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T HAT the Reader may the better apprebend our defign

and aim, we bave thought fit to premife [ome things
A concerning the Methods, both general and particular,
. owe make ufe :if i the foliowing Treatife. For as berctofore a
" fort of a blind deference to, and [uperftitious Veneration of An-
- tiquity, and effecﬁaﬁ_y of Ariftotle, bas hindred the growth ard,
. progrefs of Natural Philofophy, which of late has made fuch
confiderable advances, (ince it has wentured to [Fand upon its
own Bottom, to make new Additions to former Inventions, to ¢f-
fay new and unknown Objects, to (ubftiture Things inftead of
Names, Certainties inftead of Doubts, and Experiencedn the
room of dull Credulities 5 not derogating in the mean 25l frope
the deferved Praifes of the Ingenious among the Ancients il
without doubr Mathematicks alfo, unle[s our Predeceffors bad™
imagined that it had lmg ago béen brought to its utmoft Pevfe-
¢ion by Euclid, Archimedes, Apollonius, and other ingensous
Ancients, would have arrived long (ince to a higher pitch, and
by this time bave furpafsd thofe Limuts, which now we admive
\ 515 arvival to,
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It is confe[Sd by all, t'at no Human Knowledge swhatfoever
can lay a more juft claim to an unfhaken Evidence and Certain-
ty,. or boaft-gn bigher neceffity of its DemonfErations, or a great-
er multityde of undeniable Truths, than the Mathematicks ;
and that thofe Propofitions we have, found out by Archimedes,
demonfirated by Euclid, Apollonius, and others, are ar the
fame time unqueftionable and altogether wonderful. Bur we
may with Truth affirm, that moft of their Propofitions may either
be difrofed in a bester order, or propounded eafier, or demon-
ftrated more evidently and direétly, or taught after a more [hort
and compendious way, now at leaft after they are already found
out, and with a great deal of Pains demonfirated by their firff
Inventors 5 and of this Opinion are feveral of the beft and moft
celshrated Mathematicians of the prefent Age.

L

It is certain Buclid has demonftrated feveral Propofitions,
(a5 Prop. 258420, 30;:0ib. 1. 125 §56.. 10,15, 28520
lib. 3. &c.) whafe Truth to any attentive Perfon appéars from
the wery terms, more clearly and certainly than the truth of Ax-
iom 13. lib. 1. which bis Interpreters dare not' admit without
a Demonftration. . And tho thofe [uperfluous Demonftrations
derogate nothing from the certitude of the thing, yet by an un-
- mecelfary increafe ﬂf the number of Propofitions, and. ( wbich fre-
giently follows thence) an inverting the order of things; they

breed Tedionfnefs and Confufion. - 3 A5 3

VY ks
- . o i .-J L 1
There are mone, wilefs thofe swho-are bigotted to ' Amtiguity,
but mufi own tha the Elements of Eaclid are deftitute of a juff
and orderly Dijpofition of things.  For to omit, that in the firff
“Book there are handled feveral forfs of Subjects, and a great
variery c.:f_r F?aaffr_.r;tf: demonfirated of them P?'ﬂmiﬂﬂffﬁﬂj without
anyre/pece to fimilizude or con UHjency 5 there is 1i5is mewer to be
.. ' : excufed,
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excufed, that, after be has in the firfp Bok deduced and
demonftrated fome particular dffeltions of Magnitude, be
* procseds, in the fecond, to rhofe things which are univerfal

and common to any quantity 5 then in the third and fourtlh, be

contemplates the Circle and the Properties of Figures inferib’d in
ity or circumferibed aboutir s in the fifth again betreats of the
E univer(al Doétrine of Reafons and Froportions . and yet not [0

univerfally, but in the feventh again be is obliged to demonfirate
tbe fame of Numbers particularly, owhich might bave been
done for all Ruantivies whatfover, by one geperal Demenfira-
tion. :

Ty

¥

NIRRT

Then as for the method of Demonftrating ufed by the Anci-
ents 5 it is true that it micely vegarded the certaimty of irs Con-
clufions, nor would it “admir any thing into its Demonfirations,
which wasnat either a firft Principle and fo felf evident, (cal-
led by them an Axiom) or might not be fupvofed,beyond all Con-
tradiétion, poffible to be effeited (and on that acconnt named a
Poltulate) or, thirdly, an arbitrary Denomination of the thing
- propofed which needed no Lemonfivation, (and was called a De-
fimtion o Explication:of a-Term;) ory laftly, which bad not

I
s

-'“'-"-"'_‘-i' i Ta R J_

 been evidently demonftrated before : Yer I believe none will demy,
" but that this Method would hawe been more defervedly efteern d,
 3f with the certamty of its Conclufions it had joined a greater
« Eafine(s, Brevity, and Evidence, which is wanting in maft of

- the Demnenfirativns of the sncients 5 who thought it enough,
 frmly and infallibly ro effablifh the truth of ‘their Theorems,
~and extort the Alfent of thesr Readersy litile regarding by
what dmbages, by how many circumanbulatory Propofitions,

" and almuft whule Volunes, vt was doney that thereby they
might be fwceri to acknowledge the rﬁjng to be (o, while how

; st came 10 be fo, or from what intrinfick Canfe 0 Cinditien of

“

- the Subjelt vequiring it, [uch and fuch an Anribute agreed to i,
 remained i 1he wiean while obfcure, ur altogether unknown,

A3 V1. Hence
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VI

Hence they made [uch frequent ufe of Apagogical Demonftra-
tions, or sdednétive ad ablurdum & impoflibile, awhich onght

ot 10 be dome, but where no often(ive Demonftration can be bad,
or for llufirating negative Propofitions rather than demoftrat-

ing them 5 for the method of Deduéfion ad impoflibile, does
ner o much demonftrate the Truth it [elf direcily, as the confe-
queni Abfurdity of the oppofire Suppofition 5 whence it follows
wery mdireélly, (tho' moft certainly) that the Propofition %

true, while in the mean time the original Reafon of its Truth
rematns altogether bid and in the dark.

WV

;Eur that we may not feem unjuftly to rejeét the ’ particular

Method -::f the Ancients, made ufe of E?)' Euclid, ,as in lib. 12,
Prop. 2, 10. &c. and by others, but effecially by Archimedes,
ﬂ,&-‘bﬂ ﬁﬂf.ﬂfﬁﬂfé}' addified ;5:}?59@13‘7 to i-t, ?ﬂbfﬁff it ﬁﬂ;{- been b?-

fome called the Archimedean Method, and by Renaldinus the
Method per Explofum exceflum atque defeGtum ; befides its
Dedutlion donbly ad abfurdum, whereon it abvays relies, as

e. g it infers the equelity of two Magnitudes A and B by &

for fetch round- abeur way, by fhewing, that if B be ﬁpp:}ﬁﬂ
greazer or lefs than A, fromieither Pofition there avould [ﬁn’fﬁw
i

an abfurdity 5 and thence as it were begging the Equality by

a new Inference, which tho it may pafs free from Sufpicion, |

yet it peither ought, nor can be admirred, withont this Limita-
tion < In comparing thofe things whofe Natures are capable of
Equality, if it can be demonfirated that the one is neither great-

er nor lefs than the other, we may thence Jutly infer thewr E-
quality. e v s §

VHIL

The Learned are now gemerally agreed, thar, befides that Sym-

thetick Method, whirety the Ancicnts eiker offenfively deduced |
their Problemss and Thespems from evident and commaon Princi- |

=

i e5s
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 ples, ar apagogically demonftrated them by Deduitions ad abfur-
" dum, they aljo made ufe of a certain fort of Analyfis, whereby
they found out thofe Theorems and Problems; and which, to
raife the greater Admiration in their Readers, they afterawards
: ﬁ,@yﬁy conceal’d and kept to themfelves : Which Method is
wndowbtedly pre erable to the other, as not only demonftrating
b the certainty of the Propofitions [o found, but at the [ame time
.- ing the invention of them too 5 and this. is that Method
that Vieta Harriot, and Des Cartes, and their Followers have
\ mot only broughe to light in this laft Age, but t0a great degree
of Perfection too, and whereof Carolus Renaldinus, - i that
- waft Work he has intituled Ars Analytica Mathematum,® bas:
given us & large Treatife. Ty o

T

IX,

There has appear’d moreover of late anvther P.:zrr&nhr -Me-
thod * invented by Bomaventura Cavallerius, =~ = =
which is called the Method of indivifibles,szbere- > Pt g B
by the moft difficult and abffrufe Problems ff- Ge-s Siiene ng;ﬁll:fg
ometry are found out and Demonfirated withan buc an  im-

= y '-I—..ar,!:-—-.'q._'.r -

sucredible eafe, which is the above-mentioned provement of

Renaldinus’s Opinion of it, lib.1. Refol. & Comp. - ﬁ;v[ ] f‘-ll'w‘;flf.}tls
P 239. whichy, to demomfrate the Equality or hgaigi{:::n? 3
- Proportions of Figures and Bodies that may be. .
" compared with ome another, goes to work afier a way which
o feems to be more natural than any other, by [uppifing plane Fi-

ures to confi(t of innumerable Lnes. and Jolids iof innumerable

g e of ;

Plans (called vheir indsvifible Pares or Elements, becaufe the

Y i)

Lines are conceived without latitude, *and the Plins without

any thickne(s,) and rvelying on this felf-evident Axiom, That i

i i e ;
all the ndivifibles of one Magnitude colleltively taken, be equa
or proportional v all the correfpondent Indivifibles of anotier,
or taken feparately each ' to each, then alfo thofe Magnitudes
will be equal or proportional among themfelves.  Which Infe-
rence.can be guilty of no Fallacy, wnor liable to any Error, as
long as thofe Elements are taken and conceived i that [enfe
their Autors defign them ; which 15 [ufficiently deinomfirated by

Ren:ldinus, lib. 1. Compol. & Refol. p. 215 tewards the bot-

, p p. 245
: A 4 ; toity

e -

T T ;--Yrr-“
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tom, andat the beginning of p. 306. and alfo byHonoratus Fa=,
- ber, in bis Synopfis, P- 24 and. Dr. Barrow in Le&t Geom.

P 24~ and the folloving, againft "Tacquet and the other Ad- .
verfaries of this method. :
' Lo ' 3

There is another Method a-kin to this, which may be propers,
Iy named Generative, wery much followed by Faber in g;: Sy-
nopfis, and Barrow in bis Lect. Geom. whofe Author Renal-
dinus rells s was Galdinus, lib. Cit.'p. 253. fhewing at large
sts Rules and Foundations in the following pages, viz. The rife .
of Lines from certain motions of points 5 of Plane and. Curwili-
near Surfaces, from the determinate progrefs or rotation of a given
Line, and of Solids by the waricus motions of warions Surfaces,
the Productions whercof are (o veprefented to the Imagination,

- that the intrinfick nature of the magnitudes thence avifing may-
become known, and their Properties ond Affections may, from
their Natures thus known, be eafily and brief'y deduced.

XL
: Near a-kin to this Methed of Cavellerius is that orher of Tn- "
nnite Progieflions, awierem baving found a certain Progveffion
of Like Parts circumferib'd about, or mferib’d in any given mag-
nitude, wihich may be continued by Bifection ad inhnitum ; and
1hen atdenigrh (by wertue of the Doélvine of Exbauftians, foun-
ded on Prop. 1Nib. 10: Eucl.) will tcrminate in the magni-
tude 5t [elf, I [ay, wherein the Jum of thufe mfinite Terms, col-
lected by Riles om purpofe for rhe addition ﬁf thofe I'rogreffions,
and. confequently the guantity or proportion of the propofed /dag-
witade, to any ether given one, may be exprefled or defined,
But this termimation of Figures infinisely circumferibed or inferis
bed in a Circley, nor phafwg Renaldinus  (alrho’ bis Diffention
feems only co confiff in Words,) he exbibits anotier Method Jike
ity Covhich be peculia ly calls bis o2m) built on twelve funda-
mental Theorems, and luftvated by feveral Excmples, Iib. 1.,
de Reiol. & Lomp. p 277 & feqq. ]

®y o
o+

il qf
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. Of late alfo, the moff ingenicus Myr. faac Newton, 10 de-
monfirate bis Philolophizz Naturalis Principia Mathematica,
lib. 1. feCt. 1. premifes [ome Lemma’s of bis method of Rati-
| ones prime & ultime, or cvanefcent quantities, thereby to a-
woid the tedioufnefs of deducing long and perplext apagogical De- -
'mﬂratﬁam after the way of the dncients,  For finding that
bis Demon(trations might be very much contracied by the method
of Indivifibles, and knowing as the [ame time, that that me-
- thod was (crupled by fome, and thought vor very Geometrical,
 he rather chofe to found bis Method on the fums and proportions
 of. guantities which be calls Evancfcent, which performs the
ame as the Method of  Indivifibles, and may be more
fafely ufed, whbich be inculcates in thefe very words, and others
fuch like, in Schol. of Lemma, 171. \ dnd alfo anfwers le-
veral _o&jeéﬁnm which might feem to make agamft it.

XILL

But it would be in wain for us to attempt, in this place, 1o
 eaplain all and each of thofe warious methods ar kength ; baving
- only propofed to our felves, to demonfirate rhe chief and principal
Theorems and Inventions of the Mathematicks, and to ufe fome-
- times one of them and [omctimes another, (baving ficft. Demon-
rated their Foundations) according as we (hall judge thisor that
«of them, fittcft to Demonfirate the 15ing iu hand cnd fo fherw the
reafons, and ufe of each of them in the procefs of this difcourfe.
End althy H. Faber in bis Synoplis, p. 8. Infinuates,. that
snalytick terms onght mot 10 be made ufe of in G.ometrical
Demonfirations, becaufe that #lgcbraick method fecans to be too
difficult for young beginners; yet we are of the quite contrary opi-

- nivn (may we can fcarce doubt but that that [agenimsman wonld
= ﬁ{,’g agree with us bercin, if be ﬁ::-.-!; thewaywe make ufe {f," f:r.f'ﬁ_i%
*foundations of 4 loctra, which is only of I.'J.E?é moft i Pfe: and ge-
 meral principles of it} efpecially in this cafe, where the [aid mie-
. thod 15 by lLietle and little inflill d awith the Demonfivations
- goemfdves 5 and the lireral Computations taughs from their firjt
' ; ' Priics-
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Principles, than which nothing is more eafie: . And this is that
which we defign to do, and fo ufe the learner by degrees
to this fort of Demonftration, thereby to prepare him the bet-
ter gar the Analytick Geometry of the Moderns, which is the
higheft apex of the Mathematicks. But we bad rather our
Reader [hould “himfelf find, than we trouble our [elves any
urther to tell him bere, bow compendionfly we Demonfirate
the Propofitions of Geometry, by the belp of thefe Analytick
notes, without the tedious Concatenation of a lmg Chain of
Confequences, which would be otherwife unavoidable. /

XIV.

Afser this way we defizn to %::r through the following Scheme. .
1. We [ball deduce [everal propofitions ¢f Euclid, Archi-

medes, and Apollonius from our definitions, and the genera-

tions of Magnitisdes therein propofed 5 as Corollaries mecefJarily

flowing from them, and confirmid only by an immediate and

fimyple confequence. 2. We [ball demonfirate thesr chief Theo-
rems ( for the [ake of which the; were forced to Demon-

ftrate [everal others befure-band, the knowledge whereof fot

their own [ake was not fo neceffary or valuable ) without ae

ny long [eries of amtecedent Propofitions, or Foreign primci-
ples, from a few direct and mrinfick Principles t:jf their
own. Whence 3. Ir will follow, that after this Method we
(ball progofe things, and ireat of them, in a more natural Or-
der, and firft of all deliver thofe which are moft univerfal
‘and common to all quantities, and then defcend to thofe which
in.a more [pecial manner regard Magnitude ; and diffribute and
difpof all according to ceriain gemeral diffinét Clafles of the
things to be rreated of, and their affeclions.  Hemce alfo "4
We deduce from thofe yniverfal Theorems, by wa 1y of Corollary,
the Precepts of wulgar Arithmcrick, and [pecious Computation,
which ajterwards we make ufe of 1 particular Demonfira-
tions after a wery [hirt and compendions way 5 and, for this
.l:'z.l'f?‘_}' ?‘t‘:.i'ﬁ-'ﬂ,, fﬂme Learned scn of the ;""’_','{mf _,fr;ge are gf .:)Pi-
mion, that the Ancients often fell into téar tedious and intri=
cate probixity in toewr Demonfivations, bocaufe they weuld not,
acknowledge the oreat affnity there was between Arithme-

% tick
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tick and Geometry, taking particular care not to introduce the
Terms and Operations of Arithmetick into Geometry; tho at
the fame time they mever [crupled to tramsfer the mames of
Plan, Square, Cube, and fuch like to numbers. §. Laftly,
Having firft Demonfirated the firft and Fundamental Theo-
. rems of Elementary Geometry, we may [afely build on them
the Praxes of all kinds of Mathematical Arts, that are moff
ufeful and requifite to feveral Exigencies of buman Life, as,
. firfty Trigonometry both Plain and Spherical, tie Confiructs-
on and ufe of the Tables of Sines and Tangemts. . The
- Conftruction of Logarithms, and a compendions applicarion
of them to Trigonometry: nd in the 3. and laft place,
toe fundamental Precepts of Algebra, or the Analytiz Art; by
" the ‘help whereof the learner may ar lemgrh arrive to the
higher and more veclufe parts of Geomerry, and become
" maffer thereaf : Not to mention ;wmi Geometrical and A-
rithmetical Problems, wbich we bave all along devived from
feweral of our Theorems, by away of Corollary, which it
_m;k_ﬁe fome other time, may make an Appendix of this
Work.

P

i o - e SSERE

M

% | ‘ XV.

" And thus when we (hall bave Demonftrated mot only
V. the chief Theorems of the Ancient Mathematicians, omittin
" the unneceflary crowd of thofe that are only Subfidiary, bus
alfo bave demonfiratively deduc’d the fundamental Precepts of
- the moft neceflary and ufeful Arts that flow from them, and
\ that are abffraiied from matter, as of Arithmetick, Trigomo-
“mitry, and slzebra; 1 hope nome will doubt bmt ther in
this ittle Volumn we bawve cxhibited, as it were the Nucleus
or Kernel of the pure and genuine Matiematicks' (for thefe
other Sciences and Arts ‘which go by the name of mixt Ma-
thematick, are mofi of them parvis of natural Philofophy, from
A ;tl'e app!éﬁﬂrjws of Mathematscks to the Phanomena of nature )
and [o miay fuftly bear thz pame of Mathelis Enucleara.

: 2 3EMLL - Nor
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XVL

Nor are we ignorant, nor [ball we conceal what feveral
Learned men hawe both -prapaﬁd and already dune, for remov-
ing thofe difficulties and blemifbes of the <neient Mathematical
Methods we bave juft now mentioned. . The'late Admonifh-
ments of the anomymous Authour of L’Art de Penfer, no lefs
ingenioufly than modeftly delivered, Part. 4. Chap g. 10.
of the faid Treatife, ave [ufficiently known; as alfo the lau-
dable endeavours of A. Tacquet and Honoratus Faber and
feveral others above mentioned for comvalling, new order-
‘ing, and more. eafily and direltly Demonftrating the chief Ge-
vmetrical Inventions of the Ancients. There are moreover ex=
tant of a certain anemymons Author, Elementa Geometrica
novo ordine ac methodo feré Demonftrata, Printed ar | ondon:
about 2.6. Years ago  There are alfo F. lgnatius Gafton Par-
dies Elemens de La Geometrie, &¢c. Tranflated into Latin
after the third Edition, by the Famous Schmidtius Profeffor at
Geneva : As alfo of F."Mich. Mourgues s, of the Society of
J. Nouveaux Elemens de Geometrie, zbreges par des Metho-"
des particulieres en moins de. Cinquanie propolitions, ¢e.
There are alfo feveral oiher Effays of reducing the Mathema-
ticks into a better Order and Method, the titles whereof we
bave only as yer feen; and even whileithefe papers were in the
Prefs, there bappen’'d wto our bands a Treatife of F. Lamy’s
Entituled Les Elemens de Geometrie, ou de la mefure des
Corps, &c." Printed at Paris in 16 5 : fothat we may cnly |
feem to fome to do what basbeen done already, in endeavour-

ing to [hew our Reader ¢ mew and [horter way to the Ma-
thematicks. |

i
i

XVII.

But as none can tlame Jacobusle Maire, becaufe, after the
bappy difcovery r:f the Magellanick Peflage frems the Atlantick
into the Pacilick sea, be would needs yer cudeavour to find ano-
ther fhorter, which be Mmm';}.-&:; did 3 nor can r,{?.:-:}' be blamed,

I r a 0
who, now & days ccufule abonr fuding one from thefe parts of

the
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* the World, by the North to the Eaft India’s. T)us alfs, in an
affair of that moment, that ome or a few are not [ufficiont to
bring i to Perfection, if any one who comes after, not only in-
wited, but alfo affifted by the ingenious Endeavours of thofe wiho
hawe gone before bim, fhall undertake to add to their Inventi-
oms, 1o belp on the bufinels by his advices, and [her whar
things are. capable of a further Polifh, and the method how to
perform it, doubtlefs fuct an ome ought not to be blamed, nor

- accufed of arrogance, unlefs at the fame time be endeavours to

* depretiate the eﬁ':j.r of othersy and cry up his own as the only va-

\ Iuable 5 Which bow far it is-from our defisn, -the work' st felf

awill abundantly [(hew. Moreover as the fenfes of men are

* differently affeited by different Objects, and their Palates have

 different Relifhes of the [ame thing, aecording to diffcrent*Pre-

| parations of thom: So the [ame truth takes and infinuates it [elf

" more eafily with one propofed and demsnftyated after this way,

| more with another after that way ;5 and we are [o muc) the

more likely to fuit the different gemii of different Perfons, by
how many more and differens methods and ways e [hew thens,

Ekqﬁﬂg to the fame ¢nd, of which everyone may take that

which he likes beff. | - S

o

L

| b'avy i ACHRRUTRE I

£l

ST
p

| We thurefore Publih, by the Divine affiffance, thefé our En-
" deavours alfo, after fo many other ingenious and elaiorate ones
in the [ame kind 5 nor can we doubt the approbation of fome of
_ our Readers. This at leaft swe can experimentally affirm : That
not @ few of thofe to swhom thefe our thoughts were partly pub-
lickly read in Lectures, and partly privarcly vauyhs (for they
awere only defizn' d for Learners) svere not a bistle taken with

\ the Concife brewity and facility of the Demonfirations; [o that
\ ove may reafonably hope to be acceptable to thofe, to whomz ¢i-
\ ther time, or [ufficient force of gemius is wanting, to vui over

[d

o the waft Volumes of the sncieny Matiematicians, and compre-

- bend their proliz Demonftrations, and long [eries’s of far ferch’d

' "'-:I v 5
 Confequences ; and as fuor thofe who bave bath leifure and geni-
i . ¥ £ .
s to do o, this may [erve for an Encouragement towards it
that afier they have gone thiongh the ciief truths and propo-

L ﬁ!i&?ﬂ:
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fitions they contain, Demonftrated in a more eafie and fhorter
way, they may [o much the more confidently pdventure upon thofe
celebrated and ingemious Treatifes, from the reading whereof the
awere before deterr’d by the length and almoft infuperable d#:
culty of their tedious and perplext Demonferations.

XIX.

Being now about to enter upen the matter it felf, we will en-
Iy further bint thefe few things. 1. Since our whole defign is
for the adwvantage of young Studemts (which ought 1o be a
Profeffors chief Care and Study) we muft not omit the Expli-
catum of the moft [imple terms; efpecially fiuce we defign 1o
deduce [ome Covollaries immediately from them, which bereto-
fore bave unnece[Jarily increas’d the number of Propofitions and
Demonftrations. 2. To encumber onr work as little as we can
with words we have made ufe, efpecially in our snalytick Cal-
culus, of fome Symbols, as = for Equality, as alfo of O
and U for Square and Reltanmgle, and of ' the common
Radicall fign for the (quare Root, with the Line v P
on the top for caﬂaﬁﬁiﬂgg of quantities togetber, the Root where~

o is fointly taten, ' for the Cube Root,
tve Biquadratick Roor.

i'llr'\

for

XX,

That the Reader may ar ome wiew (ee: the Contents of the
fellowing Treatife, ove bawve thought fit to prefent bim bere wirh
it, by way of Synopfis. It is divided in two Books.

i

The firff whereof comtains the chief and moff [lect Pr ofi-
tions of Eucid’s Elements, of Archimedes’s Treatifes ﬁ')?) the
Sphere and Cylinder, as alfo of the dimenfion of the Circle, &c.
Hherein that which thefe ~uthors have a’tmez{,fff-arwf by a long
and tedious Serses of Confequences, and for the moft part i
direlily, - we bave bere endeavoured to Demunfirate direltly,
and fothat the Demonfivation of each Propofition depends, ei-
' thir
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either on no other, and [o is evident by its own light, or ona
wery few of the antecedent omes.

IL

After the (ame way in the [econd Book we treat of 1heCo-
nick Sections, and Demonftrate the chief properties of the Co-
noid, Spheroid, Cycloid, Conchoid and Spiral Lincs, awhich
are extant either in Apollonius or Archimedes and others, and
what they bave Demonftrated by long and tedious procefs's we
have bere exbibited in a [hort and eafie Compendinm. And .
that,

I8

In fuch a methed, as does mot [o much require intent and
[fevere thinking, as a bare and eafie infpection, and application

of the Principles of [pecious Algebra, and method of Indivifi-
bles.  awhich yer,

IV.

 Wedon’t barely fuppofe, and remit our Readers toother Books
to learn (which would be too troublefome) bus in the Procefs of

- the Wirk it [elf, they are gradually, and as occafion prefents, de-
vived frrm iheir Original Fountain, and fir/t Principles.

v

' By the fame way alfo the moft ufeful and necellary Mathena-
tical Praxes are laid down under the names of Corallaries and
Scholia, the Conftrullion of the Tables of Sines and Tangents
taught, the Original and ufe of the Logarithms Demonfirared,

 and_the Precepts both of Plain and Spherical Trigonometry
deduced from sheir firft Principles, &c.

VL

- The Praxis alfo of pure Avithmetick, and of common Deci-
2 wmaly and (which is (eldom ufed) of Tetrallical 5 as alfo the
fasg Dallrine

=l 3
i
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Doétrine of. Surds, are derived from their Jfirft Original-
W bereunto, FRNS L T
VII.

As a Complement of the whole Work, we bave added an Intro-
dullion to the Specious sAnalyfis or new Geometry of the Moderns,
particular] according to the Method of Des Cartes, bur much
facilitated by larer Inventions,” and Comprizing the Precepts of
the Art in [ix or [even Pjg'f’s, but iluftrared with above forty
Examples in the different degrees of Equations.

What the Reader’s opmion will be of thefe our Endearvours,
defign’d only for the ufe of young Students, time muft teach us.
The Author bimfelf at leaft, among [} bis other performances, al-
lows thefe the firft place. . | _

ADVERTISEMENT.

At the Hand and Pen in Barbican are Taught, Viz.
Writing, Arithmetick, Book-keeping, Algebra, GEGI‘H'EH:”}’, |
Meafuring, Surveying, Gauging, Aftronomy, Geography,
Navigation and Dialing.

By Robt. Arnold.
Perfons Taught abroad. |

—

Eilementa Arithmetice Numerofz o Sffciuﬁe. In ufum
Fuventutis  Oxonie i Tuearro Sheldoniano.  Profiant Venales
Londini apud Dan Midwinter ¢ Tho- Leigh ad Infigne®
Refee Coronate in Cameterio Divi Paull.

MATEHESIS



M. athefis  Enucleata

h ORI

The Elements of the Mathematicks,

—

Book 1I.

. Explaining the Firft Principles of the Mathematicks;
- among which are (in the firft place) Definitions,
and fome Confellaries that flow from them.

N

R 1 O LR

Containing the Definitions or Explications of the Terms
which relate to the Objeft of Mathematicks.

DEFINITION L

-k Athematicks is the Science or Knowledge of Quan-
tity, and of Beings, as far as they are fubject to
| it, or meafurable ; and may jultly claim the Name
B = of Univerful, while it is employ’d in Demonftras
. “ring thofe Properties which are common to all or moft Duan=
gities : But when it defcends to the ditferent Species of Quantity,
and 5 bulied in contemplating the Affeltions belonging par-
ticularly to this or that Quantity, it is diftinguifhed by va-
rious Names, and diftributed into various Parts, according
to the various diverfities of the Objeéts, =
TanB | DEFINITION

4 N T |

L
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DEFINITION IL

Uantity may be defined in General, whatever is capable
of any fort of Eftimate or Menfuration, asimmediately

thoHabitudes and Qualities of Things, as e. g, the multitude of
Stars in the Heaven, or of Souldiers in an Army, the length
of a Rope, or Way, ‘the weight of a Stone, the fwifinefs or
{lownefs of Motion, the Price of Commodities, €Jc. but medi-
. ately, the very things them(elves wherein thofe Eftimable Quas
liies are inherent. Whence with the ingenious Heigelius we
may not incongruoufly reduce them all to thefe four Kindsor
Genders, viz. 1. to Quanta Naturalia, Natural Quantities, or
fuch as Narture has furnifk’d us with, as Matter with its Exten-
fion and Parts, the Powers and Forees of Natural Bodies, as

- Gravity, Motion, Place, Light, Opacity, Perfpicuity, Heat,

- Cold, &e. 2. to Moral Quanta or Quantities, depending for
the moft part on the Manners of Men, and arbitrarious De-
termninations of the Will; as for Example, the Values and
Price of Things, the Dignity and Power of Perfons, the Good
or Evil of A&tions, Merits and Demerits, Rewards and Punifh-
ments, Ge. 3. to Duanta Notionalia, ariling from the Notiona
and Operations of the Underftanding, as e.g. the amplitude or
narrownefs of our Coneeptions, univerfality or particularity, &e.
in Logick ; the length or brevity of Syllables, Accent, Tone,

Ye. in Grammar: And laftly, to Quanta Tranfeendentia, Tran-

{fcendent. Quantities, fuch as are obvious in Moral, Notional,
and Natural Beings 5 as Duration, 4. e. the Continuation of the
Exiftence of any Being ; which in Phyficks efpecially is named

Time, and may be conceived as a Line,doc. To_ thefe you may =
moreover add Unity, Multitude or Number, Neceffity and Contingengys
: g

DEFINITION ML

Ly

Umber (whereon we fhall make fome fpecial Remarks) i

it be taken in the Concrete, is nothing elfe than an
Aggregate or Multitude of any fort of Beingss taken abftra&-
edly, itis, as Euchid calls ity govdduy mevms, a multitude, or (as

v

they call it) Quotity of Unitses, on the one hand Number, s.e.

many are ‘:Jppu{ed to onzy and in thatfenfe Unity is not a Num-

ber:
¥
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ber: On the other hand Unity may be efteem’d a Number,
fince it is no lefs (if I may be allow’d that term) fome Duo-
#ity than two or three, But as we denote or fignifie particular
Things, when we [peak of them Uaiver(ally, by the Letters
of the Alphabet, A, B C, (a, b, c,) &e. as univerfal Signs or
- Symbols nf them ; fo fnr diltinétly and compendioufly Ixpre(=
| ﬁng the mnumﬂrabl: Variety of Numbers, Men have Fﬂund out
~ various Notes, the moft natural whereof, are Points du"pu{"ed in

particular extended Orders, as . . . to denote Three, .. .10

" denote Nine, &c. But that way which is moft commodious
- for Pra&:ﬁs, is by the common Notation, or Cyphers, 1, 2,
"3, 4, §, 6, 7, 8, 9. the invention whercof, as we have it
by Vulgar T rad:rmn, is owing to the drabians. By a very few
. of thefe we exprefs any number tho never fo great, by a won-
derfu] tho now adays familiar, Artifice ; the firlt Inventor of
E them having Eftablifh’d this as an arb:trarjr Law, that the firft
E of them fhall fignifie unity or one; the 2d ewo, &c. as ofien as
they ftand alone ; but placed in a row with others, or on the
! Ieﬁ' hand of one or more 0, or noughts, (which of themfelves
. ftand for nothing, but fill up empty plac:s) if in the fecond, be-
" fore a nought, they denote Tens; if in the 3d. Hundreds ; ; in
. the 4th Thoufands; in the §th Myriads or Tens of Thoufands;
" “in the 7th fo many Thoufands of Thoufands, or Millions 5 in
" the 8th Tensof Millions, &e. and fo onwards, increafir ng al-

Ways in decuple Pmp{srtmn, by Tens, Hundreds, Thoufands,
- e

L4

COROLLARY L

3 HEnc: you have a-way of expreffing or writing any Sum
& by thele Notes, which you may hear exprefled in Words 5
 as it we were to exprefs in Notes the year of our Lord, One
?I'hnuﬁnd Six Hundred Ninety and Nine, it is ﬂaamfeﬂ: that
ing to the method above defcribed, by placing 9 on the
~ right hand in the firft place, and nine again in the fecond tos
- wards the left, fix in the third, and one or unity in the fourth,
- the bufinefs will be done. Thus it will be ealie to any one
' with a little attention,to exprefs any Number whatfoever by thefe
Notes; (as fuppofe that which Swenterns propofes, in Delies
B 2 Phyfica-
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Phyfico-Math. Part. 1. Probl. 75.) Eleven Thoufand, Eleven
Hundred, and Eleven.

CGOROLLARY 1K

Ence you have alfo the Foundation and Reafon of the
I I Rule of Numeration in Arithmetick, or expreffing any
Numbers or Sum in Words, which you fee written in Cyphers 3
which for greater eafe may be done thus, wiz. beginning
from the firft Figure towards the right hand, over every fourth
Figure note a Point, (including always that which was laft
poin‘ed) and at every fccond Punétation or Point, draw fhort
ftrokes thus ‘, one over the 2d, two over the fourth,&e. the firft
denoting Millions, the fecond Millions of Millions, or Bimillions,
the third Trimillions , & and the Intercepted Points the.
‘Thoufands, in their kinds, &, |

SCHOLION,

Ere 1 cannot omit, on this occafion, what the foremens
ti ned Weigelins has hinted about another way of Nume-
ration, and which Dr. #/lls mentions; Oper. Mathemat. Part 1.
p- 25. & 66. fhewing there a way ( and illuftrating it by Ex-
amples) of Nymeration, and of Expreffing the Figures; which
proceeds thus ; whereas now adays in numbring we afcend from
unity or 1 toten (the reafon whereof; after which Arifforle
makes a prolix Inquiry, Probl. 3. Seét. 15. was taken without
doubt from the denary Number of our Fingers) if from unity
we proceed only to four, (which 4riferle in the fame place tells
us fome of the Thracians ufed to do of old,) and thence retur-
ning back again to Unity, we fhould proceed again afier the fame
way ; we might after that way obtain a vaftly more imple and
ealie Arithmetick, than we have now adays. Which, even
hence we may conclude ; becaufe for Multiplication and Divi-

fion there would need no other Table (or Pythagorick Abacus)
than this eafie and fhort one ;

I . I, I once oneisones
2.2 .10 ie twice two are fours
2 . 3 . I2 twice three are four and two.
. 3+ 3 .21 thricethreeare twice four and one

Antf_
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And altho it is pity that we can’t hope now a-days to fubfti-
fute this vaftly eaflier way of Computing, in room of the other
now in ufe, becaufe the other is univerfally receiv'd, and moft
forts of Meafures and other Quantities are fitted and accommo-
dated to the decuple Proportion ; yet it ought not to be alto-
gether negleCted in Mathematicks, which might reccive very
great advantage hereby, efpecially in Trigonometry, if the in-
genious Invention of the Logarithms had not already fupply’d
its ufe therein. The whole Foundation of this Tetraflys or
Duaternary Arithmetick, is placed only in thefe three Notes, r,
2, 25 fo that any one of them alone, or in the firft place,
- fhould denote Units , in the {econd place, Tetrads, or fo many

Fours ( or Quaternions, ) in the third place fo many Sixteens,
in the fourth place fo many times Four Sixteens,or 64.5. . al-
ways proceeding in a Quadruple Proportion. For which way
of Numeration there might be found out terms as commodious
as thofe we now ufe, and which are thereby grown Familiar
to us, as one, ten, twenty, a hundred, a thoufand, & which
will be evident by what follows :

One, Unen 1'....... . One. (Four,
Ten, Decern 10 : ... s Ouatuor, Tetras, a ;@ilétﬂrﬂfﬂn or
‘Twenty, Viginti 20..... a Bigquaternion

'Thirty, Triginta 30 ... a Triquaternion

Hundred, Centum 100 ... a Tetraquaternion

Thoufand, Mille 1000 .: 4 Quartan

Jen Thoufand, 100c0 &e. a Tetraguartan, &c.

DEFINITION 1V,

Mag;:imdf is whatever is conceived to be Extended or
~\. Continuous, or has parts one without another, and con-
tained within fome common Term or Terms: wherein that is
called a Point which is conceived (as indivifible, or) to have
no Parts, and fo no Magnitude, but is notwithftanding the be-
ginning or firft Principle of all Magnitude.

PEFINITION V.

F we conceive a Point (A) (Fig. 1.) to be moved towards B,
by this motion it will leave a trace, or defcribe the Magni-
i Pl niuge

r

L |
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tude AB of one only Dimenfion, that is Length without Lari-
tude, or which at leaft we are to conceive o, and is called a
Line : Ifthat Line AB be conceiv'd again fo to be moved.as that
its extreme Points AB fhall defcribe other Lines BC and AD,
it will defcribe by that Morion the Magnitude AB CD, or (to
denote it more compendioufly by the Diagonal Letters) AC
or BD, having both length and breadth, bur witkout any
depth or thicknefs, or at leaft fo to be conceived, and this s
called Superficies or Surface : Laftly, if this Surface AC be con-
ceived {o to move, e. g. upwards or downwards, that its oppolite
Points A and C again defcribe other Lines AF and CH, and
confequently each of its Lincs other Surfaces, &c. by. this Mo-
tion there will be formed 2 Magnitude of three Dimenfions,
which we call a Solid or Body, which we will alfo denote by
the two diametrically oppofite Letters AH and DG. But as
this Motion of the Point, Line, or Surface, may be various, {o
there will be produced by them various forts of Lines, Sure
faces, and Solids : But thefe Produtions ftop here, and proceed
no further ; for the Motion of a Body can only produce ano-
ther Body greater than the firft, but no more new Dimenfions

CONSECTARYS.

L Oints therefore being moved thro’ equal Intervals in the
fame or a like way or trace (e. g.in a ftreight or the
fhoreeft trace) defcribe equal Lines; and
Il. The fame or equal Lines moved thro’ the fame Right-
lined or Curvilinear Paths, defcribe equal Surfaces 5 and
Il Equal Surfaces moved according to the fame Methods
and Conditions defcribe equal Solids : which, if rightly under-
ftood, are the firft certain and infallible Fonndations of the
Method of Indivifibles. But here you mufk take care to diftin-
guifh between the way which the Line it felf defcribes, and
that which its Eods or extreme Points defcribe : For altho e. g
the Point 4 (Fig. 24.) movesalong in a more oblique way than
A, and (0 defcribes a longer Lineacs yet the Line 4 b defcribes
by a parallel Motion, an equal fpace with the Line AB, (viz.)
the fame which the whole Line A'b, whercof they are parts,
?muld defcribe.  See Faber's Synopfis, p.m. 13, '

DEEL
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DEFINITION VI

UT that we may a lirtle further profecute ‘this Genefis of
: Magnitudes (as very much conducing to underftand their
Nature and Properties) if the Point A moves to B the fhorteft

. way, it defcribes the Right Line AB ; but if in any (one) other

o i e S et

T T

it will defcribe the Curve or Compounded Line ACB: From
whence, with F. Morgues, we may infer thefe

CONSECTARYS.

I. "J"Hat two Right Lines (4) beginning from  *

1% the ime Point A, and endingin ledage 2 TF A%
Point B, will neceffarily coincide, nor can they
comprehend or inclofe Space 5 for if they did, one muft deviate,
and fo would ceafe to be a Right Line,

iI. Ina Space comprehended by three Right Lines AB, BC,
CA, () any two raken together, muft needs be greater than
any one alone. Moreover we may add this before hand 5

IlIl. In a Circle a Right Line drawn from Ato B (Fig. 3.}
will fall within the Circle, becaufe the Curve Line ADB de-
fcribed, as we fhall hereafter fhew, being longer than a Right
Lige, muft neceflarily fall beyond ir, or on the outfide of i
And laftly,

IV. A Tangent, or Line (b)) which does not cut or enter
into the Circle, touches it only in one Point, |

Moreover if a Right Line AB (Fiz. 4.) move on another
Right Line BC, remaining in the {ame Pofition to ir, ir will
generate a Plan Surface, to which a Right Line being any way
applied, will touch it with all its point, as Faber rightly defcribes
ity ifa Right Line be moved on a Curve, or a Curve on a
Right Line, &c. they will generate a Curve Surface, call'd Gibe
bous, or Convea without, and Concave within.

DEFINITION VIL

F a Right Line be fixed at one of its ends A, and the other
be moved round (By. §.) it will defcribe in this Motion a
' R b B 4 | Circular

/@1
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] . Circular Plane, or a Circle; and by the siotion
-'iﬂ E‘z‘g' 1. of itsend or extreme Point B, the Periphery or
(g)Pﬁ;wl:Prap. Circumference of that Circle BEF. The fixed
2. lib. 3. Point A is called the Center of that Circle ; the

Lines AB, AC, &c. its Radi¢ or Semi-Diame-
tersy all of which are equal one to another. Any Right Line
BC drawn from one part of the Circumference thro’ the Center
to another, is called the Diameter, and divides the Circle into
two Semicircles BECB and BFCB. The Circumference of a
Circle, whether great or fmall, is divided into 360 equal parts
called Degrees, and each Degree into 6o Minutes, &¢. From
this Geniture of the Circle prefuppofed, there  evidently fol-

low thefe
CONSECTARYS.

I THaI: 2 Circles which cut one another cannot have the
fame common Center 5 for if they had, the Redii ED
and EA drawn from the common Center E (Fig. 6.) would be
equal to the common Radius EB that is the part to the whole. |
II. Nor can two Circles-touching one another within fide,
have one and the fame Center, for the fame reafon.
} 1I. Of Lines falling'from any given Point without
E‘gg gﬂﬁrﬂ}iﬁ’ the (Fiz. 7.) Circle, and (¢) paffing thro’ the Pe-
fame Bosk.  Yiphery to the oppofite Concave part of ir, that
(¢) Eucl.81.3. which paflcs through the Center of it, is the
- longeft, vz. AB; and of the other that which is
neareft to it is longer than that which is more remote: But on
the contrary of thofe which fall on the Convex Periphery ,
that which tends towards the Center, as Ab, is the leaft, and’
the reft gradually greater, and there can be but two, as AE
and AF, or Ae and Af, equal : All which will appear very evi-
dent by drawing other Circles from the Center A thro’ B,D,E,
#ad by d,e.  Or thus 5 having drawn two other Circles, from
the Radii AB and A b, if we conceive the Radii Ab and @b
to move towards the right hand, their ends will always recede
further from one another 5 the fame is alfo evident of the Ra-
dii AB and CB, moved alfo to the right together. '
V. Moreover (Fig. 8.) of all the Lines drawn within the
Circle (4) the Diameter is the greateft, and the reft gradually
:ﬂﬁ_ﬁ‘: by how much the more repote they are from the Center, &
ke Which



Zhe Elements ﬂf the M#rbfmﬂffch: g

Which will be very evident to any one who contemplates A Circle
infcribed in a Square, as alfo the Genefis of Curvity it felf; as
alfo many other ways which 1 fhall now omit; or to mention
one more thus ; becaufe the two Radii CA and CB being mo-
ved, in order to meet together, ncceflarily approach nearer to

oneanother in their extreme Points.

DEFINITION VIII

THE Aperture or opening of two Lines (Fig. g.) AB, AD,
_ &Jc, that are both fxed at one end at A, and the other
ends opened or removed farther and farther from
one another, is called an Angle, and ufually de-
noted by 3 Letters, D, A, B, (whereof that :
- which denotes the Angular Point, always ftands in the middle,)
and meafured by the Arch of a Circle BD, or a certain num-
ber of Degrees which it intercepts. 'The greateft Aperture of
all BAC is when the 2 Legs of the Angle AB and AC make
gne Right Line, and is meafured by a Semicircle, or 180 De-
- grees. The mean or middle Aperture BAE or CAE, when
one Leg EA is ereCted on the other AB or AC at Right An-
. gles, fo that it inclines neither one way nor the other, (thence

called a Perpendicular) is named a Right Angle, whofe meafure is
confequently a Quadrant (or quarter part) of a Circle or go
Gr. Wherefore a Semicircle is the meafure of two Right An-
gles: An Aperture or Angle BAD lefs than a Right Angle (and
fo meafured by lefs than go degrees) is called an Aoure Angle ;
and that which is greater than a Right Angle, as DAC (and
{0 confilting of more than go degrees) is called an Obeufe n-
gle,  Whence me may now draw thefe

GEOROGLILARYS

I 7T WO or more Contiguous Angles () con- Failins
ftituted on the fame Right Line BC, E:f{,) I‘H;E;E?ﬂg
and at the fame Point A (as DAB, and DAC o,
of DAB, DAE and EAC) make two Right An-
gles, as filling the Semicircle 5 and confequently, :
I. All the Angles that can be conftituted about the Pomnt

4 (as Blling the whole Circle) are equal to 4. Right ones: {?s
< Sl Hadaie i et alfo

(‘i) Prop, 124
iib. g.P i
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alfo on the other fide (4) if two Right Lines AB and AD
meet on the fame point A of another Right Line A C, and
make the Contiguous Angles equal to 2 Right ones, that is, if
they fill a Semicircle, BC will neceffarily be the Diameter of a
Circle, and confequently a Right line. '

III. If one of the Contiguous Angles BAE be a Right one,
the other CAE will be fo alfo. |

IV. ‘If two Right Lines AB, CD, cut one another in E, the
4 Angles they make will be equal to 4 Right ones.

V. And as it is evident at firlk fight (Fig, 10. ) that any
Circle having one half (or Semicircle) folded on the other,at the
Diameter ECD, the two Semicircles EHD, and EID, muft
needs agree, or every where coincide one with the other ; fo
if the Angle ACD be fuppofed equal to the Angle BCD, that
is, the Arch ADto the Arch BD, having one Leg CK or CL
commion ; the others AC and BC being fuppofed before equal,

1. The Bafes BL. and AL, KB and KA, will be alfo equal;
for thefe will coincide too, and therefore the Angles alfo.

2: The Line A B being bife@ed in K, the two Angles

(¢) at K will alfo coincide and be equal, and con-
(2) Euclid, 1. = fequently Right Angles: and contrarywife,
1. Prop. 14. 3. The Angles at the Bafe of equal (d) Legs,
() Eucl- 13- CAB, CBA, and allo thofe below the Legs, the
4% 3. -
(¢) Jib. 111, 3.  Legs being produced to F and G, are equal.
(d) lib. 1.5. 4. Confequently the Spaces ACL and BCL,
ACK and BCK are equal to one another, .

5. 'The Contiguous Angles AED and BED infifting on equal
Arches AD and BD are equal, and ¢ contra; as alfo thole that
are not Contiguous , if their Vertex’s are equidiftant from
E, @ : | |

6. It is hencealfo manifeft, that a Perpendicular erefted on the
middle of any Line AB, infcribed in any Circle, pafles through
its Center, by what we have juft now faid 5 and if you likewife
ere¢t Perpendiculars on the middle of any 2 Lines, ab and bm
(Fig. 11.) connelting any 2 Arches, or any 3 Points, 4, b, m,
that are not placed all in the fame Right Line, thofe 2 Per-
pendiculars ke, no, will determine (by their Interfetion) the
Center of a Circle that fhall pafs through thefe 3 Points.

DEFLR
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DEFINITION IX.

F one Right Line DE cut or pafs thro’ another AB (Fig.12)

' l the oppofite Angles at the top or interfection ACD and E'.CB

are called Pertical; as allo the other two ACE and DCB:
~ Whence follow thefe

}_ COROLLARYS.
&1 Hat the Vertical Angles are always ( 2 ) Equai for-
4 both ACD and ECB with the third, ACE, which is

" common to both, fill orare equal to a ::emtclr-::lu
{ as likewife both ACE and ]%CB with the third E‘f} Iff‘d' Jib.
ECB, which is common.
. 1I. Contrarywife, if at (#) the Point C of the Right Line
. DE, the 2 oppofite Lines AC and CB make the Vertical An-
glr—:s x and 7 equal, then will AC and CB make one Right Line 5
 for, fince x and o make a Semicircle, and z and x are tquai,hy
~ Hypoth. 0 and 3 will alfo make or fill a Semicircle, whofe
Diameter will be ACB,
 1ll. By the fame Argument it will appear, that of 4 Lines
" [b) proceeding from the fame Point {o asto make
‘. the oppofire Vertical Angles equal, the 2 oppo- Jfr){: ﬁselﬁ‘f”"
~ fite ones AC and CB, a5 alfo DC and CE, will (g,;,P;,,Eﬂ];ﬂ g
make each but one Right Line ; for fince all the
4 Angles together make a whole Circle, or 4 Right Angles,
‘i and the fum of xando is equal (by Hypoth.) to the fum of o
and z, it follows, that both the one and the other will make Se-
micircles, whofe Diameter will be AB and DE, and f{o Right

mes.
DEF!NITION b

N any Circle, a Right Line, as D.G, that fubtends any Arch
of it DGB, mcalled the Chord of that Arch (Fig.13.) BF (a

- part cut off from the Semidiameter BC paffing thro’ the middle
of the Chord) is called the Sagirza or Intercepred dx, but moft
- commonly the Verfed Sine 5 and DF let fall from the other ex-
~ tremity of the given Arch BD, on the Semidiameter at Right
émgle:, is called the Right Sine of that Arch BD;or of [hﬂﬂtlgie

.""{-\"_'-r'-"-'ﬁ'!'l";- e
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BCD s alfo DI is called the Right Sine of the Complement (of
for brevity fake, Sine Compl. ) of that Arch DH, or Angle
DCH, &c. but the greateft of all the Right Sines HC let fall
from the other extremity (or end) of the Quadrant {which is
indeed the fame as the Semidiameter of the Circle) is called
the whole Sine or Radius ; laftly, BE is called the Tangent of the
Arch BD or Angle BCD, and CE its Secant: W hence Mathe-
maticians, for the fake of Trigonometrical Calcularions, have
divided the whole Sine or Radius of the Circle into 1000,
10000, 100000, [000 ©00, 10000 0000, parts, thence
to make a proportionable Eftimate of the number of Parts in
the Sine, Tangent, or Secant of any Arch, &¢. as may be feen
in the Tables of Sines, Tangents, and Secants. From thefe
Suppofitions and Explications of the Terms, we fhall now in-
fer from this Definition the following

GOROLILARYS

L YN equal Circles (and {fo much more (4) in
E:% ﬁﬂﬂ%;ff ong and the fame) as the Radii or Semidia=
28 & 2g Jib. meters BC and k¢ are equal, {o alfo it is evident,
3.and djopart-  thar the Right Sines DF & Df,of equal Arches BD
2’;‘55 26 4nd and bd, or equal Angles BCD and bed, alfo the
; Tangents BE and be, and Secants CE and ¢ e, and
Subtenfes or Chords DG and dg, alfo the Sagittz or intercepted
Axes BF and &£, of double the Arches DBG andd b g, &c. will
be equal, and fo confift of an equal number of Parts of the whole
Sine or Radius, &¢, which both is evident from what we have
faid before, and may be further evinced, if one Circle be con-
ceived to be put on the other, and the Radius BC on the Ra-
dius b ¢, that fo they may coincide, by reafon of the equality
of the Arches BD and 4d; and {o of all the reft. And é
contra, : _ ,
IL In unequal Circles, the Sines, Tangents, &c, of equal
Angles BCD or bcd ( Fig. 14.) or fimilar Arches, or Arches
. of an equal number of Degrees, BD and &d, will be alfo fimi-
lar or like, &c. 4. e. the Sine df confifts of as many parts of
its Radius bC, asthe Sine DF does of its Radius BC, &c. e. g.
if the Radius BC be double of the Radius & ¢, each
thoufandth part of the one, will be double of each thou-

fandch
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fandth part of the other, but they are alike 1000 in each; be-
caufe the degrees in the Circumference of the little cne, parti-
cularly in the Arch bd are but half as big as thofe in the Arch
BD, and yet equal in number in both. Thusalfo if the Sine
DF contains 700 of the 1000 parts of its Radius BC, df
~ will alfo contain 700 of the 1000 parts of its fmaller Radius -
" be, and in like manner the Chords DG and dg, and the Tan-
gents BE and be, &c. contain a like number of parts, each
of its own Radius.

SCHOLION.

T may not be amifs here to note by the by ( altho it may

feem more proper ro be taught after the Do&rin of Pro-
~ portions) that if, v. g. the degrees of a greater Circle be each
of them refpectively double, or triple, or quadruple, &c. of the
degrees of a lefs Circle, according as the Radius of the one is
- double or triple to the Radius of the other, then, at leaft as far
as Mechanical Practice can require, you may find the Arch of
a greater Circle equal to the whole Periphery of a lefs, iz,
if you take reciprocally that part of the greater Periphery,
which fhall be as the Radius of the lefs to the Radius of the
greater, or as one degree of the lefs Periphery to one degree
of the greater. e.g. if the lefs Radius ¢ be half the greater
BC, and fo alfo the Periphery , and each of the degrees of the
one, be one half of the Periphery, and of each of the degrees of
the other, one half of the greater Periphery will reciprocally be
equal to the whole lefs Periphery, or 180 degrees of the one to
360 of the other, &,

2. The fame (at leaft in this cafe where the Radius ¢ 5 is
double of the Radius CB) may be done alfo Geometrically by
the fame reafon. Having defcribed Circles on each Radius,
{uppofe the Radius CB (Fiz. 15.) {o to move with an equable
motion about irs Center ¢, as to take or move the Radius of
the greater Circle ¢ b along with it,and coming'».g. to 1. ftops
that alfo at 1, and going torward, to II. ftops that againat 2,
©e. Hence it will be maniteft to any attentive Reader, that
when the lefs Radius CB fhall have delcribed the Semicircums-
ference B. IL. 1II. the greater Radius ¢cb having moved to 3,
will have defcribed precifely a quarter of its circumference \i

an
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and i ftill the lefs Radius C. IV. moves on to the right hand,
and continues to carry the greater ¢ 4 alnng with it unwardd
the fame way, it will neceflarily follow, that in the fame mo-
merit as the Radius C. IV. (together with ¢ 4.) fhall come to
its firft firuation in B, having defcribed a whaie Circle, the op-
pofite Radius ¢4 will be come to §, and have deferibed half
its Circle, having moved all along with an equal Motion.
Hence it is evidenr, that the whole lealt Circle anfwers exact-
Iy to half the greater, and half of the firft to a quarter of the
laft ; as alio the Quadrant. B. 1L to the O&ant (or 8th. part )
ba, ’ &c, whence any Arch being given, as B. L in the leaft
C:rc!e, if you draw thro’ I the Radius of the greater Circle
¢ 1. youl cproffan Arch &1. equal to the given Arch in mag-
nitude, but only half in the number of degrees.

. Hence follows naturally that celebrated Propofition of
Euehd that the Angle at the Center BC.I. or BC. 11. is double
of the curreipondmg Angle at the Periphery be. 1. or be. 2, &
which in this cafe is manifeft, and in the other 2 (Fig.16.) of the
wholes or remainders DCD and DPD it isallo (4) certain 3 which

is true alfo of the parts BCD and BPD to be
(¢) Euch. p-  added or {ubtrated by the firft Cafe.

?%’ fé.ﬁ,} 4.. Hence we have 2 new way of bifecting any
FP)BUE L9 oiven Angle CDE, or Arch CE (Fig. 17.) vize

'if you make CB equal to the Leg DC, and
from this, as Radius, defcribe an Arch BF equal to the ﬂrch
CE, and draw DF. '

And with the fame facility we might obrain the Tfri-
fection, if the greater Radius being triple to the lefs, wasthus
carried alnng by an equable Motion, as we have fhewn how to
do already in a double Radius; and this at firft fight may feem
very probable.

But whether the triple Radius be immediately carried round
by the fimple Radius CB, or by means of the double Radius
¢b, neither the one nor the other will caufeé an equable
Motion. For in'the latter Cafe, while the Radius ¢ & defcribes
the quadrant Bb, the Radius d e will not defcribe fo much as
a Quadrant ; but while ¢ # with the fame velocity defcribes
the other Quadrant b f, the Radius de will come tog, de-
feribing an Arch as much, greater than a Quadrant as the for-

mer
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| mer waslefi. In the former cafe on the contrary, the Radjys
"C B moved on to D beyond a Quadrant, while de was carried
from B to e, but if the Radius CD moving on, fhould again
carry de along with it, the one would defcribe the fame Arch
¢ B, while the other would defcribe one lefs than before,
5. Hence the Angle at the Center ACE (Flg. 19.) upon
" the Arch AE, is equal to the Angle 4DB" at the Periphery
" upon double that Arch 4B. | X
6. Hence the Angle 4DB in the Semicircle ( Num, 1.)
{a) is a Right Angle, in a Segment lefs than a
-~ Semicircle ( Num. 2.) is an obtufe Angle, and EF) Euich. 31.
" : ib. 2,
“in a greater (Num. 3) an Acute one, becaule :
‘the Angle at the Center ACE upon the half Arch, is equal to
‘the Angle ADB pr.preced. 5. and is a Right Angle in the fiift
Cafe, Obtufe in the fecond, and Acute in the third,
7. Hence Angles in the fame Segmenr, or (4)
“on equal Segments of equal Circles, or on the
fame or equal Arches, are all equal and ¢ contra.

DEFINITION XI

Hen 2 or more Lines 4B and CD are o continyed asto

kecp always the fame diftance from oneanother (whofe
Gerelis may be conceived to proceed from the uniform Motion
of 2 Points 4 and C, always keeping the fame diftance from
- each other) they arecalled Paraliels: But as it evidently fol-
Jows from this Definition, that (4) thofe Lines which are’ Pa-
tallel to one third, are parallel to one another i
(lince adding or fubtralting equal Intervals to or ?} ’z‘”;‘ fi.
from other equal ones, the fums or remainders 3
muft needs be equal ;) fo if the Parallels are Right Lines and
cut tranfverfly (or flopingly a-crofs) by another Right Line E F,
you'l have thefe

% COROLLARYS.

%

i

e HE Angles (5) which we call dirernate :
iT ones, GHK and HGI (Fg. 21.) are Ef}zimf. lib,
rls'ui al by Corollary 1. Defmition X, fince the diftances

O and HI, which are the Right Sines of the faid Angles,
ite fuppofed equal. . iI. The

(&) Eucl. 26
and 27. 1. 52
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IL The External Angle EGA is alfo equal to the Internal
oppofite Angle GHK, by Confect. 1. Definit. . becaufe thac
Exrernal Angle EGA is equal to the alternate Vertical one
HGL

11I. The fame Internal Angle GHK, with the other internal
~ oppofite one on thg fame {ide AGH (as well as the External one
EGH, b}r Coroll. 1. Dfﬁm'r. 3) are fquai o tWo Right ones.

IV. On the contrary, If any Right Line EF (4) cutting
2 others AB and CD tranfverfly , makes the
alternate Angles GHK and HGI equal, their
Right Sines, by Come&. 1. Definie. 10, will be
equal, and confequently the Lines AB and CD parallel : and
the {ame will follow, if the External Angle be fuppofed equal
+ to the Internal, or the 2 Internal ones on the fame fide equal
to 2 Rightoness; fince from either Hypothefis the former will
immediately follow. '

V. From whence it appears more than one way (b) Thaé
the 3 Internal Angles of any Triangle (e. g H,GK,
which will ferve for all) zaken together, are equalro
two Right' omes, and the External one GHD is equal
to the two Internal oppofire ones. For we might either conclude
with Euclid, that 1, 2, 3, together make 2 Right ones, by
Confeét. 1. Definie. 8. but 2=II and 3==lI pr. 1 and 2 of
this, therefore I, Ii, IIl =2 Right ones ; or with others, 1,
11,4 are —2 R. but x=1 and 4=III pr. 1 of this. There-
fore, &@c. or more bricfly with F. Pardies, 1=I pr. 1{t of this,
but 1, II, IIl, rogether = to 2 Right ones, by the 3d of thiss
therefore 1, II, IIl = 2R. Q. E. D,

(a) 1ibi . 1.
Prop, 27 28

(a) lib. 1.
Prop. 32,

DEFINITION XIIL

F a Right Line AB (Fig. 22.) be conceived to move from
the top of a plain Angle CAD with a motion always paral=

Iel to its felf, fo that atoneend A it fhall always touch the Leg
AC, and all along cutthe Leg AD, while at length being come
to F, it fhall only touch that Leg with its other end B, and fo
fall av length wholly within the Angle CAD: It will defcribe
by this motion within the Legs CAD the Triangular Figure
EAF,, and without them the T'riangular Figure BAF 5 uts parts
within them «f continually increaling, and the other without

fé
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" Fb continually decreafling ; but with all its Parts, or the whole
Line, it will defcribe the Quadrangular Figure AEFB : Confi-
quently if the other Leg AD of the given Angle CAD (Fig.27.)
or any part of it AB, be moved along the other Leg remaia-
ing parallel to it felf, it will alfo deferibe a Quadrilateral Fi-
 gure, which will be alfo equilateral, if the Line defcribing it
~ AB, be equal to the Line AE according to which.jt is direed ;
but if either of the Lines, as AD be greater than the other, the
- oppofite Sides will be only cqual ; for the defcribent or defcrib-
ing Lineis always neccflarily equal to its felf, and the Poims
A, B, D, moved with an equal Motion, defcribe alfo in the
Hame time cqual Lines AE, BF, DG. From thefc Genefes of
‘Quadrangles and Triangles we have the following

CONSECTARIES

L Hefe Quadrilateral Figures are alfo Parallelograms, 1. ¢,
_ they have their oppolite Sides Parallel ;5 (4) becaufe
' the Line that defcribes them is {uppofed to re-
" imain always parallel o iis felf, and the Points
‘A and D, or A and B, to be always equidiftant.
- 1L Becaufe the 2 Internal oppofite Angles (4 ) A and E,
and 3!fo E and' F, &c. are equalto 2 Right ones, PR
- by Confedt. 3. Definir, 11. ifqune Angle v. g. that (ﬁ;?fﬁéﬁﬁé
“at A be a Right one, all the others muft necel- ?j;_,.ﬂpﬁﬁh'
* farily be o too [ in which cafe the quadrilateral
- and cquilateral Figure AF is called a Square, and the other
"M an Obling, or Reftargle ] if there be no Right Angle, the
- oppofite Angies tranfverily or crofi-ways, 4 and f, or 4 and ¢
. are equal, becaufe both the one and the other, with the thi-d
- (¢) make 2 Right ones {in ‘which cafe the quadrilareral Equis
. lateral af is called a Rbombus, but the other ag a Rhomboid.
. HIL The Tranfver{al (or Diagonal) Line (c -
g,in any Parallelogram, divides it into two equal (;?_I'ﬁ;-rﬁ””
\ Triangles AEF and FAB; for all the Linesand 170, %7,
~ Angles on each fide are equal, and asthe defcri-
bent (Line) AB movcd thro’ the Angle EAF upon the Line AE
defcribed the Triangle AEF 5 fo the Line EF, cquai to the
former, moved after the fame way; thro™ the Angle AFB allo
equal to the former Angle, upon the equal Line FB, muft
: & neecarily

(a) Schol. Prop,
34. b, 1.
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neceflarily deferibe an equal Triangle; or, in thort, ali the In
divifibles a £, or their whole increaling Series, are neceflarily

~ equal to the like number of Indivifibles 1 &, increafing recipro-

cally after the fame way.

1V, All Parallelograms that are between the fame Parallels
AB and CF (Fig. 24.) 4. e. baving the fame Altitude (2) and

S tib the fame or equal Bafes, as CD or CD and ¢ 4,
Efmp.fg‘q E.-;“'gﬁ are equal among themfelvess for they may be
: coniceived to be defcribed by the equal Lines AB
and b equally moved thro’ the ame or equal Intervals of the
Parallel Lines ; fo that all or each of the Indivifibles or Elements
AB will neceffarily be equal to all and each of the Indivifibles
ab; for they all along anfwer one to the other both in nums
ber and magnicude,

SCHOLIUM,
HE:E you have 2 Specimen of the Method of Indivifibles,

introduced firft by Bomaventura Cavallerius, and {ince much
facilitated ; and altho thefe Indivifibles placed one by another,
or as it were laid upon an heap, cannot compofe any Mag-
nitude, yet by an imaginary Motion they may meafure it, and
as it were, after a negative way, demonftrate the Equality of
two Magnitudes compared together, viz. if we conceive a cer-
wip-rumber of fuch Elements in any given Magnitude, and
thence conclude that in another confifting of the like Elements,
ordered ‘or-ranked afrer the fame way, there can be neither
more nor lefs in number than in the firft ; thence follows their
Equality, &, |
V. Hence therefore it is alfo Evident, that Triangles upon
the fime and equal Bafes as CD and cd, and placed between the

.-_fame Parallels, are neceffarily equal, becaufe they are the half
-0t cqual Parallelograms AD and 44, by the 3d Confelary of this

Definstion.

VI. F. Mourgues ingenioufly concludes from hence, wvizs be.
caufe the 2 Ioternal oppofite Angles (4) on the fame fide in
(&) lib.1. prop, 30V Parallelogram, are equal to two Right ones,
27 €958,0041, and (6 all rogether equal to four ; that eherefore
(b) Jib.1. Prop, - the three Angles of any Triangle ABC (Fyg.
32 otherwife. 5 5. which may always be compleated into a

Parallelogram )



=

- tude.

The Elements of the Marhematicks. %

Paralielﬂgram)are equal to half of thofe four,or 1o two Right one:. -
'T'his may be yet more briefly conceived thus; the Angles b}~
¢4 (the fum of the two inferiour ones) = to two Right
ones; but a—alternate d : therctore b+ ¢ 4-4== to two
Right ones, Q. E. D. .

VII. Becaufe it is manifeft in ReQangular Parallelograms,
if the Altitude AB, and Bafe BC ( Fig. 26.) meafured and
divided by the fame common Meafure, be conceived to be
{muldiplied or) drawn one crofs the other, that S
the * Area AC, thereby defcribed, will _be x{fgj??r;;ﬁf;

divided iato as many licle {quare Meafures or  Guefis 5 for

Area’s, as the number of their Sides multiplied ke five parts of

‘together would produce Units ; therefore the A- the Line 4B &y

other Parallelogr wi its motion along
rea of any logram will be after the he s ol the

like manner prcduced, if the Bafe be multiplied p,4 3 . de-
by the Perpendicular heigth, equally as if it feribes 5 linde

were a Re@tangle of the fame Bafe and Alti- Squares, and
: movtng along
- VIII. Confequently alfo you may have the ;iitf "f&‘:jﬁés

Area of any Triangle, by Confeétary 3 and 5. if five more, G

' the Bafe be multiplied by half the Perpendicular

heigth 5 or, the whole Bafe being multiplied by the heighth,
if you take the half of the produdt.

DEFINIT0 N XIIL

UT as there are various Species of Triangles, while firft
with relation to their Sides, one is called Eguilateral, as
ABC ( Fig. 27.) becaufe all i's Sides are equal; another Equs-
crural or Ifofceles, as DEF, becaufe it has two equal Sides DE and
EF, while its Bafe DF may be either longer or fhorter 5 and a
third is called Scalenum, as GHI, becaufe it hasall its Sides un-
equal; then again in refpect to their Angles, one is called
Reflangled, as a, b, ¢, becaule it has one Right Angle at a3
Another Qbtufangled, “as d, e, f, becaufe it has oneobtufe An-
gle at 4; a third is called Acuteangled, as g, b, #, becaufe all its
three Angles are Acute: So each of thefe kinds has its pecu-
liar properties, which we fhall partly hereafter demonftrate in
their proper places, and partly deduce here as

=3 CON.
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CONSECTARYS.

L ALL Equilateral T'riangles are alfo Equiangular, and cons
A fequently Acutangled; for , having found a Center
for three Poin's, and the Periphery A, B, C, ( fee Fig. 2.8. )
by Confeét. 6. Definit. 8. the three Arches AB, BC, and AC,
anfwering to equal Chords 5 and confequently the three Angles
at the Center O are equal, by Confeét. 1. of Definit. 10. and
therefore the three Angles at the Periphery alfo, as being half
of the other, by the 3d Confelary of the fame Definition. Each
Angle therefore is one third part of two Right ones, by Confeét.
6. Definit: 12, two thirds of one Right Angle, 7. e. 6o degrees,
and confequently Acure.
II. It follows alfo by the fame Reafon in an I/Celes Triangle,
that the Angles at the Bafe oppoled to equal Sides are equal,
and (a) confequently Acute; for having circums=
(&) lib. 1.-  feribed a Circle about it, equal Arches will cor-
ﬁ’;ﬁ*oi}?ﬁf% refpond to the equal Chords DE and EF, and
demonftraed.  €qual Angles at the Center DOE aad FOE will
correfpond to them, and equal ones at the Peri-
phery DFE, and FDE to thefe again. And it is evident that
each of thefe are lefs than a Right Angle 5. e. an Acute one,
becaufe all three are equal to two Right ones. Wherefore if
the third is a Right Angle, the other two at the Bafe will ne-
ceflarily be half Righe ones.

SCHOLIUM J. :

E will here (4) fhew by way of Aaticipation, the

truth of the Pythagorick Theorem, efteemed worth an He-

catomb : Which hereafter we will demonftrate after other dlE-

ferent wayss wiz. Ina Right Angled Triangle BAC (Fig. 2.9.) the |

Square of the greatel? Side oppofite to the Right Angle, is equal to |

the Squares of the other two Sides taken together. For having de- |
fcribed the Squares of the other two Sides, AC dE, DE ab
( taking ED== AB) and the Square of the greateft BC cJ,
it will be evident, that the parts X and /7, are common to each,
and that the two other Triangles in the greateft Square BAC
and BDb, are equal to the two Triangles b 2¢ and Cd c which
- remain




f‘ The Elements of the Mathematicks. 21

temain in the two Squares of the lefler Sides; and fo the whole
truth of the Propofition will be evident, while thefe two things
are undoubtedly true : 1. That the Side of the greateft Square
Bb will neceflarily concur wich the Extremity of the lefs Db, and
the other Side of the greateft Square C ¢ with its Extremity ¢,
will precifely-touch the Continuation of the Sides of the two
leaft Squares dEz 5 as you'l {ee them both exprefled in the Fi-
gure. 2. The faid two Triangles are every way equal ; for the
Angles at C with the intermediate one at Z, make two Right
" ones, therefore they are equal; but the Side €4 is equal to
“the Side c¢d, and CB to Cc, and the Angles at 4 and 4
'Right ones. Wherefore if we conceive the Triangle 4BC to
‘1o be turned about C, as a Center to the right hand, it will
- eXaétly agree with the Triangle € d¢, and the Point B will ne-
ceffarily fall on the continued Line 4 E, as agreeing with the
" Line 4 B. Hence it is now evident, that Ca == BD, and be-
| €aufe b a is alfo—= 6D, and the Angles at 2 and D Right ones.
Where, if we conceive the T'riangle bac to be moved about
E;Jr; as a Center, untill &  coincides with #D, and « ¢ with DB,bc
- will allo neceflarily coincide with & B @. E. D.
~ To this Demonftration of Van Schooten’s, which we have thus
illuftrated and abbreviated, we will add another of our own,
“more like Euclids, bur fomewhat eafier, which is this: Having
‘“drawn the Lines (as the other Figure 29 direcl:) the A 4ACD
“being on the {ame Bafe AC with the Square:4I, 3and berween
the fame Parallels, is neceflarily one half of it, butit ‘s al{b half
of the Parallelogram CF being on the fame Bafe with ir, viz,
DC; therefore this Parallelogram =— 3 41. In like manner
A A4BE is half the @ 4 L, and all6 half the Parallelogram BE,
therefore BF—t34L : therefore CF -}~ BF that is the = of
BD —to the two O 12 AT\ 4L. D.E. D. Forbecaufe the Side
B E occurs to, or meets the Side LK, and the Side CD the Side
IH continued, it yer more apparently follows; becaufe the An-
'_'EIEE a and b, and alfo ¢ and 4, are manifeftly equal, as making

' Both ways, with the Intermediate x or z, Right Angles. There-
fore the A B AC being turned on the Center B and laid on BLE
‘Will exaltly agree with ir, and turned on the Center C and laid

ik CID, will agree with that allo, &,

G DEFIL- ¥
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" DEFINITION XIV.

L L Redilinear or Right Lined Figures that have

more than threg or four Sides (to the latter fort of
which, there remains to be added another Species befides Pa-
mlle]ugrams, call'd Trapegiums, whofe Angles and Sides are un-
equal, as K, L, M, N, Fiz. 30.) are called by one common
Name Poljgons, or Many-fided and Many- Angled Figures, and par-
ticularly atcording to the Number of their Sides and Angles, Pen-
tagons, Hexagons, Hepragons, &c. All whereof, as allo Trapezia,
being *refolvible into I'riangles by Diagonal Lines, (as may be
feen in the 3 1 and foregoing Fig.) you have thefe

CONSECTARYS.

I, OU have the Area of any Polygon by refolving it inta |
Triangles, and then adding the Area’s of cach Trl-i

angle found by Gonfet. of Definition 12, into ane Sum. '
~IL The Area of the Trapezium KLMN (in the firlt of the |
Fig. 30) whofé two oppofite Sides, at leaft KL and MN, are |
Parallel, may be had more compendioufly, if the Sum of the |
Sides be muft:pi:ed by half the common heigth KO, |

SCHOLIUM.

Ence we have the foundation of E_p:pscfamrm or Maﬁ.lrmg
of Figures that ftand an the fame Bafe, and Ichnography ;
in the Practife whereof this defervesto be taken {pecial Notice ofy
that to work fo much the more Compendioufly, you ought to
divide your Figure into T'riangles, fo that (Fig. 31.) 2 of their
Perpendiculars may (as conveniently can be) fallon one and the
fame Bafe. For thus you'l have but one Bafe to meafure, and
- 2 Perpendiculars to find the Areaof both: But for Ichnography,
the diftance of the Perpendiculars from the neareft end of the
Bafe muft be taken’; which we fhali fuperfede in this Place and
Difcourfe more hrgrly on hereafter.
This refolution of a Polygon inte Triangles may be
perfurm 'd by afluming a point any where about the middle,

and waking the fdes of the Polygon the Bafes of fo many
Triangles 5
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" Triangles 5 (e the 24 Figure mark’d 31) wherein it is evi-
dent; 1 Thar all the Angles of any Polyzon are equal 1o
gwice fo many. right ones, excepting 4., as the Polygon has fides;
for it will be refolv’d into as many Triangles as it has fides, and
each of thefe has its Angles equal to 2 right ones.  Subtracy.
ing therefore all the Angles about the Point M (which always
make 4 right ones by Conf 2. Def. 8.) there remain the reft
which make the Angles of the Polygon. 2 All the external
~ Angles of any right lined Figure (e, 56, Bc.) are always

equal to 4 right ones; for any one of them with its Conriguous -
* internal Angle is equal to 2 right ones pr. Confeét. 1 of the faid
" Def. and 0 altogether equal to twice fo many right ones as there
* are Sides or internal Angles of the Figurc. But all the inter-
nal Ones make allo twice fo many right Ones, excepring 4
therefore the external Ones make thofe 4. '

|,

P EFINITIOF XY,

g Mong all thefe plain Figures thofe are call'd Regular whofe
Angles and Sides are all cqual, as among nilateral Figures
~ the Equilateral Triangle, among Quadrilateral oneg, the Square,
« and in other kinds, feveral Speci 8 which are not particulariz’d
by Names s but all others in whofe Angles or Sides there is
~ any inequality, are call'd Iregular : Tho’ fome of :hefealfo, and
~ allthe other may be infcrib’d in a Circle. = Whence you have
thefe

CONSECTARYS.

L HE Areas of the Regular Figures may be obrained yet
eafier, if having found their Center (by Confeét. 6. De-

finie. 8.) you draw from thence the Right Lines CB, CA, &

( Fig. 32.) till there be form’d as many Triangles ACB, ACF,
&e. as the Figure has Sides 5 for fince all thefe Triangles have

- their Bafes AB, BF, as fo many Chords, and their Alitudes
- CD, CG, as fo many parts of intercepted Axcs DE and GH,
- and alflo equal pr. Confeét. 1. Definit. 10. and fo by cConfidl. 5.
. Definir. 10, are cqual among themfelves; one of their Area's
~ being found and multiplied by the number of Sides, or half the
~ Aliitude by the Sum of all the Sides, you’l have the Avea of'tlr;e
. C 4 whole
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whole Polygon : For it is manifeft from what we have already
faid, and very elegantly Demonftrated by F. Pardies, That any
Regular Polygon infcribed in or circumjcribed to a Circleis equal tothe
Triangle Az, ome Legg whereof is equal to the Perpendicular heighth
let fall from the®Center upon any Side, and the other to the whole Pe-
viphery of the Polygon. WNow if the Triangles into which the Poly-
gon is refolved,do all ftand on the fame Right Line Aa,(Fig.32 )
and are all equal and of the fame heighth, to which the Per-
pendicular AZ 1s equal, it will neceflarily follow, that each pair
of Triangles ABZ and ABC, BZF and BCF, &e. are equal
among themfelves, pr. Confe&. §. Definit. 12.. and confequently
the Sum of all the former will be equal ro the Sum of all the
lateer, thatis, the Triangle Aza to the Polygon given. -

. Since Regular Figures inferib’d in a Circle, by bi-
felting their Arches AB, BF, Jc. may be eaflily conceived
to be changed into others of double the number of Sides, (as a
* Pentagon into 2 Decagon, &¢.) and that ad Infisitum ; a Circle
may be jultly efteemed a Polygon of infinite Sides, or confifting:
of an infinitc Number- of equal T'riangles, whofe common Al-
" titude is the Semidiameter of the Circle : So that the Area of
any Circle is equal to a Right Angled Triangle (as AZa) ome |

: of whofe Sides AZ is equal to its () Semidia~
{a) Archimedes  meter, and the other Aa to its whole Circum-
of the Dimen- ference. « 104 '
fion of the Circle, Prop, I.

&€ R’ 0B
T may not be amifs to note thefe few things here, concer-
ning the Infcription of Regular Figuresia a Circle. ‘
I.. Having defcribed a Circle on any Semidiameter AC, (a)
' (Fig. 33. N. 1.) that Semidiameter being placed
(«) Euclid,  in the Circumterence, will precifely cut off onel
Prop. 15, fixth part of ir, and fo become the Side of a Re-
R gular Hexagon : and (o the Triangle ABC will
B be an Equilateral one, and confequently the An-
gle ACB and the Arch AB 6o Degrees, by Conf. 1. Definit.13.
II. Hence a Right Line AD, omitting one point of the di-
vifion B, and drawn () to the next D, gives you theSide ofa
Regular ‘Triangle infcrib'd in the Circle, and -
(¢) Eucl,2d fubtends twice 60, 7.e. 120 Degrees. | ;
Corvly of the [ames . : 111, %
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1iI. If the Diameters of the Circle AD and DE (N. 2.) cut
one another at Right Angles in the Center C, the Right Lines
AB, BD, &c. will be the Sides of an infcribed Square ABDE .
~ For (¢) the Sides AB, BD, Uc. are the equal

- Chords of Quadrants, or Quadrantal Arches, and (¢) Eucl 6,

~ the Angles ABD, BDE, &. will be all Right /. 4.

