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F T ER fo many Mathematical Works;
that have been already Publifh’d, -as
well in the feveral Parts, as in a Bo-
dy, ufually call’d a Courfe of Ma-

thematics, in imitation of thofe that had done
the like in other Sciences; I thow’d never have
entertain’d the leaft Thought of increafing the
Number, and of compefing a New Curfus, had
not [ found thofe hitherto done were but of
lictcle ufe : Some, becaufe too prolix and volu-
minous, and by that means, both deterring the
lefs Laborious from medling with them, and
diftralting the Minds of the moit. Intent
Others becaufe too concife, by giving them lit-
tle or no clear Infight into the matter, rather
fuppofing them already acquainted with thefe
things, than making them fo ; it being almoft
impoffible to be Short, and yet preferve that
Clearnefs which is neceffary to inftruct Begin-
ners : Laftly, Others are but of {mall ufe, be-,
caufe written in foreign Languages, efpecially !
Latin ; and fuch is the Unhappinefs of the.

.%:‘ﬁ‘ 4 , ‘ﬂ.ge#



PREFACE

Age, that there are but few young Petfons {o
well acquainted with that Language, as to be
able to rcad Books written in it with any Plea-
fure, and underfiand the Terms with Eafe.

I flatterd my felf with the hopes of fuc-
ceeding in my Defign, by the great Defire 1
have of {fecing this Art flourith, that has been
the diffinguifhing Chara&ter of the meoft Polite;
dngenious, and Learned Ages, and of the good
Diipofitions I find in the Minds of the prefent:
For every body courts the Mathemarics, efpe-
cially fuch of the Nobility and Great Men, as n-
fed to diftinguifh themfelves by defpifing the
Learning of the Schools, but are however
charm’d with the Beauties of this Science.

The Neceflity that Gentlemen are under, that
would become confiderable in the Art of War,
or any great Employment, which cannot {ub-
fit without recourfe to the Mathematics,
makes them leave off feveral trifling Amufe-
ments, and apply themfelves to thefe Sciences ;
and oftentimes the uncxpeCted Pleafures they
meet with, do fo furprife and engage them,
that they make it ever after as well the de-
lightful as the ferious part of their Studies.

I don’t promife my Reader any Elegancy of
Expreffion or Stile, which ferve only to rickle
the Fancy and pleafe the Ear ; nor do T in-
vite him to any fuch Flowery Pleafures and Airy
Delights, as the Mufeés inchant their Admirers
withal : But what I propofe is folid and {ub-
ftantial, and Pleafures becoming a Reafonable
Creature. One may judge of the Genius ‘of 2
Reader, by the Books he makes choice of, and
the value he puts on them :' Achilles was

| ~ brought
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brought up in the Diefs of the contrary Sex,
and {o could not be diftingifhed ; vet no fooner
was he prefented, on the one hand with Toys
and Trifles, and on the other with Arms, but
his Genius, born for greatr Things, betrav’d the
fecret of his Edncation, and it was known by
his Choice that he was defiin’d to be a Hero.
One may difcover among Children, which of
them are born to f{omething cxtraordinary, by
their choice of Sports and Amufements 5 and
never was any Child pleas’d with any thing
a-Kin to the Mathemarics, that did not prove
confiderable in wharever Employment he was
afterwards engaged in.

I thall fay nothing here of the Ufefulnefs
of Mathematics, becaufz I have done it already
in my Mathematical Dilfionavy, Printed {fome
Years ago. And perhaps fome Perfons expeét
a greater Work than [ pretend at prefent to
publifh : 1 know, a Man muft quit all other
Stndies when he applies himfelf to the Mathe-
matics, or at lealt intermit and fuifpend them,
till he has acquird the Art of Exa&nefs and
Method, in a word, till he has atrain’d the Art
of Reafoning well himlelf, and ¢an judge of
the Reafoning of another, till he can diftin-
guith Truth from Error in all its varions Shapes :
So that I am afraid of being accus’d of Idle-
nefs, or Indifference for the Public, in whofe
Service I profefs to have been {o long engag’d 5
I know , generally {peaking and judging of
Things according to their Goodnefs, no Bounds
ought to be fer to Mathemarical Books, and
that one ought to go as far as one can, becaufe
%is in a Way ‘where a2 Man can never lofe
himfelf, or exhauft the Subje& ; but I am
eonftrain’d to accommodate my KIf ro the
- Humour
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Humour of fuch as fancy they can be the
better by my Labours, becaufe fhort and eafy,
which otherwife would difhearien them. '

Such as ftudy the pleafurable part of Life,
underftand the Secret of rifing with an Appe-
tite, without cloying their Taft ; the {ame
ought to be obferv’d by thofe who apply them-
felves to Sciences : Yer I have not in thefe
Treatifes been fo referv’d, but that I have given
fufficient Infight to any Gentleman thar is de-
firous to underftand thefe things, and bave dif-
covered enough to enable him of himielf ro
make what Progrefs he pleafes, either by read-
ing of Authors, or by his own further Srudies
and private Reflettions.

[ have all along endeavour'd to {peak with the
greateft Perfpicuity 1 couw’d, without being con-
fin’'d to ftudied Phrafes or ufelefS Exprefiions :
Nor do I fuppofe my Readers at all acquaint-
ed with the Art, or any of its Terms, or Ways
of' Reafoning,but teach him them, and let no
Term, tho’ never fo little out of the way, pafs
unexplain’d, that no Difliculty may be left

behind.

To inure the Mind to reafon on Abftralted
Bubjetts, fuch as are thofe of Mathematics,
I begin with an Introdultion, where you’ll find
a general Idea or Notion of theie Sciences, the
moft general Terms explain’d in order, together
with {ome Problems that may be refolv’d byRule
and Compafs, tobring inthe Hand of Beginners.
And becaufe without Algelra a Perfon can-
not {0 eafily diftinguifth the Relations of dif-
ferent Species of’ Quantities, nor refolve imme-
diately any Problem, much lefs inveftigate a

' Theorem,
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Theotem, or find its Demonftration when the
Theorem is known 5 | thought it proper to in-
fert in this Introdudtion A Compendivin of Al-
gebra, whole Name [ know ought not to lcare
the Reader, tor ’tis enly 2 Method of Reafoning
by the help <f the Lerters of the Alphaber,
reprefenting the Quantities, whofe Relations
are confiderd ; and it is to the Mathematics,
the fame that Logic is to the-ordinary Fhilofo-
phy, and therefore has been called Logific, and
is become fo common amongft us, becaufe of
its engaging Beaaty, and vait [lfein all parts of
the Mathematics, that even Ladies of the high-
eft Quality bave been induced to learn it ; the
Dutchefs of E—~ has attain’d fo great a Degree
of Perfeftion, as well in Numbers as Geome-
try, thac Perfons who make the greatcit Figure
for Learning have earneftly {fought for the Ho-
nour of her Converfation. An Inftance 1o illu-
ftrious ovght to banifh all forts of Diffidence,
and excite thofe that love their Eafe,

And to difpofe the Mind, that it may not be
taken with falfe Appearances, I have put the
Elements of Enclid next, that ferve alfo for a kind
of Introduction to the Mathematics, and being
well underftood, will render all the other parts
eafy, as being demonftrated from thefe Ele-
ments : And here you’ll find that to become a
Mathematician, one muft draw the Mind from
every thing that falls under the Notice of our
Senfes, and confider Quantity perfetly abftra&t-
ed; fo that one muit begin to reafon after
this abftralted manner, and accuftom ones felf
to Ideas no ways concern’d with Matter, and a-
bove all, geta habit of affenting to nothing
but what is Evident, yield to nothing but what
we fee cannot be otherwife; in fine, we muft

banith
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banith from Mathematics all that is Douoht-
ful, or but Probable, and entertain nothing but
Certainty and Demontftration. ;

I fhall not {peak here in particular of the
other parts of this Curfus, becaufe it wonld
fwell the Preface, and deface the Ideas I would
imprefs by the two Introduétions ; and perhaps
make a Perfon imagine he is thorowly ac-
gllaimed with them, when he has but juft heard
hem talk’d of. Ithall only mention the Parts of
the other Volumes, as I have done this ; that the
Reader, finding at the Beginning of every Vo-
lume, particular Confiderations upon what is
contain’d in it, may enter upen this Study with
ter Satisfa&tion, and if I may fo fay, Gree-
inefs of learning and being acquainted with
that, whofe Excellency and Ulfefulnef§ is there:
laid down. |

I fhall only fay then, that I divide the whole
Courfe into gve Volumes : The Firft compre-
hends An Dntrodu@ion to Mathematics, and the
Elements of Euclid ; the Second, Arithmetic
and Trigonometry, with exa& Tables of Eogarithms,
Sines, Tangents ; the Third, Praffical Geome-
try and Fortification ; the Fourth, Mechanics
and Perfpe@ive 5 the Laft, Geography and ‘Di-

alling,

THE
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READER.

He Study of the Matbematics, in our
Nation, being become almoff umiver[al,
the Q}’éfulw:;ﬁ of which s [ufficiently
vecommended by our Authov, in his feve-
val Prefaces to this Work 5 and there being in
our Language no compleat Syfem yet extant, at
leaft fo lavge and geveval as this 5 We, ? the Ad-
vice and Diredion of [everal of the moff eminens
i this Sciemce, as well at London as the Un-
verfities of Great-Britain and Ireland, that this
was the moft eafy, moft ufeful, and the cheapeft
to the Buyer of amy Courfe of the Mathematics
yet extant i any Lanmguage, vefolved to primt it
in Englith 5 and baving engaged Jeveral ingenious
Gentlemen, well [fall’d in the Parts they undertook,
to Tvanflate and Correct the feveral Volumes, we
bave with a very great Expence compleated the
[ame 5 the whole containing lg'wa Volumes, viz,

The
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The Bookfellers

The Firft Volume contains an Introduction to
the Mathematics, »ith the Elements of Euclid.
The Introdu€ion legins with the Definitions of
the molt geneval Terms in Mathematics 5 which
are jollow'd by a little Treatife of Algebra, for
the better wnderflanding of what enfues in the
Courfe, and ends with many Geometrical Opera-
tions, perform’d both upon FPaper with Ruler and
Compalfes, and upen the Ground with a Line and
Fins. The Elements of Euclid comprebend the

firff Six Books, the Eleventh and Twelfth, with
their Ules.

In the Sesond Volume we bave Arithmetick,
and Trigonomerry both Re&ilineal and Spherical,
with Tables of Logarithms, Sines and Tangents.
Atrithmetic s divided imto Three Parts 5 the Firft
bandles Whole Numbers, the Second Frattions,
and the Third Rules of Proportion, Trigono-
mewry bas alfo Three Divifions or Books 5 the Firff
treats of the Conftruction of” Tables, the Second
of Re&tilireal, and the Third of Spherical Tri-

- gonometry : With Tables of Logarithms, Sines,

and Tangents. Thefe Tables were carcfully Cor-
rected by My. Hodglon, Mafter of the Mathemati-
cal School at Chrift’s Hofpital, London.

The Third Volume comprebends Geometry and
Fordificarion, Geome:ry #s diffributed into Four
Parts, of which the Firft teaches Surveying, or
Meafuring of Land ; the Sccond Longimetry, cr
Meafuring of Lengths ; the Third Planimetry, or
Meafuring of Surfaces ; the Fourth Stereometry,
or Meafuring of Solids. Fortification confifts of
8ix Parts y in the Firft is bandled Regular For-
tification, i the Second the Conftruction of Out-
i works,
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works, i the Third the difterent Methods of
Fortifying, in the Fowrth Fortification Irregular,
in the Fifib Offenfive Fortification, and in the
Sixth Defenfive Fortification : #ith the Trunfla-
tors Appendix, concerning that Method of Fovti-
fying which is truly Mr. Vauban’s.

The Fourth Volume includes the Mechanics, (#o
which is added, by way of Notes, what was thought
proper out of Dr. Wallis’s Works, &c.) and Per-
fpe&tive. In Mechanics are Three Books 5 the
Firft is of Machines fimple and compounded,
the Second of Statics, and the Third of Hydro-
ftatics. Perfpeltive gives us firff the General and
Fundamental Principles of that Science, and then
treats of Praltical Perfpettive, of Scenography,
and of Shading.

The Fifth Volume confiffs of Geography and
Dialling. * Of Geography there are two Parts ;
the Firfl concerning the Ceeleftial Sphere, and the
Second of . the Terreftrial..  Gnomonics or Dial-
ling hath Five Chapters 5 the Firft contains many
Lemma’s, neceffary for the undeyffanding of the The-
ory and Praltice of Dialling, the Second treats of
Horizontal Dials, the Third of Vertical Dials,
the Fourth of Inclined Dials, and the Fifth of
the defcviption of the Circles of the Sphere
upon all forts of Dials.

The Firft, Second, and the Geometry part of the
Third Volume, were look’d over by Mr. Jones, Pro-
feffor of Mathematics in London, and Fellow of the
Royal Society : The Fortification, as alfo the
fourth and fifth Volumes were done by My, Defagu-
liers of Hart-Hall iz Oxford,

Thie

i
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The Bookfellers to the Reader.

This Author alfo writ a large Mathematical

Ditionsry, which is defign’d to be Tranflated
into Englifh.

There is lately Publifd, inthe fame Size as thefe

Volumes

REcreations Mathematical and Phyfical, lay-
_, ing down and falving many profitable and
delightful Problems of Arithmetic, Geometry,
Optics, Gnomonics, Cofnegraphy, Mechanics, Pby-
Jies, and Pyrotechny : By Monf., Ozanam, Pro-
feflor of the Mathemarics in Paris - Done into
Englifh, and illuftrated - with very many Cutts.
The Two Volumes in French being contain’d
in One, and fold for 6s. 64.
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INTRODUCTION

TO THE

Mathematics,

ATHEMATICS is a Science which takes
under confideration whatever can _be meafur’d
or computed, and becaule every thing that
can be meafur’d and computed is a concrete or
difcrete Quantity, that is to fay, continued or

difcontinued ; it follows that the Obje® of Mathematics is
Quantity or finite Magnitude, fuch as is capable of increafe
by Addition or Multiplication, and of decreafe by Sub
ftra@ion or Divifion3 and the Quantity that has a fenfible
extenfion, call’d Dimenfion, as a Line, Surface, and Solid, and
alfo Time, Motion and Weight, are the Obj=&s of Geo-
metry » But the fame Quantity that has no f{enfible excen-
fion, {uch as Number, whole Dimenfions are only imagi-
nary, and not tobe perceiv’d but by Thought, is the Ob-
je& of Arithmetic.

Thefe two Parts, Arithmetic and Geometry, which con-
ftitute what is commionly call’d Simple Matbematics, and
which Plato calls the two Wings of' a Mathematician, do mu=
tually help each other, andare the foundation of the other
Parts of the Mathematics, commonly call’d Miz’d Mathena-
tics, fuch as Aftronomy, Optics, Mechanics, &c. which are no
other than Phyfical Knowledge explain’d by the Principles of
Arithmetic and Geometry.

Tho’ the Mathematics take cogrizance only of Quan.
tity, yet they do not confider it abfolutely and in it felf;
but only the relation it may have to another Magnitude of
the fame kind, by comparing together thefe two homoge.
neal Quantities; in order to the finding out fome hidden
Truth, and afterwards to demonlirate -i¢; by realons founs

ded
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ded on other Truths, which are naturally known to every
body, ard are thercfore call’d Common Notions of the Mind,
ot Principles ; of which there arc three forts, viz. Definiti~
onsy Axioms, and Doftulates. '

DEFINITIONS are the explications of fuch words
and terms which concern a Propolition, towards the rendril;ﬁﬁg-
of it plain and clear, and for avoiding all manner of difh-
culties and objeéions, in the demonitration,

AXI0OMS, or Mazims, are fimple and general Pro
fitions, the knowledge whereof is fo evident of it felf, that
nobedy can deny them without contradiéting their natural
fence and reafon; fo that every ratignal Manis oblig’d to
allow of them, there being no proof more convincing than the
natural light of the Mind. As when it is faid, that from
one Point to another Point there can but ome. right, Line be
drawn. : i

POSTUL ATES are fuppofitions of certain Pradices,
the performance whereof is fo eafy in it felf; that no Man
of fenfe and judgment can be ignorant of it, or will conteft
it. As, wpon a Plane to deferibe a Circle with a Compafs.
They are call’d Poftulates or Demands, becaufe its requir'd
and expeded that every Man fhou’d acknowledge them to/
be naturally known to all, and fo ealy that there is no
meed of any Mafter to teach them, or to be obliged to de-
monitrate them. .

Thele three forts of Principles being granted, the Ma-
thematicians ufe them for the Demonfiration of fuch Pro-
pofitions as they advance, which are of two forts, to wit,

- the principal Propefitions, which are cither Problems or The-

oremss And the lfs primcipal Propofitions; which are cither
Corollaries or Lemmas, which when they have been demorftra-
ted do in their turn conduce to the Proof of other Propofitions
which depend on them.

A PROBLEM is a Queftion which propofes fome-
thing to be done, and teaches how to do it, and to cone
flruct it by the preceding Principles, touching fome Pra-
étice commonly neceffary to the Demonftration. As, 2
fnd the Centre of a siven Circle. There are feveral forts
of Problems, fome of whichewill be here explain’d, after
having fhewn what this ‘word Given means.

By this word Given, the Mathematicians underftand
fomething whofe Magpitude, or Pofition, or Species, or
Proportion is known 3 fo that when its Magnitude is known,
its fa1d to be given in Magnitude 3 and when its Pofition is
knewn fts {aid to be given in Pofition : But when its Mag-
n@tude and Polition are known ’tis faid to be siven in Mag-
zityde amd Pofition, Thusin delribing a—Gircﬁ on a Plane,

ir.§~
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its Centre is given in Pofition, its Diameter is given in Mag-
nitude, and the Circle is given in Magnitude ard Polition ;
and ifa Diameter be drawn at pleafure, that Diameter will
be given in Magnitude and Pofition. The Circle can only
be given in Magnitude, when that Circle is cnly imaginary,
and when only the Magpitude of its Diameter is known :
Laftly when its Species is known, its faid to be given in
_S];;ecics; and when the Relation of two Quantities is known,
they are then faid to be given in Proportion, &c.

There are Problems which are call’d Ordinate and Tnordis
nate, Determinate and Indeterminate, Simple, Plane, Solid, and
Surfolid, thatisto fay, more than Sokid.

AnOrdinate Problem isthat which can be done but enly 5. 4¢

one way, As to mabe tbe Circumference of a Circle pafs
thro’ three given Points3 there being but one only Cirde,
whole circumference can pafs thro’ three given Points.

An Inordinate Problem is that which can be done an infinite
number of ways. As 2o defcribe the Circumference of a Cir-
ele thro’ two given Points, it being evident that thro’ two
given Points an infinite variety of Circles may be drawn.

A Determinate Problem is that which has but one certain
determin’d number of Solutions 3 as to divide # given Line
into two equal parts, this Problem having but onc Solution;
or to find two whole Numbers, the difference of whofe Squares
Jhall be equal to 48, which has but two Solutions to wit,
8, 4, and 7, 1, for the two Numbers fought for,

An Indeterminate or Local Problem, is that which is capa=
ble of an infinite variety of different Solutions, fo that the

Point which contributes to the refolution of the Problem; -

when it is in Geometry, may be taken at pleafure, with-
in a certain extent call’d the Geometric Place, which may
be a Line, a Plane, or a Solid; and then it it is faid that
the Problem is a Place or Lotus, which iscall'd Simple Place,
or Locus ad lineam reflam, when the Point which refolves
the Problem is in a right Line: Plane Place, or Locus ad
€ircalum, when that Point is found in the circumference of
a Circle: Solid Place, when the fame Point is found in the
circumference of a Conic Seftion, other than the Cirele, as
of a Parabola, an Hyperbola, or ot an Elipfis, &c.

