97,194 survivors to the age of exactly 2 weeks
in the life table cohort which started with 100,000 white
male births. Alternatively, it is the entire population
at all ages beyond 2 weeks in the stationary population
already referred to. Finally, the average future life-
time of 64.59 shown in column 7 is the average number
of years lived beyond the first 2 weeks of life by the
97,194 survivors to the age of exactly 2 weeks in the
life table eohort.

Use of life tables in estimating and forecasting popula-
tions

One of the most important applications of life tables
in demographic research is their use in estimating the
age distribution of a population on a given postcensal
date. In particular cases, this may be either a past,
prezent, or future date. While an exhaustive discussion
of the subject would be beyond the scope of this vol-
ume,’ an outline of the general procedure will be given.
Basically this consists, in the usual method of population
projection, in multiplying the number enumerated at
each age in the ecensus by a survival rate derived from a
life table, in order to obtain the estimated number of
survivors on the given date. It is usually most appro-
priate to obiain the survival rates from the L. ecolumn
of the life table (column 5 of the tables on pp. 26 to 49).
For example, suppose that in a certain group of white
males there were enumerated, in the 1940 census, 32,000
at age 47 on the last birthday, and that it is desired to
estimate the number of survivors just 6 years later
(that is, on April 1, 1946), on the supposition that the
mortality during the 6-year period will be approximately
the same as that indicated at the ages in question by
the 1939-1941 life table for white males. Now the
original group of 32,000 presumably included persons
at all ages between exact age 47 and exact age 48, and
was, therefore, similar in its age composition to the
group at age 47 on the last birthday in the stationary
life table population, which numbered 82 568, Now,
since the hypothetical life table population does not
change with the passage of time either in its total
number or in its age composition, the survivors 6 years
later of this group of 82,508 would be merely the number
at age 53 in the life table population, which is 76,953,
Therefore, the survival rate to be applied to the group
of 32,000 is 76,953 divided by 82,568, which is .93200;
and the estimated number of survivors is 32,000
multiplied by 93200, which gives 29,824. In algebraic
terms, the L., persons aged r+6 in 1946 are the sur-
vivors of the L, persons aged z in 1940. Therefore, the
survival rate to be applied to the population at age =
T PR

If migration during the 6 years is thought to have
been a significant factor, it is of course necessary to

! For o detailed diseussion of the subject, see- Kutimates of Fulure Population of the
Urnited States, IRL0-8000 (prepared by Waren 8, Thompson amd F, K. Wholjpton, and
banesd by the Matlonal Resourss Planning Board), Government Printing OfBes,
Wishington, I, O,, 148,
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obtain some information or to make some assumption
as to the number and age composition of the net mi-
grants each year, and to adjust the number of survivors
accordingly.

Estimation of the populations at ages under 6 on
April 1, 1946, would require a knowledge of the number
of births during each of the 6 years. For example, sup-
pose 51,000 white males entered the group through
birth during the year April 1, 1943, to April 1, 1944,
On April 1, 1946, the survivors of these births would be
between exact ages 2 and 3. Now, in the life table
population, the number of births during any year is the
radix ? of the life table—in this case, 100,000—while the
number of survivors on a date just 2 years after the end
of the year in which the births oceurred would be
merely the number at age 2 in the life table population
(or 94,592 in column 5). Therefore, the survival rate to
be applied to the 51,000 births is 94,592 divided by
100,000 which is .94592; and the estimated number of
survivors is 51,000 multiplied by .94592, which gives
48,242, In algebraic terms, the survival rate to be
applied to the births of the nth year preceding the date
of the estimate is L,.,/l,.

In the original example of the 32,000 enumerated at
age 47, suppose it had been desired to estimate the
number of survivors 6 months later, on October 1, 1946.
These individuals would then be at ages ranging from
exact age 534 to exact age 544, Now the number of
persons between these ages in the life table population
is approximately T (column 3): that is, the number of
survivors to age 54 out of the life table cohort of 100,000
live births, as indicated in column 3. In this particular
case, the figure is 76,380. Therefore, the survival rate
to be applied is ly/Ly;, or 76,380 divided by 82,568,
which is .92506; and the estimated number of survivors
is 32,000 multiplied by 92506, which gives 29,602,

If the population data are given in 5-year age groups,
or can be combined into such groups, it is possible to
shorten the arithmetic with very little loss of accuracy
by using an average survival rate for each 5-year age
group as & whole, Thus, the survival rate over a 6-year
period for the age group = to z-44 would be
(Teie— Toqu)+(T:— Toyy).  Other situations which may
arise can be dealt with along similar lines,

The life table as a frequency distribution

The ages at death in the hvpothetieal life table cohort
(s shown in column 4 of the life tables on pp. 26 to 49)
constitute a frequency distribution. In the following
discussion, the case of the life table for white males
(table 5) will be taken as an illustration, but the remarks
to be made will apply equally to all the life tables, ex-
cept for some difference in the ages and numerical
values quoted. The frequency distribution based on
the white males life table is exhibited graphically in

A The redic of & Hie table is the number of hirths with which the iife tahle cohorg
beging, or, in algobeaic terma, the valuwe of ls. In the fable on pp. 26 to 49, this is
showan in column 3 opposite the year of age 0=1, wnd is always 100,000,

figure 11. Perhaps the most obvious characteristic of
this distribution is that it is bimodal: that is, it has two
modes or maxima, one in the year of age 0-1 and an-
other in the year of age 75-76. The mode at age 0-1
is the higher, more deaths oceurring in this than in any
other single year of age. It is also clear that the fre-
quency distribution iz decidedly skewed toward the
left: that is, the frequencies rise very gradually from the
“trough” at age 10 to the “peak’ at age 75, and then
drop off sharply above age 75. The arithmetic mean of
the distribution is the average age at death in the hypo-
thetical cohort, or in other words, the average duration
of life. Its value in this case is 62.81 years (column 7
of the life table). It is clear that the value of the arith-
metic mean is very much influenced by the large num-
ber of deaths in the first year of life. If the deaths
oceurring in the first year were excluded from the dis-
tribution, the average age at death of the remaining
05,188 individuals would be one plus the average future
lifetime at age 1: that is, 65.98 years. This represents a
difference of more than 3 vears in the value.

The median of the distribution (that is, the value
which has the same number of elements on either side
of it) is the median length of life, or probable lifetime,
another possible measure of longevity to which refer-
ence was made in part 1.* Since the distribution of
ages at death in a life table cohort is always character-
ized by a greater dispersion below the median value
than above it, the median always exceeds the arith-
metic mean. In the particular case under considera-
tion, the median is 68.67 years, which exceeds the mean
value by 2.60 years.

In part I the longevity of different subdivisions of
the population was compared also by means of a third
criterion, the number of persons surviving to specified
ages in the hypothetical eohort. Which of these is
the better measure of longevity is a question that
cannot be answered categorically. The answer per-
haps depends primarily on the purpose such a measure
is intended to serve. Certainly no one figure can con-
tain within itself all the information which is provided
by the complete frequency distribution.

In view of the pronounced skewness of the distribu-
tion, it may be felt that the arithmetic average is not
sufficiently representative. The layman, in inquiring
what is the “life expectancy™ of a newborn infant,
probably has in the back of his mind the idea of an
age to which the infant has a reasonably good chance
of surviving. If he is told that the infant’s “expecta-
tion of life” is 62.81 years, he may be surprised to be
told later that more than 62 percent of white male
infants alive at birth outlive their expectation of life
while less than 38 percent die before reaching that age.
The alternative statement that 68.67 years is the prob-
able lifetime, the age to which the infant has a fifty-fifty
chance of surviving, is probably a more satisfactory
answer to the layman’s question.

15w p. 3.


























































































































































































PART IV
MATHEMATICAL THEORY AND USE OF THE ACTUARIAL TAELES

It is the purpose of part IV to explain and illustrate
the use of the actuarial tables in part III, and to present
enough of the underlying mathematical theory to enable
the reader without actuarial training to grasp the gen-
eral import of theze tables and to understand some of
their simpler applications. For the convenience of
such readers, the synopsis of mathematical theory has
been. placed before the technical explanation of the
arrangement and use of the tables.

The section dealing with the mathematical theory
assumes only a knowledge of elementary algebra, and
covers only the formulas for net values of the most
simple types of life annuities, and net premiums for the
most simple types of life assurance benefits, including
some annuities and assuranees involving two or more
lives. No consideration is given to the important sub-
ject of policy values (reserves).

A. GENERAL MATHEMATICAL THEORY

Compound interest

If a sum P is invested at compound interest at the
rate i (that is, 100§ percent) compounded annually, the
amount accumulated at the end of 1 year is P{1-41).
The amount at the end of the second year is P(14-1)
multiplied again by (141): that is, P({1-4i)%. In
general, the amount at the end of n years is P(1-41)"

The present value, on the basis of compound interest
at the rate 4, of a sum A due n years hence, is that
amount which, if available now, would accumulate to
exactly the sum A in n years by the addition of com-
pound interest at the rate 1. In other words, it is an
amount P, such that P(1-+4)*=A. Solving for P gives:

P=A(14-{y"=As
where the symbol ¢ is used to stand for (1-1)~".

Pure endowment

A pure endmpment on the life of a specified individual
is an agreement to pay a stipulated sum on a designated
future date, called the maturity date, provided the
specified individual is then alive. If each of I, indi-
viduals, all exactly at age x, purchases an n-year pure
endowment of one unit, the total cost being shared
equally at the time of issue, payments will be made at
the end of the n vears to I, persons, and the total
present value of these payments is v, If E,
denotes the net single premium for the pure endow-

ment: that is, the amount which each of the I, individ-
uals will have to pay, then,

_ s
IE:_'T {”
Annuities
An annuity is a series of payments made at equal
intervals and econtinuing during the existence of a
given status.  Unless otherwise specified, the payments
are assumed to be equal in amount. An ennuify
gertain is one in which the payments continue for a
specified period of time, regardless of any other con-
tingeney. A life annuity is one in which each payment
is contingent on the continued survival of a designated
individual, called the annuitent. In a whole life
annuity, the payments continue during the entire life-
time of the annuitant. Under a temporary life annuity,
a maximum period of time is specified, beyond which
the payments are not to continue, even though the
annuitant be alive. The valye or present value of an
annuity is the sum of the values of all the individual
payments, each discounted (or, in some cases, sccu-
mulated) at compound interest to a specified date,
called the raluation date. In the case of a life annuity,
valuation also implies the assumption that similar
annuities have been issued to a large number of persons
all at the same age and subject throughout the duration
of all the annuities to exactly the rates of mortality of a
specified life table; and further that the total fund is
contributed (or shared) equally by all the anmuitants
alive on the valuation date. If the first payment is
made exactly one payment interval after the valuation
date, the annuity is called an immediate annuity. If
the first payment is made at a later date, it is called a
deferred annuity. If the first payment is made on the
valuation date, it is called an annuity-due. 1f the last
payment is made prior to the valuation date, it is
called a forborne annuity. A concrete illustration of
the forborne annuity is provided by the tontine fund,
to which a group of individuals contribute regularly
until the end of a specified period of years (or until
prior death), the accumulated fund being then divided
equally among the survivors on a designated date.

Temporary life annuity
Each payment of a life annuity can be regarded as a
pure endowment; or, in other words, a life annuity can
be regarded as the sum of a number of pure endow-
8BS
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where d denotes the rate of discount corresponding fo the
inferest rale assumed.

The rate of discount may be defined as the annual
amount of interest per unit of principal when interest is
payable at the beginning, rather than the end of each
year. It is given by the relations:

d=i/(1+1)=iv=1—p

This general proposition can be demonstrated as
follows. If one unit is invested so as to earn interest
at the rate ¢+ per annum, the amount 1 will be received
at the end of each year. However, il arrangements
could be made to receive the interest at the beginning
of each year rather than at the end, the amount reccived
each year would be the present value of § due 1 year
henee: that is' iv=d. Suppose that one unit is in-
vested, under the latter arrangement, during the con-
tinuance of the given status, with the understanding
that the unit invested will be withdrawn at the end of
the year in which the given status terminates. Then
it may be considered that an immediate down payment
of one unit has purchased two distinet benefits, namely:

(1) an annuity-due of d per annum during the
continuance of the given status, and
(2) the right to receive one unit at the end of the
vear in which the given status terminates,
It should be clearly understood that the unit originally
invested does not become available for withdrawal
until the end of the year in which the status terminates
because the interest paid in advance at the beginning
of that year is not fully earned until the end of the year.
Now the present value of benefit (1) is, by hypothesis,
da, while that of benefit (2) is 4. Since the initial
pavment must be equal in value to the benefits pur-
chased by it, it follows that

l=da+A

Upon transposing, this gives at once the equation (6).

A simple illustration is the case in which the given
status is the survival of a specified life (z). In this
ease, formula (6) becomes

Ar=1—da,=1—d(1+a,)

Similarly, when the status is the joint existence of two
lives (z) and (y)
AI'Z l -JEI +“:y‘]

If the given status is the survival of (z) during a period
of n years only, the formula gives:

A= —di.‘l,,. =1—d(1 + =)

If the status in question is the survival of any one or
more of three lives (x), (y), and (2), the relation is:

Aga=1=d(1+agz)

Other examples appear among the formulas of table R.
i 50 P B5.

fied individual whose age is z.
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As a practical illustration, consider the following
situation: A certain estate includes a property of value
P, which yields an annual income f. Under the terms
of the will, one of the heirs, (z), is to receive the income
during his lifetime. After the death of (z), another
heir, (y), if then alive, is to receive the income as long
as he lives. At the death of the survivor of (z) and (y),
the title to the property is to pass to a third heir, (),
or to the estate of (z) if he is not then alive. The
problem is to determine the present value of the inter-
ests of (z), (), and (2) in the property.

It is obwvious that the value of (x)'s interest is Ja,, and
that the value of (y)’s interest is Ja;,. The value of
the combined interest of (z) and (y) is J{a;+ . )=Jaz.
On the assumption that the income is receivable
annually at the end of the year, (z) will receive, at the
end of the year in which the survivor of (z) and (y) dies,
1 year's income in addition to the property itself: that
is, o total value of P+JI. Therefore, it follows from
the general principle stated on page 89 that the present
value of (2)’s interest s (P4I)[1--d(1+4a5)], where
d=i=(1-41), and 7 represents the ratio I+=P. As a
check on the consistency of these results, the value of
the combined interest of (), (¥), and (z) can be written

as
(P+I)—I(1+az)=P

since P4+TI=P(1+1), (1+i)d=i, and Pi=I. This
shows that the present value of the combined interest
of all three heirs equals the value of the property, as
would be expected.

Formulas for joint life benefits

Table B provides a reference list of formulas for net
values of the more common types of joint life benefits
in terms of joint life annuities and joint pure endow-
ments. In using this table, it may be helpful to realize
that the symbols used to denote net values of the
different types of benefits are not merely arbitrary but
follow definite rules. The symbol (z) denotes a speci-
The italic "a" indicates
the present value of an immediate annuity ; the Roman
“a,” of an annuity-due; and the capital “A,” of an
assurance. The subszeripts to the right of these sym-
bols denote the ages of the lives during whose continued
existence the annuity is to be paid, or upon whose
death the assurance is payable. Unless otherwise
indicated, the annuity terminates, or the assurance
becomes payable, upon the occurrence of the first
death among the group of lives indicated. A subscript
with an “angle’ (7]) placed over it denotes not an age
but a ferm eertain: that is, a specified period of years
commeneing at the date of the contract. For example,
the subscript “12]" in the symbol agp denotes a
12-year period starting at the commencement of the
annuity, The entire symbol represents the present
value of an immediate annuity of one unit per annum
to terminate as soon as (35) dies or as soon as (12])
“dies,” whichever occurs first. From this point of
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view, the end of the 12-year period starting from the
commencement of the snnuity i1s regarded as the
“death” of (12]). Similarly, A denotes the net
gingle premium for an assurance of one umit pay-
able upon the occurrence of the first “death” among
(35), (53), and {1_2]}. In other words, if either (35) or
(53) dies within 12 years from the date of the contract,
the assurance is payable upon the first death; other-
wise, the payment is made upon the “death” of (12)):
that is, at the end of the 12-year period. This shows
why the addition of the subseript “n/” to an assurance
symbol indicates (unless the symbol is otherwise
modified at the same time) an endowment assurance
rather than a temporary assurance. These principles
are illustrated by formulas 11T, X111, and XV of table R.

The notation “,|" preceding an assurance or annuity
symbol indicates that the benefit in question is deferred
n years. For example, i3] As . denotes the net single
premium for an sssurance of one unit payable on the
oceurrence of the first death among two lives now aged
35 and 53, provided such death occur after the expira-
tion of a period of 12 years from the date of the contract.
This notation is illustrated by formulas IT and X1V of
table R.