~ ones, as being Angles in a Semicircle ( per Schol. -

6. Definit. 10.) compofed each of two half Right ones, by

. Confet. 2. Definit. 173.

- 1V. Euclid very ingenioufly fhews us how to Infcribe a Re.
gular Pentagon alfo, Lib. 4. Prop. 10 & 11. and alfo a Quin-

decagon (or Polygon of 1§ Sides) Prop. 16. But though the

firft is too far fetch'd to be fhewn here, yet ( fuppofing that )
the fecond will ealily and briefly follow :

- In a given Circle from the fame point A ( N. 3.) infcribe 2
Regular Pentagon AEFGHA, ard alfo a Regular Triangle

ABC ; then will BF be the Side of the Quindecagnm, or 15

Sided Figure. For the two Arches AE and EF make together

144 Degrees, and AB 1201 () Therefore the difference BF

- will be 24, which is the 1 5th. part of the Circumference, -

V. The Invention of Remaldinus would be very happy, if it

‘could be rightly Demonftrated 5 (as he fuppofes it to be in his

- Book of the Circle) which gives an Univerfal Rule of dividing
the Periphery of the Circle into any number of equal Parts re-

‘quired, in his 2d Book De Refol. & Comp. Mathem. p. 367,

" which infhort is this: Upon the Diameter of a given Circle AB

" Fig.34.) make an Equilateral Triangle ABD,and having divided

- the Diameter AB into as many equal Parts, as you defign there
fhall be Sides of the Polygon to be Infcribed, and omitting twa,
e.z. from B to A, draw thro’ the beginning of the third from

D, aRight Line, to the oppofite Concave Circumference, and

thence another Right Line to the end of the Diameter B, which
‘the two parts you omitted fhall touch thus, e g. for the

Triangle, having divided ABinto three equal parts, if omitiing
‘the two B2, thro’ this beginning of the 3d you draw the Right
- Line DIIl, and thence the Right Line IIL.B, which will be the
“Side of the Triangle ; and fo IV.B will be the Side of the
Square, VB the Side of the Pentagon, &e.

N. B.

T P
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N. B. The Demonfiration of thele ( Renaldinus adds, p.368. )
we have {everal ways profecuted in our Treatife of the Circle :
Some of the moft noted Antient Geometricians, have fpent a
great deal of pains in the Inveftigation and EffeGion of this
Problem, and feveral of the Moderns have loft both time and
pains therein: Whence, we hope, without the impuration. of
Vain Glory, we may have fomewhat obliged Pofterity in this
point.

DEFINITION VI

F the Plane of any Parallelogram AC (Fig. 25.) be concei- |

ved to move along a Right Line AE, or another Plane AF. |
downwerds, remaining always Parallel to its felf ; there will be . |
generated after this way a Solid having fix oppofite Planes Pa-
rallel, two whereof, ac leaft, will be equal to one another, |
whence it is called a Paralelepiped; and particularly a Cube or |
Hggaedrum, it the Parallelogram ABCD that defcribes it be a |
Square, and the Line along which it is moved, AE, equal to |
the Side of that Square, and Perpendicular to the defcribing |
Plane, and conlequently all the fix Paralle]l Planes comprehend- |
ing this Solid, cqual to one another, But if the defcribing or |
Plane Defcribent (Fig. 36.) be a Triangle or Polygon, the So- -
Iid 15 call'd a Prifm, if a Circle, it is called a Cylinder. Now from |
the Genefis of thefe Solids you have the following i

CONSECTARYS.

I. Y F the Planes or Parallelograms Defcribent (¢) ABCD and
abed (Fig. 37.) areequal, and their Lines of Motion.
- AE and 4 e alfo equal ; the Solids thereby de-
(a)Eucll.x 1. fcribed, viz. Parallelepipeds, Cylinders, and Prifms,
P.29,30,31 (which will therefore have their Bafes and heigths
equal) will be equal among themfelves; be-
caufe the defcribent Indivifibles of the one, will exaltly anfwer,
both in number and pofition, to thofé of the other, as we have,
already fhewn in Parallelograms ; Conlequently therefore,
II. Any Parallelepiped (b) may be divided by
(b) Eucl I. a Diagonal Plane BDHF (or a Plane paffing
11, pi28.  thro' its Diagonals) into two equal Prifms ; forby
Confedt
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Confeit. 3. Definit. 12. the Triangles ABD and BCD, are equal,
and are fuppofed to be moved by an equal Motion thro’ equal
fpaces. :
IIL. And fince it is evident, even by this Genefis of them,
that tn Right Angled Cubes and Parallelepipeds, if the Bafe
ABCD ( Fiz. 38.) being divided iato litrle {quare Area’s, be
multiplied by the heigth AE, divided by a itke meafure for
length, after this way you may conceive a: many cqual litdle
Cubes ro be generated in the whole Solid, as is the number of
the lictle Area’s of the Bafe mulriplied by the number ot Divi-
fions of the fide AE ; you may moreover obtain the Solidity of
any other Parallelepipeds, that are not Right Angled ones, by
muldiplying their Bafes and Perpendicular Heigths together.

1V.Moreover fince every Triangular Prifin isthe balf of a Paral-
lelepiped, and any Multangular Prifm may be refolved into as ma-
ny Triangular ones, as its Bafe contains T'riangles ; you may
obtain the Seolidity (or Solid Contents) either ot the one or the
other, if you multiply the Triangular, or Multangular Bafe of
them into their Perpendicular Heigth.

V. After the fame manner you may likewife have the Soli-
dity of a Cylinder, which may be confidered as an Infinite
Angled Prifim, juft as the Circle is as an Infinit-Angled Po-

Iygon, |
| DEFINIT I0 N XVIL

lF any Triangle ABC (Fig. 39, N. 1.) be conceived to move
with one of its Plane Angles C, from the Vertex or top of
a Solid Angle’ ( determined by two Planes aAb and cAa
joined together in the common Line Aa) with a motion always
parallel to it felf 5 fo that its extreme Angular Point A fhall al-
ways remain in the Line Aa, bur with its Sides AB and AC
fLall all along raze on the two Angular Planes, till at length
it falls wholly within the Solid Angle: by this its motion it will
‘defcribe within the Solid Angle, the Figure we call Pyramidal,
whofe Bafe willbe the Triangle b ¢, and its Vertex A will
alfo defcribe without it another Quadrangular Pyramid, whofe
commonVertex will be the fame A,but the Bafe theQuadrangleCb,
| defcribed by the Side of the moveable Triangle BC: The firlt Py-
 1amid it will defcribe with iys T riangularParts, 28y continually in-

it LG A U el
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creafing from the point A, and ending in the Triangleabc 3
but the latter Pyramid will be defcribed by the remaining parts; |
continually decreafing downwards from the whole ABC, and
the Quadrangular Trapeiza Brde at length ending in the Righe
Line 4 ¢: So that in the mean while the faid Triangle with its
whole fpace defcribes, according to what we have faid before,
the T'riangular Prifm compofed of thofe two Pyramids, From.
this Geeefis of Pyramids you’l have the following

CONSECTARYS.

L F what fort foever the Defcribing T'riangles are ABC;
AWEL (N. 2.) fo they are equal ; and whatever the
Solid Angles are, comprehended under the Planes abA, and

acA, DA and ACM, fo they are accommodated to the Plane
Angles A and @, and fuch that, .

DEFINITION XVIIL

Here may be exhibited another eafier Genefis of Cones and
Pyramids,but it refpects only the Dimenfion of the Surface,

and not of the Solidity of them, wviz. If you have a fix’d point A
that is not in the Angular Plane BCDEF (Fig.41) and a Rght
Line AF let fall from that point to any Angle of the Plane,bs con-
ceived to move round the fides BC, CD, &¢c. This Plane by
its motion will deferibe as many Triangles ABC, CAD, &e.
as the Angular Plane has Sides. And thefe T'riangles all meet-
ing at the point A, make that Solid which we call a Pyramid.
- Now if inftead of the Angular Plane there be fuppofed a Cir-
cular one, (or an Angular one of Infinite Sides) the Solid thence
produc’d is called a Cone, whofe Surface is equal to Infinite T'ri-
angles, conftituted on the Bafe BCDE, and whofe $olidity
would confequently equal an Infinite' Angled Pyramid of the
fame heigth. And after the fame manner by the motion of the
Line AF, remaining always Parallel to it {elf about Parallelo-
grams or Triangular Planes, will be generated Parallelipipeds,
‘Prifms, and Cylinders. But as one Pyramid will be produced
more upright than another, according 2s the point A ftands
more over the middle of the Plane BCD, &, (Fig. 42.) or
. ! refpects
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refpells it more obliquely : So in particular a Cone is called a
right Cone, when the line AO being let fall to the Center of the
circular Plane (otherwife call’d the Axisof the Cone) conftitutes
_on all fides right Angles with it 5 bur it is calld an Obligue or §ca-
lene Cone, when the Ax ﬂanda obliquely on the Bafe. Which
 diftin€tion may alfo be eafily underftood when apply’d to Cylin-
b der!, tho’ a right Cone and Cylinder may allo be conceiv’d to be
erated after another way, asif for the one a T'riangle and for
:he other a right angled Parallelogram AOB and LAOB be
' be conceivd to be moved round a line AO confidered
| as immoveable ( whence it is cali’d an Ax ;) and
" alfo a truncated Cone may be formed if a right (2) Arcbimedes
" angled Trapezium, 2 of whofe Sides are parallel i‘}f’ s ;:: CE‘”*
 be moved, &¢. And as we have deduc'd the So- ﬂﬂ‘:} S_P X
f '.hdltjf cf thefe Bodies from the foregoing Genelis,
" {o their external Surfaces, as alfo of Prifms and Parallelepipeds
. may eafily be found from the prefent Genefis, by any one who
- attentively confiders the following

COROLLARYS.

1. Clnce the whole external Surface, except the Bafe, of any
: Pyramid is nothing but a Syftem of as many Triangles
fABC, CAD ¢&9c. as the Pyramid has Sides ; if the Area’s of
thofe Triangles ﬁparate]}* found by Confeft. 8. Def. 12.. be added
E.ﬂﬂ[ﬂ one Sum, you'l have the Superficial Area of the whole
ramid
Il If a Pyramid be cut with a Plane &, ¢, 4, ¢, parallel to
~ its Bafe BCDL (Fig. 41.) The Surface of rhat truncated Py-
ramid mmprehended between the prallel Planes may be ubtam 'd
if having found the Surface of the Pyramid Al c de cutoff from
. the reft by confeit. 1. you fubtralt it from the Surface of the
- whole Pyramid.
- II. The external Surface of a right Pyramid that ftands on
‘.Eua regular Polygon Bafc is equal to a Triangle, whofe Altitude
15 equal to the Aliitude of one of the T'riangles which compofe
ir, and its Bafe to the whole Circumference of the Bafe of the
Pyramld '
_IV. Therefore the Surface of a right Cone, by what we
ave already faid, isequal to a Trianzle whofe heighth 1nit_he
k “ fde
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fide of the Cone, and the Bafe equal to the Circumference of
the Bafe of the Cone. |

V. The Surface of a truncated right Cone, or Pyramid i
equal to a T'rapezium which has 2 parallel Sides the loweft of
which is equal to the Perifery of the Bafe, and the other to the
Perifery of the Top or upper Part, and the heigth, to the inter-
- cepted Part,

VI. The Surface of a right Cylinder or Prifm is equal to a
Parallelogram which has the fame height with them, and for
its fBaﬁ: a right lide equal to the Perifery of that Cylinder of
Prilm,

DEFINITION XIX

_IF a femicircular Plane ADB (Fiz. 43. N.1.) be conctived 0|
move round its Diameter AB which s fixr, as an Axis, by
this Motion it will defcribe a Sphere, and with its Semicircum-|
ference the Surface of that Sphere ; every part whereof is equally
diftant from the middle Point of that Axis C (which is there-|
fore calld the Center of that Sphere) Now if (N. 2.) this|

{emicircular Ambitis () be conceived to be divi-|
(a) Archimedes  ded before that revolution, firft into 2 Quadrants
g,’f"é‘dff‘”“’ AD, and BD, and then each of thofe again into.

1. Prop, e . . .

22, Coroll 5 2s many parts equal in Number and Magnitude
Prop.23. ~  as you pleafe, and having drawn the Chords AF,

FE, ED, &@e. let the Polygon AFEDGHB Ia-
feribed in the Semicircle be conceived together with it to be
turn'd about the Axis ABs then will A 1 F, and B 4 F de-
fcribe 2 Conesabout the Diameters F £, and H h ; and the Tra-
pezia abonr the Axes 1, 2, 2 C, C 3, and 34, will defcribe
fo many truncated Cones, and the lines AF, FE, ¢&rc. fo maay
Conical Superficies, by the Antecedent Def and fo the whole Pa-
Iygonal Plane AFEDGHB a Conical Body infiribed in the
Sphere, and contain’d under only Conical Surfaces, And 4s any
artentive Perfon may eafily perceive fuch a Body to be lefs than
the ambient Sphere, and its whole Surface lefs than the Surface of|
the ambient Spherc 3 fo he may as ealily trace thefe following

C O N.
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CONSECTAYS.

F the Arches AF, FE, &bc. be further bifeSted, and a-

Polygonal F:gure of double-the -number of -Sides infcri-
bed in the Semicircle, and conceived to be moved round after
the way we jhave already fhewn, the Pleudoconical Body hence
arifing, will approach nearer and nearerto the Solidity of the
‘Sphere, and the Surface of the one to the Surface of the other,
" and hence (if we continue this Bifection, or conceive it to be
continued ad Infinisum) you may infer,

- IL That a Sphere may be look’d upon as much a Pleudoco-
nical Body, confifting of infinite Sides, and it’s Surface will be
equal to the infinite Conical Surfaces of that Body; which we
~ will take further notice of below.

e

% DEFINITION XX.

a [ the Diameter AB of the Semicircular Plane ADB (Fig. 43
N. 3.) be conceived to be divided into equal Parts (as here

'i:he Semidiameter AC into 3.) and it the circumfCribing Pa-
~ rallelograms CE, 2 E, 1G on the tranfverfe Parallels CDy 2,
1 f be conceived together with the Semicircle it felf to revolve
- about the fixed Ax AB ; it is evidenr that there will be formed
from the Semicircle a Sphere as before, and from the Circum-
{eribed Parallelograms, fo many circumferibed Cylinders of e-
qual heighth: but it all the Altitudes or Heighths of thefe are
hilcﬂed or divided into two, and fo make the number of circum-
ﬁ:nbmg Parallelograms double , there will be formed (by mo-
villg them round as before) double the Number of Cylinders of
halt the heighth , but which yet being taken tngether, approach
much nearer the ﬁ}i:dsr}r and roundnefs of the Sphere, than the for-
mer , whichwere fewer in Number (viz.the fix latter Parallelo-
» grams approach nearer to the Plane of rhe Circle than the three
fprmer} and thus if that bifeétion of the Altirudes be conceived
to he continu=d ad infinitum, the inoumerable Number of thofe in-
“aitely litle Cylinders will coincide with the Sphere it {elf. More-
. _1" er it you conceive any Polyedrous or Multilateral Figureto be
~eircumfcribed about the Sphere (which we here endeavour to de-
Wiincate by the Polygon ABCD N 4. circum u]b d about the Cir-

ce)
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cle) and the folid Angles thereof to be cut by other Planesd&
which {hall touch the Sphere it is manifeft there will thence a-|
rife another Polyedrous Flgure the Suhdlty whereof will approach’
nearer to the Solidity of the Sphere, ard its Surface to the Sphe-
rical Surface than the former , and if the Angles of this be a-
gain in like manner cut off, there will ftill arife another new Se-
lid , and new Surface approaching yet nearer to the Solidity and
Surface of the Sphere than the former, &¢. and fo after an inha
nite Procefs they will coincide with the Sphere and its Surface
themfelves. Whence there flow thefe

COROLLARYS.
4|
I. THE Sphere may be confidered as a Polyedrous Figure;

or as confiting of innumerable Bafes, 7. e. com pofed |
of an innumerable Number of Pyramids,all whufc Vertex’s meet |
in the Center, and fo whofe common heigth is the Semidia=|
meter of the Sphere, and the fum of all the Bafes equal tothe
Superficies of the Sphere. :

IL: Ifyou can find a Proportion between a Cylinder of tElE.
fame heigth with any Sphere, and whofe Bafe is cqual to the
greateft Circle of that Sphere, and innumerable Cylinders cir=
cumfCribed about it, as we have juft now fhewn ; then you
“may allo obtain the Proportion between the faid circumferib’d
Cylinder and the infcrib'd Sphere : Which to have here hinted
may be of {ervice hereafter in its proper place.

DEFINITION XXL

Here remain thofe Bodies to be confider’d which are call'd
Regular, which correfpond to the Regular Plane Figuress

and as thofe confift of equal Lines and Angles. {o thefe likewife
are comprehended under Regular and Equal Planes meeting in
~equal folid Angles s and s thofe may be Infcribed and Circum
fcribed about a Circle, {fo may the latter likewife in and about |
_ a Sphere. But whereas there are infinite Species of Regular |
Plane Figures, there are only five of Regular Solids; the firft
whereof is contained under four Equal and Equilateral T'rians
gles, whence it is nam'd a Tetraedrum 5 the.fecond is terminated
by fix equal Squares, and thenee is all d Hexaedrum, and others|
wifE|
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Wife a Cubes the third being comprehended under eight Equal
and Equilateral Triﬂngles, is cgll'd an O&tacdrym 5 the fourth is
contained under twelve Regular and Equal Pentagons, and (o is
nam’d a Dodecaédrum + the ffth, laftly, is contained under twenty
Regular and Equal Triangles; and is thence nominated an’ Ieo/z-
édrum.  Belides thefe five {orts of Regular Bodics there can be no
other 3 for from the concourfe of three Equilateral Triangles
" ariles the Solid Angle of a Tetraédrum, from four the Sclid An-
gle of an Odaédum, from five the Solid Angle of an Ieofaedrum 5
from the concourfc of four Squares you have the Solid Angle
" of an Hexaidrum - from that ot three Pentagons you have the
Solid Angle of a Dodecaidrum 5 and in all this GolleGion of Plane
Angles, the Sum does not arife fo high as to four Right ones.
But four Squares, or three Hexagons meeting in one Point,
- make precifely four Right Aogles, and {0 by Comfect. 2. Defimie
8. would conftitute a Plane Surtace, and not a Solid Angle.
Much lefs therefore could three Hepragons or O&tagons, or four
Penragons meet in a §olid Angle, toform a new Regular Bodys
tor thofe added together wopld be greater than four Right An-

gles. Butnow, for the Mealures of thefe five Regular Bodies,
. take the three following e

- CONSECTARYS.

L Qlince a Tetraédrum is nothing elfe bur a Triangular Py=
' ramid, and an O&aédrum a double Quadrangular one,
their Dimenfion is the fame as of the Pyramids in Schol. of De-
17, - |

Il. The Solidity of an Hexaédrum may be had from Confeczs
3 Definie. 13.

. A Dodecaédrum conlifls of twelve Quinquangular Py-
ramids, and an leofaédrum of twenty Triangular ones, all the
Vertex's or tops whereof meet in the Center of a Sphere that is

~ conceived to circumfcribe the re{pective Solids, and confequent-
- ly they have their Aliitudes and Bifes equal: Wherefore ha-
- ving found the Solidity of one of thofe Pyramids, and multi-
plied it by the number of Bafes (in the one Solid 12, in the o-
_ther 20) you have the Solidity of the whole refpeCive Solids.

" D : DEFINITION
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DEFINITION XXIL 4

Efides thefe Definitions of the Regular Bodies, we may al-
fo form like Idea’s of them frum their Genefls, wh:ch
particularly Honoratus Fabri has given us a fhort and ingenious
Syftem of, in his S_rmg,f‘ s Geometrica s P. 149. and the fﬂﬂuw-
in

gl Suppofe an Equilateral Tr:—ang:e ABD to be infcrib'd ina

Circle (Fiz. 44.N.1.) whofe Center is G, whence having cone
ceived the Radii CA, CB, CD, tobe dra'ﬁm, imagine them mi
be litred up mgethu with the common Center C, fo thar the
point C afcending Perpendicularly, at length you'l have the Lmesé
EA, EB, ED, equal to the Lines AB, BD, DA, After this

way there wil Il be generated, or made a Space cnnﬁ[‘mg of four
Equal and Equilateral TnangTec which is cal’d a Terracdriom,
Hence we {hall by and by eafily demonftrate, the quantity of
the Elevation CE, and the Proportion of the Diameter 'rf the.
Sphere EF to be Circumferibed to the remaining part CF
and (o the’ reafon ut the Eucl:dean Gﬂncﬁs propofed /b, 3 3

Pro
i fl. Muchhkv this, but fomewat Eafer to be conceived, is the
~ Gencfis of the O&aédrum, where by a mental raifing of lhe Cen-
tet C ( Fig. 44. N. 2) of the Square ABDE infcribed in the
Circle, together with the Semidiameters CA, CB, CD, CE,
until being more and more extended they at Iength "become li]c:
Lines AF, BF, DF, EF, all equal among themfelves, and to
the fide of the Square AB or BD 3 5 and its manteft, that by the
like extenfion conceived o be made downwards to G, there
will be formed eight equal and regular T'riangles, whtch will
all concur. in the two oppolite Points F and G. We m:ght,
alfo dedice another Genefis of the O%aédrum from a certain
Se&ion of a Sphere, and 2ll® give the like of a Hexaédrum or
Cube : but we have already given the eafieft, of the one, vz,
that which is alfo common to Parallelepipeds ; and that of the
other jult now given is fufficient to our purpofe,

=
¥
N
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CoH ARSI
ﬁ" ntaining the Explication of Hsrcﬁ terms, which relate
o the affections of the Objects of the Mathematicks.

X DEFINITION XXIIL

" Very Magnitude is faid to be either Finire if it hasany bounds
" X, or terms of its Quantity 5 or Iifinice if it has none, or ac
*leatt Ind:firite if thofe bounds are not determined, or ar leaft not
confidered asfo 4 as Euclid often {uppoles an Infinite Line, or rae
er perhaps, an Indefinite one, i. e. conf:dered without any re-
lation to its bounds or Ends: By a like diftinétion, and in reality
‘the fame with the former, all quantity.is either Meafurable, or
fuch that fome Meafure or other repeated fome number of -
T'imes, cither exally meafures and (0 equals i, (which Enclid
d other Geomeericians emphatically or pardcularly call Meaftr-
Wing) or elfe is greaters or on the other fide Immenfe, whofe
SAmplicude or Extenfion no Finite Mealure whatfoever, or how
mapy times foever repeatcd, can ever equal: In the firft Cafe,
“on the one Hand, the Meafure (viz. which exaélly meafures
wany quantity) is called by Euclid an aliqguot Pare (a) or (imply a
~Part of the thing meafured : ase. g. the Length

one Foot is an aliquot Part of a Length or (&) lib. 5,
Live of 10 Foot. In the latter Cafe the Mea- P¢fs 1.

- dure (which does not exadtly meafure any Quan-

 tity) is called an Aliguant Part, asa line of 3 or 4. Foot is an
Adliquant part of a Line of 10 Foor. Now thérefore, omirring
thar perplext Queftion, whether or not there may be an infinite
Magnitude, we fhall here , refpetting what is to our purpofe,
deduce the ﬁ:iﬂuwing

CONSECTARY.

4, Very Meafure, or part friétly fo taken, is to the thing .
L, Meafured, or its whole, as Unity to a whole number, for
pat (which is one) repeated a certain number of times, is fup-
ofed exactly to meafure the other, .

. ' : I3 a : ‘ DEFI-
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DEFINITION XXIV.

F the fame Meafure meafures 2 different quantities (whet

“the one can exallly Meafure the other or not) tho
Quantities are faid to be abfolutely Commenfurable 5 but if th
can have no common Meafure ; they are called Tncommenfirable
Notwithftanding which they both retain one to the other a cer
tain relation of Quantity, whichis calld Reafon or Proportion,
we fhall further thew hereafter. In the mean while we ha
henee, as an infallible Rule to try whether Quantities can admita

a Common Mealure or not, this

CONSECTARY. |

Hofe Quantities are Commenfurable, whereof (2) one i
to the other, either asUnity to an whole Number, or a
. one whole Number to another, for either one ol

~ (a) }:ff“’"””"g' them is the Meafure of the other, as alf® of i

;?g P 5% felf, and then it is to that other as Unity to

Number by the Comfeét. of the preced. or el
they admit of fome third Quantity for a common Meafur
which will be to either of them feparately as Unity to fome Num
ber : therefore they are one to another as Number to Nu

ber.

DEFINITION XXV.

F 2 Quantities of the fame Kind, confidered as Meafures one

of the other, being applyed one to the other, exactly agree

or are exaltly equal every way, (as o. g. 2 Squares on the fam
common Side, or two T'riangles whofe Lines Angles and Spaces
exaltly agree and conicide) or at lealt may be equally mea
fured by a common Meafure applyed to both) as e. g.a Squar
and an Oblong, or a Rhombus, or Triangle, each of whoft
Arca’s were 20 (quare Inches, altho’ they do not agree in Lin
and Angles; the firft may be called Simply Equal, and the ﬂthE%

totally equal, or equal as to their wholes: But if one be greater an
the other lefs, they are TUnegual, and that which exceeds i
called the greater, and that which is deficient the /eff, and that

p art
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part by which the lefs is exceeded by the greater, in refpet t0
the gma[er is Cﬂll‘d E.rcqﬁ, in T:fpt'& to l‘hf_ lefa Dﬁﬁ*ﬁ, and b}" 4
common Name they are call'd the Difference.  All which as they
are plain and eafy, fo they aftord us a great many felt-evident
Truths, which are ufed to be calld Axioms, as thefe and the

like
CONSECTARYS.

| He whole is greater than its Parr, whether it be an"Ali®
uot or aliquant Parr,

1. Thofe Quantities which are equal to a third are cqual be-

twixt thens]yes.

III. That which is greater or lefs than one of the equal
Quantities is alio gaater or lefs than the other.

IV, Thofe Quantities which, being applyed one to the o-
ther, or placed one upon the other, either really or mentally, a-
gree; may be efteemed as orally equal: And on the Contrary,
V. Thofe Quantiries which are torally equal will agree, €9c,
To which might be added [everal others which we have already
made ufe of and fuppofed as fuch in the preceding Definitions.

DEFINITION XXVIL

THE!‘E are morcover Additios, Subtraflion, Multiplication and
Divifion, which are common affections of all Quanrities
as well as of Numbers.” Addition is the Colleétion of feveral
Quantities (for the moft part of one kind) into one total or
Sum ; which is either done fo, that the whole (which is com-
monly called the Sum or Aggregate) obtains a new Name, orelfe
by a bare connexion of the Quantities to be added by the Copu-
lative and, or the ufual Sign -}~ (5. e. p/us or more) as for Ex-
ample 2 Numbers . . . and 3 . . . {fuppofe 3 and 4) added
together make the Sum + . . . . . : (4. e 7, 0r whichis the fame
thing 3-+4 ;) and this Line ~————— added to this other
————pives the Sum which is nothing but the 2
Lines joyn’d, or taken together. But now if we would treat
of thefe Lines, orany other 2 Quantities to be added, more ge=
nerally ; by calling the firft a () and the latter (¢) we may
fily write their Sum a-1-4,

D 3 SC HO-
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SCHOLIUM.

Aving thus explained the Term of 4ddition, thefe and the
like Axioms emerge of themfelves : If 2 equal ,@_ﬁmﬁf:’e;
- you add Equal the Sum will be Equal 5 but if to Equal you add unequal
the Aggregate willbe unequal, &c. Moreover it may not be amifs to
admonith the Trro of thefe 2 things. 1. In Addition may be feen
the vaft ufefulnes of that very Ingenious tho® familiar Invention,
mentioncd in Definit. 3. for hereby we may collet into one Sury’
not only Tens, and Hundreds, but Thoufinds, Millions, iy
riads. as tho' they were only Units ; which we will Hluft=te by

an Example.

DEFINITION XXVIL

Ubtra@ion is the taking one Quantity from another (of the
fame kind +) which s fo pgr{brmed that either the remainder
obrains a new Name, or by a bare feparation of the Subtrahend
by the privative Particle lefs, or the ufual Sign — which ftands
for it, ase.g. . . . or three being fubtracted from | » o aiagel
or 7, the remainder or differenceis . . « . or 4 and this Line
Subtratted from that — leaves -
Now if we would fignify this more generally cither of thefe
Lines. or the Number above, or any 2 Quantities whatfoever
that are to be Subtracted one from the other, by naming the
firlt () and the latter (b) we fhall have the remainder 2 — b,
Herein are evident thete and the like Axioms : If from equal
Ouantities you Subtralt Equalones, the Remainaers or Differences will
bs equa’. Here it will be worth while to take notice of, fromy

this and the preced. Defisit. the following

CONSECTARYS.

I EF‘ a Inega!{vc Quantity be 2dded to # RIF confidered ?;
: pofitive (as — 3 to =3 or —a to —|-4a) the Sum will

At

!’.\_\‘H—

e - for to add a Privation or. Negative is the fame thing as
- Subiract a Pofitive, wherefare to join a Negative and Pﬂﬁ-;l-
ive tgether, isto muke the one to deftroy the other. i

ol
=N |




ﬁ The Elements of the Mathematicks, 39

il. Ifa negative be fubtratted from its pofitive ( — 4 from
- a) the remainder will be double of that pofitive (+-24)
for to fubtra& or take away a privation or negative, is to add
that very thing, the pnvarmn of which you take away . for
rea]]y that which in words is called the addition of a Privation,
s in reality a SubtraCtion, and a fubsraction of ir, isreally an 2

dition 3 and what i3 here calld a Remainder, is mdeed a Sum or

Aggregatc and what is there call'd a Sum, is truly a Remagsns
Thus,

Ill If the pofiive Quantity (-.}-.c ) be taken from the pri-

vative one ( — 4 ) the remainder is double the privative one
(— 24) fince, taking away a pofitive one, there neceflarily
arifes a new Privation which will double that you had before.
' Hence,

1V. You have the Original of the Vulgar Rules in Literal
Addition and Subtraltion : If the Signs of the unequal Quantities
" are different, inthe room of Addirion you mnft fubtralt, and in yoom
of Subtraéism add, and-to the fum or vemainder, prefix the Sign in
the firit place of the greateft, in the next of that from which you
- Subtraél : but if the Signs are both the fame, and the greateft quan-
tity to be fubtratled ﬁr:m the lefs, you mufl, on the contrary, (ubtrait
according to the natural Way, the leaft from the greater, and prefix
the contrary Sign to the Remainder : Which Rules you may fee

llluftrated in the fuiinwmg Examples :

Addition Subtrallion,
4b—2a from 2 a-} & from 3424
36454 Subft. a—¥ Sublt. 24} 35

e e e ey Rl e e ]

?‘b—i—ga R. ﬂ-—"-lf‘? R. a=—=1}

N O T E,

Inﬁead of the Authors4th Confet. asfar asit relates
to Subtraction, which may feem a little perplexe, take this ge-
neral Rule for Subtraétion in Species, wiz. Change all the
Signs of the lower Line, or Subtrahend, and then add the

Quantities, and you have the true Rtmamdw -

D 4 . 5C HO-
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SCHOLIUJM

N this Literal Subtraion, we bave not that conveniency
which the invention of Vulgar Nores fupplies us with, that
from the next foregoing Note we may borrow Unigy, which |
in the following Series goes for 10, €c. This is done in Te- -
tratycal SubtraGion only with this difference, that an Unite
here borrowed goes only for 4. That the eafinefs of rthis O-
peration may appear, we will add one Example, wherein from |
this pumber, —~ 1232002310232
you are to fubtralt this, 321012321223

310323323003

Whercever thercfore the inferiour Note is greater than the
fuperiour one, the facility is much. greater here than in com-
mon Subtradion, becaufe never a greater number than 3 is to
be {ubtratied out of a greater, than 4 and 2 : bur it rthe in-
feriour number be greater than the fuperiour ; you borrow
unity from the lefc hand, which is equivalent to 4 ; the reftis
perform’d as in common Subtration.

DEFINITION XXVIIL

Ultiplication, generally Speaking, is nothing elfe but a
Complex or manifold Addition of the.fame quanriry,

wherein that which is produced is peculiarly call’d the Product,
and thofe quantities by which it is produced, are called the
Multiglicand and the Multiplier : The tirft denotes the Quantity
which is o be multiplied, or added fo many times to its felf s
and the other the Number by which it is to be multiplied, or
determins how maay times it is to be added to it felf. The
fame terms are applycd morcover to Lines and other Quan-
tities. But here are two things to be chiefly noted; 1. That
the Multiplication of one number by another, or of a Line by
a Line, may be conlidered as baving a dcuble Events for the
Product may be either of the fame or a different kind, as.e. g.

when . .. . 4 is multiplied by 3 ... the produ®t may be
confidered either as a Line, thus, ,-s . : v v o4 «'5 . OF a8

a
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a Plane Surface in this Form, . . . . Whence it is alfo
named a Plane Number, and the product is conceived to be
formed by the motion of an ere&t Line AB, confifting of 2
equal parts, along another BC, confifting of 4 equal parts, and
conceived aslying along. So alfo the Multiplicarion of Lines
(e.g. of the Line A ——— B by the Line B—ereuC)
may be conceived to be {o performed, that the Produét ald
fhall be a Line, e g. C = D ( concerning
the ufefulnefs of which Muldplication in Geomerry , we {hull
have occalion to fpeak more hereafter ;) or {o, that the Pro-
du& (hall be a Plane or Surface, arifing from the motion of
the ereét Line AB, along AC, conceiv'd as lying alongs as
‘we have already fhewn. But as for the moft part thefe Planes
fo produced are called Reiangles, if the Lines that form them
are upequal ; but if they are equal they are calld Sguares,
{otherwife the Powers of the given Quantities : ) and in this
cafe the Lines that form them are called Sguare Roots 5 {o alfo
if thofe Planes are multiplied again into a chird Quantity (as
either a Line or a Number) there will arife So/eds, and partie
cularly if that third Quantity be the Root of the Square, the
Product is called a Cube, &c: The other thing to be noted
i, That both thefe ways of Multiplying either Numbers or
* Lines, are exprefled by a very compendious, tho arbitrary way,
of Notation, viz. by a bare Fuxtapofition of the Letters which
denote fuch and fuch Specics of Quantities, as, e. g. if for the
forementioned Number or Line AB we put 4, and for BC
b, the Produt will be abs or if the Efficients are equal, as
a and a the Square thence produced, will be s or 4* 5 and it this
Square be further multiplied by its Roor 4, then the Cube thence
produced will be 444 or 43,&c.  Which being premiled, you
. have thefe following ' '

CONSECTARIES.

L IF a Pofitive Quantity be multiplied by a Pofitive one,

& the Product will be alfo Pofitive 5 fince to multiply is to
repeat the Quantity according as the Multiplier directs: Where-
fore to multiply by a Pofirive Quantity, is to repeat the Quan-
tities pofitively 5 as on the other fide , to muliiply by
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a Privative, is {o many times to repeat the Privation of tha.t
Thing: Which we fhall thew further hereafter.
1L Equal Quantities (2 and 4) multiplied by the fame 15), or
contrariwife, will give equal Produts ( aband 2 6 or b ).
1IIL The fame Quantity ( z ) multiplied by the whole Quan-
tity (2-}-&4--c) orby (e) all its parts feparately, will gwe
equal Prodults. Alfo
it R Bl i, IV. The whole (4-}6 ) whether it be mul.

2, prop. 1.

(b) lib. 2. tiplied bjl' (6) it felf, or by its parts féparately, |
prop.2. will give equal Produs.

SCHO L TUM I

T He Vulgar Praxis of Numeral Multiplication, is founded
on thefe two laft Confeltarys, as ¢. 7. to multiply 126
by 35 you firft multiply 6 by 3, then 2, i.e. 20by 3,then
' 1, 7. e. 100 by the fame, and then add each of thofe partial
Producls into one Sum : In like manner being to multiply 348
by 23, you firft multiply each Noie of the Multiplicand by
the firft of the Mult:pher ( 3) and then by the fecond (2 )
(i. e. 20) &e. which is tobe done likewife after the {ame man~
ner in Tetractical Multiplication 5 only in this latter, which'
is more cafie, you have nothing to referve in your mmd but
all is immediately wric down, (which might alfo be dnne in
Vulgar Multiplication) as may be feen by this Example un-
derneath, as allo the great ealinefs of this fort of Multiplica-
tion, beyond the common way, becaufe there is no need of
any lunger Table than that we have thewn page 7.

3 2L O
J 2
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S H L 1M 1.

' C Itis mamfcﬂ from what we have fzid,
I. §F che Bafe of a Parallelogram be called ( b) and its Alri-
' rudc 4, its Area may be exprefled Ey the Product 44,
by Cenf. 7. Definit, 12.
‘ Il If the Baﬁ: nFa A beb or eb, and us A*mudv aits Area
. will be half 2/ or halt e 24, b}r Confeétary 8. of -.hf-' (ame De-
 finition.

III. 1f the Bafe nF a Prifm or Parallelepiped or Pyramid be
half 4b or ab, and its Aliirude ¢, the {clid Cenrtents of thar
Prifm will be half abec, and of the Parallelepiped 44 ¢, by Con-
Jeét. 3 & 4. Def-16. and of the Pyramid §abeby Confl 3, Defixy.

DEFINITION XXiX.

Pifien , in general, is a mamfu!d or complicated Sub-
traction of one quantity (which is called the Divifer) out

of another (which is called the Dividend ) whofe multiplicity,
~or how many times the one is contained in the other, isfhewn
by another quantity arifing from that Divifion, which is there-
fnre called the Quore or Duotiens, Here alfo the Divifor is of the
. fame kind with the Dividend, or of a different kind, e. g. of the
' fame kind if the produtt . { I2) be dividad by
i {3 ) whence yaul have the Quuttent (4.) or dmdmg
. the aforementioned Line CD by the Lire AB you'l again have
lhc Line BC ; but of a different kind, if the plane number a-

L T e
A & ot

huve faund-. .- .. or the Retangle ABCD be divided by

a Retroduétion, or a moving backwards again the ereét Side
AB, by whofe morion, the Redtangle was firft formed, that (o,
the Line BC may remain alone again. Bur both thefe kinds
" of Divifion as they have their peculiar Difficulties in Arithme-
o tick and Geometry, which we fhall further elucidate in their
t proper plac:es fo they may be univerfally and very eaflly per-
- formed in Species (or by Letters) which will be fufficient to
.~ our prefent purpofe ; or by a bare {eparation of the Divifor
frnm the Dividend, i it be actually therein included ; or by

;.I cing




44 Mathefis Enucleata : Or,

placing the Divifor underneath the Dividend with a Line be
tween. Thusif 2 b be to be divided by (%) the Quotient will
be a; if by 4, the Quotient will be ( & ); bur if
4 ar ab be to be divided bj" ¢ which Lewer fince ir is not
found in the Dividend, cannot be taken out of it } the

Quotients are {—and "—; i.e. aor ab divided by ¢, afier the

fame manner as if 2 were to be divided by 3 ; which Divifor,
{ince it is not contained in the Dividend, is ufually placed un-
der it, by a feparating Line thus, §, 2 divided by 3. :

SCHOLION

OW difficult Common Divifion is, efpecially of a large
Dividend by alarge Divifor, is fufficiently known: but
how eafily it is performed by Tetrallical Arithmetick, we will
barely bring one Example to fhew. If the Produtt found in
Schol. 1.of the preceding Definition, 1200 203 22 be again to
be divided by its Mulciplier 133, it may be performed after the
ufual way, but with much more eafe, as the following Opera-
tion will fhew 3 or according to a particular way of Weigelius,
by writing down the Divifor, and its double and triple, in a
picce of paper by it felf, after this way :
7.2 3 212 1101
Divifor, Double, Triple.
and then moving that piece of Paper to the Dividend, note,
which of thof¢ three Numbers comes neareft to the firft Fi-
gures of the ‘Dividend ; for that barely fubtracted gives the Re-
mainder, and will denote the Quotient ro be writ down in its
proper place ; asthe operation itfelf will {hew better than any
words can. ]
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Thus after Peigelins’s way:

;4
a|r
g7 1894
#xgg| % g3, ax

321037,

DEFINITION XXX

Xtraftion of Roots is a Species of Divilion, wherein the Quo-
tient is the Root of the given Square or Cube, e, But

the Divifor is not given, neither is it all along the fame (asit
is in Divifion) but muflt be perpetually found, and they are fe-
veral, And as the Squares of Simple Numbers 1, 2, 3, &c.
viz. 1, 4, 9, 16, doc. and their Cubes 1, 8, 27, 64, @e.
may be had immediately out of a Multiplication Table, as alfo
their Roots, without any further trouble ; and likewife in Spe-
* cies, as the Roots of the Square 44 or4*, or of the Cube ass
- or &3, are without doubt (s); fo if the Square Root be to be
extracted out of d e, or theCube Root out of fg m (‘becaufe the
letters are difterent, and no one can be taken for the Root) the
Square Roor is commonly noted by this Sign +/d e, the Cube
Root by this /C, or 3 fgm, 8c. as alfo in Numbers that are
not perfect Squares (‘as e.g. 2, 3, 5, 6, 75 8, 1o, 11, 15,
17, 19, &e ) we can no otherwif: exprefs the Square
Roots , then afier this manner v/2, 7, V1g, @ and in
thofe that are not perfedtly Cubical (as all between I, 8,
27 5 64, @) we can only exprefs their Cube Roots

after fome fuch manner, +/c. 7, or f;?’- vYc.61, or 561 .

Which forms of Roots in fpecious Computation, we call Surd
Duantities, in Vulgar Aritbmetick Surd Numbers, 5. ¢. fuch as
cannot be perfeCtly exprefled by any Numbers ; altho we have
Rules at hand 1o determine their Values nearer and nearer ad
Infinitum,

Theie Rules accommodated to €quare and Cube Numbers,
.'5‘35 which otherwife are more difficulr to be comprehended,
‘@ppear plain and eafie to him, who multiplies a Root exprefled
: by
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by 2 Letters (called therefore commonly a Binomial ) firft Qua
dratically, then Cubically, &e. For he will bave as

CONSECTALRYS.'

1. HE Square of any affumed Root, as allo, Prop. 4. i,
2. Eucl. and at the fame time 2 generat Rule for Ex-
tra&ing the Square Roor, all expreffed in thefe few Notes :

aa-t 2ab-bb.

II. The Cube of the fame Root, a Ncwl Theorem, and
at the fame time a Rule for Ex:ra&mg any Cube Root, cone

tained in this Theorem :

av--qaab--3abb--5bb0
SCHOLIUM I,

Hich that we may more plainly fhew, efpecially as far
as it relates to the Rules of Extradtion, confider, 1.

"T'har the Root of the Square 42—~ 22 & -}~ b b is already known
(for we aflumed for the Root the Quantity a-|~4) fo that now
we are to fee which way this Roor is to be obrain’d out of
that Square by Divifion. It will prefently appear, that the
firlt Note of the Root 4, will come out of the firft parc of the
Square 2 4, and the other part b .muft be obtain'd out of the
remainder 24b-1-b ; and fo as there are 2 Nates of the Rooty
the Square muft be diftinguifh'd as it were mto 2 Claffes,
each of which gives a particular note of the Root. 'Then it i
manifelt, that the firt Note of the Root (4) may be ﬂhtam d'_
out of the Square 2«2 by a fimple Extraction. Now it ise--
vident, if 1 would have by Divifion the other Note of the
Root, the next following part of the remaining Claflis muf¥
be divided by .24, the double of the Quotient jult now found,
and that nmhlng thould remain after this Divifion (for now WE:
have the whole Root 4-}—.-5) you muft not only fubtradl the
Produ& of the Divifor and  this new Q_!.:Lutiﬁnl‘, but alfo the

quare of this new Quotient: Which is the Vulgar Metho&*
and Rule for the Extraction of Square Roots taughe in cammmﬂ*

Arithmetick.
: leEWIfﬁ d
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Likewife if you would extrat the Root of the above-men-
tioned Cube, which we already know, having formed ir from
a-}-b, it is manifelt, that che firft Note of the Root 4 will come
out of the firlt part of the Cube 43, and the other &. muft be
obtain'd out of the remainder 34bb-}-bbb, and o, as there are
two Notes of the Roor, the Cube muft be diftinguifhid, as it
'were into two Clafles, each of which will give 2 particular Note
‘of the Root. Now it is manifeft, the firft Note of the Root a
is obtained by fimple Extraction of the Root out of the Cube
\@aa It is morcover evident, if I would have by Divifion the
'other Note of the Root 4, the nex: remaining part muft be di-
wided by 344 ('he triple Square of the precedent Quotient, or
thrice the precedent Quotient mulriplied by it felf ) and, thac
mothing fhould remain afier this divifion (for now we have the
‘whole Cube Root 4-1-b) you muftnot only fubtra& from the
remaining Dividend the Prodult of the Divifor, and the new
‘Quotient (344b) but alfo the Product of the Square of the new
Quotient, and thrice the precedent Quotient ('34b5) and more-
‘over the Cube of that new Quotient b3 : Which is the Method
of extracting Cube Rootsin Vulgae Arithmetick. -

e

o GHOLICM 1L

T 'Rom what we have faid you have alfo the Reafon of ano-
A ther rule in Arithmetick which teaches how to approach
‘Continually nearer and nearer to the Square and Cube Roots of
‘mumbers that are not exact Squares and Cubes ; viz. by adding
fo the given Number perpetually new Clafles and Cyphers or
ﬁ, WO at a time, to the Square, and three to the Cube, and
{0 continue on the operation as before ; which will add Deci-
mal Parts to the Integrals before found ; and the nexr opera=
tion (if you add a fecond Claffe of Cyphers) will exhibit Cen-
telimal Pants, and (0 on ad Infinitum. For Example, If I would
have the Square Root of 2 pretty near, 1 can affign no nearer
Whole Number than 1. But by adding a new Clafle of 2 Cy-
phers, i.e. multiplying the given Number by 100 ( whereby
the Root is multiplied by 10) you’l have 14, nearly the Roet
Of 200, that is, 1% or 14 much nearer the Root of 2 thanthe
former 5 and thus you may always come nearer and nearer ad
ABfnstum, - but never to an exa& Roor.  For if you cculd ha:e
Lhie
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the.exa& Rootof 2 jor 3, or 5, &c. in any Fraltion whats
foever, that Fraion mult be of fuch fore, that its Numerator
and Denominator being fquared, the Fraétion thence arifing
muft exaltly equal 2 or 3, or 5, &e that is, its Numera-
tor mult be exaétly double, or trible, or Quadruple. @e. of
of the Denominator ; which can never be, becaufe both are
Squares, and in a Series of Squares no fuch thing can happen.
Hence you have thefe - :

CONSECTARYS.

111. Hat it is a certain mark of Incommenfurability, if one
quantity is I, and otherthe v'2,0r v/3, or +/5,8c

IV. That thefe forts of Quantities are notwithftanding Com:-
menfurable in their Powers, 7. e. their Squares areas 1 and 2,
or as-a number to a number.

V. Thofe Quantities which are to one another, as 1 and
+/+/2, or as /2 and the +/+/3 are incommenfurable in Power
alfo. Which being rightly underftood, you may eafily compre:
hend feveral (a) Propofitions of lib. 10 Eucl. efpecially after
fome few things premifed concerning Reafon and Proportion.

SCHOLIUMIIL

Rom what we have fhewn may eafily be concluded, tha

to any propofed Quantity whatfoever, which Eue/id call
(b) Rational, and for which we may always put ], .
there may be feveral others both commenfurable (4) Eucl. J.10
and incommenfurable, and that either fimply or  I70P-9,1013
. . : 12, 13 & |
in power fo; thofe which are commenfurableto ;3 35 "10
"2 Rational given Quantity, either Simply oron  pef. 5, 6,
ly in Power (‘which, e.g. areto 1, as 2, 3,4y  $,9,10, 11
el L 1 &c. oras Vi, V3, V4, Vi, Vi :
v}, &c.) are called alfo- Rational : but thofe which are Inco
menfurable both ways (i.e. both imply ard in power) as (Vv
V¥}, & ) are called Irrational. In like manner the Squa
of a given Rational Quantity (as 1) is called Rarional, am
Quantities commen(urable to it (as 2, 3, 4, §, Ue & 3
&e. O ) are called alfo Rarional; but incommenfurable on

(W¥'2, V5, &c.) Inationgland the Sides and Roots of the
more Irrational. ' DEF
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Gegs e FINITION XXXI.

" A Ny Quantities whatfoever of the fame kind, wheiher com-
A meafurable or incommenfurable, equal or unequal, ad-
it of a twofold refpect or relation of their magnitude, one
whereof, when only the difference or excefs of one 2bove anc-
‘ther is refpeted (as 10 which is 3 more than 7) is called an
Arithmetical Reafin or Refpelt 5 the other, wherein refpeét is ra-
ther had to the Amplirude, whereby one is contained once, or
a certain number of times in the other (as 3 is contained thrice
in 10 and } part more) is called Geometrical Réafin, or by way
of Emphafis, only Reafon, and by others Proportion 5 and this Rea-
fon or Proportion, if the lefs is exatly conrained a certain num-
ber of times in the greater (as 3 in 6, or 4. in 12) isgencrally
called, on the part of the greateft term, Multiple, and on part
of the lefs, Submultiple, and particularly in the hrft Example
doublé,when 6 is taken in refpect to 3,and fubduple when 3 is taken
in fﬂf]jE& to 6 5 in the other :npa'e and ﬁ;ﬁrr:;ﬂfe, &e: IF the
lefs be contained in the greater once or more times, unity only
remaining over and above (as 3 in 4 and 4 in 9 ) the Reafin
or Proportion is called Superparticular and Subfuperpartitular, and is
hoted by the terms Sefqus & Subfefgui, joyning the ordinal Name
of the lefler Term; as the the Reafon of 4 to 3 is called Sef

witertian, and contrariwile Subfe(quitertian; the Reafon of g to 4
% called double Sefguiguartan, and contrariwife Subduple Subfequs-
quartan, &c. If laltly, thelefs be conrained in the greater once,
or a certain number of times, fcveral units remaining over and
above, it is commonly called Superparssens Reafon and is expref:
fed by the word Super or Subfuper, joyned with the adverbial
Name of the remaining Parts, and the ordinal Name of
the lefler Terms; thus, e g: the Reafon of 7 to 4, is cal-
led Supertriquartan, 11 to § double Superbiquintan, &ec. but
when the Quotient arifes by the divilion of the greater term
by the lefs, and is commonly exprefled in the fame words, ic is
alfo commonly called by the name of Reafon (e. g. 2 is the name
of the Reafon of 6 to %, 2} of g to 4, orcontrariwife, &c.)
28 allo ths quotient arifing by divifion of the Confequent by
the Antecedent (as 3 in the firft cafe, 4 in the latter) by whicn
am the antecedent Term of the Reaton being multiplied, pro-
dlices its Confequent ; which is evident by naming any Realon
: E ¢




50 - Mathefis Enucleata: Or,

e qr #, or o, &ec. Thus if the antecedent Term be called 0]
&c. the Confequent may be rightly call’d es or e &, o4 or
&c. and becaufe in an Arithmetical Relation we only refpett |
excefs of the firlt above the following, or of the followi
bove the foregoing (which may be called x or z) if the an
cedent ( which may he called 4 or &) be lefs, the confeque
may properly be called a-}-x or b-}-z 5 but if it be greater, t
other will be a—x or b—z.

CONSECTARYS.

P E may hence readily infer, that if the Diameter
any Circle be called 2 the Circumference may |
~ called e 4, (for whatever the proportion is between them,
may be exprefled by the Letter ¢) and the Area, according
Confellary 2. Definition 15, Willbe 7 eaa, :

IL. If for the Bafe of any Cylinder or Cone you put } ea
ard the Altitude () ‘the Solidity of that Cylinder may be right
exprefled by eaab, by Coufeét. §. Definit.- 16, and of d
Cone by 5 ¢ a a b, by Confeél. 4. Definie. 17.

DEFINITION XXXIIL

S the Identity (or famenefs ) of feveral Geometrical Re

(ons ufed to be called Geomerrical Proportionalsty, or en
phatically Proportson ; {o the fimilitude (or likenefs ) of fever
drithmetical Reafons, 13 defervedly call'd Arithmetical Proportion,
lity, or by a particular Name Progreffion ; and conféquently tho
Progreffionals, or Arithmetical Proportionals, which exceed one an
ther by the fame difference, either uninterruptedly or continually
as 2, §, 8, 11, 14, & alcending, or.30, 28, 26, 24, 28
2.0, &c. defcending; or interruptedly, as2 and 5, 7 and I¢
11 and 14, &e. alcending 5 or 30 and 26, 24 and 20, }
and 13, &¢. delcending: For which, and all other in what ca
foever, we may univerfally put this (or fuch like) contin
Progreffion, v g. 4, a-}-x, a-}-2x, a-}-3x, Ge. alcending 5
a, a—x, a—121x, a—73x, ¢ defcending,but in an interrupt
Progreffion, v. g. b and b-{-z and ¢ and c-}-z, cand c—3, da
d—z, &c. defcending. Whence you have this o




| it .
Y The Elements of the Mathematicks. 5K

CONSECTARY.

NY Difference being given, the following Terms of tne

LA Progreflion, continually proceeding from the firft aflumed

or given one, may be tound; as allo feveral Aotecedents tha
interruptedly follow rhe given or affumed ones, viz, by adding
or fubtra@ing the given Difference to or from the former Terms

to find the latter.
i DEFINIZTI0 N XXXIIL

YN like manner, fince Reafons are fuid to be the {ame, which
‘B have the fame Deromination of Realon, thofe quantities
will be proporrional which continually afcend by the fame de-
nomination of Reafon, as 2,4, 8, 16, 32, 64,8¢. or defcend,
as 81, 27, G, 3, 1. there by the D.nomination of the
Reafon 2, here 3; or that afcend interrupredly, asz, 43 3,
6: 5, 10, & or defeend, as 40, 105 28, 7 520, §38,

2, &c. Whence you have thefe
€ e P ONSECTAYS

iE

L Y YAving two Terms given. or only one with the Dzno-
g _ 4 mination of the Reafon ( e.g. the Term 2 with the
Deénomination of the Reafon 3, or univér(illy the firlt Terma
With the Denomination ef the Reafon ¢) it will be eafie to find
a8 many more Terms of the Geometrical Progreflion or Pro-
portion as you pleafe,. viz. by always multiplying the Antece-
dent by the Denomination of the Reafon, that you may have 2,
6, 18, 54, &c. ora;ea,¢*a, 3a, e in continued, or 2 and
6, 4 and 12, g and 15, &c. and aea, beb, ded, &e. in
difcontinued or interrupted Proportion.

4 o ;
" Thus bhaving rightly underftocd what we have faid in this
33 and 31 Definition, there will follow thele Corollarys as fo ma-
ny Axioms, '

1L That equal Quantities have the fame proportion to the
' E 2 fame
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fame Quantity (z ) and the fame has the like to equal Quar-
Liti€s.

III. But a greater quantity has a greater Reafon to the fame
(8) than alefs, and the fame has a greater proportion to a
lefs Quantity than to a greater.

IV. On the contrary, thofe that have the (y ) fame pro-
portion fo the fame quantity, and that likewife the fame tothem
are equal.

V. But that which bears a (&) greater proportion to the
fame is greater; but that to which the fame bearsa greater
proportion is lefs.

VI. Proportions equal to one third (¢) are alfo equal among
themfelves, 7.

DEFINITI0ON XXXIV.

[ire remain two things to be taken notice of 5 Firft this,
It any whole ( quantiy) be fo divided - into two equal
parts (a-) that the whole, the greater part and
(&) Eucl.lib. the lefs are in a continual proportion ; that
Prop.7. (whole) is faid to be cat in extreme and mean
(8) prop. 8. Realon. 2. Ina continual Series of that kind of
() prop .9. Proportionals (e g. 2. 4. 8. 16. 32,8¢. or a, tj
(&) prop.10  ¢€*a, e3ayeta, &e.) the Reafon of the firft Ter
(e) 16. to the third (8) (2 to 8, or a to ¢*a) is par
ticularly called Duplicate, and to the 4th (1
or e3a) Triplicate, &c. of that Reafon which the fame firft Ter
has to its fecond, or any other antecedent of that Series to i
Confequent @ But generally thefe Duplicate and T'riplicate Rea
fons, €. as others alfo of the firft T'erm to the third or fourt
of Proportions continually cohering together , ( whether the
are the {ame as in the foregoing Examples, or different as i
thefe, 2, 4, 6, 18, or a, ea, eia, eioa, &c. wiz. if the nam
of the firft Reafon be e, of the fecond i,
(2) Eucl. De-  the third o, &e¢.) I fay, the Reafons of the fir
finit. 3. 1ib.6 Term (2 or 4) to the third (6or eia)
(8) Eucl. De- to the gth (18 or eioa) are faid to be compou
finit. 1o. L5. ed of the contioual intermediate Reafons.
Now from ouy general Example, what Exel

|

fays, is manifeft,
CO
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CONSECTARY I

Hat the denomination of a compounded Reafon arifes from
A the Multiplication of the denominations of the given
Simple («) Reafons 5 ag the denomination of the reafon com-
pounded of both (viz, 4 to eis) is produced by multiplying the
denomination of the firft Reafon e by the denomination of the
fecond Reafon 4, and the denomination of the Reafon com.
pounded of the three (viz. 4 to eioa) is produced by the deno-
mination of the firft Realon e, muliiplied by the denomin:z-
tion of the {econd Reafon s 5 and the Product of thefe by the
denomination of the third Reafon o, &e. |

FONSECTARY II

O chat it is very eafie after this way, having never fo many
J Reafons given, whether continued (as 2 t0 3, 310 6, or
a, ea, eia,) or interrupted or difcrete (as 2to 3, and § to 10,
or 4 to e4, and b to 5 b) to exXprefs their compounded Reafon:
In the firft cafe it eafily obtain’d by the bare omiffion of the in-
termediate Term or Terms (2 to 6, or 4 to eia:) and in
the other by multiplying firit of all the Names of the com-
pounding Reafons among themfelves (13 and 2, e.and i )and by
the Produ& (3 or e4) as the name of the Reafon compound-
ing the firlt Term (2 or ) that you may have the o her 6 oreia)
or (ifany one had rather do fo in this latter cafe) by turning
the difcrete or interrupted Reafons into continued ones, by
making as § to 10 in the fgcond Reafon, {0 is ¥
the Confequent of the firlt 3 to 6, orasbd (&) Eucl /.
to ik, 10 ez toesa,) and then by re- 6. Def §.
ferring the firft 2 to the third 6, or the firft 4 :
to the third e 5 4, &c. In a word therefore, any Duplicate
Reafon may be appofitely exprefled by « to e*4, and Triplicate
by a to ¢34, the one immediately difcernible by a double, the
other by a triple Multiplication into itfelf ; &5 you may alfo
commodioufly, and denote others compounded , ¢, g. of 2. by
#t0 eja, of 3 by 2t0eioa, &c

E 3 SCHO-
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SCHOLIUM.

TE will here advertife the Reader, thattho the Nameso
duplicate & triplicate Reafons,&c. are chiefly appropriare
to Geomerrical Proportionaliry,yet the Moderns have alfo accom
modared them to Arithmetical alloy as e. g. That Arithmetica
Progreffion is cilled Duplicare, Whofe Terms are/the Squares o
Numbers Arithmetically Proportional (e.g. 1, 4, 9, 16,25
&c. ) and Trip'icate, whofe Terms are Cubes, (&c. as 1, 8
-27, 64, &¢

DEFINITION XXXV.

ND now at length we may underftand what Magmmde:
Geometers particularly call like, or fimilar. W hereas in
General one number may be faid to be like another, one nghl
Line to another, one obtufe Angle to another, a Tnang]e to
a Triaogle, and the like ; but an Acute ﬂngle is not like an
Obtufz one, nor a Trmng!e like a Parallelogram, or a right
Line like a Curve one ; or a Square like an Dblcmg &ge. Yeta
mong thofe qurf: which may after that rate in general be faid
to be lik, there is notwithflanding a great deal of diffimilis
tude ; therefore ina {krict Senfe we call only thofe Right Lin-
ed Figurcs fimilar or ke () which have each of their Angles
refpeclively quu to each of the other (as Aand J) B and‘ﬁ
Cand €, e, Fig. 48. ) and the Sides about thofe cqual An-
gles Pm;ornunal viz. as BA to AC, fo WQ to 3, &e. (8)
acd among Solid Figures thofe are fald to be Similar, each of
whofe H.mts are refpedtively Similar one to the other, and equal
in number on both fides ; 25, e. g. the Plane AC is {imilar to the
Plane 3€, and CG 10 €, B« and fix in number on both
fides. ' &

A




The Elements of the Mathemaricks, 55

| Book I
Section 1.

Containing feveral Propofitions demonftrated from
the foregoing Foundations.

CHAP. L
Of the Compofition and Divifion of Quantitics.

Propofition L.

HE Sum and Difference of two unequal Quantities ad-
ded together, make double of the greateft.

Demonfration,
Suppofe 4 be the greateft, b the leaft, then will their Sum

be : a —[—5
- And their Difference a4 — 8

: Their Sum 2 4, by Confellary 1. Definition
27, Q E‘. D. :

CONSECTARY.

I I Ence by a bare Subfumption () you have
the truth of Confeét, 1. Definst. 8. that 2 { n‘-) Eucl. lib.

uncqual contiguous Angles on the fame Right = 6. Definit. 1.
Line, ACD and ACE (Fig. 29.) i. e. if we call (8) kb. 1X.
the Right Angle BCD or BCE (4) and thedif- Def. 9.
ference between the one and the other (b) a1t (a) Euclx3.
#ad a—b, make 24, 4. ¢ are equal to-2 rightones. / 1:

E4 . Pros
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Propofition 1l.

F the Difference of two unequal Quantities be fubtratted
from their Sum, the Remainder will be double of the leaft,

Demanitration,
If from the Aggregate or Sum a4
You fubtract the Difference 2 — b
"The Remainder will be L o4a¥ bycCo-¥

feilary 2. Definstion 2.7 Q E. D.

Prﬂpay?rmﬂ 111

Ur if the Sum or Aggregate be fubtralteed from the D:F-
ference, the remainder is fo much lefs than nothing, as
‘s the double of the laft Quantity.

Demonftration.
For if from the Diﬁer&npe a— b
You fubtract the Sum or Aggregate a—[—é

The Remainder will be =— 0— 15 by Con-
feftary 3 of the aforefaid Definition, Q. E. D.

Propofition 1V.

F a Politive Quantity be multiplied by a INegative one, of
§ contrariwile, the Product will be a Negative Q_uanury ;

Expofition,

If a—=b is to be multiplied by c § it is certain, that a multiplied
b C, mgk.g: AC a Pq,l“ itive _ﬁ?_uanz;gr, 5_:-' Confe&t. 1. Deﬁnln 28.
Movevver b by the fame ¢ (a Negative by a Pofitsve) will make —bc
lud' fo the whole Produét of a——b fp' —‘-C, will be ac——bc

| oma
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- Dementteation,

Suppofe a—b—¢ therefore e ¢ will be = to the Produét of
' | b h? C: and fince g==b 13 — ¢ 'b]r the H}’rrnrh. odd Rg on
both fides b, you'l have a=e-tb. by Scho. Dfiue. 26. and
multiplying both fides by ¢, ac—ec t-beo, by Confid. 25
Definit. 2.8. and by further {ubtratting from cach fide b e, you'l
| baveac—bc=eg¢, that is, to the Produt of a—b by «.

LQED.

CONSECTARY.

Ince ac—b e is the Produt of 2 — & by ¢, it is manifeft
alfo, that if 2¢ — bec be divided by ¢, you’l have 2— for
the Quotient ; and fo always a Pofuive Quaniity (asac) die
vided by a Pofitive one, ¢, will give a Politive Quoricnr 5 but
a Negative Quantity —b¢ divided by a Pofitive oac, will

give a Negative Quotient.
Propofition V.

F a Negative Quantity be multiplicd by a Negative one,
the Produ& will be Pofirive. ;

Erpafition.

- Suppofe a—b is to be multiplied by —c; it iz certain, that
4 multiplied by — ¢ will give the Negative Quantity = z¢,

by Prop. 4. but — b multiplied by the fame —c¢ will produce
i b¢, and fo the whole Produét will be ——=ac -~ b¢.

A Eemﬁmtm like the former.

Suppofe 4 — b= ¢, then will —¢ ¢ = the Produ@ of a—b
by —¢: and fince a— b is =, adding & on both fides you’l
have a—¢-{-b, by Schol. Definit. 2.6. and multiplying both fides
"t’F ~o¢, you'l have ac—= —cc — b, by Prop. 4. and Confe&.

'?.: Lefingt. 2.8. and by adding b ¢ on both fides, you'l have
: ot e T L e

y
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~—a¢ ~1=b¢ = — ec, i.e. o the Produ& of Jmﬁby —0

Q.E. D.
CONSECTARYS.

1. Cince therefore 4~ ¢~ bc arifes from a=—b by — g,

it is manifelt, ‘that if — ac—-&¢ be divided again by
——¢, you Will again have 4 — J, and confequently a Negative
Quantity divided by Negative, will give a Pofitive Quotienr,
but a Pofitive Quantity -{- ¢ divided by a Negative one, will;
give a negative Quotient —b.

IL. We have therefore the Foundation and Demonftration of
the Rules of Specious Computation, in the multiplication and
divifion of Compounded Quantities, viz. that the fame Signs
multiplied together (as -+ by —- or — by — ) give -3
but different (as -} by — or — by ) give the Sign —:
Which Rules the following Examp les will I]luﬂrate, as alfo
feveral other we fhall meet with in lhe following Chapter.

Multiplication.
a5 a—b
a— b c—d
.},4—]~¢E : ' aceech
—ab—bb —zd--bd :
aa—bh as-—aﬁ—-ﬂd-{-ﬁ; ;
3d—4e-|2f

55 G =g
15dd—20de—=10df
—3dg-t4ge—29f

15 dd=—20de-}- Iucffugci_g-—}f‘}gEf—;gﬁ_
Divifion. -

aa—bb nc—-.;a'--bc-l—lrd -
by a8 (d_‘g'b}" et d e— d # ik

CHAP. IL
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| A ATk
Of the Powers of QUANTITIES.

Containing (after a compendious Way) .00 part
of the 2d Book of Euclid ; and the “; pendix
of Claviusto Lib. 9. Prop. 14. ‘

Propofition VI

F any whole Quantity be divided into two
paits () the Re€tangle contained under the  (2) Euct, jib,a,
whole,and one of its parts, is equal to the Square  prop. 3. 4.C.
of the fame part, and the Reftangle contain’d “/othethird,
under both the parts.

Demaonttration,
Let a-1-5 repreknt the whole a-tb
b one part of it, or a the other,
“ab —}— bb the Reftangle, 2a-1-ab the Reftangle.
( SEE F{g‘: 5’:’ ) Q_l E D;

Prapaﬁrmﬁ VIL

F a whole Quantity be divided into two parts
(8) the Square of the whole is equal to the (8) Eucl.Prop.
Squares of both thofe parts and 2 Rc&angles 4. lib. 2.

Cnmamed undcr them,
7

Demonfration.

This is evident from the preczding, and way morcover thus
appeac further,

Let



N
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Let the Partsbe zand 4, then will the whole be 2 -~
Which if you multiply by it felf a5

;m—}-a&

ab--bb

You have the Square 44 424 b5 5
(See Fig. 51. N. 1.) Q.E D.

CONSECTARYS.

I Ence you have the Original Rule for Extralting of
Square Roots, as we have fhewn after Definition 30.
and here have further Illuftrated in Scheme N° 2,

IL. Hence it naturally follows, that the Square of double any
Side is Quadruple of the Square of that Side taken fingly.

III. Hence alfo you have the addition of furd Numbers, or
in geoeral of furd Quantities, by help of the following Rule
(fuppofing in the mean while their Multiplication :) Suppofe
thefe 2 Surdsv/'8 and v'18,0r more generally ¥'7 544 andv/2.744,
are to beadded together 5 firft add their Squares 8 and 18,65c.
~ ¢hen double their Reétangle (V144 that is, multiply it by -
the v/4, and then the double of this V576, s e. having ex-
trafted the Square Root, (24) and added it to the §um of the
firft Squares (26) the Root of the whole Summ (50) viz.v50,
is the Sum of the two furd Quantities firft propofed. ;

SCHOLIUM.

TDUT if it happens that the Root of the double Product can-

not be exprefled by a Rational Number (‘as, when the
propofed Quantities are Surds, as ¥'3 and 4/7, to whofe Squares
3-+7, #.e 1o, you mult add the double Produé of 4/7 by
V'3, i.e. V84, which cannot be expreflcd by a Rational Num-
ber ) then that double Produft muft be joined under a Surd
Form, or Radical Sign, tothe Sum of the Squares (thus, viz,

10-/84) and to this whole Aggregate prefix another Radi-
cal Sign, thus, ¥/10-}-4/84 5 or glfo you may only fimply join
the Surd Quantities propofed by the Sign -}~ thus, v/3-}4/7.
tlere allo you may note, that the twq Surd Quantities propofed

- i
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*1 the frft cafe of ConfeSary 2. are called Communicants § in the
other cafe of this Scholium, Non-Communicants : For in this cafe
each quantity under the Radical Sign may be divided by fome

uare, and have the fame Quotient (¢. g. 8 and 18, may be
divided the frit by 4, the other by g, and the Quotient of
both will be 2 = likewife 7542 and 2742 may be divided, the
one by 2544, ine other by gaa, the Quotient of both being 3 ;
and then it the Quotient on both fides be left under the Radical
Sign, and the Root of the dividing Square fet before it, the
fame quantitics will be rightly exprefled under this form :2v2
and 3v2, alfo §4/3 and 34V3 5 and then the addition is
eafie, viz. only colleCting or adding together the Quantities
prefixt to the Radical Sign s fo that the Sums will be of the one
52 and of the other 8av3, which are indeed the fame we
have fhewn in Confe&. 2. For if contrarywife we fquare the
Quantities that ftand without, or are prefixt to the Radical
Sign, and then fet thofe Squares (24 and 6444) under the Ra-
dical ‘Sign, muliiplying by the Number prefxt to it, youl

have for the one V50, for the other V1g24a ( Confed, after
Schol- Prop. 2.2.)

Propofition VIIIL

F any whole Quantity (viz. Line or Number) be divided
(«) into two equal parts, and two unequal
ones, the Re@angle of the unequal ones, toge- (a) Eucl &
ther with the Square of (the intermediate part or) Clav. 5,
the difference ot the equal part from the unequal
one, is equal the Square of the half,

An Univerfal Demonfitation.

Suppofe the parts to be 2 and 4, and the whole 24 ; let ane
of the unequal Parts be 4, the other will be 24—4, and the dif-
- ference between the equal and unequal part a—4.

The
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The equal ones 24—F  Difference a—b
-5 a—1b
Redtangle 2.ab—bb L ad—ab
: ——ab-1-bb

A, =* |

da—1ab-|-bt01
The Sum will be a4 (the other parts deftroying one another)
Q. E.D. \Vid, Fig.512.) -

Propofition 1X,

F to any whole Quantity divided into two equal parts (2)

you add another Quantity of the fame kind , the Reét-

angle or Produt made of the whole and the part added, muls

tiplied by that part added, together with the

(¢) Eucl.€@ {quare of the half, will be equal to the Squareof

Clav. 6. the Quantity compounded cf that halt, and the
part added. ,

Demonttration,

Let the whole be called 2 4, the part added &, then the
quantity compounded of the whole and the part added will be
1.:::1{:5; and that compounded of the half and the part added
a - b, |

. The Quantity compounded of the whole, and the part added,

5 24 - b the half 2 Comp. a--5
Multip. by the part added Fhas a a-t-b
' oz e — ga-‘-ab
ab—-bb

2ab--bb0) of the half ss—=0aa—-24b-1-lb
(Vid. Fig. 53.) QE.D.

Propofition X.

F a Quantity be divided any how into (4) two parts, the
Square of the whole, together with that of one of iis parts,
() Eucd is equal to two Reltangles contained under the |

Clav.prop.7.2 Whole and the firft part, together with the Square
of the othér part. 1
The®
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The Univerfal Dimﬂnﬂ_rattpn.'
Let « be one part and b the other, the whole  2-}-2
- b

4 -}- & the whole. The whole a-
a Thf_ﬁfﬂ: part * " a-t+b
3 aa-tab : aa—+ab
: 2 ab—-bb
-2::4—5—145 the double retangle [ of the whole aa—}-246-}-t6
add b the O of the other part *add 44
Sum 24a-}-24b-4b6 == to the Sum .. .. 2me}-24b-}-bb
( Vid. Fig. § 4. N° 1.} Q.ED.
CONSECTARY.

Ence you have the Subtraction of Surd Numbers, or more
generally of Surd Quantities, by help of the following
Rule. '
Add the Squares of the given Roots accarding to Confe&t, 3. Prop;
" 7. and from their Sum [ubtralt the double ReGangle of their Roots 5
 the ' Root of the Remainder will be the difference fought of the given
Suantities. :
| As, if the ¥/8 (BC)is to be fubtracted from+/50 AC (Fip’
ﬁ 54, N° 1.) you mult add 50;*:}_“&. the whole Square AD)
" and 8,(i.e. the other Square fuperadded DE,) and the Sum will
be §8, equal to the two Reltangles AF and FE -}~ 0 GH, by
this Prop. I find therefore thofe two Re&angles by multiplying
¥'50 by v/8, and then the Produét-v/400by 2 or /4, there-
by to obtain the double Rectangle /1600, s.e. (having a&tu-
ally Extralted the Roor) 40. “This double Rectangle therefore
or 40, being fubtratted out of the faperipur Sum, the remain-
“der 18 will be ,the OGH, and {0 its Root (oiz. V18) gives
the required Difference berween_ the given Surd Quantities.

SCHOLIODN.

" YDUT this Subtra&tion may be performed yet a fhorter way,
if each quantity under its R:dical can be divided by fome
{juare,
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fquare ,{o that the fame Quotient may come out on both fides ¢
thar is, if the Surd Quantities are Communicants, as e. g. ¥/50
(the number §o being divided by 24) is equal to §4/2 and
4/8 to 2472 ; for then the numbers prefixt to the Radical Sign
being {ubtralted from oneanother (viz. 2¢/2 from <¥/2) you'l
have immediately the remainder or difference 34/2, ;i e 4/18.
But if the propofed Quantities are not Communicants (as if the
/3 is 1o be fubtradted from 4/7) the remainder may be briefly

exprefed by means of the Sign — thug, v 7—4/3,0r according
to the foregoing Confeitary, thus, 4/ 10—v384 .

Propofition XI:

IF any Suantity be divided into tewo parts, ( & ) the Duadrupls
Reétangle contained under the whole and one of its parts, together
with the Square of its other partsy will be equal to the Square of the
Luantity compounded of the whole andthe other pars,

Demontieation,
Suppofe a-} b the whole.
b ofie Pﬂfru :
ab-t-bb the Reltangle of thefe two: 3
mult. by 4
4abt-4bb the Quadruple Re&angle,?.
Add ae  the Square of the other part,
Sum  aa-}-4ab-}-bb
The Quantity compounded of the whole 25
and che firlt part a ) a—+-2b
| = i O
n¢+154
2ba-t4bb
(2) Eucl. & P o Owmmt
Claw, prop, 8. aatgbatabb—=

Square of the Compound Quantiry Q:ED.
(Vid. Fig. 55.) .
Propofition
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Propofition XII.
1 F any Quantity be divided into two equal parts (8) and

into two ocher unequal ones, the Squares of the unequal
parts taken together will be double the Square of
half the quantity, and the Square of the difterence, (8) Eucl &
vz of the equal and unmequil parr, taken ro-  Claw. prop.q.
gether. =

Demanitration,

Suppofe the equal parts to be a and 4, the difference () the
tcater of the unequal .Parts 1o be a-}-5, the leG.a—b.

he greater part a--6 1 Thelet a—b | Half| Difference
a—}-b ) a—b a b
— - : a b
qu—klabﬂ}uﬁl—lﬂbﬂ—éﬁ A e
Sum of thele 2aa—-24bb Nt
Sum aa-} bb

Q.E.D. | (Vid. Fig. 56.)'
: | Pmﬂgﬁfﬁm X1

IF to any whole Quantity («) divided into two equal parts
there be added another Quantity of the {ame kind, the
are of the Quantity compounded of the whole, and the
anti'y added, together with the {quare of the
antity added, will be double the fquare of the («) Eucl, &
alf the quantity, and the fquare of the Sum of Claw. x.
hie half and the part added taken togeiher.

Demonftration,

Suppofe the whole to be 2 4, the half parts 2and 2, the
Quantity added 4 ; then the quantity compounded of the whole
g the quantity added, will be 24--#, and that of the half and

¢ quantity added a4,
g ¥ : Compy
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Comp. of the wholey 24-+-6  |Half|Qu. compouded of hal
and quantity added./ 24+-b 4 | and qu. added, 4+

e a
Y4aa-t2ab |
2ab—-bb aa Oaa—-24ab—-1
e I 3T \ ’
O 4aa—t4ab-}-bb sum Zaa—t24b-}-l

O Qu. added, &5 {Manifeftly the half of the for

mer Sum. Q.E.D.
Surh  4as—}-4ab-1-2bH)

CHAETIIL
Of Progreffion, or Arithmetical Proportionals:

Propofition XIV.

F there are 3 Quantities in continued Progreffion, or i

Arithmetical continued Proportion, the Sum of the Extrem
is double of the middle Term.

Demantration.
Such are e.g. 4, a-}-x, a-}-2x alcending,

or a, a—x, a—2x defcending. |
By Defmition 32. the Sum of the Extremes in the firft|
2a--2x, in the later 24—2x; in both manifeftly double |
the middle Term Q.E.D.

Propofition XV, i

F there are 4 of thefec Continued Proportionals, the Sum
the Extreme Terms is equal to the Sum of the me

"L'erms.
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Demonitration,
Such are e. g. 4, a-}-x, a-t-2x, a-}-3%, &c. afcending, or

4, a—x, a==2x, a—3x,&c delcending; in the one the Sum of
the Extremes is 24-}-3x, in the other 26—3x 3 and alfo of
the means 24--3x and 24—3x Q. E D.

Propofition XV

F there are never (0 many of thefe continued Proportionals,
the Sum of the Extremes is always equal to the Sum of
any 2 other of them, equilly remote from the Ex:remes, or
alfo double of the middle Term, if the number of the Terms is
odd.