A Simple; or Linear Problem, is fuch as may bé re-
folv’d Geometrically by the interlection of two right Lines,
It is evident that fuch a Problem is Ordinate, becaufe it can
have but one Solution, fince two right Lines will cut one
“another but in one Point,

A Plane Problem is fuch as may be relolv’d Geometrically,
by the interfe&tion of the circumferences of two Circles, or
by the interfe&ion of the circumference of a Circle and a

' A2 : tighs
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right Line. It is evident that fuch a Problem can have
but two Solutions becaule two circumfererces of a Circle,

“or a right Line and the circumfereace of a Circle, can cut

¢ach other but in two Points only,

A Solid Problem is that which may be refolv’d by the
intérfé@ion of two Conic Seltions, other than two Circles,
It is evident that fuch a Problem can have at moft but
four Solutions 3 becaufe two Conic Se&ions cannot inter-
fe& in more than four Points,

A Surfolid Problem is that which cannot be refolv’d Geo-
metrically, without making ule of fome Curve Line of a
higher kind than Conic Se&ions. it is evident that fuch
a Problem is capable of more than tour Solutions, becaufe
a Curve Line of a higher kind than Conic Seftions may be
cut by another Curve Line in above four Points,

A Problem that is extremely eafie and almoit felf-evi-
dent, and which ferves to relolve rhore difficult ones, is
cal’d a Porima, from the Greek word Porimes, which fig-
nifies a thing eafy to be comprehended, and which opens
the way to things of a more difhicult Nature; a5 from a
given Line to cut off a lefs given Line.

A Problem which is poffible, but which has not ever
been refolv’d, becaule of its feeming difficulty, is call’d an
Apore as is now (by fome) the Squaring the Circle. Before
Archimedes the Sguaring of the Parabola was an Apore.

By this word Quadrature or Squarimg is meant, in the
Mathematics, the manner of reducing into a right lined Fi-
gure a Curve [lined Figure, that is to fay, a Figure bounded
by Curve Lines, becaufe all right lined Figures may be
eafily reduc’d into Squares, Thus the [fuaring the Paribo-
la is the way of finding a right lined Figure equal to a
Parabola 5 and the Syuaring the Circle is the manner of de-
fcribing a right lined Figure equal to a given Circle,

A THEOREM is a determinate Propafition touching
the Nature and Properties of a thing, fhewing how to
find out an hidden Truth, and to deduce it from its proper
Principles.  Of which fort is thisr Propofitiony, which lays
down, that when the two Sides of a Triangle are equal, the
two Angles at the Bafe are alfo equal. |

A general Theorem which is difcover’™d in any Zocus
found, is call’d a Porifma 5 fo that whgp, either by the anci-
ent or modern Analyfir, the conftru&ion of any local Prob-
lem is found out, and a gencral Theorem drawn from the
conftru&ion of that- Lecus, fuch a Theorem is call’d a Po--
rifma. A Porifma therefore is no other than a Corollary
deliver’d like a Theorem that is difcover’d in a Locus, with

its confiruition and demonfiration, ferving, {ays Pappus, for
_ the
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the conftrution of the moft ‘general and difficult Prob-
lems.

The word Porifina. comes from the Greek Porifo which
according to Proclus fignifics to eftablifh and conclude from
what has been done and demonftrated, which’ made him
define a Porifma to be a Theorem drawn occafionally from
ther Theorem done and demonfirated.

ACOROLLART is aneceflary and evident Truth, that
isto fay a confequenceevidentiy drawn from what has been
done or demonitrated. Asif from a preceding Theorem,
we learnc thatthe two Angles of a Triangle are equal, when 5. 1.
the two oppafite Sides are equal, it is concluded that the three

Angles of an equilateral Triangle are equal.

A LEMM A is a Propafition put where it is to ferve for
the Demonitration of a Theorem,or Refolutidn of a Problem 3
itis commonly put before the Demonliration of the Theorem
to the end its Demonfiration fhou’d be lefs perplex’dy or
before the refolution of a Problem, to render it the fhorter,
and therefore tis that Euclid in his Elements teaches how
t¢ draw an eguilateral Triangle, betore he fhews how fromr, 1.
a Point given to draw a right Line equal 1o ome givem, and 2. I

.that he always demonftrates a Theorem before its inverfe,
" which in another Flace we have call’d a Reciprocal Theorem.,

Among the lefs principal Propofitions, we may likewile
put the Stholium which fhall be expiain’d after we have
fhewn what Demonliration means, together with its diffe-
rent kinds. :

DEMONSTR ATIO N is one or many Syllogifins,
or {ucceflive realunings drawn one from ancther, which
clearly and invincibly demonftrate aPropofition, that is to
fay, which convince the mind of the truth or falfity, of
the pofliblity or impeflibility of a Propofition and with-
out Demonitration there is always reafon to doubt of any
Propofition, urlefs it be a Principle, becaufe it frequently
happens that a Propafition is falfe, when it feems true to
the Senfcs, and even to the Mind, which is often impos’d
upon by the Senfes, when it has not {ufhciently examin’d
the thirg. _

Thefe Reafonings are founded on the three forts of Prin-
ciples before mention’d, in properly applying them to each
other, that is to f{ay, in applying one truth to another
trath, and from thele two truths concluding -a third, and
thus by continuing to deduce truths from truths, by a pro-
per and orderly ufe not only of Dehnitions, Axioms and
Demands, already granted, but likewile of Theorems, Prob-
lems, Lemmas, and Corollaries, till we arrive at the lait
Truth, call'd the Conclufion, becaufs it concludes and fully

A3 and
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and {Fcrﬁzaly convinces the Mind of what was to be De-
monftrated. i
Befides ‘the Conclufion, there belongs to a Demonfira-
tion ' the Hjpothefis, which is a fuppofition of the things
known or given in the Propofition to be demonftrated or
confiruéted ; as -alfo the Preparation, which is a conftru&ion
made beforehand by drawing fome Lines - either real or
imaginary, to perform the Demonftration with the greater
eale, and more readily condué&k the Mind to the know-
ledge of the truth propos’d to be demonftrated,

There are feveral forts of Demonflrations of which the

- two molt confiderable are thoe which we call Pofitive, or

Ajﬁﬁ;mﬂivc, or Diredt 5 and Negative, or Impofible, or Indi-
retf. | .

A Pofitive, Affirmative, -or Direéf Demenfiration is that
which by affirmative and evident Prepofitions, drawn di.
reitly from each other, does at laft diicover the truth
{ought for, and concludes  with what it pretended to de-
monftrate, fo that it forces the Reafon to confent to fuch
a truth, Of which fort is that in Prop. 1. B. 1. of Eu«
clid’s Elements, and many others. |
A Negative, Impefible,or Indireét Demonfiration is that which
demonfirates a truth by fome abfurdity which neceffarily
follows, if the propofition advanc’d and contefted fhou’d not
be true.  Euclid therefore to demonftrate, that 2 Triangle
which has iwo Angles equal bas alfo two Sides equaly, thews
that the part wou’d be equal to its whole, if one of thofe
two Sides were greater than the other, from whence he
concludes they muft be equal.

Bach of thefe two ways of - Demonliration equally con-
vince the Mind, and oblige it to confent to the Truth
demonftrated, but do not equally enlighten it for tis
certain that the Direff is more fatisfa&ory and clear than
the Indireéfe. Wherefore the latter is not to be us’d but
when it can’t be avoided. Euclid inde¢d has made ufe of
Indire& Demonftrations in many Propofitions, but we fhall
endeavour to render them Dire& as much as poffible.

A SCHOLIUM isa Remark made on the Conitru~
@&ion of a Problem, or on the Demonftration of a Theo-
yem, As if after having found the Refolution of a Prob.
jem, it be remark’d that in feveral Cales the Refolution
might have been done a fherter way by Compendiums
drawn from the general Refolution @ Or if after having
demonfirated a Theorem by Synthefis, it be remark’d that
the Demopliration wight likewile have been perform’d by
Analyfis. But now it concerns us to explain what is Syn-

thefis, and what dnalyfiss
T o PTA
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STNTHESLS or Compofition is the Art of finding out
the truth of a Propofition, by Confequences regularly drawn
from eftablifb’d Principles, or by Propofitions which de-
monfirate each other, beginning at the moft {imple, and
proceeding on to the more compound, until the lift be
attain’d, which finithes the conviétion of the Mind as to
the truth fought for, and obliges it to affent thereto : So-
that whofoever fhall confider with attention the confequence
of all thefe propefitions, fhall be invincibly convine’d of it,
and fhall no longer be able to refufe his confent to this
laft truth, of which before he was in doubt, or abfolutely
ignorant of,

AN ALTSIS, or Refolation is the Art of difovering
the truth of a Propefition by a way contrary to that of
Compofition, to wit, by fuppofing the Propofition fuch as it
s, and by examining what follows from this Propafition,
untill one arrives at fome clear truth, of which what has
been fuppos’d is a neceflary confequence; to corclude from
it -the truth of the Prepofition, by making ufe of Com-.
pofition by a retrograde order, namely by taking up its
reafonings where the otherended, You have an example
of Synthefis and Analyflis in Theor, 3+ Part 2. Chap, 1. of
Geometry. |

Analyfis when it isus’d in pure Geometry, as the Ancients
did, confifts more in the judgment and in the application
of the Mind, than in particular Rules: But at prefent
it is made ufe of in Algebrs, which is a literal Arithme-
tic by the means whereof hidden truths are more eafily
and methcedically found out. I fhall give you what M. Preffet
fays of it in his New Elements of Mathematics.

“ Never cou'd the Synthefis of Geometricians have ar-
“ riv’d to fo high a pitch as it has done in this Age,
€ had not the Analyfisof the Moderns fupported it, and
¢ brought to light an infinite number of fine difcoveries
¢ unknown to the moft learned among the Ancients, It is
% indeed impoflible to argue by any other way more in-
¢ genioufly, methodically, profoundly or learnedly, and
€ more compendioufly. Its expreffions by Letters are al-
“ together fimple and familiar, and the Mind can be fup-
¢ ply’d with nothing of fo ﬂ_gr-:ac help in the difcoveries
- &¢ of truth, becanfe they leflfen its labour, and dextroufly
¢ fave its application, they fix it and render it attentive .
‘¢ upon the Objeét of its enquiries, they commodioufly
“ point out all the parts of them, they fupport the ima-
& gipation, they renew and fpare the Memory as much as
“ poflible, in a word, they rule and perfcétly guide the
£ Mind, and yet fo little do they divide or employ it by

Ag | the
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““ the Senfes, that they leive it an entireliberty to exert
“¢ all its vigour and a&ivity in its fearch after truth. So
¢ that nothing can efcape its penetration ; and the juftnefs
“ or clearnefs of its reafonings dees commonly 'difcover
‘ the fhorteft way to the truths it fecks after, or the
¢ Mediums that are wanting to arrive at it, when they are
 beyord its reach.

Thele and many other reafons have made me of opinion
that fince Algebra is at prefent more efteem’d and more
cultivated than ever, it wou’d not be amifs, before any
other thing, for the fake of beginners, to add a Compendi-
um of this noble Science, at leaft as much as we have need
of in Euclid’s Eiements, and elfewhere, to foften the De-
monftrations which feem more difficule by any other way
than by the Analyfis of Geometricians ; and to add laftly
fome Geometrical Problems, which we fhall relolve by
Rule and Compafs upon Paper, and with a Stick and
Chord or Chain upon the Ground, by fimple and ealy Pra-
¢étices, without any Demonfltrations, to bring their hand
in who never us’d fuch Inflruments, and to difpofe them
the better to underftand Euclid’s Elements, and the other
Treatifes which ought to follow them.
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COMPENDIUM

Algebra.

! LGEBR A is a Science by means whercof we en-

)

A

e

deavour to refolve any poffible Problem in the

Mathematics, which is done by the means of a
fort of literal Arithmetic, which for that reafon has been
call’d Specious Algebra, becaufe its reafonings are all done
by the fpecies or forms of things, namely by the Letters
of the Alphabet, which are extremely helpful to the me-
mory and . imagination of thofe who apply themfelves to
this noble Science : For without that, all thofe things which
ferve to difcover the truth fought for, muft be retain'd in
the Mind, which requires a firong Tmagination, and can-
not be done without great labour to the memory.

Thele Letters reprekent each in particular either Lines or
Numbers, acmrdinf as the Problem is propos’d touching
Geometry, or Arithmetic; and being join’d together, they
reprefent Planes, Solids, and higher Powers according to their
Wumber ; for if there are two Letters together, as ab, they
veprefent a Reflangle, whofe two dimenfions are reprefented
by the Letters 4, b, namely one fide by the Letter 4, and
the other fide by the other Letter b, fo that being
multiplied together, they produce the Plame ab. And
if there are two like Letters as as, this Plane 44,
will be a Sgusre, whole fide is 4, which is call’d Sguare
Root.

" But if there are three Letters together as abc, they will
yeprefent a Solid, namely a Ref. .ouls~ Parallelepipedon, wll:nrc
ol . three
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three dimenfions will be exprefs'd by the Letters 4, b, ¢, to
wit, the length by the Letter 4, the breadth by b, and
the height or depth by the laft letter ¢, to the end that
thefe three Letters being multiplied together they may
produce the folid sbc. So that if thefe three Letters arc
the {fame as 242, this Solid a44, will reprefent a Cube, whofc
fide is 4, which is call’d Cube Root. .

Laftly, if there are more than three Letters together,
they will reprefent a higher Power, of as many dimenfions
as there are Letters: and fuch Powers are call’d Imaginary,
becaufe in mature there is no fenfible Quantity known,
which has more than three dimenfions, This Power, or
imaginary Quantities call'd Plano-Plane or a Power of four
dimenfions, when it is exprefs’d by four Letters, as abcd,
and when thele four Letters are the {ame as gaaq, this
Plano-Plane aaaa, is rcall’d Sguare-Squar’d, whofe fide is 4,
which is call’d Syuare-Squar’d Roat,

This {fame Power is call’d Plane-Soltd, when it is repre=
fented by five Letters: and when they are the fame, as
aaaaa, it is call’d Surfolid, whofe fide is 4, which is call’d
Sarfolid Root,

Thus you fee that thefe Powers go on encreafing by a
continual addition of Letters, which is equivalent to a con-
tinual Multiplication: And when they are compos’d of equal
Letters, they are call’d Regulars, and Vieta calls them
Gradual Quantities, becaufe they encreale by fa degree con-
formable to the number of their. Letters, Thus a4q, is a
Power of the fecond Depree, becaufe it has two Letterss
and gaa, is a Pomer aﬁ the third Degree, becaufe it has
three Letters, and fo on, | B

From whence it follows that the Roof, or the common
Side dy of all thofe Powers, is a Power of the firfk Degrees

But as by augmenting thefe gradual Quantities by a
continual addition of the fame Letter, the Number of the
Letters may become fo great, that it will be hard to reck-
on them, and even to write them upon Paper, in fuch cafe
it will fuffice only to write the Root, that is to fay, only
one’ Letter, and to annex to it towards the right hand a
_Eigt._l_rc exprefling the number of the Letters, of which the

ower is compos’d, and this number is call’d Exponent of
the fame Power, and fhews the Number of its Dimenfions,
ig is commonly written a little higher than the Letters,
fo as not to confound them with the other Numbers, when
there are any, or when there is any other Letter which
follows after at the right hand., Thus to exprefls a Sir-
felidy or.a Power of the fifth Degreey that is to fay, of five
Dimenfions, whofe fide or Root is 4, inftead of reprefen-
‘ ting
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ging it by thele five Letters asqua, you may reprefent it
thus, 45. To exprels likewife the Cube of 4, you may
write thus 4%, and to exprels the Sguare-fuar’d of it, you
muft write thus 4%, So of others, :

It is eafily feen by what we jult now faid, that the gra-
dual Quantities, or the Powers of any Root, as 4, are

2% a% a3, at, a5, 4%, 47, 4%, 49, 4%, L,
this natural Series, and that they are in a Geometrical Pro-
greflion, while their Exponents are in an Arithmetical Pro-
greflion, becaufe the Powers encreale by a continual Mul-
tiplication of one and the {ame Root, and their Exponents
augment by a continual addition of that of the fame Root,
which is!1, tho’ not always written, becaufe it is underltcod,
for itis evident that 'z is equivalent to a*.

Thus putting for 4, what number you will, for example
2, then a* will be 4, 43, will be 8, and the other Powers
will be fuch as you fce here, which fhew that the Powers,
or gradual Quantities, 2, 4, 8, 49c. are in a Geometrical

a%y 4%y a3, a%, a5, a% a7 8, Lo,

25 45 8, 16,32,64, 128, 256, L,
Progreflion, and that their Exponents 1, 2, 3, &, arein
an Arithmetical Progreffion. Which is the caufe that thefe
Exponents may be confider’d as the Logarithms of their
Powers. From whence it follows that the Exponent of a
Power which is produc’d by the Multiplication of two
other Powers, is egual to the Sum of the Exponents of
thofe Powers, Thus the Surfolid 32, hath s, Fur its Ex-
ponent, namely the Sum of the Exponents 1, 4, of the
Powers 2, 16, which produce it, or of the Exponents 2, 3,
of the Powers 4, 8, which produce it.

Thus you fee that there' is a great difference between
34, and 43, becaufe 43, fignifies the Cube of the Root a,
and 3¢ reprefents the triple of that Root: So that if # be
equal to 2, its Cube ¢3 is equal to §, and its Triple 34,
is only equal to 6, in like manner 3a%, exprefles the tri-
ple of the Square-fquar’d of the Root 4, fo that if 2 be
eq_:;al to 2, the Plano-Plane 34% is equal to 48. So of
others, {

"

el .

C‘H AP, E
Of Monomes, or Simple Quantities.

HAT we call Monomes is a literal Quantity which
V'Y fubfifts alone, that.is, fuchas is not accompanied with
: any

1L
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any other Quantity conne&ed by this Charaéter - which
fignifies more, or by this —, which fignifies /efs

PROBLEM I
To add one Quantity to another.

AS homogeneal Quantities do not affe& the heteroge-
neal ones, that is to.fay, that one Quantity cannot
augment another Quantity of a different kind, when it is
added to ity nor diminifh it, when ig is fublira&ted from
it ; it follows, that thofe which arc to be added tcgether,
ought to be homogeneal, that is to (ay, of the {ame kind ;
and when they are of the fame kind, let their Coefhicients,
be added together, and the fame Letters. and the fame Exa
ponents retain’d, and when they are of divers kinds they
may be added by the Sign -+, becaufe more, as well as
fefs, does not make different kinds, This Addition will be
cafily comprehended by the following Examples, where you

24| 243] 2 abbj2a 24ab
43| 4 abbj2b abb

34| 8a3|10,abb 2_"*'_“"1‘3’5‘ gad

94144316 ab 24ab4-3abb+-443

may fee that by the Addition of feveral Quantities of the fame
kind, there one only Quantity is found, which confequent-
ly is alfo a Monome; and by the addition of {everal Guan-
titics of different kinds,a Polynome is form’d, which we will
call Binome, when itis compos'd of two Monomes, which
are call’d Terms as 2a4-3b; and Trinome, when it is com.
pos’d of three Monomes or Terms, as 2aab{-3abb4-443 ¢,

PROBLEM IL
To Subftralt one Quantity frem another.

Ubftra&tion likewile fuppofles Quantities to be homoge-
neal ; for it is evident that a Plane cannot be dimini=
fhed by the Subftra&ion of a Line, becaufe a Plane is com-
pos’d of an infinite number of Lines, nor a Solid by the
Subftradion of a Line, or Plane, becaufe a Solid is compos’d

of an infinite number of Lines, and alfo of Planes.
As we have faid that the Sign /lefs does not make diffes
rent kinds, a Quantity may be fubfiraited from ach:thez
uans
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Onantity greater and of the fame kind, by taking its Co-
s¢fficients from thofe of the greater, and by retaining the
fanse Letters, and their Exponents : and from another Quan-
ity greater and of a different kind, by writing it after the
greater towards the right hand, and by conneding them
with the Sign —, which belongs to the Quantity that is
to be fubftraéted, which in this cafe is call’d Negative Quan-
tity, altho’ it be pofitive in it felf, being negative only in
refpect to that from which it is to be fubfiratted. See the
following Examples.