A horizontal bar placed over a group of subscripts
representing ages denotes the last survivor of the
corresponding group of lives, For example, Asss
denotes the net single premium for an assurance of one
unit payable on the death of the last survivor of three
lives now aged 35, 53, and 67, and asgz denotes the
net present value of an immediate annuity of one unit
per annum which terminates either on the death of a
life now aged 24 or on the death of the survivor of
two lives now aged 35 and 53, whichever occurs first.
This notation is llustrated by formulas IV to XII and
XVI to XIX of table R.

A vertical line separating into two groups the sub-
seripts to the right of an annuity symbol indicates that
the annuity is to commence at the death indicated by
the subseripts which precede the wvertical line, and is
to terminate at the death indicated by the subscripts
which follow the vertical line. For example, asmisu
denotes the net present value of an annunity of one unit
per annum to commence on the death of the survivor
of two lives now aged 35 and 53 and to terminate on
the death of either of two lives now aged 24 and 67,
whichever oceurs first.  Of course, if either of the latter
two lives should predecease the survivor of the first
two, no payments would be made under the annuity.
Similarly, @us/5% denotes the net present value of an
annuity of one unit per annum to commence on the
death of either of two lives now aged 35 and 53, which-
ever occurs first, and to terminate on the death of the
survivor of two lives now aged 24 and 67. If the
survivor of the latter two lives should predecense both
the first two, no payments would be made. This
notation is illustrated by formulas XX to XXIV of
table R. It will be noted that the table does not con-
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tain & formula for last survivor annuities analogous to
formula 11 or a formula for last survivor assurances
analogous to formula XIV. This is because such
formulas do not hold.®

The symbol which represents the net single preminm
for a joint pure endowment (formula I of table R) fol-
lows somewhat different principles. The main part of
the symbol is a capital “E.” The subscript to the left
of the “E” denotes a period of years starting from the
date of the contract, at the end of which (if at all) the
endowment is to be paid, while the subseripts following
the “E" represent the ages of the various lives who
must all survive the stated period as the necessary
condition for payment of the endowment. For ex-
ample, ;2P denotes the net single premium for a
contract to pay one unit at the end of 12 years if three
lives now aged 35, 53, and 67 are all alive at that time.

Formulas for temporary assurances are not given in
table R. In any given case, the net single premium
for a temporary assurance is obtained by subtracting
the corresponding pure endowment premium from the
corresponding endowment assurance premium.

B. ARRANGEMENT AND USE OF THE
ACTUARIAL TAELES

Elementary values

In using actuarial functions derived from a life
table, it is highly desirable to have the various mathe-
matical relationships between the different functions
hold as precisely as possible. Since the commutation
columns, from which most other actuarial functions are
derived, are based directly on the I; and d; columns, the
desired mathematical consistency is most readily ob-
tained by regarding I, (rather than g.) as the basic
column of the table and deriving the others from it.
This has been done in the tables of elementary values
included with the actuarial tables (tables 14, 25, and

- 38), with the result that many of the values shown in

these tables differ very slightly, in the case of white
males and white females, from the corresponding fig-
ures in the life tables of part IT (tables 5 and 6). A
detailed statement concerning these differences is
given in the appendix ® in connection with the account
of methods of construction of the actuarial tables.
The values given in the makehamized mortality table
for total whites (table 38) naturally differ to s much
greater extent from the eorresponding values in the life
table previously given (table 4), since the makehamized
table constitutes a different graduation of the data.
In all three cases, the tables of elementary ‘values
included with the actuarial tables give the rate of
mortality on a unit basis (rather than a “per 1,000"
basis), for convenience in making mathematical caleu-
lations. The average future lifetime and the funetions

I Spurgeon, E, F., Life Contingencier, thind edition, pp. 36708, Cambridge
Tniversity Press, London, 1038,
500 p. 137,
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relating to the stationary population are not shown;
however, two additional functions are given which
did not appear in the life tables of part II. These are
the probability of survival p, and the force of mor-
tality u.. '

The probability of survival, or survival rate, is the
complement of the rate of mortality ; in algebraic terms,
p;=1—g,. In other words, it iz the proportion of
individuals at a given exact age who survive exactly
1 year.

The foree of mortality, or instantaneous rate of mor-
tality, at age z “represents the annual rate at which the
community under review is dying at the moment of
attaining age z.”"7 [Expressed in slightly different
language, it is “the proportion of persons of that age
who would die in a vear, if the intensity of mortality
remained constant for a year, and if the number of
persons under observation also remained constant, the
places of those who die being constantly oceupied by
fresh lives.” ® In the language of mathematics, , is the
negative of the derivative of I, with respect to z,
expressed as a ratio to I itself. The values of the foree
of mortality are useful in evaluating annuities and other
benefits involving two or more joint lives, as will be
explained later.” In the case of the makehamized
table, the radix has been taken as 1,000,000 rather
than 100,000 in order to retain one more significant
figure and thus take full advantage of the additional
smoothness resulting from the Makeham graduation.

Use of the actuarial tables in caleulating single life
annuity values and net premiums for life insurance
benefits

The actuarial tables based on the life tables for white
males and white females (tables 14 to 35) provide the
means of caleulating all values ordinarily required for
actuarial purposes, on the basis of the five interest rates
for which tables are given. The commutation columns
(tables 15 to 19 and 26 to 30) are purely mathematical
devices which represent steps in the computation of
annuity values, net premiums, policy values, and other
nctuarial figures. Their usefulness lies entirely in
shortening the arithmetic: they are not susceptible of
any concrete interpretation whieh is useful in other than
exceptional cases. In using the tables of commutation
functions, the reference lists of formulas given in tables
P and Q (pp. 87 and 88) may be helpful.

Net values of immediate whole life annuities and
net premiums for whole life assurances have been
caleulated, and are given in tables 20 to 24 and 31 to
35. These are the simplest forms of annuity and
assurance, respectively, and correspond to the formulas

1 Ansiralis Census Buresn, Census of the Commonseealth of Ausfralia, Srd April.
1811, vol, 1, Stediicien’s Report, p, 319, MeCarren, Iird aud Co,, Melbourns, 1917-
The definitln quoted was written by Bir Oeorge Knibbs, Commonwealth Statis-
thedan,

i King, Qeorge, Imatitule of Aciuarles’ Test Book of the Principlea of Inberest, Life
Annuities, ond Asurances, and Thelr Progficel Applicefion, Part Ii, Life Contin-
pencies, second edition, p. 24, Charles and Edwin Layton, London, 1902,

" Bew p. 9L
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appearing in line number I of tables P and Q. For-
mulas for dealing with varyving annuities and assurances,
and other benefits of a more complicated character,
will be found in the standard textbooks on actuarial
theory.!

The use of tables 14 to 35 and the application of the
formulas given in tables P and Q are illustrated by the
following numerical examples.

Erample | —Find the present value at 2 percent
interest of an immediate whole life annuity of $400 per
annum payable to a white female now aged 63,

Solution.—As this is an immdeiate whole life annuity,
it is not necessary to employ commutation columns,
and the present value per dollar of annual payment can
be obtained directly from table 31. There it is found
that the value in question is $11.9366 per dollar of
annual payment. Multiplying this figure by 400
gives £4,774.64 as the total present value of the annuity.

Ezample 2—Find the present value at 3 percent
interest to a white male now at age 41 of a deferred
life annuity of $1,200 per annum, the first payment to
be made at age 65.

Solution.—As this is & deferred whole life annuity,
formula number V in table P is the correct one to use,
As the first payment is made at age 65, z-+m-+1=65,
while z=41. Therefore the total present value is:

31,200;'1-
41
Table 17 shows that Ng=86,352.4 and D,=25725.
Substituting these values in the above formula gives
$4,028.10 as the total present wvalue of the deferred
annuity.

Fromple 3.—Find the net annual premium for a
whole life assurance of $2,500 on a life aged 37 on the
bagis of 1930-1941 mortality of United States white
males at 2Y percent interest.

Solution.—The net annual premium per dollar of
insurance is taken directly from table 21, the value
being $0.02118. Multiplying by 2,500 gives 252.95
as the total net annual premium.

Erample 4.—Find the pet single premium at age

"43 for a 20-year endowment assurance of $5,000 on

the basis of 1930-1941 mortality of United States
white males at 2 percent interest.

Solution.— Applying the formula in line number VI
of table ) gives for the net single premium:

Ma—Mu+Da
5,000
$5, T ]

Reference to table 15 shows that M,=21,532.60,
My=13,805.08, Dy=36,463, and Dgy=17907. Sub-
stituting these values in the above formula gives
£3,515 as the total net single premium,

® Meage, Walter 0., and Glover, Fames W, An Iatrodudica té the Maikemalics of
Life Inswrance, The Macmillan Co., Wew York, 1985 Mackenzie, M. A., and Shap-
pard, M. E,, An Infreduction ta the Theery of Life Contingencler, The University of
Tareaito Pros, Tofonts, 10315 Spurgean, op. off.
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Use of the actuarial tables in evaluating joint life
annuities

The calculation of the values of joint life annuities
is greatly facilitated when it is possible to use a mortality
table which follows the mathematical formula known as
Makeham’s law." A Makeham graduation of the life
table for total whites in the United States in 1939-1941
has been prepared and appears as table 38, page 80.
Tables 36 and 37, and 39 to 42 also contain values
relating to or derived from this mortality table. The
life table for total whites was used for this purpose,
rather than the separate tables for white males and
white females, because it appeared that joint life values
based on the total white population would be useful
for certain purposes, and because serious technical
difficulties were encountered in attempting to graduate
by Makeham's law the separate life tables for males and
females.® On pages 97 to 99, a method is given by
which the values of joint life annuities based on the
life tables for the separate sexes can be closely approxi-
mated.

The simplification in the calculation of joint life an-
nuity values resulting from the use of a mortality table
which follows Makeham’s law arises from the fact that
it is necessary to tabulate only the values of joint life
annuities on lives of equal age. This is feasible because
it iz easy to determine from any given set of m ages,
x, Y, 2, ete., an “equivalent equal age,” w such that a
joint life annuity on m lives all at age w has the same
value as a similar joint life annuity on m lives at the
ages originally given. For example, on the basis of the
makehamized mortality table included in this volume, it
is found that a joint life annuity on three lives aged 27,
38, and 43 is equal in value to a joint life anmuity on
three lives all aged 37.75 years. Tables 39 to 42 give
the values of immediate whole life annuities for single
lives, and for two, three, and four joint lives of equal
age, with interest at 2, 2%, 3, and 4 percent.

The most generally applicable method of arriving at
the equivalent equal age involves the force of mortality.
A mortality table which follows Makeham's law has

the property that the value of the force of mortality.

at the equivalent equal age corresponding to a given
set of ages is exactly the arithmetic average of the
values of the force of mortality at the given ages. For
example, in the illustration previously given, suppose
it is required to find the present value at 2% percent
interest, on the basis of the makehamized mortality table
given in this volume, of an immediate joint whole life
annuity of one per annum on three lives aged 27, 38,
and 43. Reference to the last column of table 38 shows
that pn=.00212, uyx=.00385, and pu=.00540. Adding
these three values and dividing by 3 gives p,=.00379,
where 1w denotes the equivalent equal age. Since
py=.00361 and p,e=.00385, it is clear the w is an age

1 Also called Makeham®s first modflestion of Qempeste’s law,
17 Bgu p, 158,
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between 37 and 38. In order to determine the exact
fraction, interpolation is used. Thus,

00379— 00361 _ ..
~00385— 00361 '

g0 that w=37.75. Therefore,

Cgrap=Ogr ear Tear. 0

Now, table 40 shows that @y 4,=106.2201 and du55.99=
15.8127. Iﬂtﬂpﬂlﬂtiﬂn gii"ﬁﬂ: ﬂg;,“m_ﬂ=nlﬂ.=lﬁ.2ml—
J75(16.2201 —15.8127)=15.9146, which is the desired
result.

When there are only two lives, it is more accurate,
and usually meore convenient, to use the prineciple of
uniform seniorily, as embodied in table 37. For example,
lot it be required to find as a6t 3 percent interest.
The difference between the two apes, 35 and 51, is
16 years. Upon entering table 37 with this difference
of 16 years, 10.622 years is obtained as the addition
which must be made to the younger age in order to
obtain the equivalent equal age. Adding 10.622 to 35
gives 45.622. Reference to table 41 shows that

(gs01 = G sa2.48 a2 = 14.2012—
622 (14.2012—13 8180)=13.9628

The other method, using the values of u., would give
pe=4%(.003204.00986)=.00653, whence w=45.604, and
Tanmn =y soaseos=13.9697. The difference in the re-
sults is due to the fact that linear interpolation between
the values of u, is a less accurate means of finding the
equivalent equal age than the table of uniform seniority.

It is also possible to deal with four lives by repeated
applications of the principle of uniform seniority. For
example, if the ages of the four lives are 23, 35, 30, and
57, it is found from table 37 that the equivalent equal
age corresponding to the two ages 23 and 35 is 30.523,
while that corresponding to ages 39 and 57 is 51.258.
Now the difference between 30.523 and 51.258 is
20.735, and interpolation gives 14.575 as the addition to
be made to the younger age. Adding this quantity to
30,523 grives 45.008 as the equivalent equal age for the
four lives. The result obtained by averaging the four
values of p, is 45,000, The corresponding immediate
whole life annuity values at 3 percent are 10.9172 and
10.9169, respectively. With four lives, the averaging
method is slightly simpler, but of course slightly less
accurate,

The application of the uniform seniority prineciple to
three lives is inconvenient, and requires special tables
which have not been included in this velume. Of
course, in this case, the method based on averaging the
p: values ean be used,

The prineiple of uniform seniority does not hold for
reversionary and last survivor annuities® Values of
such annuities must first be expressed in terms of
simple joint life annuities, to which the uniform seniority
prineciple can then be applied.

i Epurgect, op, L., p. 265200,
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The arithmetic can be shortened by observing that the
numerator of the fraction in this expression is identical
with the final term within the brackets in the expres-
gion for the temporary annuity (and therefore with the
twelfth entry in column 6 of table T), while the de-
nominator is the same as the denominator of the tem-
porary annuity. Therefore, the value of the fraction
is 620,500=-830,486, or .747261. Since the annuity
Myr2pay involves no ages under 17, it can be eveluated
by the method of the preceding section, in which the
equivalent equal age is obtained by taking the arith-
metic average of pys, ps, and py. This gives p.=.00108,
from which the equal age w is found by interpolation
to be 25.44. Interpolating in table 39 then gives
ﬂu"=ﬁ.29‘95- Itl fD]IDWﬂ tlhﬂ-t tl-hﬂ' ‘F'.Elluﬂ ﬂ'l tl-hﬂ d'ﬂ-
ferred apnuity is 747261 >} 22.2005 or 16.6635; and

finally the desired value gz is the sum of the values -

of the temporary annuity and the deferred annuity:
that is, 10.3078--16.6635, which gives 26.9713.

In the short method, the entire whole life annuity
is first evaluated by finding an equivalent equal age,
in much the same way as when no life below age 17
ig involved, and the walue is then corrected by means
of the adjustment factors r; given in table U. If two
or four lives are involved, thiz approximate value may
be obtained from the table of uniform seniority (table
37, p. 80) as explained on page 94, If the number of
lives is other than two or four, the equal age for the
approximate annuity value iz obtained from the values
of u: ns follows:

First, add k to each of the ages x, ¥, 2, . . . (m), where
k is the difference between 17 and the youngest age.
Next, find the equal age w' for these augmented ages
by averaging the corresponding values of p. as explained
on page 94. Then the equal age for the approximate
annuity value uey. . . @ 18 w=w'—04h,

This approximate annuity value is then adjusted by
the formula:

{r-j o {ﬂ}

i ey =—y e
Fiid [5.1) r:r'rl.“{m} (S5 im)

approximately. The adjustment factor r; is defined as
I;=~h;, where A; denotes the value which would be ob-
tained for I; by the Makeham formula. Therefore, r.
equals unity at ages 17 and above. This method is
due to George King who has given a full explanation
of the rationale of the method."

Taking as an illustration the eame numerical example
previously used, the addition of 12 years to the original
ages 5, 10, and 20 gives 17, 22, and 32, The equal age
corresponding to these three sges is found, just as in
the evaluation of the deferred annuity in the other
method, to be 25.44. Subtracting 12 years gives 13.44

W Elng, op. i, 0. 208212 King's warniog sgninst using this approximatlon in
amnection with ages below 15 does not apply to the makehamized table published

in this volume, since the present table follows Makcham's law down to & much
younger sgoe than the montnlity table to which Eing was refenring.
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table U, r. is found to be .99943; while interpolation in
table 39 gives @u=26.9030. Formula (9) then
becomes:

)

Tyt Te

dynm=

which, on substituting the numerical values, gives
26.9578 as the final result. This compares favorably
with the value 26.9713 obtained by the exact method,
and of eourse involves much less computation.