Demontration,
Suppofe 2, a-}-¥, a-}1x, a-}-3x, at4x, a-}-5x, at-6x,

doe, or dy d==X y A—=0Xy A= X, a—4X, a—§Xx, .r—-ﬁx, and
the Sum of the Extremes, as alfo of any 2 equally remore from
the Extremes, and the double of the middle Term is in the

firlt Series 24--6x, in the latter 24—6x, &e, QED.

S G HO:LTEEM 1,

OR can we doubt but that this will always be {o, how
far fuever the Progreffion be continued ; if you confider
that the lalt Term contains in it felf the firft, and moreover the
difference {o many times taken, asis the number of Terms ex-
cepting one, but that the firft has no difierence added to it
and therefore tho the laft fince one contains one difterence lefs
than the laft 5 the fecond on the contrary has one more than
the firft, and confequenrly the Sum of the one will neceffarily
be equal to the Sum of the othery and in like manner thelaft
except two, contains two Differences lefs than the laft 5 bur,
on the contrary, the third exceeds the firft by a double Diffe-
rence, the double Difference being added to it, €. as is ob-
vious to the Eye in our firft univerfal Example. Hence you
have thefe
F 2 CON-
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CONSECTARYS.

L. OU may obtain the Sum of any Terms in Arithmetical

Proportion, if the Sum of the Extremes be multiplied
by bait the number of Terms, or (which is the fame thing) half
the Sum by the number of Terms,

II. To obtain therefore the Sum of 600, or never fo many

“fuch Terms, you need only have the Extremes and the number
of Terms: So that you have a very compendious Way of pro-
ceeding in Queftions that are folvible by théfe Progreffions, if,
havidg the firft Term and Difference of the Progreffion given,
you can obtain the laft, negletting the intermediate ones.

II1. But you may obrain the laft Term,by Mulciplying the given
given Difference by the given Number of Terms leflened by
Uniry, and then adding the firt Term to the Produét ; as is
evident from the preceding Scholium.

IV. Hence we may eafily deduce this Theorem, that the Sum
ot any Arithmetical Progreffion beginning from o, is fubduple
of the Sum of .fo many Tlerms, equal to the greateft, as is the
number of Terms of that Progreffion.  For if the firlt Term
is o and the laft x, and the given number of Terms 4, the Sum
of the Progreffion will be 22 x, by Confed. 1. but the Sum of
fo many Terms equal to the greateft, ax. QE.D.

SCHOLITUM 1l

Ow if any one would be fatisfied of the truth of this laft
Confeét. without the lireral or fpecious Notes,let him confider,

that it the firft Term be fuppofed tobe o, the laft ( whatever
it is) will be the fum of the Extremes. 'The laft therefore mul-
tiplied by half the number of Terms, gives the Sum of the Pro-
greflions by Confed?. 1. and the fame laft Term multiplied by
the whole number of Terms, gives the Sum of (0 many Terms
equal to the greateft.  But that this muft needs be double of the
precedent ’tis evident, becaufe any Muliiplicand being mulriplied
by a double muliiplier,muft needs give a double Product. Now as
this Confectary will be of fingular Ule to us hereafter for De-
monftrating ft veral Propofitions, fo the three former are the very
fame Practical Rules of Arithmetick, which are commonly made
ufe
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ufe of in Arithmetical Progreffions; for the llluftration whereof
Swenterus gives us feveral Ingenious Examples in his Deje, part

I. Quelt.70. .

C.H AP IV.

Of Geometrical Proportion in General,

Propofition XVII.

F there are three Quantities cnntmuall}f ( «) Proportional,
the Re&tangle of the Extremes, is equal to the Square of
the mean Term,

Demonitration,
- Suchare e.g. 4, es, e2a,| The mean Term, ea
The Extremes 2z ea.
‘I T Sl ==
- - Square etq* Q.ED;
Reltangle 222

SCHOLIUM,

Oreover if three Quantities on each fide are 1o the fame
Continual Proportion, as

\ Ry
\

" F 3 ~ the
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the ReGangles of the Ex'remes made Crofs-ways, are equal
to the Rectangle of the mean Term ; being every way e®ab,
Whence by the way may appear that Propolition of Archimedes:
(B)That theSurface of a Right Gone is equal to the Circle,whofé Radius is
@ mean Proportional between the Side of that Cone and the Semidiameter of
the Bafe. For {uppofe EF to be a mesn Pro-
()Eucl.17l. portional between the {idg of the Cone BC (Fig,
6 & 20l 7. 4§7.) and the Semidiameter of the Bafe CD,
(8)lib. 1.de fince an equal number of Peripherys anfwer to
Spher. 8 Cyl.  an equ2l number of Radii in the fame Propor-
Prop. 14. tion; half the Product of the frft Line BC into
the laft Periphery, e 24 & (that is, by Confed
4. Definit. 18. the Surface of the given Cone) will be equal to
balf Product of the mean Line into the mean Periphery, £e%ab
(i e by Confell. 2.. Definit. _15‘.) to the Area of I:h!: _Girc_lg DF
the mean Proportional EF. Q. E. D. ' :
The fame Propofition of 4rchimedes may alfo be Demonftrat-
ed afrer this Way : 1f the fide of the Cone BC be called 4, and
the Semidiameter of the Bafe « )(o that the Periphery may, by
Confed. 1. Definit. 31. be 2ea, and fo the Surface of the Cone,
by Conjeét. 4. Definit. 18. eab) the vab will be a mean propore
tional between & and a, by this 17th Propofition ; which being
taken for Radius, the whole Diameter will be v/24b, and the Pe-
riphery 2.6v/ab therefore by Confe@t. 2. Definit. 15. half the Ra-
dius § v/ab multiplied by the Periphery (fince vab multiplied by
Vab neceflarily produces ab) will give you the Area of the Cir=
¢le by that mean (a) Proportional, equal to the Surface of the
given Cone, which before was cxprefled in the fame Terms.
Q.E.D. N | R
Hence alfo naturally flows this other Propofition, That the |
Surface of the Cone (34b) is to its Bafe (3 46) asthe Side of
the Cone (¢?%) is to the Radius of the Bafe &, as may appear
from the Terms. | ; ' "

Prapﬂﬁrfux XVIII.T -

(a) lib. 1. de F (b) 4 Quantities are Proportional, either |
Spher. & C)l., continuedly or dircretely , the Prodult of
grop. 15. the Extremes is equal to the Produét of the

(JEJ) Ef l:'tr. I f.; MEEHSJ

Lo&r9/l7 Mqﬂ::

|
@
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Demanftration,

Suppofe one Continual Proportional, 4, es, ¢4, ¢ia.
Extremes e?a | Means ¢*a
a ea

-
Ea———— ]

o

Prod. e3aa=Prod. e3aa. Q.E.D.

SCHOLIUM,

N this Theorem is founded the Rule of Three in Arithme.
| tick 5 fo called becaufe having 3 Numbers, (2.5.8.) it
finds an unknown fourth Proportional.  For altho this fourth
be, as we have faid, uskoown, yets its Product by 2 iskaown,
becaufe the fame with the Produ& of the Means, § and 8.
Wherefore the Rule direéts to multiply the third by the {econd,
that you may thereby obtain the Produ&t of the Extremes:

which divided by one of the Extremes, viz. the firft, necefla-
rily gives the ‘other, 1. e, the fourth fought.

; Propofition XIX.

F 2 Produ&s (on the other fide) arifing from the Multipli-
cation of 2 Quantities, are equal, thofe 4 Quantities will

be at leaft direétly Proportional,
Demonttration.

Suppofe e b2 be the equal Produé of the Extremes, ande a4
of the Means ; the Exiremes will either be eb and 4, or eand
ba, or band ea, asalfo the Means. But what way focver either
is raken, there can be no other Difpofition or placing of them,

than one of the following.

1 eb eb a a4
—te ab
————ca by or inverfly.
e LYY

—ab e

o e
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——— b e g
L e ba ba
b g3 g
~———cea b or inverfly.
ba e
——— 4 eh

8k 5&#:;

a eb
bz e or iverily.
——— g b
OSSP R i

== ¢ bay orinverting the Order of them all.

Ia all thefe Difpofitions there may be immediately feen a
Geometrical Proportion , by what we have in Defition 38
: Ty

and 33. :
CONSECTARSY.

I § we have fhewn one Sign of Proportionality in the
‘Definition of it, viz. Thatthe fame Quotient will a-

rife by dividing the Confcquents by the Antecedents; fo now
we have another Sign of it, viz. The Equality of the Produéts
of the Extremes and Means. | A

II. By a bare Subfumption may hence appear the Truth
of Prop. 14. lib. 6. Euclid. atleaft partly: Which we fhall yet
more commodioufly {hew hereafter. e ‘

Propofition XX,

F there are never fo many Coatinual Proportionals, the Pro-
I duct of the Extremes is equal to the Product of any 2 of
the Means that are equally diftant from the Extremes, as alfo to
the Square of the mean or middle Term, if the Terms are odd.

Demontivation.

Sich are e g. a, ea, e*a, 3ay ¢4a, eSa, eSa, &c. and the

Produ of the Extremes, and of any two Terms equally remote
from
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them, and the Square of the mean or middle Term, every

whcrc r:ﬁ## Q.E D.
SCHOLIUM .

OR can there be any doubt but this will always be b,
how far foever the Progrefion is continued ; ; if you con-
fider that the laft Term always contains the firlt, by way of
Rcafcm, {o many times ::r-ultxphf:d as 15 the place of that Term
in the rank of T'erms, excepting one. Altho therefore the laft
- Term but oneis in one degree of its Reafon lefs than the laft
the fecond on' the contrary, is inone more than the fi-ft 5 there-
fore the Product of the one will ncceflarily be equal to the
Product of the other. Thusallo the laft Termbar two is 2
Degrees of Proportion lower than the laft 5 but then rthe third
being to be muliiplicd into that, exceeds the frlt by 2 D grecs
of the Proportion, &e. as may be feen in cur Univer{al Example.
Hence you have the following

CONSECTARIES.

L. Aving fome of the Terms given in a Continual Pro-
portion (e. g. fuppofe 10) you may eafily find any
‘other that fhall be required (e. g. the 17th ) as the laft; If
the 2 Terms given, being equally remote trom the firft and
‘that required ( 25 are eog. the eigth and tenth) be multiplied
'by one another, and this Produdt, like that alfo of the Extremes,
be divided by the firft,

1L Bue l'hlS may be performed eafier, if you moreover rake
inthis Obfervation, That if, e.g. never fo many places of pro-
portionals, paffing over the the firft, be noted or marked by
Ordinals or Numbers according to their places (as in [hls Ui
‘Ffrﬂ] Example )

4, ea, €*a, e3a, eta, eSa, eba,
LAYV LV
"The place of the 7th Term is (e.g) VI (and fo the place of
any other of them being lefs by Unicy than its number is among
the Terms) and alfo compofed of the places of any otber equal-
Iy diftant trom the Extremes, e. g. V. and L. 1V. and 1i, of
Tt‘i'«‘lc:«: 1L &e. 2 |
HI. Here
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III: Here you have the Foundation of the Logarithms, i, e.
of a Compendious Way of Arithmetick, never enough to be
praifed. For if, e. g. a rank of Numbers from Unity, conti-
nually Proportional,be figned or noted with their Ordinals, as we
have faid, as Logarithms,

1. 2. 4. 8. 16, 32, 64. 128, 256, &,
LAV VOV VIE VHL

and any two of them (as 8 and 32) are to be multiplied to-
gether ; add their Logarithms III and V, and their Sum VIII,
gives you the Logarithm of their Product 256, as the Term
equally remote from the 2 given ones and the firlt, and fo
whofe Produ& with the firft (which is Unity) 7. e it felf will
be equal tathe Product of the Numbers to be multiplied: And
contrariwife, if, ¢, g. 128 is to be divided by 4, fubtra&ing the
Logarithm of the f-ft Il from the Logarithm of the fecond VI,
the remaining Logarithm V peints out the number fought 32;
fo that after this way the Muliplication of Proportionals is,
by a wonderful Compendium, turned into Addition, end their
Divifion into Subtraétion, and Ex:raltion of the Square Root
into Bife&ing or Halving, (for the Logarithm of the Square
Number 16 being Bife€ted, the half 1l gives the Root {ought
4) of the Cube Root into Trife@ion (for the Logarithm of the
Cube 64 being TrifeCted, the third part gives the Cubick

Root {ought 4.).

SCHOLIUMIL

Hat we may exhibit the whole Reafon of this admirable
Artifice (which about 34 years ago was found out by

the Honourable Lord Fobn Naper Baron of Merchifton in Scotland,
and publithed {omething difficult, but afterwards render’d much
eafier and brought to perfetion by Henry Briggs, the firlt Sa-
vilian Profeflor of Geometry at Oxford.) 1 fay that we may
exhibit the whole Reafon of it in a Synoplis, after an eafie way;
when its ufe appear’d fo very Confiderable in the great Num-
bers in the Tables of Sines and Tangents, nor yet could they
be ufeful withour mixing vulgar Numbers with them, efpecial-
ly in the Practical Parts of Geometry, the bufinefs was to ac-
commodare
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commodate this Logarithmical Artifice to them both, Firft
therefore that Artifts might affign Logarithmsto all the com-
mon Numbers preceeding from 1 10 1000 and 10000, &,
they firlt of all pick out thofe which proceed in continued Geo-
metrical Proportion, and particularly, tho arbitrarioufly, rhofe
which increafe in a Decuple Proportion, e.g. 1. 10 100. 1000,
jooco, &, '

But now to fit them according to the Foundartion of Confed.
3. a Series of Ordinals in Avithmetical Progrcflion, we do’ne
only fubftitute the fimple Number 1, 2, 3,8¢. buraugmeired
with {everal Cyphers after them, that o we muy alio a{lign
their Logarithms in whele Numbers to the intermediate N 'm-
bers between 1 and 10, 10 and 100, &e. Wheretore, by
this firlt Suppofition, Logarithms in Arichmetical Proportion,
anfwer to thofe Numbers in Geometrical Proportion, after the
way we here fce,

| [ 10 100

i Log. ocooooo | 100000¢0 | 20000000
B | 1000 10060

P 1 30000000 ] 40000000, e,

As that they allo exhibit certain Charalleriftical inirial Notes,
‘Whereby you may fee, that all the Logarithms between 1 and
10 begin from o, the reft between 10 and 100 from 1, the

next from 100 to 1000 from 2, &e
The Logarithms of the Primary Proportional Numbers being
thus found, there remain’d the Logarithms of the intermediate
Numbers between thefe to be found : For the making of which,
after different ways, feveral Rules might be given drawn from
the Nature of Logarithms, and already fhewn in Confe. 3.
See Briggs’s Arithmetica Logarithmica, and Gellsbrand's Trigonometiia
Britanmica 5 the firft whereof, chap. §. and the following, fhews
at length both ways delivered by Neger in Lis Appendix. But
the bufinefs is done more fimply by 4.U/acq. in his T'ables of Sines
&e. whofe mind we will yet turther explain thus : If you are
to find, e. g. the Logarithm of the Number g, between 1 and
Jo, augmented by as many Cyphers as you added to the Lo-
arithm of 10, or the reft of the Proportionals (b.-e. between
10600000
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10000200 and 100000000 ) you muft find a Geometrical
Mean Proporrional, viz. by multiplying thiefe Numbers together,
and extracting the Square Root out of the Product, by Prop.
17. Now if this Mean Proportional be lefs than ¢ augmented
by as many Cyphers, between it and the former Denary Num-
ber you muft find a fecond mean Proportional, then berween
this and that fame a third 4 and fo a fourth, &e. but if it be
greater, then you muft find a mean Proportional between it
and the next lefs, &c. till at length after feveral Operations,
you obtain the number 9999998, approaching near to
gooocooq. Now if between the Logarithm of Unity and
Ten (i. e. between o and looooooo) youtake an Arithme-
tical Mean Proportional ( o§oocoo0) by Bifecting their Sum
by Prop. 14. and then between this and the fame Logarithm of
Ten, you take another mean, and fo a third and a fourth, <J¢,
at length you will obtain that which anfwers to the lalt above-
mentioned, viz. 9. See the following Specimen. -

ATABLE «f the Geometrical Proportionals +between
I and 10, augmented by 7 Cyphers, and of the
Arithmetical Proportionals between o and 10000000,
being the Logarithms correfponding to them,

Geometrical Aritbmetical
Mean Pro- Logar. mean
portionals. Proportsonals
31622777 | Firfty 0§000000

56234132 | Second, 07500000
74989426 | Third, | 08750000
86596435 | Fourth, lo9375000
93057205 | Fifth, 09687500
89768698 | Sixth, 09531250
91398327 {Seventh, 39609375
190579847 | Eighth,  |09570312
901733609 | Niath, 09550781
| 89970801 | Tenth. 09541015 |

Whid
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Which is thus made: In the firft Table a Geometrical Mean
Proportignal between 1000 ©0o and 100 000 000
s the firft Number of it; then another Mean between that and
the fame lalt 1000000cO, gives the fecond s and fo to the
Afth, 93057205. Which, fince it is already greater than the
Novenary, another Mean between it and the precedent fourth,
heccmes in order a fixth, but fenfibly lefs than the Novenary,
Therefore between it and the fifth you will have a feventh
Mean yet greater than the Novenary ; and between the fixth
and feventh, an eighth, fomwhat nearer to the Novenary, bue
1ot yet fenfibly equal, but fomewhar bigger 5 moreover berween
the fixth and eighth you will have a ninth, between the ninth
and fixth a tenth gradually approaching nearer the Novenary, but
yet fomewhat fenfibly differing from it. Now if you con-
finue this inquiry of a mean Proportional between this tenth,
as fomewhat too little, and the precedent ninth as fomewhat
too big, and {o onwards, you will at length obtain the Num-
ber 8999 9998, only differing two in the laft place from the
Novenary Number augmented by feven Cyphers, and confe-
quently infenfibly from the Novenary it &lf. But for the Lo-
garithm of this in the fecond Column, by the fame procefs you
are to find Arirbmetical Mean Proportionals between every 2
Logarithms anfwering ro every two of the fupe riour ones,till you
find, e. g. the Logarithm of the tenth Number 09§4l1o01y,
and fo at lengrh the Logarithm of the laft, not fenfibly differ-
ing from the Novenary, 09542425.

Thus having found, with a great deal of labour, but al®
with a great deal of advantage to thofe that make ufe of them,
the Logarithms of fome of the numbers between 1 and 10,and
‘10 and 100, &e. you may find innumerable ones of the other
intermediare Numbers with much le labour, iz by the help
of fame Rules, which may be thus obtain'd from Confes. 3 of
the precedent Propofition. The Sum of the Logarithms of the
mumler Multiplying and the Mulriplicand, gives the Logarithm of the
\Produ@®. 2. The Logaritiom of the Divifor fubtraited from the Lo-
garithm of the Dividend, leaves the Logarithm of the Duotient +
#he Logarithm of any number doubled, is the Logarithm of the Square,
tripled of the Cube, &c. 4. The half Logarithm of any number is
the Logarithm of the Square Root of thar number, the  third part of
3 of tle Cube Rooty, &c, Thus, e g. if you have found the Lo-

\ garithm
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garithm of the number g, afterthe way we have fhewn, by the
fame reafon you may find the Logarithm of the number § (vizs
by finding mean Proportionals between the f{econd and the firik
number of our Table, and between their Logarithms, ©@e. )
and by means of thefe 2 Logarithms you may obrain feveral o-
thers: Firlt, fince 10 divided by § gives 2 ; if the Logarithm
of 5 be fubtra&ted from the Logarithm of 10, you'l have the
Logarithm of 2, by Rule the fecond.  Secondly, fince 10 mul-
tiplied by 2 makes 20, and by g makes go, by adding the
Logarithms of 1o0and 2, and 10 and g, you'l bave the Lo
garithms of the numbers go and 20, by Rule 1. Thirdly,
Since g isa Square, and its Root 3, half the Logarithm of g
gives the Logarithm of 2, by Rule 4. fince go divided by 3
gives 30, the Logarithm of this number may be had by fub-
traéting the Logarithm of 3 from’ the Logarithm of go, by
Rule the fecond.  Fifthly, §and 9 fquared make 24 and 81,
the Logarithms of § and g doubled, give the Logarithms of
thefe numbers, by Rule 3. In like manner, fixchly, the Sum
of the Logarithms of 2 and 3, or the Difference of the Lo-
garithms of § and 30, give the Logarithm of 6, and the Sum
of the Logarithms of 2 and 6, or 2 and ¢, gives the Loga-
rithm of 18 ; the Logarithm of 6 doubled, gives the Loga- |
rithmof 36, &c. And after this way you may find and reduce in= |
to Tables, the Logarithms of Vulgar Numbers from 1 to 10000 |
(as in the Tables of Strauch. p. 182, and the following) or to |
100000 (1s in the Chiliads of Briggs) Butasto the manner of |
deducing the Tables of Sines and Tangents from thefe Loga- |
rithms of Vulgar Numbers, we will fhew it in Scbol. of Prop,
55, only hinting this one thing before-hand ; that this Artifice
of making Logarithms is elegantly fet forth by Pardies in his
Elements of Geometry, pt 112. by a certain Curve Line thence
- called the Logarithmical Line by the help whereof he {uppofes
Logarithms may be eafily made ; and having found thofc of
the numbers between 1000 and 10000, he fhews, that all o-
thers may be eafily had between 1 and 1000. Wherefore we
fhall Difcourfe more largely in Schol. Definit. 15. b, 2.

Fropofition
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Propofition XXI.

E the firit Term of never fo many Continual Proportionals, be fub-
I trafled from the laft, andthe Remainder divided by the name of the

Reafon or Proportion leffen'd-by Unity, the Quotient will be equal to the
Sum of all except the laft,

Demanfeation,

e a4
2*a
ela
eta
efa

The laft Term lef the firft (Sa—s

Divided by the name of MR Ly Dyote. ¢f.¢+c‘r¢-]—,-,-3‘+
the Reafon leflen'd e¢—1 l ateat-a ;

by uniry. e— 1 { And it is evident from the
¢ — 1 | Operation, that the fame
e~ 1 { will always happen tho the
e— 1 | number of Terms be con-
¢ — 1 | tinued never fo far.

CONSECTARYS.

1 Herefore in adding never fo great a Series of Geo-

metrical Proportionals, fince it is enough that the
firk and laft Term, and the Name of the Reafon be known,
By this Prop. and having found at leaft fome of the Terms of the
Proportion, any other may be afterwards found, whofe place
will be compounded of the places of the two Antecedent ones,
according to Confef. 2. Prop. 2.0. wiz. by Multiplying the Terms
anfwering to the two above-mentioned places, and dividing the
Product by the firlt Term ; thence it will be very eafie to add
a great Series of Proportionals into one Sum, tho the particular
feparate Terms remain almoft all of them unknown.

SCHOLIUM
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SCHOLIUM.

THE(& are the fame Praltical Arithmetical Rules concerning
Geomietrical Progreflions s for the illuftrarion of which
Swenterus in Delic. has given us fo many pleafanc Examples, /46,
1. Prop. 59. and fol. Firlt of all,that famous Example is of this
kind which relates to the Chequer-work’d Table or Board to
fling Dice on, with its 64 litile Squares, which Dr. Wl
has trarflated out of the Arabick of Ebn Chalecan, into Latin,
in Oﬁer. Mathem. part. t. Chap. 31. for the illuftration of which,
we have heretofore compofed an Exerciration; and fhall here
only note thele few things: If there are fuppofed 64. Terms of
double Proportion from Uaity, and the firlt of them, noted
with their lccal Numbers, are thefe that follow s

1143163:64!13
P lE IV VsV

You may have the Term of the 13th place, 8192, by mul-
tiplying together the VIth and Vilth place ; and the Fermy
of the XXVIth place, by {quaring or multiplying this new Pro-
duét again by it felf, and moreover the Term of the LIl4
place, by multiplying that Produ&t again by icfelfy and further-
more the Term of the LIXth place, by multiplication of the nums
ber laft found by the number of the VIth place, and Ilaftly,
the Term of the LXIIId place (s e. the laft in the propofed Se-
ries) by muliiplying this laft of all by the number of the IViy
place. ;

II. Moreover you may, by this Arr, collet infinire Series
of Proportional Terms into one Sum, altho it i3 impoffible to
run over all the Terms feparately, becaufe infinite. e g. in a
continued Series of Fractions, decreafing in a double Propor-
ton 3z, § ¢ 35 Oc. ad infmitum, it you take them back-
wards, you may juftly reckon a Cypher or o, for the firlt
Term (for between } and o there may be an infinite Number |
of fuch Terms) and the infinite Sum of thefe Terms will be
precifely equal to Unity ; for fubtrafling the firft o, from the
laft §, and the remainder ; being divided by the name of the
Reajon leflened by 1, 7. 6. by 1. which divides nothing, the

Quotiens

tI
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b_ummnt 1 is the Sum of all the Terms excepting the laft, by
Prop. 21. and {o the laft § being addr.d, the Sum of all in thatf
Series will be . Now if th-f.- laft 1s nor 2 but I, the Sum ofall
‘will neceflurily be 25 if 2 be the Luft, the Sum of all will be
4.5 ina word, it willbe always double the lat Term.

II'. And fince in this cafe the Sum ot all the precedent Terms
is equal to the haft Term, the one b::ing fuh:ra&ed from the

other, there will remain nothing, 7. e. }—ji—3——3i &c.
in Infinitumi, is == o, and allo 1—3 -}, &c. or 2—i1—}—%

8. —o.
- IV. In like manner the §um of infini e Fraltions decreafing
in triple 'Rfai'-:-n in an infinite Series (3 -{- 3 st &e)
will be equal to §: for if from the laft § (again in an inverted
O:der) you fubiralt the firft o, and the Rtmamder % be divided
by the name of the Reafon leflen’d by Unir, 7. . bji" 2, the
Quotient § will be the Sum of all the anretcdrnt Tﬂm, and
adding to this laft § or % the Sum of all will be 3 or 3.

V. Thus an m!:lmte Series of Fractions decreahng from } in
a Quadruple Proportion (3 -t -+ &c ) is equal 10 };
or ﬁbtra&ihg the firlt o from the lait %, and the remaincer
{ being divided b*,r the name of the Lroportion, i e by

s you will have ¢ the fum of all except the laft, and alding
ﬂfo the laft  or 3, you'l have the whole Sum 4% or 3,

VI. Thus all’?') an infinite Series decreaﬁng from %1 m a Quin-
tuple Proparrmn Gttt &c) is equil to 1 é-!‘ié*"'ﬂ;
ﬁt, iséqual to ;. &c, and 10 any Serics of r‘ris kmd is equal

a Fradtion, whofe Denominator is lefs by an Uait than the
Denominator of the laft ‘Fraction in chat Series.

VI Generally al{c, any inhnite Series of Fradtionsdecrealing
according  to the Prc:-pnrtinn of the Denominator of the luft
Term, and having a common Denominator lefs by an unit
than the Denomirator of the laft Termi ( e g 3-+3-433 &e.
or E—H}-’rﬁ &c. or 3} 44, &) is equal 10 Unity, after
the fame way as the Series Confet: 2: which may be ompre-
hended undeér this kind, and which may be déemonlirated in all
its particular cafes by the famé¢ methed we have hitherio made
vle of, or alfd barfly {ubfumed from Confeét. 4., 5, ard 6.
For f{ince } apy 82cs i equal to § 3-{—-9-51- i3 will be equal
to 2, or I,_and foin the relt,

3_’ G‘ V“fg

:



82 Mathefis Enucleata: Or, ,

VIIL Particularly the fum of 53153, &c, decreafing
in 2- Quadruple Proportion, is equal to 35 and the fum of 3+
s3-F155), & is equal to i} 5 and the fum of g+=lt.5k, &c
decreating in O&tuple Proportion, is equal to §: For fubtracting
the firt Term ¢, and dividing the remainder by the name of
the Reafon leflen’d by 1, 7.e. by 3, the Quatient 5% gives the
fum of all except the laft.  This therefore (viz. 53) being ad.
ded, the fum of all will be 5} or i§: In like manner g being
divided by the name of the Reafon leflen’d by Unity, the Quo-
tient will give ¢, and adding the laft, the fum of ail will be
i.e. §.  So that hence it is evident, that 1§ F—gmi—r3;, &K
or ~—;5+ 13'!"533'1'-:7;2 &e¢. in Infinitum, will be cqual to nothe
il‘lg .+ alfo '3"—31'—;-,15—-- EE'GTE &e. — 0.

IX. The Sum of @ fimple dritometical Progreffin (i. €. afcending
by the Cardinal Numbers) continued from 1, ad Infinitum, s Sub-
duple of the Sum of the [ame number of Terms, each of which is equal
to the greareft 5 or on the contrary, this latter Sum is double of the fors
mer.  We might have fubfomed this in Confeél. 4. Prop. 16,
for,prefixing a Cypher before Unity, it will be a cafe of that Conr
fetary, the Sum of the Progre(fion remaining (till the fame. But
that this is troe, in an icfinite Series beginning from Unity (for
in a finite or determinate one, the proportion of the Sum is al-
ways lefs than double, tho it always approaches to it, and come;
fo much the nearer by how much greater the Series is) we
fhail now thus Demonftrate: To the Sum of three Terms, 1,
2, 3, i. e 6, the fum of as many equal in number to the
greareft, 5. e. 9, has the fame Proportion as 3 to 2 5 but ta
the fum of fix Terms, 1, 2, 3, 4, %, 6, d. . 21, the {um
of as many cqual to the greateft, s.e. 36, has the fame pro
portion as 3 to 13, that is, as 3 to 2—;, the decreafe be
ing  : but ro the {um of 12 Terms, which may be found by
Confec. 1. Prop. 16. = 78, the fum of o many equal to the
‘greatelt, viz. 144. has the fame proportion (dividing both fides
by 48) as 310 133, dee. 3to 143 +5 (for 24 make %, and
the remainder 5§ is the fame as ¢ ) that is, as 3 to 2 —}—4,
the decregunt being now s, Since therefore, by doubling t:j
rumber of Terms onward,you’l find the decrement to be % .a
f onwards in double Proportion 5 the fum of an infinite Num:
ter of {uch Terms, in Arithmetical Progreffion, equal to the

8 - greateft
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be to the fum of the Progrefion from 1, ad Inﬁm?:m, as
o 1__1_!—1&, &c. thatis, by Cenfeét. 2 and 3, as 3 to
-%, thatis, as 3 t0 1z, oras 2to 1, Q.E.D.

. The Sum of any Duplicate Arithmetical Progreffion (e
‘rogreffion of Squares of whole numbers afcending) continued
n I ad Infinitum, is fubtriple of the Sum of as many Terms
al to the greareft as is the number of Terms: For any fuch
te Progreffion is greater than the {ubtriple Proportion, but
roaches nearer and nearer to it continually, by how much -
farther the Series of . the Progreffion is carried en. Thus
Sum of 3 Terms 1,4, 9==14.is to thrice g—27 as 13, or
b, or 1--2-1-% to 3 (dividing both fides by g,) the >um
ix Terms, 1, 4, 9, 165 2§, 36, »iz. 9I. to fix times
, 3. 6. to 216 (dividing both fides by 72) is as 1-}-;} 7
25 and the Sum of 12 Terms 650, to 12 times 144.i. e.
1728 ( dividing both fides by §76 ) is as 145} to
&e. the Fraltions adhering to them thus conftantly dccrea-
7, fome by the'r halt parts, others by three quarters ( for
% therefore the firft decrement is ;2 and 3}, is 5855 there-
» the fecond decrement is 53, &c.) Wheretore the Sum of
Infinite Progreffion will be to the Sum of the like numter
Terms equal to the greateft, as

— XCrira, &K

3, that is,.by Confect. 3 and 8, as 1 to 3. QE.D.

XL The Sum of a triplicate Arithmetical Progreffion (i. e.
ending by the Cubes of the Cardinal Numbers ) proceeding
m 1 thie' 27, 64, &c. ad Infinitum, is Subquadruple of
Sum of the like number of Terms equal to the greateft.
I the Sum of 4 Terms, 1, 8, 27, 64, 5+ 100, to 4 times
y 3.e. 256 (dividing both fides by 64) willbe found to be
I+ 74 % to4y burthe Sum of 8 Terms, 1, 3,
h 64, 125, 216, 343, 582, i.e. 1296 to 8 times 512,
&h, 4096 (dividing both Sides by 1024) will be found
as 1 ~=1 2%r0 4, Ge The adhering Fractions thus

G 2 conftantly
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conftantly decreafing, the one by their £ part, the others by
(for % is g%, and g is 3%, &c. Wherefore the Sum of thel
finite Progreffion will be fo the Sum of a like (Infinite) nur
ber of Terms, equal to the greateft, as

1."}'_1 —1"_;1;

i
~—.§, &e. — 336 & to 45
that is, by Confet. 2 and 8, 25 1 to 4. Q.E.D.

XiI. The Sum of an Infinite Progreffion, whole great
Term is 2 Square Number, the others decreafling according
the odd numbers 1, 3, §, 7, Te is in Subfefquialteran Py
portion of the Sum of the like number of equal Terms, 3.
as 2 to 3. For the Sum of three fuch Terms, e.g. 9, 8,
ie. 22 'othrice 9, i.e. 27. is (dividing both fides by 9)
2%, vizs 3 10 3, or 2-F7—% 10 3. But the Sum of
fuchTerms, 365 25, 32, 27, 20, 11, due. 161, tofixtin
26, i.e. 216 (dividing both fidesby 72) is as 21— 75,8
the adhering Frations thus always decreafing, fome by %,
thers by 7, as above in Confect, 10.  Wherefore the Sum
the Infinite Progreffion will be to the Sum of the like numt
of Terms equal to the greateft, as

27— |
_‘;""'a;
T — ;= =dv, Geto 3, i by C¢
fect. 3 and 8, as 2 to0 3. Q E. D.

SCHOLIUM 1.

Hus we have, after our method, demonftrated the ct

. Foundations ot the Seience or Method, or Arithmetick
Irfinites, firlt tound out by Dr. Fobn Wallis, Savilian Profel
of Geometry at Oxford, and afterwards carried further by De
lerus Cluverns, and Ifmael Bullialdus. And from thefe Foun
tions we will in the lollowing T'reatife demonftrate, and t
dirc@ly and & priors, in a few Lines, the chief Propofitions
Geomet
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ometry, which the Antients have fpent © much labour, and
npofed fuch large Volumes to demonfirate, and that but in-

etly neither, |
Propofition XXII

VHe Powers of Propm'ﬂ'am!.r whether continuedly or diferetely, fuch
_ as the Squares, Cubes, &c, are alfo Proportional.

Demoniration,
Ep:mnual Proportionals. Difcrete Proportionale.,
B 4 ca e fa a ez b b
ares as e2a* eta® 04 & e B el
bes 4} 343 €43 943 ad 33 B a3

Q‘E D
SCHOLIUM

I.-.Ou founded in this Truth, 1. the Reafon of the Mqu fi-
. cation and Divifion of Surd Quantities: For f{ince frnm
_,alure and Definition of Multiplication, it s certain, rhat
5 to the Multiplier as the Multiplicand to  the Produét ( for
mu!nph::and being added as many times to it felf as there
 Units in the Multiplier, makes the Product) if the 4/5 is
be multiplied by v'3, then as 1 to the ¥/3, (b the V5
the Product; and, by the prefent Propeiition, as 1 to 3, fo
ro the o Pmdu& f.e. 1o 18, Wherefore the Product is
(5 5 and (6 the Rule for Multiplying Surd Quantities is this
deiply the Qmm;y under the R_ddmm' S:gm, and prefix a Radical
% to the Prody&l.  Likewife fince it 15 certain
m the Nature of Divifion, that the Divifor is ) Eucl. lib
the Dividend as 1 tothe Quotient ( for the g prop. 22
| 'qent exprefies by its Units how many times
¢ Divifor is contained in the Dividend) if the V1§ is to be
ided by /5, you'l bave +/5 tothe v'1g as 1 torhe Quo.
and, by the prefent Scholium, § to 15,as 1 o the g of
Q ﬁuent, i. ¢y to 3. -Therefore the Quotient is the Root
and fo the Rule of dividing Surd Quuntitics this 5 viz.
L W G 2 1 Divide
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Dividle the Quantitics themfelves under the Radical Signs, and
fix. the Radical Sign to the Duotient. ’
+1I. Hence alio flows the ufual Redution in the Arit
tick of Surds, of Surd Quantities to others partly Rational
on the contrary, of thofe to the form of Surds, e. g. If
would reduce this mixt Quantity 24V 7. e. 24 multiplie
the 476, to theform of a Surd Quantity 5 which thall all be
tained under a Radical Sign; The Square ofa Rational C
tity without a Sign 4aa, if it be put under a Radical Sig
this form 4/4aa, it equivalent to the Rational Quantity
but the ¥ 4aa being multiplied by V6 makes v/ 4a4b. by
1. of this Scholium, Therefore 4/444b isalfo equivalent!
Quintity hrft propofed 24v6.  Reciprocally therefore, il
form of a meer Surd Quantity v/ 4aab, is to be reduced
more Simple, which may contain without the Radical
whatever is therein Rational, by dividing the Quantity
" prehended under the fign o/ by fome Square or Cube, &
here by 4aa, (i.e. v/ 4aab by v/ 4aa, 1.¢. 24) the Quotien|
be V6, which multiplied by the Divifor 24, will -right
prefs the propoféed Quantiry under this more fimple Form 2
Which may alio ferve turther to illuftrate the Scholia of
7 and. 1c. - '

Propofition XXIIL

F there are four Quantities Proportional, (4, ea, &, h:,j
will be alfo Proporticnal, - - : g

(:t) Eucli 1%, i, Iﬂ?ﬁ‘fﬂ}’- eatoa aseb to b,
16.v.9,10, 2. Alrernatively, (2) ato b asea toeh
o v 3. Compoundedly; (8) ates toes, fob

A8) 18,v. toeb ' 4,

[ ) oty Vs 4. Converfly, a-{-ea to 2 as btebto b.
5 Dividcdl}r,(},) A as lu(:'?: b—eb tt.tlf

6. («) By a Sylleplis, ato eaas a=4-b to ea-}-eb.

7. By a Dialepls, atoea as a—=b to ea—eb.

Which are all manifeft, by comparing the ReGangles
Means and Extremes according to to Prop. 19. andits Co

£
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or by dividing any of the Confequents by their Antecedents, ac-
cording to Def. 31.

Propofition XXIV.
_IF in a (8) double Rank of Quantities you have

as a4 to ea, as ea 10 m:,
o b to eb, and alfo o )

then you'l have aIfu by proportion of Equ lity orderly pla.

ced,
asthe firlt 4, tothe laft oa, in the firft Series ;

fothe firft b, to the laft o4, in the fecond Series.
- Which is manifeft from the Terms themfzlves,

Prapﬁﬁrfa;z XXYV.
Bllr (y ) if they are dafbrderly plac’d

as oa tO es) aseatoaf («) Eucl. 1.
1 fo eobto b/ foobto b, * you'l have here 12.v. 5.6.
again by proportion of Equahty, 2. Vil

as the firft o1 tothe laft 4,in the firft Series; (8) Eucl. 3,
fo the firlt ecb to the laft eb, in the ficond 20,22. lib.v.

Series, 14. Vil
As is evident from the Re&tangles of the Extremes  (5) Eucl. z: ;
and Means, as alio frem the very Terme, 23. lik.

Propofition XXVI.

' (&) as the whole ez to the whole 4, o the part eb to'the
pit b 5 then alfo will
the Remainder Remiinder Whaole Whole
ca—eb tothe a—b, as the ez to thea.
This is evident from the Reftangle of the Extremes and Means,
both which are eag—esb. Q.E.D.

Propofition XXVII.
Ectangles or Produfs having one common Efficient or

Side, are one to another as the other Efficicnts or Sides.
G 4 Lok
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Demoniteation,
Suppofe the ProdyQs to bea b and 4 c, having the common

Efficient «; 1 fay they are

as bto ¢, fo abto ac
Which is evident at firft fight, by comparing the ProduSts of
the txiremes and Means, and alfo fully fhews, that other way
of proving Proportionality, whereby by dividing the Confer
quents by (heir Antecedents, the identiry or famenefs of the

Quotients are wont to be demonftrated.
S:CETOLIUM. T,

I. He Reduction of Fractions either to more compounded

or more fimple ones is founded on this "Theorem; onthe
one hand by muliplying, on the other by dividing,by the fame
quantity, both the Numerator and the Denominator, as, e g.

2 .
‘,ﬂ'- dc eac y | ¥ *

7 and 5 an T 3 3, 4, @ are in reality the fame
Fractions. And Yia

Il. The Redutton of Fra&ions to the fame Denomination,

as T s Bi ‘ekaspell s
(*’%) Eucl. 5 5 an ~; are to be changed into two o-

& 19. /b v. thers that fhall have fame Denominator 5 this is
79 11.17. to be done by mulriplying the Denominators
(B) Befiiesfc-  together for a new Denominator , and each

veralother  Numerator by the Denominator of the othep
Prop. fee alfs for a new Numerator, and you'l have for the
the17& 1 8 _ ' bd . ac
hb.vii,”  two Frations above — —and =,

i

SCHOLIUM I

‘ ?‘? E will here for a conclufion of Proportionals, fhew the
way of cutting or dividing any Quantjty in Mesn and
Extreme Reafon, viz. if for the greater Part you put x, the lefs
| ; PGy s will
3 W u
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will be a—=x ; and {o by Hypoth. thefe three, 4, x and gz,
will be prﬂpnrlidna], by Def. 34 Therefore by Prop. 17. the
Produét of the Extremes as—ax== to the Square of the Mean
oL, and (&ddil‘lg on hﬂth fides a .r) ##’—-’—-_.x‘x—‘-'dx; and more-
over adding on both fides 4 4, you'l have f4e—x x4
~iaa Now this laft Quantity, fince it is an exaét Square,
whofe Root is x £ 4, you'l have ¥/ Zaa—=x -7 4, and
(fubtra@ing from both {ides ¥ a) V42— fa— x.
~ Now therefore we have a Ruleto determine the greater part
~of a given Quantity to be divided in Mean and Excreme Rea-
“fon, viz. if the given Quantity be a Line, e. g. AB=2a (Fig,
8.) jointo it («) at Right Angles AC=34: -Wherefore by
the Theorem of Pythagoras from Schol. Definit. 13. the Hypa-
thenufe CB, or, which isequal toit, CD=+ 3243 and confe-
guently AC=324 being taken out of CD, the Remainder AD,
or AE, which isequal toit, will be ==, the greateft part foughts
according to Euclid, whofe Invention this firft
Specimen of Analylis , by way of Anticipa- (2) Eucl 11,
tion, reduces to its original Fountain. As for /kb.11. &
Numbers (" tho none accurately admits of this 30. lib. vi.
Section) the fenfe of the Rule, or which isall one
as to the thing it felf, isthis: Add the Squares of a whole Num-
ber and its half, and fubtradt the faid half from the Root of the
Sum (which can’t be had exaclly, fince it is 4/,

CHAPR. V;
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S

CAAP V.

Of the Proportion or Reafons of Magnitudes of the fame
" kind in particular.

Propofition XXVIII.

Riangles and Parallelograms, alfo Pyramids and Prifins and Paral«

lelepipeds, laftly Cones and Cylinders, each kind compared among

themfelves, sf they bave the fame A!;;ma’e, are in the fame Propartion
g0 one another as thesr Bafes.

Demontitation,

This and the following Propofition might have been by &
bare Subfumption added, as Comfefarys to the precedent; for
the Altitudes in the one, and Bafesin the other, may be looked
on as common Eﬁcienm, and the. Magnitudes mentioned as their
Produlls : But for the greater diftinction fake, we will thus De-
monftrate them more particularly, |

I. If the cqual Alritudes of two T'riangles, or
" {@)Buc.Prop. () two Parallelograws, are called & and the
1. lb. vi. Bafe of the one a; and of the other es ; thefe
(8) Prop.5.6. Produéls will be b2 and bea, the other 7 ba and
iib. Xii. 2§, z bea, by Def 2.8. Schil. 2. ' |
23, 3. & II. Likewife the equal Altirudes of two Prifms
Conf.30 &  (#) or Pyramids, may be calied 4, and the Pro-
1of the fame  portion of their Bafes exprefled by 4 and ¢4 ; and
¥) Prop. 11, the Prifms will be among themfelves as ba to bea,
iib; xid. and the Pyramids as 364 to 3bes, by the faid
(J‘) Pr‘ﬂf-g 5 Schol. Num. 2. '
36, 37,38,  IIL There is alfo the fxme Proportion of Cylin-
39, 40,06, ders and Cones as of Pyramids and Prifms, by
b 1 & 29, Comfe8, 4. Definit. 17, DBut, |
3C;3 Ldibuxis .
; | ag
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asa toes {ois bato bea.
—1bato % bea,

—3bato iém_. Q E. D.

CONSECTARY.

THereFure Magnitudes of the fame kind upon the fame or
L equal Bafes () and of the fame heighth, are E‘qqal among
themfelves, and the contrary. e s '

Propofition XXIX.

{ I 'Riangles and Parallelograms, Pyramidsand Prifins and Parallele-
- pipeds, Cones and Cylinders, being on equal ‘Bafes, are in the
fame Proportion as thesr beighths. (*) =

Demoniitation,

Let all their Bafes be called 4, and the Proportions of their
Heighths be as 4 to eb: Therefore, 1. the Parallelograms, Pa-
rallelepipeds and Cylinders, are one to the other of the fame
kind, as ba to eba; the Triangles as 3 ba to 3 cbay the Pyra«
mids and Cones as 3 ba to. 5 eba, by Def. 28. Schol. 2. Bur,

as bto eb, o is ba to eba.
and 5 ba to ! eba.

-

and ; ba m;:, eba. Q.E. D

Propofirion  XXX.

Eﬂ@_naf (| } Triangles , #arallslograms, Prifins, Parallelepipeds,
alfs equal Pyramids, Cones, and Cylinders, have thesr Bafes and
Hesghehs reciprocally Proportional.

Demonftration.
i (%) Schol pray,

For if for :he'trqual Trimgles you put ab, 1.L612,13,14
 for the Conesand Pyramids 2 ab, and for theref  Wib.Spropag.
#6 ; :_.- Ii.LIng.if;
12.11, 4%
whether the Bafes of the equal Qun- Coroll alfo

tities are fuppofed to be 4, and fo the Altindes Prop, 15,
_ : on
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on both fides & ; or if the Bafe of the one be 2 and & the Al

titude, but the Bafe of the other # and the Altitude 4, you'l

gertainly have eitherways, gt
as a to 4, fo Reciprocally b to &;

the Bafe of the former to the Bafe of the latter, as the Altitude

of the latter to the Altitude of the former, or,

as a to b, fo Reciprocally s to &, QE.D.

CONSECTARY.

I A ND thofe Magnitudes of the fame kind, whofe Bafes and

~ Altitudes are thus Recipracal, are equal by Prop. 18.
for the Produ& or Retangle of the Extremes is 44, and that
of the Means 4 4.

| Propofition XXXI.

;Tgfméfgs, Pamﬂefagmn?.:, Prifins, Parallelepipeds, Byramids, Cones
\ and Gylinders, each kind compared among themfelves, ave in the
Proportion compounded of the Proportion of their Altitudes and Bafes, («)

Demonttration.

Suppofe the Bafe of the one to be 4, and the other es, and

the Altitude of the one &, of the other b ; therefore the one
will be to the other, i

as abtoesab,
or % abto * eiab,
or v ab to % eiab; i.e. every where as 4 toeia,
s. ¢, in Proportion compounded of # to es, and of 4 to i b, by
Confeél. 2. Defi 34. Q.E.D.

SCHOLIUM,

Rom what we have hitherto Demonftrated, we may not
only mie an eftimate of Magnitudes of the fame kind
compared togeher, which is ealie to any one who attentively
cinfiders them ;5 but alfo with F. Morgues, deduce

{«)Prop.23. a General Rule of expreffing the Proportions of
v b Q. anyRedtilinear Planes or Solids, contained ur;df:r
- Plane
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1

Plane Surfaces, by the proportion of one Right Line to ano-
ther. For fince the one may be refolved into Triangles, and
the other into Pyramids , having firft two Rellilinear Planes
iven and thus refolved, upon a Right Line I make the A abe
Figs 49-) Equal to one of the T'riangles of either of the Planes
‘e. . to ABC; then having drawn the Parallel em, if the ABCD
has the fame Altitude with the former, you peed only joyn the
Bafe BC to the Bafe 2ab. Butif the Altitude DS is greater than
the Altitude of the other e. g. by 1, then you muft make &5
“equal to the Bafe ke augmented by a fifth part, and the Triang
gle bef will =BCD, and the whole acf = to the Redtilinear
- Figure ABCD. It now therefore I likewife make another T'ri-
. angle ghi equal to another Relilinear Figure between the fame
Parallels, then will- the-Aacfbe to the aghs, that is, the
Right Lined Figure ABCD tothe Right Lined Figure FGHIEK,
as afto gh, by Prop. 2.8. 2. Having 2 Right Lined Solids i
ven, and having refolved them into Triangular Pyramids, they
may be transferr’d between 2 parallel Planes, viz. by augment-
ing or diminfhing their Triangular Bafes reciprocally , ac-
cording to the excefs or defect of their Altitudes, as was done
above with the Linear Bafés; then thofé Triangular Bafes on
both fides may be converted into one Triangular Bafé, and con-
fequently each Solid into a Pyramid cqualto it felf; which two
Pyramids will be one to the other as their Triangular Bafes,
And becaufe the Proportions of thefe Bafes may be reduced to
the Proportion of two Lines each to the other, by N° 1. of
this 5 therefore alfo the Reafon or Proportion of the two Solids
may be exprefled by the Proportion of two Lines. Q.ED.

Propofition XXXII,

Ircles (B ave in the fame Proportion to ome amother as the
Squares of their Diameters,

Demondiration,

Suppofe « to be the Diameter of one Circle, |
and & of another 5 then by Definie. 31. Confedt. 1, (8) Eucl.
the Area of the one will be ] eas, and that of the  Prop, 2.L12.
other } ebh. But asaa tolbf(ois}eaato  elbby

_"Cmﬁﬂ.:.Prap-lg. G b C ON-
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"CONSECTARY I

\He fame will in like manner be manifeft of like Se&org uf

Circles, while for the parts of the Periphery you put s 4

and 5 b, as for the wholes we put eaand eb: for thus the Area
of the one will be % ias, and of the other X ibb,

CONSECTARY II;

Ylinders whofe Alritudes are equal to the Diameters of their
Bafes, are in proportion to one another as the Cubes of
their Diameters 5 for the Cylinders will be “4ea? and jeb3, the

Cubes 43 and 53. !

CONSECTARYIm

Ence alfo (wharever the Reafon of the Sphere is to the (&)
Cylinder of the fame Diameter and He:ghth which we
will hereafter Demonftrate, and which in the mean while we
will denote by the name of the Reafon y) I fay, hence Spheres
which have the fame Proportion to one another as thefe Cylin-
ders (viz. as jead to §eb3, o ;yead to } yeb?) will alfo ( by Con-
fet. 1.) be in the fame proportion as the Cubes, 43 to 53 ; ag
is alio evident from thefe Terms themfelves.

Propofition XXXIIL

: I HE dngle {B) at the Center of any Circle ACB (Fig. 60) is
2o an Angle at the Circumference swhich bas the fame Arch for
sts Bafe ADB, as2to 1,

Demonftration.

The rtruth of this has already appear’d from

(a) Prop.18 Schol. Definit. 10. N° 3. but here we will demons=
/b, 12. ftrice it otherwile in its three Cafes, after Eu-
(3) Eucls clids way. In the firlt Cafe DE br:lng conceived
Prop.20.l.3. Panllelto CB, by Def. 11. Confeft. 1 and 2. the
Ex:ernal Angle ACB is= to the Internal An-

gle
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gle ADE, and the Angle BDE, isequal to the alternate Angle
BCD, i. e to the other at the Bafe CDB, by Confe.2. Definit, 1 3
Therefore BDE is as 1, and CDE, s.e. ACB g5 2.
" In the fecond Cafe the whole ECB is double of the whole
B, and the fubtracted Angle ECA is double of the fub-
trated Angle EDA, by Cafe 1. Therefore the Remainder
ACB is alfo double of the Remainder ADB, by Prop. 26. In
the third Cafe the part ECA is double of the part EDA, and
alfo the part ECB is double of the part EDB, by Cafe 1.
Therefore the whole ACB is double the whole ADB. Q.E.Ds

CONSECTARYS.

i 8 Ence all Angles ADB () in the fame Segment are
equal, and the Angle ADB (Fig. 61.) in.a Semicircle
is a Right one ; becaufe the Aperture at the Center anfwering
to ir, ACB contains two Right Angles: The Angle in a lefs
Segment than a Semicircle EDF, is greater than a Right one 3
becaufe the Aperture at the Center EGHFC anfwering to i,
comprehends more than two Right Angles. An Angle, laft-
ly, in a Segment greater than a Semicircle GDH, is lefs than
'a Right one ; becaufe its double at the Center GCH is lefs than
two Right ones. All which we have already otherwife dem
‘ftrated in Schol. Def. 10. N° 6, -

II. All the three Angles (8) of any Triangle ABD taken
together, are equal to two Right ones ; becaufe
they are the half of the three at the Center C, (a)Euclprop.
which always make 4 Right ones, by Defnit.8. 21. 27.31.
Confedt, 2. | lib. 3.

: (B)prop.32.0%

I1I. Therefore any external Angle IAB, is e-
qual to the two Internal oppofite oncs at Band D; becaufe
that, as well as they with the other contiguous to them BAD,
make two Right ones, by Confed: 1. of the fathe Definit.

] IV. And the greateft Side of a T'riangle, becaufe it infilts on
a («) greater Arch of a Circumfcribed Circle, does alfe ne-
ceflarily fubtend a greater Angle, by vertue of Confeit, 1. hereof.

Propofition
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| Propofition XXXIV.

N Equiangular Triangles (ACB and abc, Fig. 61.) the Sides &
R bout the equal Angles ave Proportional, viz. as AR to BC, fo af
20 'oc, and as BC te CA foisbcroca &e. ()

- Demonttration. :

For having defcribed Circles thro’ the Vertex of each Trian-
gle, according to Conféét. 6. Definit. 8. by reafon of the fuppo-
{ed equality of the Angles A and 4, Band 4, C and ¢, the
Avrches alfo ABand b, &c. will neceflarily agree in the num.
ber of Degrees and Minutes, by the foregoing 33 Prop. and
fo alfo the Chords ABand «b, BC and bc, &c. will agree in the
number of Parts of the Radius or whole Sine ZA and z4, by
Confel: 2. Definit: 1o. Wherefore as many fuch Parts as AC
has, whereof 4z has alfo 10000009, fo many fuch alfo will 4¢
have, whereof 4z ha:alfo 10000000, &¢. Therefore AC &
to CBasac toch, & Q. E.D. T

CONSECTAYS:

I Herefore by the fame neceffity the Bafes of fuch T'ri-

angles AB and ab, will be propertivnal to their Al
titudes CD and ¢d, as being Righr Sines of the like Arches CB
and ¢b, or rather CE andc¢ es and fo for [imilar or like T'rian-
- gles (and confequently alfo Parallelograms) we may rightly fup:
pofe that their Bafes are as @ to eq, and their Heighths as 4 to
eb; tho we muft not immediately conclude on the contrary,that
becaufe their Bafes and Altitudes are fo, thereforethey are Si-
milar. i

i

II. As alfo in Similar Parallelepipeds it will be manifeft to
any attentive Perfon, that the Bafes are in a duplicate Propor-
tion of the Altitudes.. For fince the Planes of Similar Solids are
equal in number, and Similar each to the other, if for W
(Fig.63.) weput 4, and for WAL b, AB will = ¢4 and BC=
eby and fo that Bafis will be to this as ab 10 eeab. Moreover,
baving let fall the Perpendiculars EH and €1, the Triangles

| FEH
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FRH and €IBP are fimilar, and by putting ¢ for WYL, BE
will-be ¢ ¢, putting allo d for 1), EH will confequently be
ed, But the Reafon of the Bafe 44 to the Bale ecab, is du-
plicate of the Reafon of dto e d, by Def. 34. Wherefore in
Similar Parallelepipeds we may rightly fuppofe, that their
Bafcs are as a b to ceab, oras 4 to ees, and their Alutudes as

d to ed.
: SO LIUM L

Rrom this Propofition flows firlt of all the chicfeft part of
Trigonometry for the Refolution of Right Angled Aa -
¢ fince in any Right Angled Triangle, if one fide, e g. AB
7. G4.) be put for the whole Sine, the other BC wiil be the
angent of the oppofite Angle at A (and in like manner if
OB be the whole Sine, BA will be the Tangent  of the Angle
s) but if the Hypothenufe AC be made Radius or whole
Sine, then the Side BC will be the Right Sine of the Angle A,
or the Arch CD defcribed from the Cenrer A, and AB the
Right Sine of the Angle C, or the Arch AE, deferibed’ from
the Center C, (we will omit mentioning the Sccants, becanf
the bufinefs may be done without them) which all follow [1ox
Def. 10. Whergfore you may find,.

f
I. The Angles.

1. From the Sides . so. Asone legto the other,fo the whole Sine
to the T'angent of the Angle oppofite
to theother Leg.

As the Hyp. to the W.S.(whole fine) fo

the given leg to the S. of the opp. angle

.

2. From the Hy:
poth. & one fide.

by inferring

\ II. The Sides.

1. From the Hy-] As the W. S. to the Hypoth. fo the Sine of
poth: and Angles: | the Angle, oppofite to the Leg {ought, to
L4 the Leg it felf,

2. Fromone Leg | Asthe W. S. to the given Leg, fo the Tan-
and the Angles: ¢ gent of the Angle adjacent to it, to the
; Leg fought. .

3. From the | Having firlt found the Angles, it’s done by
ypoth. and one| the 2, 1. or by the Pyrbagorick Theorem.
ithe Sides: | e I11.
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IIl. The Hypothenufe.

1. From the An-) As the S. of the Angle, oppofite to the gi
gles and one ﬂfz ven Leg, to that Leg, fo the W.S. tothe
the Legs. - Hypoth. =
2. From the gﬂaving firft found the Angles its done by
Legs given ; the 1. or by the Pyehagorick Theorem.
11I. Inverfly alfo, if two Triangles ABC ard BT ( it
the Figureof the prefent Propofition) have one Angle of ont
equal to one Angle of the other (e.g. Band 23) and the Side
thar contain thefe equal Angles proportional (viz.as AB to BC
fo 315 1o WSC) then the other Angles (A and ¥, Cand €
will be allo- equal, and the Triangies fimilar (2) for to thi
like Chords AB and QB, BC and M€, there anfwer by th
Hypoth. like or fimilar Arches, s, ¢ ¢qual in the number o
Degrees and Minutes ; and to thefe alfo there anfwer equal Ag
gles both at the Periphery and Center. :

IV. (Fig.65.N°1.) If () the Sides of the Angle BA(
are cut by a Line DE, parallel to the Bafe BE, the Segments'c
thofe Sides will be proportional, #iz. AE to EC as ADto BD
for by reafon of the Parallelifm of the Lines BE and BC, th
Triangles ADE and ABC are Equiangular : Therefore' as th
whole BA to the whole AC, fo the part AD to the' part AE
and confequently alfo the remainder EC to the remainder DE
as the pait EA to the part AD, by Prop. 26. and alternativel
by Prop. 24. EC will be to EA as BDto AD.

SCHOLIUM I

Here are feveral ufelul Geometrical Praltices depend o

this Confettary and i's Propofition. - 1. That (3) wheret

~ we are taught  to cut oft any part required, e |
(«) Euclprop, 3 from a given Line AB, and fo generally toc
6. lib. . or divide any given Line AC, in the fame pr
() Eucl. 2. portien asany other given Line, is fuppofed |
lik. 6. be divided in' D, ‘(and confequently into’ as mar
(%) Euwcl I, - ¢qual parts as you pleafe ;) wiz. if in the fir
9 & 10..6. Cafehaving drawn anv Line AF,you take’AD
1, and make DB 2, and having joined CB,dra
LT !
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he Parallel LE: foras AD to DB {o is AE to AC ; that is,
1 to 2, by this 4th Confe&. therefore AE is one third of the
whole AC, &e.

II. A Rule () to find a third Proportional to the 2 Right
Lines given AB and BC (N° 2. Fig. 65.) (or a fourth to three
viven ;) if, viz. having drawn AF at pleafure, you make AD

ual to BC, and Joining DB, draw the Parallel EC: For as
AB to BC, fo AD 4. e.BC) to DE. Now if AD be not equal
o BC but to another (viz. 2) third Proportional, then by the
ime Reafon DE will be a fourth Proportional.

- IIIlc Another Rule (8) to find a mean Proportional between
o Right Lines given AC and CB; which is done by join-
g both the Lines together, and from the middie of the whole
B deferibing a Semicircle, and from C erecting che Perpendi-
lar CD : For fince the Angle ADB isa Right one, by Con-
eft. 1. of the preceding Propofition, and the two Angles at C
re Right ones, and thole at A and B common to the whole
I'riangle ADB, and to the two partial ones ACD and BCD,
hefe two will be Equiangular and Similar to the great one, and
confequently to one another : Therefore by the prefent Propofizion,
as AC to CD, foCDto CB, Q. E.D. and alfo as AB to BD
fo BD to BC, and as ABto AD fo AD to AC, &.

1V. The Analytical Praxis of multiplying and dividing Lines
by Lines, o that the Produ& or Quotient may be a Line 5 and
alfo the way of Extra&ing Roots out of Lines: Which Des
Cartes, gives us, p. 2. of his Geom.viz. afluming a certain Line
for Unity, e.g. AB (in Fig. 65. N° 2.) if AC is to be multi-
plied by AD, having joined BD, and drawn the Purallel CE,
the Produ will be AE ; for it will beas 1 to
the Multiplier AD, fo the Multiplicand AC to (2) Eucl 11
the Produt AE; orif AE is to be divided & 12, L 6.
by AC, having joined EC and drawn the Pa- (£) Eucl. 13.
rallel BD, the Quorient will be AD ; (for AC /ib. 6 €3 and .
the Divifor, will beto AE the Dividend, as an Ewcl. 8.4:6.6.
Unit AB to the Quotient AD;) all which are e-
dent from the Nature of Multiplication and Divifion, and the
H 2 precedent
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Precedent Praxes. As allo ‘taking CB fin the fame Fig. IN° 3
for Unity, if the Square Root is to be extralted out of any «
ther Line AC, this being joined to your Unity in one Line Al
and having defcribed thereon a Semicircle, the Perpendiculi
CD will be the Root foughr, as beinga Mean Proportional b
tween the two Extremes CB and AC, according to Prop. 17,

V. A Right Line AG whick divides (2) any given Angle ,
into two equal Parts ( Fig. 66. ) being prolonged, divides tk
Bafe BC proportionally to the Lege of the Angle AB and AC
For hhv'n_g; prﬂlnr‘.gt‘d CA to E: fo that AE fhall be —to AB
the Angles ABE and AEB will be equal, by Confed. 2. Defi14
and confequently alfo equal to each of the halves of the extel
nal Angle CAB by Confeit 3. of the antecedent Propofitiol
Therefore the lines AG and EB will be parallel,by Conf1.Def.x1
There'ore as AC to AE, 7.e. to AB, fo GCto GB, by Ca
Jeét. 3. of this Prepofition. Q.ED. ' i

VI. Hince alfo there follows further, by converfion of th
laft interence, as AC-}-AB to AC, fo GC}+GB (i.e. BO) &
GC; and inverfly GC to BC as AC to AC-{AB and laft]
alternatively, GCto AC as BC 1o ACHAB., '

N. B. Thhis laft Inference follows alfo immediately from th
preceding Confellary.  For by reafon of the Similitude of th
ﬁi,ﬁ ACG and ECB, 2 GCto AC fo BCto CE, 4. e. to Al
—-AB. - :

SCHOLIUMIIL

J Rom thefe two laft ConfeGarys there arif
~ () Eucl. 3. thefe or two or three Pratical Rules, t
lsk. 6. hedt whereof thews, how having the tmwo Legs A
Fioe i and AC given, and alfo the Bafe BC, to find the
ments GC and GB, made by the Bifeition of the Intercrural Ang
- (wiz. by this inference.’ according to Confeét. 6. As the Sumic

the Sides to one Side (e g.) AC:) (o the Sum of the Segmen
of the Bufe, 5. c. the wholé Bafe to oneof the Segments, v
that nexe the faid Side GC. 2. It {hews on the contrary,how
baving the Bafe and one of its Segments given, and morecver the Su
of the Sudes. o find feparately the Side AC next the knowwn Seg

Y

1
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1y ioferring asthe Sum of the Segments, or the Bife BC to'the

im of the Sides, fo the given Segmeot GC o the fought AC :
allo, 3dly, Having only the Bafe and Sum of the Sides given, but
the Segment GC, yer to exprefs its Proporiion to the next
de AC, — viz. in the Quantities of the given
erms, by purting (by Confedi. 6.) for GC the value of the
afe BC, and for AC the value of the Sum AB-}-AC 5 the
reat ule of which laft Rule will appear hereafter in the Cy-
Iﬁli'.lﬂrj' (or Quadrature of the CifClc)_ of Archimedes.

VIL. In any Triangle ABC (Fig. of the prefent Propofition)
pe Sides are to one another as the Sines of their oppofire An-
les: For they are as the Chords of the double Angles at the
Zenter, by Prop. 373. therefore they are alio one to another as
alf thofe Chords, s e. by Definir. 10. as the Sines of the half
Angles.

SCHOLIUM IV,

Ence flow two new Rules of Plane Trigonometry, for
| 4 Oblique-angled Triangles to find, vizs

.Iir\-

_I. The other Angles:

fom 2 gi- . o= As the Side oppofite to the given Angle to

en Sides, & : the other Side, {o is the Sine of the given
0 Angleop-< 7 2 Angle to the fine of the angle opp«lice to
ofite o one{ 2. Y the other Side ; which being given, the
fthem: 38 7 third is eably found.

1. The other Sides:

tomone 7 As the Sine of the Angle oppofite to the given
de and tht‘% fide, to thar fide; fo is the Sine of the Angle op-
ngles given, ) pofite to che fide {oughr to the fide fought.

- So that this way we have reduced all the Cafes excepting one
t Plane Trigonometry , and confequently all Eutbymerry to
leif original Foundations (for in that Cafe of having two
Wes, and the included Angle given, we may fnd the reft by
0 H 3 the

B 3
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* the Refolution of the Obliqueangled Triangle into two Right
- Angled oness and o it’s done by the Rules we have deduc'd in
(Schol.1.) 1 fay, excepting one, in which from the three fides of
an Obliqueangled Triangle given, you are required to find the
Angles : the Rule to refolve which we will hereafter deduce in
the 2d Confeél. of Prop. 45. from that Theorem which Euclid

gives us, lib. 2: Prop. 13.

VIII. Becaufe in in the Right Angled a BAC (Fig.67.) BC
is to CA as CA to CD, by N° 3.of the 2d Schol. of this Prop.
the O of CA will be—=3 CE, by Prop. 17. In like manner
becaule as CB to BA fo is BA to BD the B of BA will be
—— 10 O BE: Wherefore the two Rectangles BE and CE taken
together, thatis, the O of the Hypothenufe BC, will be —=to
the two O0s BA and CA taken together: Which is the very
Theorem of Pythagoras demonltrated two other ways in Schol.

of Definit. 1 3.
S HOL T N,

His Theorem of Pythagoras as it furnifhes us with Rules of|
adding Squares into one Sum, or fubtralting one Square

from another ; fo likewife it helps us to fome Foundations where-|
on, among the reft, the ftrutture of the Tables of Sines relies,
&Je.  Whofe ufe we have already partly fhewn in Schel. 1 and
4. 1. If feveral Squares are to be colleCted into one, Sum,
having joined the Sides of two of them fo as to form a Right
Angle, e.g. ABand BC (Fig.68.N? 1.) the Hypotbenufe AC
being drawn, is the Side of a Square equal to them both ; and
if this Hyporhenufe AC be removed from Bto D, and the Side
of the third Square from Bto E, the new Hypothenufe DE will
be the Side of a Square equal to the three former taken together.
2. If the Square of the fide MN (N° 2.) s to be fubtracted
from the Square of the fide LM. Having defcribed a Semicircle
upon LM, and placed the other MN within that Semicircle,
then draw the Line LN and that will be the Side of the remain-
ing Square. 3. Having the Right Sine EG of any Arch ED gi-
ven {but kaw to find the Primary Sines we will thew in another

place) you zzzy obtain the Sine Complement CG or EF, by the
preceding

¥
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umb, viz. by fubtratting the O of the given Sine from the &
£ the Radlus ; and moreover the verfed Sine GD by iubtra&-
ng the Sine Complement CG from the Radius CD. The
uares of the ver{ed Sine GD, and of the Right fine E{: being
dded together,give the [ of the Chord ED nf the fame Arch,
which all are evident from the Pythagorick Theorem ) and halE
f that EH gives the Right Sine of half that Arch. 5. From
ha Right Sine EG you have the Tangent of that Arch, if you
e, as the Sine Complement CG to the Right Sine GE., o
e whole Sine CD to the Tangent GI. 6. Laftly, From .
thefe Data you may allo have the Secants ( if rcquired) thus,
as the Sine Complement CG to the W. S. CE, fo the W. S.
CD tothe Secant CI5 or as the Right Sine EG to the W. §.
E.C. fo the Tangent ID to the Secant 1C; both which are e-
vident by our 34th Propofition.
. Confeit. 9. It the Quadrant of a Circle (CBEG, Fig: 70.)
be mr:hned to another Quadrant (CADG) and two other Per-
pendicular’ Quadrants cut both of them, wiz. .FBAG and FEDG,
and the latter do o in the extremitics of them both) having let
fall. Perpendiculars from the common Seétions E and B, thro®
the Planes of the Perpendicular Quadrants, and the inclined
Quadrant, (viz. on the one fide EG and BH, as Right Sines
of the Segments EC and BC; on the other EI and BK, as
R?ght Sines of the Segments ED and BA) you’l have 2 Tn-
angles EIG and BKH Right Angled at 1 and K, Equiangular
at Giand H (by realon ef the fame inclination uf the Plane
CBEGC) and confequently {imilar, by our 34th Propofition ; -
Wherefore as the Sine EG to the Sine EI; {o the Sine BH to the
fine BK, oras EG to BH fo El to BK, and contrariwife,

oo Littn Vi

Ence youhave f{everal Rules of Spherical Trigonometry for
‘refolving Right Angled Aa (2) 1. Having given in the
nghtangled A ABC the Hypothenufe BC and
the Oblique Angle ACB, for the Leg AB op- () Lamﬂcrg-
pofite to this-Angle. stalia s s the fine T (EG) Geom: Triang.
to the fine of Lhe Hypoth. (BH) fo the fine ot lib. 4. Prop.
the given Angle ( EI ) to the fine of the Leg 2.
{uught (E‘I{T‘ 2: Having given the Hypothe-
H 4 ' nufe
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nufe BC and the Leg AB for the oppofite Angle ACB mafc{
as the fine Hypoth: (BH) to 8. T. (EC ) fo tke fine of the
given Leg ( BK ) to the fine of the Angle fought ( EI) 3.
Having given the {ide AB and the Angle oppolite to it ACB,
for the Hypothenufe BC ({uppofing you know whether it be
greater or lefs than a Quadrant) make as the fine of the given
An le El to the fine T. ( EG ) fo the fine of the given
g (BK) ro the fine of the Hypoth. BH). 4. Having given

in thf: Right Angled A EBF (which we take inftead of ABC;
that fo we may not be obliged to change the Figure) one Leg
EB and the Hypothenufe BF for the other Leg EF, you may
find its complement, if you make as the fine Complemenl: of
the given fide (BH) to S. T. (EG) fo the fine Complement
cf the Hypothenufe (BK) ro the fine Cnmp] of the fide fought
(EI) 5. Having both Legs EB and EF given, for the Hy-

ethenut& BF iis _omp! BA may be found thus: as S, T. (EG) |
is to the finc Cpmpl. (BF) of one fide EB, fo, the fine Compl.|
(EI) of the other fide (EF) to ( BK ') the fine Compl: of the:
Hypothenu.

- 6. Having given in the fame Right Angled Triangle EBF one |
Ieg EF, and the Angle adjacent to it ET'B, ficft prolong into |
whole Quadrants BA rto £, that A f may — BF Hypoth. & |
BC to ¢ that Ce may = EB, and ACto d that Cd may == DA |
the meafure of the given Angle EFB 1 fecondly from d thro’ e |
and £ let fall a Quadrant thro’ the extremiries ufthe Quadrants
Bfand Be, that (o the A C de may be Right Angled, in which
there are given the Hypoth. Cd=— to the given Angle, and the
Angles C—= to the Compl. of the given Leg (wyz to
the Arch ED ) and fo, thirdly, there is fought the lide de, as
the Complement of the Archef, or of the Angle fought ABC,
cr EBF 5 viz. by the firft cafe of this, by inferring, as S. T\ to
the fine Hypoth. cd (i.e. of the given Angle EFB;) {o the An=
gle dee {(i.e. DE the Compl. of the given Leg RE) 1o the fine
de (as the Compl. of the AnglefBe or EBF.) B

7. Having given, in the {ame Triangle, the fide EF and the
oppofite Angle EBF (4. e the Arch ¢f) tor the other Angle
FFPB (that is the Hypoth. ¢d in the A cde) makeby the third -
of this:

As the Sine of the Angledce (i.e. the fine Compl. of the gia

ven Leg DE) to the S. T. {o the fine of the Leg d: (ises the
5 {‘n.
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fine Compl. of the Angle EBF) to the Hypoth: cd (i.c. the fine of
the Arch DA or Angle EFB.).

8. Having the Oblique Angles given to find either of the
fides, vizo EF 3 which may be done thus by the fecond of this :

As the fine of the Hypoth. cd (i. e the fine of the Angle at
F) tothe W. 5. fo the fme de (i.e. the fine Compl. of the
Angle at B) to the fine of the Angle dc e (ie. the fine Compl:
of the fide fought EF.)

Confect. 10. The fame being given asin Confed. 7. if inflead
of the Right Sines EI and BK, you erect Perpendicularly DL,
and AM(Fig.71 )becaufe of the fimilirude of the Triangles DGL,
and AHM, you'l have, as DG fine T to DL the Tangent of
the Arch DE, fo AH the Right Sine of the Arch ACto AM
the Tangent of the Arch AB 5 orasDG to AH, fo DL to AM,

and contrariwife.

SCHOLIUM VIL

YEnce flow the other Rules of Spherical Trigonometry for Re-

_ folving Right Angled Triangles, oiz. 9. Having given

‘the fide AC in the A ABC, and the adjacent Angle ACB,
for the other fide AB, make as the W.S. (DG) to the fine of
the given fide (' AH ) fo the Tangent of the given Angle

C ACB ) to the Tangent of the Angle fought ( AB. )
10, Having given the fide (AB) and the oppofite Angle (at C)
for the other fide (AC,(o you know whether it be greater or les
than a Quadrant) make as the Tangent of the given Angle
{DL) to the Tangent of the given Leg (AB) fo the whole S.

(DG) to the fine of the Leg fought (viz. at AH.) 11, Both

fides being given, for the Angles, make, as the {ine of one Leg

' (AH) to the W. S. (DG) fo the T. of the other Leg (AM)
to the Tangent of the Angle oppofite to the fame (atC.) 12.

Having given moreover in the Right Angled T'riangle EBF the

Hypothepufe (BF) and the Angle (EFB) for the adjacent fide

EF, make, as the fine Compl. of the given Angle (AH) to the

W. S. o the Tangent Compl. of the Hypoth. (AM) to the

Tang. Compl. of the Leg fought {DL) 13. Having given

the ide (EF) and the adjacent Angle F for the Hypoth. BE

make ; as the W. S. to the fine Compl. of the given Angle

(AB) fo the Tangeat Complement of the given Leg (DL)

e
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to the Tangent Compl. of the Hypoth. (AM.) 14. Having
given the Hypoth. (BF) and one fide EF for the adjacent An- *
gle (F) make asthe Tang. Compl. of the given Leg (D.L.)
to the W.S. {o the Tang: Compl. of the Hypoth. (AM ) to
the Sine Compl. of the Angle fought (AH). 14. Having gi-
ven the Hypoth. (BF, 7. e. the arch Af, orthe angle at d) and
either of the oblique angles (at F) for the other angle (EBF)
make by help of the new Triangle cde, by the 1245 of this.

- As the Sine Compl. of the angle ¢ de (i. e. the Sine Compl.
of the Hypoth. (AH) to the W. §. fo the Tang: Compl. of
the Hypoth. ¢d (i e. Tang. Comp!. of the given angle) to the
Tang. Compl. of the Sidede (s.e. to the Tang: of the angle
fought ABC or EBF.)

1 6. Having given the oblique Angles to find the Hypoth.
( BF, or the arch Af, or the anglec 4 ¢) it is done by the 14.
of this Schol.

As the TangaCompl. of the Leg de (i. e. the Tangent of
the angle ABC or EBF) tothe W. S. o the Tangent Com.
plement of the Hypoth. ¢d (i. e. the Tangent Complement of
- the other angle EFB) to the Sine Compl. of the angle ¢ de (7.e.
the Sine Compl. of the Hypoth. BC foughr.)

So that now we have with Lanfbergius (but much more coni-
pendioufly ) Scientificaily Refolved all the Cafes of Rigt-angled
Triangles 5 the Refolution of Oblique-angled ones only now
remaining.

/ Gonfet.1 1. In Oblique-angled Spherical T'riangles, as well as
Right-angled ones, the Sines of the angles are direétly propor -
nal to the Sines of the oppofite Sines. 1. Of the Right-angled
ones this is evident from N°® 3. Schol. 6. and from the gth
Confe&. For as the Sine of the angle A (Fig. 73.) to the Sine
of BD, fo the W.S. (i.c. of theangle D) to the Sine of AB:
2. The fame is immediately evident of an Oblique-angled T'ri-
angle ABC, refolved into 2 Right-angled ones. For,

"T'he Sine of the angle C 15 to the Sine of BD as the fine of the
gle D to the Sine of AB; and al(o,

The Sine of the angle Ctothe Sine of BD as the Sine of the
angle D to the fine of BC, by the 1.

lo
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In each Proportionality the means are the Sines of BD and D5
thffﬂ&l'l'ﬂ the Re&&ﬂglﬂ of the Extremes UE the Sinﬁﬂ of AB in-
to the Sine of A, and the Sine of BC into the Sine of C, will
be equal among themfelves, fince the Retangles of the fime
Means are equal, by Prop. 18. therefore by Prop. 19. as the
Sine of A to the Sine of BC, fo the Sine of C to the Sine of

AB, Q.E.D.
SCHOLIU M VI

He latter may appear of Oblique-angled Triangles after

this way alfo ; fince the Sine of the angle A i to the Sine

of BD as the Sine of the angle D to the fine of AB, call the
firlt 4, the fecond e 4, the third &, the fourth e & ; and becaufe
the Sine of the angle C (which we call ¢) is likewife te the Sine
of BD (4. e.toea) asthe Sine of D (i.e. b) to the Sine of

eab

BC (which will confequently te ) it will be manifeft, that

<
the Sine of the angle
A is to the [ine of BC as the fine of the angle C to the fine of 4B,

 haks o . . eab
—; 1. €. . PR e [ S 2

by multiplying the Means and Extremes, whofe Retangles are
on both fidese 25. Therefore as by the prefent and precedent
ConfeGary 7, it is univerfally true, That in any Triangle whether
Right Lined or Spherical, Right-Angled or Oblique-angled, the Sides or
their Sines, are to one another, as the Sines of their oppofite Angles
(which therefore is commonly called a Common Theorem:) fo alfo
bence flow 2 new Rules of Spherical Trigonometry for Obﬁque-
angled Triangles, like thofe we found in Schol. 4.