6z | Saa | 12abb
21 \ aa | 4abb
44 Sabb

£

34 243
2h 24ab

- ———

EE-—E:'J 203 e 204D

543

It often happens that a greater Quantity is required to
be fubitra&ed from a lefs, which being ablolutely impofii-
ble, the lefs muft be fubfiracted from the greater, as was
juft now taught, and the Sign — muft be prefix’d to the
remainder, to fhew that, that remainder proceeds from the
fubflrattion of a greater Quantity from a lefs, and confe-
quently is a negative Quantity, Thus fubftrating Zd from
34, the remainder will be —24, and {ubltracting 10bb from
3bb, the remainder will be —7bh, and (o for others,
~ To reprefent the excels of one Quantity above another
Ouantity of a different kind, without knowing which is
the greater: as if we cannot tell to which of thefe two
Quantities the Sign — ought to be uttributed, they muft
be join’d by this .., which fgnifies Differemce. Thus
 the difference of thele two Quantities 24, 3b, is 24.. 3D,
or 3b.22, and the difference of thele two 243, 4abb, is
243...4abb, or 4abb...243.

PROBLEM I
To multiply one @uantity by another.

Multip!icatiun does not any more than Divifion require
the Quantities to be homogereal, for nothing hin-
ders but a Plane may be multiplied by a Line, and it will
become a Solid; or a Solid by a Line, and it will be-
come a Plano-Plane. Thus you fee that the Multiplication
of Quantities changes the kind, and elevates it, except when
it is made by a Number, in which cafe the fame kind
remains.

Firft to multiply a literal Quantity by a number, mul-
tiply the Cocfficient of that literal Quantity by that num-

ber,.

13
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ber, and retain the fame Letters and their Exponents. Thug
to multiply this literal Quantity 34256 by 4, you muft muls.
tiply 3by 4, and you will have 1244b6 for the Produ&.
But to multiply one litcral Quantity by another, the
Cocfficients mult be multiplied together, and the Exponents :
added, if the Letters are the fame in cach of the Fa&ors,

otherwif¢ write down the Letters one after another with
their Exponents, and prefix the Produé of their Coefficients,
as in the following Examples; where you may obferve that
the Exponent of a Squarc is double; that of its Rooty the

24 2aa 34 9 18 qabe
30 glpr i, SRl L B 4 aacd

6ab 84t 9az 2743  72a%bccd

Exponent of a Cube is triple that of its Root, and that
tI}{m Exponent of a Square-fquar'd is quadruple that of, its
00t

PROBLEM IV
To Divide one Quantity by another.

Tvifion which Vieta calls Application, does not as we

4 have already faid require the Quantities to be homo-
general, for oftentimes a Quantity of a higher Powmer, that
is to fay of a higher kind, or which has more Dimenfions,
15 divided by one of a lower Rind, or by one of a fewer
dimenfions, as a Plane by a Line, and then a Line is pro-
duced ;: Or a Solid by a Line, and then the Quotient isa
Plane. So of the reft. But a continued Quantity cannot
be divided by ancther higher continued Quantity, Geomes-
trically fpeaking, becaule that is againft the nature of the
Quantity, but you may divide a Quantity by a Quantity
of the fame kind, and then the Quotient is abfolutely a
Number, generally fpeaking.

Firft, if the Divifor be a Number, divide the Coeffici-
ent of the Dividend, by that Number, and retain the fame
Letters and their Exponents: Thus, dividing S4bb, by 4,
the Quotient will be 2abb, and dividing 3243 by 8, the
Quotient will be 4a2.

But if the Divifor confilt of one or more Letters, and
that thefe fame Letters are found in the Dividend, which
I fuppofe rais’d higher than the Divifor ; then divide the
Coefficients of the Dividend by thofe of the Divifor; and
fubfira& the Exponents of the Letters of the Divifor, from

the Exponents of the Letters of the Dividend, and the
' | Letters
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Letters which remain without an ,Exponent, will vanifh,
‘and the others will remain in the Quotient, and will be
Integers, if the Divifor has not Letters different from thofe
of the Dividend, or if all the Exponents of the Divifor be
fubftra&ed from the like Exponents of the Dividend, other-
wile thofe different Letters muft be plac’d beneath, or elfe
the difference of the Exponent with the fame Letters, found
by f{ubftra&ing the lefler from the greater, as you fee in
the lait of the following Examples.

6 b (qaalh  gatbt (aabs 8 aabe (2

3 oc
3 ab 2ab - 4 abc
o 0 o)

12a5b% (4atbh  13a4b3 (“Fash  yéaabicc (Ef
3abb 6abb 8bbc4

o Lesgeres T DL il g ] RIS X

o o 281 21l

PROBLEM V.
To extvalt the Root of a given Quantity.

E have remark’d in Multiplication, that the Expo-

nent of a Square is double that of its Root, that
the Exponent of a Cube is triple that of its Root, and
fo on. Wherefore to extrat the Square Root of a given
Quantity, you muft take the Square Root of its Coeffici-
ent, and the half of its Exponent, and to extra@ the
Cube Root of it, you muft take the Cube Root of its Co-
efficient, and the third of its Exponent. Thus the Square
Root of 644505, is 843b7, and its Cube Root is 44455, which
has likewife its Square Root 245, So of others,

A Power which has neither 4~ nor — prefix’d, is ac~
counted affirmative, that is to fay, prefix’d by a 4, and
then it will always have the Root fought, provided it has
a Number which has fuch a Root prefix’d, and that its
Exponent be divifible exallly by that of the fame Root, to
wit by 2, for the Squarc Root, by 3, for the Cubic Root,
and fo on. Thus the Square Root of 44%5% is 2444, and
the Cube Root of 450, is is aabb, the Coefhicient being
underftood in the Root as well as in the Power; for it is
evident that 4%5%, is equivalent to 14%0°sand its Cube Root
sibb equivalent to yaabhy 3 143

—

I3
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If the Power whofe Root is to be extrated be negatives
that is to fay has = prefix’d, it will never have fuch aRoot,
altho’ it has the Quality which we mention’d, unlefs the
Exponent of the Root fought be an odd Number, and then
the Root will be allo negative. Thus the Cubic Root of
=—843h3, is ——2ab; and the Surlolid Root of =~—324"%b5, is
—244b. But = 4aabb has no Square Root, but fuch as is

call’d Tmaginary, which is exprefs’d thus, /—4aabb, the
Mark ¥ fignitying Root. _

When a given Quantity has no Root, the Charaéter ¥
is prefix’d with the Exponent of the Root, placed above
that radical Sign. Thus the Cube Root of 124353, is ex-

e
prefs’d in this manner, #1243h3, and the Square Root of

= -
24;::;.5:5,@5 writ thus, V2.qqbh, or plainly thus, V2 a00k, the

Exponent 2 being underftood, which is negle&ed to be
written, when you wou’d reprefent a Square Root. And
fuch Roots are commonly call’d Irxational Quantities.
Thefe Roots or irrational Quantities may be exprefs'd,
more plainly, when the Poweris divifible by another Pow-
er which has the Root fought for, to wit, by writing the
radical Sign ¥ between the Root of this other Power and
the Quotient, Thus for the Cube Root of 12433, inftead

A i 3 |

of V124303, write ab/12, becaufe the Power 124303, is di=
vifible by this 4363, which its Cubic Root 4, and the
Quotient is 12. In like manner to reprefent the Square

Root of this Power, 644bb, inltead of writlng thus, v6aabb,
you may write thus 4b/’G, becaufe the given Power Saslh,
is divifible by this aabb, the $quare Root whereof is ab,
and the Quotient is 6,

GH AP
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SeE AL |
Of Polynomes, or Compound %:ax;fﬁe;.’

%7 OU have feen in the preceding Chapter, that by

the Addition.;and Subftration of feveral Quantities
of different kinds, a Polynome is formed, the Terms of whichs
that is to fay, the-Monomes which compofc it *may be
differently affeffed, that is to fay, Affirmative or Negative,
according as they. have been added or fubftratted : Now
left the diftin&ion. of 4~ and —, which are call’d Jigns,
fhou’d caufe fome difficulty, before you come to the Prattice,
we fhall here add the following Theoremis,

THEOREM I
The Sam of 1o Quantities ;ﬁm& alike is of the fuite af-
elfion.

Hat is to fay;, that if any two Quantities are Affirmd-
tive, or have 4= prefir’d, their Sum will be Afirma-
tive ;3 and if they arc Negative, their Sum will be aifo Ne-
gative, For itis evident that the Sum a 48, of the two
Quantitics ay by or -4, 4 b, which are affeffed alike, that
is to fay, have the fame Sign prefix’d, which fhew that
they are both Affirmative, is Afarmative, becaufe if they
were negative, that is, —a —5, each of thele two Quantities
would be alfo negative, which, iséontrary tothe Suppofition.
It is evident allo that the Sum — 2 — b, of the two nega-
tive Quantitics — 4, — b, is ncgative, becaufe if it wys
affirmative, fo that it were 2 4-b, each of thofe two Quan<
tities would ‘be alfo affirmative,- which isalfe concrary ta
the fuppofition. Thusitis leen that 4- added to 4 makes 4-;
and that — added to — makes —.

.:; .-: 1: i .hﬁ."
B THE O,
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THEOREM I

The Sum of two unequal Quantities differently affelled, is of the
fame affeétion with the greater, and is equal to their Dif-
ference,

F OR fince they are differently affe@ed, by the {fuppofi-
+ tion, the one ought to be affirmative and the other
negative, and their Sum being compos’d of a negative Quan-
tity and an affirmative one, fhews that the negative Quan-
tity ought to be f{ubftrafted from the affirmative one, be=
caufe Negation is a mark of Subftra&ion. Wherefore if
the Negative is lefs than the Affirmative, it may be fubs
firaéted from the Affirmative, and then there will remain
a part of the Affirmative, fo that the Difference will beA ffic-
mative, and of the fame Affe&ion with the greater. Which
as one of the two things which was to be Demonfirated.

But if the negative Quantity be greater than the affire
mative,- as the negative cannot be {ubftrated from the
affirmative, which is fuppos’d lefs, you muft fubfiraé the
Iels from the greater, that is to fay the affirmatrve from
the negative, and there will remain a parc of the negative,
fo that the Difference will be negative, and confequentl
of the fame Affeétion with the greater. Which remain’d to
Demonftrated.

Fhus the Sum of — 24 and 4 g4, is -~ 343 and the
Sum of 424 and of — 44, is — 34. From whence it
follows that the Sum of two equal Quantities differently
affe&ted is o, or nothing.

THEOREM. IIL

Ty fubftrall one Quantity from another, is the [ame thing & te

add to that other Quantity the former, affcéled by a contrary
Sign,

Hus, for example, if you would fubftra& 424 from
~+ 54, that is, if to ¢4 you would add — 243
becaufe the taking away of an Affirmative is fubftituting a
Negative, and the Sum - 34 will be the Remainders
It is the fame if you would fubftra& — 24 from — g4
that is, if to — g4 you would add <4-24; becaufe the
takirg away of a Negation is fubftituting an Affirmation,
and the Sum — 34 will be the Remainder: sl
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Bit if you would fubftraft -2 fromi —s4, that is, if to
—&a2 you would add —24, the Sum —71 will be the
Remainder : And if you'd fubfira® 24 from <4, that is,
if to 454 you would add ~24, the Sum ~-72 will be
the Remainder.

THEOREM 1V,

The Produll of two Quantities’ affelled alike is affirmative,
and the: Produfl of iwo Quantities differently affelied is
negative,

I T is evident that if two Quantities are affirmative, their
Produ& will be allo affirmative ; betaufe in multiply-
s ing an affirmative Quantity by another affirmative Quanti-
ty, you add it as many times as there are Units in that
other Quantity 3 for Affirmation is a mark of Addition 2
and as this Addition is made by an affirmative Quantity;
the Sum which is the Produ& will be alfo affirmative.
It is allo evident, that if the two Q antities which are
multiplied are negative, their Produc will be ftill affirma-
tive : becaufe in multiplying one negative Quantity, by ‘ano-
ther negative Quantity, you fubftra& it as many times as
there are Units in that other negative Quantity 5 for Nega-
tion is a mark of Subltra&ion, and as this Subfirattion is
made by a negative Quantity, the Negation is defiroyed,;
and confequently the Affirmation is reftored 5 fo that the
Remainder ivhich is the Produ&, will be afhrmative,
Laftly it is evident, that if one of thefe two Quantities
be negative, and the other affirmative, their Proau& will
be negative : becaufe in multiplyirg the negative by the af-
firmative, you add it as often as there are Units in the afe
firmative, and as this is an Addition of negative Quantitics;
the Sum or the Produét will be negatives Furthermore, in
multiplying an affirmative by a negative Quantity, you fub-
ftra& it as often as there are Units in that negative Quan-
tity, and as this is a Subftra&ion of affirmative Quantities;
by deltroying the Affirmation you fubftitute a Negation, (@
that the Remainder or Produ& is negative.
Thus you fee that -+ multiplied by - makes -}; that
— multiplied by — makes 45 and that — multiplied by
by Or - by — makes —:

B 4 PR G
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THEOREM V.

The Quotient of two Quantities alike affelled is aﬁrmﬁm
and the Quotient of two Quantities differently affeted is
negatives '

']‘His Theerem is evident by the preceding one, becaufe
if the Quotient of twe Quantities alike affe®ed were
not affirmative, as in multiplying the Quoticnt by the Divi-
for, you'd have the Quantity which wasdivided, the Produ&
would rot be of the fame Affe@tion with that Quantity.
The fame Inconvenierce would happen if the Quotient ¢f
two Quantities diffcrently affeted were not negative,
Therelore, d9¢.

PROBLEM L
Addition of Polynomes or Compound Quantities.

Aving fritten down the Polynomes one under another

in order, asin Vulgar Arithmetic, fo that Quantitics

of the fame kind, when there are any, may anfwer each
other réfpectively; add Quantities of the fame kind, as
was taught in the preceding Chapter, and write thofe of
different kind$ below the line, each with its one Sign, as
in the following Exantples, where we have followed the
Rules of 4 and —; which have been taught in Theor, 1.2+

343h 4 324 — Baabb — qab3
743b — §a* 4 3aabc — ghbec

3043h — 244 — Gaabb - 3#.::5;-- 7ab% — abhce

a3 — 3aab
447 4 344b

AT b e g

a3 O

PR O:
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PROBLEM IL
Subftraltion of Polynomes or Compeund Quantitiess

TO fubfiradt one Polynome from another Polynome, you
mufl by Theor, 3. change the Signs of the Polynome to
be fubliraced, that is to fay, 4 muft be made —, and —
mult be made 4, then add that Polynome fo changed, to
that from which you would fubftra®, by the Precepts of
the preceding Problem, and the Sum will be, by Theor. 3.
the Remainder required, as in the following Examples.

6aabb — 3a3b 4abbe Rab 4 200 + 4cc
2aabb — ga3b 4 Gablc 2ab — 3bb — 2¢c 4+ 3¢cd
4aabb -+ 2;5.& ~—2abbe 6ab 4 §bb 4 Gcc — 3cd

PROBLEM IIL
Multiplication of Polynomes.

Hﬁuﬁng put the Multiplicator under the Polynome to be
multiplied, as in Vulgar Arithmetic, multiply the fu-
perior Polynome by each Term of the inferior, according
to the Precepts of the preceding Chapter, obferving the
Rules of - and —, which have been taught in Theor. 4.
then add all the Produéts together, as in the following
Examples; where the laft fave one fhews that the Square of
the Binome a4 b, is the Trinome a4 24b4-Bh, which
may ferve as a Rule for the Extraction of the Square Root,

204 4b 244 36
2a 426 24 — 2b
| 4ab 4 8bb | — 6ab — gbb
442 +8ab 4aa 4 6ab
4aa41 2.15+‘3§5 441 o — 9:55_

" B3 243

I



22

INTRODUCTION

2a2 — 2bb aa 4 2ab -} bk
248 — 26b 2ab — bb
4a% — Aaabb 243h 4 4aabb+- 24b3
4at = Baabb+4-46% . _ggib.i- 3aabh o — bt
a+4b '
a-+ b Side
+ ab—+4-bb
da -4 ab
aa - 24b i bb Square
a-+ b side
2t sab - gabb - B>

a3+2aab 4 abb

e T ————

a3-434ab 4 3abb 4 b3 Cube

as well in Jiteral Quantities as in numbers : And the lap
fhews that the Cube of the fame Binome a4 b, is this Qua-
drinome a3 + 3aab - 3abb+- b3, which may likewife ferve
as a Rule for the Extra&ion of the Cube Root, as well
in literal Quantities as in numbers,

PROBLEM IV,
Diifien of Polynomes,

Irft, to divide a Polynome by a Monome (or a fingle

Quantity ) each Term of the Polynome ought to be
divided one after another by that Monome, according to
the Precepts of the foregoing Chapter, and the Quotients
put to the Right-hand, as in Common Arithmetic, with
the Signs »t and —, according to the Rule in Theor, §.
;;h*“ the following Examples, which may be underflood at
o nt. 3 ALECe =

LT



7o the Mathematics. 23

24) 8ab } 4470%* — 302 (445 = 2ab* — 2 abt
846 4 44707 — 34*b% :

o=

O O o

9af — 12a3h* — gb*c2 4

- f — §2230% — ab%c3 abb¢3
2#) 94 1243 407¢ (_g_ﬂq_{‘_&i:éz_,‘_

O 6] Q

But if the Divifor be a Polynome, let the Terms be
placed as in Common Divifion , and asin the two preceding
Examples, then begin to divide at the highelt Power with
refpe& to the Letters that are in the Divifor, and finith
the reft as in Common Arithmetic, and asin the followirg
Examples.

2a-4-2b) 4::& -+ 1245 - 8b5 :-( 21 4 4b
qaat g4ab

© 8ab4-Shh
Eabj'-}'—ﬂbﬁ'

O o

34— b) gaa — 6ab+-b* (32 — b
9da — 3ah - b*

o — 3:1;5—}—5‘
— 3ab+b*

0 O

abc—cz) gab*c—2abcz}-6b*c*A-bc*x —20%2* (?.:115-} 304202
4ab*c—2abcxr—4-6b%c*—3bc*x :

M - 0 j:.q.bc‘r—zc‘.r*

abc*z—2c*z*

o <

7f after having multiply’d the Divifor by the Quotient,
the Produét cannot be fubftraed for want of Quantities of
the fame kind, fct down this Produét below, changing its
Sign of 4 or — into its contrary, becaule of subitraction,
then proceed to divide till all the Terms be brought down,

as in the following Examples. '
B4 444
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244 3b) 442 — 9555(2:: - 35

4u2+6

auM—ﬁ
— 6ab — ghb
3 'D. (@]

;:.::-}- 24b+4 bb) 243b 4 34%h* — b* (24b — bk
24%h 4 4a*b*4-24b3

O — at—ogbd — b

e #‘b‘—-z.—:ﬁ* — bs
—_——

Ok 19246009

b) &> b3 (a2 — ab b
‘+ :i—]—-.ﬂ&{‘ _ +

0 —a*h - b3
"'#’ﬁi-ab‘?

0 }ab* b3
- abt b3

- o

&, 2=—p) a® —b? n’+ aﬁ-}-ﬁ‘

ad=—a*h
e ¢ el e

o +a*bh—b?
_ a*h -—;‘15‘

5 b .::.5-‘—-55
i iab‘——b’

Q (#]

If at the end of a Divifion there remains any thing, or
that you cannot divide becaufle of fome different Letter in
the Divifor and Dividend, make a Fra&ion of thefe two Po.
lypomes, by puttmg the ’Divifor under the Polynome: to be

divided, with a line between., | EI'.].E:hus dividing, s~ &
J'-":I

by g—}-b the Q_nn:nt mllbe ‘.hg ’ and d:wdmg a*-[-i?'

by'e — b, the Quotient 1.{5.'11] be "';:1,' Sn of othcrs.
B 4 FE e I ) .r..- ’ - P R 0-

vt
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PROBLEM V.
To Extraft the Root of a Polynome.

WE have faid in Multiplication, that the Trinome
aa -+ 2ab-}-b*, whole Square Root is a b, ferves
as 2 Rule to extradt the Square Root by: And to fhew
you how, let us feck the Square Root as if we did not
know it, which muft be done after this’ manner.