Table W presents a comparison of the values of whole
life annuities on two joint lives computed at 3 percent
interest for various combinations of ages by both the
cxact and approximate method. This comparison shows
that, at least in the case of two lives, the approximate
method always gives sufficiently accurate results for
most practical purposes. Any inerease in the number
of lives would decrease the value of the annuity, and
therefore would, in general, reduce further the range of
eITOT.
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Calculation of net values of reversionary and last
survivor annuities, and assurances involving two
or more lives

Net values of various types of reversionary annuities
and last survivor annuties and assurances can be
caleulated from joint life annuity values and joint pure
endowment values by means of the formulas of table R.
The symbols used in this table represent the net present
value of the benefit described in the third column when
the amount of each individual payment (in the caze of
an annuity) or of the sum insured (in the case of an
assurance) is unity. When (as is usual) the payments
are of some other amount, it is only necessary to

multiply the value for a unit payment by the amount’

of the payment.'

It will be noted that most of the assurance formulas
in table R involve the rate of discount d. Values of d
corresponding to all the interest rates for which values
are tabulated in this volume are given in table Y.

Tarre Y. —Varves or THE RaTe oF IMscouNT voR BELECTED
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It should be carefully noted (as already stated on
p. 92) that the formula for last surviver annuities
analogous to formula II of table R, and the formula for
last survivor assurances analogous to formula XIV, do
not hold true, It is also important to understand (as
previously mentioned on p. 92) that the prineiple of
uniform seniority does not hold for reversionary or last
survivor annuities. It is necessary first to express the
values of such annuities in terms of ordinary joint life
annuities, and then to evaluate the latter.

Ezample 5—0n the basis of the makehamized mor-
tality table for total whites in the United States in
1939-1941 and interest at 2} percent, find the net
annual premium for a whole life last survivor assurance
of £3,000 on three lives aged 35, 39, and 54, premiums
being payable throughout the duration of the contract.

Solution.—Inspection of formula XVI of table R
shows that the value of a last survivor annuity is first
required. This, in turn, is given by fomula V. By
referring to table 40 and employing the methods previ-
ously described, the wvalues of the various annuities

¥ Sirictly speaking, these symbols also imply that all payments are made sn anni-
versarles of (b origioal agreement or contract.  In practics, this s often not (he case.
For exnmple, life inmmranos companbes nsually pay the sum insured under o ke
aasranoe immedintely on romipd of completed proofs of death, while paymenis under
& reversionary annuity sre frequently made on anniversaries of the desth upon the
somrneasd of which the annuily commenced. It Is usual, however, to lgnere these
refinerents or {in the case of contracts Epued by life insurance companies) Lo inelude
them In the allowanee for expenses and continpencies which forms part of the gross
promiwm nciually charged.

which enter into the latter formula are found to be as
follows:

1=22.3808 Tag39= 18.2354
@39="20.8085 Gasse=13.6707
ey=14.6737 Og.5=13.3686

Substituting in formula V gives ammn=25.2540.
Table Y shows that d=.024390, and substituting in
formula XVI gives Agzzi=.35064. Therefore,

Pimn=Agmn+ (1 +agmenm) =
A500644-26.2540=01370.

This is the net annual premium per unit insured.
Multiplying by $3,000 gives $41.10 as the required
net annual premium.

FErample 6.—Find the present value, on the basis of
the makehamized United States mortality table at 3
percent interest, of a reversionary anmuity of $1,000
per annum to a boy now aged 17, to commence as soon
as his father aged 48 and his uncle aged 42 have both
died.

Solution.—This annuity is represented by the symbol
dizayr. Formula XXIIT of table R shows that the
present value per unit of payment is ap—a;e—a;.s

+@yruus.  Using table 41 and the methods previously
explained gives

Iz =25.2243 Tyras =15.7524

3= 17.7209 Tyrasis = 13.7237

Substituting these values gives agEE=5.4747.
Finally, multiplying by $1,000 gives $5474.70 as the
present value of the reversionary annuity.

Estimation of joint life annuity values based on the
geparate life tables for white males and white
females ;

It is often desired to take sex into consideration in the
calculation of joint life annuity values: that is, to assume
in the computations different rates of mortality for
males and females. However, in the preparation of
the joint life tables in this volume, it was found im-
practicable to prepare separate tables for males and
females, because it was not possible, without consider-
able distortion of the rates of mortality, to make sepa-
rate Makeham graduations of the life tables for males
and females, and at the same time preserve the neces-
sary relationship between the Makeham constants under
the two tables so as to have the law of uniform seniority
hold for annuities involving both male and female
lives. It was desired, therefore, to devise a method of
approximating the values of joint life annuities based on
the separate tables which would not be laborious, and
at the same time would give reasonably accurate results.

After experimenting with a number of possible
methods, two were selected as meeting satisfactorily the
requirements stated. Both these methods comsist in
entering the annuity tables based on the makehamized
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mortality table for total whites with appropriately
adjusted ages. In general, the adjustment takes the
form of an addition to the age in the case of males and
a deduction from the age in the case of females. In
the first method the adjustment is & very simple fune-
tion of the age. In the second method the adjustments
are more accurately determined, and the closeness of
the approximation is somewhat improved.

In the first and more rough method, the addition or
deduction, as the case may be, is 2 years up to and in-
cluding age 50, graded down to 0 at age 90. The
adjusted ages corresponding to ages 51 to 80 are given
in table Z. In the second and more refined method,
the single life annuity corresponding to each of the lives
involved is first obtained from the annuity tables (not
makehamized) for the separate sexes (tables 20 to
24 and 31 to 35). The next step is to enter with these
single life annuity values the single life annuity column
based on the makehamized mortality table for total
whites, and to find the age corresponding to each an-
nuity value. This is taken as the adjusted age for the
life in question. The following illustrations will make
the procedure clear.

Tanre Z.—ApsveTenp Aces ToBeUsep ixv Extering JoisT Live
AxnviTy Tantes Basgp on T MakEfRawswizep MorTaLITY
TanLe vor Torar Warres 1% ORDER TO APPROXIMATE YV ALUES
BAsED oM THE MOBRTALITY OF THE SEPARATE BeExes: UNITED
SrarTes, 1935-1041

ADUSTED AOE

ACTUAL AGE

Mala Famala

Add 2 years | Deduol 2 years
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5 BERER
E

BSBRE DREBRE RFURERF REE=

ERNE REEJSZD Eddod duapy NU2RS RRTAR 22ER

ESTH BEREs EREFRY HBREE ERERE LEESE BRERY JEEE
ESNER EREEE HHNIR RUEEE BARRS EEE BUFRE BEE:
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Frample 7. —Find the approximate value of a joint life
annuity of one per annum on two white male lives at
ages 40 and 60 on the basis of the 1930-1941 life tables
with interest at 3 percent.

Solution.—By the rough method, the adjusted ages
are 42 and 61.50. The difference between these ages is
19.50 years. Entering the table of uniform seniority
(table 37) with this value and interpolating gives
13.5195 years as the necessary addition to the younger
age, Adding 13.5195 to 42 gives 55.5195 as the equiv-
alent equal age. Interpolation in table 41 shows the
value of a joint whole life annuity on two lives aged
55.5195 to be 10.1242 which is the required approxima-
tion by the first method.

By the secomd method, the values at 3 percent
interest of single whole life annuities at ages 40 and 60
are found (table 22) to he 18.4247 and 10.9775. In the
makehamized mortality table, the single life annuity
value 18.4247 corresponds (table 41) to age 41.906,
while the walue 10,9775 corresponds to age 61.409.
These are taken as the adjusted ages, The difference is
19,503 years, which gives 13.522 years for the addition
to the younger age. Adding this to 41.906 gives 55.428
for the equivalent equal age. The value of a., at this
age is 10.1594. The true value is 10.1234. In this
case, it happens that the rough method gives a result
closer to the true value.

Erxample 8.~Find the approximate value of a joint
life annuity of one per annum on a white male life at
age 53 and two white female lives at ages 27 and 48, on
the basis of the 1939-1941 life tables for white males
and white females with interest at 2 percent.

Solution—By the rough method, the adjusted ages
are 54.85, 25, and 46. By averaging the walues of pu,,
the equivalent equal age is found to be 47.22, and the
estimated annuity value is 12.5408.

As a first step in applying the second method, it is
found (table 20) that the value of ay at 2 percent inter-
est for white males is 15,1740, while a;; and a, at the
same rate for white females are 28.4115 and 19,3285,
respectively (table 31). If these are considered as
single life annuity wvalues under the makehamized
mortality table with 2 percent interest (table 39), the
corresponding ages would be 54.68, 24.83, and 46.04.
Obtaining the values of k. for these ages by interpola-
tion and averaging them gives 47.13 as the equivalent
equal age. The resulting annuity value is 12.5905.

A comparison of exact values with those obtained by
both methods of approximation just described for cer-
tain selected combinations of two lives is presented in
table AA. As previously stated, the more refined age
adjustment gives results closer to the actual values in

_the majority of instances, although for the case of two

male lives, the rough age adjustment appears to be
slightly better. The more refined method has the
theoretical defect of producing values which are always
in excess for two male lives and always in defect for two
female lives. An improvement could no doubt be









PART V
METHOD OF CONSTRUCTION AND GRADUATION OF THE LIFE TABLES

The entire process of constructing a life table consists
of three major steps: (1) the preliminary adjustment of
the population, birth, and death statistics which are to
be used, in order to remove any errors and biases for
which corrections are available or can be derived; and
the approximation of certain detailed distributions of
the data, needed in the computations but not available
from the actual tabulations; (2) the caleulation, from
the adjusted data, of the rates of mortality for each
year of age, which form the basis of the life tables; and
{(3) the computation of the remaining life table values.
Of these, the first step is by far the most difficult,. While
the second step requires technieal skill and the exercise
of judgment, valuable assistance is provided by the
large body of literature on the subject and the accumu-
lated experience of actuaries in the construction of life
tables, The third step involves little more than the
routine application of standard formulas. However, in
making the preliminary adjustment of the data, it i=
necessary to break new ground, as comparatively little
attention has been given to this subject, and, besides,
the data of each country and each epoch present their
own peculiar problems, so that past experience is not a
satisfactory guide.

The following description of the methods and proe-
esses used is divided into three main sections correspond-
ing to the three major steps in the construction of a
life table.

A. PRELIMINARY ADJUSTMENT OF THE
DATA

In this section, the deseription of the various pre-
liminary adjustments made in the data of births, deaths,
and populations has been arranged in approximately
the order in which the various operations were actually
carried out. This order was adopted in order to aveid
complicating unnecessarily the explanation of many
of the steps, but does not correspond to any systematic
classification of the various adjustments by either the
purpose of the adjustment or the class of data involved.
The adjustments made are of four types: (1) those
intended to correct for incompleteness of reporting,
(2) those necessitated by incomplete or inaccurate age
statements, (3) those intended to eliminate roughness
due to the small volume of data in certain classifications,
and (4) the estimation of certain figures needed in the
construction of life tables but not available from actual
tabulations. Adjustments of the first type were con-
fined to statistics of births and infant deaths. In the

latter case, the adjustment of (a) the total infant
deaths, and (b) the figures for subdivisions of the first
year of life are separately discussed. The second type
of adjustment includes the treatment of deaths for
which age was not reported, and the redistribution of
Negro populations and deaths at ages 55 to 69. The
only adjustment of the third type was a redistribution
by month of age of deaths at ages 1 month to 11 months
of nonwhite infants other than Negroes. The principal
adjustment of the fourth type is that made for the
change in the distribution of pepulation between April
1, 1940, the date of the census, and July 1, 1040, the
date on which populations were needed for the purpose
of life table construction. Also included in this category
is the estimation of the distribution by single years of
nge of the foreign-born population under age 5, this
being needed for a special purpose, as explained later.!

Accuracy of the data

It has been stated that the life tables in this volume
are based on the results of the 1940 census of population
and the tabulations of reported deaths in the conti-
nental United States for the 3 years 1939-1941. In
deriving life table values for ages under 5, use was
made also of the tabulations of reported births for the
years 1934 to 1941, inclusive, and of deaths under 5
years of age during those years. If all these data were
known to be absolutely eomplete and correct, the con-
struction of life tables from them would present few
problems. However, the data are affected by two
main types of error: (a) incompleteness or under-
reporting, and (b) misstatement of age in populations
and deaths, which makes the fizures too laree at some
ages and too small at others. As will be explained
later, some adjustment has been made for errors of
type (b) through the graduation of the data, and, in
the case of the Negro data, by a preliminary redistri-
bution of the numbers in certain age groups for which
this type of error was believed to be especially marked.
Except in the case of statistica of births and infant
deaths (those occurring at ages under 1 year), no
attempt has been made to adjust for errors of type (a).

If it should happen that the éenumeration of the
population and the reporting of deaths were both
deficient by exactly the same percent, the use of the
unadjusted figures would produce exactly the correct
mortality rates. However, if the reporting of deaths
should be more complete than the enumeration of

1 Bea p. 110,
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ber. For this reason birth statistics were relied upon
in obtaining a population base for the rate of mortality
in the first year. This raises the question as to how
completely births are reported.

Following the 1940 census, there became available
for the first time reliable information as to the complete-
ness of birth registration in the United States. This
information was obtained by preparing special infant
cards for all infants enumerated in the census who
were under 4 months of age on April 1, 1940, and by
matching these cards against copies of the birth eer-
tificates for all births reported as having occurred
between December 1, 1939, and April 1, 1940. Copies
of all death certificates of infants born in this 4-month
period were also obtained, and matched where possible
with the birth certificates. Table AB chows, for white
and nonwhite separately, the number of births reported
in each State in the 8-vear period 1939-1941, the per-
cent completenesa of birth registration as indieated
by the test just described, and the adjusted number of
births obtained by dividing the number of registered
births by the proportion of births registered. In the
case of the nonwhite, those States in which less than
500 nonwhite births were reported in the 3-year period
have been omitted from the table,

Further tabulations were made for a special sample of
infant cards, which yield the completeness of birth
registration by a more detailed racial classification for
the United States as a whole. This sample did not
include matching with death records; and, for this
reason, the results obtained are probably somewhat
more suitable for use in adjusting birth statistics to be
employed in the construction of life tables, since those
infants whose deaths are registered probably constitute
a biased sample from the standpoint of birth registra-
tion. Table AC shows, for whites, Negroes, and other
races separately, the number of births reported in the
3-year period in the continental United States, the
percent completeness of registration as obtained from
the tabulation of the sample, and the adjusted number
of births obtained by dividing the registered figure by
the indicated proportion of births registered.

TasLe AC—REcISTERED AxD ApsusTEp Brerms, 1939-1941,
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Completeness of registration of infant deaths

It has already been mentioned that all death statisties
were used without any adjustment. for incompleteness of
reporting, with the exception of infant deaths: that is,
those oceurring under 1 year of age. In the construction
of all the life tables prepared by the Bureau of the
Census prior to 1940, even infant deaths were not
adjusted for underreporting. However, there is evi-
dence that the proportion of infant deaths not reported
is sufficiently large to have an appreciable effect on life
table values, and it appears that the former practice of
relating fully adjusted birth data to unadjusted infant
death statistics has resulted in a substantial under-
statement of the rate of mortaility at age 0.

The problem of making a proper adjustment for in-
complete reporting of infant deaths iz a difficult one,
because almost no information is available bearing
directly on the point, and an indireet method of ap-
proach must be resorted to. This approach is based on
sn examination of infant mortality rates for sub-
divizions of the first year of life. Table AD shows, for
each State included in table AB, the number of deaths
oceurring in the 3-yvear period 1930-1941 in each of
seven subdivisions of the first year of life, per 1,000
adjusted births (table AB) in the same period. With
the exception of the column pertaining to deaths under
1 day of age, these figures cannot be regarded as mortal-
ity rates in the true senze of the word, as the denomi-
nator used was, in each case, the number of births for the
year, and not the number of survivors to the beginning
of the age period indicated. However, this refinement
would have comparatively little effect on the eom-
parison between States, which is the chief purpose in
view.

For convenience in making comparisons, the various
States appeer in table AD in decreasing order of the
completeness of birth registration. A careful study of
the table shows that there is a close relationship between
the eompleteness of birth registration and the actual
level of infant mortality in the various States. TFor
example, if the 48 States and the Distriet of Columbia
are ranked also according to the mortality rate among
white infants 9 to 11 months of age, it is found that of
the 10 States having the most complete registration, 5
are also among the 10 having the lowest mortality
rates. Likewise, among the 10 having least complete
registration, 4 are also among the 10 having the higheat
mortality rates. This is not surprising, because,
generally speaking, those States having the most
efficient registration are States in which sanitation and
public health measures have made relatively greater
Progress,
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However, if the comparison is made with the mor-
tality rates for infants under 1 day old, instead of those
aged 9 to 11 months, just the opposite tendency is
observed, the lower mortality rates being recorded, in
general, in the States with less complete registration of
births. TFor example, among the 10 States having the
least complete registration of white births, 5 were also
among the lowest 10 when ranked according to the
mortality rate for white infants under 1 day old. It
might be expected that mortality rates for infants in
the first day of life would fail to sbow the close relation-
ship to the completeness of birth registration which
was observed in the case of the rates for infants 9 to 11
months old, because a large proportion of deaths oceur-
ring immediately after birth are due, at least in part, to
mechanical causes connected with the process of child-
birth. The great improvement in infant mortality in
recent years has, in fact, affected the frequency of
neonatal deatbs to a much less degree than that of
deaths occurring later in infancy.