To find L. The other Angles.

From 2 {ides\Z = As the fine of the fide oppofite to the gi-
given of an an- ( 3_ ) ven angle to the fine of the other fide, fo
gle oppofite to 2 ) the fine of the given angle to the fine of the
one of them, )2 \angle foughr,

1I. The
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IL. The other Sides.

From one fide *Z §  As the fineof the angle oppofite to the

~ and the angles =, Qgiven fide to the fine of thar fide, o the
given, 3. ( fine of the angle oppofite to the fide fought
& < to the fine of the fide fought.

And thus we have reduced all the Cafes and Rulesof Sphe-
rical Trigonometry to their original Fountains ( for trom 2
Sides given and the interjicent Angle, or 2 Angles and their
adjacent fide, we may find the reft in Oblique-argled Triangles,
by refolving them into 2 Right-angled ones; and fo by the
Rules we have deduc’d in Schol. 6 and 7 ) - edcepting two
Cafes, viz. when from 3 (ides given, the Angles, or from 3
Angles the Sides are foughe 5 to refolve which, weare fupplied
with Rules frem the following :

Conf. 12. In the given Oblique-angled Spherical Triangle ABC
(Fig.73.) whofe Sides are unequal and each lefs than a Quadranr,
having produced the {ides AB and AC to the Quadrant AD
and AE, and effeted befides what the Figure directs, then

will

The Arch DE be the Mea
fure of the angle A/ AF=AC,
and {o FB the difference of the
Sides AB and AC.

BC=BG, and fo GF the
difference of the third f{ide, and
the differences of the reft FB.

Butnow, 1. As EHor DH
to CM or FM fo will PH be
" to NM (by reafon of the Equi-
angular - Triangles EPH and
CNM:) therefore by Prop. 26.
fo will alo DP be to FN,
- Make therefore DH—=—s FM=
ea, DP=b FIN=¢b.

Al the R. Sine of the {ide AB:

CM the Sine of the Side AC.

GL the Sire of GB, or ef the

fide BC,

FK the R. Sine of the Arch FB.

BI the veried Sine of AB.

BL. the ver{. Sine of GB or BC.

BK the verfed Sine of FB.

KL or NO the difterence of the
verfed Sines we have now men-
tioned,

EP the Right Sine and DP the
verled Sineof thearch DE. -

CN the R. Sine and FN the ver-

| fed Sine of the arch FC,

2, By
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2. By reafon of the Equiangular Aa FNO and HAT (for
FNO is Equiangular to the A FKQ, and that to the A HQM,
by reafon of the Vertical Angles at Q; and that alfo to the a
HAI by reafon of the Common Angleat H) and you have alfo,

As HA,
Or DHto Al fo FN to NO.
4~ 04— eb —oebh

ilfhergfare now, 3. Yl:ﬂ,l’] have E?iﬂff‘ﬂ[h’;
" the 0 DH to FM into Al as DP to NO,

aa——0¢e4a

_ G G
ie 4 = 004 r—— b e g e b

DH NO DP.
And Inverfly ascea to 4 foo oeb to b,

SCHOLIUMIX

Ince therefore the Radius DH or 4 is known, and al(c 100

Y the Difference of the verfed Sines BL. and BIX. it is eviden:
that DP the verfed Sine of the angle A will be known al(os
fuppofing that the firft Quantity oea is likewife known. But
this may be had by another Antecedent Inference, if you make,

as AH to FM fo .E}I to a fourthoe a
a ea 04

Hence therefore arifes, 1. the Rule : Having given the 3
Sides of an Oblique-angled Triangle, to find any one of the
Angles, viz. by inferring, |
" 1. As the Sine of T to the Sine of R, one of the fides com-
prehending AC ; fo the fine of the other fide AB toa fourth,

DH or AH — FM — Al—eea.
g o= g —= 04
- 2. As this fourth to the fine of T, fo the difference of the
verfed fines of the third fide, BC, and the differences of the o-
thers to the verled fine of the Angle fought, viz.
0ea—a— NO — DP.
oeb b.
But fince the fides of a Spherical Triangle may be changed
: i into
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into Angles, and contrariwife the fides being continued [ as if
the fide AB of the given Triangle ABC (Fig. 47.) be conti-
nued a Circle, the reft into Semicircles from the Poles & and ¢,
and likewife the Semicircle HI from the Pole A, and the Semi-
circle FG from the Pole B, and the Semicircle EA from the
Pole C, you'l have a new Triingle 4, b, ¢, the 3 angles of
which will be equal to the 3 fides of the former ABC ; as the
angle 4 or its mealure IG, is equal to the fide AB, by reafon
each makes a Quadrant joined with the third arch AG; bur
the meafure of the angle &, is the fide AC (wz. in this cafe
wherein the fide AC is a Quadrant, in the other wherein it
would be greater or les than a Quadrant, it would be the
meafure of the angle of the Compl. for then the Semicircle Hab
defcribed from the Pole A, would not pafs thro’ C bur beyond
or on one fide of C. Sce Pitife. lib. 1. Prop. 61. p. m. 25.)
; the angle ¢ or its meafure KL, is equal to the fide
BC, becaufe with the third KC they make the Quadrants BK
and CL7 Therefore, 2. Having givén the three Angles of
the Oblique-angled Triangle aé¢, you may find any fide, e. g.
ac, if there be fought the Angle ABC, or rather its Comple.
ment KBF, or its meafure FK —=ac¢ , v from the
3 fides given of the A ABC, by the preceding Rule, by infer-
®ng, viz. 1. AsS. T. to the fice R, of one fide comprehending
the angle of one fide AB (i.e. of one angle a adjacent to the
fide fought) fo the fine of the other fide BC (i. e. of the other an-
gleC) to a fourth.

2. As the fourth to the S. T. fo the difference of the ver=
fod Sines of the third fide AC, and the differences of the others
(5. e. of the 3d angle &, and the differences of the reft) to the
verfed Sine of the comprehended angle , or Complement to a
Semicircle (s. e. of the fide fought ac.)

Propofition XXXV.

Imilar Plane Figures (&) are to one another in Duplicate Proportion
of their Homologous Sides.

Demonitration.

For, 1. the Bafes nf 2. {imilar Triangles or Parallelograms
| : (for
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(for which any 2 Homologous Sides, e. gz. AB and Q15 ( Fig.
~5.) may be taken) and Perpendiculars let fall thereon DE and
DE, will be by Confeét. 1. Prop. 34, as atoea, b o,
Therefore the Parallelograms and T'riangles themfelves, will be
as bato ecba, by Confeét. 7 and 8. Def. 12. i. e. by Def. 34. in
duplicate Reafon of their Perpendiculars or affumed Sides,
which is moft confpicuous in Squares, which putting 4 for the
{ide of one, and e« for the other, are to one another as 2 4 to
eed d : = !
" 2. Like Pulygons are refolved into like Tri-
angles, when the Triangles ABC and QY5C, and () Ewel. 19
allo AED and € are Egsiangular, by Con~ & 20 /ib. 6.
Jfeét. 3. Prop. 34. but CAD and CAM, are alfo
Equiangular, becaufe each of their angles are the remainder of
equal ones, after equal ones are taken from them. Wherefore
the fir®t Triangles are in duplicate Proportion of the fides BC
and 3BC ; the fecond likewife of the fides CD and €I - the
third are alfo in the fame Proportion of the fides DE and D@,
&J¢. i.e. (fince by the Hyporh. BC has the fame reafon to 1BC"
‘a3 CD to € ,and DE to D) each to each is in duplicate Pro-
- portion of the {ides BC to W@, or CD to @D, by the firlk of
this:' Therefore by a Sylleplis, the whole Polygons are in du-
plicate Proportion of the fame Sides: Which isthe fecond thing
to be demonftrated.
~ 3. Circles and their like Sectors, are as the Squares of their
Diameters, by Prop.32. therefore in duplicate Proportion of them,
by the firft of this: Which is the third thing : Therefore fimi-
lar Plane Figures, &¢. Q. E. D.

CONSECTARYS.

8 Herefore 2 fimilar Plane Figures are one to another,
as the firt Homologous Side, to a third Proportional,
by vertue of Defimition 34.

II. Any two Figures defcribed on 4 Proportional Lines (&)
and fimilar to 2 others, are likewife Proportional,
and contrariwife 5 for if the fimple Reafons or (&) Eucl.prop.
‘Proportions of Lines be the fame, their duplicate 22, 46, 6.
Proportions will be the fame alfo, and reciprecally.

i SCHO-
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SQEIOLIUM.

UT as this fecond Confctary confirms Prop. 23 and its
Scholium, fo the firlt teaches us a twofold Geometrical
Praxis. 1. A Way to expres the Proportion of {imilar Fi-
gures by two Right Lines, 4iz. by finding a third Proportio=
nal to their Homologous Sides. For as the fide of the firft to
this third, fo will be the firft Figure to the fecond. 2. A way
to augment or diminifh any given Figure in a given Reafon
or Proportion, #iz. by finding a mean Proportional between any
fide of the given Figure, and gnother Line which fhall be to
that in a given Proportjon, and then by defcribing thereon a
fimilar or like Figure.

Propofition XXXV

C\milar or like Solid Figures, ave to one another in triplicate Pros
Jy portion of their Homologous Sides. ;

Demanfitation.

For, 1. The fimilar Bafes of two fimilar Parallelepipedons|
(and confequently alfo of Prifms and Cylinders, by Confed. 4|
and §. Definit. 16. and allo of Pyramids and Cones, &y Confed.|
3 and 4, of Definit. 17.) are, asab to eeab, by (¢) the pre-
ceding Propofition, and their Altitudes as ¢ to ec, by Confed. 2.
Prop. 34. i

Therefore Parallelepipeds,Cylinders and Prifms (and fo the third
part of thefe, Cones and Pyramids)will be as abc to 3abe,by Con-
feét. 35 4y §. Definit. 16, 4, e. they will be, by Definie. 34. &
Confeéit. 1 and 2. Prop. 34. in Triplicate Proportion of: their
Perpendiculars or Homologous Sides.  Which is efpecially Con-
fpicuous in Cubes; which, putting 4 for the Side of one, and
¢ a for the fide, are to one another as 43 to e343. =

2. Polyedrous or many fided Figures, may be refolved into
Pyramids of fimilar Bafes and Altitudes; which is evident of
Repular ones, from the Confed. of Definir. 21. and cannot be
difficult to underftand alfo of lrregular ones 5 becaufe the like
S ' inclination)|
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nclination of their Planes every where fimilar and equal in
umber, neceflurily require that the whole Altitudes of fimilar
olyedrous Solid:, as well as {imilar Parallelepipedons, by Con-
¢&. 2. Prop. 34 fhould be in fubduplicate Proportion of their
afes, and fo thefe being likewile dividcd in C and & (Fie. 76.
0 1,) the parts of their heigths GC and OC, will be inthe
ame Proportion: Whence, e. g, 2 Pyramids ftanding on fimi-
ar Bafes ABDEF and QYS2DCJF, and having like Alritudes
and GC, will neceflarily be like or fimilar; and the fame
hing may be likewife judged of others.
Or yet to fhew it more evidently, the Polyedrous Solids may be
olved into like Triangular Prifms; for,e.g. each of the Trian-
les-of their fimilar Bafes ABDEF and AWBDCTI (Ne 2, )
re fimilar, viz. 0§ and a6/, QUBIF and ABF, by the pre=
ding Prop. N°2. The Planes QWBDA and ABla, alfo GafIF
nd A afF, are fimilar by the Hypoth. and confequently allo
he Planes 180 FF and BoFF (0 is to Bt as 74 to be, and alloin
he one bt ro DB, asbato 6B in the orher s therefore ex equo
£ o hlB fo £4 to tB, Te.) and fo the whole Triangular
rifms will be fimilar, by Definir. 35. and fo of others.  There-
ore fimilar Polyedrous Solids will be in the fame Proportion as
imilar Pyramids, or Triangular Prifms, 4. ¢. by
he firft of this in Triplicate Proportion of their (2) Eucl.prop.
Sides- Cxa Bl 1.
of Cones and
2. Spheres are as the Cubes of their Diame-  Cylinders.
E.'ﬂ (8) by Confeét. 3. Prop. 32. Therefore they (8 Eucl. 18.

re by the firlt of this, asa? to e32%.  Thercfore /ib- 12.
imilar or like Solids are in Triplicate Proportion

of their Homologous Sides. @ E. D.

I CHAP. VL
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CHAP. VI

Of the Proportions of Magnitudes of divers forts con
 pared together,

Propofition XXXVIL

HE Parallelogram ABCD (Fig. 77. N. 1.) is 2o the Triang
BCD upcn the [ame bafe DCy and of the fame besghth as 2
1. This has been already Demonftrated in Confeit. 3. Dy
nit. 12. Here we fhall give you another

Demoniteation,

Suppofe, 1. the whole Bafe CD divided into four equ
parts by the tranfverfe Parallel Lines EG, HK, LN, then wi
(by reafon of the fimilitude of the aa DGF, DKI, DNN
DCB.)) GF be 1, Kl 2, NM 3, CB 4.; and having furthe
more continually Bife€ted the Parts of the Bafe, the Indivifiblt
or the Portions of the Lines drawn tranfverfly thro’ the T'riar
gle will be 1, 2, 3, 4, §, 6, 7, 8, &¢. ad infinitum, all ¢
long in an Arithmerical Progreffion, beginning from the Poii
D, as o5 to which the ke number of Indivifibles always a1
{wer in the Parallelogram equal to the greateft, viz. the Lir
BC. Wherefore by the 4th Confeét. of Prop. 16. all the Ind
vifibles of the Trriangle, to all thofe of the Parallelogram take
together, 4, e. the Triangle it felf to the Parallelogram, is as
¥z Qi B Bx

SCHOLIUM,
TOW if any one fhould doubt whether the Triangle
b g Parallelogrem may be rightly faid to confift of an i

mite number of Indivifible Lines, he may, with Dr. ¥4l
infte
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inftead of Lines, conceive infinitely little Parallelograms of the
fame infinitely little Heighth, and it will do as well. For ha-
ving cut the Bafe (N°2) into 4 equal parts by tranfverfe Pa-
rallels, there will be circumfcribed abour the T'riangle fo many
Parallelograms of ¢qual heighth, being in the fame Proportion
as their Bafes, by Prop. 28. 4. e. increaling in Arirthmerical
Progreffion. In the ﬁmllowing Bifc'étiﬂn, there will arife 8 fuch
Parallelograms approaching nearer to the Triangle, in the next
16, @c. {o that at length infinite fuch Parallelograms of in-
finitely lefs heighth, and endirg in the Triangle itfelf, will
conftitute or make an infinite Series of Arithmetical Propor-
tionals, beginning not from o but 1 ; to which there will an-
fwer in the Parallelc gram infinite little Parallelograms of the
fame heighth, equal to the greateft. Whence it again follows,
by Comfeét. 9. Prop. 2.1. that the one Seriesis to the other,s e.
the Triangle to the Pa-allelogram as 1 to 2 ; which being
here thus once explained, may be the more ealily applied to
Cales of the like nature hereafrer.

CONSECTARYS.

I Qlnce in like manner in the Circle (Fig. 79:) the Periphe-

rys at equal intervals from one another, as o many Ele-
ments of the Circle, increale in Arithmetical Progreffions the
Sum of thefe Elements, i. e. the Circle it felf will be to the Sum
of as many Terms equal to the greareft Periphery, i.e. to a
Cylindrical Surface, whofe Bafe is the greateft Periphery, and
its Altittide the Semidiameter, as 1 to 2.

il. Hence the Curve Surface of a Cylinder circumfcribed a-
bout a Sphere, s. ¢. whofe Alritude is equal to the Diameter, is
Quadruple to its Bale.

_ HI: Alfo the Sector of the Circle bac, to a Cylindrical Sur-
face, whofe Bafe isthe Archbe, but its Altitude the Semidia-
meter ac, 15 as 1 to 2.

1V. And becaule rhe Surface of the Cone BCD is to its cir-
cular Bafe, asBC to CA, i.¢: as the V2 to 1. by Sch/. Prop.
17. the Cylindrical Surface, rhe Cnical Surface and the Cir-

| chlar
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cular one we have hitherto made ufe of will be as 2, vz and
1, and canfequently continually Propertional.

SCHOLIUM

[.I, which may allo abundantly appear this way, wviz.
by purting for the.Diameter of the Circle a, for the
Semediameter 2 @ and for the Circumference ea, you'l have the
Avrea of the Circle  eaa by Comfedt. 1 Definit. 31, and Muld-
pliing he heighth ot the Cylinder AB i.e. ;4 by the Periphry
ea yo ’l h%_ve,,_the Cylindrical Surtace  eas by Confect. 6. Definit.
18. us ndw s evident alfo by Confedt. 1, 2 and 3. Now if you
would alfo havé the Suifice of the Cone, fince it’s fide by the
Pythagorick Theorem is4/5az and the half of that 3 Viaz i. e. (by
N o of Schol. Prop, '11-) 1/-1‘;&;: . and this halt heing mutlti-
plied by the Periphery of the Bafe ea, you'l have (by virtue of
Cunfelt. 4. Definit. 18.) the Sorf ceof the Cone ea Vs 1. e. (by
the Schal. jult now cited) +/3222% : So that now appears alfo the
4th Confet. of this; becaulc the Rectangle of thofe Extremes}
eda and § eaa 15 § eaat as well as the fquare cf the mean.

Propofition XXXVIII.

Pavallelepiped (2) BF (Fig. 77. N° 3.) ist0o a Pramid
ABCDE upon the fame Bafe BD and of the fame beighth , as
3 to i. T'his was D.monftrated in Cﬂﬂﬁ&- 3. Deﬁm’.r. [7s bu
here we fhall give you another. _

Demaenftration.,

S[J-F*_P{;ﬁ* 1 the whole Al itude BE divided into ;fquﬂl Pdrf?,'%

by traniverie Piains Parallel to the Bafe, then will (by reafon of|

the Similitude of the Pyramids abed F. ﬁﬂIﬂB@Qﬁ

I':,g::] Fuclid. ﬂﬂde&ECDE}[hE Bafes Fbﬂdﬁqﬁ-@@ -ﬂ'ld ABL:D_-

Frop7 Corall.  be by Confeéi. 2. Prop. 34. and Confedd, 3. Definit.|

Lb 12 17 in duplicare Proportion of the Altitudes.,|

i. ¢. in duplicate Avrithmetical Progreflion 1,44

g, moreover 2, bifefting the parts of the ‘Altitude, the quas,

drangular Sc&tions now deuble in Number (as the Indivifibles of|
Llements e the pmpﬂﬁd Pyramid) Wl“ be as 1, 4,9, 16, 25
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16, Se. ad Infiriitum, all along in a duplicate Arithmetical Pro-
-poni{m; while in thr: mesan. tim& there aniwer to rthem as
many Elements in the Parallelepiped equil to the grearncft
ABCD, wherefore by Confeft. 10. Prop. 21. all the Indivifibles of
the Pyramid taken together will be to ali the Indivifibles of the
Parallelepiped alfo taken together, i e. the Pyramid it felf o
the Paral]eiepiptd, as1to 3. Q E.D.

CONSECTARY.

.l']:“His Demonftration may be eakly accommodated to all other
Pyramids and Prifms, ard alfo Cones and Cylinders, ()

fince here alfo (Fig. 78.) the circular Planes ba,

2MBA, and BA arc as the {quares ot the Diymeters, (a) Euclid.

and fo as I, 4, 9. and 1o likewile all the other Prep. 10. lib.

Elements of the Cone by continual bifetionare in 12,

duplicare Arithmerical Progreffion ; when in the

mean time there anfwer to them in the Cylinder as many Ele-

ments equal to the greatet BA &,

Propofition XXXIX.

' Cylinder it to a Sphere infcribed in st i, e. of the [ame Bafe and
Altitude a5 3 to 2.

Demanitration,

Suppofe 1 (Biz.80) the half Altiiude GH (‘tor the fame pro-
portion which will hold when demonftrated of the half Cylinder
AR and Hemifphere AGB, will alfo hold the fame of the
whule Cylindzr to the whole Sphere) to be divided into 3 equal
arts, then will AH,C1, E 2,be mean proportionals between the
egmentsof the Diameter by Prop.34.Schoh2 N° 3,ard (o by Prop.
17.the Redtangles LHG, [.1 G,1.2G ¢qual 1o the Squaris AH,

1,E2 being in order as g 8 and 5.4nd alo 2dly having bifeltcd
he former parts of the heighth, the fix Squares curting the Sprere
Jrofs ways will be found ro be as 36, 35, 32,27, 20,11, &
athe progreffion we have fhewn at large in Confeli. 12, Prop.21.
hercfore fince all the Indivifibles of the Hemifphere, vz, the

fikcular Planes an{wering to the Squares of the faid vantverfe
| 13 D:. mete s
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Diameters have the fame proportion of Progreffion, by Prop.
22. and there anfwer to them the like number of Elements in

the Cylinder equal to the greatet AH: Allthefe
(2) A chim  thefe taken together will be to all the other taken
32 (al 31.) together i.e, the whole Cylinder AK to the whole
lib.1 de Spber.  Hemifphere AGB by vertue of the aforefaid Con-

Jeit 12,233 10 2 (¢) Q. E. D._
SC HGLIUM. I.

Hﬂmmﬂm Fabrs elegantly deduces this Prop, a priors, in a ge-
netick Mcthod in his Synopfis Geom. p. 218. (which alfo
Caroius Renaldimu performs from the fame common Foundation in
Iib. 1. de Compof. and Refol. p. 301, and the following, bur after
a more obfcure way and from a demonftration further fetch’d)
Falr?'s is after this Method : The whole Figure (81) AL being
turned round about BZ, the Quadrant ADLBA will defcribe an
Hemifphere, the Square AZ a Cylinder and the triangle BML
4 Cone all of the{ame Bafe and Altitude. Since therefore Circles
are as the fquares of their Diameters by Prop. 32. and the Square
of GE == to the Squares of GD and GF raken rtogether (for
the Square of GF i e, GB x 3 GDis — O BD or BA or GE
by the Pjthag. Theor) and fo the Circle defcribed by GE will
be = ro 2 Ciicles defcribed by GD and GF taken together;
then taking away the Common Circle defcribed by GF there will
remain the circle deferibed by GF within the Cone ‘equal to
the dnnulus or Ring deferibed by DE about the Sphere.  And
fince this may be demonftrared after the fame way in any other
cale, »sz. thata circle defcribed by g f, will be equal to an 4n-
nulus deferibed by de s it will follow, that all Rings or Amnuls
defcribed by the Lines DE or de (7.e all that Solid that s
conceived to be defcribed by the trilinear Figure ADLM turned
round) will be equal ro all the Circles defcribed by GF orgf (i.e.
to the Cone generated by the Tiiangle BLM 3) and fo as the|
Conei { part of the Cylinder generated by AL, by the Con-
feit. ot Prop. 38. {o alfo the Solid made by the Trilinear
ADLM (wiz. the Excefs of the Cylinder above the Sphere)
Eill ‘beD i of the Cylinder, and confequently the Hemifphere 3.

o By : & ' ;
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CONSECTAYS.

1 Ence you havea further Confirmation of Confeét. 2. Prop.
32. and Prop. 36, N. 3.

II. Hence alfo naturally flows a Confirmation of Confeél. 2.
Definit. 20. and confequently the Dimenfion of the Sphere
both as to its folidity and Surface. For putiing a for the Dia-
meter of the Sphere and circum(cribed Cylinder, and Ea for the
Circumference, the Bafis of the greateft Circle will be § eas, and
that multiplied by the Altiude, gives }ea’ for the Gylinder,
Therefore by the prefent Propofition, §ea® gives the Solidity
of the Sphere (by making as 3 to 2 fo {103 ) This divided
by & 4, will give,by vertue of Confeét. 1. ot the atorefaid Def. 20.
and Confedl. 3. Definir. 17. the Surface of the Sphere eaa.

III. Therefore the () Surface of the Sphere eas, is manifelt-
ly Quadruple of the greateft Circle 3 eaa.

1V. The Surface of the Cylinder, without the Bafes, made
by multiplying the Altitude ¢ by the Circular Periphery of the
Bafe ea, will be eea, equal to the Surtace of the Spherc.

V. Adding therefore the 2 Bafes, each whereof is §<2aa,
the whole Surface of the Cylinder 1 § ess, will be to the Sur-
face of the Sphere eas as 3 1o 2.

VI. The Square of the Diameter 44 to the Area of the Gir-
cle I caa, is as a to | ea, #.c. as the Diameter to the 4th part of
the circumference.

VII. A Cone of the fame Bafe and Altitude with the Sphe e
and Cylinder, will be by Confedl. 2. of this, Prop. and the Con-
Jfeét. of Prop. 38. 7, ea3,and of the Cylinders £ or ;3 ea’. There-
fore a Cone, Sphere, and Cylinder, of the fome heighth and dia-

meter, are as 1, 2, 3- 1he Cone therctore
(2) Archim. is equal to the Excefs of the Cylnder sbove the
lib.1. de Sph. Sphere; as is otherwile evident in Scholium 1.
& Cylind. of this.
Brop.31. (4!, 30), 4 3
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SCHQETTM L

ND thus we have briefly and dire@ly demonftrated the
{ chief Propofiiions of Archimedes, in his 1. Book de Spher,
€& ond. which he has deduced by a tedious Apparatus, and
only indire@ly, And now if you have amind to Survey the
‘0o and more perplext way of dichimedes,and compare it with
‘s thorrer cut we have given you ; takeit thus : Archimedes
thoughe it neceflary firlt of all to premife this Lemma 5 That
all the Conical Surf.ices of the Conical Bady made by Circum-
volution of the Polygon, or many-angled Figure A,B,C,D,E,|
Ee. (Fig. 81.) inferibed in a Circle, according to Definir. 1g.
I fay, thofe Conical Surfaces taken all together, will be equal
to a Ciicle, whofe Radius is a mean Proportional between the
Diameter AE and a tranverfe Line BE, drawn from one ex-
tremity of the Diameter I to the end of the fide AB next to
the oiher exrremity. This we will thus demonftrate by the help
of fpecious Arithmerick : Since BN, HN are the Right Sines of
equal Arches, CK and CK whole Sines, €3¢, and the Lines
BH, GC, &e. parallel 5 having drawn obliquely the tranfverfe
Lines HC, GD, all the angles at H, C, G, D, &c. will be
equal by Confeét. 1. Definse. 11. and conflequently all the Tri-
angies ENA, HNIJ, ICK, &.. equiangular, hoth among thems-
fclves, and to the a ABE 3 fince the angle at B isa Right one,
by Conf-&. 1 Prop. 33. and the angle ar A common with thé
A BNA.  Wherefore as BN 1o NA 0 CK tw CL
or HN to NI " & GK toKL.
2 ?;‘; :3 ;:;E fo EB to BA; andfo
by miking BN, HN, DM, FM =24 CK and GK =4,
EB=¢, tor NA, NI, ML and ME, you may rightly pute s
for KI and KL e b for AB, ec. Which being done you may
eafily obtuin the Conical Surfuces of the inferib’d Solid, and the
Area of a Circle whofe Radius fhall be a mean Proportional
berween AE and FB, and it will be evidently manifelt, that
thele two are equale  For, 1. (for Conscal Surfaces) the Diameter
of the Bife Bd = 24, and the fide of the Cone AB= e¢ 3
Therefore (‘aiaking here o the nam= of the Reafon between the
Diamzter and Circumfcrince) the circumrence will be 204
SR it which
Wl L#h

=
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which multiplied by half the fide § e ¢, gives the Conical Surface
sacc, by Confeét. 4. Definit. 18. And fince the Circumference
BH is as before 2 04, and the circumterence CG =204, half
of the fum 2 04 + 2 0b) viz. 0a 05 is the equated Circum-
ference: which multiplied by the Side BC —ec gives the Sur-
face of the truncated Cone BHGC =o0aec—obec, by Con-
_of the aforefaid Def; fince,laftly,the Surface of the truncared
Cone DFGC is equal to one,and likewife the conical Surface EDF
tothe other,by adding you'l have the Sum of all 4saec ~+ 20bec.
2. (for the Area of the Circle) the Diameter AE is =4 :4
.} 2¢b, and BE =¢: the Retangle of thefe is =4 eac |-
2 ¢ be =— (which allo is evidently equal to the Reangle of
all the tranfverfe Lines BH, CG, DF irto the fide AB, as Ar-
chimedes propofesin the matter) = to the Square of the Radius
in the Circle fought,. becaufe the Radius is a mean Proportio-

~ nal between AE and BE, and fo equal to vV geac-t2ebe,

{o that the whole Diameter is 24/ 4eac - 2 ebc. There-
fore, 2. the circumference of this Gircle wilbe 209 4eac

- :-:.:!:_c: i.c. ¥V 1600¢eac —]- 8ooebe: which mulrip!yed
by half the Semidiameter, s.e by 1y feact2ebe, i,
W eac—§eb cgives the Area of the Circle foughtv 1 6 0 o

aacecc-t16o0cecabec - 4o00eebbce.  But this Root
extraQed is q0aec -}~ 20bec, equal to the fuperiour Sum
of the conical Surfaces. Q.ED.

Having thus demonftrated the Lemma, we will eafily demon-
ftrate with Archimedes (tho not after his way) That the Sur--
face of any Sphere, is Quadruple of the greatelt Circle in i,
which is already evident from the 2d Confeét. For {ince all the
conical Surfaces of the infcribed Solid taken together, by the
preceding I.emma, are equal to ¢he Area of a Circle whofe Ra-
dius is a mean Proportional between the Diameter AE and the
Tranfverfe EB ; and this mean Proportional approaches always
fo much nearer to the Diameter AE , ‘and thofe Surfaces fo
much nearer to the Surface of the Sphere, by how muany the
more fides the infcribed Figure is conceived to have, by Cox-
fe&. 1 and 2. Def- 18, if you conceive in your mind the Bi-
feCtion of the Arches AB, BC, &e. to be continued in Infinitum,
it will neccflarily follow, chat all rhofe conical Surfaces will at

lepgth end in the Surface of the Sphere it felf, and that mean
. ' Pro-
- :

f
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portional in the diameter AE, andfo the Surface of the Sphere
will be equal to a Circle, whofe Radjus is the Diameter AE,
But that Circle would be Quadruple of the greateft Circle in
the prefent Sphere, by Prop. 35. Therefore the Surface of the
Sphere is Quadruple of that Circle alfo. Q E. D. |

Hence alfo it would be very eafie to deduce with Archime-
des (tho again after another way) that celebrated Propofirion,
which we have already demonftrated from another Principle in
the Prop. of this Schol, viz. That a Cylinder is to a Sphere of
the fame Diameter and Aliitude, as 3 to 2. For by putting
« for the Diameter and Altitude, and ¢ 4 for the Circumterence,
the Area of the Circle, will be }¢ 24 5 and this Area being
multiplied by the Altitude 4, gives § e43 for the Cylinder, by
Confe&. §. Definit. 16. and the fame Quadruple, 4. e. ¢ 44 mul-
tiplied by £ gives ged’ for the Sphere, by Confe&. 1. Definst.
20. and Confedl. 3. Definit, 17. Wherefore the Cylinder will
be to the Sphere as 3 to &, 4. e. in the fame Denominator as 55 to
2 de as 6104, Or 3 (02, Q.E.D. |
" Whence it is evident, that the Dimenfion of the Sphere
would be every ways abfolute if the Proportion of the Diame-
ter to the Circumference were known ; which now with 4y-
chimedes we will endeavour to lnveftigate.

Propofition XL.

HE Proportion of the Periphery of a Circle () to the Diame-
ser, 33 lefs than 35 or 33 0 1. and greater than 33, to 1.

Demonftration.

The whole force of this Propofition confifts in thefe, that, 1.
Any Figure circumfcribed abeut a Circle, has a greater Peri-
phery than the Circle, buc any infcribdone a lefs. 2. The Pe-
riphery of a circumfcribed Figure of 96 fides, has a le Pro-
portion to the Diameter, than 33 to 1.

To demenftrate this fecond, we will enquire

{a) Archim. 3. the Prapﬂrtiun_nf one fide of fuch a Figure,

Cocloms. prop.2 - Whether circumferibed or infcribed afier the fol-
' lowing way:

_ For
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For the fift part of the Propofition.

Suppofe the Arch BC (Fig. 84. N. 1.) of 30 degrees, and
its Tangent BC making with the Radius AC a Right Angle,
to make the T'riangle ABC half of an Equilateral one, fo that
AB fhall be to BCin double Reafon, viz. as 1000to §003
which being fuppofed, AC will be the Root of the Difterence
of the Squares BCand AB, 4. e. a little greater than 866, buc
not quite 153

Then continually BifeCting the Angles BAC by AG, GAC
by AH, HAC by AK, KAC by AL, BC is half the fide of .
a circumferibed Hexagon, GC the half fide of a Dodecagon (or
12 fided Figure) HC of a Polygon of 24 fides, KC of one
of 48; laftly, LC of one of 96 fides; and by N. 3. Schol, 3.
Prop. 34. GC will be to AC as BC to BA - AC, and alo
HC 10 AC as GCto GA -} AC, &c. Wherefore
" Inthe hrft Bifection, of what parts GC is 500, of the fame
will AC be 1866 and a little more, and AG (which is the
Root of the Sum of the 0 0 GC and AC) 1931:5-.

" In the fecond Bifection, of what parts HC is 500, of the
fame will AC be found to be 3797 3 4~ and AH 38303}

~ In the third Bifection, of what parts KL is §co of the fame
will AC be 7628 £ + and AK 7644 £ +.

- In the 4th Bifeétion, ot what parts LC is 500 of the fame
wil ACbe 1527223} -

Now therefore L.C taken 96 times, will give 48000 the
Semi-periphery of the Polygon, which has the fame Proportion
to the Semi-diameter AC 15272 as the whole Periphery to
the whole Diameter. But 48000 contains 1§27 253, 3 times,
and moreover 21813 remaining parts, which are lefs than §
pai'lr_ of the divifion, tor multiplied by 7 they give only 15265
Tl

Therefore it is evident, that the Periphery of this Polygon
(and much more the Periphery of a lefs Circle than that )
will have a lefs Proportion to the Diameter,than 3% to 12 Which
is one thing we were to demonftrare, '

For
I
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For the 2.d Part of the Pmp;.

Uppofe the Arch BC to be (N° 2.) of 60 Degr. that is
the Angle BAC at rthe Periphery of 30 Since the Angle at
Bisa right onc by Confeét. I. PFrop. 373. the Triangle ABC will.
be again half an Equilateral one, and BC the whole fide of an
Hexagon, and GC of a Dodecagon, &c. So that purting for
BC 1c00 (as before we put 5co for the fide of the Hexagon)
let AC be 20co and AB the Roor of the difference of the
Squaris BC and AC 4. e. lefs than 173255 viz. 1732 and not
quite {5 -

Then bifeéting continually the Angle: BAC, GAC, &, fince
the Angles at the Periphery BAG, GAC, GCB, ftanding on’
equal Arches BG and GC, are equal by Prep. 33. and the Angle
at C, (common to the Triangles GCF and GCA) and the o-
thers at H, K, L are all right ones by Confeét, 1. of the atore-
faid Prop. thefe 2 Triangles CGF and CGA are equiangular
and confequently-by Prop. 34. the Perpendicular GC in the one
will be to the Perpendicular GA in the other as the Hypothenufe
CF in the one to the Hypoth. AC in the other i.e. (by the foun-
dation we have laid in the former partof the Demonftration of
N° 3, Schol. 3. Prop. 34.) as BC to AB+AC 5 and in like man-
ner i the following HC will be to HA as GC to AG+AC, &,
Wherefore.

In the firft BifeGion, of what parts GC is 1000 of the fame
AG will be alitde lefs then 3732%; and AC (which is the
Root of the Sum of the. D0 AG and GC) will be alittle lefs’
then 3863 5. :

In the fecond Bife&ion, of what parrs GC is 1000 of the
fime will AH be a little lefs then 7594% and AC a licde lefs
then 766:%.

In the third Bift&ion, of what parts KC is 10co of the
fame will AK be a little lefs then 1§255% and AC a little 126
152904

In'the fourth Bife@ion, f what parts LC is 1000 of the
fame will AL be a liztle lefs then 20547% 3 and AG a lirtle les
then 20564, and confequently it LC be put 500,AC will be
lefs then 15282.

Now
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Now therefore L.C taken 96 times will give 48000 for the
Periphery of the infcrib'd Polygon, and 15282 and a litcle Jefs
for the Diameter AC.  But 48000 contains 15282 thrice, and
moreover a remainder of 21 §4. parts, which are more then a1 of
the Divitor ; for 3y of this number makes 21517 and f6 3¢ makes
2150'E i. &0 21523},  Therefore it is evident that the Peri-
phery ot this Infcribed Polygon (and much more the Periphery
of a Circle greater then thar) will be to it Diameter in a

greater proportion then 337 to 1, which is the 24 thing.

SCHOLIUM

F any one had rather make ufe of the fmall numbers of
Archimedes , which he chofe for this purpofe, by putting in

the firlt part of the Demonftration, for AB 306 and for BC
153, in the fecond for AC 1560 and for BC 780, by the
like procefs of Demonftration, he may infer the fame with
drchimedes. We like our Numbers beft, tho’ fomewhat large,
becaufe they may be remember’d, and are more proportionate
to things, and make alfo the latier part of our Demonftration
like the former. The Proportion in the mean while of the Dia=
meter to the Periphery of the Ciicle by the grchimedean way is
included within fuch narrow Limirs, that they only differ from
ene another ig; or 55 partsy for 52 Subtracted from 12 leave i,
a8 357 or “37 and 335 or *2 if they are reduced to the fame Deno-
Mination make on the one hand %2 on the other %22, Hence

. ; 457a°
it would be eafy, having divided the difference 4536 meo 2 Parts,

to exprefs a middle proportion of the Peripheryto the Diameter be-
tween the 2. Archimedeanand Extreme ones as in thele Numbers,
1561t0 4970, (or by dividing both fides by 5) as 3123 to
994, or (dividirg both fides by 7) as 446! to 142, or (by
dividing egain by 2) as 2229 to 71, &e.

While thefe Numbers become as fit for ufe as thofe of rehi-
medes, which we therefore ufe before any other, particularly in
Dimenfions that donr require an exa@ Nicenefs ; where they do
thofe may be made ufe of exhibited by Prolomney Vieta, Ludolphus a
Ceulea, Metivs, Snelliys, Lansbergius, Hugeus, &c. as if

T he Diameterbe. . . . .. .. The Circumference will be
10,000,000 . . .. .. .., 31,416, 666. Ptolomey.
0. 000,000,000 « s oais b . 31,415, 926, §35. Vieta

1§00, 000, 000, CC0, 000,000 OO0 . . . . 314,159, 267,
358} 979,323, 84_-:’-:';, &c. Ludolph, a Cenlen. Picp,
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Prapqﬁriﬂ# XLI.

I He Area of & Circle bas the [ame proportion to the Square of :5’:
| Diametery @ she 4th pare of the Circumference to the Dias
m_lr;p

Demontteation.

Though we have before Demonftrated this Truth in Confe. 6.
Prop. 39. yet here we will give it you again after another way.
Since therefore the Circumference is a little lefs then 3%, and a
litle more than 3% Diameters, for this excefs putting z if the
Diameter be I we will call the Circumference 3-}-z therefore the

4/b Part of it Wﬂlbc%z * And the Area of the Circle (by
Muttiplying the half Semidiameter) i. e. j by the Circumfe-

rence, youl have both 3—1—_—1- and the fquare of the Diameter = 1.
Q.E.D: '
CONSECTARY.

Herefore if the (2) Proportion of Archimedes be near e

nough truth to be made ufe of, #iz. 22 to 7 5 the Area

of the Circle will be to the Square of the Diameter as 11 to 14,

becaufe the quarter part of 22, i. & 5% or ;' to the Diam. 7:
2 is in the fame Proportion. '

Propofition XLIL

THE Diameter () of a Square AC (Fjg:83.) is incom-

menfurable to the fide AB (and confequently alfo to the
whole Periphery) 7. e. it bears a Proportion to it

(«) drchim. that cannot be exactly exprefled by Numbers:

Prop, 3. G- _ :

clom. Demonitration:

(8) Eucl. laft

Prop. lib, 10.  For, if for AB you put t, BC will be alfo

. M
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1, and by the Pythagorick Thearem AC will be —4/2. 'There-
fore by Confeéts 4. Definit. 30. AC is incommenfurable to the
ﬁdﬂ AB, &f- Q_.-E-Di

CONSECTARY L

T is notwithftanding Commenfurable in Power; for its Square
is to the Sqnare of the Side as 2 to 1.

CONSECTARY IL

OW if the Proportion of the fide or whole Periphery

ABCDA, to the Diam. ACis to be exprefled by Num-

bers {fomewhat near, as we have done in the Diameter and Cir-

cumference of a Circle 5 then making the fide AB—100, the
Diameter is greater than 141,33 , lefs than 141,42,

Propofition XLIII,

THE Area of a Circle is Incommenfifable 10 the Square of the Dis-
- melers

Demonitration,

For dividing the Semidiameter CD (Fiz.85.) into two equal
Parts (and confequently the Diameter DF into 4) AC will be
2, viz. ¥4 and Q€ V'3, by Schol. 2. Prep. 34. N. 3. the fum
v 4}V, and the fum of as many equal to the greateft AC 4.
~ Having moreover BifeCted the Parts of the Semidiamerer, AC

will =4 or the V16, ae=+15, AL =+12, AC=+7;

the fum V16V 15-+v12-+v/7 ; and the fum of as many e-
qual to the greatet AC is=16, &c. And thus the laft
{ums will be the Square Numbers increafing in Quadruple Pro-
portionsbut the former Sums will be always compofed of the Ra-
tional Root of every fuch Square, and of feveral pther irrationak
Roorts of Numbers unevenly decreafing 5 fo that it will be im-
poffible to exprefs thofe former Sums by any Rational Number,
by what we have faid in Schol. 2. Definie, 30. Wherefore all
the Indivifibles of the Quadrant ADC are to as many of the
Square ACDE equal to the greateft, i, # the Quadrant it felf

ADC



128 Mathefis Enacleata : Ok, |

ADC to the Square ACDE (and confequently the whole
Area of the Circle to this circumfcrib'd Square) will be as a
Sard Quantity to a true and truly Square Number, & e, the
Area of the Circle will be Incommen(urable to the Square of the

Diameter, by Gonfeél. 4. of the faid Definir. Q. E. D.
CONSECTARY.

' ND becaufe the fourth part of the Circumference has

the fame Proportion to the Diameter, as the Area of
the Circle to the Square of the Diameter, by Prop. 41. There-
fore alfo that will be Incommenfurable to this, and confequently
the whole Circumference will be {o to the Diameter.

SC o LITUM.

T Herefore it is fomewhat Wonderful, which G.G. Leib=
nitius () tells us, that the Square of the Diameter be-

ing 1,-the Area of the Circle will be 1—3+4+t—3+35—."
. e ad Infinisgm. i.e. by adding 15 =] and 4-53—7,8a )
o 21212 e i. e. to the Sum of infinite Fraltions whofe
cornmon Numerator is 2. But their Denominators Squares lef-
fen'd by Unity, and taken out of the Series of the Squares of
Natural Numbers by every fourth, omitting the Inlermediate
ones: Which Sum might feem expreflible in
(«) 484 E- Numbers, {ince all its parts are Fraftions redu-
rudit. Ann,  cible to a common Denominaton ; while notwith-
82. p. 44 & fanding Leibnitius himf{elf confeffes, that the Cir-
the follawing.  cle is not Commenfurable to the Square, nor ex-

preffible by any Number.

CHAP. VIL
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Ol N B3 VL

the Powers of the Sides of Triangles, and other
Regular Yigures, &c.

Prapofition XLIV.

N Iﬁgfy:-m‘gfad Triangles («) (4BG, Fig. 86.) the Square of
o e s (BC) that fubtends the Right-angle, is equal to the
Squares of the orber Sides (AB and AC) taken tﬂgﬂ:ﬂéer- :

Demonttration.

Though we have demonftrated this Truth more than once in
the forégoing Propofition 5 yet here we will confirm ir again as
ollows. . Having defcribed on'each fide of the Square BE a Se-
micircle, which will all neceflarily touch one another in one point,
and be equal to the Semicircle, BAC, if youconceive as many -
Trianglcs inferibed alfo equal to BAC ; it will be evident that
the Square BE will contain the faid 4 Triangles 5 and befides the
litle Square FGHI, whofe fide Fl, v. g. is the difference be-
ween the greater fide of the Triungle CI, and the lefs CF,
(forbecaufe the lefsfide CF=BA, lying in the

tirfk Semicircle, if it be continued tolinthefe-  (2) Enc. 47.
cond Semicircle makes CI==CA the greater ide  Lib. 1.

of the other Triangle, and fo in the others. From thence it is
evident, Thar as the Angles ABC, and ACB rogether make
one right one 3 o likewife BCF ( =CBA') and ECF make alfo
one rizht one ; and confequently ECF is— ACB, and the Arch
and the Line El=ro the Arch and the Line AB, &c. ) Where-
ore, if the greatelt fide of the given Triangle BC or BD, &c.
e called «, and AC, band the leaft AC, or CF, & be called
e5 the of the fide BC, will be—sa, and the Area of each
Triangle + 4 ¢ : and fo the 4 Triangles together 2 be: but -
he fide of the middle little Square will be b—c, and its Square
b4 ¢ c=2 bec: Wherefore if you add to this the 4 Trian;
| les
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The Sum of aM, s.c. the whole Square BE will be 8 -
ec — agz. Q.E.D.

CONSECTARYS.

L Ence having the {ides that comprehend the Right-angle
. given, AC==b and AB==c, the Hypothenule or Bafe
that {ubtends the Right-angle BC will be =+/bb4-cc.

II. But if BC be given == ¢ and AC=b, and you are to
find AB==x ; becaule xx--bb==aa; you'l have ( taking away
from both fides bb) xx = aa—bb: therefore x, i e. AB=
Vaa—Dbb. :

III. If 2 Right-angled T'riangles have their Hypothenula’s
and one Leg equal, the ether will alfo be equal.

Propofition XLV.

N Obtufe-angled Triangles (Fig. 87. N. 1. the Square of the Bafe
l or greateft Side BC that fubtends the Obtufe-angle BAC, is eqxa,
to the Squares of (@) the other 2. Sides (AB and AC) taken together

and alfo to 2 Reflangles (CAD) made by one of th
( a )Eucl.prop.  Sides which contain the Obtufe-angle (AC) and ix
12. lib. 2. continnation AD to the Perpendicular BD let fall Jon
the other fide.

Demanittation.

if BC be called 4, AB—=¢, AC=0}, AD=«, CD will b
=—=b-}-x. Therefore 0 BD=cc—xx, by Confeél. 2.. of the pre
ceding Prop. In likke maoner if B CD=bb--2bx-}-xx be fub
tracted from the O BC==a44, you'l have as—bb—2bx=—xx—=
to the fame 0OBD. Therefore

Ce—xX——did—=bb—2bx~=xx

i.e. (adding on both fides xx)
c:—‘-;m——-éﬁ--—-z.ﬁx.

i. e. (adding on both fides&b and 2bx)
ce-tbb-t-2bx=—=4as. Q. E.D.

CON
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CONSECTARY.

[ in this laft Equation you fubtradt from borh Sides T
. then will 20x=—aa—bb—cc and (if you moreover divide
x—ga—bb—ce

Poth Sides by 2 b) you'l have — Which is the

2 b
Rule, when you have the Sides of an Obrufe-angled Triangle
wen, ro hnd the Segment AD, and confequently the Perpen.

licular BD.
_ Propofition XLVI.

W N Acute-angled Triangles () the Square of any fide (e.g.B.C. Fig.

87. N. a2.) fubtendimg any of the Angles, as 4 is equal to the
Squares of the other 2 fides {AB and AC) taken together, lefs 2 Reél-
angles (CAD) made by one [ide, contaning the Acute-angle (C4)
md its Segmene AD veaching from the Acute-angle (A‘} to the P erpen-
#mfgr (BE) let fall from the other fide.

| Demontteation.

. Make again BC—a, AC=), AB—¢, AD=x; then will
CD==b—x." Therefore cc—xx = 1 BD,and ae—bb-}2bbx
—xx (i. e. O BC—OCD) will alfo be ==UBD.
Therefore cc—xx—aa—bb—-2bx—2xx,
i. e« (adding to both fides xx)
ce—=aa—=bb—-2bx,
i e. (adding on both fides 46, and ftbrracting 20x)

' cc—i—ﬁﬁ—l—-ﬂw:‘m. ). E D,
CONSECT AR Y-S

. JF inthe laft Equation, except one, you
add on both fides b5, and fubtract aa,you'l () Ercl.
nave cc+ﬁ'5-—ﬂu::15x, and, i morecover you Prop.13. l2.
livide hoth fides by 26, you'l have -
- re=t=bb—aa
26

—ux: Which is the Rule, having 3

e—

fides given in an Acute-angled Trriangle, to find the Segment
AD, and confequently the Perpendicnlar BD. knows
K 2
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Knowing therefore the Segments AD and CD, and dlfo tl
Perpendicular BD in Oblique-angled Triangles, whether O
tule-angled or Acure-angled, when moreover the fides BC ar
APR are likewile given, the Angles of either Right-angled Tt
angles or Oblique-angled ones, will be known 5 fo that the Ia
Cafe of Plane Trigonometry, which we deferc’d from Prop. 3.
to this place, may hence receive its folution,

Propofition XLVIL

HE Square of the Targent of a (a) Circle, isequal to a Relang
contai’d under the whole Secant DA, and that pare of it whi
is without the Circle DE, whether the Secant pafs thro’ the Centre |

o amot.

Demonfttation,

For in the fitft Cafe, if CB and CE are— &, () Euel

DE= x, then will CD=4--x, & AD= .‘,_".’;,? e |
: ib. 3.

2b+ x: therefore 5 |

O ADE=12bx-+ 22& 0 CD =bb -+ 2bx -}- xx. then
fore, if from the ;j CD you fubftradt  GB==bb the remainde
willbe 2 b x -} xx = 0 BD= ADE. QE.D. _

In the fecond Cafe, the lines remaining as before, make D
==y, FE or FA =7 : therefore the O ADE will be = 2 4
- » 7, bur the g FC equal to the U EC—FE = bb— Z]
d.e 2bx - xx-- X . Bu the fame Square FD is= 2|
1= 2 Z y--y». Wheretore takingaway from thefe equal Squarg
rte common one XX you'l bave 2 2y -}y 1= 2 bx-x
ive. pr. 1ft Cali== BD. Q. E.D. '

e CONSECTARYS.

I. Hereore the Reflangles of diverfe fecants (as of AD}
& a de in Fig. 88, » 1.) which are cqual to the fam
Square. BD, are equal allo to one another 5 which the lal

Equation in our Demonflration (2 )by y=2bx-txx

* 15 an ocular proof of:

e
s , rl;i
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~II. Therefore by Prop. 19. asaD o AD (o is reciprocally
DE to D ein the Fig. of the 2 Caf.

III. Tangents to the fame Circle from the fame Point, as D3
& D 4 (n.3.) are equal ; becaufe the Square of each is equal to
he fame Retangle.

..':j IV. Nor can there be more Tangents drawn from the fame
point then two : For if belides DB & D 4, D ¢ could alforouch
ithe Circle, then it would be equal to them. By Confl 2. but
that is abfurd by Conf- 3. Def. 7.

SCYEH O L EU M 1.

[ Ence is evident, the O:iginal of the Geometricil Conltru-
A 1 Cions, which Cartes makes ufe of, p. 6,and 7. in refol-
ling thefe 3 Equations, 23 =aZ-bb, XX =aZ-}-bb, & 7=
g Z—bb. For in the Furtt cafe, fince he makes N O or N L,
{ Fig. 89. 11. 1. ) or NP 3 4, and the Tangent 3 M b, mike
MN O through the Center xx will== Z the quandry fought
Which thus appears: Making MO==Z , NM will=7 3 4, and
i O 7.7, —a Z--} aa. But the j OMP (which is by the
prefnt Prop. —OLM, 4. e. bb ) together with the o N L
Ot NP e §aa!5 =g NMby the Pathagor, Theor. Therefore
Lli— a7, 41 aa = bb - }!as. i e. (taking away from
!:lﬂth fides § aa) ZZ, —a'Z,= bb i.c. (by adding on both fides
@ L) ZZ —a7 -} bb: Which is the Equation propofed. In
the Second Cafe, if you make PM=Z (as Cartes makes it)
youwll have oNM-}-7Z |- 4 Z -}~ } a4, and ro this again as
before you'l have == bbh - 7 as.. Therefore ZZ~-aZ,=bb : .
Lherefore ZZ,——47.-}-bb: Which is the very Equation of (he
econd Cafe. Tn the third Cale, whether you make the w ole
secant RM (N.2 ) or that part of it without the Circle QM =7,
he Root foughtthere will come outon both fides the fame Equa-
ion of the third Cafesand (oiris manifelt, rhat this Equation has
fofe 2 Roots. For if RM be—=7 adding—}- to the Fig of Cartcs
the Line NO which {hall bifeét QR, and makes OM =LN )
OR or OQ will be ==Z—%4, and o the 0 OQ=7.7—i7-]-
§42, and this rogether with the 5 RMQ. (which is by vertue
the prele Prop. =0 LM) =gNQ. e. OM,.i. e Tl o=
. . I.{:.. 3 ’ HZ:_i"
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‘Z+-}_¢g +£=b::'f[.m, i e (b}? adding al, and raking away|
Yaa) LZA-bb=dl + . e (taking away bb) L7 —aZ—bb;
Which is the the very Equation of the third Cafe.  Bur if QM
be made =7, OQ or OR will =4 —7Z, andits J =} 24—
aZ--ZZ, as well as the former, and foall the reft. Q. E. D.

SCHOLIUM. IL

TOW if you would immediately decuce thefe Rules by
£z the prefent Propolition, without the Fythagorick Theorem.

It may (e. g, in the firft Cafe) be done much fhorter thus ; If
MO ="7 and NO- or NP 1 4,then will PM=7.: There~
fore © OMP—=77—sZ=bb, or the OLM,by the pref. Pro-
pofition 3 by adding therefore to bo h fides 4Z, }‘uu’l have 7.7, —
aZ--btb, which is the very Equation of the firt Caf. In
the f-cond Cafe, if MR be Z, QM or PR will —s4—7 :
Therefore @ RMPaZ—7Z=bb , i. e. aZ=bb-Y-Z7., i. e,
al~—=bb="77,- but if QM=7,, RM will = 2—7. There-
fore MRMP 2 Z—727Z_bb, asbetore, &e.

SCHOLIUM NI

Rom the 2 Confe. of the prefent Propofition, flows ano-

ther Rule for folving the laft Cafe of Plain Trigonomesry,
which we folved in the Confecl. of the foregoingProp. wiz. If
vou have all the three fides of the Oblique-angled Triangle
BCD (Fig. o) given, if from the Center C, at the diftance of
the lefler fide CB you defcribe a Circle, then-will, by Confeét.
2. of the prefent Propofition, BD the Bafe of the Triangle
(here we call the greateft {ide of the Triangle the Bafe, orin
an Equicrural Triangle, one of the greateft) will be to AD,
(the fum of the Sides DCH-CB) as DE the differenceof the
 §des, to DF the Segment of the Bafe without the Ciecle;
which being found, if the remainder of the Bafe within the
Circle be divided inro two equal parts, you'l have both FG and
GB, as alfo DG which being given, by help of the Right-
angled AA GBC and GDC all the Angles required may be

found, : |
; Propor
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Propofition XLVIIIL

N any Quadrilateral Figure («)) 4BCD (Fig. 1. N.1.) su.
I ﬁr:‘b:d in a Circle, the 3 of the Diagonals AC and BD is equal
2o the tiwo Reétangles of the oppofite fides AB into CD, and AD inse

BC.

Having drawn AE fo that the Angle BAE (hall be equal to the
“Angle CAD, the Triangles thereby formed (‘for they have the
“other Angles EBA and ACD inthe fame Segment equal, by ver-

tue of Confect. 1.Prop. 33.) will be Equiangular one to another

and confequently (by Prop. 34.) as AC to AD

(2) Peollib.a. fo AB to BE, Wherefore by making AC—=4«
Almagefh. and CD =—=¢ 4, and AB = 4, BE will be = 4.

In like manner when in the A A BACand EAD,
the refpective Angles are equal (viz. adding the common part
EAF to BAE and CAD, equal by Conltr.) and befides the an-
gles BCA and EDA in the {fame Segment are al(6 equal 5 thefe
T'riangles willallo be Equiangular, and AD willbe to DE as

AC 1o CB 5 wherefore by putting, asbefore, 4 for AC, and
oa for CB, and ¢ for AD, DE will —o0¢c. Therefore the
whole BD=¢b-}-0c, The Refangle therefore of AC into

BD will == eba -} 0 ¢ a — ; the Retangle of AB into CD

= ebat+ oof ADinto BC=o0ac. Q.E.D.

SCHOLIUM

N Squares and Reétangles (N. 2.) the thing is felf-eviderrs
For in Squares if the {ide be 4, the Diagonals AC and BD
will be V244,2nd {o their ReCtangle “"242 will be manifeftly
equal to the two ReCtzngles of the oppofite fides. Ia Oblongs,
it the two oppofite {ides are # and the others &, the Diago-
nals will be 4/z;7-75, and their ReStangle a4 <65 manifeftly
equal to the two Rectangles of the oppofite Sides.

Propofition XLIX.

l':r{'f e fide (AB) of an Equilateral Triangle (4ABC, Fig. 92. N. 1.)
inferibed in a (o) Circle, issn Power triple of the Radius (AD)

i‘n €s ﬂf Ihﬂ' (| ﬂf‘ﬁﬂ'
: LA Demon=
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Demanltration,

Ake 4D or FD=a, and (o its Square aa. Since There-

fore, having drawn DF thro’ the middle of AB, or
the middle of the Arch AFB.Jet DEbe == «; for the angles
at E are right ones, byConf¢¢t, 5. Definic. 8. anii the Hypothe-
nufes AD, AF, areequal, by Schol. of Definition 1 5. butthe|
fide AE is common. Therrefore the other Sides FE and
ED are equal by, by Confed. 3. Prop. 43.) and the O
of the latter is Y44, which fubtradted from a2 leaves 3 aa for
the 1 of AE. Therefore the line AE is wfm; and confe-
quenily AB 2 V3aq, 4. c. Vi3 4z, ie. /521 therefore O AB
=aaw QED | ;

CONSECTARYS.

I. Y F the Radius of a Circle be = 4, the fide of an Inifcribed’
Regular Triangle will be v/3%23, e g if AD be 10,

AB will be 300+ and if AD be 10, 000, coo, AB will be
/300, 000, 060, C00, oo, i & 17320508, and the Perpens
dicular DE g000, ooo. oy 4y

II. Hence it is evident, that in the genelis of 8 Teraedrum pro-
- pofed in Def. 2.2, thatthe elevation CE (Fig. 44, N. 1.) is to

the remaining part of the Diameter ot the Sphere CF as 2 ta
1 5 for making the Radius CB=4 and its @ 44, the 0 of AB
or. BE will == 3aa, by the prefent Propofition. Thersfore
the O of CB being {ubtracted from the 0 of BD or BE, there
remains the Dof CE =2 24 But fince CE,
CZ, CF, are continual Proportionals, by N. 3. (e) Eucl. 12
Schol. 2. Prop. 34. CE will be to CF as the O kb 12.
of CE to the Square of CB, by vertue of Prop. :
5=kt 45 2 [0 T.' 2 :

SC B oL e M

Ence you have the Euclidean way of generating (2) a Te-

tracdrum, and inforibing it ina given Sphere, when he
bids you divide the Diameter EF of a given Sphere fo that EC
fhall be 2 and CF 1, and thenat EF toereék the Perpendicular
CA |, and by means thereof to defcribe the Circle ABD, and tc
1aferibe (herein an Equilateral Triangle, e, |
e s i, Propefvin
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Propofition L.

T HE Side (AB) of a Regular Tetragon { or Square ) (ABCD,
Fig. 92. N. 2,) s double in Power of the Radius (4D).

Demonftration.

 For having drawn the Diameter AC and BD, the T'riangle
- AOB is Right-angled, and confequently, by the Pyrbagorick Theo-

rem, if the U of AO and BO be made equal to 44, then will
Fthe O of AB=244, Q. E. D.

CONSECTARY.

E Herefore when the Radius of the Circle AO is made — 3

~ the fide of the O AB will = 1’2.1;1:, e g- if AO be E0,

. AB willbe /200 ; =nd if AO be 10, oco, 000, AB will be
/200, 000, 000, 000, GO0, i+ & 14142136.

Propofition LL

HE fide AB of a Regular Pentagon () (4BCDE) (Fig. 93.

N. 1.) is equal in Power to the fide of an Hexagon and Deca-

gon anferibed in the [ame Circle, 1. e. the U of AB is equal to the
Squares AF and AQ taken together.

Demantiration.

Make AO—=4 and AF=4, AB—y4:

(@)Eucl. Prop, We are to demonflrate that x x ==aa-}-544:

'13. /b 13.  which may be done by finding the fide AB by

(2) Eucl.Prop. the parts BH and HA, after the following way:

| To. lib.13.  Firft of all the angle AOB is 72°, and the o-

thers in that Triangle at A and B §4°.  Bur

- BGG is allo §4°, as fubrending the Decagonal Arch BF of 36°,

- and alfo one balf of it FG of 18° Therefore the 2a ABC
' and HEO are Equiangular, and you'l have |

T
|1‘.

As

I
ft
-
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As ABto BO fo BO to BH

&

x

Secondly, in the Triangle BFA the Anglesat B and A are e-
qual by N. 2. Confeét. 5. Def. 8. and by vertue of the fame al
the ﬂﬂgtﬂﬁ at F and A inthe AFHA are fotco. Wherefore
the AA BFA and FFA are Equiangular, and you'l have

As BA to AF fo AE to AH
b b

4

Therefore the whole line AB (becaufe the part AH s faund

e BR B AR L SASEER Uiy g
. X =

aatbb

7 1 "
. abd = k
§ NTii Mmade

==x; {othat now is = x, and muliplying both fides

=
byx, aat-bb=xx. QE.D.

CONSECTARY L

Heréfure if the Radius of a Circle be () the fide of a Pen-
tagon AB will be ¢/ 2 2% bb.

CONSECTARY 1L

I Hercfore the 0 A1=22 ‘1‘” and & Ol=0O0A—gAl

O e : bk b :_ H’. Therefore Ol=—=v/32a—b&:

Which yet may be exprefled otherwife, viz. Ol =2 : b

@Bﬁlﬂnﬁrﬂﬁﬁm

Make («) OA or OF (N.2.) as before =4,

(q.) Eucl. Prap_ AF=5, and FI now —x; then will Ol=4—ux
Y. lib. 14« and having drawn the Arch FK at the Interval
AF, fo that AK may be equal to this, and FI—

IK
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IK—x - then will the angle IKRA-=F72°. Therefore the an-
gle AKO = 108 5 and fince KOA is 36°, KAO will be alfo
26°, and o KA—=RO=AF=b. Wherefore Olis —=4 -+ x,
which was above a—x. Therefore 20l —a—x-}-b-]-x, i. e
Sl k.
S

~at-b  Therefore OI—

CONSECTARY IIL

Herefore the difference between the Perpendicular of the
- Triangle DE (Fiz. 92 and 93. N.1,) and the Perpen-
dicular of the Pentagon Ol is —= 3 b, by vertue of Confed. 2. of

this and of the Demonfirat. of Prop. 49.
CONSECTARY 1V.

Enee is allo evident,by the prefent Propofition that which in
Fabri’s Genefis of an Icofaedr. Def. 2.2.we faid, viz. that ( Sce
Fig. 46.) Ba is equal 1o the fide of a Pentagon BA, becaufe,
viz. Fa is __ (0 the Semidiameter OB, and BF is the fide of a

Decagon.
Propofition LIL

HE [ide of an Hexagon is in Power equal to the Radins, as being
it felf equal to it by N. I. Schol. Def. 15.

Propofition LIIL

THE fide of a Regular Ottagon (4BCD, &c. Fig. 94.} isequal in
Power to balf the fide of the Square, and the difference (PB) of
¢hat baif Jide from the Radiusy taken together,

EEﬂIﬂﬂﬁtﬂﬁﬂm

For that the D of AB is — to the O of AP-}-D BP, is
evident from the Pythag, Theor. But.that PO is —_PA half the
 fide of the Square, is evident from the equality of the Angles

PAO and POA, fince each is a half right one or 45°.  Where-

fore
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fore the fide of the O&agon is equal in Power to half the"ﬁ&e ‘

of the Square, ¢&c. Q.ED.

CONSECTARY.

Herefore, if the Radiusbe —— 4, AP will be, by vertue of
the Pythag. Theor._— v +a a 2nd PB—a—«74a of that

————

Digayandof this D1 Lae—v 2 Therefore the Sum of
B AB—2 44— 422w Therefore the fide of the Oftagon

=V Zasys 4. 6 g. 1f AO be 10,AB will’be v200=
¥ 20000, and if the Radius AO 10000000, AB will be
¥/200, 000, C00, 000,000 — ¥/20000000C03¢0000.00
ooocoseooe, by vertue of the prefent Conf, or from the Prdpr._

it felf, if AO be 10000000, AP will be vertue of the Conflof

Prop. §0. = 7071068, and confequently BP =—=292 8932
T'he Squares of thefe added together give the U AB, and the
Root thence extraéted AB == 7653 668,

Propofition LIV.

HE fide of a Regular Decagon (a) i#sequal in Power to the greatef?
T pare of the [fide of an Hexagon cut inmean and extreme Reafon.

Demontttation,

_ Suppofe BD (Fig. 9§.) divided in mean and
() Eucl. g. extreme Reafonin E, and BA to be joined to it
lib. 13.Corols long ways= to the fide of a Decagon idlcribed
in the fame Circle, whofe Radiusis BC or AC=

ZD. Now we are to demonftrate that DE the greateft partof
the de of the Hexagon BD divided in mean and extreme Rea-

{on, is equal to the (ide of aDecagon BA, and the Power of the
one equal to the Power of the other. Becaule the Angle ACB
is 369, ABCand A72°, and conlequently CBD 108°, BCD
and D will be each 26°, and fo the- whole ACD 72°. (that fo
CD ma}r pafs precifely thro’ the other end of the [ideof the Pen.

tagon

-

& : # o'
e L R

n-.‘.. - ..l-llI i I- L

iy
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tagon: AF.) Whercfore the [a & ABC and ADC are Equi-
angular , and

AD :{:. %E :"i f;“g to AB. Therefore the whole

line AD is divided in mean and extreme Reafon. But BD is al-

{odivided 'in the fame Reafon by Hyp. Wherefore

- As AD to DB and DB to BA,
So DB to DE and DE to EB,

Therefore DB isin the fame Proportion to DE as DB to BA,
Thercfore DE is =—BA, and the Power of the one to the Power

~ of the other. Q. E..D. |

CONSECTARY S

THcrEfore, if the Radius of the fide of the Hexagon is 4

the fide of the Decagon will be V' ea—"1 4, by Schol.x.
Prop. 27. e. g. if the Radius be 10, the fide of the Decagon
will be V/125—¢, and if the Radits be put 10 ocoo ooco.
the fide of the Deccagon willbe—=4/12§ 000 000 000 0@0
~ §000 ©00, wiz. by adding the Square of the Radius and
the Square of half the Radius into one Sum ; whence you’l have
the fide of the Dccagon == 6180340 ; the half whereof
3090170 gives the difference between the Perpendiculars of
the T'riangle and the Pentagon, by Con/. 3. Prop. 51.

1. The fide therefore of the Pentagon is by Prop. 51.4/7 22
— ¥ a3 for the Square of the Hexagon is %4 gr %aa, the
U of the Decagon 3 44 — ¥ 5 a+ : the Root extralted out of

the Sum of thefe is the fide of the Pentagon, viz. ﬁa—-—v’g_a'fF

¢ g. if the Radius be 10, the fide of the Pentagon will be

S
-

| 8

2/250—+ 125000, and if the Radius be put 10 ©oo 000,

., fince the fide of the Hexagon is equal to it, and the fide of the

Decagon 6180340, their Squares being added into one Sum,
the Root extracted out of thar Sum will give the fide of the
Pentagon, 1755704 nearly 5 and the fides being colleted into

ane
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one fum, the half of it 8090170 will givethe Perpendicular in
the Peatagon Ol, by Confeét. 2. Prop. 51.

SCHODIUM I,

O illuftrate what we have deduced in the Confe&arys of
Prop. 51, you may take the following Notes. If 4 be put.

— 10 or ‘322, the {ide of the Decagon will be :VIEE_% iio.
bb—

618 nearly =65 therefore the U 2.4 —="932 and rhe

381921 , therefﬂj- a-t-bb orthe O AB — 8224 Perpen-
b_'.__ L .' -
e O == i divided by 2, that ls,-g—cl?. Now
2 100 100

the 00 of Al is } of the DAB=2! the DOl = aa—|- '{dﬁ -6k

4
—e4s¥ Now if you add the O Al and the U OI, the fum
o 2.aa-}-2.ab--2bb aa-t-2ab-bb
will be :DAO"_ 4_ s 7. € ) ,

=] 5, or near 100. Thus likewife, fince the Perpendicular

ahove found Ol, in Confeél. 1. may be allo determined by
Yade=ht.

fince aa is = "Tons’y and 3 22 3505507, fubtralting

from it b b — 3824 the Remainder will be 261876 and this be-
ing divided bv 4, you'l have the 0 Ol =%&%3. and the Root of
it exrracted 22 nearly 5 fo that thofe two ditterent quantirics in

Confe@. 1. will rightly exprefs the fame Perpendicular OI.
SCHOLTID M-I

OW therefore as we hiave Praétical Rules to determine A-

rithmetically the fides of the Pentagon and Dicagon, fo
alfo they may be found Geometrically by what we have demon-
{trated.” For if the Semidiameter CB (Fig. 96. N. 1.) be divided
into 2, parts, ECwill = 3 4; and ereéting perpendiculatly the
Radius CD==4DE will == ¥ 35,42 Moreover if you cut off
EF equal to it, FC willbe =v'Jas — 3 4 == to the fide of
the Decagon, by Confe&t. 1. Having therefore drawn DF, which
is equal in Power to the Radius or Side of the Hexagon DC,

and the {ide of the Decagon FC together, by the Pytbag. Theorem
it
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it will be the fide of the Pentagon fought: Much to the fame
urpofe 1s alfo this other new Conitruftion of the fame
roblem, wherein BG ( Numb. 2. ) is the fide of the
Hexagon BD the fide of the Square, to which GF is made
equal, fo that FC is that fide of the Decagon , and DF
of the Pentagon 5 which we thus demonftrare after our way:

Having bifected GH the fide of an Equil. Triangle, the Square

E#[-'GE will Ee?—:f, by Prop. 48. which being fubtracted from

the Square of GF == 2 2 4, viz. 24 a4, by Prop. 4'9- there will

\remain for the Square of EF 44, and for the line EF v/ 3,7,
‘and for FC ¥Jaa — 22, which is the fide of the Decagon, as
'DF of the Pentagon, afier the fame way as before.

| Propofitien LV.

i

'-THE fide of & Quindecagon (or 15 fided Figure) is equal in Power
to the balf Difference between the fide of the Equil. Triangle and

2he fide of the Pentagon, & moreover to the Difference of the Perpendi-

culars let fall on both fides taken together.

Demonitration.

For if AB (Fig. 97.) be the fide of an Infcribed Triangle;
and De the fide of a Pentagon parallel to it5; AD will be the
fide of the Quindecagon to be infcribed, by Confe&. 4. Def. 15.
But this fide AD in thelittle Right-angled Triangle, is equalin
Power to the fide AH (which is the balf Difference between
AB and DE) and the fide HD ( which is the difference be-
tween the Perpendiculars CF and CG) taken together by the
Pythag. Ther. Q.E. D.

CON:



Y

4y The Elements of the Mathemiticks.

CONSECTARY.

T YEnce if we call the Side AB of the EL]"J“- Ac, and make

> & the ﬁde’:;Ftlhe Pentagon DE—d, AH will e Nl

. %
HD is — 14, by Confeéts 3. of Prop. 1. Sidie therefore the
A AH is = e«—2¢xddand the AH D = “cthe o AD will

4

¢ 2 cdxb b

Therefore the fide of the Quindecagon = V & —2cdxddxbb

; 4
that is, Collefting the Square of the half difference of the fides
of the Triangle and Pentagon, and the Square of the difference
of the Perpendiculars into one Sum, and then Extracting the
Sauare Root of that Sum, you'l have the fide of the Quindeci=
gon fought. E. 9. if rhe Radius CI be made 10050600 the
difference of the fides of the Triangle 17320508,and ofthe fide
of the Pentagon 11757704 W:i.‘.'l be 5564804, and the half of
this 2782402 ; but the difference of the Perpendicular CE

from the Perpendicular CG, is 3090170.

The Squares therefore of thefe Two laft Numbers I:uefneﬁi
" Colle€ted into one Sum , nnd the Root Extralted will give the

fide of the Quindecagon 4158234 neaily.
S.C HOLIUM

HEre we will fhew the Excellent ufe of thefe lalt Propofitions
in making the Thables of Signs.  For having found above,
Radius of 10000000 parts, the fides of the
,if they are Bifected , you will have
viz. from the fide of the Triangle the
from the Side of the Squarey
from the Side of the Pentagon,
from the Side of the Hexas
from the Side of the
from the Side

of

fuppofing the
chief Regular Figures
{o many Primary Sines ;
fide of 6o Degrees 86607545
the Sine of 45 ° 7071068
the Sine of 36° 58778533
gan, the Sine of 30°  §000000 3
O&ugon , the Sine of 222 30 38206843 ;
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 of the Decagon the fine of 18° = 3090770 ; from. the fide
of the quindecagon laftly the fine of 12° = 2079117. From
thefe feven primary f{ines you may find afterwards the reft,
and confequently all the Tangents and Secants according to
the Rule we have deduc'd, 7 3. Schol. 5. Prop. 34. and
which Ph. Lansbergius illuftrates in a prolix Example in his
Geom. of Triangles Lib. 2 p. 7. and the following. But af-
ter what way, having found thefe greater numbers of fines,
Tangents, & . Logarithms have been of late accommodated
%0 them, remains now to be fhewn, which in_ brief is thus ;
2i%. the Logarithms of fines, ¢@¢. might immediately be had
from the Logarithms of vulgar numbers, if the tables of vul-
gar numbers were extended {0 far, as to contain fuch large
numbers ; and thus the fine e. g. of 0. gr. 34. which is 8900
‘the Logarithm in the Chiliads of Placquus is 49951962916.
But becaufé the other {ines which are greater than this are not
1o be found among vulgar numbers (for they afcend not be-
yond 100000, others only reaching to 10000 or 20000)
there is a way found of finding the Logarithms of greater num-
bers, than' what are contained in the Tables. E g. If the
Logarithm of the fine of 45° which is 7071068 is to be found,
now this whole number is not to be found in any vulgar Ta-
bles, yet its firfk four notes 7071 aré to be found in the yul-
gar T'ables of Strauchims with the correfpondent Logarithm
3. 3494808, and thefive firft 70710 in the Tybles of Flac-
quus With the Log. 4. 8494828372. QOne of thefe Loga-
rithms, e ¢ the latter, is taken our, only by augmenting the
Charadteriltick with {0 many units, as there remain notes out
of the number propofed, which are not found in the Tables,
fo that the Log. taken thus out will be 6. 8494808372.
Then multiply the remaining notes of the propoled number
by the difference of this Logarithm from the next following,
(which for thar purpofe is every where added in the / lacqsian
Chiliads, and is in this cafe 61419) and from the Product
33?54-91 caft away as many notes as adhere to the prope-
NuUmber beyond the tabular ones, in'this calé 25 for
of the remainder 41764, if they are added to the Logarithm
before tuken out, there will come the Logarithm requi-
red 6. 8494850136, wiz. according to the Tables of Viac-
quis, Whaerein for the Log. of 10 you have 10, 620, 000,
I eCo;



148 Mathefis Enucleata: Or,

coo ; but according to thofe of Strauchins which have for
the Logarithm of 10 only 10, 002, 000, you muftcut off
the three laft notes, that the Logarithm of the given fine
may be 6. 8494850 ; as isfound in the Strauchian and other
tables of fines, except that inftead of the Charatteriftick 6
there precedes the Charaéteriftick 9, whereof we will add this
rcafon : If the Characterifticks had been kept, as they were
found by the rule jult now given, the Logarithm of the whole
{ine (which is in the Strauchian Tables 10, coo, 0oo) would
have come out 70, 000, 000, incongruous enough in Trigo-
nometrical Operations. Wherefore that Log. of the whole
fine might begin from 1, for the eafinefs of Multiplication
and Divifion they have affumed 100, 000, 000 ; the Cha-
ralteriftick being augmented by three, wherewith it was con-
fequently neceflary to augment alfo all the antecedent ones;
and hence e. g. the Logarithm of the leaft fine 2909 begins
from the Charalteriftick 6, which otherwife according to the
Tables of vulgar numbers would have been 3. |

- Having found after this way the Logarithms of all the fines
(altho® here alfo if you have found the Logarithms of the
figns of 45° and moreover the Logarithm of 30, the Loga-
rithms of all the reft may be compendioufly found by addition
and fubftradtion from a new principle which now we fhal
omit) the Logarithms of the Tangents and Secants may eafy
ly be found alfo, only by working, but now Logarithmically.
according to the Rules of Sehol. 5. Prop. 34. . 5. and 6.

Propofition LVI.
(&) Eucl, THE ﬁdf ﬂfflTEtmEzfmm (ﬂ-) or gg#jj

e Pyramid i in power to the Diameter 9|
3003 g cireumferibed Sphere, as 2 to 3.

wemonfration,

For becaufe by the genefis of the Tetraedrum Def. 22,
(fee its Fig. 44 n.1.) and Schol. Prop. 49. OC is | of the fe
midiameter OB, which we will call 4 the O of CB will b
¥4z by the P;rﬁag. Theor. and fo the power (or Sq.) o
the fide of the Terraédrum ="} aa by Prop. 49. but the pow!
' €
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er of the Diam. 24 0r §2is $aa. Therefore the power of the
fide of the Tetracdrum is to the power of the Diam. as 24 0
36. i.e. (dividing each fide by 12) as2t0 3. Q.E.D.

Or maore [hort.