~ Forafmuch as the Terms a4z and bb are Squares, you
may begin at which you will of thefe two ; if you begin
at gz, put its Square Root g towardsthe Right-hand, like
2 Quotient, for the firk Letter of the Root which is

da-42ab 4 b* (a4-b
2
o4 brc
+“2cr b
[
o b

fought for, and alfo under the Square 44, fo that by mul-
tiplying a by 4 its Square may be had, which being fube
firafted from the Trinome 44 -} 24b 4 5%, put the Re-
mainder 2¢b-4-b* under the Line 5 and fince in this Res
mainder there is 2z in the Term 22b, itis evident that you
muft divide 240 by 24, which is the double of the firlk
found Letter 4, and you will have 4 b for the fecond
Term of the Root fought : wherefore this fecond Letter §
muft be put on the Right-hand, with its Sign 4 after the
firft 4, and alfo under its Square b*, which is the laft Term
of the Remainder 24b-- b, o that under this Remainder
24b -}-b% you will have 224 b for the Divifor, and fince
there remains nothing after having multiplied and fubRra-
dted, as the Rule of Divifion prefcribes, one may conclude
that the Square Root of the propofed Trinome 2a+-245-4-bb
is precifely a-4 6. |

. In the lame manner the fquare Root of any other Powaer
i extracted as in the follawing Examples,

O o

15
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a%+ 44°b 4 6aabb 4 4ab3 - 0% (a4 245 -5k

aa '
© + 4436 4 aabb
244 =4 2ab
o  200bb 4 4ab3 b
2aa 4 4ab 4 bb
o o o

gat = 3643 b 472 a3 4 3664 (342 —6ab — 606
342

— 364%b 4 724b%
6aa — 6ab

— 36aabb 4 724b3 4 365%
6aa — x2ab — 6bb

o -1

8] O O

If in the fecond Example the fquare Root had been bea
gun to be extra&ed at the laft Term 3604, this fquare Roog
would have been found to be 666 4 6ab — 344, whofe Signs
+ and — are contrary to thofe of the firft found Roos
3aa — 6ab — 6bb, which fhews that a Polynome has al
ways two fquare Roots, as well as a Monome, and every
other Power ; and generally fpeaking, a Quantity has as
many Roots, as the Exponent of that Root has Units,

We have alfo faid in the fame place, that is to fay, in
Prob, 3. that the Quadrinome o2 340k 4 3466 143,
whofe Cube Root is 2 -} b, ferves for a Rule to extra& the
Cube Root by 3 and to fhew how, we will feeck for this
Cube Root as if we knew it not, thus 2

Since the Terms 43 and b3 are Cubics, begin at which
you will of thofe two; if you begin by 43, put its Cube.
Root a towards the Right-hand, as before, fm‘ the firft Let-
ter of the Root fought, the Cube of which a3, ought to be
fubfiraéted from the propofed Polynome, and the Remainder
2aab 4 3abb 4 b3, mult be written under the Line, and
divided by 344, the triple of the fquare of the firfk
found Letter a, becaufe in the firlt Term 3448, of the Re-
mainder 34ab -4 3abb—f- 63, this triple is found, and the
Quagtient -6 put towards the Right-hand, as before, for the

RIS ' o fecond
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a* 4 3a0b 4 3abb 403 (a6
a3 i

e gn;ﬁ + 3abb - b%

344

mhe 3abb 4 b3
i

0 b3
i b3
[}

fecend Letter of the Root fought, and the Remainder of the
Divifion will be 34604 b3, from which you muft {ubftra&
34bb and ‘b3, to wit, triple the Solid under the firft found
Figure 2, and the Square &b of the fecond 5, and the
Cube of the fame fecond 5 and as nothing remains, it thews
that the Cube Root of the propofed Polynome a3 4 344b
o 3abb 4 b* is exalty a5,

If the propofed Polynome has not fuch a Root as is re-

quired, you muft exprefs that Root by this Mark v, which
put towards the Left-hand of the Polynome, with a Line

over the fame Polynome, fhewing that the Chara&er V'
does affe& the whole Polynome, So to exprefs the
Square Root of this Binome a4bb - aace, you muft write

thus, v 2abb 4 aacc, or thus, af-;b-{-f:c. becaufe the Bi-

nome 4abb -} aace is divifible by the Square 42, whofe Side

is 4, and the Quotient is bb 4-cc. Tn like manner to ex-

prefs the Cube Root of this Binome 4%6% 4 2%¢3, you muft
3

ey
write V2357 - a7¢3, or thus, 4V5 ~+ ¢, becaufe the Bi-
nome 43563 «f-4c? is divifible by the Cube 4%, whoft Side
is 4, and the Quotient is &% =}, So of others, '

CHAP:
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C H-AL Ak

Of EQUATIONS.

AN EQUATION is a Comparifon which is made
between different Quantities, which we would bring
to an Equality, and for this purpofc are commonly fepara-
ted by this Chara&er —, which fignifies Equal.

Thefe two Quantities are called Jides or Members of the E-
guation 3 they are commonly compos’d of feveral Monomes
or Terms, of which all thofe that are on one and the fage
fide of the Equation, that is to fay, in onc and the fame
Member, are confider’d m&cthar as one Quantity.

*“An Equation always follows the Apalytical Refolution of
a Problem, and at. leaft contains onc¢ unknown Quantity,
which are commonly exprefs’d by the laft Letters of the Al.
phab:t %z, ¥ 2y the known Quantities are txprefsd indiffe-
mnt y by the other Letters, Thus in the Equation

24z = b¢, the unknown Quantity is z, which is the
rcafun that the two Terms zz, 22z, where itis fuund, are
called uném:m Terms, which arc commonly plaged on the
fame fide : ‘and the Term bc where it is not found, is
called the &nown Term, as alfo the laft T:rm which com-
mqnl}' makes the other fide of the Equatmn, in order to com-
parc it with the unknownj therctore it is that Vieta calls
it Homogeneum Comparationis, tho” others call it the Abfolutely
k,ﬂﬂwn Quantity.

Among all the Terms of an Equation, th: firjt is that
wherein you have the higheft Power of the unknown Quan-
tity 3 the fecond, that whercin the fame Quantity is one
degree lefs 5 the #hird, that whercin the ame Quantity is
two degrees lefs than the higheft Power, and fo on to the

lift Term : As in this Equation, 3+~ azz — bbxr = 4,
the firk Term is 3, th: fecond ax%s the third bz, and
the laft acc.

Tho' amongft all the Terms of an Equation the degree
of the unknown Quantity is not equally decreas’d, by rﬂa['un
of fome Term wanting, which often happens, yet that hin-
ders not but that the Term: where the’ unknown Quantity
is, for inftance, abated two Degrees below the firft, may be
called the third, tho’ it be the fecond in order. Thus in
the following Equation, z* 4 aaxz 4-b3z = c*, where the
fecond Term is wanting, the firlt Term is 24, the third ig
gazz, the fourth is b3x, and the laftis ¢4, | l

Al



TH the Mathematics.

~ Rl the Terms of an Equation ought to be homogeneal,
at leaft in Geometrical Problems 3 and thofe wherein the un=
known Quantity happens to be equally raifed, or thole
wherein it is not found, ought to be accounted as one Term
only, as in this Equation, zx—4-az-{- bz = ad + bd, the
firlt Term is zx, the fecond is az - bz, and the laft is
ad 4 bd.

:'t-n Equation is faid to be of as many Dimenfions a3
the unknown Quantity in the firft Term, that is to fay;
it is call’d an Equation of two Dimenfions, or Quadratic, if
the Square of the unknown Letter be found in the firft
Term; or of three Dimenfions, or Cubic, if the Cube of the
fame unkrown Quantity bappens in .the firlt Term, .
Thus the followirg Equation 23— abz == aab, is of three

" Dimenfions, or Cubic, bécaufe the Cabe of the unknown
Quantity z is found in the firft Term. And when in the
Equation there is only one Term unknown, it is call’d a
Pure Equationy as z3 — abb, or zx'== ab, &c.

The unknown Quantity of an Equation may Have .as ma-
ny different or equal Values, as the Equation has Dimen-
fions : Thus in this Equation of two Dimenfions, zz 4 2r
= 14, there are two Roots, namely -~ 3, which being
affirmative, is call’d a true Root 5 and — §, whichis a nega-
tive. Rooty and by Des Cartes call’d a falfe Root 5 that is
to fay, = may be fuppofed — 4 3; or =—= — 4. This
has need of a' Demonitration, but we fhall {ay no more
of it in this place. See Des Cartes’s Geometry.

When one of the Roots of an Equation which depends
on {ome Problem is found, that Problem is refolved. Bug
to fird this Rdot, the Equation fhou’d be fo reduced, that
the firt Term be multiplied by no other Quantity than
Unity; which is always underftood, tho’ not mention’d, or
at leaft by another Quantity, which has a Root whofe Ex-
ponent is equal to the number of Dimenfions of the E~

ation,

Further, all unknown Terms ought to be on one and the
fame {ide of the Bquation, which for that reafon is called
the unknown Side or Member, and alfo firft Side or Member, be=
caufe it is comimonly written firft on the Left:hand, and the
known Terms on the other fide, which is commionly placed
on the Right-hand after this Charalter —.

To conclude, the Equation ought to be brought down as
much as poffible; rhat is, it ought to be fo reduc’d, that
the, urknown Quantity be broughit to the loweft Degree
peflible, for the more eafy finding out the Roots. This
Redudtion may be perform’d by means of the following
Problems, : :

PRQ:
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PROBLEM L
To Reduce an Equation by Antithefis,

N TITH E 515 is made ufe of to tranfpofe theTerms of

an Equation from one (ide to another, when they are
not difpofed as they fhould be, which is commonly fuch
that the fieR Term be put firft in order; and immediately:
follow'd by the fecond, if it is not wanting ; and that in
like manner the fecond be follow’d by the third, and fo
on to the laft Term,

If the Term to be tran{pos’d from one fide to the other
be affirmative, it muft be fubftraded from each fide, and if
hegative it muft be added, for by this means the Terms
are tranfpos’d, and the Equation ftill preferv’d free from any
confufion, according to*the Axiom which tells us, that if re
dwo equal Quantities equal omes are added or fubfiraéled, the
Sums or Differences will be equal,

As in this Equation 23 — 3azx = b3 — bbz - 2427,
if you put all the unknown Terms on the left hand, that
is to {ay, on the firft fide, you muft add to cach fide the
Term bbz, which is negative, and (ubftraét the Term 24zz,
which is affirmative § and the propos’d Equation z3--—-34z2
“= b3 — bbz -} 2axx, will be chang’d into this, %3 — gaxx
~+ bbx = b3.
+Frﬂm this general Rule the following Compendium may
be drawn, for to tranfpofe any Termgiven from onc fide to
another 5 Sirike out the Term to be tranfpofed. and put it on
dbe other Side with a contrary Sign. Thus the following Equa-
tion x44-aabb — aacc — aaxx — ¢3z, may be changed into
this, x*—aaxx-4-c?x—aacc — aabb, or into this, x% — saxx
o ¢ 3% 4 aabb — aace = o.

PROBLEM IL
To Reduce an Equation by Parabolifini,

T is not fufficient that by the means of Antithefis all the
unknown Terms of an Equation may be brought to one
fide, to find their Roots3 but the firft Term muft likewife
have a Root conformable to the number of Dimenfions
of the Equation, namely a Square Root if the Equation be
of two Dimenfions; a Cube Root if thie Equation be of three

Dimenfiony, and fo ¢n, -
T4
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To this end, there needs no more, but to let the Coefficient
of the firlt Term be Unity, if it be found multiplied by any
other Quantity than Unity, which may be done by Parabolifm,
to wit, by dividing cach fide of the Equation by the known
Quantity which multiplies the firft Term, and this will by
no means deftroy the Equation, by the Axiom which teaches
us, that if equal Quantities are divided by one and the [ame
Ruantity, the Quotients will be equal.

As if in this Equation, axx-}-2abx — bcc, each Side be
divided by a4, the Coefficient of the firft '];crm axx; you’ll

C
have this other Equation xz - 2bx— *%- : and in like
manner if this other Equation gbx3 4 asbbx = ¢3dd, be
divided by the known Quantity 4b, which multiplies the

firk Term qbx3, you will have this other Equation, x?
3
4—#5::':;?; So of othets,

PROBLEM IIL
To Reduce an Egquation by Ifomeria,

S0 MERITA isus’d to clear an Equation from FraQtions§

which are always troublefome in Calculation. To do
this, you muft firlt multiply the propos’d Equation by the
Denominator of the Fra&ion to be deftroy’d, and the Equas
tion produced muft in like manner be multiplied by the
Denominator of another Fraftion, if there be one, and
{o on,

j 172 i S becx

Let us propofe this Equation, = 4~ axx - — == abl,

Fi )
and muleiply it by the Denominator 4 of the Fra&tion %x3,

and we fhall have this Equation, x3 4= gaxx~— 45;:: - = 4abl ;
which beirg multiply’d by the Denominator 2 of the other

o
Fra&ion 'Tc , you will have this laft Equation without

Fradions, ax3 -} 4 auxx == 4becx = 4adbh. 1 _
Ifm- a {hurt:rbrh;l:thud, multiply the propes’d Equation
T hek— = abb, by the Produ& 4z of the Des

nominators 4 and 4 of the two Fra&ium'x—: . Eﬁ‘%?—, and

you’ll have this other Equation without Fraétions, gx? -~
4qaxn = Abocx == anabb,

PR O
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PROBLEM 1V,
To Reduce in Fguation by Hypobibafin,

H?"PG BIB A S M isan equal abatement of all the de-
grees of thé unkmown Quantity of an Equation, when
that unknown Quantity -is found in all the Terms : and
this abatement is made by taking away the leaft Power of
the unknown Quantity} fo that the Dimenfions of the E-
quation is by this means le¢flen’d. Thus the Equation
x4 4 24x3 = bbxx, which feems to be of four Dimenfions,
is reduc’d to this xx -~ 24x = Fb; .which ‘is but of two
Dimenfions : and this Equation: x* = gax = ¢3x, which
feems likewife to have four Dimenfions, is reduc’d to thi¥,
"3{‘;‘“: ¢3, which has but three Dimenfions; So for the
Felly

- i ; d |
PROBLEM V,
To Reduce an E{Hd!iﬂ# E_*y Multip!icatinm

FO R the avoiding of Fra&ions which commenly pro-
cced from Divifion, when you wou’d that the firlt
Term of an Equation fhou’d have a Root, whofe Exponent
is cqual to the number of its Dimenfions ; then multiply
each Member of the Equation by the Coefficient of
the firfk Term, if the Equation be Quadraticy or Ly
the Square of that Coefficient, if the the Equation be
Cubic, and fo on, This Operation will not in the leaft de-
firoy the Equation, by the Axiom which teaches us, that
if equal Quantities be multiply'd by one and the fame Quantity,
the Produfls will be equal 3 and the Equation propofed will be
found reduced to another, whofe firlt Term will have {uch
a Root as was required.

Thus tomake a Square of the firft Term of this Quadratic
axx - bex = bbd, multiply it by the Coefficient 2 of
the firt Term axx, and you'll have this other Equation
agxx -}~ abex = abbd, whole firlt Term asxx has ax for its
Square Root, Likewife thac the firft Term of this Cubic
Equation gx3 4 bexx — bhcz = ¢4, may be a Cube, multi-
ply it by the Square 4z of the Coefficient 4 of the
firt Term 473, and you will have this other Equation,
&3z} 4 agbcrx — aabbexe = aact, whofe firk Term 4 23
Was 4z for its Cube Root, The like of others.

Jometimes
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Sometimes you may make ufe of Compendiums, for it fig-
nifies little by what Quantity you multiply the given Equa-
tion, provided the Root of the firt Term be {uch as was
required. So in this Equation g3 - abexr —abe3, if you
would have the firft Term become a Cube, it will be fufli-
cient to multiply the Equation by ‘g, for then you’ll have
this other Equation g323 < gaberx = aabc3, whofc frlt Term
‘313 iS a CUbl.“.-

PROBLEM VI

To Reduce an Equstion by Divifion.

B}* Divifion we may alfo make the firt Termof an Equas -

tion have a Root conformable to the number of its Die
menfions, namely by reducing it by Parabolifin, as you have
feen in Prob, 2. without any further repetition,

It may alfo fometimes be of ufe to bring down an Equation,
namely when that Equation is divifible by a Binome, com-=
pos’d of the unknown Quantity and of an aliquot part of the
laft Term, which in this cale will be one of the Roots of the

given Equation, to wit, the affirmative Root if in the Divi~

for ic be negative, and the negative Roetif it be affirmative.
This fuppolfes that the Equation fhould in fuch a manner
be reduc’d by Antithefis, that all its Terms fhou’d be on
one and the fame fide, and o en the other fide,

Thus, by dividing this Equation of three Dimenfions,
z3 ==brx — arx — 24bz — g4b = 0, by x — a, you’ll have
this Equation of two Dimenfions zx 4 ax — bz — sb = 0.
We have feveral different ways to find fuch a Divifor, which
we fhall explain upon fome other occafion.

PROBLEM VIL

To Reduce an Equation by Extrallion of Roots,

AN Equation may alfo be brought down by extra&ing

the Squarc or Cubic Root of each fide, when that is
poffible. To this end, itis fufficient that the unknown (ide
‘of the Equation has the Root which is requir’d § for it (ig»
|nifies lictle whether the known Side, that is to fay, the

|aft Term, has any fuch Root or no, becaufe beirg kaown,,

\it may be always exprels’d Geometrically, by finding fome
mean Proportionals when it is irrational,

Thus, to bring down this Equation, 2z +- 2.1z ~4-a1 = bcy
the Square Root of cach Side muft be extraded, and then
J¥ou will bave this Equation of a lower degree, z -}-a2= 4/ bt

3
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or #--4==d, by luppofing the Quantity 4 a mean Pro-
portional between the two b, ¢, in which cale oc =dd.

In like manner, to bring down the following Equation,
23 4 3arz 4 3442 + a3 =13, you muft extra& the Cube
Root of each fide, and you’ll have this Equation z-4-a=b,
in which you will find by Antithefis = =& ~ 4, for one of
the three Roots of the given Bquation,

If the unkrown fide of the given Equation has not fuch a
Root as is required, fo that fomething remains, and that
this remainder be known, you muft add to each fide if it
be negative, cr you mult fubftract it affirmative, and then
the Equation may be brought down.

As in this Equation, 23 -}~ 622z 4= 12442 = abb, by ex-
tradting the Cube Root of the unknown fide 23 - 6azz
- 12aazx, theré remains — 843, Wherefore you mult add
843 to each fide of the Equation, and you will have this
other Equation, x3 4 Gazz 4 12442 -+ 843 = abb - 843,

- where extracting the Cube Root of cach fide, you have this

Equation breught lower 24 ¢ — -:/ abb 4 843,

Furthermore, becaufe by extra&ing the fquare Root of
the unknown fide of this Equation, z%— 2423 4 qaxx
— 2bbxx 4 24bbx = 3b%, there remains — b4, you muit
add 6% to each fide, and you have this other Equation,
x4 — 24x3 4 aaxx — 2bbxz 4 24bbx 4 b* — 4b*; where
extra&ing the fquare Root of each fide, you will have this .
ntherﬁquuatinn more brought down, xx...%xz...0
: 2 1] -

When all the Terms of the Equation are on one fide only,
fo that there is 0 on the other, it is not neceffary that the
Remainder after the Extra&ion of the Root fought for,
fhou’d be known, and it fuffices that it hath {uch a Root,
becaufe being added to cach fide of the Equation, you will
have another Equation which may be brought lower.

As in this Equation, gasbb — 244abx 4 12402% — 184bxz
- 12423 =0, by extra&ing the (quare Root of the un-
known fidey there remains — gauzz — 124x? — gz#, which
fhews that 4aazx 4 1242° 4 9x%, which has a fquare Root,
muft be added to each fide, then you have this othsr Equa-
tion, gaabb — 244abz 4 16412z — 184bax 4 24423 4 ozt
= gqaarz 412423 } gz*, whofe {quare Root gives this
Equation in lower Terms, 3ab ... 4ar ..» 3272 = 2ux
+ EI-I. .