It is not, however, to be expected that the death
rate in very early infancy would be totally unaffected
by varying conditions in the environment, Still less
can it be thought that the normal relationship is actu-
ally reversed?® the lower mortality rates occurring
where conditions are less favorable. It is necessary,
therefore, to look for some source of error in the mor-
tality rates for the first day of life as shown in table
AD. Inasmuch as these rates were obtained from
births corrected for incomplete registration, but with-
out any corresponding adjustment in the death statis-
tics, the most natural inference is that deaths oceurring
in early infaney are affected by an incompleteness of
reporting having, in general, the same geographical
incidence as in the case of births.

The relationships which led to this conclusion are
brought out more clearly in table AE, which shows the
results of arranging the States in the order of the
percent completeness of birth registration and then
combining them into five groups (three groups in the
case of nonwhites) in such a way that the total number
of reported deaths under 1 year of age is approximately
the same for each group used. In the case of the data
for white lives, the States of Arizona, New Mexico,
and Texas have been omitted, because in these States
the mortality rates for white infants in the.latter part
of the first year of life are g0 much higher than those
for other States that the general relationship would be
obscured by their inclusion. This condition is believed
to be due to the presence, in the white population of
these States, of a large number of Mexican agricultural
workers in low income groups, among whom the rate of
infant mortality iz extremely high. Except for the
omission of these 3 States from group 4, the spacing
in table AD indicates the particular States included in

! There ane cerialn factors tending to canse fewer deaths in the first day of life when
the genernl Infant death eate ks high. For exnmple, there are probably fewer Enstrn-
mentsl deliveries In areas of high meoriality. However, the efect of such fntors
Is bellsved to be small,
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each group. In making the ealeulations for nonwhites,
the 7 States having less than 500 nonwhite births in
the 3-year period, which were omitted from tables AB
and AD, were again omitted here. Upon examining
the part of table AE which shows data for the white
population, it is observed that the percent completeness
of birth registration decreases rather slowly in the first
three groups and then falls at an accelerating pace as
groups 4 and 5 are reached. The States in group 5
(where registration is least complete) contain only
18 percent of the adjusted white births in all five
groups but contain 45 percent of the assumed unregis-
tered (adjusted less registered) births. Above the age
of 1 week, the death rates based on adjusted births
rise consistently from group 1 to group 5, but in the
case of deaths in the first day of life, the rates begin
to decrease with group 4, and group 5 actually shows
the lowest death rate of the five groups. In the age
period 1 day to 1 week, a less marked but similar
tendency is observed. The behavior of the rates for
these two youngest age periods strongly suggests that
the decline which appears in groups 4 and 5 may be
spurious, and attributable, as already intimated, to
incomplete reporting of deaths oceurring in early
infancy in these States. Among the nonwhite, the
tendeney toward lower apparent death rates in those
States having less complete registration of births is
more marked, and persists throughout the entire first
year of life.
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In summary, it may be stated that the preceding
analysis appears to show: (1) that there is substantial
underreporting of infant deaths, (2) that this under-
reporting tends, in general, to be greater in those
States in which underreporting of births is greater, and
(8) that it is relatively greater in the case of deaths
oceurring in the first week of life than for those which
occur later. However, it is not sufficient, for the pur-
pose of life table construction merely to know that such
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a condition exists. It is necessary also to make some
assumption as to the magnitude of the underreporting.
As no information was available from which this could
be estimated directly, an effort was made to estimale
it indirectly by assuming the percent of nonreporting
of infant deaths to be some fixed proportion or multiple,
State by State, of the percent of nonreporting of births
and adjusting the State death rates in accordance with
that assumption, and then examining the death rates
based on various assumed proportions or multiples to
see which produced results most nearly in accordance
with expectation. It was considered that, when ade-
guately adjusted, the State death rates in each age
period should show a consistent tendency to increase
with decreasing completeness of birth registration, since,
in general, the States having more complete registra-
tion are also those with better sanitation and public
health facilities.

Such calculations were made for the first three age
periods employed in table AD, which together com-
prise the first month of life. Since the individual State
figures show minor fluctuations which make it difficult
to obzerve the general tendency, these caleulations were
made for the same groups of States which were used in
table AE. Three different sets of caleulations were
made, based on the assumption that the percent ad-
justment required for incomplete reporting of deaths
in each age period was (a) 50 percent, (b) 100 percent,
and (¢) 150 percent of the corresponding percent ad-
justment required for births in the same State. The
results of the calculations are shown in table AF.

In the case of white infant deaths under 1 day,
adjustment in accordance with assumption (a) still
leaves group 5 with s lower death rate than group 4.
Assumption (b) produces a death rate in group 5 which
is slightly higher than that in group 4, but the difference
is much less than might reasonably be expected in view
of the substantial difference in the completeness of
birth registration in the two groups. In the case of
the nonwhite, even assumption (¢} fails to produce
increasing death rates, although it tends in that diree-
tion, indicating that a more drastic adjustment would
do so. The implication of these observations that
deaths oceurring in the first day of life may be less
completely registered than births is less startling than
it may at first appear, if one considers that there 1s
probably & substantial number of cases of very early
death, especially in rural areas and among the more
underprivileged classes, in which neither the birth nor
the death is registered. This group would of course
constitute a much larger- percent of the total infant
deaths than of the total births. It is also possible that
there may be a tendency, in some States, to report such
cases as stillbirths,

In the case of white deaths at ages 1 day to 1 week,
assumption (a) gives death rates which increase, but
not by a sufficient amount, while the rates resulting
from assumption (b) appear reasonable. For the non-
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white, assumption (¢) at least seems to be called for.
The deaths of white infants aged 1 week to 1 month
yield increasing rates even without adjustment, and it
is somewhat difficult to judge which assumption pro-
duces the most plausible rates. However, one would
expect these deaths also to be somewhat less completely
reported than those occurring after the first yvear of
life, and to require some adjustment.

The age distribution of deaths of white infants in the
period 1939-1041 was 31 percent under 1 day, 20
percent from 1 day to 1 week, and 49 percent from 1
week to 1 year. As indicated in the foregoing dis-
cussion, it may be assumed for illustrative purposes on
the basis of table AF that the percent adjustment re-
quired for incomplete reperting of infant deaths was
related as follows to the corresponding percent adjust-
ment for births:

Number of rl-rr

the percent
nﬂﬂrﬁh
Age at death
{E[17e | 1oty T T, S Sy byt o) £ (R R BRT B
g | e e ]
Lower i iDL ren e e e e e e e iy

This gives for the average percent adjustment for
incomplete  reporting  of white infant deaths
B13 154 203 14 493 0.5, or approximately 91 percent*
of the corresponding percent adjustment for white
births. Since reporting of white births was found to
be about 94 percent complete (corresponding to an
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adjustment of 6.4 percent for incomplete reporting,
see table AC), this would imply that white infant
deaths were about 94.5 percent completely reported.

Similarly, the age distribution of nonwhite infant
deaths was 22 percent under 1 day, 18 percent from 1
day to 1 weck, 13 percent from 1 week to 1 month,
and 47 percent from 1 month to 1 year; and the re-
quired pereent adjustment for incomplete reporting of
deaths of nonwhite infants may be assumed to be
related as follows to the corresponding percent adjust-
ment for births:

Al
Age al death
Thnderd day s e e s 2
O A e S i e, U e ]E
g g e T e Sl i st 1
1 mion ol peRFliiR Riie CE) QIO R b

This would give for the average percent adjustment for
incomplete reporting of nonwhite infant  deaths
22 {24 .18 X 1.5 4 .13 X 1 + .47 X 0.5, or approxi-
mately 107.5 percent! of the corresponding percent
adjustment for nonwhite births. Since reporting of
nonwhite birthe was found in 1940 to be about 82 per-
cent complete, this would mean that on the assumptions
made deaths of nonwhite infants were slightly under
81 percent complete. These assumptions are, of
course, rough, and such a calculation can be no more
than suggestive; however, it does indicate that, in the
absence of accurate information on the completeness
of registration of infant deaths, it is not unreasonable
to assume that for the first year of life taken as a whole
the percent completeness of registration of white deaths
is the same as that of white births. This assumption is
probably as sccurate as could be expected with the
meager information available, and leads to some sim-
plification in the numerical computation. Aceordingly,
it was adopted in the preparation of the life tables in
this volume. As a matter of convenience, it was used
for nonwhites as well as whites, although a somewhat
larger correction for nonwhites might be justified.

It should be pointed out that although this assump-
tion is considered appropriate for the data of the
United States as a whole, this does not imply that it
could properly be employed for separate States, areas,
or regions, It is probable that the relationship be-
tween the completeness of registration of .births and
that of infant deaths varies widely in different localities.
It is likely, for example, that in highly urban areas
where registration is a well established practice, regis-
tration of infant deaths is more complete than birth
registration. On the contrary, there are indications
that the reverse is true in rural areas. Such an indiea-
tion is found, for example, in the comparison of infant
mortality rates by population groups classified accord-
ing to size. * Although these rates tend, in general, to

1 S, for cxample, Forrest B, Linder and Robert D, Grove, Vitel Statinties Rares
infhe United Sfeles, 1800-1840, talle H'.[l 578, Government Frinting Offtos. Washing-
ton, I, ., 1843,
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inflate the number of each group of survivors to age 1,
as caleulated from births and deaths, to the general
level of completeness of the census. The populations
at age 1, 2, 3, and 4 used in the actual life table caleula-
tions were derived from age 1 survivors adjusted in
this manner.

In this method of adjustment it is implicitly assumed
thal the completeness of birth registration, relative to
that of emumeration in the cemsus, did not improve
during the decade 1930 to 1940. Similar calculations
were also made on the assumption of a progressive im-
provement in birth registration during the decade,
adjusting the reported births of earlier years up to the
level of completeness of 1940. This produced a series
of ratios (of survivors ealculated by the two methods)
decrensing with inereasing age, which would imply that
the enumeration in the 1940 census at ages under 10
became less complete with advancing age, This seems
absurd; but, on the other hand, it appears unlikely that
there was no improvement during the decade in the
completeness of birth registration. As the number of
deaths entering into the calenlation is small in relation to
the total survivors, the completencss of death regis-
tration is not an important factor. In view of these
inconsistencies in the data, it seemed expedient to adopt
the simplest course and assume, for this purpose, no
change during the decade in the completeness of birth
registration.

Adjustment for incomplete reporting of infant deaths
by subdivisions of the first year of life

Statistics of infant deaths for subdivisions of the
first year of life were used in computing life table values
for such subdivisions, as will be explained later.” Tt
has already been mentioned that neither births nor
infant deaths were corrected for underreporting in
obtaining mortality rates for the first vear of life as a
whole, the assumption being made that reported statis-
tics of births and of deaths under 1 year of age are
equally complete. Since births were assumed to be
deficient in the proportions indicated in table AC, this
is equivalent to the assumption that total infant deaths
are deficient in the same proportions. However, in
dealing with subdivisions of the first year, consideration
must be given to any age variation within the yvear in
the assumed completeness of death reporting. It has
already been stated that the evidence indicates a pro-
gressive improvement with increasing age from birth
up to the first birthday. In order to give effect to this
condition, the admittedly rough assumption was made
that the percent addition which must be made to the
reported deaths at any specific age during the first
year of life in order to correct for underregistration is
directly proportional to the time interval remaining up
to the first birthday. It can only be said for this
assumption that it gives plausible results, and, in the
absence of any real information as to the specific age

! Bek p. 133,
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incidence of nonreporting of infant deaths, it seems as
rensonable as any other assumption which might be
made, Naturally, the resulting life table values for
subdivisions of the first year cannot be considered as
reliable as those for integral ages, but it is believed
that they serve a wuseful purpose in indicating the
general trend of mortality and survival in this im-
portant period of life; and, in any case, these values
are not an essential part of the life table. The values
for integral ages were computed quite independently
of the assumption just stated, the supplementary values
for the first year being then inserted at a later slage.
In carrying out the numerical work under this as-
sumption as to nonreporting of infant deaths, the re-
maining portion of the first vear of life was taken, for
each of the subdivisions in which infant deaths are
tabulated, as the interval of time between the middle
of such subdivision and the end of the year of age.
The length of the entire year was taken as 3654 days,
this being the average length of the three calendar years
{1939-1941) covered by the experience. For this
purpose, 1 month was regarded as being exnctly one-
twelfth of a year or 304 days. Table AH shows, on
these assumptions, the number of days remaining in
the year after the middle of each subdivision of the first
yvear of life. The assumption that the percent additions
required in the various age periods are proportional to
these numbers implies that the actual numbers of deaths
assumed to be unreported will be proportional to the
products obtained by multiplying the time intervals
indicated in table AH by the numbers of deaths actu-
ally reported in the corresponding age periods. These
products were obtained separately by sex and for whites,
Negroes, and other races; and in proportion to them the
total number of deaths assumed unreported for the
entire first year of life was distributed by age, in each
of the six classifications. These total numbers, in
turn, were obtained by dividing the total deaths re-
ported for the year by the proportion assumed to be
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was interpreted as 100 and over.” The net immigra-
tion was estimated on the basis of information furnished
by the Immigration” and Naturalization Serviee,
Department of Justice. For the white population, the
migration adjustment never exceeded 0.06 of 1 percent
of the corresponding enumerated population in any
classification.

While the total nonwhite population was available
by single years of age, Negroes were tabulated separate-
Iy only by 5-year age groups up to age 75 and also for
a few selected single years of age under 21, The single
age figures for Negroes were obtained by assuming
that, for each sex separately, the ratio of Negroes to
total nonwhites was the same in each single yvear of age
as in the smallest age group containing that year
of age for which separate figures for Negroes and other
nonwhites were availlable. In each classification,
estimated figures for “other races” were obtained by
subtracting Negroes from total nonwhites. A further
difficulty was encountered in that the migration
estimates used were furnished only for total nonwhites,
and not for Negroes separately. As the movement
of Negroes into and out of the United States is believed
to be exceedingly small, and as the migration estimates
for total nonwhites were small in any case, never
reaching 100 for either sex in any 5-year age group, they
were assumed to relate wholly to races other than
Negroes, no migration adjustment being made in the
Negro populations. i

The estimates of July 1, 1940, population resulting
from the application of the above formula are shown in
part II of table AM, except those for Negroes between
ages 55 and 70, in which case a further adjustment was
made as explained in the next subsection. These esti-
mated populations differ only slightly from those previ-
ously published by the Bureau of the Census.® It was
decided not to use the previously published estimates
in the construction of the life tables because they were
based on a gradunted, or smoothed distribution by single
years of age of the April 1 population. While such a
procedure was entirely appropriate in preparing popu-
lation estimates for general use, it was felt that, in the
construction of the life tables, the smoothness of the
rates of mortality was adequately provided for by the
eraduation of the rates themselves,” and that there were
some objections to graduating the enumerated popu-
lations. The single year populations, since they arize, in
the beginning, from fluctuating numbers of annual
births, cannot be expeeted to form a perfecily smooth
series, and any genuine irregularities will be reflected
alzo in the death statistics, go that the smooth progres-
sion of the rates of mortality will not be disturbed.
Moreover, this appears to be irue also, in large meas-
ure, of the irregularities which are not genuine, since
the analysis of digit preference later in this report "

* 11, &, Burean of the Census, Esimoted Populalion in Continendal Unifed States, by
Ape, Codor, ond Sez: 18y0-1548, Population=—E&peclal Reports, Serles P44, No, 8, 194

 Bea pie. 122-126.
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indicates that, in the usual system of 5-year age grouping
(59, 1014, ete.), errors of this type in the populations
and deaths tend to cancel out in the computation of
mortality rates. Therefore, if the populations were
partially smmoothed, without subjecting the death statis-
ties to some similar treatment, the result might only
be to diminigh the smoothness of the moriality rates.