The O of CBis = 2 by Schol of Prop. 49 and the O of
EC = 4. Therefore the 0 EB = 6. Butthe O EF is =q.
Therefore the O.of EB isto the Dof EFas 6 to9, ¢ e. as 2
to 3. QE D.

CONSECTARY,

Herefore if the Diam. EF be made = 4, the fide EB will
_ be =V 34a. -

Propofition LVIL -
HE (ide g;_af the Octacdrum () is in power

one half of the Diameter of the circum- (a) Edcl,

feribed Spﬁerg. 14,115, 13,

2emonration,

For fince by the genelis of the Offaedrum Def 22. (fee
Fig. 44.7.2.) CA, LB, CF, &e¢. are fo many radii of

eat circles, if for Radius you put 2, the fquare of AF will

= 244 by the Pythag. Theor. But the fquare of the Diam.
FG = 24 is g4as.  Therefore the power of the fide is to the
power of the Diam as 2 te 4, 7 e. as 1 to 2. Q_E.D.

More ﬂmrr.

Becaufe AF is alfo the fide of a fquare infcribed in the grea-
teft circle by the gen. of the O&faédrum ; the 1 of AF will be
by Prop. 50.to the O of FC as 2 to 1: Therciore to the
fquare of ¥G as 2. to 4, by Prop. 35. Q. E D.

I.‘ 2% (;ON'
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CONSECTARY,

Herefore if the Diam. of the fphere bz made () the fide
of the Oaédrum AF will be YV }aa,

Propofition LVIIL

HE (ide of the Hexaedrum or Cube (=) s
(o) Eud, T in Power [ubtriple of the diameter of the
circiémycribed [phere.

Demonfration,

Making # the fide of the infcribed cube GF or FE (Fg.
- 98 ) the fquare of the diagonal GE of the bafe of the cube
will be 242 by the Bythag. beur and by the fame Reafon the
{quare of the diam. of the cube and the circumfcribed fphere
GD will be = 1o the fquare of GE ¢ 0 DE = 342. Q. E. D.

CONSECTARYS.

15. 716, 13,

) o Herefore if the diameter of the fphere be made = 4,

the fide of the cube AB will be ¥ ;aa.
rlue diameter of the fphere is tquﬁ in power to the
Lde mf the Térraédrum and cube taken together. For if the
power of ﬂ"ﬂ diam, of the fpl:erf be made 44 the power of
the fide of the Tesraedrum willbe §ea by € onfeét Prop.56. and
the power of the fide of the be[‘ aa by the prel. Confedf. 1.
W herefore théfe two powers jointly make 42, ‘Q_E.D.

Propofition L]X.
THL fide of the Dodecasdrum () is equal

¢ Emfg . ;:m in power to the greater part of the fi fde of
1: J"‘r i % ;.w ciihe ﬁmn‘w in mmu f;ﬂi cxsreme reafon.
‘I E-’

Pewmotis
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Remonttration,

For if to the fide of the cube AB (wid. Fig. 45. n. 1.) and
to its upper bafe ABCD you conceive to be accommodated or
ficred a regular Pentagon according to the genefis of a Dodecz-
édyum laid down in Def. 22, and at the interval Be you make
the arch ef, the & A ABe and A¢f will be equiangular ; (for
the anglesat A and B being 36°, and A¢B 108, having
drawn ef, the angles Bef and Bfe are each 72°; therefore
Aef the remaining angle will be 36°) wherefore as AB to Be
(i.e. Bf) fo Ae (. e. Bé or Bf) 10 Af. 'Therefore the fide of
the cube AB is divided in mean and extream reafon in f, and
Be the {ide of the Dodecacdrum is = to the greater part Bf.

Q.E D.
SCHOLIVDM,

Ence would arife a new method of dividing a given line
in mean and extream reafon, wiz. if you apply to the
given line a part of the cquilateral Pentagon-by means of the
angles A and B 36°, and at the interval Be you cut off Bf.
This angle may be had geometrically, if another regular Pen-
tagon be infcribed in a circle, and having drawn alfo a like
fubtenfe, if the angles at the fubtenfe are made at A and B
equal, by Eucl. 23. [ib. 1.

Propofition LX.
TH E fide of an Iofacdrum (=) is equal in

3 L S i () Euc,
power to the Jide of @ Pentagon in a gircle Prop. 16, Coe

rol!, lib. 13.

eontaining only five fides of the Icofuedrum ;5 and
the [emi diameter of this circie is in power [(ub-
quintuple of ihe Diam. of the [phere of the circumferibed Icofa-

edruria,

Eemonftraﬁoﬁ.

Both thefe are evident from the genefss of the Icofaedrum in

Def. 22, The firlt inmediately hence, becaufe all the n{t_i:}er
: | ides
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{ides of the triangles (Fig.99 ) A4, Ba, &c. are made equal
to the fide of the Pentagon AB by Cenfeé?. 4. Prop. 51. The
latter from this inference ; if for @A the radius of the circle
you put & (fince the fide of the Pentagon, which here is alfo
the fide of the Icofwédrum, it will be equal in power to the
radius and fide of the Decagon taken together by the aforefaid
Prop.) the altitude OG will be the fide of the Decagon =
¥ Saa——7a by Confelt. 1. Prop. 54. to which the equal in-
ferior part oF being added, and the intermediate altitude Oo
= @, you’l have the whole diameter of the circumfcribed

fphere GHEas 2 Vjas—ia i ¢ 2 Vjasie. V¥ azie
A saa and {o the fquare of the diameter of the fphere will be
saa : Therefore the fquare of the diameter of the fphere is to
the fquare of the femi-diam. of the circle containing the five
fides of the Icofaedrum as 5 to 1. Q. E. D,

SCHOLIUM

MR alfo evident that 2 fphere defcribed on the diameter
GH will pafs thro’ the other angles of this Icofaedrum ; for
afluming the center between O and o the radius FG will be

= "':i;‘; But FA is alfo2 Via4a; for the D of FO is
= a4, andthe O AO = sa: Thercfore the fum is = fee
¥ B EA OB B

CONSEGTARY .1

Herefore, if the radius of the circle ABCDE remain a,
& you'l have the altitude OG v jae—}4a, and the fide

of the Icofacdram ¥ Laa—"V ja*, by Conf 1. and 2. Prop!

54 and the diam of the circumfcribed Sphere 2 ¥ § aa, as is
evident from the Demonftration.

CO N{

|
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CONSECTARY IL

Being a general one of the five laff Propofitions.

F AB (Fig.100) be the diameter of a fphere
(a) E"f-;- («) divided in D fo that AD fhall be ; AB,
I’;’;P'ﬁf‘!f“ then (having ‘erelted the perpendicular DF)
» %+ 13" BF will be the fide of the Tetraédrum by Prop.
§6. and AF the fide of the Hexaedrum by Prop. 58. Conf. 2.
and BE or AE (erefting from the center the perpendicular
CE) will be the fide of the O aédrum by Prop. 57. Now if
AF be cut in mean and extreme reafon in Q, you’l have
AO the {ide of the Dodecaédrum by Prfr. 59. Laftly, if you
erect BG double of CB, HI will be double of CI, and the
O of HI = 4 O of CI; confequently the 3 CH or CB =503
Cl: Theretore the O of AB (double of CH) is alfo = to
5 O of HI (‘which is double of CI) therefore HI is the radius
of the circle circumfcribing the Pentagon of the Icofaedrum,
and IB the fide of the Decagon infcribed in the fame circle,
and HB the {ide of the Penragon, and-alfo the fide of the Ico-
[a€drum, by Prop. 6o. .

The End of the fuft fn‘ou&

THE
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TiH E

SECOND BOOK

SECTION T
Contaihing'
DEFINITIONS.

Definstion 1.

F a Cone ABC (Fig. 101.) be conceived to be cut by a
plane at right angles to the {ide of the cone, ¢. g. BA;
the Plane EFGHE arifing by this feftion, and terminated on
the external furface of the cone by the curve line HEG, &re.
was anciently by Euclid, Archimedes, &vc. called the Comick
Seltion 5 and if the {ides of the cone AB and BC made a right
angle at B, as #. &, the fection was particularly called the Se-
ction of a right-angled Cone; but ﬂ'P it made an obtufe angle, -
as 7. 2. it was called the Seftion of an obtufe-angled Comey
if, laftly, it made an acute one, assmum. 3. it was called (3.)
the Section of an acute-angled Cone.

Definition 1.

QUT afterwards their Succeflors, particularly Apollomins
Pergzens, found from the properties ot thefe Curves, |
which their Predeceflors had happily difcovered, that the fame’ |

. (all of them ) might be generated in one and the fame cone
whether right-angled, obrufe-angled, or acute-angled, if the
feCtion EF (fig. 102:) is made in the firlt cafe parallel to
; the
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the oppofite fide BC ; in the fecond cafg, if it meet that fide
produced upwards ; for the third, When it meets downwards,
with the diameter of the bafe AC produced to D. And to
give new names (for the old ones would do no more now) to
thefé Sections, to diftinguifh them one from another, nomi-
nating them from their Properties hereafter demonftrated, they.
called the firft a Parabola, the fecond an Hyperbola, the third
an Ellipfis.

Dgﬁriﬂan I1I.

BUT it is evident, that only the plane making the fe&i--
on of the fecond cafe, being according to the line FED
produced or carried on, (Fig. 103.) will fall upon the verti-.
cal Cone aBc comprehended under the ides AB, CB, .
continued onwards, and there produce another Section oppo-.
fite to the former; whence thefe, wiz. GEHG and gebe are
called oppofite Sections,

Definition 1V.

Efides thefe names of the feGtions, there are feveral others:
made ufe of to denote various lines drawn and confidered

both within and without thofe {ections, the chief whereof we.
{hall here explain. And firlt of all, in general the line EF {0,

let fall thro’ the middle of the fection from its top E (which. °

is called the Vertex of the feftion) to the diameter of the .
bafe of the Cone AC (produced if occafion be) that it (hall
bifect the line GH and all others parallel to it, is called the D:-
amezer of that Section ; and particularly it is called the Axz of
the Section if it cuts them at right angles or perpendicularly

as alfo they name thofe lines GH, KN, &rc. which are cut in-

differently by the diameters, but at right angles by the Axis,

thofe, I1{ay, they cill Ordinates, or Ordinare Applicates, and
their halves, FG, IK, & Semiordinares, (or tome alfo call
the latter Ordinates, and the former double Ordinates) and the
arts of the Ax or Diameter EF, El, & are called Abfeif-
@ (by fome intercepted axes and diameters )

At

I‘f!. E £ f?—_
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Definition V.

Pﬁrn'cularly in the hyperbola they call the continuation of
the ax or diameter ED ’till it meet the oppofite fide ¢B,
i.e. to the vertex of the oppolite fe&tion, the Latus tranfver-
Jum of the Hyperbola, to which there anfwers in the Ellipfis
the axis or longeft diameter, and {0 by latter Authors is called
by the fame name, but by Apollonins the tranfverfe Ax or the
tranfverfe Diameter, as alfo the fhorteft ax or diameter. is cal-
led the Conjugare, and its middle point O is called the Cenrer-

of the Seétion or of the oppefite Sections.

Definition VI,

THE}r called alfo a certain line EL (Fig. 101.) by the
name of Latus Reflum, which is particularly to be
found in all the fe&tions, as we thall hereafter thew : And be-
caufe this Latus Reflum is a fort of a Rule or Meafure, ac-
cording to which the fquares or powers of the ordinates ufed
to be eftimated or valued (as we will thew in its proper place)
therefore the Ancients ufed to call it by a Periphrafis Linea fe-
cundum quam poffunt Ordinatim applicate, Or the meafure of
the powers of the Ordinates ; by fome latter Authors it is cal-
led the Parameter. Now amean proportional PQ found be-
tween this Latus Reéfum and the Larus Tranfverfum (Fig.
to4 » 1. and 2 ) (fee allo hereafter Confe?. 2. Prop. 8.)
and drawn thro’ the centre O parallel to the Ordinates is cal-
led the fecond Axis or Diameser, or the Conjugate of the Hy-
perbola,

Definition VI

GW if we conceive the diameter or conjugate ax PQ
brought down to the Hyperbola o that its middle point

‘O fhall touch its vertex in E, and from the center O you draw
the right lines OR, O3, thro’ the ends of this tangent line p
and g, thefe are the lines which ~pollonius, Prop. 1. lib. 2 de-
monftrates, that tho’ by being continued, they always ap-
proach ncarer and nearer to the curve GEH, and come fo

much
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much the nearer by how much the farther they are continued,
yet they will never concur with it or touch it, for which rea-
fon they are called Afymptotes or non-coincident lines ; and
by fome the Intaéfe. Which non-coincidency appears moft
manifeftly where the hyperbolical fection of the cone is made
parallel to the triangular feétion thro’ the axis of the cone ABC
(». 3.) along the line e. f. parallel to the ax BF. Forif we
conceive the hyperbola geh to move forwards always pa-
rallel to it felf, according to the direction of the equal and pa-
rallel lines gG, fF,and hH,ill it ftands inthe pofition GEH
it is manifeft that the curve line GEH is diftant on both fides
from the right lines BC, BA, the length of the verfed fine of
the equal arches 4C and gA in the circumference of the circu-
lar bafe, while in the mean time it is evident that they ap-
proach nearer and nearer to them. So that hence there flow

the following

CONSECTARYS.

I. TN this cafe the fides of the cone are the Afymptotes of
the hyperbola, while it is manifeft, that the point B is
its centre, and EB half the tranfverfe diameter ; which appears
from # 1. and 2. of the pref. Fig. for the fection ¢f being
made parallel to the the ax of the cone DF by def.5.d e
(which in the cafe ». 3. would coincide with dg) is the tran{-
verfe diameter, but the triangles dpg and OpE are equiangular,
and confequently as pE is to ;pg, fois OE to i dg.

II. The lines AG and HC (mwm. 3 ) are equal, as being
the verfed fines of equal arches; and in like manner (7.1. and
2.) RG and HS are Equal, fince FR and FS as well as Ep
and Eq are {o alfo (for '

as OE ro Ep, fo OF to FR

—Eg —F5
FH are alfo equal.
HI. Confequently T3] of RG into GS and of HS into

HR are equal, & all which hereafter we will more univer-
fally demonftrare.

and the femiordinates FG and

M U Def-
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Definition VIII.

; F a parabolick plane («) HEGFH (Fig.
(a) Archim, 10§. m. 1.) together with a triangle HEG
de iConoid, X3 .. ai % : .-
| -~ inferibed in it, and a reftangle circumferi-
Spber. Def.1, feribed d a reftangle HL f
bed about it, be conceived to be moved round
about the ax EF on the point F; it will be evident that by
the tiangle there will be generated a cone, by the rectangle a
cylinder, and by the parabola a parabolick folid, which with
the comprehended cone, and the comprehending cylinder,
will have the common bafe HIGK and the fame altitude EF,
and was by Archimedes named a Pargbolick Conoid. !

Definition IX.

: F moreover an (2 ) hyperbolick plane
At I HEGFH (7.2.) with the infcribed trian-
Spher, Def. 3. gle HEG, and another circumfcribed one ROS

made by the Afymprotes OR, OS, be concei=
ved to be turned about the common ax OEF on the point F3
1t will be evident that there will be defcribed by the inferibed
triangle a cone comprehended within fide, and by the hyper-
bola an Hyperbolical Conoid upon the fame bafe HIGK and of
the fameheighth EF ; andby the & ROS another cone which
Archimedes calls the comprehending cone, whofe bafe is
RTSV, and its altitude compofed of the axis of the hyperbo-
la EF and half the tranfverfe ax OE (which Archimedes cal-
led the additament of the ax of the hyperbola) and which we
may commodioufly divide into two parts, @iz into the cone
OPMQL, whofe bafe has for its diameter the conjugate ax
PQ, and its altitude equal to half the tranfverfe ax ; and into
a Curii-come or detruncated cone terminated by the two bafes
PMQL and RTSV, but anfwering in alritude to the conoid
and infcribed cone : From which, as comprehending it, if you
take away the included conoid, there will remain the hollow
curticone terminated below by the dnaulus or ringRGIVHSKT
and above by the circular bafe PMQL,, and generated in the
circumvolution by the intermediate lines EP, GR, &¢c. or the
mixtilinear plane EGRP. Now if we fuppofe inftead of

e | = ' this
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. this comprehending cone a circumfcribed cylinder on the fame
bafe and of the fame altitude- with the conoid and included
cone, you'l have every thing like as in Def. 8,

CONSECTARNYS.

OW if we fuppofe the I. cafe of Def. 9. to be expref-

fed by the Fig. of Def. 7. n. 3. and conceive the pre-
fent figure brought thence to be turned round about the ax
BEF (Fig. 106.) we may deduce thefe‘following things in
the room of Confectarys for the foundation of our future de-
- monftrations. :

I. Thelines EQ, RS, HC, &c. of the mixtilinear fpace
comprehended between the hyperbola and the Afymptotes
(viz. the excefs of the ordinates) altho’ they are unequal, and
by defcending always grow lefs, yet in this circumvolution rthey
will defcribe equal circular fpaces, wiz. EQ a whole circle,
(or cifcular plane) but RS and HC, &e. circular Annuli or
rings all of the fame bignefs ; which will thus appear to any
one who compares this figure with the former : Since the fpa-
ces generated by the lines EQ, FC, &c. are as the fquares
of thofe lines, and the O of Fhor FC exceeds the fquare of
f b or FH by the excefs of the {quare Ff or Ee or EQ, confe-
quently the quantity generated by FC will exceed that gene-
rated by FH the excefs of that generated by EQ; and alfo
~ that generated by FH by the excefs of that generated by HC;
- it is manifeft that the circle generated by EQ will be equal to

the annular fpace generated by HC ; and the fame will in like
manner be evident of any fpaces produced by RS.

I. Therefore the hollow detruncated cone generated by the
fpace EHCQ according to Def. 9. will be equal to a cylinder
generated by the reCtangle FIQE 5 for all the indivilibles of

;:rhe one, are equal to all the indivifibles of the other by Coné
Bfell. 1. :

Def-
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Definition X.

- - F, laftly, (2) an elliptical plane be turned
e ?;'i’,r;h*f; about either of the axes, viz. either the lon-
spher, D.f. 6. 8elt DE (Fig. 107. 1. 1) or the fhorter AR

(n.2.) there will be thence formed an elliptical
folid, called by Archimedes a {pheroid ; which in the firft cafe
will be an oblong or erect one, in the other a flac or depref-
fed one : And it is felf evident, that if before this circumvolu-
tion of the ellipfis, there be infcribed in one of its halves a
triangle, and alfo a reGtangle circumferibed about it, having
the fame altitudes and bafes with the femi ellipfe, there will af-
terwards in the circuamvolation be defcribed by the triangle a
cone, by the rectangle a cylinder, to which afterwards we
will alfo compare the half {fpheroid ; s alfo both the conoids
with their infcribed and circumfcribed cones and cylinders.

Definition XI.

F upon the right line AE (Fig. f@) you conceive a Wheel
or circle to rowl, until its point A. with which it fouches
the faid line, come to touch it again in E ; the circle wil mea-
fure out the line AE equal ro its periphery ; but the point A
by its motion will deferibe the curve line AFE, which is cal-
led'a Trochoid or Cycluid ; and the area Which this curve with
the fubtenfe AE comprehends, is named the Cycloidal Space;
and the circle by whofe motion they are determined is called
the gemerating Circle.

CONSECTARY.

¥ T is evident from the genelis of this curve that the deferi-
bing point 2 will always be as much diftant in the circle
srom the point of contact & or ¢, as the point A in the right
Iine pafied-over AE, is from the fame point of contaét, 7. e. i
the éoint d 15 ditant from A the fourth part of the line AE,
the arch da will alio be the tourth part ot the circle confidered |
in this {econd ftation ; and the p-.’}inr. ¢ being ditkant_from A |
haif of the interval AE, the arch ¢s will be alfo half ot the
circle,
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circle, and fo the point 4 coincide in the curve with F: And
when the point e is diltant from E only an eighth part of the
whole line AE, the arch ¢z will alfo be the eighth part of the
whole circle. -

3 Definition XII.
F the right line BA (mwm. 1. 109.) one end at B remain-
ing fixed, be moved round at the other end with an equal
motion fromi A thro’ C, D, E to A back again, and in the
_mean while, there be conceived another moveable point in it
“tomove with anequal motion along theline BA from B to A,fo
that in the fame moment wherein the moveable point A abfolves
one revolution, the other moveable point fhall alfo have pafled
thro’ its right lined way, coinciding with the point A retur-
ned to its firft fituation ; this extremity A by its revolution
will defcribe the circle ACDEA, and that other moveable
point another curve B, 1, 2, 3, 4, &% which with Arco;-
medes we will call a Helix or [pirak Line, and the plane fpace
comprehended under this fpiral line and the right line BA in
the firft ftation is called a fpiral fpace. Now if we fuppofe,
~e.g. the right lined motion of the point moving along BA
" to be twice flower than in the former cafe, {o that (fee nums,
. 2.) in the fame time that the point A makes one whole Re-
volution, the other moveable point fhall come to F, making
half the way BA, and then at length fhall concur or meet
with the extremity, when that fhall have performed the other
revolution; and fo there will be deferibed a double fpiral line,
whiofe parts with Archimedes we will fo diftinguifh, that as
he calls the part of the right line BF, pafled over in the firlk
revolution, fimply the fir/# lime, and the circle made by the
right line BF the firf? Circle ; fo we will call that part of the
- curve which is defcribed in thattime or revolution B 1369 12
 the firft Helix or the firftSpiral and the area comprehended un=
der it the firff [piral [pace : And, as the other part of the right
" line FA pafled over in the other revolution is called the fecond
" line, and the circle marked out by the whole line’ BA: the fe-
Lcond Circle ; 10 the curve deicribed in the mean while 12, 15,
18, 24, may be called the fecond (piral line, and the fpace
5 compre-=
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comprehended under it the fecond fhiral _ﬁlnse, and fo onwards
From thefe Definitions there flow the following -

CONSECTARYS.

I HE lines B 12, B11, B 10, ¢&¢. drawn out, and
making equal angles to the firft or fecond fpiral (and
~ after the fame manner («) Bi2, B 10, B8,

Prgﬁj f’;ﬁ?‘m* &e. or B12, Bg, B6, ‘cf?'c:. ) are arithmeti-

-'fPff g - cally proportional,as is evident, :

1. The lines drawn out to the firft fpiral asB7, B 10,

&rc. are one among another as the arches of the circles inter-
~ cepted between BA and the faid lines (8) B 7,

(B) 4rchim.  B'1o, ¢e. which is alfo évident to any one

Tyop. ds who confiders what we did fuppofe ; for in the

fame time as the end A pafles over feven parts of the circle,

the other moveable point will alfo run over feven parts of the
right line BA, &

: IIl. Laftly, The right lines drawn from the
. (y)drehin. initial point (%) B to the fecond fpiral e. £

278 B 19 and B22 (#um. 2.) will be one to ano-
ther as the aforefaid arches together with the whole periphery
added ro both fides : for at the fame time the extremity A runs
thro’ the whole circle or 12 parts and moreover 7 parts (7. e.
in all 19 parts) in the fame time the other moveable point
pafles through 12 parts of the right line BA (in this cafe di-
vided into 24 parts) and moreover 7 parts, thatis, in all
19 ; and {o in the others.

Definition XIII.

F a right line BAF be conceived o to move within the
right angles ADC, CDE, that on the one hand a certain
point C fixed in one leg of the Nirma or ruler may always
glide along, and on the other hand a cerrain moveable
point A may always run along the other {ide of the Norma
(which complicated motion of the defcribing rule BAF, after
what way it may be organically procured, may be feen by
: the
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the 1102h. Figure;) by the extreme point of the moveable
line B there will be defcribed a curve called by its Inventor
Nicomedes the firft Conchoid, whereof this is a property, that
the right lines CB, Cb, drawn from its centre C to its Amsbi-
fus or curvity are not themfelves, as in the circle, equal, but
et have all the parts, AB, 4b, intercepted hetwee:}he curve,
gﬂd the direétrix AE are equal ; as is evident from its genefis.

Definition XIV.

F,the diameters of a circle being AB and CD (Fig. 111. 7.
A 1.)cutting one another at right angles, you take BE or Be
and BF or Bf equal arches, and from E or e you draw the
perpendiculars EG or Eg, and through thefe from D to F or f

u draw the tranfverfe lines DF or Df’; the feveral points of
interfeGtion H, &, @ c. decently connelted together will exhi-
bit the curve line Db, HAB (which may be continued alfo
without the circle if you pleafe, and) which is commonly at-
tributed to Diecles, and called a Ciffoid,

Dfﬁ?ﬁfffﬂ# XYV.

IF, having divided the right line AE (Fig. 112.) into the,
equal parts AB, BC, &c. from the points of the divifion
A, B, C, &c. youdraw the parallel lines Aa, Bb, Ce, &rc.
in geometrical progreflion (as e. g. let Aa be 1, Bo 4, Cc 16,
Dd, 64, &v. or Bb 10, Cc 100, Dd 1000, Ee 10020, ¢c.)
and further bife&ting AB, BC, &, ¥ B, B, J, you le fall
mean proportionals berween the next Collaterals ££,&5,1),71,
@ ¢. and continue to do {0 till the parallels are broughe near
to one another ; the curve line drawn thro’ the extremities of
thefe lines af, b5, cl), die, will be the logarithmical line of the
‘moderns, whofe properties and ufes are very excellent,

S HO LT UM

- A Mong thofé ufes, that isnone of the leaft, from which

this curve borrows its name, wiz. in fhewing the na-

ture and invention of Logarithms. Fer, ¢ g. 1. If thisline
was accurately delineated in a large pice, the parts EF, |
N :

3
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BC, cre. being taken fo big, that they might be fubdivided

not only into 100 or 1000 but into 10050 or 100000 parts;
making AB 1ocooo (and 0 A coooo) AC would be
200000, AD 300000, @ c. while in the mean while there
anfwer to thefe as primary Logarithms in arithmetical pro-
greflion the geometrical proportional numbers, As 1, Bb 10,
Ce 100, Dd 1000, Ee 10000, &c. Whence, 2. Its Logas
rithm may be affign’d to any given intermediate number, e.g.
to the number 982, for having cut off this number from Dd
by a geometrical fcale on the line DM, if you draw M»n pa-
rallel to AD, and #N parallel to DM, it will give AN on the
fame fcale, viz. the Logarithm fought, and reciprocally. But
if, 3. it feem difficult to delineate a Figure folarge, yet at leaft
the clear conception of fuch a delineation evidently fhews the
arithmetical method, which thofe ingenious Men have made
ufe of, who have made the tables of Logarithms with a great
expence of Labour and pains, wiz: by finding continual mean
proportionals, arithmetical ones between any two Logarithms
already known, and geometrical ones between two vulgar
numbers anfwering to them, . by comparing what we
have noted in Schol. 2. Prop. 20. Lib. 1. And we will note,
4 out of Pardies, that, fince the Logarithms of numbers di-
ftant from one another by a decuple proportion, differ by the
number 160c00, having found the Logarithms of all the
numbers from 1000 to 10200 you will at the fame time
have all the Logarithms of all the other numbers
that are between Ico and 1eco, between 10 and 100,
and between 1 and 10, only changing the charalteri-
ftick, and leflening it in the firlt cafe by unity, in the fecond
by 2, in the thirdby 3 ; as e. g. if of the number 9, goo you
had found the Logarithm 3¢9, 563, the Logarithm of the
fubdecuple number 9go would be (wiz. fubftracting from the
former 100000) 299, §63. and the Logarithm again of
this fubdecuple of this 99 would be 199, 563, &%. Thus
in the Chiliads of Briggs to the number

99000 Anfw. 4, 99563, 51946
$900 —— 3, Y9563, 51946
g9o = 2, 99503, 51940 |
9y liftiy=—" 1, 99563, 51945.

-

But!
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But there will not arife fuch advantage for making Loga-
rithms by this obfervation as it may at firlt fight feem to pro-
mife, becaufe there are gooo numbers between 1000 and
10000 whofe Logarithms mult be found alfo, and but goo
between 100 :mclg 1000, and but 9o between 10 and 100,
and but g between 1 and 10, and {o in all 999, which isnot
the ninth part of the former.

Definstion XV1.

F the radius AD (Fig. 113.) be conceived to move equal-
ly about the point A through the periphery of the quadrant
DB, while in the mean time the fide of the fquare DC re-
maining always parallel to it felf, defcends alfo with an equal
motion thro DA, fo that in the fame moment the radius AD
and the aforefaid fide DC fhall fall upon the bafe AB; or (if
any one fhould think that this way the proportion of a right
line to a circular one is fuppofed by a fort of Peritio Priﬂci{lii
or begging the queﬁinng the right line DA as well as the
quadrant DB being divided into as many equal parts as you
pieafe (e.g here both of them into 8) and drawing thro’
thefe from the center A {o many Radii and thro’ them paral-
lel lines ; the points of interfection being orderly connelted to-
gether will exhibit a curve line, whofe invention is attributed
to Dinoffratus and Nicomedes in the fourth Book of Pagpaus A-
lexandrinus, and which from its ufe is called a Quadratrix,
it having anmang the reft this property, that from AB it curs
oft a part AE, whichisa third proportional to the quadrant
DB and its radius DA ; which hereafter we will demonftrate.
In the mean while from this defcription of it, you have thefe

LONSECTARYS.

1. JF thro’ any point H affumed in the Quadratrix you draw
» the radius AHI, and from the fime point the perpendi-
cutars Hb and He, the whole arch DB will always be to the
part 1B cut off, asthe whole line DA 1o the part 2A cur off,
or He ¢qual to it.

N 2 1L Con-
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1. Confequently therefore any given arch or angle of the
quadrant €. g. 1B or IAB may by help of the quadratrix be
divided into three equal parts or as many as you pleafe, or in

what proportion foever you will ; while having drawn the

radius Al, the perpendicular Ha let fall from the point of the
quadratrix H, may be divided into three or as many equal
parts as you pleafe, or inany proportion whatfoever, and thro’
thefe fections radius’s drawn to divide the arch. 3 i

B Q-0 g g
SECTION L
CHAP I
Of the chief Properties of the Conick Sections.

Propofitivn 1.

I N the Parabola (GKEH Fig- 114.) the (&)
_FE‘F; flf}: o [quare of the femi-ordinate (IK) is equal to
i@fﬁpm_ Prap'. the reflangle IL made by the Latus Reélum

11, Lib, 1. EL and the abfciffa EL

emonlration,

Ake the {ides of the cone that is {uppofed to be cut, AB

— a, BC = b, and moreover EB = 04, and El =% e,

and AC = ¢; therefore NI will be = ¢c, by realon of the fi-
militude of the & A BCA and EIN; and EP or 10 = o,
by reafon of the fimilitude of the A A ABC and EBP. There-
fore L___1 N1O = oecc = O IK by the Schol. of Prop, 24
(.3 ) and Prop 17 Lib.1. Now if a line be fought which
with the ablcifla Ei fhall muke the L__J 1L = OIK you will

have

e |
|
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bave it by dividing the faid iquare by the Abfiffa EL. wiz.
oecc i. ew occ = EL. And this is called the Latus Rectum,
‘b T

wiz. in relation to the Abfciffa Bl with which it makes that
retangle, which, i’ evident, is &= O 1K, and from this
equality the feCtion has the name of Parabola, in Apollos

#ins,

CONSECTARYS.

L THis Latus Retum, exprefled by the quantity occ,

F ; b
may be found out after a fhorter way, if you make as 4 to ¢
(the {ide of the cone parallel to the fection BC at the Diame- -
ter of the bafe AC) {0 oc (the fide EP called by fome the Latus
Primarium) to a fourth.

II. But if any one, with Apollonius, had rather exprefs this
by meer data in the cone it felf as cut (becaufe oc or that La-
tus Primarium EP is not a line belonging to the cone it felf)
he may eafily perceive, if the quantity of the Latus Rectum
found above, be multiplyed by the other fide of the cone 4,
thege will be produc’d the equivalent oacc which inftead of the

ab
proportion above will furnifh us with this other,
as ab——to cc o 0a !
(T of ABintoBC=-13 AC —-EBS" * fourth ;
which is the very proportion of Apollonius in Prop. g. Lib, 1.
and confirms our former.

SCHOLI‘UM I.

Ence you have an eafie and phin way of defcribing 2
Parabala, having the top of the ax and the Latus Re-

tum given, wiz. by drawing feveral femiordinates whofe
extreme points connected together will exhibit the curviry of
the Parabola. But you may find as many femiordinates as
you pleafe, if having cut off as many parts of the Ax as. you
pleafe, you find as many mean proportionals between the
. Latus
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Latus Recum and each of thofe parts or Abfcifla’s. See . 2.
and 3. Fig. 47. Introduli. to Specious Analyfis. |

SC'HO LW U a1l

Ence alfo we have a new genefis of the parabola in Plano
from the fpculations of De Witte, wiz. if the reétiline-

ar angle HBG ( Fig. 115.) conceived to be moveable about
the fixed point B be conceived fo to move out of its firft fitu-
ation with its other leg BH along the immoveable rule EF,
that it may at the fame time move al{o the ruler HG, from
its firlt ficuation DK, all along parallel to it felf, and with
the other leg BG let it all along cut the faid ruler HG,and with
this point of its interfetion continually moving from B to-
wards G it will defcribea curve.  That this curve will be the
parabolh of the antients is hence manifeft, becaufe it will have
this fame firlt property of the parabola. For, 1. if the an-
gle HBG (#.1.) be fuppofed to be a right one, and BD or °
Hl= 4, Bior KG = & (w. in that ftation of the angle
and rule HG by which they denote the point G in the inter-
feQion) you'l have by reafon of the right angle at B, B,
i. e. b a mean proportional Between H! z ¢. 4, and IG or
BK,and {0 thisas anabiciffa == bb. W herefore it BK . eﬂf
~ 4 @
be multiplyed by BD = 4, the re®tangle DBK will be = bb
= 0 KG; whichis the firft property of the parabola: So
that it follows, fince the fame inference may be made of any
ather point in this curve, that this curve will be the parabo-
la, BD or HI its Larus Reéium, KG a femiordinate, and BK
its axis, €. 2. If the angle HBG be an oblique one (zum.
2 ) it may be ealily fhewn from what we have fuppofed that
the A A DBH and BKG will be equiangular : Therefore as
BD (i.c «) o DHfe. Bl (i.e. b) fo KRG fc Bl (. e. )
to BK (i. e. 6b.) Therefore again the L.J DBK & 46 O

i@
KG. QED.

Confet. 3. Tt is alfo evident in this fecond cafe, that BK
drawn parailel to the ax, but not thro’ the middle of the pa-
rabola

&
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rabola, will be a diameter which will have for its vertex B,
its Latus Redum BD, and femiordinate GK, ¢,

Confeét. 4. Therefore you may find the Latus Reéium in
a given parabola geometrically, it you draw any femiordinate
whatfoever IK (Fig. 116.) and make the abfciffi EF equal
toit, and from F draw a parallel to the fémiordinate 1K,
and from E draw the right line EK thro’ K cutting off FH
the Larus Rectum fought ; fince as El to IK fo is EF (7. e.
1K) to FH by Prop 34. kb. 1. wherefore having the ab-
fciffa and femiordinate given arithmetically, the Larus Re-
¢fum will be a third proportional. '

Confeét. 5. Since thercfore the Latus Reitum found above
is ﬁf_ﬂlif}?nu conceive it to be applyed to the parabola in LM,
ot B
fo that N fhall be that point which is cilled the Focms, LN
will be occ and its fquare ooct and this divided by the Latus
24 45b
Reitum occ will give oce for the abfciffa EN @ So that the
) b 45
diftance of the Focus from the Vertex will be | of the Larus Re-
ctum,

Confeét. 6. Since therefore EN is 5 oce, if for EF you put
40

ib, NF will be = ib~—occ, whofe fquare will be .fuund to be
. 4b

#*b*—oicc 0?4 1o which if there be added 0 GF = oic,

2 166

by Prop. 1. the fquare of NG will be = #6° { o1cc § o2ct

2 160

whofe root (as the extraction of it and, without that, the ana-

logy of the fquare NF with the fquare NG manifeftly thews)

will be #6 1 occ 5 fo that a right line drawn from the Focus to

45
the end of the ordinate, will always be cqual to_the abfcifla EF

+EN
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+ EN i.e. (if EO be made equal to EN) to the compounded
line FO.

SCHOL 19 M. I

Ence you have an eafier way of deferibing the parabela
H in Plano from the given Focus and Vertex, wiz. (Fig:
117.) the axis being prolonged thro’ the vertex E to O, {o
that EO fhall = EN, if a ruler HI be fo moved by the hand
G, according to PQ, from OF to HI, that putting in a fyle
or pin, it fhall always keep the part of the Thred NGI
(which muft be of the fame length with the rule HI) as faft
as if it were glued to it (which perhaps might alfo be done
with the Compafles by an artifice which we will hereafter al-
fo accommodate to the hyperbola) and at the fame time it will
defcribe in Plano the part of the line EGR. That this will
be a parabola is evident from the foregoing Confect. becaufe
as the whole thred is always = to the ruler I[H; fo the part
GN is always neceflarily equal to the part GH, ze. tothe
line FO. Moreover from the fame fixth Confect. and Fig.
116. may be drawn another eafie way of defcribing the para~
bola in Plano from the Foeas and Vertex given thro’ innume-
rable points G to be found after the fame way : wiz. If from
any aflumed point in the ax F you draw to the ax a perpendi-
cular, and at the intetal FOrom the Foeus N you make an
interfeétion in G.  Which innumerable points G will be de-
termined with the fame facility, having given only, or aflu-
med the axis and Latus Refum, by vertue of the prefent
Propofition.  For if, having aflumed at pleafure the point F
in the axis, you find a mean proportional between the Latus
Reftum and the abfcifla EF, a femiordinate FG made e-
qual to ir, will denote or mark the point G in the parabola
foughr.

P 100~
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Propofition 1I.

IN the brp#ﬁﬂfﬁ (GKEH Fig 118) (&) the J
[quare of the [emisrdmate (IK) # equal to ,”(‘}}é:;;""
the reéfangle (IL) made of the Latus Reftum “zl_,,f : Aol <
(EL) #nﬁ the #Bﬁ*éﬁ# (EI _) together with ano- Prop.12.Lib.1,
' ther reftangle LS of the [aid abfeifla (EI or

' LR) and RS a fourth proportional to DE the Latus Tranfver-
fum, (EL) the Latus Rettum, and EI the Abfcifla.

Remonttration,

Suppofe the fide of the cone AB here alfo = 2, and BM

rallel to the fection = &, and the intercepted line AM = ¢,
and El = eb ; all according to the analogy we have ohferved
in the parabola; and NI will be as there = ec. Mauking
moreover MC = d and the Latus Tranfverfum DE = ob, fo
that DI {hall be = ¢4 + ¢b 5 then will (by reafon of the fimi-
litude of the & A BMC, DEP, and DIO) EP be = od,
and IO = od } ed, and fo QO = ed. Therefore L] N:O
will be = oecd + eecd = O 1K. But this {quare divided by
the Abfcifla EI = e/ gives oecd teecd or ocd t ecd for the

el b
line IS which with the abfcifla would make the rectangle ES
= to the {aid fquare IK. Now therefore, if here 2lfo we call
a Line the Latus Reftum found after the fime wzy as in the
parabola, wiz by making
asb—— to ¢ {0 od toa fourth ode

b
(as a line parallel to the fiét'on — to the intercepted diam.
fo the Latus Primarium, but thot the other partecd will be a

—— =

b
fourth proportional to bc and ed or to eb, ec and ed, or (to
fpeak with Apollonius as we have done in the Prop.) to db,
ecd and eb (for in thefe three cafes you | have the fame fourth

S ——=m

b
ecd.) Wherefore now it is evident that the fquare of the fe-

b

Q miordinate
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miordinate oecd t eecd is equal to the rectangle 1L (made by
the Latus Reéfum ocd into the abfcifla b = oced) together

b
with 5 LS of this fourth proportional ecd into the fame ab-

o ] | :
fciffa Eb, which is = eeed. Which was to be found and de-
monftrated.

CONSECTARYS.

I Ence you have in the firlt place the reafon why Apol-

lonius called this Section an Hyperbola ; wiz. becaufe
the fquare of the ordinate IK exceeds or is greater than the
rectangle of the Latus Reétum and the Abfcilfa.

II. Since therefore the Latus Reffum here alfo as well as in
the parabola is found by making as b te ¢ fo od to odc (i.e. as

b
the paral'el to the feCtion BM is to the intercepted Diam. AM
{o is the Latus Primarium EP to a fourth EL.) If any one
had rather exprefs this Latus Reétum afrer Apollonius’s way,
he will eafily perceive, this quantity being found and mulri-
plyed both Numerator and Denominator by b the parallel to
the fection, there will come out the equivalent quantity obcd

: bb
which gives us inftead of the former proportion this other,
" as bb to ¢d —— fo ob ; Coie

0 BM-— 3 AMC— Latus Tran/verfum§ ™ 2 10000 3
which is that of #pollenius in Prop 12. Lib. 1. and confequent-
ly berein confirms our former. :

INT. You may allo have this Latus Rectum geometrically,
by finding a third proportional (as we have done in the pa-
xabola Confeét. 4. Prop 1.) totheabfcifla El (Fig. 119.) and
the femiordinate IK (= EF ;) and then find a fourth pro-
portional EL to D[ (the fum of the Latus Tranfverfum and
abfciffa) and FH already found, or IS equal to it, and DE
(the Latus Tranfverfum) and that will be the Latus Reflum
fought.

S C HG
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SHCOLIT){'V!

Rom this third Confectiry, we may reciprocally from the
Latus Reftum and tran{verfe given, find out and apply

as many femiordinates to the ax as you [Jleafé, and fo delcribe
the hyperbola thro’ their (ends or) inhnite points: wiz. if
affuming any part of the abfciffa EI, you make as DE to EL
fo DI to IS ; and then find a mean proporrional IK berween
1S and the abfcifla EI, and that will be the femiordinute
fought: And both this praxis and the Confect. may be abun-

dantly proved by fetting it down in, and making ufé of, the
literal Caloulus.

Prﬂpﬂﬁtisﬁ LT,

N the Ellipfis (KDEK, Fig. 120.) the (a)

[quare of the femiordinate (IK) is equal to ! a) ,T; Pro-
the rectangle (IL) of the Latus Reétum (EL) f;};ﬂ;‘;?-‘;;j,ﬂ{‘
and the abfeiffa (EL) (lefs or) taking firft out  prop.yg.lib.y,
another veltangle (LS) of the [ame abferfja (L]
or LR) and RS a fumrth pr portional to (DE) the Latus
Tranfverfum (EL) the Latus Recium and (EI) the abfeiffa.

Demonfration,

Suppofe 'the fide of the cone to be AB here alfo = 4 and
BM parallel to the fetion = & and the intercepted AM =
¢, and El = eb; and NI will be again = ec, all as in
the hyperbola. And mak ng allo here asin the hyper-
bola MC = d, and the Latus Tranfverfum DE =k, (o
sthat DI will be 0b— ¢b; then will (by reafon of the {imili-
‘tude of the A A BMC, DEP and DIO) EP be = od, and
1O = od ed. Therefore ”__ of NIO will be = oecd —
‘eecd = O IK. Bur this fquare divided by the abfciffa EI = b
‘gives vecd—eecd or ocd—— ecd tor thut line IS which with
' eb. . b
“the abfcifla would make the reftangle ES — to the faid fquare
K. Now therefore if we call the Latus Reftum a righe line
found after the fame way as in the parabola, by making ac-
‘eording to Cenf. 1. Prap. 1. -2 as
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as b to ¢—— {0 0d — to a fourth ocd i.'e. as the line pa-

e ———

b
rallel to the fe€tion —~— to the intercepted diameter fo
the Latus Primarium, &c. It is manifeft that the Larus Re-
‘éum is one part of the line juft now found ; and the other
part_ecd is a fourth proportional to b, ¢ and ed, or (to fpeak
b

with Apollomius as we have done in the Prop.) to ob, ¢cd and

b
eb (for there will come out the fame quantity ecd ;) where-

b
fore now it is evident that the O of the femiordinate IK is e-
qualto the 5 IL (of the Latus Reétum ocd and the ab-
b
fciffa eb = oecd) having firft taken out thence the L3 LS, or
eccd out of that fourth proportional ecd by the fame abfciffa

- b
¢b 5 which was to be found and demonftrated.

CONSECTARYS,

I Ence yov have firft of all the reafon of the name of
the Eﬂ:;pﬁ', which Afﬂﬂaﬂim gave to this fection ;
viz. becaufe the ﬁfgl;arc of the femiordinate 1K is defetive nfi

or lefs than the retangle of the Latus Reéfum and the abfcif-
fa. : :

II. Since therefore the Latus Reftum here alfo as well as in
the parabola and hyperbola, is found by making as b to ¢ fo
od 1o ocd (i.e. as BM parallel to the fection is to the inter-

7~
cept. diam. AM fo the Latus Primarium EP toa fourth EL

now if any one had rather exprefs this Latus Reffums after 4-
ollonins’s way, he will eafily fee that the quantity above found
ing multiplyed both Numerator and Denominator by 4, that
there will come out an equivalent one obed, which inftead of

bb

the former proportion will give this other,
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as bh —— to cd—— fo ob .
BM— 3 AMC—Latus Tranfver[.*© * fourth;

which is the fame with that we have alfo found in the hyper-
bola, and which alfo Apollonius has Prop, 13. Lib. 1.

[II. This Latus Rectum may alfo be had geometrically, if
you find, 1. in the hyperbola a third proportional FH to the
abfciffa EI (Fig. 121.) and femiordinate IK (5 EF.) 2. But
EL a fourth proportional to DI (the difference of the Latus
Tranfverfum and the abfcifla ) and the found FH, or IS equal
to it, and the Latus Tranfverfum DE, is the Latus Relfum
fought.

SC HOL:1%D M

Rom this third Confect. we may reciggocally, having the
Latus Rectum and Tranfverfum given, apply as many
femiordinates to the ax as you pleale, and fo draw the ellipfis
thro’ as many points given as you pleafe,viz. if taking any ab-
{cifa EI, you make as DE to EL fo DI to a fourth IS ; then
between this IS and the abfcifla EI ind a mean proportional
1K, and that will be the femiordinate fought : And this Prax-
# alfo and the third Confect. may be abundantly proved by
making ufe of a literal Caleulus. For e. g. here a fourth
proportional to ok, ocd and ob—eb will be ocd ——ecd ; and

b b
a mean proportional between this fourth and ¢/ will be

¥ oecd—eecd, &c.
Propofition IV,
N & Parabola () the ﬁudrfrf the  (a) 2. Property of

ordinates are to one another as the ab- the Parab, 20, Irop,
fﬂﬁ’.ﬁ. J‘.‘P:‘.IH. Lig. 1. Con,

Pemon:
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. Demonftration,

For if EF (Fig. 122.) be called ib, as above EI was cal-
led eb, fince the Latus Rectum is occ 5 the fquare of FG  will
. b
be = oicc. Therefore

O IK will be to O FG as}e to 7 or

oecc ——=—=vicc  §eb to . - OLE D
CONSECTARY.

Eence having drawn LO paralle] to the ax or diameter

EF, if it be cut by the tranfverfe line EG in M and by

the curve of the parabola in K ; then will OL, ML, and KL

be continual proportionals. For EF isto EN as G to NMor

IK, by reafon of the fimilitude of the A A EFG and ENM.

But the fquares FGand IK are in duplicate proportion of EF

to EN by Prop. 35. Lib. 1. and are alfo in the fame propor-

tion as the abfciffa’s EF and EI by the pref.- Therefore EF
to El is alfo in duplicate proportion of EF to EN 7 e.

EF ./ " EAT | - N4 OE gl i o
Opis 1 }ML T KL}“L E.D.

- Propofition V.

N the byperbola and Ellipfis (4 ) the [quares of

() Proper: the Dmﬁmre: are as the rectangles contained
ty of the Hy- poT T Bih : J b
srbola wnd HBAET FIE LRES WDICK ave Intercepre petween tem,

Elipf. Apol-2x.  and the Versex's of the Laius Tranfwerfun’s,

Lib. 1.
Pemonitration,

For, if EF (Fig. 118, and 120.) be called 5, as EI was
above called eb,then will according to Prop. 2. and the 34.dedu-
Eiion. .

GF = vicd 1 eicd in the Hyperb.
: oicd==cicd in the Ellip(.
and the =0 DFE Zotbb 1 ibb in rthe Hyperb.
oibb—i4ibb in the Ellipf.
There-
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Therefore the O Kl is to the fquare GF as oecd + eecd to oicd
tiicd i.e. asoe T eeto 0 T #. T
and (3 DIE isto the T3 DFE, as oebb  eebb to oibb 1 iibb

i, ¢. in like manner as ;

aaieetnaiiii. Q. EiD.

CONSECTA RY ™

IN the Ellipfis this may be more commodioufly exprefled
apart thus ; the fquares of the ordinates (Kl and GF) are
as the reCtangles contained under the fegments of the Diame-
ter (viz. DIE and DFE) in which fenfe this property is alf6
common to the circle, as in which the fquares of the ordinates

are always equal to the re€tangles of the fegments.
CONSECTARY IL

Herefore, if the Latus Reétum be conceived to be apply-

ed in the hyperbola, fo that N fhall be the Focus ; (fee

Fig. 123.) then will LN = ocd, and its {quare be oocedd. But
e 4bb

as the O KI to the fquare LN, fo is the T3 DIE to the “=

DNE i. e. oecd T eecd to oocedd o is ocbb + eebb to oocd. But

Abb
now the T of the whole {DE and the part added %N into
the part added EN, 7 e. T3 DNE (= 00cd together with

&4
the fquare of half CE (= 00bb ) is = O compounded of half

- 4 -
and the part added CN = oocd § 0obb by Prop. 9. kib. 1.

———te

4
threfc:-re CN the diftance of the Focus from the centre is

= V' oodc t oobb. But oocd is the fourth part of the L2 of

-+ 4
the Latus Tranfverfum ob and the Latus Rectum ocd (or the

b
fourth
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fourch part of the figure, as Apollonius callsic) and nobb is he

K of ob i.e. of half the Latus Tran[verfum. Wherjforc we

2
have found the following Rule of determining the Focus inan
hyperbola: If « fourth part of the figure (or the reftangle of
the Latus Relfum into the Tranfverfum) be added to the
fquave of balf the Latus Tranfverfum, and from the fum you
extracl the fquare voot 5 that will be the diftance of the Focus
from the cemter CN: And bence [ubftracting balf the Latus
Tranfverfum CE, you will have diftance of the Focus from the
Vertex EN.

CONSECTARY IIL

N like manner in the Ellipfis having drawn the ordinate

LM (Fig. 124.) that the Focus may be in N, the 0 LN

would be ooccdd as above, and by a like inference {3 DNE =
4bb

ooed. But now i DNE together with the fquare of the dif-

4

ference CN is equal to the O of half CE by Propof. 8. Jib. 1.
and confequently the OCN is = O CE——-[_ DNE, that
is, oobb=——oocd. Wherefore CN the diftance of the Focus

4 4 |
from the centre is = Y gobb

oocd. Wherefore we have

found the following Rule to getermine the Foows in the El-
liple. If the fourth part of the figure (or the reCtangle of the
Latus Rectum into the Latus Tranfverfum) be fubftracted from
the [quare of half the Latus Tran{verfum, and from the remain-
der you [ubfiralt the [quare roor 5 thut will be the diftance of
the Focus fam the Centre CN': And taking hence balf the La-
tus Tranfverfum CE, you | bawe the diftance of the Focus from
vhe Vertex EN.

S C HO-
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SCHOLTIDM I
BOth the Rules are cafie in the practice, for fince 0obb is
| 4
nothing but the fquare of CE, and eocd nothing but the re-

. - +
&angle of § DE into LM ; if between LM and ! DE or MO
(Fig. 125.) you hind a mean proportional MN, (and fo whofe
0 is equal to that L_J) andin the hyperbola join to it at right
angles MC = CE, the hypothenufa CN will be the diftance
fought of the Focus from the centre: And the fame may be
had in the Elliplis, if (# 2,) having deferibed a femi-circle
upon CM = CE you druw or apply the mean found MN;
and draw CN.

F B=LF I vV M II.

[Ence alfo we have (2) a new genefis of
the Ellipfe in Plano about the diameters (@) D:Wist
< . : Elem.  Curv,
given, from the fpeculations of Monfieur de ;" )"
Wit 5 wiz. f about the rectilinear angle DCB  prgp, 13,
(Fig. 126. n. 1 and 2.) confider’d as immove-
able, the rule NLK ( which all of it will equal the greater
femidiameter CB, and with the prominent part LK the leffer
CD) be fo moved that N going from C to D, and L from B
to C may perpetually glide along the fides of the angle, the
extreme point in the K in the mean while defcribing the curve
BKE (and in a like application the other quadrants) and
that this curve thus defcribed will be the elliplis of the ancients
is hence manifeft, becaulfe it has the fecond property ot the
ellipfe juft now defcribed. For, 1. it the angle DCB or
NCB be fuppofed to be a right one (as in Fig. 126, mam. 1.)
and the rule KN in the fame ftation, i miarked out the
point K, and having applyd the femiordinate Ki, and
drawn the perpendicular LM, from the fquare KL and the
fquare CE (as being equal) fubftralt mentally the equal
uares LM and CI, and there will remain by virrue ot the

Pythagorick Theor.on the one hand UKM and onthe other by
P Prop.
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Prop 8.kib. v. (] DIE equal among themfelves. But now
the fquare of Kl is to the fquare ot KM (7 e. tothe L1 DIE)
as the fquare of KN to the fquare of KI. (i e. as the l"qfuare
of CB to the fquare of CE) by reafon of the fimilitude of the
A A RLM and KNI ; and fince the fame may be demonftres
ted after the fame manner of any other femiordinate Ki wiz.
that its O Ki is to the T DiE as the fquare CB to the fquare
CE. It alfo follows, that the T Kl is to the I DIE as 0 K¢
to the L3 DiE, and’ alternatively, the fquare Kl will be to
the fquare K: as the L D!E to the L DsE ; which is the fe-
cond property of theellipfe. 2. If the angle NCE be not a
right one (‘as in Fig. 126.».2. and the like cafes ) having drawn
NO and KP parallel to the rule #/B in the hrft ftation,
[in which ftation the angle NCE, to which the flexible
raler is to be made, is determined, wiz. by letting fall the
perpendicular B/ from the extremity of one diameter upon the
other, and moreover by adding or fubftracting the difference
of the femi diameters /#] having alfo drawn the Ordinate
KIM,and PI parallel to CN ; which being done the & & CBJ
and IKF, and alfo CB# and IKP will be fimilar. Where-
fore having joined NP, from the parallelifm of the lines IP
and NC and the fimilitude of the aforefoid & A, as alfo of
NCO and #C/, it will be eafie to conclude that NCIP is a
parallelogram. Wherelore {ince KN is I CE and O KN =
QT CE, having fubftracted the fquares of the equal lines NP
and Clithere will remain on the one hand O KP on the other
the _] DIE equal among themfelves as above. Thercfore
the fquare of KI will be to the fquare of KP (i. e. to the i
DIE) as the fquare of BC to the fquare of Bz (4. e. to the
fquare of CE) asin the former cafe : And fince here alfo the
fame may be demonltrated after the fame manner of any o-
ther femiordinate Ki ; we may infer as above, that the O O
KI and Ki are to one another as the reftangles DIE and
D:E, e _

But after what way the fame ellipfes may be defcribed by
thefe right lined angles without any of thefe rulers thro’ infi-
nite points given, will be be manifeft from the fame figures to
any attentive Perfon.  For having once determined the angle
NCE or #CD (num. 2. e.g.) if NL or nl be applyed where
you pleafe by help of a pair of compafles, and continued to

K,
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K, fo that LK or /& fhall be equal to /B, you will have eve-
ry where the point K, &

CONSRECT ARY 1V,

Ince in the hyperbola (Fig 123.) the 3 CN—0 CE =

L DNE, and in the elliplis (Fig 124.) OCE — OCN
— [J DNE, by vertue of Prop. g and 8. /ib. 1 if for CN
you put on both fides for brevity’s fake 72, then will the (!
DNE in the hyperbola be rightly exprefled in thefe terms 7275
—~—00bb, and in the ellipfis in thefe 00bb — mm.

4 4
Propofition V1.

N the parabola (a) the Latus Reffum is to ity
the fum of two [emiordinates (e.g. 1K § (&) 3+ 170
FG ie. HO inFig. 122.) as their difference ﬁE"’ of e Ls-
(OG) r1o- the difference of the abfcifla’s (IF or
KO)

Demonfration,

For if the greater abfciffa EF be made = 5, and the lefs
El = ¢b, the femiordinates anfwering to them FG and IK

will be 'Y osic and Y oece as is deduc’d from Prop. 1. Where-
fore if you fet in the fame feries

1 2 3

The Latus R.—— fum of the femiord. their diff.
occ —— Y oice | Y oece w— Y ppec=—"Y" otcc
b

——dﬂ;f. of the abfcifl.

——ib——eb
and multiply the extremes and means, you’l have on both
fides the fame product oicc—— oecc, which will prove by vertue
of Prop. 19. Jib. 1. the proportionality of the faid quantities.

Q.E D.

) S0 B
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SCHOLIUM

THis is that property of the parabola, whereon the Claws
Geometrica Catholica of Mr. Thowmas Baker is founded,
which as unknown to the ancients, nor yet taken notice of by
Des Cartes, he thinks was the reafon why that incomparable
Wit could not hit upon thofe univerfal rules for folving all
Equations howfoever affected. Concerning which we fhall
{peak further in its place. We will only further here note,
that Baker was not the firlt Inventor of this property, but
had it, as he himfelf ingenioufly confefles, out n[f); Manufcript
communicated to him by Zho. Strode of Maperton, Efquire.

Propofition  VII.

N the hyperbola and ellipfis () the Latus

(@) The 3. Keéitum is to the Latus Tranfverfum, - as
Property of the % ) B ; e

Hyperb.and El- ! afguﬁre Ef any ﬁ’mm’f imate ( e g. IK E:g

ligl Apollon, 118 amd 120 ) to the yveitangle (DIE) con-

lib.x. Prop. 2%, tained under the imes intercepted berween it and

pars prior. she Vertex's of the Latus Tranfverfum.
Demonttracion.
For the Latus Reclum is onboth fides ocd, the Latus Tranf-
| b

werfum ob, &c. Wherefore if you make in the fame feries
as the Latus R. to the Lat. Tranfv. fo the O 1K to T__1 DIE
ocd—ob——in byperb. cecdt cecd~— ocbb 1 eebb
b in ellipl.  oecd—eecd —oebb — eebb
The reftangles of the extremes and means will both be ooebcd
+ oeebed, and fo will prove the proportionality of the faid

quantities, by Prop. 19. lib. 1. QE D.

CON-
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CONSECTARY L

HEnce baving given in theelliplis (fee Fig. 124, ) the La-
L tas Reéfum and the tranfverfe ax, youmay eafily obtain
the fecond ax or diameter, if you make

as the Lat. Tranfv. to the Lat. Reéf. {o the L1 DCE to O AC

ob ocd oobb F. — oocd.
b 4 4

+CONSECTARY 1L

" ‘Herefore the O of the whole AB will be = oscd = [ of

the Latus Reffum into the Lat. Franfv. (which Apllo-
wius calls the Figure) {o that the fecond Ax (and any fecond
Diameter) will be a mean proportional between the Latzs Re-
étum and the Latus Tranfverfum. Hence in the hyperbola
alfo the fecond or conjugate diameter may be called a mean
proportional between the Latus Reétum and Tranfverfum, i.e.

¥ oocd or a line which is equal in power to the Figure, as A-
pollonius {peaks.

S O B OcLiF e M.

Ence may be derived another and more fimple way of
delineating organically the elliplis in Plano about the

‘given axes AB, DE (Fig 127.) which Schooten has given
‘us; viz. by the help of two equal rulers CG and GK move-
able about the points G and G : If, wiz. the portions CF and
HK are equal to half the lefler ax AC, but taken with both
the augments (wiz. CF 1 FG 1 GH) may = the greater ax
CD or CI; and the point K moving along the produced line
DE the point H may defcribe the curve EHAD. Thar this
will be an elliplis will be evident by vertue of this feventh
Prop. from a property that agrees to this curve in 2ll its points
H. For having drawn circles about each diameter, and the
lines IHN, FO perpendicular to CE ; and having made the
Latus Reétum EL, whichisa third proportional to DE and
AB by the fecond Confect. of this Prop. &c. by realhn of the
fimilitude of the triangles CFO, CIN, FO will bete FC as
IN
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IN to IC, and alternatively FOto INas FC to IC 7. e. asAC
to CE or AB to DE. Therefore alfo the fquare of FO(or HN)
willbe to the fquare of IN, as the fquare of AB tothe {quare
of DE, by Prop. 22. lib. 1. i.e. as EL the Latas Reffum to
ED the Latus Tranfverfum, by Prop. 35. lih. 1. But the O
IN is = DNE from the proporty of the circle. Therefore O
FO (or of the femiordinate HN ) is to the -1 DNE as EL.
the Latus Reéfum to ED the Latus Tranfv. therefore by ver-

tue of the pref: Prop. the point H is in the Ellipfis, and 10 any
other, &¢. Q.E, D.

CONSECTARY IIL

OW if in the elliplis the O of AC the fecond Ax- (&=
oocd by Confeét. 1.) and O CN the diftance of the Fo-

4
eus from the centre (= oobb——oocd by Cenfect 3. Prop. 5. the

figure whereof you may fee ». 124.) be joined in one fum ;
the O AN wil be == oobb, and fo the line AN = _c-a_t?_ ie to

2

half the Latus Tvanfwverfum : So that hence having the axes
given you may find the Focs, if from A at the interval CD
you cut the tranfverfe ax in N and N.

CONSEGCT ARY! LV,

O W if, on the contrary, in an hyperbola (Fig. 123.)
the 0 AC or EF = oved be fubftracted from the O CF

4 .
or CN = 00bb + 0oed by vertue of Confeét. 2. Prop. 5. there

will remain 00bb and its root 0b , ¢ e. half the Latus Tran/-

—

4 2 |
werfum CD : So that here alfo, the axes being given, you
may find the Focus’s, if from the vertex E you make EF a per-
pendicular to the ax = to the fecond Ax AC, and at the in-
terval CF from the centre C you cut the Latus Tranfver[uns
continued in N and N. :

S G HO-
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UT now, thatthe right lines KN and KN drawn from
any other point (e. g. K) to the Foci, when taken toge-

ther in the elliplis, but when fubftrated the one from the o-
ther in the hyperbola, are equal to the Latus Tranfverfum DT,
we will a little after demonftrate more univerfally, and allc
fhew an eafie and plain Praxis of delineating the elliplis and

hyperbola in Plano, having the axes and confequently the Fo-
€i given.

-CONSECT aRY. V.

Ince we have before demonftrated Confeé? 2.and 3. Prop.
5. that the LI DNE in the hyperbola and alfo in the el-
lipfis is =4 oocd 5 and here in Confeét. 1. the O of the fecond

4
femi-diameter AC is alfo = oocd; it is evident that this O AC

is equal to the T3 DNE.
CONSECTARY WL

T is hence moreover evident,if the fquare of half the tran{-
verfe diameter GE = 00bb be compared with the fquare of

—_————— =

, 4
half the fecond diameter AC or EF = _rf_ri::_{f_, multiplying bq!:h

4
{ides by 4 and dividing by o; they will be to one another as
obb to ved i. e. further dividing both (ides by 4, as b to ocd

b
the Latus Tranfverfum to the Latus Rectum

CONSBSEL TARY Vi

UT fince alfo the LIDIE & to the O 1K as the Larus
Tranfverfum to the Larus Reéfum, by vertue of the pre-
fent 7. Prop. the fquare of CE the tranfverfe femidiam. will be

to
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to the fquare of AC the fecond femidiam. (or by the 515. Cosi-

Jeét. of this, to the [ 1DNE) as the £3 DIE to the fquare of
IK. ' .

CONSECTARY “VIII.

‘Y'Oll may alfo now have the 0O 1K (which otherwife in
the hyperb. is eacd | eecd, in the ellipfe oecd ——eecd, by
vertue of Prop. 2.and 3.) in other terms,if you make as 0 CE
to the _IDNE fo the L1 DIE to a fourth; i.e.
as oobb to mm oobb }b}' vertue of Confed. 4. Prop.
5

4 4 :
(1o 0ebb + eebb in the hyperb.
as oobb to oobb——mm fo ae&g——-esﬂr in the ellipfis.

< -
For hence by the Golden Rule the fquare IK may be infer’d
as a fourth proportional.
In the hyperbola 4emm t+ 4eemm—— oebb——eebb ;
0 00
In the elliplis oebb— eebb —— 4emm + 4eemm :
| 0 00
The ufe of which quantities will prefently appear.

Propofition VIII.

HES Agpregate in the ellipfe .
Lf&fﬂ P‘iffghﬁ‘T {Drﬁéreme in the é}rpef.&. of the right
,mf?%'g, P51 lines (&) KN and Kn (Fg. 128.) drawn

from the [ame point K to both the Focus s is equal

to the tranfverfe ax DE.

An Ocular Dimm&'ﬂmrfcm.

Hich confifts wholly in this to find the lines KN

and K# by help of the right-angled triangles 1KN

and IK# (fc. the hypothenufés having the fides given) and

afterwards fee if the fum of both in the ellipfe, and difference
in the hyperbola be = 0b, 7. e. to the traniverfe ax DE.

L. In
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1. Inthe Ellipfis.

Putting for CN' (which above Prop.§. Conf. 3. was found
to be 'V oobb—oocd) 1 fay putting for it », you’l have '

e oy

INSClLt CN = job—ebtm

In = Cs—CIl = m—730b% eb . _
Therefore O IN = :00bb——0ebb % eebb § obm—12ebm | mis

0 I =} 00bb——oebb t eebb——=obm + 2ebm | mm
Add to each O 1K which was found in Prop. 7. Confeét. 8. in
the ellipfis = vebl ——eebb—— gemm § Aeemm and you'l have
f ' LY 00
0 KN =5 00bb + obm——2ebm + mm——4femm | geemms
0 00

and by extrafling the roots (which is eafie) you'l bave

KN = fob t m——2em and

0
Kn = Lob—mt 2em 3y
0

D——

Sum ob. Q.E.D.
| 1L In the ijer&af;:.'

Putting again 7 for CN (which above Conll 2. Prop. §.
was found to be 'V oodec + 0obb) and you'l have

INﬂCI']‘CNﬁ'EfETE#fm 5
Inn = Cl——Cn =3 Lob t eb—m. Therefore
O IN = o0bb + oebb 4 eebb + obm t 2cbm t mm and
O ln = *oobb + oebb 7 ecbb— obm— 2ebm | mm |
Add o both the O 1K which was found in Prop. 7. Confelt.
€. in the hyperbola 4emm | 4eermm ——oebh ——eebb and
0 00
youl have g ol
D BN = oobb + obm § 26bm *+ mm + 4emm + foemm
v 0o

Q O Ks
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O K = | 00bl w0l —2cbm + mm + Aemm T 4cemm
o (i)
and extra&ting the roots out of thefe (which is eafie) you’l
have KN =;ob { m{ 2em
g.
Kn= ! oh—m -—-r_-:.em'

e R

Lo . | ;
(which is a falfe or impoflible root, for it would be CE—=~CN
and moreover another quantity.

Or Kn=mt 2em— [ob; whichis a true and poffible

root, 0

The difference therefore of the true roots is = ob. Q.E. D.'
S CH-L PO M T

E firft of all tried to make a literal Demonttration by
'V ufing the quantity of the fquare 1K as you have it
exprefled Prop. 2.and 3. and the quantity IN as it was com-

pounded of CI=%b §eb + CN = ¥ oocd +00bb, &rc. but

we found it very tedious in making only the fquares of IN and
In. Then for the furd quantity CN we fubftituted another,
viz. m, and we produced the fquares of IN and I# as above,
but we added the fquare of IK in its firft value ; and rhus we
obtain’d the fquares KN and K#, but in fuch terms, that the
exaét roots could not be extradted, but mult be exhibited as
furd quantities, and confequently we muft make ufe of the
riles belonging to them to find their fam or difference, which
we laid down Conf. 3. Prag. 7. and Confect. Prop. 10. Lib. 1.
which tho’ it would fucceed, yet wou'd be full of trouble and
tedioufnefs. Therefore at length when we' came to ufe thofe
other terms which exprefs the iquare JK; the bufinefs fucceed-
ed as eafie as we could wifh, and that in a plain and ealie way
and no lefs pleafant, which I doubt not but will alfo be the
opinion of the Reader, who fhall compare_this with other
demonftrarions of the fame thing, which oaly lead indire&ly
to this truth, or with' them which de #rse has given us in £-
b, Curvar. lin. po m. 293. and 302, and which he thinks

eafie
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eafie and fhort enough in refpect pF others both of the ancients
'and moderns, and which we have reduced into this yet more
diftinét form, and accommodated to our fchemes.

Preparation for the Hyperbola.

Make as{gD e CN}EJ Clw CM

{o that the £ of Ed%g will be = rI:ICiI

Becaufe therefore it will be by Confect, 7. Prop. 7.
as 1 CD to T DNE, fothe t_ 1 D.E to the O iK.

And alfo by compofition,
0 CD 1+ O DNE fo DIE to DIE 10O
a0 CDw {;. e. DCN perg lib 1. 1K -

Therefore by a Sylleplis,
0 CD § DIEQto 0CN 1 DIE { O
as OCD tothe OCN fﬂ{ “acl K.
But alifo b}’ the Hypothefis.
asthe OCDtothe OCNf O Cl tod CM. Therefore
0 CMis= O0CN +DIE +0 IK.

Remonftration,

Since therefore it is certain that the difference between DM
and EM is the tranfverfe ax DE; if it be demonftrated that
DMis = KN and EM = K, the bufinefs will be done, be-

caufe the difference between KN and K# is alfo the tranfverfe
ax DE.

Rqﬁrfﬂe the 0 KN.
It is certain that Nlg 1+ 1K4 = KNg.

Subftitute for Nlg, by the 7: Lib. 1. Cig ¢ CN:; + 2NCI.
Preparation for the Ellspfis.

Make as CD to CN fo C[ to CM.
So that the T DCM is = 1 NCI.

Becaule rhereforﬂ by Conjeét. 7. Prop. 7
as 1 CD to L DNE fo {3 DIE to the Li oo :

Q 2 Then
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- Then alfo by dw:d:t{;) by it |
3 CD~—DNE to e ]
w0 CDwd D e 1 IR,
Therefure by a Dialepls,
as O CD m{m CD—{2 DIEQ o 'I:l CN—DIE § O
OCN,folis e CiOby8.cir.§ 1K.
But alfo bjf the Hypothefis,
as 0 CDtoOCN, fo0OClto O0CM :
Therefore 0 CM 15 DCN—DIE 0 IK.

Pemontration.

Since therefore it is certain that the fum of DM and EM is
the tranfverfe ax DE ; if it be demonftrated that DM is = KN
and EM = K», the bu{ineﬁ will be done, becaufe the fum of
KN and K# is alfn equal to the tranfverfe ax DE.

Refolve the O KN.
It is certain that Nig ¢ iK = KNag.
Subftitute for N4, by the 7. Tib. 1. CIg + CNg § 2NC',
Then will Clg ¢ CN@ 12NC! §1Kgq = KNg.
Subftitute for C'q, by the g. /ib. 1. L.D gt DIE j then will
CDg 1 DIE + CNg  2NCi ¢ :Kg = KNq

: Refolve alfo O DM.

t 1s certain that CMg § 2DCM _, i

d CD? 1. {1NCI }I—t DM b}’ the 7.4 lib. 1.

Isjuhﬂlluutﬂ tor CMg its value by the Preparation, and you'l
ave

CNg——D'E 1 1Kq + CDg ¥ 2NCI = DMg:

Which were before = KNg.

Therefore KN = DM ; whmh is one.

In like manner refolve O Kn.
It 3 certain that zlg T 1Kg =Kung.

Sublftitute for #lg, by Cﬂnjsé? 1. Frop. 10, Lib. 1. C! g 1 CNg
———27Cl, and you’! have

Clg  CNg-—25Cl § iKq =% Kng.
Subftitute for Clg, by the o. Jm 31 L.[Jq ‘1‘ D E, '‘and you’l
have CDgq 1 DIE 1 Ll\dg—-—:.ﬁta b iKg= Kag.

Refolrye



The Elements of the Mathematicks. 191

Refolve alfo the O EM.
It i;_éﬂfﬂ:ﬂ.in that lCDﬂ 1‘,' ZCMQHDMQ = EMq per 13.
b, 1.
'Then will Clg + CNq 1 2NCI  1Kq = KNg.
Subftitute for Clg by the 8. /5. 1. CDg—DIE ; then will
CDg=—DIE + CNg ¥ 2NCI § iKq = KNg.

Refolve alfo the O DM.

It is certain that CMg § 2DCM T - 23

4 CDq 1 { S NCI }.-. DMgq per 7. lib. x.
Subftitute for CMg its value from the preparation, and you'l

have : '
CNg——DIE 4 1Kq + CDg 1 2NCI = DMg
Which before were = KNg.
Therefore KN = DM ; which is one.

In like manner vefolve the O Kn.
It is certain that #lq + 1Kq = Kng.
Subftitute for nlg by Confeét. 1. Prop. 10. lib. 1.
Clq 1 CNge—=2NCI, and you’l have
Clg + CNg —2NCI § 1Kq = Knq.
Subftitute for Clg per 8. lib. 1. CDg-—DIE, and you’l have
CDgq—DIE § CNg — 2NCL{ 1Kq = Kag. -

Refolve alfo O EM.

It is certain that 2CDg + 2CMq——DMq = EMq per 13. 1.

Subftitute the value of DMg firft found above, and you’l
have

CDg + CMg ~~— 24CI = EMag. :

Subftitute for CMgq the value as in the preparation, and you'l
have

CDq + CNq + DIE——24CI t 1Kq 1= EMq :

Which were before = Kug.

T herefore Ku = EM ; which is the other.

§C HO-
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SHCOLIDM IL

Ence you have the common mechanical ways of deferib-

‘ ing the ellipfis and hyperbola about their given axes;

aad the elliplis, if the Feci N, N, (Fig. 129. n. 1.) are gi-
ven, or found according to Confeét, 3. Prop. 7. and having
therein ftuck or fixed two pins, put over them a thread NF»
tyed both ends together precifely of the length you defign the
greater ax DE to be of, and having put your pencil or pen in
that A-{tring draw it round, always keeping it equally extended
or ¢ight. MNow becaufe the parts or portions of the thread re-
main always equal to the whole ax DE, what we propefed is
evident by the prefent Prop. which may alfo be very elegantly
defcribed by 2 certain fort of Compafles, a defcription where-
of Swenterus gives us in his Delic. Phyfico-Math. Part. 2.. Prop.
20. which may be alfo done by a fort of organical Mechanifm,
by the help of two rulers moveable in the Foci GN and
H# (» 2.) and equal to the tranfverfe ax DE, and faftped a-
bove by a tran 1'&*&1*?:: ruler GH equal to the diftance of the Fo-
¢i, as may appear from the Figure. For if the flyle F be
moved round within the fiflures of the crofs rulers Hu and GN
the curve thereby deferibed will be an ellipfis from the pro-
perty we have jult now demonftrated of it,which it hath inevery
point F. For the triangles HG N and NH#», which have one
common f{ide 1IN, and the others equal by conftrution, are
cqual one to another, and confcquently the angles FHN and

FINH cqusl, 1o alfo the legs HE and FN, and {0 likewife FN

and I'n together are equai to Hs — DE; which is the very
property of the ellipfe we are now treating of. But Van Schoc-
ren, who taught us this delineation, hints, that, if thro’ the
middle point « of the line HN you draw the line IFL, it will
touch the eliipfis in the point I'; for fince the angles IFH and
IFN are equal, by what we have jult now fiid, the vertical
angle LE# of theone IFH, will be neceflarily equal to the o-
ther IF'IN : But rhis equality of the angles, made by the line
K L drawn toro’ I, with borh thole drawn from the centres, is
here a {ign of contadl, as is in the circle the equality of the
angles with a line drawn from its one centre. = So that after
thes way veu may diaw a rangent thro’ any given point F of

the

it i |l e v -.-
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the ellipfis’ without this organical apparatus of Rulers: wiz: if
having drawn from both the Foess’s thro’ the givezl point.E:
the right lines »H, NG equal to the Latas Tranfverfum DE
you bife&t HN in Iand draw IFL : Or if the line that cunne&;
the extremes GH be produced to K,and you draw thence KFL,
wiz. in that cafe where GH and N are not parallel ; other-
wife a line drawn thro’ the point F parallel to them would be
the tangent fought,, : b b

Asto the hyperbola,. there is a mechanick method of draw-
ing. that alfo, not unlike the others, from a like property in
that, communicated by the fame Van Schooten, viz. If ha-
ving found the Focus’s N and » (Fig. 129. n. 3.) you tye a
thread NFO in the Focas N and at the end of the ruler 0 of
the length of the tran{verfe ax DE ; then putting in 2 pen or
the moveable leg of a pair of compafles (‘nor would it be dif-
ficult to accommodate the praétice we before made ufe of to
this alfo) draw or move it within the thread NFO from Oto
E, fo that the part of the thread NO may always keep clofe
to the ruler as if it were glued to it. For if we call the length
of the thread X, and the tranfverfe ax ob as above, the ruler
#O will be, by the Hypoth. = X { 0b. Make now the part
of the thread OF = } X, the remainder or other part will be
NF =X and #F =X+ 0b, and the difference between FN
and Fn, = ob. Make OF =3 X, then will FN be; X and Fz |
X 1 ob, the difference ftill remaining o6 and o ad infinitum.
In fhort, fince the difterence of the whole thread and of the
whole ruler is 04, and in drawing them, the fame OF is taken
from both, there will always be the {ame difference of the re-
mainders. Hence alf affluming at pleafure the points N and
# you may defcribe hyperbola’s fo, the thread NFO be fhort=
er than the ruler#sFO: For it it were equal there would be
defcribed a right line perpendicular to IN#, thro’ the middle
point C.

There yet remains one method of defcribing hyperbola’s
and ellipfes in Plano, by finding the feveral points without the
help or Apparatus of any rhreads or inftruments, wiz. inthe
ellipfis, having given or aflumed the tranfverfe axis DE and
the Foci N and » (Fig. 130. 2. 1. if from N at any arbi-
trary diftance, but not greater than half the tmnfrcr‘f:} ax NF,
you make an arch, and keeping the fame opening of the com-

pafles
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pafles you cut off, from the tranfverfé ax, EG, and then,taking
the remaining interval GD, from # you make another
cutting the former in F, and fo you will have one point
of the ellipfe, and after the fame Way you may have innume-
rable others, f; f, f, ¢ :

In like manner to delineate the hyperbola, having given or
aflumed the tranfverfe ax DE and the Foca’s N and # (7. 2.)
if from N at any arbitrary diftance NF you ftrike an arch,
and keeping the fame aperture of the compafles from the dia-
meter continued, you cut off EG, and then at the interval GD
from » make another arch cutting the former in F, you
will have one point of the hyperbola, and after the fame way
innumerable others, f, f, J ’

Propofition 1X.