This Method may be applied to all Quadratic Equations,
as in this, 2x — gax = bb, where by extra&ing the fquare
Root of the unknown fide zx — gdx, there remains
~ 4aay for if 442 be addsd to cach fide, you will hai_lv_e

ths
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this other Equation, zz — 4ax 4440 = bb 4 442, whole
fquare Root gives this Equation in lower Terms, x... 27

::\fm_q.&, in which you will find by Antithefis, x=24
-+ Vﬁ—;ﬂ, for the affirmative Root, or z == 24 —

Vbl -t 444, for the negative Root of the Equation propos’d,
Ix — 443 —

Sincz the remains after the extra®ion of the fquare Root
is always equal to the Square of the Coefficient of the fe-
cond Term, an Equation of two Dimentions may be broughs

“lower by this Compendium,

Add the Square of half the Coefficient of the fecond Term 1o
each Sid: of the Equation, and you'll bave another Eguation,
which may be brought lower by extraéling the Square Root,

Let us propofe for example this Quadratic Equation,
zx 4 6ax = bb, and add to each fide thereof the fquare gaa

of the half 34 of the Coefficient 62 of the fecond Term -

6ax , and you will have this other Equation zz-4 64
~+ 9aa = bb-}- 9aa, where by extraéting the fquare Root

of each f{ide, this lower Equation, z 34 =Vib <+ 9az
is had.

This Mcthod may be alfo apply’d to higher Equations,
where there are but two unknown Terms, fuch that the
greateft Exponent of the unknown Quantity is double the
leaft, becaufe fuch an Equation is derivative trom an Equati-
on of two Dimenfions when it is a Bi-quadratic 1 a Derivative
Equation being in general where the Exponents of the un-
known Letter have one common Meafure greater than Unity 5
as 2% 4 abxx = bbcc, or z°— 2pabx3 — aab3,

Thus you have a general Rule, to find by Calculation,
the Roots of an Equation of two Dinenfions, and of its De-
rivatives, which is {ufficient at prefent, 1If you would have
any more, fec the gencral Method which we have taughe
in oar Trestife of Curves of the firft kind, tafind the Roots
loF Equations of two and of three Dimenfiors, by Calcu-
ation. :

The fame Method may be alfo apply’d to Equations of
three and of four Dimenfions, which may be brought lower
by taking away the fecond Term, the praftice of which is
a great deab longer and more Jaborious, than by the Ex-
tra&tion of Roots, as we could fhew in fome Examples, if
our Defign werc not to be brief,

Wherefore to finith this little Treatife of Algebra, till we
give a more ample one of it, we fhall only add here fome
_Arithmetical Queltions, to fhew you the application of the
Rules which we have taught concerning the Redultion of

&
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Equations, and to put you into a Method to reflolve feve-
ral others, in imitation of thofe that we are going to give,
in which you’ll find it neceffary to exercife your lelf, it you
have a defign to make any Progrefs in it.

COLLECTION

OF SOME

Arithmetical Queftions,

RESOLV’'D BY

The New Analyfis.

HE Reafonings we are oblig’d to make,, in order to

arrive to the refolution of a Queftion, being exprefi’d

on Paper by the Letters of the Alphabet, it is evie
dent that thofe Letters reprefent the known Quantities in
the Queftion, and likewifc thofe that are fought for, which,
as we have already faid, are commonly exprefs’d by the
laft Letters of the Alphabet, z,y, z, &,

The known and unknown Quantities, which ferve to re.
folve the Queftion, being aflum’d in Letters, the Queflion
is fuppofed as refolved 5 and from this Suppofition are drawn
as many Equations as can be, according to the conditions of
the Queftion, by comparing thofe Quantities together, to
find their relations, which is done by Adding them toges
ther, or by Subftra@ting them onc from the other, or by
Multiplying them, or by Dividing them by one and the
fame Quantity, as occafion requires, until an Equation be
found, which being refolv’d by the Problems of the pre-
ceding Chapter, you will at laft find the Value of the
unknown Letter 5 which muft be fubflituted in the firlt
Equations found, when there are feveral unknown Quanti-

tics, to fird in one of thele' Equations the Value of anc-
" | thew
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ther unknown Quantity, which muft be likewife fubftituted
until you come to an Equation where there is but one un-
known Quantity, in order to be able to difcover it there,
and fo on for the reft, as you fee in the following Que-
ftions, which will illuftrate to you what I have faid.

QUESTION L

Three Perfons found 120 Crownsy about which they differ-
edy, and each took what be could, The firft [aid, that
if befides the Money he had taken, be bad 2 Crowns, he fhow’d
bave enough to buy a certain Horfe which was to be fold :
The fecond [aid that he wanted 4 Crowns 2o be able 10 buy
the Horfe: And the third faid be wanted 6. The Que-
ftion is, What the Price of the Horfe was, and how ma-
ny Crowns each Perfon bad ¢

O refolve this Queftion, put the Letter z for the

Price of the Horle, and then the firft Perfon’s Money
will be x =— 2, the fecond Perfon’s Money will be » =4,
and the third Perfon’s Money will x — 6 : And becault all
this Money, namely 3z — 12, ought to make 120 Crowns,
by fuppofition, you will have this Equatien 32 — 12 =120,
or adding 12 to cach fide, then 37 = 132, and dividing by
3, you will have 44 for the Value of the Horfe.  Thus
the value of the Horfe is 44 Crowns, from which {ubra&-
ing 2. Crowns, becaufe of x — 2, you will have 42 Crowns
for the firlt Perfon’s Money 3 and if from the fame
44 Crowns you fubfira& 4 Crowns, becaufe of z — 4,
you will have 40 Crowns for the fecond’s Money ; and
laftly , if from the fame 44 Crowns you fubltra& 6
Crowns, becaule of x — 6, you will have 38 Crowns for
the third Perfon’sMoney. MNow it is evident that the Sum
of thefc three Numbers 42, 40, 38, which are the Sums of
Money each of the three Perfons had got, is 120: And
thus the Queftion is refolv’d,

SCHOLIUM.

To the end that you may not be oblig’d to renew the
Analy(is, when the Numbers which are given in the Queftion
arc varied, put Letters for thofe Numbers, as 2 for 120,
b for 2, ¢ for 4, d for 6, and then the Money of the firft
will be x — b, that of the fecond z —¢, and that of the
third # —d 3 and as all this Money, which is equivalent
to 3¢ ~= b~ ¢ — d, ought to be equal to the given num-

| i ber
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ber ¢y you will have this Equation, 30 — b— ¢ —d == g4,
which being reduc’d by Antithefis and by Parabelifm, will give
= ta-1b-4ic41d, for the general Refolution of the
%ﬂﬂiﬂﬂs underftanding by the General Refolution, that which
1s made in Letters, becaufe it ferves gererally to refolve
the Queftion for any given numbers whatever. Thus in
this Queftion, whatever value be given to the four Let-
ters 4,0, ¢, d, the Queftion will be found refolv’d, without
which there would be need of a new Analyfis, namely by
reftoring to the Letters g, b, ¢y d, their fuppos’d Values,
This is eafily conceiv’d, and we fhall not amufe our felves
hereafter, fo as to fay any more of it.

QUESTION IL

A Perfon going into a Churchs gives § Pemce to a Beggar,
and in going out finds that the Remainder of bis Money was
donbled : He goes into another Churchy, where be gives 10e
Pence to the fir)t Beggar be meetsy then pe bad but two Crowns
or 120 Pence lefts  The Quefiion is, how much Money he bad
when be went into the firft” Church.

F x be put for the Money that he had when he went ine

to the firk Church, there will remain z — 5 in going
out, becaufe it is fuppos’d that he gave g Pence to the
Poor: And as it is allo fuppos’d that this remainder was
doubled, he had 2# — 10 in going into the {econd Church,
where havirg again given 100 Perce to the Poor, if from
9r — 10, 100 be fubfiraéted ; the remainder will be
21 — 110, which by fuppolition ought to be equal to 120,
So that you will have this Equation, 2z — 110 = 120,
to which adding 5110, you will have 22 = 230, and divi-
ding by 2, you will have x =115 for the Refolution of

the Queftion,
QUESTION IIL

A Merchant is to pay 280 Pounds at 4 Payments, viz. at the
frcond Payment ¥, more than at the firfly at the third Payment
11. more than at the fecond, and at the fourth Payment 11,
more thin at the thirds The Queftion is, How much is each

FPayment 2

F you put z for the firft Payment, you will have z 4y
I' for the fecond Paymient, z - 2 for the third Payment,
and z - 3 for the fourth Payment : And as all this Mo~
ney, namely 47 <} 6 ought to be equivalent to 250, you
T ’ = ; o will
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will have this Equation, 42 + 6 =250, from which fub-

39

ftralting 6, you will have 4z = 244, and dividing by 4,

you will have 2= 61. Thus you will have 61/, for the

~ firft Payment, wherefore the fecond Payment will be 621, °

the third will be 63 /. and the fourth will be 64 /

QUESTION JV.

Some Perfons having agreed to give 6 Pence a-piece to a Water-
many to carry them from London to Gravelend, on this cox-
-‘-fﬂlfﬂ: that if another fhow'd come into their Company, bhe
Jhou’d pay the fame Price. and ‘they fow’d fhare the overplus
among them, [§ that the Waterman fhow’'d bave half, the other
half being to be equally divided among the &ﬁ;mz_ Perfons, or elfe
given to the Waterman, and his Pay to be leflon’d in propor=
tion to what they bad promisd bim 5 Therearriv'd a fourth
part of their Number, and three over, then the firft Comers
were to pay but § Pence to the Waterman. The number
of the Perfons that came firft is demanded.

ET 4z be the number of the Perlons that came firll,
Then 24x is the Money due to the Waterman,
1x 43 the Perfons that alccrwards came.
6x - 18 the Overplus,
_ 3z + ¢ the half of the Overplu:, which maft
be fubftrated from 24x, and there will remain 21x — 9,
for the Money due to the Waterman from the firlt Perf{ons,
If then you divide this Money by 4r, which is the num.
ber of the firft Perfons, you wili have EI:; 2 for the

Money which each ow’d the U}atermm;. and asit is fup-
pos’d that each ow’d him 5 Pence, you will have this Equa-

tion; 21:; 2 = s, which being mul{:iplied by 4z, jrnu will

have this, 21X — 9 == 20x, and by Antithfis you will find
x=g9, and confequently 4x =36, for the number of
Perfons fought,

Cq QUE-
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QUESTION V.
Whree Ells of Sattin and four Ells of Tuffety coft 7 Shillings,
and at the fame Price § Elbs of the fame Sattin and two

Ells of the [ame Taffety coft 81 Shillings. I demand the
walue of the Sattin and Taffety pex Ell,

F x be put for the value of an Ell of Sattin, and y for
X the value of an Ell of Taffety, according to the con-
ditions of the Queftion, you will have thefe two Equations,

X =157
ez E}:SI

To the end that in each of thele two Equations one of
the two unknown Quantities x, y, for example z, may be
found multiply’d by one and the fame pumber, which 1s
neceffary to be done, that by fubfira&ing one Equation from
the other, there fhou’d remain a third Equation, wherein
you have only the other unknown Quantity y ; Multiply
the firft Equation, 3% -+ 49 = §7, by the number 5, which
multiplies * in the fecond 5 and reciprocally the fecond,
5z -+ 2y = 81, by the number 3, which multiplies the fame
z in the firlt; and you will have thefe two other Equa-
tions, i Sow .

152 20y = 285
15%+ 6= 243

4y = 42

If you fubftra& the fecond from the firflt, you will have
this third Equation, 14y =42, which being divided by
14, you will have y =3, for the value of an Ell of Taf-
fety. And if in the room of y you fubftitute its value 2,
now found, the firlt Equation 3x 4 49= 57, will be
thang’d lnlxthis, 314 12 = 57, from which fubfra@ing
12, and dividing the Remainder 32 = 43 by 3, you will
have x = g5, for the Value of an Ell of Sattin,

QU E



7o the Mathematics.

QUESTION VI

One Perfon [aid to another, if you will give me three of your
Crownsy I fhall bave as much as you bave left 5 and the other
anfwer’d, if you will give me five of yours, I fhall have twice
as much as you have left : The Queftion is how many Crowns
each Perfon bgd. ~ °

IF the Letter x be put for the number of Crowns the
firlt Perfon had, and y for the number of Crowns the
fecond Perfon had, you will have, according to the condi=
tions of the Queftion, thefe twg Equations,

X3 =y—3
Y+ s=2x—10

In the firlt, x -+ 3=y — 3, you will find y—x+4-6;
and in the fecond, y 4§ =2z — 10, you will fird the
fame y — 2x — 15 ; wherefore you will have this third
Equatign. x 46 —2x — 15, in which you’ll ind x =21,
for the Money that the ficft Perfon had ; and inficad of
y=az+46, or of =22 — 15, you will have y == 27,
for the Money that the other had. |

QUESTLON VIL

One bundred Perfons, confifting of Men, Wamen and Children,
expended in a Feaft 100 Pounds or 2000 Shillings 5 each
Moan expended 100 Shillingsy each Woman 20 Shillings,
and each Child 5 Shillings. The Number of Meny, Women,
and Children is demanded. .

IP z be put for the number of the Men, y for the num-

ber of the Women, and 7 for the number of Children,
you will have, according the conditions of the Queftion,
thele two Equations to be refolvid, '°

z -+ jr_i— oty (-1,
5

100z -} 20y 4 52 = 2000

If from cach fide of the firft, 2 +y+ z = 100, you
fubf?ra& % and 2 you will have y =5 100 =z ~ 2, and
_ i



42

INTRODUCTION

if in the room of y, you put its value found 100 —2 — z,
inflead of 20y you will have 2000 ~= 20z — 2073 and
inftead of the fecond Equation 100z - 20y 4 52 = 2000,
you will have this 8oz — 1§37} 2000 = 2000, from
whence fubftrafling 2000, you will have this, 8oz — 15%
= 0, and adding 19z, yca will have this, 8oz =15z,
and dividing by ¢, you will have this, 16x=—323; and
Iaftly dividing by 3, you will bave this laft Equation,
Pr=q, where you fee that the Quantity 7 would be
known, if the other Quantity z were alfo knownj and as
there is nothing which determines this Quantity =z, it
thews that the Queftion propos’d is Indeterminate, that is to
fay, it is capable of an infinite number of different Solutions,
becaufe there is liberty to fuppofe the indeterminate Quan-
tity =z whatever one pleafes, But thereis a Precaution to be
taken concerning the value that may be given it, fo that
the quantity z, orits value found %% z, be a Whole num-
ber, which ought to be fo in this Queflion, becaufe the
value %° x reprefents the number of Children, which oughs
not te he a Frattion by the nature of the Quellion. You
muft fuppofe then forxa number divifible by 3, which is
the Denominator of the Fra&tion % z. If therefore you
fuppole 2 = 3, inftead of %° x for 3, you will have 16 ;
and inftead of 100 — 2z — 2z fory, you will have 81. $o
that 3 Men, 83 Women, and 16 Children, will folve tlie
Queition.

To have another Solution, fuppofc x = 6, and then you
will find 7 = 32, and confequently y = 62 3 fo that 6
Men, 62 Women, and 32 Children, will be a fecond
Jolution.

To have a third Solution, fuppofe z = ¢, and then
you will find 2= 48, and confequently y = 43. So that
® Men, 43 Women, and 48 Children, will be the third
Solution.

To have a fourth Solution, fuppsfe + = 12, and then
you will find =64, and confequently y—24. So that
12 Men, 24 Women, and 64 Children, will be the fourth
Solution. _

- 'To have a fifth Solution, fuppofe 2 =15, and then you

will find =80, and confequently y =5, So that 1
Men, 5 Women, and 8o Childrer, will be the fifth
Solution.

There is no other Solution in whole numbers, becaufe
by putting for x, a number multiplied by 3, greater than
14, the number of Men, Women, and Children would
furpals 100, which is contrary te the Suppoftion.

QU E-
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QUESTION VIIL

A Hall made in the form of ReBangular Pavallelogram con.
tains 90 Square Fathoms in its Area, and its Length is
twice its Breadthy and three Fathoms more, The Length
and the Breadth is demanded. .

IF z be put for the breadth, you will have by fuppofi-
tion 2z 4 3 for the length, which being multiplied by
the breadth z, you will ,have 2x* 4 3z, for the Area of
the Reftangle; and as this Area is fuppos’d to be go
Square Fathoms, you will have this Equation, 21* -3z
= 90, which being divided by 2, you will have this,
‘z*43z=4q5, Add to each fide the Square % of the
half 3 of the Coefficient 2 of the.fecond Term, and you
will have this Equation, z*421x- 7 =75, whofe
fguare Root will give this Equation in lower Terms,
x4+ =7%, from which fubftra&ing * you will have
z = 6, for the breadth fought 5 and inftead of 22 4 3,
you will have 1g for the length. Thus the length of the
Reétangle which was fought %m', will be 15 Fathoms, and
its breadth will be 6. _ ;

T HE
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PRACTICE

Geometry.

UR Defign is to add here only the moft ufeful and
O moft ealy Problems for Pra&ice, whether on the

Ground, or on Paper only 5 for the ufe of Begin-
ners, to dilpofe them the better to underftand what we
have to fav hereafter, which requires a further knowledge,
without taking the pains of adding here the Definitions of
many common Terms, which are generally well enough
underftood by every body, or which may be underftood
without any difficulty by the Praftices hereafter taught,
¢ill fuch time as thefe Terms be explain’d and defin'd in

their place,

PROBLEM L

70 draw a Right Line from one given Doint to another, upos
a Plane.

Irft, if the two Points be given upon Paper, or upon
fome other Plane of a {mall extent, as A, B, itisna-
turally known by every one, that there is nothing to do but
to apply a Ruler upon the two given Points A, B, and
draw a Right Line with a Pin or Pencil along the Ruler.
' A Secondly,

vlate 1,
¥ig. I,
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Secendly, to draw a Right Line thro’ two Toints given
upon the Ground, it is allo evident that there needs no
more than to apply to the two given Pointsa Cord, fircrch’d
out at both ends, as Artificers do, when thefe two Points
are not far dittant ; otherwife ’tis done by a vilnal Ray,
guided by the fights of fome Infltrument, by planting Stakes
at proper diftances along the vifual Ray, and giving notice,
by word or fign, when it removes from the Right Line.’

This Method is ufual among Surveyors and Engineers,
that frequently have occafion to draw a Right Line of a
confrderable lergth on the Ground : And it there be any
danger, as when an Engineer would carry on a Trench
towards a Place befieged, he traces this Linre by means of
a Fire, hid and conceal’d from the Enemy, which is fet at
a place pitch upon in the day-time, and which he aims to
come at, to direét the Workmen,, and make the Approaches.

PROBLEM IL

To draw a Perpendicnlar 1o a given Line, thro” a given
1 Pﬂiﬂft ;

THrec Cales may happen 3 for the given Point may be
‘either in the given Lire, or at onec of the two ex-
tremities of the given Line, or out of the given Lire,
And moreover, the Point and the Line may be given ei-
ther upon Ground or upon Paper, We fhall firlt work upon
Paper with Rule and " Compafs, and proceed in the fame
manner on the Ground with Cord and -Stake,

Firft then, if the Point C be given in the given Line AB,
to draw a Perpendicular thro’ this given Point C, take at

leafure from the given Point C, upon the given Line AB
on both fides, the two equal Diftances CD, CE, and de-
fcribe from the two Points E, D, with any opening of the
Compafles greater than CD or CE, two Arcs of a Circle
on both fides, which interfet here at the two Points F, G,
thro® which you muft draw the Right Line FG, which if
the work is done right, will pafs thro’ the given Point C,
and will be perpendicular to the given Line AB.