Special adjustment of Negro data

Both population and death statistics in the neighbor-
hood of age 65 show evidence of substantial misstate-
ment of age.  In the case of the data for Negroes, this
error appeared sufficiently marked to seriously affect
life table values. This condition is brought out in
table AK in which the 1940 Negro populations actually
enumerated in the various age groups are compared
with those expected on the basis of the 1930 populations
of the same groups of individuals (then 10 years
younger) and the deaths of the intervening period. Tt
will be noted that while these population fipures show,
on the whole, a steady decrease with advancing age,
the enumerated 1940 populations level off sharply at
age 65. The 1030 figures do mnot show any such
tendency. Moreover, the expected 1940 populations,
from the 1930 enumeration and the deaths during the
decade, are free from the leveling off effect. This
strongly suggests an overstatement in the 1940 census
of the age groups just beyond 65 at the expense of those
just under that age. This phenomenon is probably
attributable to the enactment of social security legisla-
tion providing benefits to persons over 65.
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The conclusion that such misstatement of age has
occurred is reinforced by the observation that mor-
tality rates ecalculated from the reported data without
adjustment also level off sharply at 65, in the case of
the females actually showing a temporary decrease
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the figures for the age groups 55-59, 60-64, and 65-69
are changed, and these automatically add to the original
total for the entire 15-year age period. The method
does not assume that the white and Negro populations
have similar age distributions, but merely that the ratio
between them progresses fairly smoothly by age. The
Negro deaths reported in these three age groups were
redistributed by relating them to the corresponding
white deaths in the same manner. Table AL shows the

original figsures for Negro populations and deaths and

also the adjusted figures obtained in the redistribution.
For comparison, the figures for the two adjacent age
groups on each side are also shown.
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Estimftion of foreign-born population under 5

As will be explained later when the method of caleu-
lating mortality rates under 5 is described, the distribu-
tion by nativity of the 1940 population in this age group,
separately by sex, race, and single years of age, was re-
guired, For whites, the census tabulations give, for
males and females separately, the number of foreign-
born under 1 year, the number at ages 1-4, and the
number at age 5. Single year ficures for both sexes
were obtained by assuming that the figures for single
years starting with age 1 and ending with age 5 formed
an arithmetic progression. This assumption was sug-
rested by a study of the data of previous censuses, in
which the complete detail was available. The resulting
values were then distributed by sex in the same ratio
as the entire age group 1-4, and rounded to add to the
correct total,

Nativity was tabulated for Negroes by S-year age
groups only, and the foreign-born Negroes under age 5
were distributed by single years of age on the assump-
tion that, for each sex separately, the numbers for the
first 5 years of age formed an arithmetic progression in
which the common difference was equal to the number
under 1 year of age. In the case of the remaining
races, foreign-born were given by nge only for Chinese
and Japanese. Hence, it was assumed that there were
no foreign-born under age 5 of races other than white,
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Negro, Chinese, and Japanese. In actual fact, the
number of such children is believed to have been very
small. The estimated native population in each classi-
fication was, of course, obtained by subiracting the
eatimated foreign-born from the total.

E. CALCULATION OF THE RATES OF
MORTALITY

The description of the process of obtaining rates of
mortality divides itself naturally into two main parts,
corresponding to ages 0 to 4 and ages 5 and over, since
the methods used in the two cases were very different.
In connection with the caleulation of mortality rates
for ages 0 to 4, two subordinate topics are discussed
under separate subheadings. These are (1) the deriva-
tion of separation factors for estimating the distribu-
tion of deaths by ealendar year of birth, and (2) the
adjustment of the mortality rates to allow for the effect
of migration. g 3

Basically, the method employed in obtaining rates
at ages § and over consisted of three steps. First,
populations and deaths were estimated by interpola-
tion for the middle age of each of the 5-vear age groups
in which the data were tabulated. Secondly, rates of
mortality for these middle ages (at S-year intervals)
were computed from the interpolated populations and
deaths. Finally, osculatory interpolation was applied
to the mortality rates derived in the second step in
order to obtain rates for all ages. In the discussion
which follows, each of these three steps is treated under
a separate subheading. Additional subsections are
devoted to (1) a justification of the basie procedure
just described, as against other procedures which have
sometimes been employed, and (2) a deseription of the
tests which were applied to the final rates of mortality
in order to be sure that the graduation was satisfactory.
Further subsections deal with two digressions from the
main theme: (a) an analysis of preferences shown in
the reporting of age for ficures ending with certain
digits and the effect of this bias on mortality rates,
with reference to the selection of a particular way of
combining single ages into 5-year age groups; and (b)
the method used in obtaining mortality rates at the
very old ages, where the ordinary methods fail to give
satisfactory resulis, beeause of unreliable age report-
ing and the small volume of data.

All the basic data actually used in the construction
of the various life tables are given in table AM. Part
I of that table contains the deta required in the
computation of mortality rates for ages 0 to 4,
inclusive; while part II contains the data used in
deriving mortality rates for ages 5 and over. Part
III contains certain additional data required in
obtaining life table values for subdivisions of the
first year of life. ;









CALCULATION OF RATES OF MORTALITY

Basic process for obtaining mortality rates at ages 0to 4

The basic equation employed in obtaining mortality
rates at ages 0 to 4 is based on the interpretation of the
rate of mortality as a probability of death. For example,
the rate of mortality ® at age z, denoted by g, can be
regarded as the probability that a person exactly =z
years old will die before reaching exact age z+41.
Similarly, the complement p,=1-—g. represents the
probability that an individual exactly z vears of age
will survive to exact age z4-1. In order to facilitate its
calculation from the data available, p, may be expressed
a3 the product of two separate probabilities. Thus:"

Pr=uPzsP:

where ,p. denotes the probability that an individual
alive at exact age ¢ will survive to the end of the
calendar year in which this exact age was attained, and
ip: denotes the probability that an individual who is
alive at the end of the calendar year in which he at-
tained age = will survive to exact age x--1. It follows
that:

Qe=1—oP: i (1Y)

this being the bagic formula employed in computing
mortality rates at ages 0 to 4. In order to derive ex-
pressions for the partial probabilities .p, and 4p, in
terms of the data as given, the following speeial symbuols
will be employed:

E.;* denotes the number reaching exact age =
during the calendar year =.

P denotes the number living on January 1 of
the vear z whose age in completed years is z.

D,* denotes the number dying in the year =
whose age in completed years at the time of
death is z.

o denotes that portion of I);* consisting of
cases in which exact age = was reached during the
year z. :

). denotes that portion of I).° consisting of
cases in which exact age  was reached during the
year z—1.

E; denotes the total number reaching exact age
z during the entire period of observation, which is
pssumed to be an integral number of years.

P." denotes the total number who, after attain-
ing exact age = during the period of observation,
are still alive at the end of the year in which exact
age r was attained.

P."" denotes the total number who are alive at
the end of the year in which age z was attained,
and whose (z+1)th birthday falls within the
period of observation.

W The rates of morlallly shewn in the Hio tabdes which appear In this volume
(emoept i the enseof tables 14, 25, and 38) are valoes of 1,000y, the rate of morialiny per
1,000 sarvivors al age 5. Flowever, in developing the mathematical theory of U Hife
tahis, it s more convenlent to use the rate of mortality per single survivor.

W The notatien employed in this development follows, with slight modifications,
that of Hugh H. Wolfenden in Populotion. Statistics and Their Compilation (Acuorial
Srudier, No. 53, pp. T0-84, Actuaria] Bsclety of Amerles, New York, 1025, The busto
formula (10) glven bere s Waolfenden®s formoalks (12), p. 76,
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u and » denote, respectively, the first and last
vears included in the period of observation.
Certain relationships between these symbols are
immediately apparent. For example,

E}‘ T ED#I i P#-II‘P 1
Py e El':-l-l-

(11)
(12)

i

If birth and death statistics were available in the
necessary detail, it would be possible, by successive
applications of formulas (11) and (12), to obtain values
of E.f and P.* for any desired ages. It is to be noted
that £, denotes the number reaching age 0: that is, the
number of births, in the year z.

For exsmple, suppose it i3 desired to find the number
alive on January 1, 1940, at age 4 in completed vears,
and also the number reaching exact age 5 in 1940.
Anyone whose age in completed years on January 1,
1940, is 4, or who reaches exact age 5 in 1940, must
have been born in 1935. Therefore, one would start
with E."™, the number of births oceurring in that year.
Formula (11) gives:

_.h_-""lﬂﬁ — i"_jml'ﬁ':.l-l-m Pulﬂ-l'-

and formula (12) gives:

..I'J'DIM_'_.."_]DI-M= lh':ll‘ﬂtilﬁ

By continuing in this fashion and applying formulas
(11) and (12) alternately, the desired wvalues would
eventually be reached, pn:wiﬂ ed, of eourse, the necessary
birth and death statistics are available.

It iz obvious from the definition of F,, P/, and P,"'
that

E=ZE (13)

P/=53p: (14)
and S

P=3Pt (15)

-
Finally, the values of the partial probabilities .p. and
sPs, on the basis of the experience which is being
employed, are given by:

- P L
=5 (16)
and
JP;|'=E:;I-;1 {1?}

Formulas (11) to (17) and formula (10) would seem
to provide the means of computing mortality rates up
to any age desired, if adequate birth and death statistics
are available. There remain, however, two difficulties.
In the first place, deaths are not ordinarily tabulated so
as to give the separate parts denoted by .0 and D;;
and, secondly, the effect of migration has been ignored.
The methods employed in order to overcome these two






beginning of which the indicated population exists.
In those lines of the table which give values of P.*,
the total for 1939-1941 is, of course, P,"”, while the total
for 1040-1942 is P,’.

Values of .p; and 4p; for ages 1'to 4 obtained from
the figures in the last two columns of table AP are
given in table AQ which also shows the calculation of
the mortality rates except for the final adjustment for
migration. The calculations for age 0 are not shown,
gince in that case the adjustment for migration was
introduced at an earlier stage in the computation.
This point is explained in detail on pages 119 and 120.

In the case of the life tables for combinations of
elasses such as total whites or total males, the values
of E., P/ and P.” for the component parts were
combined before computing the partial probabilities
of survival, the remainder of the ealculation being
exactly the same as for the separate classes.

Tarre AP—Nrtuner oF Wmrte Mares Bvrvivineg SpreciFien
Il’gl:{il;'l_lz-ilrgﬂli ?r Lirr BETWEEN BIRTR AND AGE 5: UNITED STATES,
1 1

————— e e ————

CALEXDAR TEAR 1IN WHICH INTHCATEDR BIRTHOAY I8 EEACHED, OE AT
THE BEGINNING OF WHICH ISTHCATED MOFULATION EXISTS ()
pmran |
BUR'
| Tatal Total
L L T 12 1 omo-ten | 1R60-1942
Eritiatl 1,025 T4 | 1ootn.ees | pose e .. AR
Ty Pl OTT. A2 | 1016609 | 10002 18T | 1, 0d6, 060 | 300w, 238 | 3, 068, Toh
i EE iR o e | ol s | Lotoiesm L B L.
y 176 | ez eo | 1006 | 1,008 G10 | 30w 180 | 3,008, dE
oo s | onsonn o gomie |
U532 | BTL0TR | 1,014, 128 | % RE5, 000 | 3,09, 62
wa,oon | eporeee | .| Ewessed | 0T
D3, 722 | 600,256 [, 120 | IEIV.1W0 | 1,65 06
B, 038 - 3 ol e

1 Far x| kom of symbole in this tlalmn, ze0 texk, p. 106,
1 Gum underreparting,

it i i

Tasie AQ—Carcvration oF Ratks oF MoRTaniry! romr
* WeITE MaLgs aT Aces ¥ 1 10 4: Unrren States, 1839-1041
1 I ; 3 | i
=P 0 PUTISEET | 0. 9E8G1144 o.wm-m . PG
m-E";fF‘," g [] - d . TZERER
L eaAIERS | eeTaamE mmm . SRS
el JOOMSTATS | . DODATSS | . DOISSETS | 00153012

1 Unadjusted for effeet of migmibon,
* Ape deacted by z,

Derivation of separation factors for deaths

In the preceding section, mention was made of the
necessity of separating the deaths of each calendar year
into two groups according to whether death occurred in
the same calendar year as the last birthday attained,
or in the following year. This could evidently be
accomplished by sorting on the year of birth. To
illustrate this, consider the case of children dying in
1940 at age 3. In this group, all those who reached
exact age 3 in 1939 were ohviously born in 1936,
while those who reached exact age 3 in 1940 were born
in 1937. However, deaths in the United States are not
tabulated by year of birth; and it was therefore necessary
to estimate, in each ease, the subdivision of I}.* into
.D:* and D"

This iz accomplished by employing what may be
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called “‘separation factors.”
denoted by f.*, is defined as

The separation factor,

s=t0 as

In dealing with death statistics not tabulated by year
of birth, it is customary to employ values of this ratio
obtained from other data, so that the working formulas

are:
Di=(1—fHDs (19)
Eﬂr‘= r’D i {20}

Tabulations of deaths from which values of f,* can be
obtained directly have never been made in the United
States, and are found in only a few countries, notably
Germany.” Such a tabulation is now being under-
taken in the Bureau of the Census based on a 10-percent
sample of all 1944 deaths under age 5; and the values
derived from it will be available for use in the prepara-
tion of future life tables,

It is not always satisfactory to use values of f.* based
on the statistics of other countries, partieularly if such
statistics are, in addition, not very recent, as the values
of this ratio have been observed to vary as between
different countries and to change markedly over periods
of time. Another alternative is to approximate the
values of 7,* by making use of tabulations of deaths by
month of age, if these are available. In the United
States, such tabulations have been. made in recent
vears only for the first year of life. However, it is in
the first year of life that the values of 1,7 are most sub-
ject to change, so that reliance on values obtained from
outside sources is most unsatisfactory. Accordingly,
the values of f,* used in connection with the life tables
in this volume were all estimated from the tabulations
of deaths by subdivigions of the first year of life.

The method of arriving at such estimates is JDbest
illustrated by a numerical example. This example
will be based on the tabulation of infant deaths for
males of all races in 1935. The data to be used are
given in table AR. In this table, attention is called to
the figures in bold-face type which extend across the
table more or less diagonally. Tt is evident that all the
figures below and to the left of the bold-face figures
represent deaths of infants born in 1934, Similarly,
all the fi;ures above and to the right of the bold-face
figures refer to deaths of infants born in 1935. How-
ever, the bold-face figures themselves include some
deaths of infants born in 1934 and some deaths of
mfants born in 1935. In the case of all these figures
except those which represent deaths in the month of
January, it was assumed that an equal number were
born in each of the 2 years. When one of these num-
bers was an odd number, the extra infant was assumed
to have been born in the vear of death (in this case,
1935).

a7, B, Burean of the Census, Unlied Stotes Life Tebles, 1680, 1801, 1810,
and (001180, p. 359, Government Printing Offiee, Washington, D, ., 1921,

and
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statistics of 1911 and prior years, their appropriateness

for use in connection with recent data for the United

States was tested before they were used for this purpose.

A technical explanation of the test which was applied

is given in section A of the appendix.®

Adjustment of mortality rates at ages 0 to 4 for the
effect of migration

In the method previously described for obtaining
rates of mortality at ages 0 to 4, it was assumed that
the population under observation was not affected by
migration during the period and at the ages considered,
and that the deaths allocated to each annual cohort of
births included all the deaths occurring in the cohort,
and no deaths outside the cohort, Actually, it must
be supposed that the deaths reported included some
deaths of children born outside the continental limits
of the United States, and failed to include some deaths
of infants born in the United States who died outside.
Some indieation of the effect of Immigration ecan be
gained from the census tabulations of foreign-born
population. The effect of emigration is more difficult
to appraise, but is believed to have been negligible
at the ages and during the period under consideration,
and was therefore ignored. In other words, it was
assumed that the native population under age 5 on
the date of the censvs included all the survivers of
births of the 5-vear period ending on that date.

The method emploved to allow for the effect of
immigration involves certain concepts which make it
necessary o refer briefly to the ealeulation of death
rates at ages 5 and over. The central death rate is
defined in terms of the life table as®

me=1"

In other words, it is the number of deaths occurring
during a year in the stationary life table population
at age z last birthday, divided by the total number of
persons at age x last birthday in the stationary popu-
lation. When the life table covers a short period, such
as 1 or 3 years, it is usually assumed that this is equal
to the central death rate computed from the actual
data: that is,

(21)

- @2)
where [, denotes the number of deaths in the period
of observation at age x last birthdey, P, denotes the
population at age z last birthday at the middle of the
period, and # denotes the number of years in the
period. This sssumpiion serves to bridge the gap
between the actual population and the ideal life table
population. Under this method, migration presents no
difficulty if it can be assumed that the net migration
has been uniformly spread over the period. For, in
that event, the adjustment required in the number of

n e . 135,
2 Bee pp. 21-32 for definition and explanation of the Life table funetions,

119

person-years of exposure to the risk of dying is n/2
times the net migration, and since the population at
the middle of the period has already been subjected to
about half the net migration for the entire period (and
is multiplied by n in the formula), the necessary adjust-
ment is automatically taken care of.