F'the fecondary ax, or comjugate diameter of the byperbola AB
I ( ﬁg{rl 31.) j&e applied ;a%#fkf to the w{ﬂex Efwﬁ that it
may touch the byperbola, and OE, EP are equal like BC and
AC, and from the centre C you draw thro’ O and P right lines
running on ad inlinitum, and laftly QR parallel to the Tangent
OP; yow'l hawe the following

CONSECTARYS

L HE parts QG and HR intercepted between the curve

and thofe right lines CQ, CR will be equal; for by
reafon of the fimilitude of the A" A CEP and CFR as alfo
CEO, CFQ as CE is to EO (and EP) fo will CF be to FQ
and FR, and confequently thefe will be equal; and fo taking
away the femiordinates FG and FH which are alfo equal, the
remainders GQ_and HR will be alfo equal, and confequently
the LILIUGR, GRH, &w. all cqual among themfclves :
Which we had already deduced before in Confeé?. 2. and 3.

Def. 7.
1I. Thereftangle QGR will be = 0 EO or EP = ooed ie.

| - 4
(as Apolionins fpeaks) to the fourth part of the figure: For by
: reafon
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reafon of the fimilitude of the A A CEO, CFQ, CE will be

w0 EOas CF to FQ: i e.

as the O CE to the O EO .

i.e. as (by Conf 2.7.) the Lat. Tranfv. fothe O CF
to the Lat. Reéf. . ‘tothe OFQ.

i.e. (bythe7. Prop.) asthe C1 DFEto the O FG .

But now if from the O CF you take the . DFE, there
will remain the O CE, by Prop. 9.lib. 1. and if from the 13
FQ you take the L3FG there will remain the _I1QGR, by
Prop. 8. lib. 1. wherefore that remaining O CE to thisremain-
ing T1 QGR will be, as was the whole fquare CF to the
whole fquare FQ, by Prop. 26. lib. 1. i. e. as was the O CE
to the 0 EO ; confequently the T2 QGR and the fquare EO
(to which the fame {quare CE bears the fame proportion) will
be equal among themfclves.

IIL. Since this is alfo after the fame manner certain of .an}?‘
other reCtangle ggr or grh, c. it follows thatall fuch reét-

angles are equal among themfelves,

IV. Wherefore it is moft evident, fince the lines FR, {7,
¢¢. and fo GR and gr grow fo much the longer, by how
much the more remote they are from the vertex E; that on
the contrary the lines QG and g¢ mult neceffarily fo much the
more decreafe and grow fhorter, and confequently the right
line CQ_approach fo much nearer and nearer to the curve EG.

V. But that they can never meet or coincide altho” produ-
ced ad imfinituns will thus appear ; if it were poflible there
could be any concourfe or meeting, fo that the point G and Q.
or ¢ and ¢ could any where coincide, it would follow from
Confecf. 2. that as the T DFE to the fquare FG o the fquare
CF to the fquare FQ. i e. to the fime fquare FG; and fo
that the L3 DFE would be =11 CF ; which isabfurd by Prog.
9 lih. 1. fo that now it is evident that the lines COQ, and
CPR drawn according'to Confeét. 1. are really Afymprotes
(. e. they will never («) coincide (wiz. with

2 P g
the curve of the hyperbola) as ffpaﬂs:?ﬁ;ﬂ hias () Apoi.
S ‘ Prope 1. $Hl, 2
ifamed them, :

R V1. Havinz



196 Mathefis Enucleata: Or,

V1. Having drawn the right lines from G and g parallel to
both the afymptotes, wiz. G5 and gs and likewife GT and
. gt thereQangles TGS and 7gs will be (2) e-
P f“)“ff’fi"”' ual among themfelves. For by reafon of the
b Emilitude of the A ATQG and #9g, firft, TG
will be to QG as #g to g ; and, by reafon of the equality of
the T2 T3 QGR and gqgr, fecondly, QG will be to gr reci-
procally as g¢ to GR, by Prop. 9. kb. 1. and by reafon of
the fimilitude of the A A SGR and sgr, thirdly, as gr to gs
fo GR to GS, wherefore (fince in two feries |
i % 5.
as TG to QG to gr to gs
fo t¢ to g¢ to GR to GS)
you’l have ex #quo or by proportion of equality as TG to gs
{0 tg to GS, by Prop.2.4 lib. 1. Therefore, by Prop. 17.of
the fame, the {i_Jof TG into GS = Tl of 7g into gs. Q.
k. D.

S.C HO LG

I ¥ Ence, laftly, we have a new genefis of the hyperbola in

- L Plano about its given diameters from the fpeculations of
(B) De it ; if, wiz. having drawn the lines
AB and EF crofs one another at pleafure (Fig.
132 ) to the angle BCF you conform the move-
able angle BCD (acd being to be delineated in
the oppofite hyperbola equal to the contiguous ACD) one of
whofe legs is conceived to be indefinitely extended, but the o-
ther CD of any arbitrary length ; and to the end of it D ap-
ply the flic of a moveable ruler GD about the point G at
- any arbitrary interval GI) (but yet parallel to the leg CB in
this firft {tation) and {o carrying together along with it the
moveable angle BCD about the line ECF, but fo that the leg
CD may always remain faft to it, and the other CB be inter-
felted in its progrefs by the ruler GDH, e. g. in &or p. This
point of interfection, thus continually moved on, willdefcribe
the curve #Gp, which we thus prove to be an hyperbola : Be-
caufe the ruler GDH turning about the pole G, and carried
from D ¢ g. tod or & cuts theleg of the moveable angle CB

brought

(R) Del¥irt
Elewm, Curv.lib,
1.CdP .2, prap.3.
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brought to the fituation ¢b or 38,and in the mean while remain-
ingalways parallel toit felf ; and having drawn from the points
of interfe€tion & and g and G the lines Gl, 6K and B« parallel to
the ruler CF, becaufe €. g. in the fecond ftation, having ta-
 ken the common quantity ¢D from the equal ones CD and ¢4,

the remainders Cc and D4 are equal, and by reafon of the fi-
" militude of the A A deb and 4DG,

as DJ%W DG, fode §tﬂ ch;

i.e.Ce 7.e. DC
or IK or GI

the re€tangle of K& into be will be = £ of DG into GI, by .
Prop. 18. lib, 1. and in like manner; when in the third ftation
having added the common line Dy to the equal ones CD and
74, the whole lines D4 and C+ are equal, and, by reafon of
the {imilitude of the A A gyd* and GDJ :

as-'ﬁd"gis to DGfoisyd)toqs;
se.Cy 1. €. DC§

or fx or GI

the 1 of 23 into By = {3 of DG into GI, by the fame 18.
Prop. Wherefore the three points 4, G, g, (and fo all the o-
thers that may be determined the fame way) are in the hyper-
bola, whofe afymptotes are CBand CF and its centre C, &e.
by the prefent Prop. Confect, 6. Q_LE. D.

You may alfo determine innumerable points of this curve
feparately without the motion we have now preferibd, viz.
as the point @ in the oppofite hyperbola, if thro’ any aflumed
point ¢ in the afymptote CE you draw a parallel to the other
afymptote CA, and having made ¢d equal to CD, from G

- thro’ d draw Gda, and o in others. : ; g 4 &

R 2 CHAPD
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| CHAP IL
Of P arabolical, Hyperbolical and Elliptical Spaces.

Propofition X.

; HE (2) .P;szmﬁck Space (i.e. in Fg.
(a) Archinm, 133. that comprehended under the right
de qwadrati.  pie GH 'and the parabols GEH) isto a cir-
arab, Prop. T3
17, and24.  cumferibing Paralieclogram GK, as 4.t0 6 (or 2
' to 3) but to an inferibed &5 GEH as 4 10 3.

Demonbyation,

Suppofe FH divided firft intotwo then into four equal parts,
and draw parallel to the ax EF the lines ¢f, ¢, &c. dividing
alfo EF into four parts, the firft fg will be 3, the fecond 2,
the third 1, by Prop. 34. lib. 1. but as ¢f isto ge fo is ge to
be, by Confell. 1. Prop. 4. Therefore be in the diameter EF
is =4 o, in the firflt ¢f it is =§ (foras ¢f, 4, to ge, 1, 10 ge,
1, to be, ;) in the fecond ¢f 2 portion of be is = 3, in the third
to %, and fo the portions ¢ in the trilinear figure EAHK make
a feries in a duplicate arithmetical progreflion, wiz. 1, 4, 9,
16 : After the fame manner, if the parts Ff, &c. are bifected,
you'l find the portions ¢b in the external trilinear figure to make
this feries of numberss, &, 3, 5, ¥, ¥, ¥, ¥, and fo onwards.
Wherefore {ince the portions eh or the indivilibles of the trili-
near fpace circumfcribed abour the parabola are always in a
duplicate arithmetical progreffion : the fum of them all will
be to the fum of as many indivifibles of the parallelogram FK,
cqual to the line KH, 7.e. the trilinear fpace it felf to this pa-
rallelogram as 1 to 3, by Confeéf. 10. Prop. 21. Lb. 1.
Wheretore the femi-parabola FEAH will be%s 2, and the A
FEHas 1} ; therefore the whole parabola as 4,and the whole A
GEH as 2, and the whole parallelogram GK as 6. Q_E.D.

CON-
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CONSECTARY L

T is evident («) that in the firlt divifion, the
fecond line fh (. e. that drawn from the () Arebim,
middle of the bafe FH) is three fuch parts ypo corsls with
whereof FE is 43 forebis?i. ¢. 1, therefore ;

fhis 3.
CONSECT ARY 1l

T is alfo evident, that this demonftration will hold of any
R parabolick fegment.

Propofition XI.

HE Elliptical Space () comprehended by

the Ellipfis DAEB (Fig, 127.) isto &

eircle defcribed on the tranfverfe ax DE, as the

Axis Reétus or conjugate diameter AB to the
tranfverfe ax DE.

(e) Archim,
Jib, de Conoid,
&¢, Prap, 5.

wemontiracion,

His is in the firft place evident from the genefis of the
ellipfe we deduced in Schol. 1. Prop. 7. forin that de-
duion we fhewed that FO, 7. e. HN was to NI as AB to
DE : Which fince it is true of all the other indivifibles or or-
dinates HN and IN ad infinitum ; it ismanifelt that the planes
themfelves conftituted of thefe indivifibles will have the fame
reafon among themfelves, as the Ax# Reélus AB to the tranf-
verfe DE. Q.E. D.

CONSECTARY I

’I"‘Heréf'nre the quadrature of the ellipfe will be evident, if
that of the circle be demonftrated.

C O N-
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CONSECTARY IL

Tnce a circle defcribed on the leaft diameter AB will be to

) one defcribed on the greater diameter DE, as ABto a

third proportional by Prop. 3 5. /ib. 1. it follows by vertue of

the prefent Prop. that the ellipfe is a mean proportional between

the greater and lefler circle, 7 e. as the ellipfe is to the great-
er circle 1o is the lefler circle to it, wiz. as AB to DE.

CONSECTARY IIL

Ence you may have a double method of determining the

area of an ellipfe. " 1. 1f having found the area of the

greater circle, you fhould infer, as the greater diameter of the

ellipfis to the lefs, fo the area of the circle found to the area of

the ellipfe fought. 2. If having alfo found the area of the lef-

fer circle, you find a mean proportional between that and the
area of the greater.

SCHOL.IUM

E may alfo fhew the laft part of the fecond Confelf.

thus, 1. If having defcribed the circle EadbE (Fig.

134.) about the leaft axis of the ellipfe we conceive a regular
hexagon to be infcribed, and an ellipfe coinciding with one
end E of its tranfverfe ax, and with the other or oppofite one
D to be {o elevared, that with the point 4 it may perpendicu-
larly hang over the circle, and further from all the angles of
the figure Mfcribed in the circle you erect the perpendiculars
¢G, 6B, ¢rc. it is certain that the fides ED and Ed of the
triangle DE4 will be cut by the parallel planes FGgf, &e.
into proportional parts, and that thofe by reafon of the fimi-.
litude of the & A FDG and fdg, and fo alfo the other reGan-
gles will be among themfelves as the intercepred parts of the
lines 1D and 4, Cl and ¢i, and in mfnitunz, (viz. of how
many {ides foever the infcribed hgure confifts ©) Wherefore alfo
all the parts of the ellipfe taken together will be to all the parts
of the circle taken together, 7. e. the whole ellipfe to the whole
circle
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circle as all the parts of the diameter ED or 4, 7. e. as DE it
felf o AB. Q.E D.

CONSECTARY 1V,

IT is alfo evident that both thefe demonftrations of the pre-
fent Prop. will be alfo the fame in any fegments of the ei-
Lip(is or circle.

P.rapaﬁﬁam XII.

ANT Hyperbolical [pace GEHG (Fig. 135 ) isto any
Hyperbolick figure of equal heighth gEbg [whofe Latus
- Rectum and Tranfverfum are equal (as inthe circle) and alfo
equal to the Latus Tranfverfum of the former DE, as the Axis
Reétus (or conjugate) AB is to the Latus Tranfverfum DE
(as in toe ellipfis.)

Pemontation,

By thie Hypoth. and Prop. 7. and its fecond Confeét. the O
.~ Fgisz {0 DFE.  Wheretorethis CIDFE 7 e. the O Fg is
to the O FG as the Latus Tranfverfum to the Latus Reltum
. of the hyperbola GEHG, by the fame feventh Prop. i. e. (by
- Confect. 2. of the fame) as the {quare of the Latas Tranfver/.
- DE to the {quare of the conjugate AB : Therefore the roots
of thefe fquares will be alfo proportional, wiz. Fg to FG as
DE to Ab ; and confequently (fince the fame is true of any
other ordinates ad infinitum) the whole hyperbola gEhs will
be to the whole one GEHG as DEto AB. Q,E D. :

EONSECTARY 1L

THerefnre'having found the quadrature of fuch an hyper-
bola, whofe Latus Reétum and Tranfverfum are equal,
you may have alfo the quadrature of any other hyperbola.

C ON-
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CONSECTARY 1L

T is evident that the fame demonftration will hold in any
.ot her hyperbola’s.

Propofition  XIIL. :

f N Parabolick [egments upon the (ame bafe, and hyperbo-

. lical and elliptical ones de cribed about the [ame conjugate
(ome whereof [hall be a right one, the other a {calene) and con-
[Hitued betreen the fame parallels, are equal.

2emonlration,

I. It isevident of Parabola’s ; for both the right one GEHG;,
and the fcalene one GEHG (Fig. 136. 7. 1.) (forthe demon-
ftration of Prop. 10. will hold in both) is to a A infcribed in
them as 4 to 3. But the triangles GEH and GEH are equal,
by Confet. 5. Def. 12. or Prep. 28.lib. 1. Therefore the
Parabola’s alfo. :

Or thus, in the right parabola GEHG every thing is the
fame as in 1. and 4. Prop. of this Book, wiz. El = eb, EF =
ib, the fquare IK = oecc, the O FG = oicc. And becaufe
therefore in the ftalene Parabola alfo the fquare FG remains
= oice, make F@ = », and find both the abfciffa €3, and
the O anfwering to it 1R.

1. For the abfciffa; as FE to ElI fo F& to ¥, per

, b eb # en

i
Confelt. 4 Prop. 34 lib. 1. :
2. For the{ﬂ YR as FE o €G3 o 0 FG o OFRK,

7 n vice E. oece.

‘

per Prop. 4. of this. |
Theretore the 0 R = O IK and FR = IK, and this in
any cafe ad infinitum: Therefore the one parabolais = to the

other, - Q. E. D.
' 1I." The



The Elements of the Mathematicks, 203 |

1L The bufinefs is much after the fame way evident of el-

- lipfes and hyperbolas. For making all things in the ellipfis
and right hyperbola (% 2. and 3. Fig. 136.) as in Prop. 2,
3, § 7 Vi the O IK gecd eecd in the ellipfis, oecd
eecd in the hyperbola, the O AB oocd by Confelt. 2. Prop. 7.
El = eb, DE = ob, &c. if in oblique ones for the Latus

Tranfverfum DE you put n, and feck the Latus Reffum and
abfcifla &3], you may by means of thefe allo have the {quare

3R, by Prop. 2.and 3.

1. For the Latus Rectum.
As 7 to V" gocd {0 'Y oocd to vocd, by Conf 2. 7:

1
2. For @3 the abfciffa.

Asobtoebfonto en = €.

o - 1
3. For the fide RS [ deficient or exceeding, from Prop.a.and 3.
As n to vocd {o en to ocde =4 RS.

7 o R

Now the abfciffa multiplyed by The abfciffla multiplyed by

the Lat. Relf. RS.

en by oocd gives L3 oecd. en by ocde gives T2 eecd.

(4} b o i
The fum of thefe 301 oecd +|The difference of thefe T3 T
eecd in the hyperb. = O JIR|oecd —eecd gives in the ellipfis
by Prop. 2. evidently = 0 IK.|0 %{R by Prop. 3. evidently =
D : i

Wherefore the lines 338 and IK, and the whole RL and
KL will be equal; and fince the fame thing is evident after
the fame way of all other lines of this kind a§ infinitum, the
elliptical and hyperbolical fegments will be {0 alfo. Q._E.D.

S CHAP.
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CHAP IL
Of Conoids and Spheroids.

Propofition XIV.

L Parablick Conoid (a) is fubduple of &
:f“\"f"‘bfmﬁd ; Cylinder, and in [e[quialteran reafon (or
;zp R G‘fﬂd as 1 1) of a cone of the fame bafe and altitude.

and 27.)
: Demontiration. :

Becaufe in the parabola the O AD (‘Fig. 137.) is to the
00 SH, asBD toBH, i.e. as3to1, and fo to the O TI as
BD to Bl, 7. e as3to2, by Prop. 4. of this; it is evident
that thefe fquares of SH and Tl and AD and confequently of
the whole lines alfo Sh, Tz, AC, and the circles anfwering to
them will be in arithmetical progreflion, 1, 2, 3; and more-
over if there are new BifeCtions i infinitum, as the abfcifla’s
fo alfo the fquares and circles of the ordinates, by vertue of the
aforefaid fourth Prop. will always be in arithmetical Progref-
fion 1, 2, 3, 4, 5, 6, &% Itisevident that an infinite feries
of circles in the conoid,confider’d as its indivifibles,will be to a
feries of as many circles equal to the greateft AC, ;. e. the co-
noid to the cylinder AF as 1 to 2, or as 1 to 3, by Confeé?.
g Prop. 21. or Confecl. 4. Prop. 16. Jib. 1. but to the fame
cylinder AF the infcribed cone ABC is as 1 to 3, by Prop. 38.
lib. 1. therefore the cylinder, conoid and coneare as 3, 1 3,

and 1. Q.E. D.
Propofition XV.
bi HE half of (a) any Spheroid, or any o-
‘,29‘;&;:‘?1 j"rgmm ther fegment of it is in fubfe[quialteran pro-

(2/.32.4%d 33.) P””fﬂ” to the gfj#d&r, and double ﬂf the cone
hawing the [ane bafe and altitudt.

Demotys
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Demonfration,

Having divided the altitude BD (Fig. 138 ) e. £.into three
equal parts, becaufe in the ellipfe as well as in the circle the
fquare of AD is to the fquare of SH as the L GDB to the( "}
GHB, 7. e. as 9 to 5, and 0 to the fquare Tl as g to 8, by
Confelt. 1. Prop. 5. of this; and in like manner if you make
new bifections, the fquares (‘and confequently the circles) of
the ordinates go on or decreafe by a progreflion of odd num-
bers, as 36, 35, 32, 27, 20, 11, and fo ad infinitum, the
bifections being continued on; as we have fhewn in the fphere
and circumfcribed cylinder Prop. 39. /ib. 1. and it will necef-
farily follow here alfo (by vertue of Confect. 12. Prop. 21.)
that the whole cylinder will be to the infcribed fegment of the
fpheroid, as 3 to 2 ; and fince the fame cylinder is to the
cone ABCas 3 to 1, alfo the fegment of the {pheroid will be
totheconeas 2 to 5. Q. E. D.

Propofition XVI.
H N byperbolical Comoid () is to a cone of

the [ame bafe and altitude, as the aggre- () Archin,

: 5 fr ] . 3
 gate of the ax of the byperbola that forms ir and 1:?;-5?;; 1l
%#{f the Latus Tm?:ﬁ.rfrﬁem, to the aggregate af and 31.)

the [aid axis and Latus Tranfver(um.

Demonflration, containing m’ﬁ: the Invention of this
Pra[ﬂn‘mﬁ.

. Make (in Fig. 139.) CE=2 4, EF = 5, OE 5 ¢; then
will CF = at 6. Since therefore
as CEto OE fo CF to FQ_

e el & B L )

e g

41
Bur as thefe fquares fo alfo are the circles of the lines EO and
FQ_to cne another, by Prop. 32. lib, 1, and fo the cone ' COP

S 2 will
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will be as acc, and the cone CQR as acc t bee  bbee 1 Bec
3 3 & ¥k

(wiz. by multiplying the third part of the altitude CF by the

bafe FQ ;) Having therefore fubftracted the cone COP from

the cone CQR, there will remain the truncated cone QOPR
bec + blbcc + bec, and from this folid truncated cone having

a P i
further ﬁ_]bﬁrga&ﬂd the hollow truncated cone, which the fpace
EHRP produced in the genefis of the conoid (and which ac-
cording to Confeét. 2. Defmit. g. is as bec) there will remain
the byperbolical conoid bécc | bcc, i. e. (by fubftituting now
i aik
the values of the ax or abfciffa EF, and of half the Lat. Tranfo.
EC, and of the conjugate diam. OP, &¢. found in the de-
monftrations of the preceding Chapter, wiz. 0b for a, eb for

2

b, and ¥ oved for ¢ or oocd for cc) the hyperbolical conoid
will come out acebocd | 4¢3bcd i.e. Geebocd + 4e3bed.  But

3 3
the cone GEH (‘mulriplying the third part of EF into the O
GH, 7 e jcb into goecd 1 4eecd) is as geebocd + 4edbed.

‘Therefore the conoid is to the cone as Geebocd  463bed to
deebocd + 4¢2bed, 1. e, (dividing on both fides by g4eecd) as
Sobteb to ob teb., Which was to be found and demon-
ftrated.

S HO L RO I

F any onc had rather proceed herein by indivifibles, as in
the precedent Prop. having divided the ax EF (Fig. 140.)
again into three equal parts, and affuming the values of the
lines determined in the hyperbola, wiz. eb ter the abfcifla EF,
ob for the tranfverfe ax, ocd for the Latus Retum, cecd § eecd

' b
for the fquare of the femiordinate FG, & the loweft and
greateft circle of the diameter HG will be as cecd 1 eecd, and,
if you make
as
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as the Latm Tranfv. to the Latys ?ﬁé}*’um, o the S DfFE
gfy —— ce

————

b
made of ob + 3 eb into? eb (1. e. 3oebbt deebb) to a fourth;
there will come out 2 oecd 1 4eecd for the fecond circle of the
diam. Ag ; and by the fame inference (as o) to ocd fo ob )b

b

into ; eb to a fourth) for the third circle of the diameter B
Loecd T 5¢eecd ; {o that thefe indivifibles [for which here and
in the precedent alfo the partial circumicribed cylinders may
be aflumed ] proceed in a E::-uble feries of numbers, the firlt in
a fimple arithmetical progreflion 3, 2, 1, the latter in a du-
licate Arithmetical progreflion of fquares 9, 4, 1 ;5 and the
Eur.e if you make further new bifections, will neceflurily hap-
pen ad Infinitum, (the former numbers e. g in the il bife-
&ion will be § £4 27 % oecd the latter 3 3 36 5 5% 56 eecd, &c )
it is manifeft from the confe@aries of Prop. 2.1. Jib. 1. that the
whole cylinder HK will in like manner be exprefled by a
double feries of parts anfwering, in numbers to the indivilibles
of the conoid made by any bifeCtion, but in magnitude to
the greateft of them all, and in the fum of its fuik feries of
will be to the fum of the firft in the conoid, both being
infinite, as 2to 1 or 3to'r ;oecd, by Comfeéf. g of the
faid Prop. 21. and the fum of irs latter to the fum of the
former in the conoid will be as 3 to 1 ¢ecd and fo the whole
cylinder to the whole conoid as 3 eecd T 3 eecd to 1 ; vecd 1
eecd i. e. (dividing by ecd) as 30F 3eto 1201 € i e mul-
tiplying both (ides by &) as 306 3¢b to 1260 ¢b; and
confequently the cone (which is } of the cylinder) to the co-

noid asob tebto 1506+ ebh. Q.E.D.

CONSECTARY.

Ence alfo appears the proportion of the hyperbolick co-

; noid to a cylinder of the fame bafe and alttude, which
we did not exprefs in the Prop. wik. as the aggregate of the
ax and half the Zatas Tranfverfum to triple the aggregate of
the faid ax and Latus Tranfverfum.

CHAP-
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A AN,
of Spinu' Lines and Spaces.

Propofition  XVIIL.
(a) Arcbin. TH E (2) firft [piral fpace s fubtriple of

Prfup.zq..dﬂ Spi- the firft eircle, i.e, as 1 to 3.
val,

Pemonration,

Having divided the circumference of the circle into (Fig.
141. 7. 1.) three equal parts by lines drawn from the initial
point, beginning from the firft line BA, the line BC will be
as 1, BD as 2, BA as 3, by Confeéf. 1. Def. 12. of this book,
and confequently the fectors circumfcribed about the fpiral
will be CBc as 1, DBd as 4, ABz as 9, by Prop. 32. lib. 1..
and in like manner, if you make new bifections, the lines
drawn from the point B to the fpiral, willbe 1, 2, 3, 4, %,
6; but the circumicrib’d fe&tors, 1, 4, 9, 16, 25, 36; and
{o the circumferib’d partial feCtors ad infimitum will proceed in
an order of fquares, there being always as many fectors in the
circleequal to the greateft of them. Therefore all the fe€tors that
can be circum{crib’'d ad infinitum about the fpiral fpace, 2. e. the
fpiral fpace it felf (in which at laft they end) to fgman}f equal
to the greateft, 7. e. tothecircle, isas 1 to 3, by Confed. xo0.
Prop. 21.Jib. 1. Q. E. D,

CONSECTARY I

Ince the firft circle isto thefecondas 1 to 4 (7.e as 3

to 12) by Def. 12. of this, and Prop. 31. lib. 3. and the

firft fpiral fpace to the firft circle as 1 to 3 by the prefent Prop.

the fame {piral fpace will be to the fecond circle as 1 to 12 ;

and to the third by a like inference as 1 to 27, to the fourth
a5 11048, &

€ON-



1]

The Elements of the Mathemazicks. 209

CONSECTARY 11,

THE fielt fpiral line is equal to half the circumference
of the firft circle. For the lines or radii of the fectors,
and confequently their peripheries or arches proceed in a fim-
ple arithmetical reafon, as 1, 2, 3, 4, 5, 6, & while in
the mean time the whole periphery of the circle contains fo
many arches equal to the greateft. Therefore the whole pe-
riphery of the circle is to an infinite feries of circum(erib’d ar-
ches, 7. e. to the fpiral line it felf, as 2 to 1, by Confeit. 9.
Prop. 21. lib. 1.

Propofition  XVIII.

HE whole [piral (¢) [bace comprebended _
under the fecond right line EA and the P () Archin,
fecond fpiral EGIA (fee Fig. 141.7.2.) isto 15
the [econd circle as 7. to 12,

Demonfration,

For having divided the circumference of the circle firft into
three equal parts, there will be drawn to the fecond fpiral four
right lines BE, BG, BI and BA beingas 3, 4, 5, 6, and
but only three fectors circumferib’d, w:z. GBg, IBiand ABa,
which proceed according to the fquares of the three latter lines,
vi%. 16, 25, 36, lo that the fum is 77, while the fum of
three equal to the greateft is 108, and {6 the one to the other
(dividing both fidesby g9) as 12 to 8§ Having moreover
bifected the arches and parts of the line BE, o that that fhall
be 6, the fecond BF will be 7, and fo the other five 8, 9, 10,
11, 12; and the feltors anfwering to them (excepting the
firlt) 49, 64, 81, 100, 121, 144, f0that theirfom fhall
be 5§59, while the fum of (ix equal to the greateft; i.e. the
whole circle is 864, and {0 one to the other (dividing both
by 72) as 12to 7% In the other bifection of thearches and
the parts of the line BE,{o that the one fhall be 12,the fecond
13, &. to the thirteenth BA which will be 24, the fum of
twelve fectors will be found to be4250; andthe fum ol

]
.
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as many equal to the greateft 6912, and' fo the one to the
other (dividing both fides by 576) as 12 to 73 { @
Therefore the proportion will be _
I In the firlt cafe 12t0 7 + 1§ ;%3 vz 5.

1. Inthefecondcafe 12t0 7 T 2151 2 vz o

1L In the third cafe 12to7 141 & T 288 &re.
The firlt and fecond fradtions thus decrealing by ; the latter by
i Wherefore the proportion of the fecond circle to the fecond
fpiral fpace will beas

12t07 11 1‘}1‘;’5

—2_-4—?2 X
H-_.i é}"ﬂ--_-é d’dca_—zig E‘.:}"{:r
By vertue of Confetf. 3.and 8. 2o =0

Prop. 21. lib. 5.
e asi2to7. Q.E. D.

CONSECT ARY L.

Ecaufé the fecond circle is to the firft fpiral fpace as 12 to

1, by Confect. 1. of the preceding Prop. and to the fe-
cond fpiral fpace as 12 to 7, by the lgre{éﬁr. it will be to the
fecond fpace without the firft (viz. BCDEAIGE) as 120 6

3 6. 4572 (O 1.

CONSECTARY /Il

Herefore the fecond {pace feparately to the firlt sas 6
to 1.

CONSECTARY IIL

Ince in the trifeCtion of both thefe circles, firft and fecond,
there arife {ix lines, and as many fectors, wiz. three lines
BC, BD, BE, i. e 1, 2, 3, to which there anfwer three ar-
ches in the fame progreflion within the fecond circle, and alfo
as many equal to its greatelt ; therefore the fum of all the un-
ual arches will be 2.1, but the fum of the equal ones of both .
circles (each of which in the firft are equivalent to 3, inthe
fecond to 6) will be 27. Wherefore the fum of both the Pe-
ripheries to the fum of all the circumf{crib’d arches will be as
y 27
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‘27 to 21, i e. (dividing both fides by 0) as 3 to 2. More-
over bifecting the arches of the circles and the parts of the line
BA, there will arife fix circumfcribed unequal arches within
the firft circle, which are as 1, 2, 3, 4, 5, 6, and as many
within the fecond 7, 8, 9, 10, 11, 12; the fum of all
which is 78, while the fum of as many equal ones on both
fides is 1c8. Wherefore the one will be to the other, i. e. the

fum of both the peripheries to twelve circumfcribed arches ta-
ken together, is now as 108 to 78, 7 ¢. (dividing both fides
by 36) as 3 to 2¢.  And making yet another bifection, the
ﬂ?porriun will be found to be as 3 to 2 ;5 @ and hence at

gth may be evidently inferr’'d; that the fum of both the
peripheries will be to the fum of all the arches circumfCribible

ad infinitum, 1. e. to the whole helix as
3021,

-—-':’z &c. =t o. thatis, as 3to 2. Q. E. D.
CUNSECTARY 1Y,

.THeref'nre, fince the periphery of the fecond circle is dou-
ble of the firft, that alone will be equal to the whole

fpiral.

EONSECT ARY V.

;'THerefbre, if the periphery of the fecond circle be 2, the
. periphery of the firft will be 1, and the firft {piral line 3
by Confeéf. 2. of the anteced. Prop. wherefore the fecond
Ipiral alone will be 1}, and fo the periphery of the fecond
circle alone will be to the fecond fpiral alone as2 to 13 7 e. as
4.to 3 ; and to the firft alone as 4 to 1.

s CHONLT0OM 1

IPUT as Confeét. 4 may be alfo deduced after another way,

wviz. by comparing only the arches of the fecond circle
With the correfpondent circumferipts, but confidering them as
gen twice (becaufe that circle is twice turned round while

 the whole helix or fpiral is defcribed) and finding in the firlt
W x trifection

%
1
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trifeCtion the proportion of double the fecond periphery to all
 the circumfcripts as 12 to 7 ; and in the fucceeding bifection
as 12to 6 5; 1n the fecond bifeftion as 12 to 6 ;, ¢r¢. andat
length by inferring, that the fecond periphery is double of all
the arches circumfcribible about the whole helix ad infinitum,
that is to the helix ic felf.
as 12.to 6 ¢ 1
— ) & = 0. ie a5 12106
and confequently the fimple fecond periphery will be to the
whole helix as 6 to 6 : Thus the 5. Confeéf. may be feparate-
ly had after the fame manner, if inftead of the firft trifection,
you only bifect; (wid. Fig. 141. n. 3.) for {0 in the firft bi-
fetion the arches circumfcribed about the fecond fpiral line
would be feparately two femi-circles Dd, 3 and Ag, 4, (for
as the line BC is one, BE, 2, BD, 3, BA, 4; fo the arch
defcribed by the radius BD is 3 and defcribed by the radius
BA = 4,) and their fam 7 ; while the fum of two equai to
the greateft is 8.  In the fecond bifeftion (when BE is 4) BF
and its arch is made §, the arch BD 6, the arch BG 7, the
arch BA 8, the fum 26 ; while the fum of {0 many quadrants
equal to the greateft is 32.  Thus in the third bifection the .
fum of eight O¢tants circumfcrib’d about the fecond helix will
be found to be 100, the fum of fo many = to the greateft
128, &«c. Wherefore the periphery of the fecond circle in
the foirft cafe will be to the arches circumfcrib’d about the fe-
cond helix as 4 to 3 1}; inthefecond as4to 3 T}; in the
third as 4 to 3 T3, & andfoto all the arches circumferi-
bible i infmitum, i.e. to the fecond helix it felf as
4t037;
— O 0. ice. as 4t03. Q.E D,

By the fame method you may eafily find the proportion of

the third circle to the third fpiral fpace, and of that dpcripherj?

either to the whole fpiral, or feparately to the third, as wiil
be evident to any one who trys,

L For
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. 1. For the third [piral [pace.
(Fig. 142)

BD 2 BG 5§ BK 8 69
BE 3 BH 6 BA g | 81 are the three firft fectors
circumfcrib’d about the parts of the third helix. The fum of
thefe three feCtors is 194 ; and the fum of {0 many equal to
the greatelt 243. Therefore the firft proportion of the one
fam to the other will be as 243 to 194, « e. (dividing both
fides by 9) as 27 to 21 ,.
In the hrft bifection there will be feven lines :
BH 12, BL 13 | 169
Bl 14 196
BM 15 | 225 Seftors circumfcribed about the
BE 16 | 256  parts of the third helix.
BN 17 l 289 ,
BA 18 | 324

i
Sum | 1459 ; while in the mean time the furn
of as many equal to the greateft is 944, and fo the fecond pro-
portion as 1944 t0'1459 7. e. (dividing béth fidesby 72) as
27 (0 20 7a
?ln the fecond BifeCtion there will be thirteen lines, @4z, BH
24, thereft 25, 26, & but the fum of the fe&tors, 7. e. of
the fquare numbers anfwering to the twelve latter will be
found to be 11306 ; while in the mean time the fum of 23 ma-
ny equal to the greateft will be 15552, fo that you will have
the third proportion of this fum to the other, wiz. as 15552 to
11306, 7 e. (dividing both fides by 576) as27 to 19 ¥
“Therefore the l. proportion willbeas27to 19t 2§ i.e.

wigT2T:1Ts

I, as 27019 T 1§33 i
toIgfr{,t,
111. as 27to 19 T 5 —1i.e.

to 19 T2t s 1 e
Therefore the proportion of the third circle to the third fpi-

ral fpace will be % %
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as27to 1972 F: T
—1— —3 i.e. 25 27 tO 19.
— &c.—j &c. — 3 &c.

o Ehe el QB D
L. For the third fpiral Iine.

If inftead of the firft trifeCtion (‘as lefs commpodious for the
end propofed) you make ufe here alfo, as before, of bifecti-
on in the fame figure, there will come out {ix lines from the
point B to the helix, wiz. Bm, 1, BE, 2, Bn, 3, BH, 4,
Bo, 5, BA, 6; to which there anfwer as many {emicircular
arches in the fame progreflion, and to the greateft of the two
as many equal 02, 4, 6; fothat the fum of the unequal ones
is21, and of the equal ones 24, and fo the proportion of three
peripheries together to all the circumfcripts together will be as
24 to 21 (and dividing both by 6) as 4t0 33 In the fe-
cond bifection the twelve unequal lines and arches make the
fum 78, and as many equal to the greatelt of the four will
give the {om 96 ; fo that the fecond proportion will be g6 to
78, i. e. (dividing both fides by 24) 4 to 3 ;. Inthe third
bifcCtion the proportion will come out as 384 to 300, 7 e.
(dividing both {ides by 95) as 4 to 33, & Therefore the
proportion of the three circles together to the whole Helix
willbeas 4 t0 3 1

e
3 &% 5 0. 4.6, 23 4 t0 3 OF 12 1O Q.

Q. E.D.
CONSEC LaARY Y,
OW, if the periphery of the firft circle be made 2, the
fecond will be 4, the third 6, and confequently the

fum 12 ; it will be manifeft that the third periphery feparately
will be to the whole helix »~ 7 & as 2 to 3.

CON-
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CONSECTARY VII.

ND becaufe the fecond periphery (which is 4) s equal

to the firft and fecond helix together, by the above Coss-

[eét. 4. the remaining third fpiral will be §, and fo the pro-
portion of the third periphery to it as 6 to §.

CONSECTARY VIIL

WHer:fnre the proportions of each of the peripheries to
their correfpondent fpirals will be in a progreflion of
ordinal numbers, wiz. {0 that the latter of every two will
denote the periphery of a circle, and the former an infcribed
fpiral; and confequently the fpiral lines will be in an arith-
metical progreffion of odd numbers, and the peripheries of the
circles in a progreflion of even ones. :

I T'he firft Spiral,

2, The firft Periphery,
The fecond Spiral,

4 The fecond Periphery,
T he third Spiral,

5
6 & c.—-"The third Periphery, ¢&re.

S HGCOLTUM .

HE feventh Conféctary may alfo be eafily deduced fepa-
- rately this way : In the firft bifeGion the line BA and
its periphery is 6, the line Bo and its periphery 5, the fum of
the circumfcribed Peripheries 11 ; thefum of as many equal to
the greateft 12. ‘Therefore the periphery of the third circle
will be to the two circumferipts as 12 to 11, i.e. as6 to 5 &
In the fecond bife&ion the four eircumfcribed quadrants will
be 12, 11, 10, 9, their fum 42 ; and the fum of four equal
to the greateft, 7. e. the periphery of the third circle 48.
Therefore the proportion is now as 48 to 42, i.e. (dividing
both fides by 8) as 6to 5;. Thus you will have the third
proportion as 192 to 164, # e. (dividing both fides by 32)
as 6 to 53 Wherefore the proportion of the third periphery
to the third helix or fpiral is

as
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asbtost -

B el = B

3 e
o ie as6tos. QE.D.

CONSECTARY IX.

AS Confect. 8. fupplies us with a rule todetermine the pro-
portion of every fpiral of every order to the periphery
of the correfpondent circle, wiz. if the number of the order be
doubled for the periphery of the circle, and the next antece-
dent odd number be taken for the fpiral line; fo what we
have hitherto demonftrated fupplys alfo another rule, to define
the proportion of the fpiral fpace in any order to its circle.
For fince the circles are in a progreflion of Squares 1, 4, 9,
16, &c. but the firlt circle is to the firlt fpace as 3 to 1 (. e.
a,1 t0}) by Prop. 17. and the fécond to the fecond as 12 to
7 (2.e as4to 23) l:éy Prop. 18. the third to the third as 27
to 19 (ze asg to 6}) by Schol. 1. of this. And contem-
plating both thefe feries one by another,
Of the circles, 1, 44 9. 20
Of the fpaces, 3, 23 63

We fee the numbers of the fpaces are produced, if from the
fpuare numbers of the circles you-fubftraét their roots, and
add to the remainder . Wherefore, if, e. g. we were to de-
termine the proportion of the fourth circle to the fourth fpiral
fpace ; the {quare of 4 wiz. 16 would give the cirele ; hence
fubltralting the root 4, there wiill remain 12, and adding ;
you would have the fourth fpiral fpace 12 }; and in like man-
ner the fpiral fpace 203 would anfwer to the circle 2.5, &e:
And that this is certainis hence evident, that if we mul-
tiply thefe numbers 16 and 12}, alfo 25 and 20 by 3, that
we may have thofe proportions in whole numbers, 48 and
37, 75 'and 61, thele are thofe very numbers Archimedeshad
hinted at in the Coroll. of Prop. 25.

CON-
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BONSECTARY ‘X

AY what we have now faid, is that very Coroll. com-
prehending alfo that 25¢h. Propofition, wiz. that a fpi-
ral fpace of any order is to its correfpondent circle, asthe re-
&angle of the femidiameters of this and the preceding circle
together with a third part of the fquare of the difference be-
tween both femi-diameters to the fquare of the greateft femi-
diameter. For, if e.g. the proportion of the third fpiral
fpace to the third circle be required, f{ince the femidiamerer of
this third circle s as 3, ang the {emidiameter of the fecond
precedent one is 2, and o the difference 1 5 the rectangle of
2 into 3 i e. 6, together with ; of the fquare of the diffe-
rence will define the third fpiral fpace 6 }; fince the third cir-
cle may be defined by the fquare of the femidiameter of the
greater, wiz. by g, and fo in the reft; as the numbers we
have found fhew, or further that may be found according to
given Rules which may be here feen in the following Tab%e.

Orders. DL IV | VA VIVIDVITEXT X
Circles. 1|4/9]16 25136149| 64|81 100
The whole fpaces, [

the preced. ones |} |2 ;6 sJ12 }20 {30342 356 jj72 ;90 ;
{ being included. | L__
Separate fpaces the
preced. ones be-1 ;]2
ing excluded.

416 | 8 | 10)12{14]16|18
l

a—

CONSEC AR Y XL

U'T of which table it is obvious to fight, that the fe=

cond fpace excluding the firft is fextuple of the firft, as

we have already deduced in Confeét. 2. Prop.18. andthe third

feparate fpace double of the fecond, and the fourth triple of
the fame fccond, and the fifth quadruple, and {0 onwards.

SCHO-
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S €. HOLITOUM I

A ND this fhall fuffice for fpirals, which comprehends not

only the chief Theorems of Archimedes of fpiral {paces,
but alfo the chief of fpiral lines (Whereot Archimedes has left
nothing.) If any fhould have 2 mind to carry on our me-
thod further, he may ealily demonftrate after the fame way
what remains in Archimedes, and what Dr. Wallis in his A-
rithmetick of [nfinites from Prop. §. to the 38, and what o-
thers have done on this Argument.

oA De N,
Of the Conchoid, C {{féfd, Cycloid, LQuadratrix, &c.

Propofition XIX.

TH E firft conchoid of Nicomedes Bbb (Fig. 110.) on both
fides of the perpendicular cDb approaches nearer abways to
the direltrix or horizontal line AE, and yet will never comcide
with it, altho it be conceived to be produced on both fides ad
infinitum. |

BRemonftration,
For fince only Db is perpendicular to AE, and all the reft

b are {o much the more inclined to it by how much the more
remote they are from the middle one Db, and all in the mean
while are equal both to it and to one another, by Def. 13. it
is evident that the points #and B will come fo much the near-
er to AE, by how much the farther they recede from the mid-
dle line Db. And yet becaufe the lines BAC and bac are all
right ones, whofe points A, 4, are in a right line AE it is e-
qually as impoffible that the point  or B, which is always in
the conchoid fhould gver touch this right line, as it is impof~
fible that the point C fhould be in it, by vertue of the afore-
cited Def. Q. E, D,

Propo-
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- Propofition XX,

Y E T no other right line can be drawn between the dire-
&trix AE and the conchoid, but what will cut it if pro-
duced,

Eemonﬁtattmiﬁ‘

For if fuch a right line be made parallel to AE, as GH,
and you make, as DI to IC fo D5 to a fourth, which will be
greater than IC, as'Db is greéater than DI, and confequently,
if making that an'interval you draw the circular arch trom C,
it will neceflarily cut the line GH e. g. in G,  Drawing there-
fore CaG. you’l have as DI to IC fo 4G to GC, i. e. to that
fourth proportional before found, by vertue of Prop. 34. /ib. x.
but as D1 to IC, fo was alfo Dé to the fame fourth by Con-
ftruc.  Therefore 4G and Db, which have both thefame pro-
portion to the fame quantity, are equal ; and confequently the
point G'is in the conchoid by virtue of D¢f. 13. and confe-
juent]}' the right line GH bein% produced will cut that pro-

uced alfo, on both fides, by the fame reafon. Much more.
will it cut it on either fide if it be not parallel to the directrix
AE, which is very obvious. Therefore no right line can be
drawn between the conchoid, ¢c. Q.E. D.

CONSECT ARY.

" Y Ence, befides orher Problems, that may be very eafily
folved, which requires, having any rectilinear angle gi-
ven ABC (Fig 143.) and a point without it, from that
point to draw a right line DEF, fo that part of it EF, which
is intercepted between the legs of the angle, fhall be equal ro
a given line Z. For it you draw the perpendicular DGH from
- the given point D through the neareft leg of the angle BC,
and make GH equal to the given line Z, and from the center
C ar the interval GH delcribe the concheid 1HK, which
. will be neceflirily cutby the other leg of the angle by vertue
of the prefent Prop. ¢. gi in F, the line DF being drawn will,
- 11 give
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give the intercepted part = GH by the nature of the conchoid,
and confequently = to the given line Z.

SCHGL LM

Y means of this Confeltary Nicomedes folves that noble
| Problem of finding two mean proportionals,after this way,
which we will here fhew from Eutociss, but drawn into a
compendium, and fomewhat changed as to the order. Let
two given lines AB and BC (Fig. 144.) between which you
are to find two mean proportionals, be joined together at right
angles, and divide both into two partsin D and E, and ha-
ving compleated the reftangle ABCL, from L thro’ D draw
LG to BC prolonged ; {0 that after this way GB may become
= AL or BC: Having let fall a perpendicular from E cut off
from C at the interval CF = AD the part EF, and having
drawn FG make CH parallel to it ; and laftly thro’ the legs
of the angle KCH draw the right line FHK, fo that the part
HK fhall be equal to the line CF, by the preceding Confeét.
and alfo draw the right line KM from K thro’ L to the con-
tinued line BA : All which being done, CK and AM will be
two mean proportionals between AB and BC; which after
our way we thus demonftrate: By reafon of the fimilitude of
the & A MAL and LCK

MA isto LC or AB as AL or BC to CK

b~ eb ¢ - €c

and moreover, :
as MA to AD o GC to CK i.e. FH to HK

b —— yeb—2c-——ec by reafon of GF and CH be-
ing parallel, by Confeit. 4. Prop. 34.. lib. 1. therefore fince
HK 15 = AD = jeb, FH will be == A = &, and confequent-
ly MD = FK, wiz. both &1 :eb, and the fquare of both
= bb tebt jeebb = O EF + EK by vertue of the Pyrbag.
Theor. Now if to thefe equal quantities you add the equal
00 DX and ECH 4ec, their fum, wiz. O MD +0 DX
2.e. O MX will be bb + ebb 1 jeebb 1 jce, equal to the fum
of thefe, wiz. OEF 0 EC ie. OCF (by the Pyrbag.
Theor, or EX by Conftruct.) +0 KX ; whence thefe two
things now follows: 1, T'hat the lines MX and KX are equal.
2, 1t from thofe equal fums you take away the gommon quan-

tities
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tities ; eebb 1 }cc, the remainders will be equal, wiz. bb + b
= ecc T eecc; and (fince the part taken away, wiz. bb is ma-
nifeftly to the other part taken away, wiz. ecc as the remain-
der ebb to the remainder eecc, and the whole with the parts
taken away and the remainders are in the fame proportion by
Prop. 26.1ib. 1.) feparately alfo bb will = ecc and eb) = eccc.
But from the laiter equation it follows that

aseb to ec fo ec to b'by vertue of the 19. Prop. lib. 1.

AB to CK fo CK to MA

and by the fame reafon it follows from the former Equation

asecto b o b toc

CRtoMAfoMAtoBC ie CK and MA are two

mean Proportionals between AB and BC. Q.E.D.
" From which dedution you have alfo manifelt the foun-
dation of that mechanical way, which Hiero Alexandrinys
makes ufe of in Ewutocius, lib. 2. of the Sphere and Cylinder,
. and which Swenterus has put into his praétical Geometry /ib.1.
Tradl. 1. Prop. 2.3. when, wiz. having joined in the form of
a reétangle the given right lines AB and BC (Fig. 145.) and
continued them at the other ends, he {6 long moves the ruler
in L, having a moveable center, backwards and forwards,
till XK and XM by help of a pair of compafles are found
equal. To which, another way of PLél’s is not unlike, and
flows from the fame fountain, wherein, having made on AC
a femicircle, the moveable ruler in L is o long moved back-
warks and forwards, untii LM and NK are found equal :
Which feems to Estocius to be more accommodated to practice,
and eafier to be perform’d by help of a ruler divided into {mall
equal particles.

Propofition XXI.

IF from any point of the other diamerer in the generating cir-
cle a.%.’ fromG (Fig. 111. . 1.) you draw a perpendicu-

lar GE thro’ the ciffoid of Diocles . the lines CG, GE, GD, and
GH will be continual PTﬂPﬂ?‘HﬂHﬂ!L

U 2 Demoins
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Demonlracion,

For fince GE and IF, as right fines, and alfo GD and IC
as verfed {ines of equal arches by the Hypoth. are equal;
youl have as ID to [F (i.e. CGto GE) fo IF to IC (4. e
GE to GD) per n. 3. Schol. 2. Prg, 34 Jib. 1. Bur GD is to
" GHas1D toIF (i.e. as GE to GD) by the forecired Prop.
24 Iib. 1. Therefore CG to GE, GE ro G, and GD to
GH, age all in the fame continual proportion. Q. £, D.

CONSECTARY.

HEnce it was eafie for Divcles to find two mean proportio-
_ nals x and y between two given right lines V and 7Z ;
( £ig. 146 )for he made( having firft defcribed his curve DHB Jas
V 1. Z {fo CL to LK,2nd having drawn CKH to the curve,
and thro’ H the perpendicular GE,he had between CG and GH
two mean proportionals GE and GD by vertue of the pre- -
fent Prop. when in the mean while CG the firlt would be to

GH the laft, as CL ro LK, 7. e. as the firlt V to the laft Z
given by vertue of the Conftr. Therefore nothing remain’d

but to make, 1. as CG to GE fo V to X; and laftly, as GE
tc} Gb o x to y.

RCHOL LY M

T may not be amifs to mengion here another way of find

ing two mean proportionals between any two given lines by
the help of two Parabola’s, which Menechmaus formerly made
ule of, wiz. by joining at right angles the given lines AB and
BC (Fig. 147 ) and prolonging them as occafion {hall require |
thro’ E and D ; ‘and then deferibing a Parabola about BE as
its axis, fo madethat BC fhali be its Latus Reéfum, and in like
manner deferibing anpttier Parabola abour BD.as irs ax, that)
{hall have AB for its Latus Reéivm, and thar fhal] cut the for-
mer in F': Which being done, the femiordinate FE (or BD
which is equal toit) being drawn to the point of Interfection
¥, will be the two mean proportionals fought. TFor by ver-
tue of the¢ fourth Confeéary of Prop. 1. of this Eook, LF or
' BE

1
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BE is & mean proportional between AB and BD, and in like
mannet EF or BD s a mean proportional between BE and
BC, and confequently as AB to BE fo BE to BD, and as BE
to BD fo BD o BC; Q.E.D.

To this way of Menechmus that of Des Cartes 15 not unlike,
which be gives us p. 7. 91. except only that inftead of two
Parabola’s, he makes ufe only of one and a circle in room of
the other : In imication of whom Renatus Francifeus Slufius
has fince thewn infinite methods of doing the fame thing by
help of a circle, and either infnite Ellipf?s or Hyperbola’s, in
his ingenious Treatife which he thence names his Mefolabivin.

Propofiticn  XXIIL
NY femiordinate of the Cycloid as BF (Fig. 148.) or bf

is qum! 1o its furrg/}ﬂndiﬂg Siﬂ; in the gmemring circle
as BD, bd, togetier wiry toe arch of that (me AD or Ad.

Domonfiration,

- For the motion of the point A defcribing the femi-cycloid
ATE, by Def. 11. is compounded of the motion of the orb
(or wheel) B along the femi-circle ADC, and of the motion
of the centre along the right line BC eqnal to CE, and confe-
quently to the femi circle it felf, or motion of the orb, There-
fore as the point A moving to E by the motion of the orb (or
wheel) moved or was carried from the diameter AC thro’ the
whole femi circle ADC ’till it came to AC again, and by the
motion of the Centre pafles thro’ the whole fpace £G or CE, .
which is equal to the femicircular arch; thus the fame A,
when come to F, will have defcrib’d the quadrant AD, by
moving from the diameter AC the quantity of the fine BD,
and morcover by the motion of ifs centre (which is equal ro
the motion of the Orb) moves from AC the fpace of DF : And
fo the femiordinate BF will be equal to the arch AD and to its
{ine BD taken together ; and in like manner the femiordinate

bf will be equal to the arch Ad and its fine 44, &c. Q_E. D.

CON-
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CONSECTARY L

Ence may be eafily affign’d by help of the cycloid a right

line equal to the femi-periphery or any given arch AD

or Ad; wiz. CE double, or taken twice for the whole circum-

ference, and fingle for the fémijcriphcry or half circumfe-
rence, DF for the quadrant Ad, df for the arch AD, &-.

CONSECTARY IIL

V‘ 7 Herefore the quadrature of the circle may be geu&m-
lib, 1.,

CONSECT ARY I

F youtake Be, e, double of the fines BD, bd, ¢c. fothat
all the indivifibles bd taken together, may be to all the in-
divifibles be taken together as BD to Be, a curve defcribed thro’
the points ¢ will be an ellipfis by Prop 11. and the curviline-
ar fpace ADCeA will be equal to the femicircle ACDA.

CONSECTARY IV.

| ND fince DF (i.e. De} ¢F) is equal to the quadrant

DA, by vertue of the prefent Prop. BD 4 FG will be
alfo equal to the quadrant (‘becaufe the whole BG or CE is =
to a femicircle) and confequently eFF and FG will be equal
in like manner fince df both above and below is equal to the
arch dA, below b4 1 fg will be == to the remaining Arch 4C:
and above bd t ¢f (5. e. df) will be equal to.the equal arch
dA. Therefore ¢f above and fg below are equal, and (fince
the fame may be fhewn of all the indiviiibles of the fame fort

throughout) the trilinear figure FGE will be equal to the tri-
linear eFA.

- Prapo-

trically obtain’d according to Confef. 2. of Def. 15.
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Propofition XXIII,

HE cj;!ez‘:?al [pace is triple of the generating circle i.e. the
femi-cycloidal fpace AECA is triple of the [emi-circle
ADCA,

f - Pemoniration,

Since the parallelogram BCEG is equal to the whole circle
by Confeét. 2. of Def. 15.Jib. 1. i e. to the femi-ellipfe AeCA,
by the prefent conftruction the Trapezium CeGE will be equal
to the quadrant of the ellipfe or the femi-circle.  But the trili-
near fpace FEG is I to the trilinear {pace FAe, by the fourth
Confeét. of the preced. therefore alfo the trilinear fpace AcCEA
is equal to the femi-circle. Therefore the whole cycloidal
fpace is equal to the three femi-circles. Q. E.D.

Or thus.

Since the whole parallelogram AE is equal to two circles
and the femi-ellipfis A¢cCA toone ; the remaining fpace AeCEC
to one circle, and its half AeGC toa femi-circle. But the tri-
linear fpace AeF is equal to the trilinear {pace FGE by Confect.
4. of the preced. Therefore the one being fubftituted in the
other’s place the trilinear fpace AFEC will be equal to the fe-
mi-circle: Therefore the remainder of the Parallelogram, 7. e.
the cycloidal fpace AFECA will be equal to three femi-circles.

Q.E.D.
SCHOL 17O M

O thefe fhort Demonftrations, which we confels we owe

for the moft part to Hon. Faber, we will {ubjoin another
fomewhat more prolix, but yet not unpleafant, which we find
in Carolus Renaldinus, lib. 1. de Refol. & Compof. Marb. p.299-
But here we will give it the Reader more plain, and free from
all Scruples, and likewife much eafier. It is perferm’d in thefe
inferences, 1. That the right-lined Parallelogram AsaB
(Fig. 149 . 1) is equal to the curvilinear fpace AbdsBDA.

2. Jhat
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2.. Thhat as that is divided into two equal parts by its right li-
- ned diagonal A, fo likewife is this by the femi-cycloid Aaa,

fo that the right lined triem%lc AaB is equal to the curvilinear
fpace AaaBDA. 3. Therefore the one as well as the other is
equal to the generating circle ; and confequently, 4 ifto
this curvilinear fpace there be added the femi-circle AIDBA
the femi-cycloida! fpace AgaBA will be equal to three femi-cir-
cles. The firft is evident, while if you take from the right
lined parallelogram the femi-circle ADBA on the one fide, and
on the other add the femi-circle abdathere will arife the curvi-
linear Parallelogram. The third is evident from Confed?. 2.
Def. 15. lib. 1. Becaufe the line B# is equal to the femi-peri-
phery, which multiplyed by the diameter BC gives the area of
the circle.The fourth is felf evident ; and fo there remains only
the fecond to be demonftrated, viz. That the curvilinear paral-
lelogram is divided into two equal parts by the cycloid, . e.
that the external trilinear Figure AadbA is eqaal to the inter-
nal one AzaBDA ; which may be thus fhewn : Having divi-
ded the bafe B2 into three equal parts, and drawn thro” them
three femi-circles, and moreover the tranfverfe right lines D4
and Ee thro’ the interfeCtions of the fem-icircles and the cy-
cloid; it is certain from the genefis of the cycloid, by vertue
of the Conf. of Def. 11. that as the right line a1 is a third
part of the whole 4B, fo the arch 14 is a third part'of the ge-
nerating periphery, and by the fame reafon the arch 24 two
thirds, and fo the remaining arch 411 alfo }; infomuch that
the irft arch 14, and the lait 411, and confequently their right
fines af, ag, and likewife their verfed ones f1, g1 1, are equal, -
and fo the curvilined partial Parallelograms, both above and
below, all upon equal bafes, zad of the fame height (wviz.
the two lineir ones @e21 and da 11.1.) are equal among
themfelves, and folikewife the two pricked or pointed ones Da
2Band ae 1. Wherefore if now the bafe B4 (#.2 ) be con-
ceived to be divided into fix equal parts, and having drawn
femi-circles, and tranfverfe lines thro’ their interfeCtions with
the cycloid, thearches

will be ¢ ii,:nd S EIT;R{I { of a femr-circle,

I1a
and Va

and
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and fo the verfed fines of each, 7. e. the altitudes of the corre-
fponding parallelograms will be equal, and confequently the
parallelograms of the internal and external trilinear ipace thee
are alike noted or figned will be equal to each other ' Now
this infcription of curvilinear parallelograms always refpetive-
ly equal both in number and magnitude, fince it may be con-
tinued in both the trilinear figures ad infnitum 5 it will evi-
dently follow, that the trilinear figures themfclves, whofé in-
finite infcripts are always equal, will be likewife equal to one

anothers

Propofition  XXIV.

THE bafe of the quadratriz AE (Fig. 150 ) and t'e fe-
midiameter of the generating quadrant AD and the qua-

drant it [elf BD are in continual Proportion.

E‘zmnnﬁmttuu.

For the quadrant DB is to the radius DA as the arch IB to
the perpendicular He by Confelt. 1. Def. 16 and 14 is to Ple
2s Ab to Ae by Prop. 34. I:b. 1. But the arch IB (if it be con-

- ceiv’d to be lefs and lefs ad infimiturn) will at length coincide
~with 4, as ending in the fame moment in the point B, where-
in He will end in the point E, and fo Ae will end in AE and
Abin AB. Therefore at length DB will be to DA as 1B (7. e~
16) to He, i.e, as Abto Ae, 7. ¢ as AB (or DA) to AL,
Q.E. D. | :

S0 HOL -0 M1

" Lawins about the end of the fixth Book of Exclid, and o-
thers,demonftrate this indireftly by a deduction a4 Ab-
[urdum, or concluding the oppofite much after this manner :
If DA orAB is not to AE as DB to DA, {uppofe it to befoto the
greater Af or the lefs Ae. In the firft cafe therefore, becaule
AB isto Afas DB to DA per Hypoth. i.e as Kfrto Af the
quadrant Kf and the radius ABor DA will be equal.But as BD
is to IB fo is Kf to Hf by reafon of the fimilitude of the arches;

and as BD to iB o alfo DA (or = Kf) to the line He, by
< X Conf &
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Confelt. 1. Def 16.  Therefore the fine He and the arch Hf
(to which the fame Kf bears the fame proportion) will be e-
qual : which is abfurd. In the latter cafe, becaufe AB would
be to Aeas | B to DA by the hypoth. 7. e. as Leto Ae, the
quadrant Le and the radius AB or DA would be again equal.
Burt as BD is to IB fo is Le to Me by reafon of the fimilitude
of the arches; andasBD to IBfoallois DA (7. e = Le) to
He by enfeét. 1. Def- 16. Therefore the tangent He and
the arch Me (to which the fame Le bears the fame proporti-
on ' will be equal, which is again abfurd. Wherefore BD isto
DA, not as DA to a greater Af oralefs Ae; therefore as
DAt AE. Q.E D.

CONSECTARY I

-‘f ¥ Herefore it is evident from what we have deduced, if
| by means of the bafe of the quadratrix AE youdraw
a quadrant  the {ide of the quadratrix DA will be equal to it,
and conicquently double of the {femi-periphery, and quadruple
of the whole periphery. '

CONSECTARY IL

T is evident alfo that you may obtain a right line equal ta

- the q idrant LB of any given circle, if, having deferibed
a quadratix, you make as AE to AD fo AD to a third equal
to the quidrant DB: Which third proportional taken tour
times will be equal to the whole peripligry. :

CONSECTARY IIL

OU may alfo obtain a right line equal to any lefs arch,

if you muke, as DA to He fo a third proportional found

(¢ e the quadrant WB) to a fourth, by vertue of Conf. 1.
Def. 16. " Py ih

CON:
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CONSECTARY 1v.

HE quadrature of the circle therefore, by vertue of Conf.

2. Def. 15. lib. 1. as likewife the trifection of an angle,
by vertue of Confeét 2. Def. 16 Lib 2. may be Geometrical-
ly obtain’d if the Quadratrix might be number’d among Geo-
metrical Curves.

SHCOLIVDM IL

Lawvius was allo of this Opinion in the book afore menti-
ened, who thought that if the quadrarrix be excluded

out of the number of geometrical surves, by the fame reafon
you may alfo exclude t%*xe ellipfe, parabola, and hyperbola,
fince they as well as this are commonly defcribed thro™ innu-
merable points. But by that great Man’s leave, we may de-
ny this confequence, by the fame reafon as Les Cartes has de-
ny’d the converfe of it in his Geom» p, 18. and 19. by vertue
of which he fufpects the ancients took the conick fections, &%.
for mechanick or non-geometrick lines, becaufe they did the
fpiral, quadratrix, & for fuch. But this is the difference
between the defcription of the quadratrix and the conick fecti-
ons thro’ points, that all and every of the points of the conick
fe&tions, relating to any given point of the axis, may be geo-
metrically determin’d; but all the points of the quadra-
trix promifcuoully related t6 any point of the generating qua~
drant,cannot be geometrically detertnin’d but only thofe which
refpect fome certain point, from which the quidrant may be
divided into two arches of known proportien. For if, e g.
in the quadrint BD the point X be given at pleafure, it will
be impotiible by Clavius's Rule to define a point of the quadra-
trix an{wering to it, becaufe the proportion of the arches DX
and BX is unknown, and confequently neither can a propor-
, tional fe€tion of the right line AD be made : Not to mention
that the laft point E (which is the primary and moit neccflary
one to the quadrature Jeven by Clavius's own contcfilon cannot
be geometrically defined. * We may puis the like judgment on
Archimedes’s {piral and fuch like curves, which wre conceiv'd o
be deferibed by two motions independent on one anvtber 5 as
2 will
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will be manifeft to any one who compares the genefis of the
fpiral with that of the quadratrix and what we have hitherto
faid.  Whence neither will Monantholius's trifection of a gi-
ven angle (which he eflays) by means of a fpiral be enough
geometrical ; which in his Book de Punéfo, Cap. 7. p. 24.
he attempts to perform thus : To the centre of a defcribed fpi-
ral and its firft helical or fpiral line BA (Fig. 151.) he applies
the angle ABC equalrto the givenone abc ; then having drawn
circles thro’ F and A where the legs of the angle cut the fpi-
ral, he divides the intermediate fpace DA into three equal parts
in.1, and K : And then thro’ thefe points he draws circles cut-
ing the helix in L and M ; and laftly having drawn BLN, -
BMO, he eafily demonftrates from the genefis of the fpiral
that the arches AO, ON, NC are equal. And {0 after the
* fame manner not only any angle or arch, but the whole peri-
phery may be geometrically divided into as many partsas you
pleafe ; only fuppoling that this fpiral line may be numbred
among geometrical ones; as we have heretofore hinted that
the cycloid, conchoid, ciffoid, and logzarithmical curve, .
might be ; and we have above fixteen Years ago declared our -
* opinion for it in our German Edition of Archimedes; and now
are therein confirm d by thofe eelebrated Mathematicians Leib-
nitz, Craige, ©¢c. who number lines of this kind, altho’ they
cannot be expreffed by our common equations, among geome-
trical ones, notWith{tanding the contrary opinion of Des Car-
zes, ¢c.. becaufe they admit of equations of an indefinite or
tranfcendent degree, and are capable of a Calculus as well as
others, tho’ it be of 2 nature and kind different from that

commonly ufed. See the A&a Erud. Lipf. ann. 84- p. 234
and ann. §6. p. 292. and 294.

I

-

CHAP.
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EHSAE - VL
The Conclufion, or Epilogue of the whole Worl,

OW we may at length underftand what Homorarus Fa-
N bri delivers concerning the diftribution of figurate mag-

nitudes into certain Clafles, in his Synopfis Geoms. p. 57. and
the following. ¥ :
1. The firft Clafle contains elementary figures, or equal in-
divifibles, fuch as, 1. All Parallelograms, as the Square, Ob-
long, Rhombus and Rhomboid, the elements whereof -are e-
qua% right lines, as in D¢f. 12. Jib. . 2. Convex or con-
cave Surfaces, the elements whereof are curve lines moved
thro’ right lines by a parallel motion ; among which are chiefly
reckon’d cylindrical furfaces, whereof fee Def. 16. [ib. 1. about
the end. 3. Parallelepipeds, and among them the cube,
whofe indivifibles are Iquares, or other Parallelograms.
4. Prifms made by the motion of a Triangle, Trapezium, or
any Polygonous Body, along a right line, all the indivifibles
whereof are confequently limilar and equal to the generating
lane.
2 2. The fecond Clafle contains Figures whofe Elements de-
creafe in a {imple arithmetical Progreffion ; fuch are, 1. T'ri-
angles, as is evident from Prop. 37. Jib. 3. 2. The circle,
and its Seclors, as refolvible into concentrick Peripheries ac-
cording to Conf. 1. and 3. of the aforecited Prop. 3. The
Cylinder as refolvible into concentrick cylindrick Surtaces, as
its indivifibles. 4. The Surface of a Cone, whofe. elements
are circular Peripheries, and alfo of the Pyramid whofe indivi-
fibles are {imilar angular Peripheries every where increaling in
arithmetical Progrefiion. §.T'he Parabolick Conoid,whofe indivi-
fibles are Circles according to the proportion of the abfcifla’s in
arithmetical Progreflion, by vertue of Prop. 14 lib. 2. &,
3. The third Clafle contains elementary Figures increafing
in duplicate arithmetical Progreffion ; fuch are, 1. The Py-
~ramid and Cone, the firlt whereof may be refolv’d into an-
gular Planes, the fecond into circulur ones increafing accord-
ing to a feries of fquare numbers; as is evident from Prop. 38.

W,
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Jib. 1. and its ConfeGtary. 2 The trilinear parabolick Space,
as defin’d Prop. 10. /ib. 2. by the letters E5 EK: 3. The
Sphere, as far as ic may be refolved irito fpherical concentrick
Surfaces, every one whereof may be confider’d as a bafe, tak-
ing the femidiameter for the altitude. 4. The Cone, as re-
{olvible into parallel conical Surfices defcrib’d by the parallel
indivifibles of the Triangle. 4. The remainder of a Cy-
linder after an Hemilpaere of the fime bafe and altitude istak-
enout, according to Schol 1. of Prop. 39.7ib 1.

4 The fourth Clafle would comprehend all magnitudes re-
folvible into elements or indivilibles increafing in triplicate,
quadruplicate, ¢ve. Arithmetical Progreflion ; fuch we have
not treated of, but may be found among Planes terminated by
Curves of fuperior (Genders ; fee Fabri’s Synopflis, p. m. 67.

5. The htth Clafe is of thofe Magnitudes, whefe indivifi-
bles decreafe, proceeding from a fquare number by odd num-
bers, 15, 36, 35, 32, 27, 20, 11, & fuch are, firfl, an
Hemfpere, as isevident from Prop.39.lib. 1. 2. An Hemi-
fpoeroad, asin Prop 15 hb 2. 3. A Semi-parabola, as may
be gather'd from the demonftration of Prep. 10 lib. 2. For
firice the indivifibles of the circumfcrib’d trilinear figure eb are
found in a duplicate arithmerical Progreflion, 3, % } % the

. LT 3 o). AV Y - 4
indivitibles of the femi-parabola will neceflarily be i, ¥, %, 7

43 43 4% 9
Ere.

6. We may make a fixth Clafle of thofe Magnitudes whofe
indivilbles decreafe in a like Progreflion. not ot the numbers
themielves aeicending by odd iteps from a given fquare, bur of
their roots, which e for the moft part furd ones; fuch as is
fiolt, the Sem: crcle, 23 15 evident trom Prﬂp. 43 lib. 1. and
by vertue ot Prop, §. kb, 2. and ails the femi-ellipte, &re. _

7. The feventh Ciafle compreliends thofe Magnitudes,
whoie Elementsare in a Progreiuon ot a double feries of num-
bers, as in the Parabolick Conud, as may be {een in the Scho-
Liwm ok Prop. 16, bib. 2. A

Bat, t. omir the other Clafles of Magnitudes of a fuperiour
Gender,tl - confideration whereot theic Klements either hi.ve not
touch d o, v only by the by 5 (which any one who pleafes
may fee in Fober s Synophs, eipecialiy thole wiich he compre-
hends unaer the ix h and feventh leﬂfs, p 70 and the tol-
1.wiag) about thu.e we have here particulurly noted, there re-

' main

i
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‘main only two things to be taken notice of. 1. Thar fince in

the firft Clafle we place Parallelograms and Cylinders, in the
fecond Triangles, in the third Pyramids and Cones. in the
fifth Hemifpheres, in the fixth femi-circles, e¢ We may
with Hon. Faber ¢all the firft Claffe, that of Cylindrical or
Parallelogrammarick Figures: the fecond, the Clafle ot T'ri-
angular Figures ; the third, of Pyramidals; the fifth, of He-
mifpherical Figures ; the fixth of femicircular ones, &e.
2. That having ranged or reduced after this manner homoge«
neous Figures, or thofe of like condition, to a few Claffes,
their dimenfion, and confequently almoft the whole bulinefs
of meafuring may be very compendioufly reduc'd to a few
Rules ; whereof we will here give the Reader a fhort Speci-
soen, in the following

CONSECTARYS.

ITHE' dimenfion of Parallelogrammatick Figures, 7. e
of thofe of the firflt Clafle, may be had, by muliply-
ing the whole bafe by the whole altitude : See Jib. 1. Def. 12.

Conf 7. Def.18.Conf. 6. Def. 16. Conf 3. and 4.

II. The dimenfion of Triangular Figures, 7. e. of thofe of
the fecond Clafle, may be had by the multiplication of the
whole Bafe by half the Aldtude, or of half the Bafe by the
whole altitude ; [fee /ib. 1. Def. 12. Confelt. 8. Def. 15. Con-
 feét. 2. Def 18 Confelt. 4 Jib. 2. Prop. 14.] and their Pro-
portion is to their refpective circumiCribing Farallelograms, as
I to 2 ; [fee befides the Prop. already cited, /ib. 1. Prop. 37.
and its firft Confeét. ]

III. The dimenfion of Pyramidals, 7. e. of magnitudes of
the third Claflis, may be obtain'd by the multiplication of the
Bafe by the third part of the of Altitude ; [fee /ib. 1. Def. 17.
Confeét 3. and 4. and Def: 20. Confect. 1. &c.] and their
Proportion to the correfponding Figures of the Clafle of the
fame Bafe and Altitude is as 1 to 3. [fee befides the Prop. al-
ready cited Prop. 38. lib. 1.and its Conf. Prop. 39. and Schol.
1. bb.2. Prop.10. &c.

1V. The
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1V. The Proportion of Hemifpherical Magnitudes, 7.e. of
the fifth Claffis to correfponding enes of the firft Clafle of the
fame Bafe and Altitude is as 2 to 3 ; [fee /ib. 1. Prop, 39.
Lib. 2. Prop. 10. and 1 5.] and fo their dimenfion may be had
by multiplying theit Bafe by 3 of their Altitude.

V. 'The Proportion of femi-circular Magnitudes, 7. e. of
thofe of the fixth Clafle to fo many correfponding ones of the
firft Clafle of the fame Bafe and Altitude cannot be exprefled
by whole numbers or by a fmall fraltion [fee /ib. 1. Prop. 43
and /ib. 2. Prop. 11.] and confequently their exact numeral

dimenfion cannot be had.

AN










FREADER::

O INCE thofe imgenious Mathematicians of this prefent
‘ Age, which is now drawing to a Conclufion, Q;ieta;
E Ougthred, Harrior, Cartes, Schooten, Beaune, Van
" Hudde, Heuraet, de Witte, and Slufius, and feveral
E1 er Famous Men coeval with them, bave by their Endeavonrs
dmproved the Algebra of the Ancients, raifed it to vaftly an.
bigher pitch, and brought it frome Numbers to univer(al Symbols,
\and not only found the excellent ufes of it in Geometry themfelves,
bus alfo communicated them to others; almoft all Countries have
fwrnifhed us with [ome excellent Perfons, who treading in the
Jooifteps of their Predecefforshave endeavoured to advance it yet
Jurther : - And even our Times are not without thofe of the bigh-
&ff rank, as Wallis, Baker, Renaldinus, Mengolius, Hug-
yens, Malbranch, Leibnitz, Craan, and [éveral others, swho
®ndeavour to promote this Science, defervedly. repured the very
Apex of Humane Reafon, and carry it more and mure towards
#s utmoft Perfection by dayly augmenting it awithnew and curions
Bventions.  But in the mean time, while theje ingenions Men
Wholly bufie themfelves in fromoting it, there are few found who
€onde[cend to explain the firft Principles of ity and [hew a ready
Way to young Beginners to arrive ar toe knowledge of rhofe In-
Wensions. It isnor long fince a certqin Friend of mine, wio for
fome time bas publickly and fucce[sfully taughe thefe Sciences,

k Aa s : cymﬁiﬁm’rﬂ

Crgrian TN
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complain’d to me by his Letters, zf the want of a good Guide t
Specious Analyfis, swhereby be might inftill the Principles of thai
admirable Art into his Auditors. To whofe Defires being not juft
then at leifure to (atisfie, [ immediately after projected this In:
trodution, swhich at length you fee finilhed, in the Form e non
prefent you with it, wherein we have all along confulted to fui
the Endeavours of young Beginners, as far as poffible 5 as w,
thoughs our [elwes engaged by the Duties of our Profe(forfhip ta da
& bave compriz’d the Precepts of the Art in fix or feven Pa
ges, and accommodated Examples of every kind to illuffrat
them. Wherein if I have but indifferently accomplifb’'d my De
fign, I [ball not think my Labour loff. . We bere add it to ou

Mathefis Enucleata, both as being properly a part of it
and mare efpecially, becaufe this Introduction frax pofes th
Reader to be acquainted with the firft Principles qff ?eci&n
Computation, which we bave therein laid down. And fo w)
commir our Endeawours to the Perufal and Cenfure of the Can
did Reader,

INTRO
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INTRODUCTION
T O

SPECIOUS ANALYSIS.

T HE Analytick Art, or Specions Analyfis, is folely

fubvervient to finding of T'heorems, and refolving

Problems, by leading us from certain Data or given

Quantities, into the knowledge of unknown and
fought ones, by a Chain of certain and infallible Confequen-
ces - This admirable Artifice may be reduced to four Primary
 Heads, wiz. Denomination, Redultion, Equation, and Effe=
ion (if the Problem be a Geomesrica one) or Conffruction.

I. DENOMIN AT IO N.

Y Denomination is underftood a preparatory impofition of
Names peculiar to each Quantity, whereby every one of

the Quantities given or fought, are denoted by one or more
peculiar Letters of the Alphabet at pleafure, but with this
(arbitrarious) difference, that known or given quantitiesare
mark’d by the former Letters of the Alphaber, «,5,¢, &
and the unknown or fought ones by .the latter, z, y, x, &
But although this impolition of Names, is, as we have faid,
- altogether arbitrarious, yerthere often happens not 4 little faci-
lity 'to the Solution it felf, by its being cholen as accommodate
as potlible to the conditions of the quantities given and fought ;
which any one w ]l Jearn better by Ule than Precepts: As we
fird that both Theorems may be demonltrated, and Problems
refolved e. g. by an extraordinary Compendium, if we denote
any reafon of two given Homogeneous quantitics by 4 and e 4,
band? b, dand od, e (v by exprefling the Names of
the Reafons by €, and 4, and ¢, &) and continued proporti-
. onalitys,
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onality by 2, e, €4, ¢34, ¢c. and difcontinued or difcrete by
b ib, ¢ 3¢, d id, or after the like manner, as we have
done in our Math. Enucl. Lib. v. Cap. 24 3,4, 7. and Lib.
2. Cap, 1. &,
ILESUATION,
Aving thus given each quantity its Name, and making

A no f%rther_diﬁfu&inn between the quantities given and
thofe fought;but treating them allpromifcuoully, and as already
known, you muft E::rd%lljr fearch into and difcufs all the Cir-
cumftances of the Queftion, and making various Comparifons
of the quantities, by adding, fubftralting,” multiplying, and
dividing them, ¢&e. ’till at length, which.isthe chief aim and
defign of it, you can, exprefs one and the fame quantity two
ways ; which is that we call an Equation: And you muft find
as many of thefe Equations, or Equalities of literal quantities,
(as exprefling the fame thing) as there are feveral unknown
quantities in the Queftion, independent on each other, and
confequently denominated by fo many different Letters, z, y,
x, &c. Butiffo many Equations cannot be found, after hav-
ing exhaufted all the Circumftances of the Queftions by one
or two Equations; that isa fign the other unknown quanti-
ties may be affumed at pleafure : Which the Examples we fhall -
hereafter bring will more fully thew. A

But as here alfo (as likewife in all this Art) Ingenuity and
‘Ufe do more than Rulesand Precepts 5 yet we will here thew
the principal Fountains,for the fake of young Beginners,whence
Equations, according to circumf{tances obvious in the Quefti-
on, are ufually had.. Thefe are. partly Axioms felf evident,

- ig‘.ér:r the whole is equal to-all its parts taken together.
That thofe quantities swhich are equal to one third, are equal
among them|elves. :
That the Produéts or Rectangles under the Parts or Segments,
are equal to the Produél of the whole. .
Partly fome univerfal Theorems that are certain and already.

demonftrated, «s,

Three
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Three (o) contintal Proportionals being propofed, the Ref-
angle of the Extremes is equal to the Square of the mean.