When you have no Compufles, you may make ufe of a
fquare, by applying its Right Angleto the given Point C,
fo that one of its fides may precifely anfwer one of the
two Parts AC, BC, as for example upon the part AC, and
then you muft draw along the other fide thro’ the given
Point C, the Perpendicular CF. which is fought -for:: And
to know if is is well drawn, likewile s0 know if the Square

: be

{5
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be good, you muft apply one of its fides on the other part
BC, for then the other fide ought to coincide with the
Perpendicular CF,

When the Line AB is given on the Ground, you muft
defcribe from the two Points E, D, two Arcs ot a Circle,
with Cords of any length, but equal, and greater than one
of the two Lines CD, CE 53 and as it is fometimes in-
convenient to defcribe Arcs of a Circle upon the Ground, it
will be bettér to join the two ends of thefe Cords together,
which ought to be equally ftretch’d out, to have the point
E, thro’ which, and thro” the given point C, you may
draw the Perpondicular CF,

You may allo draw this Perpendicular CF, by making at
the given Pont C, with a Graphometer, (Theodolite) or other-
wifc, an Angle of 9o degrees, as will be taughtin Prob. 9. You
may do the fame thing upon Paper with a Protra&or, or with
a Seétor, or otherwile, as will be alfo taught in Preb. 9.

Secondly, if the Point thro’ which you are to draw a
Perpendicular. to the Line AB, is given in one of its ex-
tremities, as A, delcribe at pleafure from this Point A,
the Arc of a Circle CDE, and with the fame opening of
the Compafs, fet off twice from the Point C, where it curs
the Line AB in D, and from D, in E, defcribe from the
two Points E; D, flill with the fame opening of the Compafs,
¢wo Arcs of a Circle which cut here in the Point F, thro’
which, and thro’ the given Point A, draw the Right Line AF,

- which will be Perpendicular to the propos’d Line AB,

This Perpendicular may alfo be drawn by the means of
a Square, or by making at the given Point A, an Angle of
9o degrees. But we fhall teach another Method to do the
{ame in Prop.31. &, 3¢ of Euclid's Elements,

When you are todraw a Perpendicular upon the Ground,
you may alfo make at the end A of the Line AB, an An-
gle of go Degrees ; or you may do as will be taught in
Prop. 48. U 1. and likewile in Prop, 31, I, 3, of Euclid’s
Elements, :

Laftly, if the Point thro® which you are to draw the
Perpendicular, be given out of the given Line AB, as C,
defcribe at pleafure from this Point C, the Arc of, a Circle
DB, which cuts the given Line AB in two points, as DE,
from which defcribe with the fame opening of the Can{?-

- pals,
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pafs, two Arcs of a Circle, and draw thro’ their Interfe-
&ion E, and the given Point C, the Right Line CF, which
will be the Perpendicular required,

It may happen that the given Point C fhall be fo nigh
one of the two ends of the given Line AB, that it will
be hard to defcribe a Circle which will conveniently cut
it in two Points; in this cafe draw through the given
Point C, towards the other erd, the Right Lire CD,
which you are to divide into two equal parts in the Point
E ; from E defciibe thro’ the two Foints C, D, the Semi-
circle CrD, which will cut the given Line AB in the
Puint F, thro’ which the Perpendicular CF ought to pafs.

When the given Point C is upon the Ground , de-
fcribe, with a Cord, an Arc of a Circle, fo as to cut the
iven Line AB in two equal parts, as D, E, and divide the
Line DE in two equal parts in the Point H, thro’ which,
and thro’ the given Point, draw the Perpendicular CH,

If the Cord cannot conveniently cut the given Line AB
intwo Points, which will happen when the given Pcint C
thall be towards one of the two ends of the Line AR,
you muft extend it towards the other end, until ic meets
the Line AB in fome pointy, as D, and having divided it
in two equal parts at the Point E, you muft extend its
half EC, or ED, from E, until it meets the given Linc AB
in one Point, as F, thro’ which you may draw the Per-
pendicular CF.

Or deftribe thro” the given Point C, from the two
Points G, D, taken at pleafure upon the given Line AB,
with a Cord, if you work on the Ground, or with a
Compals is you work upon Paper, two Arcs of a Circle,
~ which cut each other at the Point H, thro’ which, arnd
thro’ the given Point C, draw the Perpendicular CH.

If you cannot conveniently trace Arcs of a Circle upon the
Ground, tye at the given Point C a Cerd, and extend it un~
til it touches the given Line AB, then meafure the length of
it exa&@ly, which will give the Quantity of the Perpendi-
calar CF, which we will fuppole 6 Fathoms; Then feek a
fquare number, from which fubftrading ¢ the fquare of 6,
that is to fay, 36, the remainder is a fquare number.
This firlt and greateft fquare number is 100, whofe fide 1o
will reprefent the length of the Line CD; for if from 100
vou fubflra® 36, there remains 64, whofe fquare Root is 8,
which reprefents the length of ths part PF, the Perpendicular

CF
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beng 6, as we have already faid, Tye then at the given
Point C, a Cord ro Fathoms long, and extend it till its
extremity meets the given Line AB in fome point, asin D,
from whence you muift reckon upon the given Line AB,
towards the given point C, 8 Fathoms, for example as
far as the Point F, thro’ which you may draw the Per-
pendicular CF.

To find a fquare number, from which fubftra&ing a given
fquare nomber, there remains a fquare number, ufe this
general Canor, which we have drawn from Aigebra.

If to the given Square an indetermingte Square be added,
greater or .ft’f% than the given Sguare, and if the Sum be di-
wided by dowble the Side of the f[ame indeterminate Square,
you will have the Side of the Square [ought.

As if to the given fquare 36, the fquare 4 be added,
whofe fide is 2, and if by the double 4 of this fide 2, you
divide the fum 4o, the quotient 1o will give the fide of
the fquare fought, or the lepgth of the Line DF.

Tn like manner, if to the fame given fquare 36, the
{quare 9 be added, whofe fide is 3, and the fum 45 be di-
vided by the double 6 of the fame fide 3, you will have
7 fathoms and 3 feet for the line DF, and then the line
CD will be 4 fathoms and 6 feet.

All thefe pra&ices are only proper upon the Ground,
when the given point C is not very remote from the given
line AB ; for when the diftance of this point is great, Cords
cannot be conveniently ufed, which even tho’ they may be
long cnough, yet cannot be eafily extended In this cafe,
a Theodolite or fome other Surveying-Inftrument may be
ufed thus.

To draw then from the given Point C upon the Ground,

a Perpendicular to the given Line AB, fix the Staff upon
this Linc AB, and turn the Inftrument about, looking
along the Diamecter 1K, till you fee the two ends A, B,
of the fame Line AB, and then this Diameter 1K will
precifely anfwer upon the Line AB; and holding the In-
ftrument in this hation, you muft change it from the place
by advancing it to the right or to the left, until by the
other perpendicular Diameter LM, you may (ee the given
point C3 and the point H where the Staff remains, ng'ii
e
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be that thrg’ which, and thro’ the given Point C, you Plater.
may draw the Perpendicular CH,

The Surveying Tnftrument ‘may be let alone, by imagin-

. ing trom the given Point C, to the two Points, as A, B,

taken at gleafure upon the given Line AB, the two Lines

CA, CB, drawn=fo that the given Point C be, if it is
poffible, between the two Points A, B, that is to fay, that

the Ferpendicular CH, be between the two Lines CA, CB, ]
or within the Tnanglc ABC, whofe three fides ought to be Fig. 3.
meafur'd cxa&ly, and by their means to find the diftance from

the point H, of the Perpendicular, to one of the two points

A, B, as A, arfwering to the fide AC, which I {'uppnfﬂ the

greater ; and it may be done thus:.

Divide by the double of the Bufe AB of the Triangle ABC,
the excefs of the Jum of “the Jouare of the fame Bafe AB, ami
of the fquare of the greater fide AC, above the [quare nf the
lefs BC.

Thus if the greater fide AC be of g5 fathoms, the lefs
BC 13, and the bale AB 14, by dividing the excefs 252,
of the fum 421, of the fquares AB, AC, above the fquare
BC, by the double 28 of the bafe ;-"1.13 you will bave 9
tathoms for the diftance from the point H of the Perpendi-
cular, ro the point A. If then you reckon g fathoms from
A to H, and you draw the right line CH, it will be the
Perperdicular fought,

Tf you camnct converiently chufe upon the given Line Fig. ¢
'‘AB, two peints, between which is the point F of the Per-
perdicular, as if you could only take the two points A, G,
fo that the Perpendicalar CE falls without the Trf:ngln
ACG, whereof the fides AG, AC, CG, ought likewifc 1o
be krown; vou may find the dni‘ancf: FG, From the point
F of the Farpendhular, to the nearcft point G, thus:

Divide t'j deuble the bafe AG, the excefs of the [fquare of
the greateft fide AC, above the [um of the ffﬂdrfﬁ of the two
: i:rf.bfr fcf"i AG: cq.

Thus if the greater fide AC were 15 fathoms, thé Bafe
AG 4, and the other ide CG 13, by dividing the excels
40 cf the fquare AC, which is 225, above the fum 18s,
of the fquares 16, 169, of the two other fides AG, CG, by
~ the deuble 8 of the bafe AG, ycu will haye fathoms fi:r

D - the
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the diftance FG, &, We will give in Prop. 1. 4. 1. of
Euclid s Elgments, another method of drawing a Perpendi-

culars

PROBLEM IL

Thro a given Point to draw a Right Line, parallel 10 2 given

Right Line,

HR O’ the given Point C to draw a Line parallel
~ to the given Line AB; from the Point D taEcn at
plealure in the Line AB, thro’ the point C deftribe the Are
CE, dnd from the Point C thro’ the Point D, the Arc DE,
equal to the preceding CE, and you have the Point F, thro’
which, ard the given Point C, draw the Right Line CF,
which will be parallel to the given Line AB, s

Or from the given Point C deferibe the Arc HI, touching
the given Line AB, and from the Point D, taken at plea-
fure in the fame Line AB, delcribe with the fame opening
of the Compafs, the Arc LM : Laftly, thro’ the given Point
C, draw the Right Line CF, touching the Arc LM, which
will be the parallel requir’d. When it is to be perform’d
on the Ground, do as is taught in Prep. 31. I, 1, of Euclid’s
Elements. We thew in Prop.34. L 1. of thefame Elements,
another method, how upon Paper to draw a Parallel to a

iven Line thro’ a given Point : and in Prop. 21. Book 3.
of the fame Elements, we fhew how to draw thro’ a given
Point, a Line parallel to a given inacceflible Line upon the

Ground,
' PROBLEM 1V,

To divide a given Right Line into two equal paris,

To divide the given Linc ABinto two equal partss de.
{cribe from its two ends A, B, with one and the fame
opening of the Compafs, two Arcs interfe@ing at the two
Points F. G, thro’ which draw the Right Line FG, which
WIH divide thﬁ Ei'ﬂ:n I..inﬂ' into two equa]. Pﬂrts iﬂ th‘:

-point e

*Tis in the {ame manner that you muft work it on the
Ground, by deferibing the Arcs with two Cords of the
fame length, ticd to the two ends A, B : but to fave the

' trouble
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trouble of deferibing Arcs, (which is pretty hard wheti the

round is very uneven, and full of Thorps or Briars) join
the two ends of thole two Cords, on one fide and the
other, and you will have the two points F,G ; or more eafily
extend a Cord along the Line AB, and redouble it by join-
ing its two ends, tor thus you will have the half of the
the given line AR, and then there nceds no more than to
fet off this half or redoubled Cord along the line AB, from
one of its ends A or B, to fiad C the middle point re-
quir’d,

If the Cord be lefs than the given line AB, cut of the
two equal parts AD, BE; and divide the line DE into two
equal parts, . '

PROBLEM V.
To divide 4 given Arc of a Circle into two equal parts.

'I',D divide the arc DE of a Circle, whole Center. is B,
into two equal parts, defcribe from its two ‘ends E, D,
with one and the [ame opening of a Compafs, two ares
interfefting each other in the point F; from which to the
Centre B, draw the right line BF, which will divide. the
given arc DE into two equal parts at.the point G, .
When we fay that two arcs of a Circle muft be deferib®d
with one and the fame opening of a Compafs, without par-
ticularizing any thing, it is to be underftood that; this
opening may be taken at pleafure, provided the two arcs
interfe&t. g M i A A
If the Centre of the givenare DE were not likewile given,
you might divide it into two equal parts, by means of
the preceding Problem, as if this arc were a right line.,

PROBLEM VL
To divide a given Angle into two equal parts.

T O divide the given angle ABC into two equal angles 3
defcribe from the anzular point B, the arc DE, with

any opening of the Compafs, the greater the better,
and from the two ends E, D, with one and the fame
_openibg of the Compafls, defcribe two arcs interledting in
the point E, thro’ which, and the point B, draw the right
line BF, which will divide the given angle ABC into two
cqual parts, that is to fay, the two angles ABF, CBF,
will be equal to each other, as well as the two arcs GD,GE;

which mealure ’em. :
' D 2 When

g |
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When the angle AEC is given upon the Ground, oné
may find how many degrees it is of, as is fhewn in Prob. 8.
and by Prob. g. make at the angular point B, with the
line AB, or with the line BC, an angle equal to the half
of the propofed angle ABC, by mecans of the right line

BF, which confequently will divide the angle ABC into
two equal parts,

PROBLEM VIL

Tv divide the Circumference of a Circle into Degreéss

Athematicians divide the -Circumference of a Circle

into 360 equal parts, which they call Degrees; each
Degree into 60 cqual parts call’d Minures 5 each Minute into
6o other equal parts, which they call Seconds 3 and {o cn.
They have choferi the numbef 360 for the Circlg, and the
‘number 6o for the fubdivifions, -becaufe thele two numbers
have feveral aliquot parts, and {0 are_ more convenient in
the Pradice. We fhall content our felves with the divi-
“fion” of the Semicircle into 180 degrees, as being fufficient
for what we have'meed of. ' 00«50 oF '

~“‘Having from the' point A, takén dt pleafure in' the in-

“definite line BC, defcribed the Semicircle BDC, firft divide
“its Circumférence into three equal parts, by fetting off the

fame opening of the Compafs, that is to fay, the length

-of the Semidiameter AB or AC, from C to E, and from
‘E to F, or fromi'B to F; ard from F'to E, and you’ll have

the three equal parts CE, EF; FB;  whercot’ each is equi-
valent to 6o degrees. Divide the arc CE into two equal
parts in the point G, -the arc EF into two equal parts.
il the point D, the arc FB into two equal parts in the
point ‘H, and the Semicircle will 'be divided into [ix equal
parts, cach of which will be equivalent to 30 degrees,

Divide the arc CG 'into three equal parts in the points

H, T, the arc GE intothree equal parts in the points K, L,
the arc ED into three equal parts in' the points M, N,
the arc DF into three equal parts in the points O, P, the

‘arc FH into three equal parts in the points Q, R, and

the arc BH into three equal parts in the points 8, T 3 and
the Semicircle will be divided into cighteen equal parts,
each of which comprehends 10 degress ; wherefore if you
divide each of thefe cighteen equal parts into two other equal
parts, the Semicircle will be divided into thirty ix equal

' ' partiy
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parts, gach of which being laftly divided into five equal

parts, the Semicircle will be divided into its 80 degrees,

to which you muft annex figures from 10 to 10 degrees,

as you fee in the Scheme which reprefents that Semicircle
which Inflrument-makers do comimonly make vpon Brafs,
and which they call a Protraffor, or Traniporter, becaufe
by applying it upon an angle, the quantity of that
argle may be meafur’d, or by applyirg it upona given
lire, an angle of ‘as many degrees as you will may be made,
as e (hall thew'in the following Problems,

PROBLEM VIII, -

Ty fird kow many Degrees a given Angle contains.

S the mealure of a re&ilineal angle is the arc of any

Circle defcrib’d from its angular point, it follows,
that if the number of the degrees compris’d between the
lines which form the angle be known, the value of this
angle will be known alfo, Wherefore if it is propos’d to
meafure the angle VAX, apply the Protra&or upon this
angle, fo ehat its Centre may lye upon the angular point
A, and its Diameter AC upon one of the two lines which
torm the angle, as upon the line AV, and then the arc
CL of the Protra®or, compris’'d between the two lincs
forming the angle, being here of so degrees, fhews. that
the given angle VAX is 50 degrees,

If you have ro Protraffer, make ufe of the Seffor,

" thus; Having defirib’d at pleafure from the angular poing
A of the given angle VAX, the arc YZ, fect off the fime
‘opening AY or AZ upon the Lire of Chords of the Seétor,
from 60 to €03 and the Se&or remaining thus open, ft
off upon the fame Line of Chords the arc YZ, and tlke
equal number of degrecs on both fides that this extends,
will give the quantity of the arc YZ, and confequently of
the given angle VAX,

If the angle be given on the Groind, whether really oo

imaginarily, meafure it by means of a large Semicircle di- .

vided exaltly into 180 degrees, and fometin es into Mis
-nutés, or at lealt into every ¢ Minutes, This Semicircle,
“which the Swedes ard Germans commonly call Afrolabe, and
the Fremh call Graphometer, is commonly made of Brafs,

and has an Alidade or Index. being a Raler of the {ame .

D2 I."-']:‘:‘rﬁ!a

i3

Plate 1,
Fig. 7,
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Plare 1,
Fig. 7.
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Mctal, made to move about the Centre of the Semicircle,
with two fights fet up at right angles, fo that the holes, or
fine flits, which ferve to dire& the vifual Rays, correfpond
to the Line of Direélion, which is drawn upon the Alidade

or Index, and paffes thro® the Centre¢ of the Inftrument,
where the vifual angles are form’d,

This Inftrument has alfo two fights fet up at right angles;”
each ncar ore of the two ends B, C, of the Diameter BC, and
the flics of thefe fights ferve alfo to condué& the Eye along
the Diameter BC, This Inftrument is fo common, that it
doesn’c {eem neceffary to give a longer defcription of it,
wherefore I fhall teach at prefent how to ufe it, to mea-
fure an accefhible angle upon the Giound.

To mealure then upon the Ground the acceffible angle
VAX, apply on this angle the Semicircle, which ought to
be fuftain’d by a Staff, {o that its Centre anfwers perpen-
dicularly upon the angelar point, which may be eafily done
with a Plummet ; and holding the Inft:ument almalt paral-
Yl to the Plane of the given angle, turn it about till you
fee thro’ the immoveable fights fome point of the line AV,
for thus the Diameter BC will anfwer upon this line AV,
which ought to be fo always ; and the Inftrument being
fixt in this fituation, turn the Index, until thro’ the fights
thercof you fee fome point of the other line AX, and then
the Line of Dire&ion will fhew upon the Circumference of

the Semicircle the number of degrees in the given angle
VAX. ¥

An acceffibe angle on the Ground may be alfo very ea- -
fily and very exadtly meafur’d by means of the followin
Table, which fhews the degrees and minutes of the angles,
whofe two fides are cach 30 feet, and the Bales being right

lines, encreale by two and two Inches only, and this is fuffi-
cient for pradice, b

il
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Tuble of Plane Angles comprebended by two Sides of 30 Feet,

IBafes. Angles. | Bafes. Angles. | Bafes. Angles.
Fe.|lncy | D, |M. Fe.\Inc.| \D.|MJ  [Feu|lnc,y [P\ M.}
olol | ofl of 15| olf o34 [10] of 1911
of 2 { ofgl | 5| 2| 953 (19 2 [1930©
o| 4| | o38 s| 4 [toj12] (10| 4] (19|50
of 6| | ol57 sl 6] [I0]31 le 6| (20|19
ol 8] | 18 5| 8f |1ol50! |[10| 8] |2029.
olo| | 1|36 gllof (11| 9 !Icjic| 2048
1 of | 155 6| of 1129 11| of |21 8
1 of | 21y 6| 2| [11[48 'rrn 2| 2127,
1| 4} 233 6| 4 [12| 8/ (11 4| [21/46
I 6] | 2/52 6| 6 12/27 'j’I'l 6| 122 6
1 8 | 3jrI 6| 8 |12/46 jII 8| [22)25
119 | 3|30 610 13( 51 [1Ii1o) |224¢
20 | 3490 | 7| 9 [13]24] (12| of [23 5
2 2i | 4f 8 71 2f (1343 12| 2f (2324
2| 4 [ 4{28 71 4 (14] 2 12| 4] (2344
2 6 | 447 7| 6| (14)22] |12| 6] |24/ 3
2 8 |56 7 8| |14}41 123{ 8 (2432
210 | siz5| | 719 fx5) of  [12fIq) 24152
gl ol | 5144 8 of Ig[20] |x3] O] [25] I
3 2| | 6 3 8 2| [I5/39] 13| 2| (25|21
2! 4| | 6|22 8| 4/ x5]58] [13] 4] [25)41
3 6| | glat| - | 8 6 (16j18| (13| 6] [26] 3
2| 8]| 7] © 8 8 [16)37] |1:] 8 26201
310l | 7j29, | 819 |1656] |13]10 2_-:51:_;?9
4 ol | 739 9| of [17i15 14| 0] |2659
4 2| | 758 | 9] 2| 17134 [r4| 2| [2728
4 4 31'? 20 4 (17154 |14| 4 ?7,33
4] 6 8'36- 9 6| [18/13| |14] 6] |275
4] 8 8i$5 9| 8] |18j32 14 8| {2818
40| ' 914 9'10| i18i52] [14l10] 12823

D4
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Tuble of Plane Angles comprebended by two Sides of 30 Feet.