This ‘method of obtaining mortality rates was not
used at the very young ages because of the known
deficiency in the census enumeration, However, the
procedure actually followed, while designed to produce
estimated populations corrected for underenumeration,
yvields an estimate of the native population only
(ignoring emigration). Now, formula (22) can he
written in the form:

D, PX v P

M, = g, L == -1
' HP;H "]_‘-i = P,

when P, denotes the native population at age x last
birthday at the middle of the period, and m~ denotes
an approximate value of m,, in which the native popu-
lation, rather than the total population, has been used
as the denominator. Since the value of m. obtained
from births and deaths by the process described is
really m.¥, it needs to be corrected by multiplying by
the factor P.N/P..

I it is assumed (as it usually ig) that, in the life table,

Lo=l,— i, it follows that?

-
mr‘—g_q: {23}
or, solving for ¢,
_2m.
b= 24)

Therefore, it would be possible to convert the values of
¢s obtained without considering migration into values
of m; by formula (23), multiply them by P.r(P,, and
then convert them back to g, values by formula (24).
However, this lengthy procedure is unnecessary, for
the ratio P.¥/P,is always very close to unity, and thus
represents only a slight adjustment; and putting equa-
tion (24) in the form:

-1
= m,(i +%«m,)

=m,~%m,’-1- il

shows that a slight adjustment in the value of m,
results in a very nearly proportional adjustment in g..
Therefore, the adjustment factor P.¥/P,may, without
appreciable error, be applied to the values of g, directly.

In the case of the life tables in this volume, P, and P,
ghould properly represent populations on July 1, 1940,
the midpoint of the 3-year period 1939-1941. However,
ginee the adjustment involved is small in any case, 1t

o Bpurgeon, E. F., Life Cortingensies, third edition, pp. 4=3, Cambridgs University
Press, London, 1935,
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was felt that little error would result in ealculating. this
ratio from populations on the census date (April 1,
1940). Hence, the actual procedure at ages 1 to 4, was
merely to multiply the unadjusted rate of mortality by
the ratio of the native population to the total popula-
tion, as enumerated in the census, at the corresponding
age and in the same classification by race and sex. This,
of course, involves the assumption that the enumeration
was equally complete for the native and foreign-born
elements of the population. The method used in
estimating the distribution of the foreign-born under
age 5 by single years of age has already been deseribed,®
and the resulting distribution by nativity, race, and sex
of the population on April 1, 1940, is given in part I of
table AM.

The above method is not appropriate for adjusting
the mortality rate at age 0, because in that case, the
small amount of immigration which oceurs is believed to
be heavily concentrated in the latter part of the year of
life, while the mortality is very much heavier in the
early part. Therefore, the application of the ratio
P¥[Pq to the mortality rate g, would greatly overstate
the amount of the necessary correction. Henee, the
expedient was adopted of applying the adjustment ratio
to the mortality rate for the second portion only of the
first year of life: that ig, to the probability w.=1—p,.

The numerical |]11I:stn|l.ml:| showing the ealeulation of
mortality rates for white males in the United States in
1939-1941 is completed, for ages 1 to 4, in table AW
which exhibits the adjustment for the effect of migra-
tion.

TABLE AW.—AMUsTMENT OF RaTEs oF MoRTALITY FOR WHiTE
Mavree at AcEs! 1 T0 4, To ALLow FoR InanGgraTioN: UsiTen

SraTes, 1930-1041

I 2 | 3 4
—T ! !
Unndjusted g, e —— KT R R R R
Adjustment Taetar® 77T p0uanssT | L 0S0II003 | . DUSTESTD | . OUES(I0N
Adjusted ga. . cammnamsenann] < OMETES . DORGA5Z . T s BLUTHLGE

! Age denated bz. I
1 Eatimated native white m:ll:n populstion al nge 3 dM-lbd by total white make
population st age 3, April 1, 1980, - Ses table AM, part T, p. 113,

In the case of age 0, formulas (16) and (17) give
oPo=00020016 and ;p,= . 09124082. 1t follows that
s, the complement of yp,, is 00875918, Multiplying
this value by the adjustment factor 09973095, which is
the quotient of the number of native white males enu-
merated at age 0 by the total white males so enumerated,
gives 00875682 as the corrected value of 0. The
complement yp,, which is 99124318, multiplied by .p,
gives 0518811 as the adjusted value of p,. The com-
plement .0481189 is the final value of g,.

There is a criticism of the theory underlying the
method adopted in correcting for the effect of migra-
tion the mortality rates at ages under 5, in that the
deaths which were deducted from the recorded births
in order to obtain the number of survivors at the var-

M fan p. 102,
= e p. 103,
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ious ages include some deaths of children born outside
the United States, so that the number of survivors of
the native births is understated. As the deaths im-
properly deducted are very few, the resulting error is
slight, and in any case serves as a partial offset to the
failure to take account of emigration.

Grouping of ages for the computation of rates of mor-
tality at ages § and over

Deaths at ages 5 and over were not tabulated by
smg'le years of age during the period 1939-1941, but
only in the 5-year age groups 5-9, 10-14, etc., wﬂ-h
final group at ages 100 and over. As a matter of fact,
it has frequently been considered preferable, in the
construction of national life tables, to work with
grouped data for the reason that statements of age,
both in death reports and in the census, usually show
what is known as “heaping”: that is, marked prefer-
ence for ages ending in certain digits, at the expense of
other digits. This preference is especially noticeable
in the case of ages which are multiples of five; while,
to a lesser degree, even numbers tend to be given more
frequently than odd numbers. A notable exception
to the latter rule is observed at age 21, where a marked
concentration is commonly found. The use of grouped
data tends to smooth out the irregularities resulting
from digit preference by averaging together ages at
which the reported figures are excessive and other ages
where a deficiency appears.

However, the particular grouping in which the 1939—
1941 deaths were tabulated has not often been found
the most satisfactory from the point of view of life
table construction.® Glover had both deaths and
populations tabulated by single vears of age, and made
an exhaustive study * of the results of all the possible
methods of grouping in 5-year periods, finally deciding
on the grouping 4-8, 9-13, ete. Wolfenden ® has
also given a very full discussion of the general problem
of heaping and the conclusions reached by a number
of actuaries as to the best method of age grouping for
the data of various countries. In dealing with the
1939-1041 data, there was, however, no choice as to
the mode of grouping, insofar as deaths are concerned.
While the census populations were available by single
vears of age, the estimated populations on July 1, 1940,
were much more easily obtained for the age groups in
which deaths were available, and the computation of
rates of mortality is appreciably simplified by having
deaths and populations similarly grouped. :

Nevertheless, it was thought advisable to study the
nature of the heaping present in the population data
of the 1940 census and to test the effect of various

® Eep, however, Nathan Keyfite, Census Monograph No. 18, Cenodian Life Tobles,
1981, . B, Dominlon Burenu of Stallsthc, Cdtawa, 1087, Her, the “~8" grouping
was declded upon, oven though both popalations and deaths wene avallabia by single
years of age,

¥ 11, 8 Bureau of Oensus, e, eif., pp. 385304,

W Wollenden, op. eff., pp. 33-8, B-57. Beo also Wolfenden's discussion in the
Transsctlone, Actuarial Soctety of Amerioa, vol. 42, Part 1, No. W4, pp. T8-86,
May 1841,
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possible groupings. This was done by summing the
reported figures for ages ending with the same digit
and comparing the totals by means of Myers'
“blended"” method.® For comparison, the deaths of
the year 1035, the most recent year for which deaths
have been tabulated by single years of age, were ana-
lyzed in the same way. In this method of analysis,
the ages below 20 are omitted, because they exhibit a
pattern of digit preference which differs markedly from
that observed at adult ages. The ages in the imme-
diate neighborhood of age 21 may also be omitted
because of the peculiar form of heaping usually present
there.® Myers' blended method is designed to elimi-
nate any bias due to a particular choice of the starting
e,

In this case, ages 23 to 32 were employed as starling
ages and the summations were not carried beyond age
99.3% The results are shown in table AY, In this
table, Negroes and other races are not ehown separately,
because these separate races were not tabulated by
single years of age in the 1940 census. In interpreting
the table, it should be noted that the extent of heaping
or deficiency at any particular digit is indicated by the
amount by which the percent shown for that digit
differs from 10 percent. The “index of preference,”
which is the sum of the absolute deviations from 10
percent, is a useful general measure of the amount of
bias present. The smaller the index, the less error is
present, since if there were no bias, all the percentages
would be exactly 10 percent, and the index would be 0.

TabLE AY.—PREFERENCE FoR Dicims oF Ak BY RACE axp
Sex, 1§ T™E UXiTED E-r_nea, ror 1935 Deatns axp 1940
Cexsts PorviaTions: Nouwsens Reronten at Eacn Diair

oF AGE ! ag PERcExT oF Totar NuMBER

{ 1935 DEATHE 1040 PFOPFULATIONS
BMT OF AGE White Nonwhile "Tokal White Nonwhita
deths re [BES
Fi Fi Fi= Fi
Male m:l-u Mule m:l-l Male: pgpy | Male e
ILTf| 105 | 0.6 | 36,8 | D69 | 116 || 1.0 | 106 | 4.6 150
BT ®O| &9| 74| 73| &5| &8 84| 48] B3
Too b Lo | D | s 0d | 104 IS | 4 | M1 L]
T el LB | B4 B4 i 98| ne| &3 8.2
LAY W2 | 03| 58 %1 - 9 L8| o B.8
T4} YL@ § DeL® | BB § 140 § DT ) DOLS | MO | 135 14
N 7| LB | B4 | RE) b8 T | BT O .0
a6 OB | BT | 8.2 4] 06 87| 6| 58 7
Mol j ol | BT ORTHIRAD DD 03| e 113
N o e IS 87 98| 69| B0 EG | ID0| OO | ®® ) 103 LG
Imadex MFH-
ereaoe 4, [ K] = 38| LB | Mo )| 20| &0 42| heo|163| 1832

i Computed by Myers' blended method, using starting ages 23 to 32 and ending
at agpe 90 in afl coses,
I‘En of devistions from 10 percent, taken withoot regard to sigm.

Inspection of the values of the index of preference
shows, as might be expected, that the error is much more
gerious for the nmonwhite than for the white races.
Among white persons, there is slightly greater hias

# M yers, Robert J., Errers and s in the Reporfing of Aper in Census Lota, T
netions, Actunris] Boclety of Ameriea, vol. 41, Fart 2, No. 104, pp. 386115, October-
November 1M0.  See capecially pp. 402-005, 411-415.

M Boo p. 130
- For the dotalls of M ypers' method, soe his article, proviowsly clied,
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in the populations than in the death statisties; but
among the nonwhite the reverse is true.  In fact, in the
nonwhite deaths, the heaping on digits 0 and 5 is so
pronounced that all the other digits show a deficiency.
Table AZ shows the value of the index of preference
for the total population in each census from 1880 to
1940. With the exception of the 1040 figure, these
values are taken from Myers' article® This table
indicates a steady improvement over the entire period
in the sceuraey of age statements, The relatively low
figure for 1900 is due to the fact that in that census both
age and date of birth were asked for, while in other
censuses only age was obtained,

Tanrtkr AR —IxpEx or PREFERENCE IN STATEMENTS OF AGE 1IN
THE Censvs oF Porvrarion: UsiTEp StaTes, 1880-1940

- ——

| Indexof | | Index of
bty peeleronen B | preferemce
I - LB | RS SRS S e | (]
1550, . 16,6 || T, =1 856
[ R it R T T N LA B | e S e P P P h.0
10l 1.2 | |
1

The percents in table AY may be used to test the
effectiveness of different grouping methods by adding
the percentages for the five digits which are combined
in the particular grouping method. The closer the
resulting total is to 50 percent, the better is the given
method. Table BA shows the results obtained with the
data of table AY. If it can be assumed that the pattern
of digit preference among the 1930-1941 deaths was
similar to that found in 1935, evaluation of table BA
purely on the basis of the proximity of the totals to 50
percent would indicate the best groupings for deaths to
be “1-5" for whites and “2-6" for nonwhites; while for
the populations the preferred groupings would be either
“4-8" or “5-9" for whites and “4-8" for nonwhites,
However, in computing rates of mortality, if the same
grouping is to be used for both populations and deaths,
it is of little avail to select the most effective grouping
for populations if this grouping produces marked bias
in the death fizures, and vice versa. On the other hand,
the correct mortality rates will be obtained, even with
considerable error in both population and death sta-
tistics, if both are deficient or both execessive in the same
proportion. This suggests choosing as the best age
grouping for mortality rate calculations the one in
which the smallest difference is found between the
percents in table BA for deaths and populations, This
criterion indicates as the best groupings “5-9" for
whites and “‘4-8" for nonwhites. Since the “5-9"
grouping appears to be an advantageous one for the
data of white lives, and no other grouping is actually
available in the census for Negroes and other races
separately, and in view of the simplification which
results from employing the same grouping for both
populations and deaths, it was decided to use the “5-9"
grouping throughout.

8 Myers, ep. ot . 4.
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Tapre BA—PeErceEsNTAGE OF ToTaL HEPORTED IX VARIOUB
QuingUeNNIAL AGE GROUPINGS 1IN THE UNITED BTATES, FOR
1935 Dratns axp 1940 Censvs Porvrations !

1535 DRATIES | VA FOrULATIONS
TIaIT Whits Nonwhite | Whila Monwhlie
GROTFNG | o Todal|
HAMLER | Fea Fio- Fas Fe
| Male ke “'hi male | Malo male Male mala
-ﬁl.'ﬂi anl | 4b9 II}.'[IFl 45,5 | 48.9 || 40,5 | 40,0 | 4.7 | 468
BB || G0.8 | G0.8 | 50O ) 4.5 (| 600 || S04 | G0.0 | A9 | 483
Sid || SOA | S05 ) B 6§ MEE | L2 || D6 | A3 | £T.6 | 4T 1
0.5 || S0C8 | 50.8 | 40.7 | 400 | 400 || 40.0 | 5000 | 40.9 | 501
i 4 | S A | GO4 | A0LT ) LT | B0LZ ) 80O )| BOLD | 612 ) GLLE

1 The figures in this table were obfnined by samming the appropriote ones in
tahls A Y.

General procedure used in obtaining rates of mortality
at ages b and over .

The method used in obtaining mortality rates for
individual years at age from the grouped data at ages
5 and over was that of osculatory interpolation. This
method haz been used for many years in the construc-
tion of the national life tables of England and Wales,
and the United States, and was adopted in the most
recent official life tables of Canada and Australia. It
produces a satisfactory degree of smoothness while at
the same time yielding mortality rates which fit the
original data closcly. Osculatory interpolation may be
defined as that method of interpolation which insures
smooth junction between the curves representing the
interpolated values in adjacent tabular intervals by
requiring that such adjacent curves have the same
first derivative (or, sometimes, the same first and
second derivatives) at the point of junction.®

In applying the principle of osculatory interpolation
to the construction of life tables, there are two possible
methods of approach. In the first method, osculatory
interpolation iz applied to the populations and deaths
separately in order to obtain smooth interpolated values
for single years of age, The rates of mortality are then
computed by relating the interpolated values for deaths
and population at each age. In the second method,
“pivotal” rates of mortality are obtained at specified
intervals, and osculatory interpolation is then applied
directly to the mortality rates, in order to fill in the
intermediate values. The pivotal rates are obtained
by first deriving pivotal values of populations and
deaths separately from quinguennial (or other) sums
of data, usually by ordinary interpolation, the inter-
polation proeess being sometimes combined with a
certain amount of graduation, or smoothing.

There has been much discussion of the relative mérits
of these two methods of approach. The first method
was introduced by Dr. John Tatham and used by him
in construeting the English Life table number 6, cover-
ing the period 1891-1900. It was improved by George
King, and in this improved form was adopted in this

8 For g gynopsis of the theory of eacalatory Enterpalation and of the historioal

development of the subject, ses Hugh H. Woltenden, The Fundemeatol Proaciples of
Mathematica] Staiistics, pp. 124-133, Actusrial Soeiety of Ameries, Mew York, 1842,
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country by Glover and Foudray and has been used in
all previous United States life tables. The second
method was introduced by George King in connection
with the English Life tables numbers 7 and 8, and has
been followed by Sir Alfred Watson in preparing the
subsequent tables numbers 9 and 10. It has also been
used in the most recent official life tables for Canada
and Australin. For the former method it is argued
that by its use the investigator is enabled to keep closer
to the original data, and can test the reasonableness of
the interpolated results in the light of his knowledge of
the basic characteristies of the populations he is deal-
ing with. The method also has the practical advan-
tages that it requires no decision as to the ages at
which pivotal values are to be caleulated or the for-
mula to be used in obtaining them, and that mortality
rates for any combination of the original population
classes can be readily obtained without performing a
new interpolation. Such a case, for example, would
be the preparation of a life table for total whites, after
separate tables for white males and white females had
been eompleted.