‘%ﬁ f Four Efeiﬂg ropofed, whether in continued or d'.iﬁnati-
wued Proportion, the Produid or Reifangle of the Extremes i
equal to that of the Means. -

And feveral others fuch " like, which we have demonftrated
in Cap. 2, 3,and 4. Lib. 1. of our Mathefis Enucleat. partly
in the laft place, fome particular Geometrieal T heorems al-
ready demonftrated, as¢. g. that common Pythagorick one.

- That in rightangled Triangles () the Square of the Hypo-
thenufa is equal to the t20 Squares of the fides. bt

That the Square of the Tangent of a () Girele is. equal to

the Rectangle of the Secant and that Segment of it that falls
awithout the Cwrcle; the frft whereof, we have demon-
ftrated, Lib 1. AMath. Enuc. Def. 13: Schol. and alfo
Prop. 34. Confect.8. alfo Prop 44. after various ways ; to which
may be numbred Prop. 34. with Schol. 11.#. 3. Prop. 37. and
following, Prop.45. and 46. alfo the 48. and feveral others in
Lib. 1. Math. Enucl. and likewife Lib. 2 Prop. 1, 2, 3, and fe-
veral following. And as for Examples both of Denomigati-
on, and Equations found after various ways, you may fee
them hereafter follow, and fome we will here give you by way
of Anticipation. :

Il REDUVCTION.:

-An Equation thus found muft be redue’d, i e. thofe two e-
qual quantities, Which for the moft part are very much com-
pounded of the ?uantitiés given and fought together, muft be
reduc’d to fuch a form,by adding or fubftracting fomething to or
from each part, or multiplying and dividing by the fime, &
that the unknown or fought quantity alone, or its Square or
Cube or Biquadrate, ¢*¢. may be found on the one fide, and
on the other the quantity exprefs’d by meer given or known
Letters, or affeted with the unknown and fought ones ; fuch
are thefe Forms which follow, diftinguifh'd by their Names
_ prefix’d to them, _

;_' (a) Euncl. 6.17.

(B) id. 6. 16.

() id. 1. 47.

(&) id. 3. 36. A
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A fGmple Equation, 2= b, ory =4 b

[
A pure Quadratick, yy = ab, or xx=aa—bb.
: 2
A pure Cubick, 23 = abe, or )3 = a2bb.
cd
An affefted Quadratick, &* = —ax {6 ; or,
Fe=abrpiabve
d

An affected Cubick, &3 = 422 | bPz——0c3 &c.

A Biquadratick, y* = 4 3 1 b* y*~—c3 y 1 d* &ec.

To one of which, or fome other like them, when you have
reduc’d your Equation firft found, there are Rules in readinefs,
whereby the Value of the unknown or fought, quantity =, or y,
or x, may be either exprefled in Numbers, if the Queftion be
" an Arithmerical one, or geometrically determin’d if it be a
Geometrical one : Which is that we call Effeétion or Conffru-
ction.

Thus therefore the whole, or at leaft the chief bufinefs of -
Analyticks, is converfant in finding a convenient or fit Equati- -
on : For Reduction is very eafie, and confifting only in eafie
Operations and mere Axioms, as e. g.

If to equal quantities you add or fubftraét equal ones, the
Aggregates or Remainders will be equal ; '

If equal quantities are multiplyed or divided by the fame,
- the Produts or Quotients thence arifing will be equal, &

1V. EFFE-
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IV.EFFECTION, or CONSTRUVCTION.

1. In fimple Equations.
Uppofe z = b, the quantity & is fought,

2. Ifzbe =2 ab.... [asctobfoato %,
'y
BN =g, . as b to a fo a to «,
b make
oty = fbtfg iasb—itobtgfoftoy,
h—1
or % = fb—fg=lasbht1tob—ghfroz, &
WIT | every where according to . 2.

Schol. 2. Prop. 34. Lib. 5. Math. Enuc.

3Ifzbe = kIt mn, the Refolution of it into Proportionals
rpa '

will be more difficult, becaufe neither of the Letters are found

twice in the Numerator. That therefore you may have e. g.

& twice, you muft make as & to # {0 m to a fourth Proportio-

nal which call p; then will, by vertue of Prop. 18. Lib. 1.

kp= mn, and the propofed Equation be changed into this
% = &kl 1 kp, to be now conftructed from the 24. Cafe.

R 5
Orify = kl{m»n, find a mean Proportional between &

e

and /, which call p; and between m and », which call g,
according to #. 3. of the afore-cited Schol. ; and the propo-
pofed Equation, by virtue of Prop, 17. will be in this form :
7 = pp 199 Make theretore in the right-angled A (Fig.1.)
F—

AB = pand BC = ¢; and the 0 AC by vertue of the Py-
thagorick Theorem, = pp 1 g94: Which fince it mult be di-
vided by r——ys, make turther, by Prop. 18 asre«—s to the
Yopptagq 08Y pptgqg 0y, accorging io the afore-
cited.

Bb 4 In
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4 In like manner if xbe = bg—m n, make 1. as b to
; €T d
m {0 n to a fourth which call £; and fo putting bk for m n,
the Equation will be reduced to the fecond Cafe under this
form: x = bg—bk '
ctd :

Or thus : Find a mean Proportional between & and g, which
call p, and between #2 and #, which call 45 and the propofed
Equation will be in this Form: x = pp—4q9q

ctd
Make therefore (in Fiz. 2.) AB = p, and having on this
defcribed a Semi-circle, apply BC = g ; then will, by vertue

of Schol. 5. Prop. 34. O AC =2 pp=—g4: Which fince it
* muft be divided {n}r ¢ T d, make farfh‘ir,

asct dto ¥V pp—qq, 10V pp—qgq to x 3 all from the
{ame Foundations, whence you have the Conftrution of the
third Cafe. :

5. ifzbe= aabc ; make firft as f 1o 4, fo 4 to a third

Proportional 7z, and you'l have (putting f m for a2) z =
fmbe, i. e mbe. Make fecondly asf to m, fobtoa fourth
11g fe
n, and by putting fn for mb youw'l have z = fn¢, i e ne,
i g
wherefore thirdly you’l have as g to # fo ¢ to .
6. If ybe = h/J, make firlt as m ton, fo / to a fourth,

n g .
which call #, and by putting now m# for b/, you'l have mnl.

mm
e nl = y. Therefore you'l now have fecondly, as 7 to m,

byl
{0 /to y by Cafe 2 : So that the Conftruction of the fifth and
{ixth Cafes is nothing but reiterations of the Rule of three, ac-

cording to wWhat we have often inculcated, N. 2.and 3. Sehol.
2, Prop. 34.

2. In
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2. In fimple Luadratick Equations,

I.

.IF xx = abyq Px—= v b aand b
Eﬂs that is to a

ory* = 1¢ =97 = V' 1 ¢ mean propor- <1 and ¢
. tional between

5 (
Bt = 2dd 1° 2=%idd 3dand d
and 0 the Conftrution will be had from 7. 3. Schol. 2. Prop.
34. (fee Fig. 3.)
2. If y* = _f.g TR you'lS 7 = V fg+ kI make there-

or x* = fg—FI havel = Y fg— £kl . fore
on the one fide the Right-angled Triangle ABC (Fig. 4 )
whofe fide

A B is = toa mean Proportional between f and g,

B C is = to a2 mean Proportional between 2 and /; -
On the other a Right-angled A(Fig.5 ) whofe fide AB is =to
a mean Proportional between fand g, and the fide BC =10
a mean Proportional between £ and /;

and on the one handgﬁ C will % ¥

the Hypothenufa, be the va- fought,

on the other the fide .) lue of x
And all by vertue of the Pythag. Theor. and according to
Schol. 5. Prop. 34. or the Confelturys of Prop. 44. See Fig 4.
and §. :

3. If 22 = fhhkkie bhbll; extraling the Roots on

cc cc

f
both fides, 2 will = A%, and fo be the fecond cafe of fimple

¢
Equations. .
4 Ifpbe=fghhk, make firltas ftof, fo g toa fourth .

lm
which call #, and by putting /» for fg, you'l have y* =
nbki.e nbk. Makep St‘tﬂ%ldl}?] as o n, {o b 1o a fourth

—

[ m 73

Which call p; and by putting mp for np, youl have y* =
Bb 2 mpk
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mpk i e pk, andfo the firft cafe of the prefent Equations:
m

5 et ghce 1 qé_ccsf-]'_gécé Ybedd
fegtim :
in the firft place the Rectangles s{ g and [m being turned into
Squares, and collected into one Sum, make them = #2. Then
(fince ce and ¢d are multiplyed by g4+ bd) in like
manner g4b and bd added make pp; and you'l have &* =
ppect pped. Thirdly (lince pp is already multiplyed by
nn
¢c+ cd) having added ¢¢ T ¢ d into one Sum that they may
e. g. make r7; x* will = ppr 7, and {0 be the third cafe of

nn

the prefent Equations.

3. In affeited quadratick Equations.

1. JF zabe= az t b, thenwillz =lat Viasatbh;

which may be thus in fhort demonftrated z priori :
Since z*—az = bb per Hypoth. and that firlt quantity if ic
be added to } 24, it becomes an exact Square, the root where-
of is z——: a; therefore 2* —aztiaa= bbt aa, and
confequently x=—1a = YV bbt}aa; and haftly z = jat
Yiaatbbor,a—Y laa+tbb,; which laft Root is a
falfc one and lefs than nothing, but yet gives you the propo-
fed Equation back again as well as the former ; as will be evi-

dent to any one who trys, wiz having transterr’d ;4 on the
other fide, and fo the two equal quantities 2 2 @and ——

V' }aa — bb being fquared.  For here will come out } a4 + bb
as well as if the radical Sign were aftected with the Sign + be-
caufe— by —gives 1. Theretore zz—az 142 = ! aa
T bb, and raking away on both fides | aa, zz——a% = bb ie.
22 = azx T bb.

The value therefore of this Root will be had geometrically,
by making (in £ig.6.) CD = s and DE = &, that the Hy-
pothenufa CE may be V' § a2 § 66 5 and moreover, drawin
out on both fides CD, and at the interval CE delcribing a Se-

mi-circle
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mi-circle AEB : This being done, AD will be the value fought
of the true Root %, and DB of the falfe one.

2. 1fy2be = =ay 1 bb, then will y = —la V' asibb ,
which again may thus appear : Since y* | ay is = bb per Hy-
poth. adding to both fides ja4, the hirft quantity will be an exact
Square, and y*t ay 1 @@ =laat bb.  Therefore the Roots
will be alfo equal, wiz. y Ti¢ = Y aatbb, and confequently
3= Yiaat bb—ja or —Yiaat bb—a; whichis afalle
Root.

The value of thefe Roots may be had geometrically, wix.
of the true Root DB in Fig. 6. or BE in Fig. 7. and of the falfe
one in the firft AD, in the fecond AE.

3. If xx is = @x——>bb, you'l have

x=laf ¥ jeaa—0bb

or e~V jaa—bb:
Which may be demonftrated after the fame way @ priori, as
the former Cafes, wiz. Since x*—ax is = —bb, adding on
both fides ; 2@, the former quantity will be an exaét Square,
viz. x2—axt iaa = aa~—bb. Therefore the Root of the

one x— 1 = to the Root of the other, wiz. V' \aa—bb, and
adding on both fides ;2, x =2 TV 4 aa—bb which is one of

the true Roots. Or j#~—=—"jaa— bb which in this cafe is al-
fo a truec one. But the value of each may be obtain’d by
making (Fig.3.) CB = 2 and by ereting BD perpendicu=
larly = &, and making the Semi-circle BEA, and drawing DE
parallel to CB, and letting fall the Perpendicular EF : For
~ thus CF willbe v jsa—bband confeqlently AF, a7}V jaa—bb,
and FB a——"V ‘aa— b).

Or, with Carres, making (Fig. 9 ) CB = e and BD =2 4,
drawing DF parallel to CB, that F'LD may be one root and
ED the other ; as is manifeft from the precedent Conftrudtion,
and its Rule.  See alfo another Deduétion from Cartes’s Con-
ftructions, Scbel. 1 Prop. 47. Lib. 1. Math. Enucl.

NB. 1. The ingenious Sthooten has before fhew’d this Me-
thod of demonftrating, and alfo of finding out thefe Rules in
his Comment on the Geometry of DesCartes, p. m. 163. and
moreover deduces another ingenious Method tor all the three
. Cafes'of thefe Equations, by tking away the {econd term in

' ' the
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the L quation, p. 290, and the following, wherawe may make

only this Remark concerning the third Cafe ; that perhaps the

Rule might be better deduc’g if we make x = ja— % rather
: tlm_n X = o ——rg, :

NB. 2. Ifany one has a mind to fee the new Conftrhiétions
of affedted quadratick Equations of the Abbot Catelan, he may
find them- in A¢fa Erud. Lip(. Ann. 1682 p. 86. and in the
2.7th Journal des Scavans. 1 Dec. 168 1.

3

IV. For Cubick and Biquadyatick Equations both fimple
and  affected, and alfo for all before mentioned,
and confequently univer(ally for all not .exceeding the
ﬁmrﬂa Dimenfron.

HE value of the unknown Quantity or Root may for
any Cafe be determined by one general Rule, found out
by Mr. Thomas Baker an Englifh-man, occafioned by what
Des Cartes had taught concerning this matter, Lib. 3. Geom.
#- 85, and the following; but now very much perfected by
this Rule, and made more fimple. Now that this Rule may
“be the better comprehended by Learners, we will premife thefe
following things. |

1. That all Equations occurring under thofe Forms which
we have before fhewn in the Article of Redution, or the like,
mult always for this purpofé be fo changed as to have all the
terms or parts of the Equation both known and unknown, af-
feCted and not affeCted, brought over to one fide promifcu-
oufly, and {0 on the other there will ftand ¢ or nought, ase g.

let x—2bbe = 0, or y——ab = o, or 23 abc = o, or

¢

§3—q3hb = o, or x* 1 ax—b* =2 0 ; or

& &

pP—2by~——2abc = 0; or

e ——

d
73— 22— b2, + 3 = 0 ot
-:,-1__.-3}-3-._._.1{,‘3}.2 -1[ EEJ___.-,;;I4 =g &e. |
which alfo was ufual to Des Carres in Lib. 3.

2, In
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2. In allgfiquations the known quantity or Co-efficient of
the fecond Term we will generally denote by the Lerter s
that of the third Term by the Letter g, of the fourth by »,
and the fifth (or abfoluze Number ) by S; according
to Carres, but with fome little alteration: So, that hence the
Equations we have before been treating of, and all others like
them (every where denoting the unknown quantity by x)
may all be reduced to thefe forms:

x = 0

#*Tpxp-—a* S

P q% fr=o

xb——px} § gt ——T X 8 =0, & &c

2. Thefe and the like Equations may either occur whole,
or with all their Terms, as here, or depriv’d of one or more
of them, as the following Examples will thew, where we will
always put an Afterisk in the place of the deficient Term.

X =g = 0

T Y= 0

x4 at##-s =

Ly ng'_r =

x4 #j_q tratS=o

xttk oo Vgt TS =00

#y xtredsS=mo

x T pxdy #13 .

4. The unknown quantity in any Equation =~ +N. Thsis
has 1t as many diverfe Roots or Values, as the & @775 his.

I i . it be:n provd by
Equation has Dimenflions; which Des Carres 7, " \( oo
fhews, Lib. 3. Geom. p. 69. at the fame time |
evidently demonftrating this, wiz. that fome of thofe Roots
may be falfe ones, 7. e. lefs than nothing: Which from him
we here {uppofe. _

When therefore Des Cartes in his Conftruétion of Cubick
and biquadratick Equations, p. 85, and the following, requires
as a neceflary Condition, the gjeétion of the fecond Term in
the given Equation, unlefsit were already wanting, and fo
was obliged to (hew a way to ejectit, with feveral other Prepa-
rations ; and afterwards,when by help of hisRule delivered p.9x.

¢ he bad found a way of finding two mean Proportivnais, and

L:;r:d;ng
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dividing any given Angle into three equa! parts, then he ufes
it for folving other folid Problems, or finding two mean Pro-
portionals, or trifeCting an Angle. Bur the general Rule of
Baker has no neced of thefe methods or helps, neither of the
Ejeétion of the fecond Term, nor any other Preparation, but
immediately fhews usa way,by the help of a Circle and Para-
bola to find all the Roots of any given Equation, both true
and falfe, whether the Equation want any term or not, and
howfoever affected, after the way we will now, and perhaps a
little more diftinétly, fhew.

1. It fuppofes with Cartes a Parabola NAM to be already
defcribed, (See Fig. 1o.and 11.) whofe Latas Redum fhall
be L or 1, and its Axe ay; which Des Cartes only making
ufe of, and never thinking of the other Diameters, was forced
- to take away thefecond Term of the Equation, ¢&c. Baker
therefore ({trangely perfefting the Cartefian Geometry by this
one thought) if the quantity p or fecond Term be in the E-
quation applys to the Ax 4y (or drawsan ordinate to it) BA
= pi.e he erefls at top of the Ax 4 on theright hand the

2
perpendicular 2E = p and from E draws E A y parallel to the

Ax ay; whereby he4ubrains the Diameter A y fought.

2. Having made this Preparation, the whole bufinefs de-
pends on this, to find the Center of the Circle to be defcribed
through the Parabola, which (by vertue of fome arbitrary
fuppofitions in thie beginning) he always fecks on the left fide

of the Ax or Diameter, by help of two Lines ::’“g: or 4, and

DHor d; wiz. by placing the former upon the Ax from 4

to D, if p be wanting in the Equation, or upon the Diameter

Ay from A to D if p be there ; and letting fall from the point

E t?e latter to U or AD perpendicularly towards the left
and.

3. He fhews how to find the quantity of either of thefée Lines
(which is here very requifite) in any given Equation, by a
certain general Rule (which he calls the Central Rule, becaufe
it alone helps to find the Center H) comprehended in thefe

LETIns -

,Pan:
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L1 8y =2 AD

% EEL 2 o
ik - .

2.2 3P 12987 =4 =DH

4 16L7 4L 2L?

4. This Rule as it ftands here whole, only anfwers to thofe
Equations whetein are all the Terms p, 9, and r; and in the
. mean time may alfo be eafily accommodated to all other Cafes,
only obferving thefe things. 1. Whatever Term, or Quantities
P59, 7> be wanting in the propofed Equation, that mult alfo be
refpectively omitted,or put out of the general Central Rule,that
the remaining quantities may determine the fpecial or particular
Central Rule. 2.As for what belongs to the Signs,ziz.whethet
1 or »a(which latter Sign denotes a dubious Cafe,either that the
* &irft muft be fubftradted from the latter, or contrary-wife, as
the matter will bear) mulft be put in the Central Rule, he
notes (‘) that in the Rule you'l always have T 7, unlefs

2L3
when in the propofed Equation p and r areaffe&ted with diverfe
Signs » () By what Sign foever in the propofed Equation it
happens that the quantity ¢ is marked with, it muft be noted
with the contrary one (altho’ involv’d with other quantities)
in the Rule ; as may be feen in the application of the Rule to
all fpecial Cafes done by the Author himfelf for the fake of Be-
. ginners, and is exhibited in the Synoplis hereunto adjoyning,
which yet we have thought fit to give at the end of this Trea=
tife, much more contraét as to the Central Rules, in a fthort
Compendium by way of Appendix.

5. By thefe Rules therefore, the quantities of the Lines 4D
or AD and DH will be fo determined, that the parts in the
Rule marked with the Sign  (taken either aggregately or
{ingly) will be put downwards from 4 to A towards y, and on
the left hand G{F D ; but the negative Parts, or thofe afteted
with the Sign—, will be eut off, on the one part above, on
the other on the right hand : Which being done the Center H
will be found.

6. From the Center H thro’ the Vertex of the Ax & (if the
point D is found in the Ax) orin the other Cafe thro’ the

- Vertex of the Diameter A, you muft draw a Circle which by

cutting or touching the Parabola will deermine the Roots
Cec fought,



14 - Introduétion to
fought, if the Equation be not a Biquadratick 7 e. has not the
quantity S; otherwife another Point L or Z muft be found,
(wid. Fig. 12. and 13.) and a Circle defcribed on the Radius
HL or HZ, according to Des Cartes p. 86, and following, of
his Geometry.

7. Viz. If you have—S, you muft take on the Line Ha
or HA produced, on the one fide Al = L or 1, and on the
other AK = S, and defcribing a Semi-circle on 1K, draw AL

B
perpendicular to AH, to obtain the point L (fee Fig. 12.)
Fut if you have 1S, then in another Semicircle deferibed on
AH, apply the Line AZ = to AL found, thereby to obtain
Point Z, (fee Fig. 13.)

8. A Circle therefore defcribed from H through s or A, if
S be wanting, but thro’ L if there be-—S, and thro’ Z if
+ S,may touch or cut the Parabola either in 1,2,3 or 4 Points 5
from which if you let fall Perpendiculars to the Ax or Diame-
ter, you will obtain all the Roots of your Equation both true
and falfe.

9. And, 1.1f in the Equation p be wanting and~~r be there,
the true Roots will be on the lett fide of the Ax, as NO, and
the falfe ones as MO on theright fide. 2. But if there be in
the Equation p and—p, the true Roots will fall on the left ide
of the Diameter, and the falfe ones on the right; but if § p,
on the contrary the true will be on the right hand and the falfe
on the lefr. i

10. But if the Circle neither touches nor cuts the Parabola
in any point, it is a {ign that the Equation is impoflible, and
has no Root either true or falfe, but only imaginary ones. All
which, how they may be found out, and that they are undoub-
tedly true, are demonftrated 4 poffersors, in an eafie and plain
way by the Author, wherefore we fhall not give the Demon-
ftrations of them here; but remit the Reader, after he has
made a little progrefs in this Art, to the Author himfelf.

11. Wherefore now, (omitting alfo in this place the Do-
ctrine of the Compofition of the plain and folid Geometrical
Loci, or Places, which would ferve for a Complement of the
Analytick Art) we will fhew the Pradtice of thefée Rules al«
ready delivered, premonifhing only this from Mr. Baker, if
the Larus Reéfum be made Unity, that L in the Central Rules.

and
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and all its Powers may be omitted, and {o the Rules exhibited
more compendioufly, as we have already done in our Syno
@is, and may be feen from the form of a general Central Rule

hereunto annexed.

I :i'l'ﬁc'l;:q: b= aD

8 AD

Part
2.

2
*E;‘;fiﬂ";i: d = DH.
s 9,

e

To which Premonition of Baker we may alfo add this, if any
given Line in the Problem it felf be taken for Unity, which
may be often very commodioufly done [as 4 in the former
Problem p. 91. Geom. Cartes, and the Line NO in the lat-

ter, and 4 again in the Equation p.83. the laft line]
and then the fame Line alfo may be taken for the Latus
Reéfum of the Parabola to be defcribed, if we have a mind
 to make ufe of this Compendium for abbreviating the Central
'Rules. For otherwife if we would conftruét all Problems, as
Baker rightly aflerts we may, by only one Parabola, we fhall
fal] often into very tedious Prolixities.

Cc 3 SOME
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SOME

EX AMPr ES

QU P
SPECIOUS ANALYSIS,

In each kind of Equat-iuns.__

I. In Simple Equations.
PROBLEM 1L

Aving the [wm of any two fides given for forming a
Trmigfe AB G, {a find each of rbegﬁfié:,faﬂg furmgr&;
Triangle.

Supppofe . g. three Lines given in Fig. 14. the firflt =
AB 1 A C in the Triangle fought, the fecond = AB 1+ BC,
the third = BC § AC, to find each of the fides e. g. to find
A B, which being known, the reft will be fo alfo.

SOLUTION.

1. Denomination. Make AC+AB= 2; ABFBC = &3 |
BC+AC = ¢; AB= x; then will AC = s—=x, and
BC = b—x, and fo the Denomination be ¢ompleat.- .

2. Eaquation. WNow if the values of the two laft Lines BC
and AC be added into one Sum, which we had before given';
you’l have this Equation 4 1 b—2x = . ~

3. Redugtion. By adding on both fides 2 x, you'l have

¢ 1To= cf2x; and fubftralting from
both fides ¢.. a ¥ b—c = 2x; and dividing both
fidesby 2 4., 8t b—c 2 x. |

o — o

% : T
L 4.
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4. The Effedtion or Geomerrical Conftruction, which the
Equation thus reduced will help us to

Join AE — 2 and ED =5 in one Line AD, and from this
backwards cut off DF = ¢ ; and divide AF which remains into
two equal parts in B, and you’l have AB the firlt fide of the
Triangle to be formed ; and BE will give the other fide AC,
which fubftracted from ED, will leave GD = to the third
fide BC; of which you may now form the ‘T'riangle ABC.

5. A general Rule for Arithmetical Cafes. Add the two
former ‘Sums, and from the Aggregate fubftraét the third
Sum; half the Remainder will give the fide AB common to
she two former ‘Sums. For an Example take this Queftion :
There are three Towns of ancient Hetruria, viz. Forum Caffis
(which the Letter A denotes in & ABC) Sudertum (B) and
Volfimii (C) which are at this diftance one from another 5 if
you go from Volfinii to Forum Caffii and thence to Sudertum,
vou mit go 330 Furlongs; from Forum Caffii to Sudertum
and thence to Polfinii there are 306 Furlongs; laftly, from
Sudertum to Volfimii and thence to Forumm Caffi 272 Furlongs
How far is each Town diftant from edch other.

PROBLEM IL

IN & right-angled Triangle ABC, having given the Bafe
AB, and the difference of the Psrpmdimf;r AC and the
Hypothenufa BC to find the Perpendicular and Hypothenufa, and
form the Triangle. 5.5,

Make e, g. the Bafe AB (Fig. 15:) and the difference of
the Perpendicular and Hypothenufa BD, to find the Perpen-
dicular AC; which being known, the Hypothenufa AC will
be known alfo, if the given difference be added to the found
~ Perpendicular.

SOLUTION.

1. Denomination. Make AB = 4, BD = 4, AC = x3;
then will BC = x 1 4. A
- 2. Equation by the Pythagorick Theorem,
xxtaa= xxt2bxtbh viz. the two Squares
of the Sides to the Square of the Hypothenufa.
Ty WS 3. Reduclion
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3. Redultion. Subftra&ing from both fides x %, you'l have
aa=2bx+ bb; and moreover by fubftrating alfo &4,
da—bb = 1bx; and dividing by 24
aa—bb= %

26

4. Effection or Geomgtrical Conftruction. Having defcribed
upon the given Bafe AB a Semi-circle,apply therein the given
difference BD, and draw AD), whofe Square is =2 a—bb.
Since this muft be divided by 26, make, as AE = 26 to
AD =vaa—bb, fo AD =Vaa——~bb to AC the Per-
pendicular fought. To which if you add CF = BD, you
will have AF = to the Hypothenufa fought BC ; which wi
come of courfe together with the whole Triangle fought, if
the found Perpendicular AC be ereted at right Angles on the
given Bafc AB. ;

§. The Rule for Arithmetical Cafes. From the fquare of the
given Bafe fubftrad the fquare of the given difference, and
divide the Remainder by the double difference ; and you’l have
the Perpendicular fought. E. g. fuppofé the Bafe = 20 foot,
?nd the difference between the Perpendicular and Hypothenu-

a JO. :

PROBLEM IIL

IN the right angled Triangle ABC, baving given the fide
AC and the [um of the other fide AB and :g Hypothenua
BC, to find the other fide and the Hypothenufa [eparately, and
form the Triangle. Suppofe the given fide (that is to be)
AC (Fig. 16.) and the fum of the other fides AD, to find the

- fide AB, which being known the Hypothenufa BC willl be

knnwnaifq.
SOL K% ¥ LO-N.

1. Dewomination, Make AC= 2, AD R b, AB = a,
then will BC = b—x. i
2. Equation, xx+taa= bb—2bx+ xx and fubftrall-
ing xx. | L -

3. Redutfion,
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2. Reduétion. aa'= bb——2bx; and adding 2.5 %,

aat 2bx = bb; and fubftracting 4 4,
2bx = bb~—aa ; and dividing by 22,
x= bb—aa.
25 :

4. The Effection or Conftruction is like the former, and fo
will be manifeft only by infpecting that Scheme.

5. The Arithmetical RulE. From the fquare of the giver
fum fubftract the fquare of the given fide, and divide the Re-
mainder by double the given fum ; and youll have the other
fide, and fubftracting that from the given fum, you have the
Hypothenufa alfo. E.g. let one fide be 15, and the fum of
the other two 45. -

PROBLEM 1IV.

Hdwi#g given the Perpendiculars and fum of the Bafes of
two right-angled Triangles having equal I Iypothenufes,
to find the Bafes [eparately, and form the Triangles. Sup-
pofe ¢. g. to form the Triangle ABC (fee £ig. 17.) you have
given the Perpendicular AB, and for the other A ADC, the
Perpendicular CD, and the given fum of the Bafes BE, o find
the Bafes fingly, wiz. the lefs for the greateft Perpendicular,
and the greater AD for the lefs Perpendicular.

$ 0.5V T-10 N.

1. Denomination. Make AB = 4, CD = 4, the fum
BE = ¢; make the lefler Bafe BC = x ; the greater AD will
= c—Xx.

2. Equation. Since the Hypothenufes of the two Trian-
gles are fuppofed equal, thetwo OO AB+ BC, z. e. xx T aa
iwill be = to thetwo DO AD +CD, e bt cc 26 %
T xx.

+3. Reduétion. By taking away therefore xx and adding
26% aat2rcxwill = bbtcc; and further taking away
om both fides 24, 2¢% = bb 1 ¢ce~aa; and dividing both
by 2¢, x 5 bofcc—aa.
26

4. Geornes
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4. Geometrical Conftruction. Join the Lides band ¢ 4. e
CD and BE at right Angles, (». 2 ) and the fquare of the
Hypothenufa DE will = 44 1 cc. Upon this Hypothenufa
having defcribed a Semi-circle, apply therein the Line AD, and
the'fquare of AE will = &b t cc—=a 4. Which, fince it mufk
be further divided by 2.c, make (».3.) as BF = 2¢to BG

= YVbbtcc—aa, fo BG to BC, the lefler Bafe fought.

5. The Arithmetical Rule. From the fum of the fquares
of the lefferPerpendicular and the fum of the Bafes fubftraét the
{quare of the greater Perpendicular, and the Remainder divi-
ded by the double fum of the Bafes, will give the lefler Bafe.
E.g. make AB 76, CD 57, and BE 114.

PROBLEM- - V.

Ang given the Perpendiculars of tawe right-angled Tri-
angles [tanding on the [ame given Bafe, to ﬁnf the Seg-
ments of the Hypothenufes. "E. g fuppofe the common given
Bale be AB (Fig.18.) and the Perpendicular of one Triangle
AD of the other BC ; to find the fegments of the Hypothenu-
fes, cutting one another geometrically.

SOLUY LON.:

If a Geometrica! Solution be required there is no need of
any Analy(is ; for having erefted perpendicularly on the com-
mon given Bafe AB the given Perpendiculars AD and BC,
the Hypothenufes AC, BD being drawn immediately, exhibit
their Segments EA, EB, EG, ED. But if it be to be done
arithmetically by a general Rule, then an Analyfis will be ne-
ceflary. e

1. Demomination. Make the common Bafis AB = 4, BC
= b, AD = ¢; and, having found AF, all the reft may be
had (for as AB to BC fo AF to FE ; which being given, you
have alfo GD and HC, and confequently alfo DE, CE, &)
make AF = x, then will BF or HE = ¢—ua. '

2. The Eguation from FE found twice.

3. As AB to BC fo AF to FEL.
& - b - X e b X

%
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2. AsBA 1o AD fo BF to FE.

(§ ———  — e —— AC -~ CX,
. : a
Therefore b i = ac—cx.
& i

3. Redudion. Multiplying both fides by 2 you'l have 2 x
= ac~— cx; and adding on both fidescx, bx fcx = ac;
and dividing both [ides by & ¢, x = ac.
bie .

4. The Arithmetical Rule.  Multiply the commom bafe
by the leaft Perpendicular, and divide the Product by the fum
of the Perpendiculars ; and you'l have the lefler fegment of the
bafe, which being given you’l have all the relt. E.g. fup-
pofe AB = 10, BC = 9, AD = 6.

PROBLEM VL

TD mfcribe a Rhombus in a given Oblong, 1. e. baving the
fides of the Oblong AB and BC given,(Fig. 19.) to find
the Segment BF or DE, which being cut off, the remaimder 1'C
or AE will be the [ide of the Kbhomb [oughs.

IS LT 10N

Make AB = 4, BC= b, BF — x: FC or FA will be =
b— x (fo far the Denomination,) Therefore the {quare of FA,
which is bb—nabx t xx will be = ag t xx, wiz. to the two
[quares of AB and BF (o far the Equarion :) and {ubftrating
irom both {ides xx, b6b—2bx = aa; and

bb= aa+t 2bx, and
bb—aa = 2bx 3 and |, , |
bh—aa = x. (fofar the Reduclion.)

s ——

24
The Geometrical Conffrudtion. Having defcribed a femi-
ircle on BC.(# 2.) apply CD or AB, and the O BD will be
= bb—aa. Which fince it muft be divided by 16, muke;
SBE = 25 to BD = Vbb—aa, 5 BD to B fought, and

0.be cut off the (ide of the Oblong BC (2. 1.) :
Dd | The
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The Avithmeticas Rule. Fromthe {quare of the greater fide
fubftract the fquare of the lefler, and divide the remainder by
double the greater fide, and the quotient will give the Seg-
ment BF fought. E. g fuppofe AB = 4, and BC= 8.

PROBLEM VIL

O infecribe the greateft (quare poffible in a given Triangle,
o 2. e. having given the heighth of the Triangle CD (#ig.

'20.) and the Bale AB, to find a portion of the altitude CE,
which being cut off there fhall remain ED = FG.

SOLOTION

Make the bafe AB = 4 ; the altitude CD = 4, CE = x;
then will ED or FG = b—u. ' '
By reafon of the {imilicude of the Triangles ABC and FGC
vou’'l have as AB to CD fo FG to CE.
- g b—bx—x
- Therefore the Retangles of the means and extremes will be
equal, i e. 2x = bb——bx; and adding on both fides bx,
ax T bx= bb, anddividingby a t &, x = bb.
ath

Conftruction. Upon the {ide of the Triangle CB produced,
make CH = 4, and HI = 4, {0 that the whole Line fhall be
a+tbh. And having joined 1D and parallel to it HE drawn
from H, the part CE will be cut off, which is that fought.

For as Clto CD fo CHto CE,

ath — b ——b x according to the fecond
cafe of fimple Effetions.

Arithmetical Rale. Square the given heighth of the Tri-
angle, and divide the Produ&t by the fum afg the bafe and al-
titude ; and the quote is the part to be cut oft CE. E. g.fup-
pole CD = 10, and AB = 15.

PROBLEM VIIIL

N an acute-angled Triangle baving all the (ides given, w
find the Perpendicular that fhall fall from the Vertex on the
Bafe, i e. having given AB, AC, BQ (Fig.21.) to ind AD
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ot BD (for having found the one you may eafily find the o-
ther) Coroll. Prop. 13. Lib. 2. Eucl.

7 SR Y 3 o AV

If there be only required 2 Geometrical Conftruétion of this
Problem, there will be no need of any Analyfis; for having
formed a Triangle ABC of the three given {ides, you necd
only let fall the perpendicular AD from the Vertex A, which
would determine the Segment BD. To find the general A-
rithmetical Rule, whichis the general Corollary of Ewuclid,
or if any one for exercife fake had rather determine the Per-
pendicular DA by the fegment of the Bafe BD, than the latter
by the former, the Analyfis will proceed thus :

Make ABi= 4, BC= b, AC= ¢, BD = x ; then will
CD be &6—=x. Wherefore by the Pythagorick Theorem
3 AD = 44— x%, and by the fame reafon the fams
0AD S ce—bbt 2bx—xx. Therefore ax — xx = cc—
bb t 2bx—xx; and by adding on both fides xx, 22 = cc ——
bb+ 2bx 3 and by transferring co—-bb, ag—cc{ b = 2bx,
and dividing by 26, as—cc t bb =i

2 b - '

The Arithmetical Rule. Subftra@ the fquare of the leffer
fide from the Sum of the OO of the bafe and greater fide, and
the remainder divided by double the bafe will give its greater
fegment : If the O of the greateft fide be fubftracted from the
fum of the other fquares,&*c.you will have the lefs fegment CD.

Geometrical Conffruction Having defcribed a femi circleupen
AB (n. 2. ) apply therein AC, and the 0 BC will =aa——cc;
and continuing AC to 1B, till C1b be S CB (7. 1.) the O of
BB will Saa——ce T bb ; which fince it is to be divided by
2/ make as BE = 26 to BB = Y aa-— cc 1 bb, {o BF
15B to 18D the fegment fought = BD » 1.

PROBLEM. 1X.

IN an obtufe angled Triangle baving the thr e fides given to
find the Pi}'pmrﬁmﬁ;:r lee fall from e Vertex to 1he Bafe
being continued : i. e. Having given AB, BC, AC (lig. 22.
#. 1.) to find AD or CD (for the one being found the other

will readily befo alfo) Coroll Prop. 12. Lib 2 Eucl.
| I a-% S0 L U-

LS
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What we premonifhed about the former Problem, we un-
derftand to be premonifh’d here alfo. For the reft make here
alfo AB= 2, BC =4, ACH ¢, CD = x ; then will BD =
b+ x : Wherefore by the Pythagorick Theorem the 0 AD
will = ¢¢ = xx, and by the fame Theorem the fame O AD
B gg— bb—— 2bx —— xx. '

Therefore cc—xx =t a# =~bb——=2bx— xx; and adding
to both fides cc &= ag~—bb~—2bx; and tranfpofing cc and —
abx, abx= saa——cc——bb; and dividing by 24, x5

e g b].
s .

2. b

. The Arithmetical Rule. Subftraét from the fquare of the
greater fide the fum of the fquares of the bafe and leffer fide ;

and the Remainder divided by double the bafe will give its

continuation to the Perpendicular.

Geometrical Conftruétion from the Equation reduc’d: Having
defcribed a femi-circle upon AB (. 2.) apply therein AC, and
the O of CB drawn will = @as4— cc~—0bb ; which fince it
muft be divided by 26 make,as CF = 2bto CE Vag— cc—bb,
{o CE to CD the fegment fought, # 1. ,

PROBLE EN: X

Commonly aferibed to Archimedes.

HE Diameter AB of a given femi-circle (Fig.22 n.1.)

being any how divided m L, and from L ereiting a Per-
pendicular LX, and upon the fegments LA and LB having de-
[feribed 1o other femi-circles, whofe femi-diameters are alfo gi-
wen as well as that of the great Circle CB; to find the Radii
FM and Vy of the little Circles that are to be (o deferibed, that
they [hall touch the Perpendicular LX, the Cavity of the greater
femi-circle, and tBe Convexities of the lefs.

SO LY-
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1. For the Radius FM.

1. Denomination. Make CB = 4, EB =4 then will CE
= a==b ; for which for brevities fake put c. And let FM or
FN or FK = x : Therefore EF willbe = 5 1 x, and CF (fub-
ftracting FK from CK) =a—x. Wherefore now you’l
have at leaft the names of the three fides in the A CFE, o
that according to Poblem 8. the Segment of the bafe GE may
be determined (‘which indeed is determined already, as being
= LE—LG or MF i. e. 5—x) for which in the mean time
we will put y ; and now will CG = c—j.

2. For the Equation. 1If the 0 GE = y be fubftralted
from the O EF = bb § 2bx 1 xx, you'l have the fquare of the
Perpendicular FG = bb § 2bx t xx—yy ; and, f 0 CG =
- cc—2¢y T 7y be fubftratted from the O CF = sg=—24x
xx, you'l have the fame O of the Perpendicular FG = 22—
2ax T xx—c¢ 1 200—1. ThcreEfre bb t 2bx T xx=—yy
= aa——2ax T xx—=cc T 2cy——yy.

3. Reduttion. And taking from both fides the quantities
axand yy, bbt 2bx =as—124%—cct 2¢y ; and adding
24x and cc, burt taking away 4z from both fides, b/ 1 26x =
aa—— 2ax——ce T 2¢y; and adding 24x and ce, and taking
away from each fide a4, bb 1 2bx + 2ax  cc——aa =2y
and dividing by 2c,

bbt 2bx § 2%t ¢c——aa =y.
2c
but the fame y or EG is == EL—MF 7 e. b=——2x, There-
fore bb + 2bx t2ax 1 cc —aa = b—x;
2 ¢ i
which is a new and more principal Equation: And multiply-
ing both fides by 2¢ (you have a new Redution) 4b 1 2b%
t 24X T cc— aa = 2ac~=2bx ; andaddlag 2¢%, and tranfpo-
fing the others, 2bx §2¢x { 24x% = @a—m=bb=—cc § 2bc;
and dividing by 24 1 25 § 2,
%X = ag———bb——cc 1 2be

24126t

T e
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The Geometrical Conffruction of this firff Cafe. Add the de-

terminate (#. 2.) quantity 24c into one fum with the quantity
a4, as in the beginning, #. 3. Then from this fum fubftrack
fucceflively the quantities b5 and cc, and there will come out
(the fame #. 3.) FH, whofe O = aat 2bc—bb-——cc:
Which fince it muft be divided by 24 1 26  2¢, make. (the
fame . 3.) as Fl = 2a}2bt2¢ to FH = Vaatrbe— bb—cc,
fo FH to FM the Radius fought of the little Circle to be de-
fcribed.  This quantity FM being thus found, place it from
Lto G (% 1.) and from G ereét a Perpendicular, which be-
ing cut off at the interval CF (which may be had, if from CB
or CK you cut off FK = FM) or from E at the interval EF
(which is compofed of the Radii EN and FN )gives the Center
of the little Circle to be deferibed.

The Arithmetical Rule. Add twice the {1 CEB to the
{quare of the greateft femi-diameter CB, and from the fum
fubftract the Aggregate of the 0 O CE and EB ; divide the
remainder by the fum of all the thrée Diameters, (AB, AL
and LB) 4 e. by double the greateft AB; and you’l have the
Radius FM, &¢. For Example fake let a be = 12, 6 =4
¢ will be = 8, and x will be produced = 2 2.

II. For ihe Radius Vy by belp of the obtufe-angled A DVC.

1. Denomination. CA = a as above, DA or DL = &, and
putting x again for the fought Vy or VK, CV will be = 4
x, DL or DR & &, and confequently DV &= 4 x,
and DC = a—10, for which for brevity’s fake we will put c.
Now you’l have at leaft in Denomination in the &A CVD the
three fides, fo that aecording to Problem g. the fegment CW
may be determined, for which in the mean while we will put
7 5 then will DW = ¢ 5, which is the fame as DL—WL
or Vyie b—x.

2. For the Equation. 1f the 0 CW =2 yy fubftradt it from
the O CV = aa 24X 1 xx, and you'l have the O of the
Perpendicular VW, ga——24% T xx~——yy; and if the O
DW & cc t 267 1 yy, fubftraét it from the 0 DV =bb 1 26x
t %x, and you'l have the fame O of the Perpendicular VW
= bb+t 2bx { xX~—cc——2cy ——yy. Therefore

48— 2a% T Xx——yy 5 bb | 2bx § X% € ——— 20}
w— y¥s ' 3. Redu-
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3. Redultion. Therefore taking from both fides x% and s
aa 2ax = bb T 2bx cc 2¢y ; and adding 2¢y
and 24x, aa T 20y 5 bb 2ax + 2bx ¢¢ ;3 and {ubftract-
ing aa, ¢y = bb aat 2ax T 26x——cc, and dividing
by 2¢, '

Y= b aa t 2ax § 2bx——cc

———-

IaLE
But if you add to the fame y or CW DC = ¢, you’l have
DW = bb aa T 2ax 1 2bx——cctc i e
IR

reducing this ¢ to the fame Denomination,

bb—— aa t 2a% 2bx 1 ec /M DW. But the fame DW

2¢

= DL——WL = b——x. Therefore

bb ——aat 2ax % 2bx tecim b

x, and multiplying

3¢
2c, bb——aa + 24x +2bx tcc' = 2be T 2cx, and adding
acx, and tranfpofing the reft, 24x 1 2bx + 2cx = sa—-bp
¢c § 2be, and dividing by 24 1 2b 1 2¢,
% 1= aa~———<bb——cc t 2bc juft as above in

the firft Cafe. :

4. The Geometrical Conffruction therefore will be the fame
as there. See Fig. 23. 7. 4. and §. -

§. The Arithmetical Ruleis alfo the fame, but the given
quantities in this Example, which the figure of the Problem
will fhew, thus vary, while 4 remains 12, b will be 8, and
¢ 4, from which data (or given quantities) there will not-
withftanding come out again, for % or the Radius Vy 2.3.

I1. Some
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II. Some Examples of fimple or pure ,Qr_utfrﬂifé
Eguations.

PROBLEM I

TO make a Square equal to a given Reétangle; i e. baving
given the fides of the Rectangle, to fmnd the fide of an
equal Square, FEucl. Prop. 14. Lib. 2. Suppofe e. g. the gi-
ven Tides of the Oblong to be AB and BC (Fig. 24.) to find
the Line BD whofé fquare fhall be equal to that Retangle.

SODLVLT ION

Make AB = # and BC = b, and the fide of the fquare
fought = x, and the Equation will be 4b = xx ; and extra-
&ing the root on both fides V' ab = x. |

Geomerrical Conftruition. Join AB and BC in one right
line, and deféribing a femi-circle upon the whole AC, from
the common juncture B ere&t the Perpendicular BD which will
be the fide of the fquare fought, according to Cafe 1. of the
Effetion of pure quadraticks.

Arithmetical Rule. Multiply the given fides of the Oblong
by one another, and the fquare root extracted out of the Pro-
duct will be the fide of the fquare fought.

PROBLEM IL

T HE [quare of the Hypothenufa in a right angled & being
given, as alfo the difference of the other two [quares to
find the fides. E.g. If the Hypothenufa be BC (Fig. 25.)
and the difference of the fquares of both the legs, and confe-
quently its Leg alfo BE given (for the {quares being given
the fides are alfo given geometrically) to find the {ides of the
right-angled A which fhall have thefe conditions; or more
plainly, to find one fide e. g. theleffer which being found, the
other, or the greater, will be found alfo.

&

SOLU-
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SOL DT ION,

. Let the O of the given Hypothenufa = 44, and the fquare

" by which the two other differ = bb.  Let the lefs fide = =,
and its O = xx. Wherefore the greater will be xx 1 lb. And
fince the fum of thefe is = tothe O of the Hypothenufa, you’l

~ have 2xx T bb = aa ; and fubftracting bb,

2xx = as—1Ib 3 and dividing by 2.

. ax =t asa—bb. Thercfore

B 2

. : _ 2,
- Geometrical Conftruction. Having defcribed a femi-circleon
- BC, and applyed therein BE, the 0O EC will = aa— bb ; and
having defcribed another femi circle upon EC divided into two

_Quadrants the O DC will be 4a—bb, and o DC =Y f’f_"’:@:

4 2 2
or the fide fought ; which being alfo transferr’d upon the other
femi-circle deferib'd on BC, 2. from Cto A gives the other
fide AB and the whole A fought.

. The Arihmetical Rule. From the fquare of the Hypothe-
nufa fubftrad the given difference, and the fquare root extra-
Cled [;mt of half the remainder gives the lefler fide of the A
(n g L.

FROBLEM ‘HL

Aving an eguilateral N ARC given (Fig.26.1.1.) to
A X find the Center and Semi-diameser of a Circle that [hall
circumfcribe it. i. e. Find the BD the fide of an Hexagon that
‘may be infcribed in it.  For if we conlider the thing as already
done ; it will be manifeft that the fide of the Hexagon BD
Will fall perpendicularly on the fide of the A AB, as making
an angle in a femi-circle, {o having bife¢ted the Hypothenuta
DA you'l have E the Center fought.

Ee SOLU-

SR
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809 T 0N,

Make the fide of the T'riangle AB = 4, BD =, then will
AD = 2x. Since therefore the fquare BD ;. e. xx being fub-
ftradled out of the fquare AD . e. 4xx, there remains the [quare
AB 3xx, you'l have the Equation

3xx =4 aa 3 and dividing by 3
xx = aa; therefore
2 =
X 2 aa.

3 |

The Geometrical Confirudtion. Having produced AB (.2.)
to I a third part of it, the fquare of a mean proportional BD
between BF and BA will be jas or a4, and fo the Line BD

s 3 .
23 Vas. Therefore the Hypothenufa DA being divided in

two in E, or at the interval BD, making the interfeQtion from
B and A, you'l have the Centre fought.

The Arithmetteal Rule. Divide the fquare of the given fide
into three equal parts, and the {quare Root of a third part will
give the femi-diameter AE or BE fought, by the interfection
of two of which you’l have the Centre.

PROBLEM IV.

Hﬁwﬁr{g given, in a right-angled Parallelogram, the Dis
gonal, or for a right-angled 1, the Hypothenufa and the
proportion of the fides, to find the fides feparately and confbruét
the Parallelogram or . Suppofe e. g. the given Diagonal to
be AB (Fig. 27. » 1.) and the given reafon of the fides as
AD to DE, to find the f{ides.

S O L0 E T O,

Make AB = 4, the reafon of ADtoDE as 6 to ¢ mak(
the lefler fide =%, then will the greater be ¢ %, ;

b
Foi
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For the Equation, the 00 of the fides are xx } cexx = aa,

£ AB ; and muldiplying both fides by 5b, o
bbxx % ccxx =4 aabb ; and dividing by b5 1 cc,
xx = aabb, Therefore
bhtec
X = Yaabb i.e. Extracting the roots as far
bbtee
as pofible x5 4b

Vb fee

Another Solution.

Call the name of the given reafon ¢, {0 that affuming any
line for unity, the value of ¢ may alfo be exprefled by a right
line, which fhall be equal e. g. to DE above. Wherefore be-
caufe we make the lefs fide x, the greater will be ex, and fo

XX § eexx = aa, ice dividing by 1 T ee,

XX = aa
i
XY= YVas, i e.
1tee
L . [
Y1 fee

The Geometrical Conftruétion. "The laft Equation above
being reduc’d to this proportion as the V' bb | cc to b fo a to
x, mzke (» 2 ) AD and DE at right angles, and AE will
be = Y bb 1 ¢, and continuing AE and AD make as AE to
AD fo AB to AC the lefler fide fought. Having therctore
drawn BC which determines the leffer fide AC, the greater fide
and fo the A ABC will be already formed, and may be eafily
compleated into a Reftangle.  In the other Solution the laft
Equation agrees with the precedent (for it gives us this pro-
portionas V'1 Teeto 1 foato xinwhich 1 is = 4, and ee
= cc by what we have fuppofed) and (o the Conftrution will
be the fame.

Ee a The
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The Arithmetical Rule may be more commodioufly expref-
ed by this laft Equation under the laft form but one, after this
way, divide the O of the Diagonal by the O of the name" of

the Reafon leflen’d by unity, and the root extracted out of the
Remainder is the lefler fide fougkht.

PROBLEM V.

(Which is in Pappus Alexandrinas, and in C’arre.r’s
Geomerry, p. 83. in a Biquadratick affeGted E-

quation, and p.84. he gives us thereon a very
remarkable Note.)

Aving given the Square AD (Fig. 28) and a right
line BN, you are to producethe fide AC to E, fo that EF
drason fiom E towards B (bhall be equal to BN.

It will be evident, if you imagine a femi-circle to pafs thro’
the points B and E, that the moft commodious way will be
to find rhe line DG, that you may have the Diameter BG ;
upon Which having afterwards defcribed a femi circle, there
will be need of no other operation to fatisfie the queftion, than
to produce the fide AC ’ull it occur to the preferib’d Peris
phery. =

S O0L DT TON,

(As found by Van Schooten, p._;llé. in his Com-
ment on Cartes’s Geometry, which we will here give
Jormewhat more diftinét.)

1. Denomination. Make BD or DC = 4, BN or FE =,
BF =y, and DG = x; the Perpendicular EH will be = 4,
and EG = BF, viz y (becaufe the A EHG is fimilar o
£ EDF, by #.3 Schol 2 Prop. 34. Lib. 1. Math[. Enucl,
and BD in the one™= to EH in the other) and BG = 4 gy
BE = y f¢; and BH will have its Denomination, ‘if you
makc) (by reafon of the [imilarity of the A A BFD and

45
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25 BF to BD fo BE to BH
§——a Jte——aytac.

J
and you'l have alfo HG = 4t & —ay—ac, i e having

reduc’d them all to the fame Dennminatiug.

4y §Xy—4ay—ac, 1. &. ¥y——ac. Having therefore na-
med all thu::}r lines you have occafion for, you muft find two E-
quations, becaufe there are aflumed two unknown quantities,
vz, %and .
2. For the fir[f Equation and its Reduélion. By reafon of .
the fimiliarity of the & A BGE and BEH,
as BG to GE fo BE w0 EH
atx ' e ' a: Therefore the Rectan-
gle of the Extremes willbe = to the Rectangle of the means,
e )y tyc =aatax, and taking from both fides yr,
yy = aat ?x—ye.
3. For the [econd Equation and its Reduction. Since
BH, HE and HG
aytac—a —— xy-ac are continual proportionals, the

Reftangle of the extreams are cqual to the fquare of the mean,
ie. axyy 1 acxy~—aacy —aacc '= aa; and multplying

both {ides by yy, anﬁﬁividing by 2
%)y t exy——acy——acc = ayy, and taking away ayy and
tranfpoling the reft, : i
xyy—ayy = acy=—-cxy 1 acc; and dividing by x—@a
yy = acj—cxy 1 acc; i.e. dividing aGtually as far as may

x—a
beby x—a, yy = —cy 1 acc.
X=iZ
4. The comparifon of thefe two Equations thus reduc’d
gives a third new one, in which there will bg only one un-
Known quantiry, ViZe i
— ¢y T aa | ax = ==yt acy; and adding to both Lides ey,
x—a
Aé
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da t ax = acc; and multiplying by x=—a,

we— -

aax 1 axx a3 aax = aac; 1. €, axx—a3 =t 4cc;
and dividing both fides by 4, xx——=a2 = ¢c; and adding a4,
x% = a4 cc. Therefore x = V aa ¥t cc. ;

5. The Gevmetrical Conftruétion, which is the fame P
prefcribes in Carres, wiz. having prolong’d the [ide of the
fquare BAto N, {5 that BN fhall be = to a given right line,
finceBAis =&, and BN = ¢, the Hypothenufa DN will be
= YV aa = x. Having therefore made DG &= DN, and
deferib’'d a femi-circle upon the whole line BG, if AC be pro-
_longed until ic occur to the Periphery in E, you’l have R;ll&
that which was requir’d.

PROBLEM VI

(Which Vam Schooten has in his Comment,
p. m. 150, and following.)

Aving given a right line AB, from the ends of it A and
B (Fig: 29.) to inflet two right lines AC and BC,
whicl fhali contain an angle ACB = to the given one D, and.
whofe [quares fiall be in a given proportion to the Triangle
ACB, viz. as 4d to a. !
Viz. You muft determine the point C, which the two right
lines AH and HC or EH and HU will do, affuming the mid-
«dle point E in the line AB, Wherefore here will be two un-
known quantities HE and HC, and confequently two Equa«
tions to be found in the Solutjon ; ome whereof the given
proportion in the Queftion fupplies us with, and the other we
have from the fimilar Triangles AIG and GFD, which repre-
fent equal angles. '

3.0 LU T 4 O-N;

Denomimation. Make AE, half AB =#, HEE x and
HC = y; therefore AH willbe Ha—xandHBE o x5
whence the Denomination of the fquares AC and BC s eafily
had ; @iz, the one ag—2ax 1 xx 1 7, and the other, a4 |

24%
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24x T xx % 9y, fothat the fum of the fquares is 244 + axx
2yy. An j{ﬂe A ACB will be = ay: And fince I‘.Jt: i E.:.E
GFD and AIC are {imilar, and the {ides of the former FD and
FO arbitrary, fo that for FD we may put  and for FC, ¢,
and the fides of the latter are determined by the fimilicude of
the A A ABland HDB, asbeing right-angled ones, and ha-
ving the common angle B ; they will be obrain’d by making

as the Hypothen. BC to the Hypoth. ‘AB fo the bafe HB to
the ba{l: Bl, 1. €&

¢ ——2F=—=4 T X=——2447T 2ax,

[
from whence fubftracting BC = ¢, there remains CI =
244 2ax—r¢c.

. ¢
2. For the firf Equation, by virtue of the Problem as 44
to @, 10244t 2xxt2yytoay. And the Reftangle of the
extremes is = to the Reftangle of the means, 7.e. 4ady =243
T23%x T 2ayy. .
3. For the other Equation, fince

as DF to FG fo Clto Al
b = ¢—— 24at2ax —ec— 24y

€ e _
and the Rectangle of the extreams will again be = to the Re-
&angle of the means, i.e. 2ayb = 244c | 2005 —cee;

; [ [
and multiplying both fides by e, 24yb = 24ac T 24cx—cee ;
which is the fecond Equation,
4. The Redullion of both Equations.
The firlt was 4ady = a3 T 24xx% 1 24y).
Therefore dividing by 24, 2dy =aa | xxt 4.
And fubltralting az t yy, 2dy —aa——yy = xx.-
The latter Equation was 24yb = 2aac T 2acx=——=cec, 1. €
fubftituting again the value ee, which was '
as§ 2ax T xx 1 9y. :
2ayb = 24ac  24cx BAC = ALK s (XYY 5
i.e 2ay0 = aac—cxx—cyy ; and by tranfpofition,
exx = aac ——2ayb ¢yy 5 and dividing by ¢,
XX 5 ag——2ay—)y, OF 4@ — Jy——247b,

& ¢ 3
¢ o
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or (putting 2f for 24b) xx = aa—yy—2fy.

2 .
Wherefore we have the value of xx twice expreffed, but by
quantities partly unknown, becaufe yis found on both fides”

Wherefore now we muft make a new comparifon of their

values, whence you’l have this new

5. Third Equation, in which there is only one of the un-

‘known quantities :
2dy ——aa—yy = aa—)y—2fy; and adding on
both fides both yy and a4,
2dy = 2aa— afy; or dividing by 2,
gy = as——1y; and tranfpofing f7,
dy 1fy = aa; and dividingby 4 1 f,
y = aa; which is the value of the quantity y in
dif
known terms.

- But this value in one of the precedent Equatinné, viz. in
this xx = 2dy——aa——yy, being fubftituted for y andits

fquare for yy, will give
xx = ddag— ag—=—agt
dtf ddt24ftf; i e. allbeing reduced
to the fame denomination,
XX = aadd aaff ——a* ; and
RATEY
K = Yaadd aaff —— a*
52 1T
6. The Geometrical Confiruction, which Schooten gives us

p.- 153. Having made the angle KAB (#. 2. Fig. 29.) ¢-
qual to the given one D, ereét from A, AL perpendicular to
KA, meeting the Perpendicular EM in L; and from the
Centre L, at the interval of the given right line d, defcribe a
Circle thar fhall cut KA and EL produced to K and M. Then
affluming EN — KA, join MA, and from N draw NH pa-
rallel to it, which fhall meet AB in H, Afterwards, having
deferibed from L, at the interval LA, the fegment of a Circle
ACB, draw from H, HC perpendicular to AB meeting the
circumference in C, and join 4C, CB. :

e 2 NB. The

Ll




Specions Analyfis. 37
- NB. The reafon of this elegant Conftrudtion, which the
Author conceal’d, for the fake of Learners we will here fhew:
. I. Therefore, he reducd the laft Equation (extracling the
root, as well as it could bear, both of Numerator and Zesno-

minator) tothis: %= & multipl. by Ydd— fFf—aas, o
| | dif
that after this way the Conftruftion would be reduc’d to this

proportion,as d{ f to a {o ¥V dd—ff~—aato x. 2. Hemade
the angle KAE = to the given one D, and the angle KAL
a right one, o that having defcribed the fegment of a Circle
from L the infcribed angle will alfo be made equal to the gi-
ven one, according tothe 33. Lib. 3: Encl. 3. By doing
.~ this, EL exprefles the quantity £, fince by reafon of the fimi-
larity of the A A KOA I GFD, #. 1. and AEL (for the
-angles LAE and AKO are equal, becaufe each makes a right
one with the fame third Angle KAO) you have
as KOt OA fo AEw EL ie. f
‘ b a——ab

e

c
4. Making now LM and LK = d you had EM = 4 1,
and AK = V' dd—ff——aa (for the O AL is = toaa? ff,
which being fubftradted from 0 LK = 4d, there remains O
AR = dd—-aa i)
5. Wherefore there now remains nothing to conftruct the
laft Equation above, but to make EN = AK, and to draw
. HN parallel to AM ; for thus was the whole proportion
| as EM to EA fo EN 1o EH
¥ df ——a—Vdd—ff—astox. Q.e.f
For the point H being determined, a perpendicular HC thence

~ereCted in the fegment already defcribed defines the Point C, ;

f?which anfwers the Queftion.
PROBLEM VIL

Aving given the four fides of @ Quadrangle to be infri'ed

ina Curcle, to find the Diagonals and their Segmenis,

and [0 1o confruct the Quadrangle, and inferiche it in the Circle,
As e. p. fuppofe the given fides are AB, BC, CD, DA (I
30 . I‘a) which now we fuppofe ro be joined In..'in a quadryn-

Ff gle
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ﬁi& inferib’d n the Circle, the Diagonals alfo AC and BD
ing drawn (. 3.) to find firft the fegments of the diagonals
Ae, Be, €. which being had, the Conftruction is ready.

SOLUVTI10MN

Denomination. Make AB= 2, AC= b, CD= ¢, DA
= d, Aet= x [for this fegment alone being found, the reft
will be found alfo, as will be evident from the procefs.] Since
therefore the vertical angles at e are equal, and likewife the
angles in the fame fegment BCA, BDA, alfo DAC, DBC,
¢rc. are equal, the Triangles AeD and BeC, alfo AeB and
CeD are fimilar : wherefore it will follow that,

1. AsDA to Ae fo CB to Be
A ——x -rb-—fﬂ

d -~
2. As AB to Befo CD to Ce
= bx——c—bcx
il d ad
3: As AB to Ae fo CD to De
B e (e O
: a
‘Therefore the whole Diagonal AC will be = x ¢ bex:
ad

and BD = I:i'[‘cx,
&k

a2 The Equation. But now by Prop. 48. Lib. 1. Math.
Enycl. the Rectangle of the Diagonals is equal to the two
Redtangles of the oppofite fides.

Diag, AC, x ¥ bcx

ad
Diag. BD, 0% tcx
s

G} ol

*a  add

Therefore
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T'herefore '
the [ of the Diagonals bxx + exx  bbexx § beexxe i
d & add aad
= act bd.

3. Redultion, 1. e. taking (2) for unity
baxx + exx § bbexx Fboexx = ¢+ bd;
d dd d :
i. e. the quantities on the left hand being reduc’d to the fam
denomination.
 bdxx t eddxx T bbexx § becdxx = ¢ bd |
e
and multiplying both fides by 44,
bdsxx & cdxx % bbexx t beedxx = ¢dd t b3
and dividing both {ides by 4
bxx + cxx 1 bbexx § beexx = ¢d § bdd
d
and then dividing both fides by & § ¢d | bbc | bec,

d

xx = cd T bdd
btcdt E:_c T bec; 1. e. in the prefent cafe, where
d
b by chance happens to be = 4,
& xx = cd?l'sz '
Eftedteter
d
Therefore ¥ = Ved + bdd

b cd § bbot bec
d

or in our cafe

X = Yedtdd
I*fcdffﬂfc‘r:
d

4. The Geometrical Conftrultion, which, by fuppoling 4
(and in the prefent cafe alfo 5) I:bec unity, ought to deter-
8 mine
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mine, 1. 'The quantitics ¢d, ¢, cc, and their aggregate with
. - d :

unity. 2. The aggregateof ¢d and dd. 3. To divide the
one by the other.  And, 4. To extrat the root out of the:
quotient, or alfo to extra& the roots firft out of each quantity,
and divide them by one another ; which may all of them be
feparately done in fo many feparate Diagrams, but more ele-
gantly connecied together after the following or fome fuch like-
way. 1. Join AD and DC (#.2.) into one line, and havin
defcribed a femi-circle thereupon, erect the Perpendicular DE;

and the line AE drawn will = Ved Tdd. 2. Making the
angle CAG at pleafure, make AF = AB, and draw CG pa-
rallel to the line DF , fo FG will be /= ¢ Now if; 3. in

d
the vertical angle you make AH i CD, the line HI drawn
parallel to DF will cut off Al =5 ¢d. 4. In AK ereCted: = |
to AB, if you take AL I AH or CD, and draw LM paral-
lel o KH, you'l hawe AM /= ec. 4. Having prolonged
AGro N and AH to O, fothat GN fhallbe’ = Al+ AM |
and AO = AB or AK, and having defcribed a femi-circle
upon the whole line NO, a perpendicular evected AP will be
=Y 1tedfetfe; andfo, 6. if AQ bemade= AE
d _ .
and AR = AF or AB, and you draw a line RS from R pa-
rallel to PQ ; AS will be = x, i e the fegment fought Ae of
the Diagonal AC; which being given, by force of the firft
I_r—.fc'rcr;fc premis’d in the Denomination above, by drawin
L8 ang, having made DT = BC, TV parallel to it; you’
have alfo'the other fegmient Be = SV and by their Interfection
on the line AB (2. 3.) the point e, thro’ which the Diagonals
muit be drawn which will be terminated by the other given
fides, and thence you’l have the quadrilateral igure ABCD
fought, tobe circumfcribed about the Circle, accordin g to Conn
Jeir. 6 Defin. 8. Marbef. Enucl,

NB. Unlefs we had here confulted the Learner’s cafe, the
artifice of this Conftruétion might be propofed after a more|
fhort and cceult way, thus: Make DE a mean proportional
between AD and DC, und dvaw AE. 'Then having made
any angie CAG, muke A= AB, and at this Interval de-

feribe
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fcribe the circle FROK, and draw CG parallel to DF, More-
over in the oppolite vertical angle, having made AH = CD,
draw H| parallel to DF, and having erected the perpendicular
AK, and thence the abfciffa AL = AH, make LM paralle] to
HK, and thence having prolonged AH to O, and GN being
made equal to Al § AM, make AP a meam proportional be-
tween AO and AN, cutting the hidden circle in R ; and laft-

ly having made AQ_= AE, if RS be drawn parallel to QP,
;uu’l have AS the value of x fought, . i

1II. Some Examples of Afected Quadratick
| ' Eguations. '

PROBLEM L

Aving given, to make a_right angled Triangle ABC,

the differences of the leffer and greater fide, and of

the greater, and the Hypothenufa, to find the fides [eparately

aund form the Triangle. E.g. Having given the right line

DB (Fig. 31.) for the difference of the perpendicular and bafe,

and CE for the difference of the bafe and Hypothenufa, to

find the perpendicular AC, which being found, you’l have al-

?0, by what we have fuppofed,the’bafe AB,and the hypothenu-
a BC. _ |

S EW T LO-N,

Make the difference DB = 4, CE= 4; put & for the
perpendicular ; the bafe, which is greater than that will be
a @ and the Hypothenufa x {41 b. Therefore by vertue
of the Pythagorick Theorem,

axxt2axtaa = xxtraxt2bxtast bt bh; -
and fubftracting from both (ides xx § 20x 1 a4,

xx = 2bx T 2ab 1 bb. :
‘Wherefore by the firlt cafe of affelted quadratick Tquati-
ons X ='bTt Vbt 260

Conflruction. Find a mean proportional AK berween AH
= sband Al = 4 (n.2.) (F;g. gr.) and havjri;: made both .
AF and AG = b, placethe Bypothenufa KF from AL, and

' cue
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cut off GC equal to the hypothenufa GL 3 thus you'l have AC
the perpendicular of the Triangle fought, and adding DB you'l
alfo have the bafe AB, and from thence having drawn the hy-
E:)Et:h:nuﬁ BC, it will be found to differ by the excefs required

The Arithmetical Rule. Join twice the produ&t of the
differences multiplyed by one another, to twice the fquare of
the difference of the bafe and the hypothenufa ; and if the
fquare root of this fum being extracted be added to the afore-
faid difference, you'l have the perpendicular fought. Suppofe
¢. g. both the difierences of CE and DB = 10: :

PROBLEM IL

N a vight-angled A baving given the Hypothenufa and fum
of the fides, to find the ﬁiﬁ‘. E. g. If the Hypothenufa BC

be given (Fig. 32.) and the fum of the {ides CAB, to find the
{ides AD and AC feparately, to form the Triangle. -

SOLUVTION.

Make the Hypothenufa BC = 4, the fum of the fides = 4.
Make one fide e.g. AB = x, then will the other fide AC be
5= b—ex. Therefore

2xx—2bx b = 44 ; and adding 2bx, and taking a-
way bb, 2xx = 2bxt aa—bb ; and dividing by 2,
xx = bx t aa—bb.
2
Therefore according to Cafe 1. of affeGed Quadraticks,
%= b4V I0b T aa—Fhb

¢

e bt Y as—bb
or ; b—" } aa—"bb,

The Geometrical Conftrution. Having defcribed a femi-circle
- upon BD = BC o « apply therein the equal lines BE and DE,
and having defcribed another femi circle on BE apply therein
BF =15, t be prolonged farther out. Laftly, if another lictle
{femi circle be defcribed at the interval EF, the whole line AB

will



Sfﬂfﬂﬂ.\' Aﬂd}ﬁ!. 43

will be the true root or the fide fought, and GB the falfe
root, €>c.

The Arithmetical Rule. From half the fquare of the Hy-
pothenufa fubftract the fourth part of the {quare of the given
fum, and the root extracted out of the remainder, if it be ad-
ded to half the fum, will give one fide of the Triangle ;
and fubftracted from the given fum, will give alfo the other
Suppofe e. g. BCto be 20, and the fum of the fides 2.8.

PROBLEM IIL

Aving given agam in the fame A the Hypothenufa, as
H above, and the difference of the fides DB %Hg. 335 10
find the [fides.

SO-L UL IO N

Make the lefs fide x, the difference of the fides = &; the
oreater fide will be x§ 5. Let the Hypothenufa be = a.
!ﬁereﬁ:re, 2xx + 2bx +bb = aa; and taking away 2.6x 1 bb,

2xx% = ag——2bx——bb; and dividing by 2,
X% =t —==bX + aa—0bb.

————— ey

3
Thercfore by cafe 2, ¥ = ~——3bt "V 1bbtaa—bb
e
1. €. --——-;f.t.' 1‘ "'I'"'é#ﬂ-—"",;t{"ﬁ'.

The Geometrical Conftruction. Having defcribed a femi-circle
upon BD = BC or a,apply therein the equal lines BCand DG,
- and having defcribed another femi-circle on DT apply in it DF
=1} and if at the fame interval you cut off FA from FC,
the remainder AC will be the lefler Tide fought, &

The Arithmetical-Rule, ¥rom half the iquare of the Hy-

thenufa fubftract the {quare of half the difference, and it you
take half the difference from the root extracted out of the re-
mainder, you'l have the leffer fide of the Triangle required,
and by adding to it the given differeace you'l have alio the

eater. E. g, Letthe Hypothenufa be 20, and the dilterence
of the fides 4. e
Enu-
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PROBLEM 1V.

Hﬁwfﬂg given the Area of a right-angled Parallelogram,
and the difference of the fides to find the fides. E.g. 1f
the Area is = to the fquare of the given line DF, and the

difference of the fides ED (Fig. 34.) to find the fides of the
rectangle.

$:0°LVI L0 N,

Make the given Area = a4, the difference of the fides = &,
the lefler fide x; then the greater will be x4 4. Therefore
the Area xx T bx = aa 3 and fubftralting bx \

XX = ——bx t aa.
Therefore according to cafe 2, X = ==1b Y [ bb § aa.

The Geometrical Conftrultion. Join at right angles AG =
@, and GH =4, and having drawn AH and prolong’dit,
defcribe the lictle Circle at' the interval GH: fo you’l have
AE the lefler fide, and AD the greater of the Reftangle
fought, ¢re.

The Arithmetical Rule. Add the given Area and the fquare
of half the difference, and having the fum, fubftra& ang add
the difference from or to the root extralted, and fo you'l have
the greater and lefs fides of the rectangle. |

PROBLEM V.
Aving given ﬁ:rr a richt-ancled Triﬂﬁgfe the difference c_Jf

both the Legs from the H_jr?arbermﬁ, 10 find the [ides and
Jo the whole Triangle. E,g. Suppofe the difference of the lefs
{ide to be BD and of the greater DE (#. 1. Fig. 35.) to find

the fides themfelves, and 1o make the Triangle.
SOLDT 19N,

For BD put 4, for DE, b. Let the greater fidebe x ; .
the Hypothenufa will be x T &; therefore the lefler fide will
be x § b——a. Now the O O of the fides are = to the O of

the Hypothenufa, 3. ¢. 2xx —~2ax 1 2bx § bbb~~~ 24b § aa
= X%
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= XX 1 2bx ¥ bb ; and taking away xx § 2bx § b5,
XX 20X 280 aa = 0 ; and adding 24x and
2ab, and taking away 44,
xx = 2a% t 2ab——aa. Therefore
X = a1t Yas t2ab aa; 1. e
L= a T i - . :
The Geometrical Conftruction. Between the given differ
rences BD and DE find (#. 2.) a mean proportional DF,
and join to it at right angles the equal line FG, and cut off
DH equal to DG ; and fo you’l have BH the greater fide of the
triangle fought. ‘This being prolong’d to C, o that HC fhall
be = &, having defcribed a féemi=circle upon the whole line
BC apply therein BA = BH; and having drawn AC, the
Triangle fought ABC, will be formed.
The Arithmetical Rule. 1f the {quare root extradted from
the double reCtangle of the differences be added to the greater
difference, you'l have the gteater fide fought, &re.

PROBLEM VI

Hﬂwﬁn iven, to make two unequal. Reflangles, bit of
. equal beighth, the fum of thewr Bafes with the Area of
esther (Viz. the greater,) and the proportion of the fides of the
. other (viz the éﬂﬁ,) to find the /Mfs feparasely. E g. Let
the fum of the bafes be AB (#. 1. Fig. 36.) and the fquare of
the line BC = to the Area of the greater retangle ; and let
the fides of the leffer reCtangle be to one another as CD o DE+
To findthe fides of both the reGangles ; 7 ¢ to find the com-
mon altitude, which being found the other fides will be eafsly
- obtain’d from the Datz ; or to find the bafe of the greater
. which,with the fame eafe, will difcover the reft.

20 LT IOWN.

Make AB = 2, and the Area of the greater reftangle = b5 ;
and the praportion of the altitude to the bafe in the lefler, as¢
to 4; to find e. g. the greater bafe which call x. Therefore
- the common altitude will be = b5, and the bafe of the leiler

X

reftangle = a—x, | 2
. Gg _ Where-
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Wherefore you'l have for the Equation,
asc tod fo .-Eliitﬂ B X,

x {
Therefore ac=—cx = bbd ; and multipl. by ¥,
X
acx—cxx =4 bbd; and adding cxx and taking away béd,
acx=——bod = cxx. Now that you may conveniently
divide both {ides by ¢, make firlt as c to & fo d to a fourth
which call f, and then put ¢f for &4, and you'l have
acx—bcf B exx ; and dividing by ¢
ax— bf = xx ; and o according to cafe 3.
X miat Y iaa——bf

The Geometrical Confiruiion. Find firlt the quantity f
(num. 2. Fig. 36.) according to the following proportion, as
ctobfodro {3 ; and a mean proportional between 4 and

—

willbe = v vf. Then having at the interval ;4 defcribed a
femi circle (. 3.) upon the givenline AB, and erefted BD 5
V bf, and having made EF =2 o it, CF will be V" {as—5f:
To which AC being added will give x for one value and FB
for the other.  And for the common altitude, which wecalled
bb, make asxto b, o b toafourth, 5. e. as AF to FH fo

%
FHto FG; which will be the altitude of both reCtangles Ag
and Bg which may now eafily be conftruéted.

The Arithmetical Rule might eafily be had from this Equa=
tion reduced; but you may have it more commodioufly from
this other

SOLUTI 10N

Let the Denomination remain the fame as above, only here
puit x for the common altitude, and exprefs the reafon of the
leffer bafe of the rectangle to this altitude by e, and that bafe
willbe ={ ex : Therefore the bafe of the greater Rectangle
will be =4 s——ex. Having now multiplyed the com-
mon altitude by each bafe, the area of the greater reftangle
will be gx==e¢xx, and hence you'l have the Equation ¥
: ax
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ax—exx = bb; and adding exx, and taking away
bb, ax——bb = exx; and dividing by e,
ax——bb = xx. Therefore by cafe 3.

[
= a Y aa—bbor x = a~—Y aa—bb:
26 4ee e 28 . qee e

Wherefore now this will be the Lrithmetical Rule. If from
the fourth part of the fquare of the fum of the bafes divided
by the O of the name 0? the reafon you {ubftrat the given area
divided by the fame name of the reafon, and if the root extracted
out of the remainder be added to or fubftracted from half the fum
of the bafes divided by the fame name of the reafon ; thisfum or
remainder will give the altitude of the given Rettangles, and
that multiplyed by the name of the reafon one of the bafes :
And' that being fubftradted from the given fum of the bafes
will give the other bafe. For Example, let the fum of the ba-
fesbe 16, the area of one of the retangles 30, the
name of the reafon which the common altitude hasto the bafg
of the other retangle = 2. There will come our the com-
mon altitude, on the one fide §, on the other 3, &w.

: PROBLEM VIIL

Aving given the Perpendicular of a right-angled Trian-
gle let fall from the right angle, and its Bafe, to find the
fegments of the Bafe, and [o to form the Triangle.