%
Bafes Angles. | Bafes. Angles. |Baﬁs A“tgles

Fe. Inc} D M. Fi"ﬂ D. M. FE' Ifuc'TD. ﬂ
I5{ o 281';7 [20] o |38[56[ |25| © 49(1s|
Is| 2| 12917 20| 2| |39{17 25| 2| 149(36
15| 4112937, |20 4 3938 25| 4| |49/57
15 6 295‘2' zog 3953 25| 6} [s0[18
i 30|1 20, 8 |40t 2¢| 8l.|s0[29] *
i5hol e, facrol laoss|  [asieel 51| 0
15 © ‘3{:;6' 21 0: 40159 [|26] of [s1]21
12 2 31:3 21 2 [41{19 266 2 l§1l42
16, 4| 131} 211 4 411401 120 41 I§2| 3
16 6 !3156 21| 6 {42] © 26| 6] |52|24
16| 8 32|16 21{ 8 |42i{20] [2€]| 8] [52[46
t6l1ol 3235 faxxol 420 f2¢ic| |53| 8
17| © 325'5' 22/ O 43| 1 27 ol 152{29
17| 2 Iggls 22 2 |43]22 271 24 [§3(51
7] 43S e g!, a3l |27, 4 5al:
17| 6| (33 22 6 4 7, €| {54/34]
17) 8 34lls|  [22] 8 laafeal [27] & Isass
1710 {34)35]  [22X0 44144l " 127iTof |55116
o{he B R
19
18 44 35135 23_2! 4;46
118 6l 135l55| |23 € [46] 7
18 gl 35| |23 8 J4628
181cf 3635|2310, 4648
9| of 3655|  [24] © 47| 9
19| 2| 37|15| - |24] 2, 147,30
19| 4] |37[36 24] 4] 4751
19 6] 137156 * (24| 6] [48{12
19, 8 28li6 24 81 4833 ;
9 1o 3836]  laalto! f48l54)
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" Table of Plane Angles comprebended by two Sides of 30 Feets

7o t{re Mathematics;

Bafes. Angles. | Bafes. Angles. | Bafes. Angles.

———

|Fe,|Inc} | D | M. Fe.(Inc. 1D'i"]£' (Feo Inca Doy M.
20| o] |60] of (35 o] [71]22 40} o| 18337
30| 2| |6c|22 35| 2| [71146] |40 2| [84] 2
30| 4| |60ja4 35l 41 |72{1c| |49 4| |84|29
30| 6| |61] 4] (35| 6] [72133] |40 6 [34{54
130] 8] |61128 35| 8 [72/56] 140 8} |8520
3010| |61(50| 35|Io |73]20 401G Bgiﬁ
-31[ o] |62[13 36] o |73144] |41| of |86|13
131] 2 '62{35' 136 z: 741 8 41| 2| |86[39
B3I 4 6258 (36 4 |74132) |41} 4] [87] 5
31 6] |63j20]. [36 6| 74i56] 141} 6| 87|32
31 8! |62[42 26! 8 |75/20] 41| 8! |88|58
arxcl (6ol 5| 3610 [75iaq|  [arirc] 18825
32 ol [6a28] (37| of 76 9| 42| o] |88[51
32. 2! 16450 37| 2 (76133 J42| 2| |89/18
32 4| 651131 137 4 [7657] |42| 4] (8944
32 6| 16536 37| 6} [77122] |42| 6| [9opr2
32 8| 16558 (27| 8] 77146, 42| 8 |9039
2210 (66,21 27|10, 78] 9 42{10] |91]| 6
o N D o B e e B o, PN o e B o B
23 of. 16644 [38] 0 17824  |43| O] [91(33
33.2 671 7| 138 2/ |79] ©, [43] 2 |92 1
33 4| [6730] 38] 4] 79125 43| 4] [92j29
33 6] [6753) 3§ 6| [7950, 43| 6] 19256
23, 8 63;6 38 8i 8oI4 143 3| (93124
3310f [6839] |38j10| [Boldc la3lio| lo3is52
34] o] {69 2| (39| o| 181] 5| |44 of [94{20
24| 4] 169125 |39| 2| (8130, [44] 2| [94148
341 2| 16948] |39] 4] [B1]55| [44| 4 |95/16
34 6| (7912 (39| 6| |82|20] 144 6| [95145
341 8| |79B35 '§9 8 18246  144] 8] [96]13
24/10| 70159 “39i10] 18312  144]rol [96(42

57
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Table of Plane Angles comprebended by two Sides of 30 Feeto

o

{Baf&s. Angles, | Bafes, Angles, | Bafes. Angles.

Fe\Inc| Deg |M .Ff.fﬂi’_f Deg My |Ee. |lnc., | Deg.| M.
45| © | 97|11{ (§o] © (II2§3] |§5] ©| (I32] 3
45! 2| | 97l4¢] |50| 2| |1x3[28] 55| 2| |133[44
451 4 | 98] 9| [59 4, |XT4| 4] [55] 4| |134|39]
45! 6| | 9828! [50| 6| [114/38] |55 6] [135[20
45 8] | 99| 8 50| 8 [rx5[L4] (55| 8] |136]r1
a5i19| | 99l37| |sO10f |F15i49| |55|10| |137| 3
45 o] 100l 6| 51| o] [r1626] [56] ©| [137] 7
46! 2| [1ool36] |51| 2| [117] 2| {56] 2| |138]49
46) 4| |1ox| 6| |51 4| 117139 [§6] 4] |139[44
46| 6] [1o1(36| |51| 6 [118/16] [56] 6] |140|30
46! 8| 102| 7| 51| 3 11853 56| 8| [141{38
46/10 \102[37| [5I|Xo| [1X9|31} I§6]IC| K42 6
47| o] (xo3| 8 [52| O [I20] 9| {57]| ©| [143]36
47| 2| (103|139 52| 2| [X20[47| |57| 2| |144|39
47| 4 [To4llo] [52| 4| [121]26] [S7| 4| 14543
47| 6 1:::.4,'41 g2 6; [122| 6] [57| 6] |146/48
47| 8| [To5i12| (52| 8 |12245 57| 8||147(57
4710 [Togiaq) [52]10 (123125 57Tl (149) 8
48 of [10616| 53| O |124] 6 [§8 Of 150|20)
48] 2| (10648 |73| 2, [124/47| 58] 2| |151|36]
48 41 107201 53] 4 125/28 (58} 4] |152(5¢
48 (:?1 10752 [53| 6 [126|10] 58] 6] l154i19
48 8| [10825| |53 81 126(52| |58 8| |155/48] -
4819 [108l57| (5310 [127]35 58l10 157,22
49, 9| [To93o, [54] o (12819 (59 of [159] 3
49, 2| (110} 4| |54 2| 1129| 3| (59 2| [160[53
49| 4f |e1ol37 |54l 4l |r20/48] 59| 4] [162]54
49, 6] |\t11j11| |54] 6] |13933] |59] 6| [165/T2
49| 8 |t11jag’ |54 8'- 131]19| (59| 8 .1674BL
49'10] {11118, I5410' J132' 6 ‘5910 171}28
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If then it is propos’d to find the quantity of the angle Pf!atr: I,
VAX, take on each of its two fides AV, AX, the two parts F'8 7°
‘AY, AZ, each of 30 feet, and meafure the bafe YZ exa&-
ly in feet and inches, which we will fuppofe of 25 feet
6 inches, to which there anfwers in the Table 50 degrees
18 Minutes, for the quantity of the propes’d angle VAX.

The fame Table may alfo be of ufe to meafure the fame
angle VAX, when ic is upon Paper, namely by taking on
the two fides AV, AX, of the angle, the two parts AY,
AZ, each of 30 equal parts from fome Scale, that is to
fay, upon a line divided exa&ly into equal parts, and by
fetting off the bafe YZ upon the fame fcale, yeu’ll know
how many like equal parts it contains, for this number of
equal parts being fought in the Column of bafes in the pre-
ceding Table, will give on the other.fide in another Co-
lumn, the degrees and minutes that the angle VAX con-
“tains,

PROBLEM IX,

At a given Point on a given Line, to make an Angle of 4
: . given Magnitude, .

"A T the given point A, upon the given line AV, to Fig. 72
\ make an angle, for example, of 50 degrees; apply
the Diameter of the Protraétor on the given line AV,
{fo that its Centre anfwers exa&ly on the given point A,
and the Inftrument remaining fo fixt, reckon from the ex-
tremity C, of its Diameter, the g0 degrees propofed, and
where they terminate, mark the point L, thro’ which, and
thro’ the given point A, draw the right line ALX. which
will make with the given line AV, the angle VAX, of

§0 degrecs,

1f the point A is given upon the Ground, we ufe the
Graphometer or -Theodolite, and place it in fuch a manner,
that it may have a fituation almoft parallel to the given
Line AV, that its Centre anfwers perpendicularly on the
given point A, and that its Diameter BC anfwers on the
line AV, which will happen, when by looking thro® the
immoveable fights, you fec fome point of the given line
AV, then the Inftrument being fo fix’d, and the Index be-
ing turn'd to the point L of 50 degrees, fince an angle
of 50 degrees is to be laid down, plant a Stake in the
Ground in a point as X, which is in the vifual line pafiing
!f;hra’ the fights of the Index, that is to fay, fo that this
: i staks
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Plate 1. Stake being fluck upright, may be perceiv’d by looking thro’
¥ig. 7. the fights of the Index, and then the line imaftired ta pafls
by the point X, and by the given point A, will make with
the given line AV an angle of 50 degrees, as was rgquir’d,

You may alfo, by means of the'preceding Table, make
on the Ground any angle you pleafe, on a given point of
a given line 5 as if at the point A, of the given line AV, -
you would make with the fame line AV, an angle, for ex-
ample , of 56 degrees, reckon 36 feet on this ling AV,
from Ato Y, and there plant a Stake, to which tic a
Cord 28 feet and 2 inches long, fuch as you find the bafe
of an angle of 56 degrees to be in the preceding Table ;
plant alfo at the point A another Stake, to which tye an-
other Cord ¢qual to the lire AY, that is to fay, 30 feet
long 5 lafkly, join the two ends of thefe two Cords, tied .
ta their Stakes, by extending them fo' that each fide be
fully firetch’d out, and plant a Stake where the two ends,
being join'd together, meet upon the Ground, as in Z 3
and then the imaginary line AZ, will make with the pro-
pos’d line AV, which is often no other than imaginary,
an angle of 56 degrees, as was required, -

The fame Table will alfo ferve to make upon Paper the
fame angle of §6 degrees, or of any other number of de-
grees you pleafe, by deferibing from the given point A the
arc YZ, with the diftance of 30 °equal parts, taken off from
{ome Scale, and fet off on this arc the line YZ of 28 equal
parts taken off from the fame Scale, and you have the
point Z, thro’ which, and thro’ the given point A, draw
the line AZX, which will make with the given line AV,
the angle VAX of 56 degrees, -

But the Seffor may ferve allo very conveniently to.make
upon Paper an angle of any number of degrecs, as for exam-
ple of §o degrees, thus 3 deflcribe from the given point A
the arc YZ, with any gpening of the Compafls, which fet
off on the two Lines of Chords of the Seffor, from 60 to
6o, fo that the Seffor be fo open’d, that the diftance from
60 to Ge on the Chords, be equal to the Semi-diamcter AY,
and the Seffor remaining thus -::Pcn, take off the fame Chords
the diftance from - g0 to 50, fince you would have an angle
of g0 degrees, and fet it onthe arc YZ, from Yto Z, and
the arc YZ will be 50 degrees, wherefore by drawing the
line AZX, the angle VAX will be 50 degrees, i *
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You may alfo make on the Ground an angle of as mas Plare %
by degrées as you will, by the help of the Seffor, which ¥i& 7:
for this purpofe ought to have two fights fitted at right
angles to each Line of Chords to dire® the vifual Rays,
with which you may make what angle you will, by open-
fng the Seffor in fuch a marner, that the two Lines of
Chords fhall make the fame angle at the Centre of the
Seflor, which ought to anfwer to the point given on the
Grourd ; and this may be done by feiting off from the
Centre on one of the two Lines of Chords, the diftance of
the Chord correfpondent to the number of degrees. pro-
poled, and applying the length of this Chord upon the
fame Lines of Chords, on both fidés from 6o to 603 for
thus the S:ffor will be found open as is requir’d. See our

Treatife of the Ufe of the Seflor, or Cempafs of Propertion.

PROBLEM X

At u given Point of a given Line to ma;&g'an dngle equal to ~
an Angle given, '

A_T the given point A of the given line AB, to makean Fig S
angle equal to the given angle C 5 defcribe from this
_angle C, with any opening of the Compals, the arc DE, and
with the famé opening, from the given point A defcribe the
arc FG, equal to the firlt DE, and you will have the
int Gs thro’ which, and the given point A, draw the
right line AGH, which will make the angle BAH, equal

to the given .‘mg!e

When you work on the Ground, you mufty, by Prb. 3.

- meafure how many degrees the propos’d angle C contains,
and by Prob. g. make at the given point A, the angle BAH,
of as many degrees as is the angle C; for thus thefe two
angles will be ¢qual, and the Problem refolv’d,

PROBLEM XL
Upon 4 given Line to make an Ifofceles Tir‘a#g:fe.
_TO defcribe upon the given line AB an Ifofceles Trian-
g

le; defcribe from its two ends A, B, with one and
the fame epsning of the Compals two aresy and thro® their

poing

Fig: o
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Plate 1,
Fig. 2.

Eig: 10,

i

Plate 2.
Fig. 11.

INTRODUCTION

point of Interfe@ion C, draw to the fame extremities A, B
the right lines AC, BC, and the Triangle ABC will be
Ifofceles ; But this Triangle will be equilateral, when the
two arcs are drawn with an opening of the Compafs equal
to the given line AB.

Work in the fame manner when the line AB is given on,
the Ground, to wit, by tying to the two ends A, B, two
Cords of one and the fame length, and defcribe by their

“means two arcs 3 or if thefe two arcs cannot conveniently
be defcrib’d, join the ends of thefe two Cords equally
ftetch’d out, and you lave the Vertex C of the Triangle
fought, .

PROBLEM XIL
To make a Parallelogram with two given Lines,

TC} make a Parallelogram with the two given Lines
AB, AC, thatis to fay, a Parallelogram whofe breadth
is equal to the given line AB, and length to the given line
AC; make with thele two given lines AB, AC, any angle
whatever, BAC 3 from the extremity B,  with the interval
AC, deferibe an arc, and another from the extremity
C, with the interval AB, cutting the firft in the poine D,
from whence draw to the two points B, C, the right lines
CD, BD, and ther you have the Parallelogram required,

AEBDC.

*Tis almoft in the {ame manner that you muft work it
on the Ground, when the length and the pofition of the
two lines AB, AC is given, namely by tyinrg to the point
C a Cord equal to the breadth AB, and to the point B
another Cord equal to the length AC, and by joining to-
gether the two ends of thefe two Cords equally firetch’d
out, you have the point D, d9¢,

PROBLEM XIIL

 To make a Triangle with three given Lines,

TD make a Triangle with the three given lines AB, AC,
AD, the greatelt of which ought to be lefs than the

fum of the other two 3 from the extremity A of the firft
given linc AB, with the lecond given line AC in the Com-

gaffes






_ [ntrodiction Plate 2 ._Paé}ﬂ 63 .

|0 . E
_ T2 " J‘; i i f"
i A 2
/ ¢ ‘:. 5 o ':’fﬁ
A B e e
Rt — - D
g S D P
A B SR 5 0 2
i 7 I 1
a : ATATANATEN
: : 8 Kl TR
A 1] gl | | ¥
|
i
i
_\/t N
v 15 as 35 45 55 65
b e e Ty
RIS SN el TR T e i)
i RS Nl M R et o B Y o
; i . O S - (R oy et [
| [ SRPETSRG  AEer




7o the Mathematics:

pafles, defcribe an arc, and another from the other extre-
mity B, with the third given line AD in the Compaffes 3
and thro’ the interfe@ing point E of thefe two arcs, draw
to the fame extremities A, B, the right lines AB, BE, and
the, Triangle ABE will be that requir’d,

When you work on the Ground, tie to the extremity A
of the firlt given line AB, a Cord equal to the fecond AC,
and to the other extremity B, another Cord equal to the
third AD, then join together the ends of thofe two Cords
equally firetch’d out, and you will have the point E, {7,

PROBLEM XIV.

To divide a given Line into any mumber of equal parts,

T'D divide the given line AB, for example, into five
L equal parts 5 defcribe from the extremicy A thro’ the

other extremity B, the arc BC, and from the extremity B,
thro’ the other extremity A, the arc AD equal to the arc
BC, which may be of what bignefs you pleafe, and from the
two Extremitics A, B, thro’ the points C; D, draw the in-
definite lines ACE, BDF, which will terminate in E and F,
by running over on each from the two extremities A, B,
five equal parts of any bignefs, but the fame on the one

and the other line; laftly, draw thro’ the oppofite points of

divifion, linés parallel to each other, and they will divide
the given line AB into five equal parts, as was requir’d,

If you will ufe the Seffor, apply the length of the given
line AB on the Line of equal parts, to a number on both
fides which is divifible by g, fince it is to divide the line
AB into 5 equal parts, as from 200 to 200, the fifth pare
of which is 403 and the Seffor remaining thus open, take
off the fame Line of equal parts the diftance from 40 to 40
which will he the fifth part of the given line AB. W.::
fhall thew in Prop. 1. L 1. of Euclid’s Elements, another
way of dividing a given line into equal parts,

PR O
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Fig. 11.
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Plate 2.
Fg. 13.
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PROBLEM Xv.
To iake a Stale for to lay dowm Plans withal,

Aving drawn the two indcfinite lines AB, BC, makirg

at the point B any angle whatever ABC, run over’
on the line BC as many equal parts as you pleafe, and of
what length you will, as for example five from B to C.
Ma.ke as many on the line AB, from B to E, and again as
many on the line CD, which ought to be drawn thro’
the point C, parallel to the linc AB, fiom C into F, and
join all the points of divifion that are oppofite and equally
diftant from the line BC, by as many right lines, which
will be parallel to each other, and to the line BC, and
will divide the Parallelogram BCFE into as many other
little Parallelograms, all whofe Diagonals muft be drawn
the fame way, which then will be parallel to each other.