For the second method it may be argued that all
mathematical formulas of interpolation, particularly
those of the osculatory variety, are based on the assump-
tion that the values being estimated ecan properly be
expected to form a smooth series. Now, it can reason-
ably be expected that, with a large enough body of
data, the rates of mortality should exhibit a smooth
progression from age to age. However, the populations
and deaths at single ages, arising as they do from
fluctuating annual echorts of births, and affected to a
considerable extent by the incidence of past migration,
can hardly be expeeted to be perfectly smooth, IHence,
the assumption underlying the use of an interpolation
formula is not entirely valid when it is applied to such
data. There is also a practical advantage in that only
one complete interpolation is required, as against the
two separate interpolations needed in the other method,
Also, the second method is found, in general, to produce
a smoother series, because the graduating effect of the
oseulatory formula is applied directly to the mortality
rates. A further point is made by Sir George Hardy,
who states * that in “graduating separately the num-
bers in the two series of ‘exposed to risk' and ‘died’
rather than their ratio, . . . we thereby discard our
previous knowledge of the nature of the curve expressing
that ratio—our general knowledge, that is, of the
nature of the eurve g or p.."

In the preparation of the present life tables, careful
consideration was given to the choice as between the
two general methods of procedure, and experimental
calculations were made by both methods. In the end,
the method of operating directly on the rates of mor-
tality was adopted, as it was found to produce smoother

M Hardy, . F., The Theery of the Connrmetion of 7 ables af Moriolidy and of Similar
Statisticnl Tublea in Use by the Acwory, p. 21, Charles and Edwin Layton, Londoa,
10,
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data. Infact, table BA shows that in the digit grouping
5-9, the nonwhite populations are overstated, while the
nonwhite deaths are understated. In the digit group-
ing 0-4, the reverse would of course be true. This would
mean that the rate of mortality would be consistently
understated in the groups consisting of ages ending with
the digits 5-9, and consistently overstated in the “0-4"
groups, producing just the sine curve efleet so frequently
observed. When pivotal values were obtained by
King's formula, this tendency was clearly observed from
age 30 to about age 60, where it became obscured by
more serious crrors in age statement.®  Although the
osculatory interpolation formula used has a moderate
graduating effect, this was found not to eliminate the
waviness entirely. Therefore, it was decided to use also
a pivotal value formula which incorporates an element
of graduation,
The formula selected for this purpose was

u,=%[.f5‘dﬂw,+ ASS(10,4 510, 5) — 1360, prg-+10 “"’:I (29)

This formula gives the middle term of a 25-term series
summed in five groups of five, on the assumption that
the individual terms can be represented by a third
degree curve. However, it is not unigue in this respect,
as an infinite number of other formulas exist which have
the same property. 1is unigueness lies in the fact that,
of the entire class of such formulas, this is the one for
which the mean square error of the interpolated value,
vy, 18 least, on the assumption that the mean sguare
errors of the five sums of “u" values are all equal
This formula involves the assumption that the “ true
values," after adjusting for errors in the data, of any five
consecutive age groups will be exactly fitted by a third
degree curve. There are certain portions of the
mortality curve in which this assumption is unsuitable.
For both Negroes and “other races,” this is true of the
nges under 30, where the death statistics form a curve
with very rapidly changing curvature, and where, in any
ease, the tendency to “waviness” is not apparent.
Here the use of formula (29) was found to produce
unwarranted distortion in the mortality rate; accord-
ingly, King’s formula was used. For the Negroes, a
similar situation exists beyond age 75, where both
populations and deaths are decreasing so rapidly that
the assumption ol fitting a third degree curve to the data
of five consecutive age groups was clearly inappropriate.
In the case of the data for “other races,” populations
and deaths also decrease rapidly above age 75, but the
figures are so irregular, because of the small size of the
data, that the smoothing effect of the special formula
{29) was needed, and the values are so rough, in any
case, that any distortion resulting from the use of this
W Hee p 1000
# This formnks was Grst |Hlblisl1.141nnr| ungigred-book review in the Jowrnal of the
Inatitute of Actiearfos, vol, 81, No. 372, p. 38, October K09, It 13 abo glven by

Wollenden in his Aotuarkal Btudy (proviously eited), p. 115,
@ Hee Wollenden's derivation of this formuls, already referned to,
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formula is not of much importance. To sum up,
formula (29) was used instead of King’s formula in
obtaining pivotal values of populations and deaths at
ages 32 to 72, inclusive, for Negroes; and at ages 32 to
87, inclusive, for “other races.”

Derivation of pivotal rates of mortality

Pivotal rates of mortality were computed at every
fifth age from age 7 to age 97 by applying formula (25)
to the pivotal values of populations and deaths., They
were carried out to seven decimal places on a unit basis:
that ig, to four decimal places on a per 1,000 basis. The
progression of these rates at the very high ages was
carefully studied, and unsuitable values were rejected
by inspection. In the end, the originally caleulated
rates were retained through age 92 for white males and
females and Negro males, and through age 87 for
Negro females and “other races” males and females,
In the case of the life tables for combinations of classes,
pivotal rates of mortality were obtained by summing
separately the values used as numerators and denomi-
nators in obtaining pivotal rates for the individual
classes, at all ages at which the originally caleulated
rates were retained for all the individual classes
included.

Treatment of the very old ages

At the very old ages (those above age 90, approxi-
mately) mortality rates obtained in the conventional
manner frem the data as reported frequently appear
unreasonable or even absurd. This condition is prob-
ably due in part to inaccuracies in age- statements,
and in part to random irregularitics made possible by
the very small size of the experience at these ages. It
is customary, therefore, to reject those values which
are considered unsuitable, and to end the life tabla in
some more or less artificial manner. From a practical
standpoint, it probably makes little difference what
method is used for this purpose, as little reliance is
placed on the values obtained at the very old ages, and
they affect only slightly other life table values which
are extensively used. The question may properly be
raised as to why it is necessary to show life table values
at all beyond those ages at which they can be cor-
sidered reliable. It may be answered that, in order to
obtain values of the average future lifetime and of life
annuity and assurance premiums, it is necessary to
assume some values of the rate of mortality at the
oldest ages, and the user of the tables may properly
wish to be informed as to what values were assumed,

In connection with the life tables ineluded in this
volume, the use of a fifth dilference interpolation for-
mula (as described in the next subsection) made it
desirable to extend the series of pivotal rates of mortal-
ity in some manner, prior to performing the interpola-
tion. This was done, in each case, by fitting a third
degree curve to the last four pivotal rates retained. In
carrying out the actual arithmetie, each pivotal rate
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beyond those retained from the original series was com-
puted from the four preceding ones by the formula:

= Aty — Ot o+ 4o s — Usezg

In the case of the life tables for combinations of
classes, pivotal rates of mortality were not ealeulated
beyond age 92. A special problem arose at age 92 when
individual classes for which the originally calculated
rate had been rejected were included in the combina-
tion. In such cases the pivotal value of the number of
deaths, as originally calculated, was regarded as the
correct numerator, and an adjusted denominator was
obtained by dividing this numerator by the extra-
polated pivotal rate of mortality. These adjusted
denominators were carried out to two decimal places in
order to avoid inconsistency between the life tables for
combinations of classes and those for the individual
classes included.

Oszculatory interpolation formulas used

The osculatory interpolation formula used for the
main body of the life tables in this volume was Jenkins'
modified fifth difference formula® The word “modi-
fied"” in the name of this formula indicates that, al-
though satisfying the conditions of smooth junction, it
does not exactly reproduce the pivotal rates of mortality,
but has o moderate graduating effect. The advantages
of using a formula of this type have been aptly expressed
by the Scottish actuary, James Buchanan, who says:®

The weak point of the osculatory method, regarded as a
smoothing agent, rests on the faet that the gradusted curve is
required to pass through certain predetermined points.  The
eurve will in fact be constrained to take a form similar to that

 assumed by a flexible steel wire which is elamped at fixed points,
g0 that, while the curve is free from discontinuities, any de-
parture of these peints from the smooth curve will be reproduced
with resulting undulations. To remove this tendency to wavi-
ness, Jenkins has devised his modified osculatory method, which,
while requiring the successive interpolation curves to have the
same slope and curvature at their common points at the end of
each interval, does not require the curves to pass through the

points corresponding to the caleulated values.
The practice of employing such a formula in the con-
struction of national life tables has been slow to gain
general acceptance, perhaps because it has been con-
sidered that fidelity to the original data is here more
fundamental than smoothness. However, experience
has shown that a well chosen modified osculatory for-
mula can usually be depended on to preserve the basic
underlying trend of the mortality curve, only local
irregularities being smoothed out. National life tables
are being increasingly used for population projections,
valuation of old-age pensions and survivors’ benefits,
o Jenking, W, A, Groduwerion fased on o Mofificniion of Dsculalory Tuerpolalion:
Transactions, Actnaris]l Bociety of Ameries, vol. 3, Parl I, No, 78, p. 32, Oclo”
beer 1937, ‘The formnbs is also given (in & form more elosely resembling that employed
in this volume) by Kobert Henderson, Mathematicel Theory of Groduation (Astwarial
Studies No, 4], seconsd edition, p. 22, Acinarial Socdety of Ameriea, Now York, 1838,
& Buchanan, Jumes, Recend Developments of Oreulatory Inter polation, Ttk Applica-

Fions io the Comaruction of Netonal end Other Life Tables, Transsctbons of the Famy
of Actonrbes (Seothand), wel, 12; Part & No, IIL pp. 107-160, 1925,
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and other calculations in which a lack of smoothness
in the life table is likely to produce irregularities and
inconsistencies which, although minor, can be awkward
and inconvenient. Also, it may justly be angued that it
is hetter to produce a smooth table which, in all likeli-
hood, represents the true underlying conditions as
precisely as they can be inferred from a careful analysis
of the data, rather than a table which merely reproduces
the data along with all the errors they are known to
contain. It is a virtue of the better modified osculatory
formulas that when applied to a series containing many
undulations, such as rates of mortality for Negroes in the
United States, they exert a considerable smoothing
effect, and yet when applied to a series which is already
fairly smooth, such as the corresponding rates for white
persons, they produce only an insignificant change,

In the case of 5-year age intervals, Jenking’ modified
fifth difference formula can be written in the form:*

(b

where w, and .., denote consecutive pivotal values,
§ denotes a central difference as before, { is & number
between 0 and 5, s=5—t, and #,;, denotes the interpo-
lated value obtained by the formula. This formula
produces contact of the second order: that is, the
interpolation curves in any two adjacent age intervals
have equal ordinates and equal first and second deriv-
atives at their point of junction. It may be noted

E‘u-m) (30)

that this formula gives, on substituting {=0 and 5,
reapectively:
1
r.=u.,-—ﬂvﬁ*u, (31)
Tags=Uaps— .iﬁéi'ﬂa.,.; (32)

These results show that the pivotal values are adjusted
by the formula to the extent of 1/36 of the negative
of the corresponding fourth central difference. Sub-
stituting the expressions (31) and (32) and writing

3%y, for ﬁ*u;-%ﬁ'u, the equation (30) becomes:

8 a({r_- (F 25)

Uap= _'1-a+ T Hd}aﬂy +_f-...|-_i+ : ﬁzy..q_,, {:{3}

In using a formula which appears in this symmetrical
form, the arithmetic can be considerably shortened by

# The form glven bere differs from that given by Jenking and Henderson for the
reason that Bere Lhe single yesr of age i3 tnken s the unit of reckoning, while In the
other formulations the unit is the entine nterval of inferpolntion {in this instance,
§ years). The formola given bere is readily obtained from Henderson®s expression
upon replacdng r by 45 and g by o8 Jenkin® original statement of (he formale
was 0 terms of advancing differences rather than central diffesences,
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employing a special computation process in which the
results of certain ealeulations are used twice®

In the construction of all the life tables in this volume,
this formula was used for interpolation from age 32 to
the end of the table. As stated in the preceding sub-
section, the series of pivotal rates of mortality was
extended to the very old ages by fitting a third degree
curve to the last four of the original pivotal rates
actually used, which is, of course, equivalent to as-
suming fourth differences to be 0. Under these condi-
tions, formula (30) reduces {o:

& (6*'—25)
750

{(#—25)

8
Ot = gk 750 a45

ﬁ‘ua-l- Flhets T wEn—
which is merely the ordinary Everett interpolation
formula * for guinquennial intervals. This shows the
gpecial convenience, in  connection with Jenking’
modified fifth difference formula, of the particular
method chosen for terminating the life tables. Tt may
be noted that, in carrying out the extrapolation for the
very old ages, the second differences 5%, were values of
a first degree curve (or straight line), and could there-
fore be obtained by the formula:

g =284, s — iy 10

(34)

This formula holds at the last age for which the caleu-
lated pivotal rate was retained, and at subsequent ages.

In the case of the life tables for combinations of
classes, it was found that interpolation of the rates of
mortality beyond age 92 would, in some instances, give
results inconsistent with the rates for the component
classes, Therefore, in all these tables, the interpolation was
terminated at that point, and mortality rates for sub-
sequent ages were obtained from the I, column of the
life table, which was itself derived by a special process
to be explained later. The value of &g, to substitute
in the interpolation formula was obtained by equation
(34). This, of course, implicitly assumes the existence
of an extrapolated pivotal rate at age 97.

Because of the rapid change of curvature of the g,
curve at ages under 30, and the small size of the rate of
mortality at these ages, the fourth differences of g, are
quite large in relation to the values of ¢, itself, and an
excessive adjustment is introduced by Jenkins' for-
mula, which has the effect of replacing the pivotal values
originally calculated by adjusted values obtained by
formula (31), invelving a fourth difference correction.
Moreover, the mortality curve commonly displays
genuine irregularities at these ages, which it is not
desirable to remove by a smoothing process. There-
fore, it seemed the wisest course to use a formula which

o Freeman, ep. cif.,, pp. 7375 Sec also T. N. E. Groville's discussion in the
Rooard, Ametioan Institute of Actoartes, vol. 32, Part |, Mo, 05, pp. B8-837, Juns
I3, Fee slzo Louis I Dublin and Alired J. Lotks, Lenglh of Lije, pp. 338-339, Tho
Ronald Press Co., New York, MS6,

 Froama, op, o, D66 The form glven here mmay be obiadsed from Freaman's

expreszion by subetituting central differences for advancing diffetenoes, changing the
origin o that @ carresponds to Freeman's *0," and peplacing r by 0/5 and £ by 8/5.
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would reproduce the pivotal values. The formula
selected was the familiar Karup-!‘{.jng formula,”

This formula was used for interpolation in all the life
tables between ages 12 and 27.

Between ages 4 and 12 and between 27 and 32,
special extensions were devised in order to seccure
smooth junction, in the one case with the mortality
rates under age 5 specially computed from birth and
death statistics, and in the other case with the rates
above age 32 interpolated by Jenking' formula.
Inasmuch as both the two interpolation formulas are
of the third degree, third degree curves were employed
for the special extensions as well. The curve used for
ages 5 to 11 was required to reproduce the caleulated
rales of mortality at ages 4, 7, and 12, and to have the
same derivative at age 12 as the Karup-King curve
used between ages 12 and 17, The curve used for
ages 28 o 31 was required to have its ordinate and
first derivative equal to those of the adjoining Karup-
King curve at age 27 and to those of the adjoining
Jenkins curve at age 32, In both cases, there are
four conditions imposed, and this is enough to determine
a third degree curve. In each case also, it was possible
to regard the interpolation by the special curve as
merely a further application of the Karup-King
formula, by utilizing a suitable artificial extension of
the series of pivotal values

Seven decimal places were retained throughout the
interpolation process, and the resulting interpolated
rates of mortality were rounded to six places. They
are further rounded to five places (or two places on a
per 1,000 basis) in the published tables.