E g. 1f the bafe of the right-angled Triangle you are to
form be AB (Fig. 37.) and the length of the perpendicular
BE or BF ; to find the fegments of the bafe, and {0 the point
D, from which you are to make the perpendicular CD, to form
the Tiangle ABG,

s E-U T 10N,

Let the given bafe be = #; and the given perpendicular
b= &: Then will one of the fegments of the bate be = X 3
and theother = ¢——x, and 4 a mean proportional between
the faid fegments, 7. e.
Xtobas'hroa—x;
Therefoye ax=—xx= bb; and by adding xx and raking a-
way &b, e
G g 2 Ay —w
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ax—>bb = xx. Therefore by cafe 3.
%= et Viaa—bb

The Geometrical Canﬁmé}'éaﬂ.‘ Having defcribed 2 femi- -
circle upon the given line AB, if you erect the perpendicular
BE, and from the point G (which is determined by EG pa-
rallel to AB) let fall GD equal to it, you will have the two

fegments fought, AD = i¢ t V' jas—0bb and DB = } a—
V' yaa—bb, which Conftrution, it cannot be denyed, but
irfal m?}' be evident to any attentive perfon even without the A- -

Yiis:

But that cafe may by the by be taken notice of wherein the
given perpendicular would not be BE but BF. For in this
cafe the perpendicular BF being ereted upon AB, the paral-
lel FG would not cut the femi-circle ; which is an infallible
fign that the Problem in this cafe is: impofDble,. where the
perpendicular is fuppofed to be greater than half the bafe ;
which is inconfiftent with a right angle.

The Arithmetical Rule, From the {quare of half the bafe
take the fquare of the given perpendicular, and add or fub-
ftrat the fquare root extralted out of the remainder, to or
from half the bafe; and on the one hand the fum will give

the greater fegment, and on the other the difference will give,
the lefs.

PROBLEM VI

Aving given the perpendicular of a right-angled Triangle.
H that ;é.:g- to be let fall from the right angle, fﬂd the JﬁL -
vence of the [egments of the bafe, to find the [egments, and de-

cribe the Trianvle.

E. g. If the perpendicular is, as above, BE, and the diffe-
rence of the fegments AH (». 1. Fig. 38.) tofind the feg-
ments AD and DB, from whofe common term you are to e
ret a perpendicular DG or DC to torm the Triangle.

SOLU-
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DL OT 10N,

Make the lefler fegment = x, and the difference of the feg-
ments = 4, the greater fegment will be x t2.  Make the gi-
ven perpendicular as before = & : Therefore you'l have

asxfatob {o btox; and confequently,

xx 1 ax = bb; and fubltraling ax,

xx = bh—ax. Wherefore according to cafe 2.
8= ——zat ¥V aa 7t bb. :

The Geometrical Confiruction. Make HD — e, DG equal
and Pcrpendicufar to &; HG will be = Y iaa T b6 — HB or
HA, wiz having drawn a femi-circle from H thro’ G.
Therefore DB is the lefs fegment, and AD the greater; and
having drawn AG and BG, or on the other [ide, (- making the

erpendicular DC = DG) having drawn AC and BC, the
%ri;mgle will be conftruGted. Or with Cartes, make (n. 2.)
HE = l4 and EB = b, and having defcribed a Circle from
H thro’ E draw BHA ; and fo you’l have the two fegments
fought AB the greater and DB the leffer.

The Arithmesical Rule. Join the fquares of the half diffe-
rence and perpendicular into one fum, and then having extra-
¢ted the root fubftraét half the difference from it; and the re-
mainder will be the lefler fegment fought ; and having added
the difference you’l have alfo the greater.

PROBLEM IX.

Aving given for a right-angled Triangle one fegment of
H the bafe and the fide fdjﬁsenr to the ﬁrb%r Jegment, to find
the reft and conftrult the Triangle.

As if the lefler fegment of the bafe DB be given (Fig. 39.
#. 1.) and the fide AC adjacent to the other fegment ; to find
the greater fegment of the bafe, which being found the reft
are calily obtain’d, and confcquently the whole T'rangle.

SOLU-
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SOLVDILION.

Make the greater fegment = b, the given fide = ¢, the
fegment fought = x. Now if we fuppofe the triangle ABC
to be already found, it is evident, 1. If from the fquare of AG
you fubftra& the O AD, you’l have the O CD = ¢c ~——xx.
¢ 2, The fame O CD may allo be otherwife hence obtain’d, be-
caufe, theangle at C being a right one, CD is 2 mean pro-

rtional between BD and DA, 7. e. between & and x; whence
the retangle of the extremes bx is =5 O of the mean CD.
Wherefore now it follows, 3. that -

cc—xx = bx; and adding xx,
¢¢ = bx + xx; and fubftra&ling bx, |
—~-5% | cc =« Therefore according to cafe 2.

er———

- Geometrical Cﬂ#ﬂm&‘éaﬁ. Join EE = 16 (#.2. Fig.539.)
and FA m¢at right angles,and huving defcribed a Circle from
Ethro’ F draw AEB; {0 you'l have DA the greater fegment
and DB the lefs ; having ereted theréfore a perpendicular
from D, and deicribed a femi-circle upon AB, you’l have C
the vertex of the triangle fought, whence you are to draw
the fides AC and BC. :

The Arithmetical Rule. Join the O of half the given feg-
ment, and the O of the given fide into one fum ; and having
extrated the rogt of it, 1% you thence take half the given feg-
ment, you'l have the fegment fought.

PROBLEM X

Aving given in an obligue angled Triangle the perpendi-

cular ﬁv{gér, and the difference of the fegments of the
bafe, and rhe difference of the otber fid>s, to find the fides and
form the triangle. '

As, ifthe altitude CD be given (». 1. Fis. 40.) and al®
the difference of the fegments of the bafe EB, and the diffe-
rence of the fides FB (as is .evident from the triangle ABG
(n. 2..) conceived to be {o formed beforehand ) and you are to

determine the bafe it f¢If and borh fides, &,
; SOLT-
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SHBL U T TON. |

Make the given perpendicular CD = « (fee 2. Fig 40.)
EB = b, FB = ¢ : For the lefler fegment of the bafe AD puc
o4, and the greater will be x 4. It is now evident that you
may obtain the O CB by the addition of the 00O DC and BD,
aatxxt 26xtbb, and the 0 AC by the addition of thc
g O AD and DC, v1%. aa T xx: " So that the {ide AC will

be = V aatax, and the ide BC = V' 4z t xx + 2bx + bb.
But fince allo this fame fide BC may be obrain’d by ’ adding
the difference ¢ to the fide AC, fo thatit fhalibe = o} Vaatxx:
you’l have this Equarion, .
e ¥ Waat xx = Yasataxt 2.&5:1‘&& and fquaring

both {ides,

cc taat xx tV4ecant qocxx = aa§ xx -t 2bxt b
and iubﬂ:ra&mg from both fides ¢cc § a2} xx,

Vgecaa t qecxn = 2bx § bb——cc;
and again {quaring it,

Accaa T 4eexx = 455.%: § 4b3% —— gbox | bh---—- 2.bbee
g
and ﬂlb&rac?l:m from both f{ides 4eexx (becaufe ¢ is lefs than &)
and tranipuhng the reft,

4ccaa— b3 — bt

T qboex + 2bbee = 4bbxx=— 4ecxx

ct
and dividing by 4b6—4cc,

4ccoam—— 4b3x—b* e

T 4becx T 2bbec = xx. |
—t

——

4bb —cc :
;. e. dividing the affected quantities by 4 both above and un-

dﬂmﬂﬂrh:
—b3x T 4ecaa— bt § 2.0bcc —- ct

" beex 4bb—— 4z = X

bo— cc
and actually dividing the former part by bb—¢c
i 4,::.;1—-“ b+ 2bbec—rct 5 3,

4bbe—Ace ~rd o "Ehersiosle
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Therefore according to the fecond cafe,

——3 bt Vbbbt gccan——0bt + 2bboc—bt = % ;

' 7 4bb— gec ] |
or reducing ;4 to the fame denomination with the reft

—3b T Vot——bbcc T 4cCaR v bt + 2bboc——ct =% 3
abb ce £
and leaving out thofe quantities that deftroy one another

b+t Y fccaa § bbec —ct = 2.

4bb=~cc

The Arithmetical Rule. Multiply four times the fquare of
FB by the fquare of the perpendicular CD, and add to it the
product of the fquare of E8 into the 0 FB, and from the fum
fubftrack the biquadrate of FB ; and the remainder will be the
firft thing found. Then fubftract four times the fquare of
¥B from four times the fquare of EB; and the remainder will
be the fecond thing found. Laftly, divide the firft thing found
by the fecond, and from the quotient take half after having
extracted the root : Thus you'l have the lefler fegment of.the
bafe fought, ¢c. E. g. In numbers you may put 2 for FB,
4 for EB, 12 for CD. i

As for the Geometrical Conffrution, the quantity of the laft
Equation contain’d under the radical fign will help us to this
proportion,

as 4bb— 4ec to 4aa + bb——cc fo cc to a fourth ; or divi-
ding all by 4, |

as bb ——cc to aa + 1hb—}cc ; {0 Jec to a fourth, which
is ; of the quantity under the radical fign. Affuming there-
. fore the quantity ¢ for unity, make (. 3.) 1K = ¢ IN and
KL = &; NO will be = bb, and fubftradting OP = ¢c (. e.
to unity) there will remain NP = bb——ce.  In like manner
IS and KM = 4, ST will = 42 ; ro which if you add SX =
iNO, and takc thence XV = | unity ; TV willbe = 22 1§
bb~——4cc.  Wherefore if you make NR equal to this TV,
and PQ = | of unity or ce, fince NP is =4 bb——c¢c ; by the
rule of proportion there will come out DR § of that quantity;
which is under the radical fign. = Therefore this being taken

four times will give DZ for the whole quantity ; to which if |
you
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you join Dy = to unity, and, having defcribed a femi-circle
upon the whole line YZ, erect the perpendicular DE; this
will be the root of the faid quantity, and taking hence more-
over EF = 15, you’l have DE or DA the lefs fegment of the
bafe fought. T herefore adding GB = & to DG, DB will be
the greater fegment, and, having let fall the perpendicular
DC & 4, BC and AC will be the fides fought. Q. E. F.

IV. Some Examples of Affelted Biquadratick Equas
~ tions, bat like Affeted Quadratick ones.

PROBLEM L

TO find @ (quare ABCD (fuch as in the mean while we'll
Juppofe 5. 1. 10 be in Fig. 41.) from which havimg taken
away another [quare AEFG, wbich (hall be half the former,
there will be left the Reitangle GC whofe Area is given. E. g.
Suppofé the given area equal to the fquare of the given line
LM, tofind the true fides of the fquares AB and AE, anfwer-
ing to thefe fuppofed ones, #. 1.

SOL-0.T. 10 N,

Make the area of the retangle that is to remain =52, and
GB = x; BC or AB will be = b4, and fubftra&ting hence

= f
. GB, the remaining {ide of the lefler fquare AG = bb ——x;

! X
3. e. bh—xx. Since therefore the fGuare of thisis fuppofed
| -1, & -
to be half of the fquare of AB, this will be the Equation :
bt——2bbxx + xt = b+

—

oF - 2.%%
and multiplying by xx;
bt 2bbx | xt = bt

_ 2 :
-and multiplying by 2, ]
abfemgbbin § 204 WG4 5

[

Hb and
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and fubltrating 254, and adding 4bbax,

2%+ = Abbxx—— Dbt RO,
and dividing by 2, E
K4 = B bhxx e L4, -

]

2

NB. The fame Equation may be obtain’d, if, putting %
for GB or FH, and having found the O of AG or GF as a-

bove, yeu infer
bt——2bbxx + x4 = 2bb——=xx,

XX

i

“This laft Equation, tho it bea biquadratick, yet may be
rightly efteem’d only a quadratick one, becaufe there is neither
x3 for {ingle x in it, and fo you may fubftitute this for it,

3j ="2bby——1b*, wiz. by fuppofing y = xx. Whence

l:. ;
according to the third cafe of aftected quadraticks,

ywill = &b v bt—1b* i, ¥ bt

2 2
or = bb = [4
:- : .':;1'-;5:.
Therefore x = v bb + ‘;"_E:i._
2

Geometrical Confbruttion. Now if the given line & be affu-
med for unity, 66 and b+ will be = = to the fame line.
Therefore, if between LM as unity, and MN = ;b viz 64
. 3

you find 2 mean proportional MO (#. 2. Fig. 41.) that Wi
be == V' b4, which being fubftracted from LM, and addedto |

1 f
¢ it, will give the two values of the quantity y. Moreover there- |
fore by extracting its roots, i e. by finding other mean pro-
portiongls LR and LS between the quantities found LP and
LQ and unity (». 3) they will be the two. values of the
" quantity & fought ; the firlt whereof LR will fatistie the que=
ftion, and the other LS be impoffible.  Wherefore to for:'l

= . the
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the fquare it &lf, fince its fide will be =46 ; by making (# 4.)
x

as xto b fo broa fourth, it will be obtain’d: And this may

be further prov’d, if finding a mean proportional BK between

Bl = LR and the fide of the O BC, it be equal to the given

quantity LM. ; ;

Arithmetical Rule. From the given area or the fquare of
the given line LM fubftract the root of half the biquadrate
of the fame line ; thus you will have the value of the O FC,
viz. xx: Therefore extracting further the {quare root of
this, it will be the value of x fought.

PROBLEM Il

T{} find another [quave ABCD (Fig. 42. 1. 1.) out of the
middle whereof if you take another fguare EFGB, which

fhall be a fourth part of the former, the area of the reffanyle
BK intercepted besween BC and FG prolmged,  fhall be egfg{
#0 the (quare of a given line LM ; i. e. having thefe given to
‘find the fegment Bl, and confequently alfo the fide BC or
AB, ~ |

S0 L0 .10 N,

| Make the area of the given reGtangle, or the {quare of LM
| =2 to bb, and the fide foughe of the reftangle Bl = x; the o-
 ther {ide BC will be = éﬁi, and having fubltractced our of it
" X

E}IF and GK (4. e 2x) the fide of the leffer fquare FG will
H -_iff:—-w- 2%, 1. e bb-—axx; whole fquare fice it -is the

b

F- x x / .
‘fourth part of the greater fquare by the Hypothelis, you'l have
B 4bt— 16bbxx + 4x4q:'., b4
- %20 % o
d muluplying both fides by xx,
4.5"5*——165'5::.# ‘]‘ 4.:&*4 = 5*3
and taking away 454, and adding 16bbxx,
| 4% = 16bbrx—3b% ;
Hhg . ang
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and dividing by 4,
x4 B gbbxx———3 bt

Therefore according to the third cafe of affe€ted quadratick E-

GURHRRG o e e N s
xx it 2bb + V4bt—=3b% L e,
= 2bb T V3 ib%

"Therefore x = V205 13 The,

Geometrical Confiruition. 1€ the given line b be taken for
~ unity, é+andbb will be equal to it. Therefore if between
LM as unity, and MN = 3 b, you find a mean proportio-

nal MO (» 2. Fig. 42.) ’twillbe v 3 ;b*; which fubftra-
&ed from MQ = 24, or added to it, will give two values of -
the quantity xx, wiz. FQ and 1Q ; the firlt whereof will be
only a true one, and of ufe here. Now therefore 2 mean
proportional QR found between PQ_and unity will exprefs
the quantity fought x.

Therefore for forming the fquare it felf, fince its fide AB is
= bb, you may proceed as in the former Conftructon, (vid

e o

7 3.)

|

PROBLEM IIL
Haﬁf@iﬂg given the bafe of a vight-angled Triangle, and &

mean proportional betoween the Hypothenufa and Perpen-
dicular, to find the Triangle.  As if the given bafe be AB
(£ig. 43.) and the mean proportional between AC and BC

be CU; to find the perpendicular BC, and Hypothenufa
AC.

SOLTTIOMN,

Make the given bafe =t 4, and the mean proportional &5,

the perpendicular BC = x, then will the Hypothenufa be by,
the Hypoth, — & ' 23

X

T herefore
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| . Therefore i

b an T X%,

o oo ‘

and multiplying both fides by xux,
bt = aaxx T x%;

and fubftradling aaxx,
b4 ———aaxx == X%, ;

"Therefore by the fecond cafe of affeGed qua&mﬁci_;s

xx = ——1tas T Vet b4,

e i

and x = V—sdaa{ V0t bt . ~
Or thus.

| -]
: Make the Hypothenufa AC = x, then will the perpendi-
~ cular be BC = _5_4_5_' Therefore ' petpy
c
% =ias 5_*;
xx
and multiplying by xx,
x* = aaxx T b
Therefore by cafe 1.
X% = es 1Y jat b4

and x = Viae TV jat T b4

Geome trical Conftruction ; the firft for the latter Equation..

If 4 be put for unity, the line AB will be alfo = as, and

making, as 4 to 4 10 & to a third, 7 e. as LM to MN fo LO

~ to OP, and you'l have bb. Having ereted the perpendicu-

lar AQ = OP upon AM, and drawn MQ_ or M#» equal to

it; ¥ 4a* 1 b*, and confequently Az will be = faa 1V %154,

3. ¢ the value of xx.. IMoreover a mean proportional AC

found between A% and AR’ unity will be the value of x, 7. e.

the Hypothenufa fought ; which being found, you may ealily
complete the Triangle ABC. ‘

2. In the cafe of the former Equation, making every thing

- as before AK would be the wvalue of the quantity xx, 4e.

——3ia 1V a* | b%. 'Therefore a mean proportional RT

found between RS =5 AK and AR vnity will be the value of ,

| 5. e the



R - Introduition to

i. e. the perpendicular fought, and fo AT the Hypothenufa of -
- the Triangle fought.

Arithmerical Rule. In the firft Solution add the biquadrate
of the given mean proportional to the biquadrate of half
the given bafe; .and having extracted the fquare root of the
fum, take from it half the {quare of the given bafe ; the root
of the remainder will give the perpendicular of the triangle
fought, and the root of the fum will give the hypothenufa of
it,

FRYO BIS M IV

Hﬁviﬂg the Hypothenufa of a right-angled Triangle given,
&d a mean proportional between the fides to find the Tri-
angle.  As if the hypothenufa be AC (Fig. 44.) and 2 mean
plépnrtiﬂnal between the fides BD, to find the fides AB and
BC. :

SOLUTION.

Make the given Hypothenufa = 4, and the mean propor-
tional . b, and the perpendicular BC I #; the bafis AB by
the hypoth. will be :’:E. Therefore

®

bt T xx = a; ' ol

XX
and multiplying by xx, '

bt t x4 = aaxx T
and fubftraling 44,

xt = aaxx — b4

Tlierefore by the third cafe,
XX = aa+t YV at e~ bt

and x = Viaat ¥V} at—b"

" Geometrical Conftruition.  1f abe put for unity, AC will
bealfo = 44, and by making as AC to CG (210 b) fo AF to
GH (bto athird) this third will be GH = bb. Affuming
therefore OC = } as = OB the radius of a femi-circle,and ha-
ving erefted CD = 45 = BE parallel to ity EO ::ill +b§

Xar=
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¥ § a'—0b*, and confquently E =g a'—_}* and
EA ! 4't ¥ [a*—t*, wiz. the double value of the quantity
xx. Therefore for the double value of x, you muft excradt
- the roots out of them, 7 e. you muft find the mean proporti-
onals AL and AM between unity AC and Al = EC on the
one fide, and AK = AE on the other; Altho’ thefe laft may
be more compendioufly had, and the triangle it felf immedi-
ately conftructed, if having feund EC and EA, you draw CB
and AB: For thefe will be thofe two laft mean proportionals
=~ = AL and AM ; for by reafon of the A A ABC, AEB,
and BEC, BC is a mean proportional between AC and CE,
and AB a mean propartional between the fame AC and AE by
the 8. Lib. 6. Eucl. which is Confeit. 3. Schol. 2. Prop. 34.
Lib, 1, Math. Enucl.

PROBLEM Y.
H.r‘f-viﬂg given the Area and Diagonal fﬂf @ richt=angled

Parallelogram, to find the fides and fo tie P#rc?ﬂé:'ﬂgmm.
As if the given Area be = to the {quare of a given line BD

(Fig. 45 ) and the Diagonal AC, to find the fides AB and
BC. |

SOLUVTION.

If for the given Area, or fquare of the line BD you put /4,
and make the Diagonal AC = 4, and put for the lefler fide
“BC, x; the other fide will be bb.

%
Therefore b* T xx = aa;
A B
and multiplying by xx,

ot T x* = aaxx ; and fubftra&ling b+,

X+ =t aaxx b*.  Which Equation, fince it is the fame
with that of the preceding Problem (which is no wonder,
fince this fifth perfectly coincides with the fourth ; for the Di-
agonal AC is the hypothenufa, and BD, whofe fquare is =
to the given area of the rectangle, is a mean proportional be~
tween the fides AB and BC) and fo will have the fime Con-

3 ftructiony

[
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ﬂru&inn; (fee Fig. 45.) and the fame Arithmetical Rule,
which may be eafily formed from the laft Equation of the
preceding Problem: '

PROBLEM VL

Aving given the firft of three proportional lines, and ano-

ther whafe [quare is equal to bosh the [quares of the other

two, to find thofe two proportionals. As if AC (Fig. 46.) be

the firft of the three proportionals, and another line ED gi-

ven, Whofe fquare equals the two {quares of the others taken

together ; to find thofe two as {ccond and third proportio-
nals.

SOLUTION.

If for AC you put @, and make the given line ED = ¢,
and the fecond proportional = x, the third will be xx. Where-

[+

fore th{; {quares of the two laft will be Xt xx = ccy, OED

aa
by the hypoth. and multiplying both fides by aa..
X* ot gk = adcc;
and fublftracting aaxwx, N\
x* = aaxx T aacc. ‘Therefore =

X% |5 ~——zaat VY sa T aacc

and X =2 V', aa T V4" T aace. - o

Geometrical Confirultion.  If a be put for unity, AC will
alfo = 4z and a4, and making as ACto CD (s toc) 6 AF
to DE (ctoa third) DE will be = ¢c. Now having made
AK = DL, i. e cc, a mean proportional’ Al found between

AC and AK will be 'V aacc. Therefore taking AO = JAC,

iz, 3aa, the hypothenufa Of will bt = v {4* ' 4acc. And
OA = ] @ being fubftracted from OI or OH equal to it will
leave AH the value of xx; and the root of that being extra-
&ted, 1. e. tinding another mean proportional AG between
AC and AH, it will be the value of x, 4, e. the fecond of the
portionals fought, and fince AC is the firft given, AH will

e the third. Q.E.F. A
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NB. This Conftruction may be abbreviated, and the firfk
Operation, by which you find DE, to which aiterwards AK is
made equal, may be omitted. For (ince you make ufe of a
mean proportional between CA and DE fought, which is
= to the given line ED, and afterwards Al a mean pro-
portional between AC and AK is fought; it is evident
that Al will be equal to ED given, and confequently that they
may be immediately joined at right angles art the beginning
of the given line AC, and the reft may then be done as before.

Some Examples of Cubick and Biquadratick Equations,
both fimpie and affeited, whether reducible or not.

PROBLEM 1
BErwem two given right angles to find two mean proportio-
nals. E.g. Suppofe given AB the firlt and CD the
fourth, (Fig. 47.n. 1.) between thefe to find two mean pro-
portionals. :

SO L ST T ON

Make the firft of the given quantities AB = 4, the other
CD = g, the firft mean = x, then will the latter be xx, and

P
confequently 23 = ¢ ; and multiplying by a4, %3 = 4 aaq.
a4
The Central Rule will b _L_ = AD

2
T

2l2=DH. ie according to a
fuppofition we fhall by and by make, ;4 = AD, and }q =
DH.

Geometrical Conftruction. 1f AB or a be made unity, and
allo the Latus Rectum of your Parabola, and you deferibe, by
means of this Latus Rectum, the Parabola, according to Schol.
1. Prop. 1. Lib. 2. Math. Enucl. [{e¢ n. 2. and 3. Fig 47.]
in which AB is the Latus Reétum; A1, Az, &c. the Ablcil-
fa’s; Al, AH, &c. the femiordinates ; make moreover (.
4) AD = ; a4, and having from D erefted a perpendicular
= 19, defcribe a circle at the interval AH, curting the para-

g - bola
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bola in N: Which being done, a perpendicular to the Ax
will be the root fought or the value of x, i e. the firft of the
means, and confequently OA the other; fince NO by the firft
property of the Parabola (fee Prop. 1. Lib. 2. Mathe[. Enucl)
is 2 mean proportional between the Latus Reéfum AB, and
the abfciffa AO. And by this means there will come out, by
Baker’s Central Rule the very conftru&ion of Des Cartes, Ge-
om. p. m.g1.

 The Arithmetical Rule. Multiply the fquare of the firft by
the fourth given, and the cube root extracted out of the pro-
duct, will exprefs the firft of the means fought,

PROBLEM IL

Aving given the folid Contents of a (olid or an kollow Pa-
rallelepiped, and the proportion qr/;i;rf [idesy to find the
fides.  As, if the given capacity or folid contents be = to the
cube of a certain given line IK (Fig. 48. #. 1.) and the pro-
portion of the heighth to the length be as AB to BC, and to
the latitude as the fame AB to BD; to find firft the altitude,
which being had, the other Dimenfions will alfo be known, by
the given proportions.

SOLDT 10 N

Make IK =4, AB=§, BC=¢, and BD = 4; and
laftly the heighth fought = x, then
as b to ¢, fo x to the length required €x;
b
and as b to 4, 0 x to the latitude foughe _{.ﬁ_c_

b
Multiplying therefore thefe three dimenfions of the Parallelepi~
ped together, you'l have its capacity or folid contents ¢dx3
kb
e
and multiplying by b6,
edx3 = #3bb ; and dividing by ed,
2= b i e 23 yy—abb = o,
cd cd
' There-
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Therefore the Central Rule will be the famc as above,
L = ADand r = DH, i.e. according to the fuppofi-
% 2L}
tion which will by and by follow,
a = AD and #3bb = DH.
2 2ed

Geometrical Conftruction. 1f IK or 4 be made unity, and
at the fame time Latus Reffum, and by means of it you de-
fcribe a Parabola, after the way we have fhewn, Fig. 47. . 2.
and 3. and fhall always hereafter make vfe of ; and then to
prepare the quantity #3bb (which in the Central Rule is the

2¢d
the quantity ») make (7.2.)

2
IK—IM = BC——KL = BD—MN
asa to e fo d fo £;
{o that for cd you may put ae, and afterwards divide by «
both above and underneath; you’l have the quantity » = aabb.
2 26

Therefore by further inferring
as 2¢ to bb, 0 aa to a fourth
10—-IP = IT—1K~—IQ , and you'l have the
quantity DH, which will determine the centre, after AD is
made equal 4. Having therefore defcribed from that centre

2,
a circle through the vertex of the Parabola A (# 3.) a femi-
ordinate NO drawn from the interfection will be the altirude
fought, which will eafily give you the length and breadth by
the reafons above fhewn,

Another Solution.
%icﬁ.’{ will be more accommodated to the Arithmetical Rule.

Let the reft of our Pofitions or Data remain as above, but
the name of the proportion which the altitude has to the length

be = ¢, and of that which it has to the latitude = 4, the
l1ia | length
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length will be = to ex, and the latitude to 7x. Wherefore
multiplying the fides together, you’l have the whole folidity ,
esx3 =4 a3 5 and dividing by e,
x3 = a3. 'Therefore
ez
%= Vv C.a%. Hence

€t

The Arsthmetical Rule. Multiply together the given names
of the reafons, and divide the given cube by the produtt ;
which done, the cubick root extralted out of the quotient will
be the altitude of the folid fought.

Another Geometrical Conflruction. Now if we would alfo
conftruct this Equation %3 = 47 geometrically, putting AB = b

€ -
for unity, BC and BD will be the names of the reafons =
and 7. Making therefore firft

IRe—~IM—KL MN
as @ to e fo 1 toa fourth f (Fig. 49. 7 1.) af will

be == ¢, and the propofed Equation will have this form :
%3 = @3 i.e aa.

a
Therefore 1.{11111({:1@{'

-as f to a {o a to a third 1Q_, that will be the value of «3.
But hence 3. by extralting the cube root, 7 e. by inding two
mean proportionals between unity b, «wiz. AB and the line
found 1Q_; the firft of them will give the root fought.

NB. The fame Central Rule would come out according to
Baker s Central Rule, which would have the fame form nFthc
Equation, as the precedent Example a3 gu——42 1 0, i €

L= AD and_:'_: DH,
2 2 L2

Reét. andunity, /¢ = ADand aa ice. ;1Q = DH.

3 2 f

taking & for the Lar.

(fee Fie. 49, #.2.)

PR O-
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~

3 PROBLEM IIL

Aving given the [olid contents of a folid or hollow Paral-

lelepiped, and the difference o {' t&e es, to find the fides.

As, if the given capacity be equal to the cube of any given

line LM (Fig. 0. # 1.) and the dlﬂ'erenue whereby the

length excer:ds the breadth = NO, and the difference by which

the breadth exceeds the altitude or depth = PQ), to find the
l:ngth, breadth and depth.

SOLTUVTION.

Make the fide of the given cube = 4, the exces of the
length above the breadth NO = 4, and uf the breadth above
the degth PQ = ¢, make the depth = x, the breadth = xte,

and the length = xtb 1< Multtp]jrmg therefore thefe
three dimenfions together.

Length x tb{c
Breadth x f¢
xx 1 bx + cx
ex T ch 1 ec
xxft 2cxtbxtehtee
Depth x
xah}:;ﬂ‘ Tfﬁ!} pee 2
Or according to the forms of Baker :md Cartes
BT b g 1‘ be
ST O
Wherefore the Central Rule contraéted by the ﬁppoﬁtmn
which will hereafter follow will be this,
Ltpog = AD

x-—-—--.:z? 0

IR
andﬁ'{'ﬂtﬂ;ﬁmrz DH.
A 16

i e. by virtue of the fuppofition juft now mentioned (which
takes LM v:%. 4 for unity and alfo for Lat, Reitum)

at
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atbbt4bct geew be s cc = AD.  And

-

2 3 2
b act 631 6bbe + 12bec +8c o bl o 3boc » 263
16 4
(» 43 = DH. |

2

Or more f{hort ;
atbbtbet commmbo——=cc i c. afbb = AD; and

2 8 2 2 2 8

b1 2ct B3 1ibbe g 3bec t 263 mmbbe——3bcc—2c3

4 16 4 4
(mee.

2
ﬁflcffi‘l'%cmfz DH.

4. 16 8 2

Geometrical Conftrution. 1f LM or 4 be taken for unity
-2 or Latus Reitum of the Parabola to be defcribed, that being
deferibed (Fig.50.7. 3.) youare firft of all to determine two
quantities AD and DH ; which may be done two ways; either
by Baker's form of his Central Rule, or by ours immediately
divided by the quantities of the laft Equation,

1. For AD by our form, 2 { bb = AD, you muft make

s g
(Fig.50. w.1.) as ¢ to b fo b to a third (ABto AC fo BE
to CF) which will be b, and D? the eighth part of this CF
muft be added to A? the half of AB. And by Baker’s form
vou muﬁmnkc, I, a8 AB (= 4'n 2.) to AC (= ;P 1 e
:bfc)fo BE (=ipie b5 'c) toafourth CF (which
will be = 9°:) 2. Make morcover as AB o AG (ato b) fo

g _

EH to Gl (cto bc) and, as ABto AK (etoc) foBHto

KL (cto ¢cc) and the two quantities found G 1and KL (be

and ¢c) being added into ope fum will give the quantity ¢ =

MN, the halt whereof MO will exprefs the quantity g in the
' 2

Rule,
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Rule; and to be fubftracted from the former 4 + p>.  AGually

2 8
therefore to determine the quantity AD not on the Ax, but
on another Diameter of the defcribed parabola 7. 3. (becaufe
the quantity p is in the Equation) having made a perpendi-
cular to the Ax aE = p i.e. tothe line BE #. 2. and from

4

E having drawn EA parallel to the ax, according to our form

AD 7. 1. transfer it only on the diameter of the parabola . 3.

from A to D, either by parts 4 i. e.; LM from A 1o ¢, and Eﬁ
8

2
i.e. §CF . 1. from ¢ to D: But according to Bake's
form, firft you muft put 4 = ;LM 7. 1. from Ato 1, Se-

2z
condly you muft put from 1 to 2 the quantity p* = CF 2. 2.

o :
Thirdly you muft put from 2 to 3 backwards the quantity to
be {ubftracted 4 == MO 7. 2. which being done, the point D

2
will be determined. : :
(It is evident by comparing thefe two ways of Conftruction,
that we may join our formsnot mcommodioufly toBaker’s; becaufe
? ours the quantity AD was obtained more compendioufly than
7y Baker's, awhich will alfo {}m happen hereafter.  And where
this Compendium camnot be bad, there is another not inconfide-
rable one, that, if the guantities AD and DH determined ac-
cording to both ways [hall coincide, (which bappens in the pre-
fent cafe) we may be fo much the more [ure of the truth )
2.. As for DH by our form,you muft put it from D to e on
a perpendicular erected from D on the left hand, the quantity
bt 2¢ = BE . 2. falling here upon the Ax. Then for the

4
quantity 1% make 5. 4. as ato ;b7 (LM1o LN) fo3b to b3

16 16

(MO to NP) and this quantity muft be put frometo f in a
perpendicular to the Diam. Thirdly, for the quantity bbc

8
¥o.
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you muft farther make #. 4. as# tolbb (DM to LN) fo}e
to 2 fourth (MQ to NR) which muft be put from f to g.
Laftly the quantity 43 (which is = MO #. 2.) muft be put

2
backwards (becaufe to be fubftrated) from i:.u H, which
is the cencre fought. In like manner by Baker's form, firft
p = BE is put from D to 1 even to the Ax. Secondly, for

4

the quantity p? make, #. 4. as 4 to p* (LM to LS = CF
16 ' 8

#.2.) fo p to a fourth (MT = AC 5. 2. to SV) and this

2

SV is further put (7:3.) from 3 to 2. 'Thirdly, make in

the fame Fig. ». 4. for the quantity pq, as4to p (LM to
3

4
MT) fo g o a fourth (LX to XZ) and this XZ is put back-

z )
wads (. 3.) from 2 to 3, which precifely coincides with the
point g. Laltly the remaining quantity » (= MO #. 2. and
2

fo by what we have faid above, precifely coinciding with the
}ntcrgal gH) is put backwards from g to H the Centre
ought. - |

Hence it appeats again that Baker’s form is more laborions
than aurs 5 tho both accurately sgree, and bereafier, for the
maff part, we [hall ufe them both together, tho ' the work it
Jelf, rather in Figures, than in that tedious prosefs of words,
‘awhich we have bere for once made ufe of, that it might be as
an Example for the following Conftruétions.)

Having therefore found by one or both ways the Center H,
and thence defcribed a circle thro’ the vertex of the parabola
A, the interfection N will give the perpendicular to the dia-
meter NO, the value of the quantity x fought,

PR O-
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PROBLEM 1V.

T(} divide' a given angle NOP, or a given arch NQTP
(Fig. 51.m. 1.) into three equal parts ; i. e. having gi-
ven or aflumed as pleafure the Radius NO, and confequently
alfo the Chord of the arch NP, to find NQ the fubtenfe of

the third part of the given arch.
SOLUTION,

IENO be made unity, NP = ¢, and NQ_ be fuppofed
= ; having drawn QS parallel to TO, youl have three
fimilar triangles NOQ, QNR and RQS. For fince the an-
gle QOP is double of the angle QON, andthe fame (as be-
ing at the Center) double alfo of the angle at the Periphery
QNR ; it will be equal to the angle QON. Bur the angle
at Q is common to both triangles: Therefore the whole are
equi-angular, and confequently the legs NQ_and NR equal,
. as alfo NO and QO ; and by the like reafon alfo PY and
PT. Waherefore if RS fhould be added to RY, the line NP
by this addition would be triple of the line NQ ; and fo would
give the Equation, if RS was determined ; which may be
done by means of the A QRS, f{imilar to the two former
NOQ and QNR ; for the angle RQS is equal to the alternate
one QOT = QNR, andthe angle at R common to the tri-
angles QNR and RQS, ¢c. Wherefore

as NO to NQ_fo NQ ro QR
Q) e— z =%

and as NQ 10 QR fo QR to RS’
B ——— % %=
2
Therefore according to what we have above faid
9123 = 3% and fubftralling ¢
23 5 3%3—-9q; or
RI——3279 = 05

Therefore the Central Rule wil be (fuppofing al® unity
WO for the Latus Relfum,)

K - L+
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Ltg= AD e byour :f%se 2NOR AD

5., torm,
and » = DH. and 9= DH.

2 2

Geometrical Conflraction.  Having defcribed your parabola
(Fig.51. m.2.) take on its Ax (becaufe the quantity p is want-
ing in the Equation) AD = 2NO, and from D having e-
reCted a perpendicular = NP to H ; that will be the Center,
from which a circle defcribed thro’ A, by cutting the parabola
in three places, will give the three roots of the Equation,
viz, NO and 7o true ones, the firft whereof will exprefs the
quantity fought NQ_(#. 1.) the latter the line NV, being the
{ubtenfe of the third part of the compl. of the arch; and MO
will exprefs the falfe root, which is equal to the former taken
together: All the fame & in Carres p. g1, but here fome-
what plainer and eafier.

PROBLEM V.

Avin x.ffrree [fides ‘%ifr.-m of & quadilateral Figure to be in-

feribed in a circle, AB, BC, CDy (Fig. §2.1.1.) to

ﬁ?j the fourth fide, which [hall be the Diameter of the Cir-
£,

SOLOT LOWN

If we confider the bufinefs as already done, and make AB
= a4, BC= b, CD = ¢, and AD = y; we (hall have firft
in the right-angled A ABD, O BD = yy—a4, and (finee
in the obtufe angled A BCD the 0 BD is — o O BC +CD
12 L_"J of BCinto CE) if thofe two OO BC$CD (.e.
bb + cc) be fubftradted from O BD (yy—aaz) you'l have 2.
Y ——aa———bb——cc = to the two faid re&angles of BC
into CE. But thefe two retangles may alfo be otherwife ob-
tain’d, 3, if the fegment CE be otherwife determined ; which
may be done by help of the fimilar A A ABD and CED
(for the angles at B and E are right ones,’ and ECD and BAD

» tqual, becaufe each with the fime third BCD maRes two right
ones ;
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ones ; the one ECD by reafon of its contiguity, the other at
A by the 22. Eucl. Lib. 3.) viz. by inferring

as DA to AB fo DC w0 CE
¥ a ¢ —ac

P
for now multiplying CE 15 ac by BC = 4, the "1 of BC

J
into CE will be = abc and two fuch 24be.
;o ¢/

Now therefore yy=—ag——bb——cc = 2abc; and multipl.
, J
by s
Y} y——aa
-—5&}; = 24bc; i. e. by Baker's and Cartes’s forms.
S— '
3 y——aa
-—éé%y—-—-—-uh = o
—C

Therefore the Central Rule will be (fuppoling the fame
quantity e, g. & for unity and Lat. Rect.) ;
L{gq= AD and

g . 2
r = DH, i. e according to our form,

I .
i—l'm-tbﬁ-l'cc ie 4%bbtcc= AD, and
2

% Z

Geometrical Conftruétion, which, without any circumlocuti-
on, from our form is founded on the foll. in Fig. 52. 5. 2.

LM = 2 »n3. A1.= LM from % 2.

MNand LP=) 1,2 = ; PQ.

PQ = bb a2 5T

LSandMO=¢ DH = PR

PR = be MO and mo two falfe roots _

ST &= cc NO the true root ; upon which having ce-
fcribed a femi-circle the quadrilateral will be eafily made. Ac=
cording to Baker’s form, for AD there would be #. 3. firft

- Kk 2 Ac
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Ac =} LM, then ¢D = 91 VX, half the line VZ, which

2‘ i
is compounded of LM, PQ and ST'; but DH i = PR as

above.
PROBLEM VI

Aving given to form a right-angled Triangle the leaft

N fide BA (Fig. §3. n. 1.) and the difference of the [eg-
ments of the bafe, to find the difference of the fides, and fo forra
the Triangle. 1f e reprefent the bufinefs as already done, ha-

ving given AB and EC to hnd FC,

SOLUVIION,

Make AB = 4, and EC =¥ §, and FC = x ; then will BC
= 4+ x: Therefore the 0 AC = 244 % 2.40% T xx and the
line AC YV 224 % M:x:_'i' xx and V' 244 T 2ax § xx—25. Now
therefore ACE i. e. ¥ 2aa ¥ 2ax T xx multiplyed by & or '\'-"?5
ie V 2aabb T 2abbx T bhxx is = GCF [huf GC ey 1a

1] i.e 20x 1 xx by €onf 1. Prop. 477. Lib. 1. Mathef E-

nucl. and fquaring both fides %
2aabb { 2abbx t blxx = paaxx T gaxd { xt;

and tranfpoling all, :

- xt  4and Tt 4aaxx — 2abbx —— 2aabb = 0.

P )

(r () () (s)
Therefore (taking afor 1 and the Latus Refum of the
parabola) the Central Rule will be,
"Lt p——g = AD i

Y 2
and p t pd——pg——r = DH 7 e according to our form and
16 4 o

Reduction, _ i
g1 16aa—4aa T bb i.e atbb=
8 2 R Ol

Ereome=
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Geometrical Conftruétion. Firlt from our form, the com-
pendioufnels wherc?F Wiﬂ' here appear, for it requires only one
preparation 7. 2. In which LM = 2, MN and LO = 4,
OP = bb, which being premis’d, and the diameter Ay (be-
caufe the quantity p is in the Equation) being drawn (7. 3.)
make Al = :LM, and 1, 20or 1 D = ;OP, and DHE LM.
The reft therefore being alfo perform’d, which the quantity
S occutring ift the prelent Equation requires, according to
the laft precepts of our introduction, you'l have NO the va-
lue of x fought ; whence (% 4.) at the interval AB having
defcrib’d a Circle, and made a right angle at B, if FC be
made = to the found NO, you’l have the & ABC required,
and EC will be found at the beginning of the prefcribed mag-
nitude.

Now if you were to find the center H by Baker’s form with-
out our Redu&@ion, 1. you muft put of (% 3.) : AB from A
to ¢. 2. For the quantity p* make as 1 to p {0 p to a fourth,

. 8 2
which would be = 2AB, wiz. 2DM, and to bE:4|fE}t from ¢ to
d. 3. The quantity 4 (to obtain which you muft fubftract
: 2
OP (. 2.) from the quadruple of LM, and divide the re-
mainder by 2) muft be fet oft backwards from d to ¢, by thus
determining the point D. 4. The quantity p, which here is
precifely = LM, muft be transterr’d from D to f on a perpen-
dicular erected from D. 5. For the quantity p> make as 1

16
to p* (= 2AB) o p (alfo = 2AB) to a fourth quadruple of
8 a, 2L.M
LM ; and this muft further be produc’d from f to the point
g (‘which here the paper wil not permit ) 6. For the quanti-
ty pq makeas 1 top {o 4 toa fourth, (which would be = to
4 2.9
the quadruple of LM, but taking away OP) which muft be
fer backwards from gto b. 7. Laltly the quantity 7 (= G
2

fet off from 4 backwards or towards the right hand to 7 will at
length give the point H required. '

Another
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Another Solution of the fame Problem,

This Problem may be more eafily folved, and will give a
far more fimple Equation, if you are to find not FD but AE.
Make therefore (#. 1° Fig. §3.) = x, and the reft as above;
AC will be =2 x1 4, and its O xx +2bx T bb;_therefore the
031 BC = xx {2bx t bb——aa 5 therefore the O of the tan-
gent HC = xx t 2bbx t bb—24a4. But the retangle ACE
will be 44 + #x. 'Therefore by Prop. 47. Lib. 1. Math. E-
nuel.

x% T 2bx + bb——24a = bb 1 bx ;
and turning all over to the right hand,

xx '] bx 24@4 = 0; or
xx = bx t 2aa. Therefore by cafe 2 of affeCted
quadraticks,

® =—1b{ Y 1 bb T 2aa.

The Geometrical Conftruition may be performed according
to the rules of quadraticks Fig. 54. #. 1. as will be evident to
any attentive Reader. Having therefore defcribed a circle at
the interval BA, whether it be done from any arbitrary cen-
ter (fee ». 4. Fig. §3.) orupon AE found in the pref Fig.
making an interfection at the faid interval in B; and apply-
ing AE, and producing it until EC become equal to the gi-
ven quantity ¢4, and at length having drawn BC you'l have
the triangle right-angled at B, and alfo the difference of the
fides FC. Eut to make it more fhort and elegant 3 having
determined AE by a little circle (F4g §4 ».3.) prolong it
to the oppofite part of the circumference 1n C, and draw AB
and CB for as the radius of the lictle circle is 14, fo EC is
= b

Now if you would conftruét the Equation above by Baker’s
sule (that its univerfality may alfo be contirm’'d by an Exam-
ple in quadraticks) wiz.

L 284 = 05
The centtal rule will be (taking @ for 1 and the L. R.)
5 "rp_‘_"ri: AD

) 3 8

aﬁd









“
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andﬁfﬂfﬂ::l DH. i. e. by our Redution,
4 16 4
atbbiaaie 1;4 1 06 = AD
% 5 8
andé'tb?'t_ziaé_i,e.'g_é-l'ﬁz DH.

Zlﬁ 4 " R 1

The Conftruition therefore will confift in thefe: LM (. 2.
Fig. §4) = a, MO =5, LP =1, therefore PR = bb:
16

MN = PR wiz. bb, therefore Q = 8. In Fig. 533,

3 16

«E = :5: - ) ;LM, I, 2, or 13D = PR} Di1—=LP
+ MO, 1, 2, or 1 5 PQ  Having drawn a circle from
B thro’ @ you'l have the true root R = to AE fought;

and D the falfe roon
INB. Hence it is evident that one Problem may have feve-

ral Solutions and Conftructions, fome more eafy and fimple,
others more compound and laborious ; wiz. according as the
unknown quantity is aflumed more or lefs commodious to the
purpofé : which may not be amifs here to note for the fake

of Learners.

PROBLEM VIIL

SUPPE_{E a right line BD (Fig. §55.) any bow divided in
A, to divide it again in C, [o that the [quare of B.A [hall
be to the [quare of AC as AC to CD,

S 0L DT LOMN.

Since the firft fegments BA and AD are given, call the firft
4 and the other &, and call AC the quantity AC x; and CD
will be I b—=x. Now therefore fince we fuppofe
asthe 10 of AB tothe 0 AC fo ACto CD
AG - 2 X——b—x
aab——aax will I %3, and transferring the qu nities on
the left hand to the right,

X3 ¢ aax ——gab = o.

Where-



-
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Wherefore the Central Rule (taking 4 for 1 and the L. R))
will be l—g = AD _

2
and » = DH. ie. by our form 2—as i. e. 0 = AD; that
2 B+l

D may fall on the vertex of the parabola;
and aab i.e. 6= DH. The Conftrution therefore will

2 2
be very fimple, as is evident from the fifty fifth Figure:

PROBLEM VIIL

Here is given AB the capital line of a horn work (which
we reprefent (tho’ rudely) m. 1. Fig. 56.) andthe Gorge -

AD, alfo part of the line of defence EF, to find ihe face BE
the flank DE, the curtain (or the chord) DF, alfo the angl; -
n})f the Baftion ABE, &c. and [0 the whole delineation of the
orn work. It is evident if you have the flank DE or the
curtain DF, the reft will be had alfo. Suppofe therefore, the
capital line AB and the gorge AD, and part of the line of
defence EF to be of the magnitudes denoted by the Létters «,

b, ¢, on the right hand.

SO LD TA0QN:

Make AB =4, AD =46, and EF = ¢, and DF = x;
then will AF = x 1 &, #d by reafon of the imilitude of the
A A BAF and EDE and ECB, ;

as FA to AB {o FD to DE

xTh——a X——ax
xth
Butnow QO DF ¥ DEare = = OEF ie saxx
; xxtabxtbb
T xx = cc 3 or giving the fame denomination to all the quas-
tities on the left hand, :

xt T 2003 T aaxx 15 cd

L
xx 1 2bx 1 bb

and'
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and mu'lt:fIym g both fides by xx § 2bx + b5,
x4 § 2053 1' Mxx._. cexx § 2beex 1 bbee

and tranﬂ:mng aH the quantities on the right band by the
contrary i f ns to the left,
XA T 20x3 § aaxx——2.bccx——bbcc = 0.
T bb
—Cc
Wlllmgefore (putting 4 for 5 and L. Rettum) the Cenlral Rule
will be
Liptg (becaufe the quantity q is negative in the E-
2 .08
quation, for cc is greates than az t bb) = AD ;
and p } P1pa—r=DH or according to our Redy-

4 16 4 2
&tion,
at bbt cc——az—-bb iec. e = = AD
R 2 g1
" and 26 § 85! 1 2bcc——2aab e 2,53 e 2. b

4 2
i:c ‘1-1' b3 "f bec aﬂb b3 ——bec 1. €.

0—— E'm = DH
p

Wherefore the Geametr:ml Canﬂrué}m# requires no nthf'r
prfigaramry determination by our form than of the quantitics
¢c for AD E»':-: for DH at the center, and 44cc to determine

thc radius of thc circle ; which aré exhibited by ». 2. Fig. 56.
viz, NP is= ce, RS = bec, RV = bbee, which arc found
by means of L’H = 4, LR = b, LN and MO = ¢, MQ
= NPand MT = RS. Havmg therefore deferibed a para-
Bnla, 5. 3. and dtawn it diameter, transfer AD ,,' NP

pon it (becaufe the quantity pisin the Equation) and alfo
RS from D upon H perpendicularly, and on the right hund,’

( becaufe DH = ~——bze ,) and fo you'l haveé the center H
) .
LY thio’
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thro’ which having drawn KAT o that AK fhall be = to the
quantity bbec or S, s.e. RV, & a circle defcribed ar the
interval HL will cut the parabola in M and N, and applying
the magnitude NO it will be that of the Curtain fought ; up-
on which, #. 4. having laid down the circumference of the
horned work by help of the given lines AB and AD, you'l
have the line EF, of the magnitude which was above
fuppofed. Now if any one has a mind to do the fame
thing by Baker’s way; by laying down firft the interval AB
= L and then making bc = p*, and laftly, putting cd for the
g .

2
quantity 4 ; he will fall upon the fame point D, and in like
2

manner may exprefs the other parts of the Central Rule by the
intervals De, ¢f, fz, and fetting back the laft gh,he will fall upon
the fame centerH : But this is done with a great deal more trou-
ble and labour to determine fo many quantities, and alfo is in
more danger of erring by cutting off fo many parts feparately,
asexperience wWill fhew ; and thus we have by a newargument
{hewn the advantage of our Reduction. :

Another Solution of the [ame Problem.

Things remaining as before (‘only afluming the given lines
AB, AD and EF, #. 1. Fig. §6. one half lefs, that the Scheme
may take up lefs room) make BE = x, as the firft or chief
unknown quantity ; then will BF =%t ¢, andits O xx 4 2cx
T ec: And fince

as BE to BC = AD fo BF to AF"a fourth, which will be

x b —xte
= bx 1 be and its fquare = bbxx | 2bbcx + bbec. Where-
x xXx

fore if this fquare be fubftradted from the fquare of BF, there
will remain the fquare of BA, 7 e.
xxsh nck T e bbxx—a2bbex~—bbec = aa ; i, e all
XX |
being reduced to the fame denomination,

g 2003+ coxx —2bbem——bbec = paxxy
—y A
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or according to the forms of Cartes and Baker,
X4 4 2003 T coxn — 2bbex —— bbec = o.
0
—bb :
Therefore the Central Rule (putting again 4 for 1 and the
L. R.) will be
Ltp—g= AD

2 8 2
My PP =DH;
16, 42

or by our Redu&ion,
ETE——-NTM‘I'E'_E i e 4'{'%.‘.".. AD;
2

2R 2 .
and ¢ § 3—3 { aac § bbe—bbe i e,
e T Z
¢ bbe = DH.
e

Geometrical Conftruition. Having therefore defcribed a para-
bola(Fig 56.5.5.)and drawn the diameterAy,make A1 ={a and
1, 2 = bb, {0 you'l have the point D; make moreover D3

: - .
or 2, 3 = ¢, and backwards 3, 4 = bbc (we here omit to

2: ¥
exprefs the Geometrical determination of thefe quantities bb

: 2
and bbe as being very cafy) and you’l have the point H, &.

p P
and there will come out the quantity fought NO ; which
fince it is ec,[ual to half BE 7. 4. the bufinefs will be done;
which Baker’s form will alfo give, exactly the fame, but after
a more tedious procefs.

PROBLEM IX.

N any Triangle ABC (the [cheme whereof fee n.1. Fig.57.)
fuppofe given the Perpendicular AD, and the differences of
the leaft fide from the two others EC and FC 1o find all the three
Ll a [ides.
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fides. i e. Chlcﬂy the leaft fide AR which being found, the
others will be {o alfo.

SOLTOTIOMN.

M:ake AD = 4, EC = b, and FC = ::, ABH x; then
will BC = x § 6 and its fquarf: be xx + 2bx ¥ bb, and AC
= %t ¢ and its fquare be X% § 2cx T ¢cc; and BD will be
V¥ xx—aa, and DC ¥V xx + 2¢x T cc=as. But the O
BC may alfo be obtain’d otherwife, and the Equation alfo,
i 0.0 BD 4 DC + 2 [__1 of BD by DC be added into one
fum according to Prop. 4. Lib. 2 Em:! viz.

2%x {20k fee—=2aa 1Y .q..x*- T 8ex’ 'l' 4ce }:x-—--—

—8aa
8acx 5 4::* ' 4a;=cr: will be = %% - 2bx |- bb,
[ForDC =1 vV 2% gs 20 f ccy, multiplyed by BD -
N xx~——aa, gives the reCtangle of the fegments
Txt {1003 | cixx
—2a4a

and this doubled i. e. multiplyed by ¥4 4. gives the quanti-
ty which is contain'd under the radical fign in the Equa-
tion |

~ Therefore turning all oyer on the left hand which are be-
fore the fign V' 1o theright hand, prefixing to them the
conwrary figns, you’l have

et m%i?jj} XX~ Baacx | 484—— 4anc

t 2b

- e X Fbb—ct 2aa, and taking away

the Vinculumz on the left hard, and fquaring on the right
4 T B b gec

i

2aacx | at—— aacc— 2aa

Baacx i 4at—— daace

— gb 20k - “f 4r-??’

—4blc \ — 4aace
— 4bec ) ——abbee

and
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and adding and fubftra&ting on both fides, as much as can be,
3%4 1 4ex3——gaaxx

= —b4x3 T 2bb) 1 453 + b4
1 '!.cchx T 403 T ¢t

—8b¢ T 8aab P x + 4aabb

==4bbc \ ——2bbcc

— 4bce

and transferring all to the left,
YY)y —ah 9 —B

1‘ 4¢c pa— -——-4;:3 e 0

—2cc(" —=8Baabh Px ——gqaabb = o
1 8bc, T 4bbec\ 2bec
t qbce

and dividing all by 3,

x4 10 %3 —Yaa Jux b — b4
TEh o maby 1 (=gt
2cc 2iaab P x——laabb = o.
tibcd  Fihbe -+ 2bbee
¥ 3bce

Note, I fought this Equation alfo after two other ways;
1By a :umﬂrifﬁm of the O AC with the two fquares AB{BC,
after 2 T [ CBD thence fubftraded, according to Prop. 13.
Lib 2.Eucl which is the 46. Lzb.1. Math. Enucl. and 1 form’d -
the fame with the prefent. 2. By putting at the beginning y
for x ¥ 4 and z for x T ¢, and going on after the former me-
thods, ’till you have this Equation,

x4 —— 2.x? ——= 27 I e

_1_4'##})'] e R 3 04 = 0
in which, when afterwards [ fubftituted the values anfwering
the quantities 3y and 2z, ¢c. T his fime laft Equation came
out a litcle eaber, bur (NB ) with all the contrary figns.

Now to form the Cenrral Rule, and thence make the Geo-
metrical Conftrultion, we muft determine frft each of the
quantitics p, 4, * and S, that we may know whether they
are negative or policive ; and youl find (. 2. Fig. 57.) p=
G2 politive, ¢ = H* negative, and K+ = § alfo negative ;
and that by help of the quantities LM = & or 1, MN ?é




82 Introdution to
LO = a4, OP = a4, MQ and LR = ¢, RS = ¢c, and alfo
LT = ¢, TVand LX = 3, XY = ¢t.  Wherefore the
form of the laft Equation will be like this, :

x4 -l- P:?—-—»gxx rx S 0, and fo the 'CE[I!’H!
Rule (raking here b for 1 and the L. K.)

Ltp 9= AD

2 82
and p §p3 | pg—15 DH.
T 1 TRy 2 -

Wherefore, having now defcribed a parabola (as may be
feen . 4.) haviag found the diameter Ay transfer upon it firft
Ab = {LM (m. 2)and thenbe = DP (n.3.) ie p*; and

| PR
thirdly ¢D = g i.e ;H* (s 2) moreover from D 1o e put
2
off MB (5. 3. = p, and from e to f put off DR = p3, and
4 16

_ 4
from fto g put off €F = pg; and from g backwards to 5

put off half the quantity 7, of [5 (7. 2.) and having done the
reft as ufual, you’] have NO, the fide required of the Trian-
gle to be defcribed ; the deferiptioni whercof will be now eafy
(7. 5.) having all the three fides known. This may ferve
for an Examen, if having defcribed a femi-circle AGB upon
AB = NO, you apply the given line AD, and from B thro’
D draw inde¢hinitely BDC :  Then at the interval AB having
defcribed the Arches AE and BF, add the given line EC to
BE, for thus having joined the points A and C; FC ought to
be equal to FC before given.

$C B Ll U M.

E have here omitted our Redultion, becaufe it would

be too tedious, and would exprefs the quantities AD

and DH (efpecially the latter) in terms too prolix.  For AD
" sbc T ida (wiz. becaule p*is

would be = 2 7 4o 1 jcc.
2 8

found
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found = J0bt § be 1 3 cc and g takenin it felf = 2 gamm:? bb
%
3¢t 43 cc; but here {where by vertue of the Central
Rule it is taken pofitively, when it is in it felf negative] un-
der contrary figns itis ={aat ; orjbb ! or ice 4 or 12
bc) or yer more contradtedly (‘becaufe & is unity) AD =15
56 (i.e. 155b) tjecc——5¢1 3aa; which parts may be
exprefled without any great difficulty on the Diameter Ay, by
‘its portions A1, 1,25 2, 3 3 3D: But the other quantity DH,
or the definition of the Center H, would alfo have fome tedi-
oufnefs, as becaufe
p wouldbe i b f ¢

. g :
;_'3 = 4'31 12bbe  12bce § 403
16 27
29 = 6bec § 6bbc——4aab

3
12aab 653 6h3

4
or 6bbe T Gbee

_ Ifyou take away out of the quantities pg and » (fince this
4 2

latter is to be fubftralted, and fo left, asit iz, under the fign

—— ; but the other, alfo negative in ic felf, but here pofi-

tively exprefled in the Central Rule, muft have all the con-

trary figns) | fay, if you take out of thefe quantities thofe

which deftroy one another, and add the reft with the two for-
mer quantities, they willbe & 1 ¢

3
———8aab t 4aac+ 4bbe § gboc—— 813 83 = = DH.

i —

'- 9 27
or a little more contracted (becaufe b is 1) & f¢

, Raa ‘t_.q,aai T ae T 4ec

3
8 3—8¢3 — DH.

g
But now if any one hasa mind to illuftrate this by a numeral
Example and try the tryth, &¢ of the quantities found ;
they may make e. g, ¢ = 12, b= 1, and ¢ = 2 ; and they
will
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will eafily find that in the laft Equation the quanticy p will be
4, and g— 190, r—388, S——195: Secondly in the
Central Rule of Baker they’l find L = 2, p* 52, and 9=

i 8 >
95, and fo the whole line AD &= 972 ; and further P,

4
35 4y g = 190 and f-’:"--lgq., and o the whole

16 2

line DHi: 19§ ——194 i e 1. Thirdly, likewife in

our Reduétion (if we proceed by each part correfponding to

Baker's) b=z 506 F30ctibe 2, and jas T36b+ dcc
= :

——4bc = 95. Thefum for AD g7 }; butfurther & § ¢ 3= 1,
3

A3 § 12bbct 12bee 1 4% = 45
25 |
Ghec + 6bbe—— gaah ——a2b3~——25 = 190

and 2bbc 1 2bce —gqué 203 263 21 194 to be fub-
ftraCted ; and fo the fum for DH = 19§e——194 = 1.
Which fame quantities will fourthly come out, if the quanti-
ties AD and DH contradted, as they are exprefled in letters a-
bove, be refolved into numbers.

PROBLEM X

OU are to build a Fort on the given Polygons EAF (fee

Fig. 58. 7. 1.) whofe capital fﬂe AB (hall equal the ag-

gregate of the gorge and flank, and the [quares ;f thefe #JJEJ

zogether [hall be equal to the [quare of the given line GH, and

the folid made by the mmltiplication of the [quare of the

flonk by the gorge, [hall be equal to the cube of the given line
IK,

$OL-
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SOLOTION.

Make the Gorge AC = z, whofe fquare 2z fubftraCted
from b5 the fquare of the given line 4, will leave the fquare
of the flank DC = bb ——=2%. Now this fquare being mul-
tiplyed by the gorge AC or z will give bbx——=z3 = g3, the
cube of the given line IK ; and adding to both fides 23, and
fubftralking bbz, o = %3 *—bbz 1 g3.

Therefore if we take g or IK for 1 and L3, g3 will be the

line g, and
The Central Rule: L 1 9= AD.
Sy
and » = DH.

2
7 ¢. according to our Redu&ion,
£16b= AD and ¢ DH.

” 2 B

Geometrical Conftruction. Having deferibed a Parabola (.
2. Fig. §8.) makeon itsax A1 = i IKand 1, 2, @iz, 1D
= :MN (from . 1.) and DH = ;IK." Then having de-
feribed a circle from H, and found the true root NO upon the
given angle EAF (#» 3.) make AC = NO, and having e-
rected the perpendicular CD divide it by AD = GH (7. 1.)
and make AB = AC 1 CD; and the Fort will be drawn.

PROBLEM XL

IN a right-angled Triangle ABC (which we denote by ». 3.
Fig. 59.) having given the greater fide AC, and made
the lefs fide AB = to the fegment CE, which {hall cut off from
the bafe BC a perpendicular let fall from the right angle A ;
vo find thefe lines AB or CE, and confequently the wihole trian-

gle.

M SOLU



Tutrodultion to

SO L-0-T=T0N,.

Viake AC = 2, CE or AB = x. ‘'Therefore, I. you'l
nave ag—-xx = 0 AE.  And becaufe the A A BEA and
CAE are {imilar, you'l have

as AC to CE fo BA to AE

a x x XX

g

&
And fo,2. O AE = &% Therefore

aa

&% = aa— xx; and multipl. by «a,

aa -

x4 =3 at=——aaxx 5 or, according to the form of Cartes
and Baker, tranfpoling all to the left,

x4 o T aaxx y=——a% = o0 i. e.

xt o T gax g—3S = 0.

Therefore (taking & for rand L. R.) the Central Rule
will be L—¢q i.e. 0 = AD

L

and 7 i.e. 0 = DH; that H may fall on the vertex A:
2

Geometrical Conffruélion. Since @ is aflumed for unity
and L, the quantity S alfo and Lastus Reftum i.e. Al and
AR and confequently the mean proportional AL and the
radius HL will be = = to the given fide AC, and confe-
quently at that interval having defcribed a circle, thro’ the Pa-
rabola rightly delineated, you’l have NO the value of the
?uantit}’ x, i.¢. of the lefler ide AB. Having drawn there-
ore NA, which is = to AC by Conftruttion, if you drawto’
it the perpendicular AB cutting NO produc’d to B, you'l have
the Triangle fought ABL, and AB (‘which will be a fign of
a true Solution) will be found = NO or CE. '

Another Conftraétion. Since in the Equation abeve found
there is neither 23 nor x, it may be look’d upon as a quadra-
tick, and conftruted after the fame way, as fiveral otaer like
it among the Examples #. 4. wiz. becaufe a4 = ——aawatat ;
according to cafe 2 of affeCted quadraticks,

XN
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xx — a8tV ea Tat e
T 0 L,

and = Y=—2ada 1Y} st Le. T-—-;#F‘f‘ '\r“?;

Wherefore (#. 3. Fig. 59.) if AC be made = z and CD |2,
the mean proportional CG will be &= V' {4, and raking hence
GF =14, there will remain FC = v s——132: And now
between this or CH equal to it, and unity AC, having found

another mean proportional CE it will be the value of the
quantity x fought = NO (#.2.)

PROBLEM XIIL

IN a right-angled Triangle ABC (Fig.60.m. 1.) there is
given the Perpendicular BA, a [egment of the Hypothenu-
fa BD, and a fegment of the Bafe EC, from C to the perpendi-
cular DE let fall from the end of the fegment BD ; to find AE

DC, and confequently the Bafe' AC and the Hypothenufa BC,
#ﬂﬂiﬁ? the whole Triangle. ;

SULCT TON.

Make AB= 4, BD= b, and EC = ¢, and DC = x;
which being given, the reft cannot be wanting : Therefore

xx-——cc = 0O DE. But the fame O DE may be had, if
you infer

as BC to BA fo DC to DE
btx=—a X ax
b

And then fquare the quantity DE, the fquare will be

BAXX T XX CC

xxtabxtbb
and multiplying both fides by xx + 2bx 1 b5,
aaxx = x4 1 2653 § bbxx —2bccx~—— bbec |

—cc
and fubftracting alfo aaxx,
x4 1 2bx + bbxx——2bccx——bbec = o.
—aa
ot 1]

M Which
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Which Equation (fince &b is greater than @4 and cc taken
together) will give this form according ta Baker, -
xt§ px3tqux—r—S = o
Wherefore the Central Rule will be (‘taking 4 for unity
and L.)
Lt p—q'= AD

2k 4R 2 _
and p | pd—pg—r = DH ;
AHEIp L 1 2

or according to our Reduction,
a4 bb——Dbbtaatccie atemAD;

2 2 2 >
and b+ B3—583 + aab + bec—bec i, e.
2 2 2
b bec = DH.
: 2

J
Geometrcal Confiruction, for the foundation of which there

are found (. 2.) and partly aflumed, LM =4, MN and LO
Et e, OPand MO =ce, LR = b RS ="hoc: (n'3)
LI = o, LR and LD = 4, LP® = bb, LD = ec, LR
= bbee, Having therefore delineated the Parabola, (» 4 ) and
having found its diameter, put thereon LM from A to 1, and
2 OP trom 1 to 2 or D; and moreover BD (. 1.) from D
to 3, and RS backward from 3 to 4 or H, the Centre fought.
Then having made AK = ZLIR, und done the reft as ufual,
you'l find NO or the quantity DC for the value of x ;5 to
which if you add BD and, having upon the whole line BC
deferibed a femi circle, apply in it BA, and you’l have allo
AC and the whole Triangle fought, and you’l find EC (let-
ting fall a Perpendicular from D) equal to that quantity
which had the fame name = 1. i
If any one had rather immediately conftrut Baker’s form,
there will be more to be prepar'd and aflun’d; wz. (» 5 )
1P = bb, LW = zorea, BN = cc, or OP (» 2.) that
you may have P = q : Morcover PQ = 4, PR =ip or
BD (#1.) Q> = jporiBD; that RT may be pp and al-
8
fo
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{o PV =% to it, that PX may be p3 ; and laftly Py = 14, that

16
PZ may be pg. Thele being thus prepar'd, if (». 4 ) Abbe

4

made = ; AB (7. 1.) be = RT, and ¢d backwards =} P2
we fhall light on the point D ; and, if we make De =iBD,
¢f = PX (7. 5. which interval was too big to be reprefented
in the Paper) and from £ you put backwards fz = PZ, and on
from g beyond to the right hand gh =2RS ; we fhall light on
the point H,&*c.Which of thefe two methods is the fhorteft and
fieteft for practice, any one,never fo little experienc’d,may here
fee ; and hrft Learners may take noticeif they would conftruét
by Baker’s form, in the Diagrams ».3 . ». §. and the like,
they muft take care to make the angles ﬂj]‘i SPT pretty
large ; which we have here reprefented the lefs to fave charges
in cutting on Copper.

PROBLEM XIIL

fo-tfi?:g }g;'ruen the Diameter of a Circle CD (n.1. Fig.61.)

and the lme BG, which falls on it perpendicularly, (2which
we bave bere only rudely delineated) to find the point A. from
which a right line AC being draswn (hall [o cut the line BG i
F, that AF, FG, GD [hall be three continual Proportionaly

SOL DI 10

If CF be found, the point A will be alfo had, and the fe-
&ion of the line BG will be made. Make therefore CF &= x,
and (becaufe the perpendicular BG is given, there will
alfo be given the fegments of the diameter CG and GD) make

GD = b, and CG = ¢; then will BG = YV bc and CD =
b+ c. Since therefore the & A CAD and CGF are right-
angled, and have the angle at C common, they will be fimi-
lar.
Therefore, as CF to CG fo CD to CA

X m——— ¢ btc — betec

——

X

There-
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Therefore AF = be + cc——x, and FG ¥ xXe—cc.

X
But by the Hypothefis,

as AF to FG fo FG to GD
betec-six—V 5% co——"N %) me==cC— Db,

S .

x
Therefore the reftangle of the extremes will be equal to that
of the means,

bbc t bec—bxx = XX ——cc

X
and multiplying by x,
bbe § bee—bxx = X3=——ccx ;
and tranfpofing all to the left, | :
X3 § bxx=—=ccx ——bbc= bec 1= 0 ; 1. e. by the Carte-
fian form,
X3 § pxx ——qx r=to ;
Therefore (taking & for 1 and L.) the Central Rule will be,
Liftq:=AD

A e
and p 193 1 pg—r = DH.
432006 (4 oS

or according to our Redu&tion,
bibbte ie 5b%cc= AD

I A & on :
and b1 53 ccmm ¢ -cc i. €. §b——cc——c = DH.
4 .16 ‘4 2 16 4 2

Geometrical Conffruétion. Having defcribed upon the gi-
ven line CD (# 2) a femi-circle, and apply’d in it the gi-
ven perpendicular BG, as the figure fhews, you’l have the feg-
ments of the Diameter GD = 4, and to the quantity pin Ba-
ker's form, and CG = ¢, which (». 3 where LM = &, LO
and MN = ¢) will give OP = ¢c and to the quantity q.
Wherefore having deferib’d a Parabola (7. 4.) and the line
VZ = 2,6, having cur off the fourth part of XZ, and the
cighth of YZ (whereof the one will be =5 2 : 5, viz. 5/, and

8 4 TR
-the
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the other to 55) if you transfer A1 = XZ upon the diame-
8

ter of the Parabola Ay, and moreover 1, 2 or 1 D = 10 half
OP (#.3.) and tranfverfly D3 = YZ and backwards 3, 4 == &
OP, asallo 4, 5 = .CG (».2.) youl have the center H,
and having defcrib’d a Cirdle at the interval HA, the root NO
muft be transferr’'d from (. 2.) Cto F, and continued to A
the point fought. In Baker’s Form (becaufe the quantity p
iS—bor1) Eis e ff__and {?im b, and the quantity 4 or ce
8 8 16 16

= OP, (#. 3.) make therefore in the Diameter of the Para-
bola Ab = :GD, and bc = :GD, (» 2.) and laftly ¢d =

XOP (7. 3.) and you'l have the point D the fame as before.
Make moreover De = ;GD and ¢f = 4 CG, and then back-
wards fg = ;OP, and laftly gh = : GD, and you’l have the
fame center H, and the coincidence of the parts in both forms
will be pleafant to obferve ; which otherwife feldom happens.

Other Solutions of the fame Problem.

Carolus Renaldinus, from whofe T'reatife de Refol. & Com-
pof- Math. Lib. 2. we have the prefent Problem, proceeds to
folve it in another way, changing it plainly into another Pro-
blem : wiz. he obferves, 1. That the angles FAD (fee ». 1.
of our 61. Fig.) and FGD, fince both are right oneson the
{ame common bafe FD, are in circle. Hence he infers, 2. (by
vertue of the Coroll. of the 2.6. Prop. 3. Eucl.) that the 3
{3 DCG and ACF are equal, and confequently CD, CA, FC
and CG are four continued proportionals. Then he obferves,
3. That GD is the excefs of the firft of thefe proportionals
above the fourth CG, and AF is the excefs of the fecond AG
above the third CF ; and fo, fince 4. the rectangle of AF and
GD is = to the fquare of the mean proportional FG (for AF,
FG, GD, are fuppofed to be continual proportionals) and this
O FG is the excefs, by which the fquare of the third CF ex-
ceeds the fquare of the fourth CG; now the prefent Problem
will be 5. reduc’d to this other : Having two right lines (CD
and CG) given to hind two fuch mean proportionals (AC
and FC) that the T of the excefs of the firft sbove the
fourth (wiz. of FA into GD) fhall bz equal ro the r:x':tg:';,

£
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by which the fquare of the third (FC) exceeds the fquare of
the fourth (CG) wiz. by the fquare FG.

Wherefore inftead of the former he folves this latter Pro-
blem, putting for CG, &, for GD, ¢, {o that the firft of the
given lines CD fhall be == 4t ¢, and the other GD = 4
~ calling the firft mean pmfnrtinnal AC,-x; and thence deno-

minating the latter b6 1 bc (viz. multiplying the fourth by

= _
the firft, and dividing the produét by the fecond) and more~
over he finds the excefs of the firlt (64 ¢) above the fourth .
(4) tobe ¢, and the excefs of the fecond (x) above the third
(bb + be) to be xe—==bb + be i.e. XX——bbt be; (0 that the

x A %
L] of thefe two excefles is cxx—— bbe 1 bec, and becaufe

x
the O of the third FC is = &* { 203¢ 1 bbec, having fubftra-

wx

&ea bb = 0O GC, there is given the O FG = b+ 1 263c1bb

x
-— bb = "1 of the excefles we jult now found. So that

now you'l have the Equartion
bt + 2b3¢ + bbec—— bbxx = cxx——bbe t bee, &c.

b K e

We alfo endeavour’d to find another Solution, by finding
an Equation from the line BD (#. 1. Fig. 61.) as which mighe
be twice obtain’d by means of the two right-angled T riangles
FAD and FGD, fince it is the bypothenufa of both. But
here, befides the former denominations of our Solution we mult
firft give a dénomination to the line AD, by making

as CF to FG fo CD to AD

% —— "V xx~=cg = btc (0 a=—a"V xx—cc, &c.

e
But whofoever fhall profecute this Solution of ours, or that
of Renaldinus to the end, will ind much more labour and dif-
ficulty in either, than in the frft we have given.

APPEN-




[ -
-
2 L s
< = -













Specions Analyfis, 93
APPENDIX.

T HE Invention of the fpecial Central Rule for the cafe
of Problem 1. Of Cubick Equations, &c. which may
ferve for an Example for all the other fpecial gnes which be-
long to our Synopfis, p. 354. (and from thefe fpecial ones) to
$nd a general one.

In Fig. 47. 8. 4 make AD = 5, DH & d; and fo we fhall
have the O of the radius HA = b6 + d4.  But this 0 HA or
HN, may be alfo had otherwife, by putting,

2. For the quantity NO, as fought, the letter », and by,
inferring from the known Property of the Parabola,
as L. to NO fo NO to AO

-—

; . . L :
and fubftracting AD = 4 from AO, you’l have DO or PN
=t E:—b;', whofe 11 is x4 =—n2bxx 1 6b. '

L i L

But you alfo have PH = DH—DP or NO, z.¢. d=—x;
whofe 1 is therefore = dd—2.dx + xx.

Wherefore adding the 0 O PN and PH, you'l have the
0 HN = x4 —abxx | xx—2dx + bb 1 dd.

i 1 :
Wherefore the Equation will now be readily had :
(O HN) - (0 HA)

ot ——2bxx + xx — 2dx T bbt dd=i bb 1 dd 5
L2 E :
and taking from both fides b4 + 44,
x4 ——2bxy + zx 1dx = O,
S
and multiplying all by L3
and alfo dividing by x, .
¥ g—ablx——202d 2 0,

1- L; 3

5] And

P
o
=
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3. And now farther comparing this Equation with a form
like ours in Probl. 1. wiz with this,

e L r= o .
It is manifcft, fince in ours alfo the third term, 27z, qis want-
ing, that the correfpondent one to it in the former ——24L

t+ L7 is equivalent to o; and adding to both fides 26L, L2
will be made = 26L ; and dividing by 2L, L?will = bor
: 2L,
AD. In like manner, {ince 7 in our form anfiers {0
the quantity 2L24 in the former; 214 will = », and, divid-
ing by 212, DHor 4 will = » : Which is the other Mem-
2.2
ber of the Central Rule to be found.

NB: The Analytick Art has this patticularly to be admi-’
red in in, that it linds its'own Rules by an Analyfis : Where-
of we have here an evident Example, and feveral others in the

Refolution of aftefted Quadraticks, p. 345. and the follow-
]ng. ' ]

Ik

The Invention of the Central Rule, in the Cafe of
Vig., 11. and the like.

1. O HA o bb + dd as above.

2 Putting « for NO, as fought, we may infer from a new
F—mpcz't y of the Parabola, which we have demonftrated Prop.6.
Fet

as L to NO fo OR 1o AO, 7. e (putting 4 for BA or FO
given; that NO—OF i ¢. NF or OR thall be = x=—¢)

as L to x {0 x—a to ax—ax = AQ,

L |

Thercfore having fubltracted AD 2. e. b from AO, you'l

have DO or HP |5 xx—ax— b ; whofe O is _

L
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xt——n.ax3 + axx —— 2bxx + 2abx + bb.

L ! i A o
But PN alfo is = NO—PO or HD, = x—d, whe® O
1§ = o2 adx T dd.

Therefore having added the O O PH and PN, there will
come out 0 HN .
- xt——2ax3 T axx—a2bxx t 2abx + xx —2dx T bb | dd,
L? AR
= OHA i i bbtdd; and taking away from both fides
bb t dd,
x4 —24x3 | axx——abxx + 2aby T xx—2dx = 0;
I N
and multiplying every where by L? and diving .by x,
x3——2ax* T aax—a2Lbx + 2Lab + 2L2x—1212d 5 o.

3. And now comparing this Equation with another form,
which fhall be like an Equation ariling from the Solution of
fome Problem, e. g- With this 83 —pxx } qx—r 5 05 to this
you’l have = this other, |

X axx T aa -
—_—, Lﬁ'g x 111%;2

4. Wherefore, becaufe in thefe equal forms, firlt, 24 is =p,
a will be = p 4. e. the line BA.  Secondly, Becaufe ¢a (or P)
2 4
T L2l = g,
Theéretore 214 = P 1 L*—g, and dividing by 21,

4
b L2 Lor L) tpp—9g= AD.
2L Te roils 2l

Thirdly, Becaufe 240L.—2dL* S r i. .
2a4bL—r= 24L2; therefore dividing
by 212, 4 willbe = 2abL—r i.e.

—

) b

Nna d =
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d =t ab—r i.e. refolving ab into equivalent Terms ex-
L 212 L
prefled by pand g,
d = f_‘i‘ p3 - 9 - rs which 1s the other mem-

4 16L2 412 2.2
ber of the Central Rule to be found.
iz, aisE p; bR LY pl—9q
o 2 ok %L,
Therefore ab will be = Lp T pP—-pg
16, 4L
Therefore ab= pt pP—p9-
Lot bl £
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