Test of the graduation of the rates of mortality

Tests were applied to the final rates of mortality in
each of the six life tables for individual classes of the
population to determine whether the graduation could
be deemed satisfactory. It was not considered neces-
sary to test separately the mortality rates for com-
binations of classes. In making such tests, there are two
chiel points to be considered: (1) conformity to the
original data, and (2) smoothness. Conformity to the
original data is usually tested by caleulating, for each
age group, the number of deaths expected on the basis

(35)

Tap 1=

# This formedn was frst published by Johannes Kamup in his anticle, On @ Nas
Meehonfea! Meakad of Graduation, Trasmel bone of the Seeond Internatfonal Actiarial
Congress, p. B3, Charles and Edwin Layion, London, 186, It was discoversd
independently by George King who published it in the Journal of the Instiiute of
Actuaries, val. 41, o 545, October 1007, Sinoe its publicntion by King, It has been
used pxtensively in the construction of national life tahles, both in England and
elsewhens, The formuls s also given, in threo different forms, by 'Wolfenden ln his
Actunrial Sindy (previously eited), p. 105, Theespression given heo I8 obtalnsd st
onee from Wolfenden's forma (e upon replacing £ by 3 and g by o3, and changing the
orlgin o that o corresponds to YWollenden's 0"

For a discussion of compuiation medbods, see John Boyer, Oeewlafory Taterpolation
in Pradhice, Reeord, Amerienn Institote of Actuaries, vol. 31, Part 2, No. M.
. 3738, October 1942, A metbod similar to that menticned in connection with
tho Jenking formula can alse be einployed.

o The formulas which were used for this purpose are derived in the appendir,
p. 138,
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In the ease of Negroes and “other races,” the dif-
ferences between reported and expected deaths are
larger, and the comparison shows about the same rela-
tionships, regardless of how the expected deaths are
computed, The method used in the case of white
lives seemed, however, entirely suitable, and was
therefore adopted. Table BB shows, for both Negro
males and Negro females, a very large excess of expected
over reported deaths in the age group 65-69, which is
offset only to a small extent by deficiencies in the
neighboring age groups. This is because the expeeted
deaths were computed on the basis of populations as
actually reported, while the rates of mortality are based
on a redistribution by age of the population and deaths
between agea 55 and 70. This redistribution was made
in the belief that a substantial number of persons
actually between ages 55 and 65 had been reported at
ages between 65 and 70. If this is true, the expected
deaths for the entire 15-year age period would be
greatly overstated, because the rates of mortality are
much higher at the ages incorrectly given than at the
true ages of the groups affected by this error. Table
BC shows how the comparison would be altered if based
on the redistributed populations and deaths, and
indicates that the calculated rates of mortality conform
satisfactorily to the redistributed data.

The traditional procedure for testing the smoothness
of the graduation of a series of rates of mortality ealls
for examination of the third differences of the graduated

rates. If these are reasonably small and change sign.

fairly often, the smoothness of the gradustion is con-
sidered satisfactory. The sum of the absolute values
of the third differences over some specified range of
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ages iz often taken as a criterion of smoothness. It is
not, however, entirely clear why third differences,
rather than differences of some other order, should
always be used for this purpose; and in fact, there are
strong arguments, at least from a theoretical stand-
point, to support the view that the most appropriate
order of differences to be so used depends on the
characteristicsa of the particular data, and on the
graduation formula employed. For example, in con-
nection with the life tables in thisvolume, it can regson-
ably be argued that fourth differences are more suitable
at nges 32 and above.
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The argument is based on the fact that the interpola-
tion formula employed above age 32 (Jenkins' fifth
difference modified formula) has the property of re-
producing a third degree curve. In other words, if it
ghould happen that the guiding values at quinguennial
ages were exactly the walues of some third degree
polynomial for the corresponding ages, then all the
interpolated values would also be the corresponding
values of the same polynomial. This implies that when
o third degree curve can be fitted to the guiding values,
such a curve constitutes an entirely satisfactory gradua-
tion, and does not require adjustment. Now, the third
differences of a third degree polynomial are constant;
therefore, they need not be small, and obviously do not
change gign. Thus, the conventional test for emooth-
ness employing third differences is inconsistent with
the philosophy underlying the interpolation formula
used. On the other hand, the fourth differences of a
third degree polynomial are 0, so that there iz no
inconsistency in testing for smoothness hy an examina-
tion of fourth differences.

The interpolation formulas used at ages under 32
have the property of reproducing second degree poly-
nomials only, so that the same line of reasoning would
justify the application of a third-difference test for
smoothness. Table BD gives both the third and fourth
differences of the rates of mortality for each of the six
single classes of the population for ages 4 to 87, in-















CALCULATION OF LIFE TABLE FUNCTIONS

C. CALCULATION OF OTHER LIFE TABLE
FUNCTIONS

Calculation of I, and d,

The wvalues of I; and d, were obtained by suceessive
multiplication and subtraction commencing with a
radix of 100,000 at birth, by the usual elementary
formulas:

'l'f:=£:|1':

37
E:H-I:'E:_d: { }
Values of g, were used to seven decimal places, and
three decimals were retained in the I, and d, values.
At the very old ages, the number was increased, so as
to give seven significant figures in every casze, Although
the published tables are terminated, in each case, at
that age where I, taken to the nearest integer, first
becomes 0, nevertheless, for ressons which will be
explained later,” it was desired to have [. values
computed further for use in caleulating the values of
4, the average future lifetime, Accordingly, the process
was continued so long as I, values in excess of .0025

were obtained.

In the life tables for combinations of classes, this
process could be earried only to age 03, as interpolated
rates of mortality were not obtained beyond age 02,
These tables were completed by a special process
designed to avoid inconsistencies between the g, values
for the combination and those for the component classes.
The value of l; in the combined table was divided
into s many parts as there were separate classes
included, the division being made in proportion to the
denominators used in computing the pivotal wvalues
of gy for the corresponding life tables. Each separate
part of the I firures was then carried forward by
applying the mortality rates for the corresponding
separate class, the results being summed to obtain the
subsequent [, values for the combined table. This is
equivalent to expressing the value of I, for the combined
table as a weighted sum of the I; values from the
separate life tables for the component parts. Using
the latter process shortens the srithmetic. For ex-
ample, let L [ pte. denote the I, values in the
separate life tables for the component classes, let
ly', ln", etc., denote the corresponding parts into
which [, for the combined table is divided, and let
wy=lu"[ly’', wa=lu™[ly", ete. Then, at ages above
92, I, for the combined table is given by

L=wl.O+ul o4 ..
The g, values were then obtained by the formula:

LH-I

In the published tables, all the I, values have been
rounded to the nearest integer, while the published dx
values have been obtained by differencing the published

i Bep p. 1M,

gr=1—
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l; column, and, for that reasom, differ slightly in some
cases from the figures which would result from rounding
the d; values as originally ealeulated.

In view of the necessarily rough nature of the adjust-
ments made in the data for subdivisions of the first year
of life, it was not felt that much refinement was justi-
fied in calculating the life table functions for these
subdivisions. Accordingly, the value of d, obtained for
the main life table was merely divided among the
various age periods within the first year in proportion to
the numbers of deaths in each age period during the
3 years (after adjustment for underreporting, and
smoothing of the “other races” data). The interme-
diate {; values were then obtained by subtraction, and
‘the mortality rates by division.

Calculation of L,

At ages 5 and over, it was considered sufficiently
accurate Lo assume that

1
L:=§Hr+ EJ:1--|}
At ages 1 1o 4, I, was obtained by the formula:
Lt=‘i::‘_{l_fr}d:=Er~I]Jr_fzd:

where f; denotes the separation factor previously re-
ferred to.* In justification of this formula, it may be
pointed out that, in the hypothetical stationary popula-
tion, L, represents the number of persons at age x last
birthday who would be enumerated by & census taken
at any time. Naturally this is equal to the number
who have reached exact age z during the preceding year
less those who have died in the meantime: that is, I; less
a part of d,. If the incidence of deaths during a cal-
endar year is the same in the stationary population as
in the actual experience, the fraction of d, to be taken
is® D,/D,=1—f,.

The walue of L, was obtained by making separate
calculstions for the various subdivisions of the first
year of life and adding. The process used is most
readily explained by adopting the point of view which
considers L, as the total number of person-years of life
lived, between birth and exact age 1, by [, infants born
alive. The function ¥,—T..; for a particular age
interval, = to z-+1, within the first year of life represents
the number of person-years lived between these exact
ages by the survivors of [, live births. This would be
given by

To—Topi=tla— gt =5t et o) (38)

on the assumption that those who die between ages r

and z+t live, on the average, half the period. It was

necessary to express the values of f as fractions of a year,
“ Sou g, 108.

W Ban . 217,
-8 Boo ., 115,












COMPUTATION OF ACTUARIAL TABLES

C. METHOD OF COMPUTATION OF THE
ACTUARIAL TABLES FOR WHITE MALES
AND WHITE FEMALES

Modification of the basic life table values for use in the
actuarial tables for white males and white females

In order to secure a high degree of consistency
between the values shown for the various actuarial
functions tabulated, so that the various mathematical
relationships between commutation symbols, annuity
and assurance premiums, ete., would hold as precisely
as possible, the basic life tables were slightly modified
by taking the [, column ag the basic column and deriv-
ing all other values from it. The use of [, (instead
of g.) as the basie function causzes numerous, but slight,
differences between the life tables for white males and
white females included with the setuarial tables (tables
14 and 25) and those which appear earlier in the
volume (tables 5 and 6). The values of [, are the same
to age 93 for white males and to age 95 for white females.
However, beyond these ages, the [, values in the
actuarial tables are shown to enough decimal places
to have a total of four significant figures, in order
not to impair the smoothness of the actuarial func-
tions by excessive rounding. Nevertheless, the limii-
ing ages of the original life tables have been retained.
The d; values were obtained by differencing the new I,
columns, and therefore differ at the old ages from the
ones previously given. The new values of ¢. were ob-
tained by dividing d, by I, in these tables, and therefore
differ slightly from the earlier values in most cases.

Calculation of the force of mortality

Although the force of mortality is not given for the
general life tables in part I, it has been tabulated, for
white males and females, for inclusion with the
actuarial tables, because of its usefulness in various
actuarial approximations. From age 3 to the last
ages shown, u, was obtained by the usual approximate
formula:?

B{I:- _Il+11.|_ {I: 2—59-3
1205

(45)

The original, unrounded values of {; were used.

This formula is not applicable at ages 0 and 1, and
was considered unsuitable at age 2, where it would
involve l,. Therefore g and g were caleulated by
making use of the I, values at fractional ages under 1,
in each case fitting fourth degree curves to five con-
secutive (but not equally spaced) values by means of
Waring's formula® The resulting equations were:

p;mr{ - 4,74?25lﬁ+ 21. 257591-- —16.500008,— . 02198L -+

MIEIM

! Bpurgean, B, F., Life Conflagendrs, third edition, p, 14, Cambridpe Univesity
Fresa, London, 1985,
¥ Bee fotnobs on P 110,
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,.2=%{—3.4 48810+ 4333331, — 423081, — 520000, +
L058561,)

The estimation of the force of mortality at birth
presents peculiar difficulties because of the extremely
rapid decrease in the death rate immediately following
birth. The value has little, if any, practical utility;
however, values of u, have been included for the sake
of completeness and because of academic interest in
the results. It iz believed that this is the first time a
gerious attempt has been made Lo obtain a realistic
value of the force of mortality at the moment of birth.
However, the result obtained must be regarded only as
a general indication of the magnitude of this quantity,
and in no sense an accurate computation of its value.

Previously published values of y, show a wide varia-
tion as indicated in table B(G. Values of the force of
mortality have not appeared in the official publications
of any couniry except Australin and Belgium. How-
ever, & value caleulated from English Life Table No. 8
has been published in a text book of the Institute of
Actuaries.! King* obtained a value of u, (based on
data for insured lives) by fitting a Makeham curve to
the values of I, I;,, and L. Aside from the curious
assumptions made by him in deriving his Mualeham
constantis, it is clear that the shape of the I, curve in
the neighborhood of age 0 cannot be correctly repre-
sented without taking into account the incidence of
mortality within the first yvear of life. Hing's value
(.15920) is, of cowrse, absurdly low. The Belgian
figures were obtained by merely fitting a fourth degree
polynomial to the values of I, at the integral ages 0 to 4.
This method is open to the same objections as King's.
Spurgeon’s value for England and Wales was obtained
by the admittedly rough method of taking 265 times
the ratio of the deaths under 1 day of age in the 3 years
1910-1912 to the number of births in the same 3 years.
Spurgeon states that this method “clearly underesti-
mates the true value of the force of mortality at the
moment of birth.” In connection with the Australian
life tables of 1901-1910, constructed by Mr. C. H.
Wickens, it is stated ® that these values were obtained
from a gradustion of the rates of mortality at ages 0 to 4
by Makeham’s second wmodification of Gompertz's
formula, The method appears to have been similar
to King’s. In the report concerning the Australian
life tables of 1920-1922, it is stated 7 that *“ g, for age 0
for each sex was determined from special data available
for deaths during the first week of life."  The statement

i Bpurgeon, ep. e, p. 197 and 198,

t King, Greorgo; hufil:f-t of Actuaries’ Texd Mook of e Principles &f Taderesl, Hﬁ-
Annnilics, and Asswrancer, and Their Pracicol Application, Parl IT, Life Coshin-
penciee, seonmd edition, pp, 108-104, Charbes and Edwin Layton, Londen, 1002,

¢ Auwstralis Consus Bureau, Censur of the Commonwealih of Aunsiralio, Srd April,
1811, eod. I, Slotisticians Report, p. 325, MeCarron, Bird and Co., Melbourne, 1017,

7 Apstralis Commonwealth HBuresn of Census and Bintistics, Crasue of the Com-
monwealih of Auvefralio, [b April, 1@, vol. II, p, 3%, Government Printer,
Melbowrne, 1927,









140

Values of g, and L. (based on an arbitrary radix) were
calenlated from the constants obtained in the prelim-
inary graduation, and, from the latter, values of a.
and (fa). were compuied. These results were used in
calculating the wvalues of the partial derivatives by
equations (51) to (55); and &, j, and [ were then deter-
mined by the method of moments (equivalent in this
cose to the method of least squares). As the sole
purpose of the graduation was to reproduce as closely
as possible the annuity values based on the original
table, it was decided to assign equal weight to all the
individual ages. Under these conditions, the method
of moments was most casily carried out by means of a
process of suecessive aceumulation applied to the terms
of equation (37), the equations for the determination
of k, j, and [ being:

“ : a.r od,’
:.?;“ {ﬂ':t e :I""h'E gd'+ E aha
ék’ (a," —a, } ﬁ'i A’ +j$=% 41 qz%fii

od,*

é‘afﬂz — iy } -hE AJ+ E ax +£E a:‘a

where the double accent denotes values based on the
original table, and where:

2H@=2216)
and

2 @=2 36

Some study was given to the question of the exact
range of ages to be employed in the determination of
k, j, and I, the ultimate decision being in favor of the
ages 10 to 80, inclusive. Although the Makeham curve
was not actually used down to age 10, it was found that
the use of values for this and subsequent ages in the
fitting facilitated obtaining a smooth junction with
the values from the original table, which were to be
used for the ages under 10. A close fit at the ages above
20 was not considered important, and it was found that
it could be secured only at the cost of accepting much
less satisfactory agreement at the younger ages. The
resulting adjusted values of the constants, obtained
by substituting in equations (49) were:

e=1.0924931
A= 08846246
logw 9= — 000474834
logy 8=— 000461004
A= 0010615
B= 00009672

Junction with original values at very young ages

From about age 90 down to about age 17, the final
Makeham graduation provides a close fit to the original
table, but between ages 10 and 17 the Makeham curve
produces rates of mortality which are much too high.

UNITED STATES LIFE TABLES AND ACTUARIAL TABLES

Accordingly, it was decided to use the Makeham for-
mula only at ages 17 and over. It was desired to retain
the mortality rates from the original table from birth
to ege 10, in order to preserve the minimum in the rate
of mortality which occurs at age 10. 1t was also desired
to have the values of whole life annuities under the
original table exactly reproduced at ages 11 and under.
This was accomplished by the following process. First,
blended annuity values were obtained for ages 12 to
16 by the formula:

a,=gle—11)a+ (17=2)a0]

where a; denotes the blended annuity value; a.?, the
value according to the original table; and a,¥, the value
aceording to the Makeham curve. The blended values
were taken as the final graduated annuity values, and
rates of mortality at ages 11 to 16 were obtained by
the formula:

Completion of the mortality table

In order to secure the consistency among the various
actuarial functions which results from regarding [, as
the basic function of the mortality table, and yet retain
the full smoothness of the Makeham graduation, the
radix of the table was taken as 1,000,000 rather than
100,000. The values of [, up to and including age 11
were those caleulated for the original table, but retain-
ing one significant figure in addition to those shown in
table 4. From age 11 to age 17, inclusive, the values
of [, were computed by the formulas (37), employing
the values of g, obtained from the blended annuity
values, as deseribed above.  The value of [j; determined
in this manner was then equated to the Makeham
formula (48) in order to determine the constant k.
The values of I, at all the remaining ages were then
calenlated from this formula. All values were rounded
to the nearest integer, except that at the older ages,
sufficient decimal places were retained, for the sake of
smoothness, to have six significant figures in all cases.
The table was terminated at the point where [, first
became 0 to the nearest integer on the conventional
100,000 radix: that is, when it became less than 5, on
the basis of the radix of 1,000,000 actually used.

The values of d,, p,;, and ¢, were obtained from the
I. column in the conventional manner. From birth to
age 16, u, was calculated by the same formulas'
which were used in the case of white males and white
females. At ages 17 and over, it was caleulated in
accordance with Makeham's law by formula (47).

Tests of the graduation

A graduation by means of a mathematical formula
such as Makeham’s law, of course, does not need to be
tested for smoothness. As the graduation was speeif-
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