It is not neceffary that the number of divifions in
the line BE, fhou’d be equal to the number of the divi-
fions in the line BC, for they may be more or lefs 5 but
they ought to be equal to the number of equal parts in
the oppofite and parallel line CF, whofe length is confe-
quently equal to that of BE, and each ought to be run
over as often as you will in a right line, as CF, three
times, for example, at the points H, K, D, *and BE alfo
three times at the points G, I, A, which muft be join’d
to their oppofites H, K, D, by the parallel lines, GH, 1K,
AD, the laft of which AD, ought to be divided into as
many equal parts as its equal and oppofite parallel BC,
that is to fay, the fame equal parts that have been run over
on the line BC, ought to be run over on the line AD;
then draw right and parallel lincs thro’ the points that are
oppofite; and equally Diftant from the two parallels A B,
CD, and the Siale will be fnifh’d : To which annex
numbers from 25 to 24 on the Parallcls AB, CD, to fig-
nify that each of the parts EGy; EB, GI, and AI, compre-
hend 25 equal parts; which number 25 is found by multi-
plying the number of equal parts in the line BE, by the
number of equal parts in the linc BC, fo that each Diago-
nal is found divided into as many equal parts as the line
BC, as here into §, at points, thro’ which if you draw as
many lines parallel to the line BC, they will divide each
of the equal parts of the line BE, allo into five lfs equal

parts,
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parts, which are found on the great lines parallel to the Plate 2.
line AB, namely ome on the firft parallel 1, 1, from the F1R e
line EF to the next Diagonal ; #wo.on the fecond Parallel

2, 2, between the fame Line EF and the firit Diagonal,

that is to fay, between the two points 6, 7 3 fo of others,

From whence it follows, that the line 8, 7, contains 27

‘equal parts, the line 9;77, comprchends 52, which repre-

fent Feet, Fathoms, or any other meafure you will.

This Scale thus made, is calld Plain Scale, becaufe it is
free to take divifions of what bignefs you will, fifice its
‘length is not determined : But when its length is given,
as alfo the number of its equal parts, ‘it is call’d Forc'd Scale,
which will not be found difficult to make, to him who
underftands the Confiru&ion of the preceding ones for if
the length AB is determined, and of a determinate’ numi-
ber of parts, as for example, of 100. Fathoms, becaule' this
number 100 is divifible by 4, divide the length AB into
4 equal parts; at the points E, G, I, cach of which will
reprefent 29 Fathoms 3 ard becaufe this number 24 is
divifible by ¢, divide the part EF into g :qbual parts;y each
of which will reprefent § Fathoms, becaufe by dividing 25
by %, the Quotient is g 3 wherefore to have a Fathom, draw
at pleafure thro’ the extremity B, the indeterminate line
BC, in order to run over § equal parts of any bignefs from
B to C, then the reft may be dane as before,

You may upon this principle, make fuch a Scale feveral

_ways, as in Fig. 14, which is a Scale of 20 equal parts,
and in Fig. 14, where you have a Scale of 70 equal parts,
which may be taken for Fathoms, Feet, Inches, or for any
other Meafure you will, You need only look upon thefe
three Figures to comprehend them, and therefore 1 fhall fay
no more of them ; eXcept that if in Fig. 13. you run over
on the live BC 6 equal parts, each divilion of the line EB *
would be taken for-a Fathom, and the fubdivifion had re-
prefented Fect, becaufe a Fathom contains 6 Eecet, fo that
the line 6, 7, would have reprefented two Feet, and the
line 8, 7, had reprefented ¢ Fathoms and 2 Feet 3 and
laftly, the whole line AB had been 20 Fathoms,

§ P R O



66

Plate 2.
Fig. 16,

INTRODUCTION

PROBLEM XVL
Ty lay down an accefible Plan.

frft, if you enter within the acceflible Place, fuppdfe
4 ABCDE, your beft way is to take a foul draught
of it on Paper any how, to fet down the length in Feet;
Fathoms, d9c. of each Side ; which we will fuppofle of as
many Fathoms as you fee mark’d in the Figure, as alfo the
Diagonals AD, BD, which you are at libercy to draw as

you will, from one Angle to another, fo that the given

Plan be reduc’d into Triangles, which muft be protradted
one after another, by taking from a Scale as many equal
parts as each line contain’d Fathoms on the Ground, for
thus the whole Figure will be reduc’d into a fmall com-
pafs upon Paper, and the Plan thereof laid down.

- But to come to the Praftice, draw on Paper ‘the line ab
of 20 parts taken from the Scale, for the 20 Fathous of
the Side AB ; then from the point b, with thediftance of
24 parts; for the 25 BPathoms of the fide BD, of the Triangle
'ABD, defcribe an' Arc, and another from the point 2z with
the diftance of 27 parts, for the 27 Fathoms of the other.
fide AD, of the fame Triangle ABD; and thro’ the inter-
fed&tion d of thefe two Arcs, draw from the ' two points 4, b,
the right lines ad, bd, which will make with the firft ab,
the Triangle abd, fimilar to the great one ABD, which in this
manner is protracted. And thus the two other Triangles

+ BCD, AED, may be protrafted ; {o you have the fimdl!

Figure abcde fimilar to the great one ABCDE.

If the given Plan be bounded by fome Curve-lines; take
thofe: Curve-lines for right ones, when they differ but lit-
tle; otherwife they muft be reduc’d into lines infenfibly
differing from right ones, by drawing feveral little righe
lines that will nearly form the Figure, and reduce it into
Triangles by drawing Diagonals, then will thefe Triangles
be protralted, and confequently the given Figure, as was
jult now taught.

Secondly, if it be impoffible fo get within the given Fis
gure, {0 as to meafure the Diagonals, as if the given Plan
was included besween Walls; or if it b a Wood, F%;m?

dedibo il S i
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i::lm:e, or 4 Pond 3 meafure this Plan from withnu::, Bj,r ¢a. Plate 3

ing as before the Sides with a Cord or Chain, and the
Angles with an Inflrument, as was taught in Prob. 8. Then
protra& it on Papet, by taking its Sides off a Scale of eqtal
parts, and l"e:tin% down the Angles obferved with a Protra=
&or, or otherwile ds was taughe. in Prob, 9. And thus
the two Figures, wiz. the great on the Ground, and ‘the
little on Paper, will be fimilar, becaufe of the equality of
their Angles, and the proportion of their Sides.

But fince it is ealy to miftake, "as well in taking ‘the
Angles on the Ground, as in laying them down upon Pa-
per, ard that a little error with refpe& of the Angles, oc-
cafions a confiderable difference ¢ it is’ better to ufe the
following method, which always fucceeded well with mie,
when I took a little care to produce the Sides in a right lines

 Let us propofe then the Plan ABCDE, which is acceffi=
ble without, but does not hinder but you may meafure its
Sides, which we will fuppofe of as many Feet as are
mark’d in the Figurc 3 Preduce onc of the Sides AB, to
F, as much in a right line as is poilible, fo that BF be of
a certain known length, more or lefs, according to the
convenicncy of the Ground, as for example 8o Feet, taking
rather Feet than Fathoms, becaufe the Sides of the Plan
have been meafur’din Feerj then meafure the line FC, and
fuppole it 70 Feet, which ought to be fo done, becaufe this
line makes with the other two BF, BC,; the Triangle BEC,
this being orotrated by the means of forueparticular Scale,
which may be fupplied by the Seétor, taking off the mea-
fures on the two Lines of equal parts on both fides, the Se&or
beirg more or lefs open, as you would have the Figure ‘on
the PPaper to be great or fmall, then you’ll have the pofi-

tion of the Side BC, which cannot be done otherwife, with- |

out knowing the Angle ABC, where it i3 more difficult to
{ucceed wells -

. Produce in the fame manner the Side BC to G, {o'that
CG. be of any length, as so Feet, and in like manner
meafure the line GD, which we will fuppofe 4o Feet, this
will give the pofition of the Side CD, without knowing
the Argle BCD ; and fince there retiains no more than the
two Sides AFE, DE, you may ftop there, betaufe that will
be fufficient to lay down this Plan on Paper, which is done
thus; LR T A Sty

Fig. 17,
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Plate 3.
Fig. 17,
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Having drawn the line 45, let it be 100 parts from fome
Scale, reprefenting the 100 Feet of the great. Side AB, and
having produc’d .ic to f, fo that &f be 8o of the fame parts,
for the S0 Feet of the line BF; from the point f, with the
diftance 70 parts, for the 70 Feet of the line FC, delcribe
an Are¢, and another from the point b with the diftance 60
parts, for the 6o Feet of the Side BCgand thro’ the in-
terfe@ion ¢ of thefe two Arcs, draw from the point & the

- Side bc, which produce to g, fo that ¢g be g0 parts, for

the 50 Feet of the line CG, and delcribe as before an Arc
from the point g with the diftance 40 parts, for the 40

. Tect of the line GD, and another from the point ¢ with

the diftance 65 parts, for the 65 Feet of the Side CD, and

. thro’ the Interfeétion d of thele two Arcs draw from the

point ¢ the Side cd. Lafily, defcribe an Arc from the point
d with: the diftance go parts, for the 9o Fect of the Side
DB, and avother from the point 4 with the diftance roo
patts, for the 100 Feet of the laft Side AD, and thro’ the
Interfe&®ion 4 of thefe two Arcs, draw from the two points
@, d, the two Sides ae, de, and the little Figure abede, will
be fimilar to the great one ABCDE. See Prob. 5. Chap. 2.
Part 3. Geom,

PROBLEM. XVIL.

To meafure an inacceflbe Plan.

F the Plan ABCDE be inacceflible, fo that you cannot
meafure the length of its fides with a Chain, much le(s

_produce them without, nor takeits Angles 3 in fuch cafe you

" . muft go quite round, defcribing as you go the Figure FGHI,

as near to the place as may be, and as regular as poffible,
fo that the Angles of the given Plan, which are feen from
one of the Angles of the circumlcrib’d Figure, may alfo be
feen from another Angle of the fame Figure, as here the
Angle A is {een from the two Angles F, G, as well as the
Angle B; the Angle C is feen from the two Angles G, H,
and likewife from H, I, which allo has in view the An-
gle D3 and laftly, the Angle E feen from the two An-

gles F,l.

This being fuppos'd, meafure with the Chain the fides of

. the Figure FGHI, and with an Inftrument take the vifual

Angles which are form’d at the Peints, F, G, H, I 5 then
you
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you need only defcribe upon Paper a fmall Figure,” fimilar to
the great one FGHI, and at the Angles F, G, H, I, make
other Angles equal to thofe obferv’d, by right lines repre-
fenting the vifual Rays, which will interfe& cach other in
Poimts that reprelent the angles of the given Plan ABCDE,
which by this means is Protralted, and reduc’d to a {mall
compafls on Paper, by drawing right lines from the points
of interfe&ion. The Figure it felf explains it {ufficiertly,
fo that no more need bg faid of it.

PROBLEM XVIIIL

To Produce a Line that is too fhort.

H O’ this Problem be naturally known, and Euclid

takes it for a Prirciple, yetin praétice, when the given
Line is fmall, it is difficult to do it well by the application
of the Ruler, becaule if you fail ever fo lictle in applying
the Ruler upon a fmall extent, you fenfibly deviate from
the rightline in an extent of a confiderable length 5 you muft
thercfore have a point more rémate from one of the two
ends of the given right line, than thefe two ends are from
each other, ‘which fhou'd be in a right line with thele two
fame extremities, in order to apply the Ruler thereto,
th?r. the given line may be preduced with morg ¢xa&-
neis,

To find this point, defcribe from the extremity A of the
given line AB, thro’ the extremity B, the Arc CBD, and
take at plealure the two equal Arcs BC, BD, defcribe from
the ends C, D, with the fame opening of the Compafs,
two Arcs, wholé pointof interfeétion E, will be in a right
line with the two extremities A, B, for that by applying
the Ruler upon the two Points 4, E, you may the more
exatly prod.ce the given line AB.

If the line AB is given upon the Ground, you may fix
two Stakes upright at the ends A, B, apd caufe a third
Stake to'be fix’d beyond B, if you would produce the line
AB on that fide to any confiderable diftance, as in E, fo
that by looking along the two Stakes fix’d at A, B, you
perceive the third Stake in B, for thus thefe thres . Stakes
will be found in a right line, becaule they will be in ore
and the ame vifual Ray, which is always a righc line, at
leaft when it is not of too great a length,

: E 3 You
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Plate 3.
Plate 18.

Fig. 15.
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Plate 3.
Fig. 20.

Fig. 21,
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You cannot irnrer.din the (ame manner when thete’s any
Impediment, like that of the Wall CD, in this cafe : And
thercfore at the point B, let BE bedrawn at right angles 1o
AB, and of any length, and draw from its extremity E,
thro’ the two points A, F, taken ac pleafure in the line
AB, the right lines EA, EF, meafure the Angles BEF, BEA,
and the lines EF, EA ¢ Then make on the other fide the
Angle BEG equal to the Angle BEF, the line EG will be
equal to the line BF ; make alfo the Angle BEH, equal to
the Angle BEA, and the line EH will be equal to the line EA,
then the given line AB may be continu’d beyond the Wall

~ CD, by joining the two points G, H, by a right line, v,

PROBLEM XIX.

Iva fﬁﬁffﬁe a ngff'fgr ,Pﬂ'{'p’gﬂﬂ fﬂ i£ glﬂfﬂ' -cl'rdh

Irfty, if you would defcrjbe an Hexagon in the given
L Circdle BCDEFG, whofe Centre is A ; the Radius AB
being fet off on the Circumference, will go round fix times
cxadtly, and {o give the fide of the Hexagon, -

But if you weuld defcribe fome other regular Polygon,
for example an Heptagon, you muft on the Centre A ‘make
the Angle BAC, equal to the Angle at the Centre, which
in the Heptagon is g1 degrees, and about 26 minutes,
and the Chord BC will b% the fide of the Heptagen,

The Angle at the Centre of a regular Polygon is found
by dividing 360 degrees by the number of fides of the Po.
lygon, as by 7 for a Heptagon, 8 for an O&agon, Ad
fo om L o ’

- Xf you have a Sefor, apply the length of the Radius’
AD from 6 to 6, upon the Line of Polygons, and the Seffir
ftanding thus open, take on the fame Line of Polygons,
on both fides, the diftance from 7 to 7 for an Heptagon,
§ to 8 fer an O&agon, and fo on, and this diftance ‘will
be the fide of the Polygon fought. See the Treatife weg
have publith’d concerning 2he Ufe of the Seler, 3

ifHe
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SCHOLI1IUM.

It is evident, that for to infcribe an equilateral Triangle in
a given Circle, you need only fet off its Radius fix times on
its Circumference, and draw the fides from two to two
points; and for to infcribe a iquare thevein, you need only
draw thro’ the Centre of the given Circle two Diameters,
perpendicular to each other, which will divide the given
Circle into four equal parts, -

But to infcribe thercin a Pentagon, follow this particular
Rule, which is demonftrable, Draw at pleafure thro’ the
Centre A the Diameter BC, and raife from the fame Centre
A, the perpendicular Radius AD 3 divide the Radius AC
enﬁ:all}' in two at the point E, and let EF be equal to DE 3
laitly, let DG be equal to DF, and this Chord DG will be
the fide of the Pentagon infcrib’d in the Circle DGC : Ob-
ferve that the line AF is the fide of a regular Decagon in-
fcrib’d in the fame Circle.

PROBLEM XX
To defcribe a Square upen a given Right-Line,

O make a Square upon the given line AB; defcribe from
the point A thro' the point B, the Arc BCDE, and
from the point B thro’ the point A, the Arc AGCF; fec
off the fame opening of the Compals on the Arc BCDE,
from C to E, that is to fay, make the Arc CE equal to
the Arc BC, and draw the right line BE, which will di-
vide the Arc AC equally in two at the point G. Laitly,
make the Arcs CD, CF, each equal to the Arc CG or AG,
and join the right lines AD, DF, BF, then the Figure ABFD
will be the Square fought.

Or elfe draw the line AD perpendicular and equal to the
line AB, and delcribe an Arc from the point D, with the
extent AD or AB, ard with the ame extent defcribe from
the point B another Arc cutting the firft in the point F,
thro’ which draw the right lines FB, FD, &,

E 4 " PRO-
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Fig. 24.
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PROBLEM XXI.
To defcribe aregular Polypon upon a given Right-Line.

TO defcribe upon the given line BC a regular Polygon,

for example an Heptagon ; make at the two ends B,C,
of the line BC, the Angles'BCA, CBA, each equal to the
half of the internal Angle of the Polygon, which in this
inftance is 64 degrees 17 minutes, and from the point A
where the two equal lines AB, AC, mest, defcribe thro'
the two points B, C, the Circumference of a Cirdle, -
wherein may be infcrib’d a regular Heptagon, each fide
whereof will be equal to the given line BC,

The internal Angle of a Polygon is found by fubftra&ing
froni 180 degrees the Angle at the Centre, which is found
by what has been fhewn in the foregoing Problem : Or
without knowing the Angle at the Centre, by maltiplying
180 degrees by the number of fides of the Polygon ex-
cept two, namely by five for an Heptagon, fix for an
O&agon, and fo on, and by dividing the Produ& by the
number of the fides of the Polygor, : Pt

If you have a Seffor, apply the length of the given line
BC upon the Line of Polygons, to a number on both fides
equal to the number of fides of the Polygon to be deferib'd,
as in this cale from 7 to 7; and the Seflor remaining thus
open, take with a Compafs the diftarce from 6 to 6 on
the fame Line of Polygons, and defcribe with this opening
from the two ends B, C, of the given line BC, two Arcs,
whofe Interfe@ion will give the Centre A of a Circle, in
which may be infcrib’d the Polygon propofed, as here a
regular Heptagon, where the given line BC will be one
of its fides. : :

PROBLEM XXIL

To deferibe the Circuﬁﬁr£ﬂce of a Circle thrd’ three given
“v° « Points upon a Plane, :

HE three given points muft not lye in a right line,
for then the'Problem would be impoffible. To deferibe
thergfore a Circle thro’ the three given points A, B, C,
which are not in a pight line, deferibe from the two points
S SULSE b O R SR R R ‘ﬂ"Bs
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A, B, both ways with the fame opening of the Compals, Plate 4.
two Arcs, and thro’ their interfe@ing points E, D, draw = F'& 2%
the indehnite right line DEH, Delcribe likewife from the

two points B,C, both ways with one opening of the Com-

pafs, two Arcs, which in this cafe will interfe in the two

points F, G, thro’ which draw the right line FG, which

being produc’d if occafion requires, will cut the firft line

DE, in like manper produc’d, in a point, as H, which will

be the Centre of a Circle, whofe Circumference will pafs

thro’ the three given points A, B, C.. :

LS CHOTI DY

By this method a fegment of a Circle may be compleated,
to wit, by taking at difcretion three points in this Arc,
and finding the Centre of a Circle which paffes thro’ thefe
there points. 1 ;

PROBLEM XXIIL
To deferibe the common Oval on two :gi'um Diameters.

TG defcribe the common Oval about the two given Dia-  ig, 2
meters AB, CD, which cut each other at right angles
and into two equal parts at the point E, which is the Cen-
tre of the Oval ; fet off the length of the little Diameter
CD, upon the great one AB, from A to O, and take on
the fame great Diameter AB, the lines EF, EG, equal to BO,
and upon the little Diameter CD, the lines EH, EI, each
equal to three fourths of BO, that is to fay of EF, or EG,
Then draw from thé Points H, I, thro’ the points F, G,
the indefinite right lines IK, TM, HL, HN, which will be
terminated at the points K L, M, N, by defcribing from
the point F thro’ the point A the Arc KAL, and from
the point G thro’ the point B the Arc MBN. Lafily,
defcribe from the point H thro’ the two points L, N, the
.« ‘Arc LDN, which will pa(s thro’ the point D3 and frem
the point I thro’ the points K, M, the Arc KCM, which
will pafs thro’ the point C 3 and you will have the per-
fe@ Oval ACBD,

The like Oval may alfo be defcrib’d very eafily thus :  Fig. 2
Take upon the two given Diameters AB, CD, the equal
Lines AF, BG, CH, DI, of any length, and join the right
fines, FH, GI, each of which bife& in the points O, P,
on which erect the twa Perpendiculars QQ, PR,.whick in
4 ARis : : this
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this cafe will cut the Diameter CD, in the points Q, R,

thro’ which, and the two points E, G, draw the indefinite

aight lines RK, RM, QL, QN, then the reft is done as
clare. .

PROBLEM XXIV.
To deferibe the Mathematical Oval about two given Axes.

THE Oval we jult now defcrib’d is call’d zhe Commmion,
Oval, to diftinguith it from ' the Mathematical Oual,
commonly call’d Elipfis, and which has in no wilc any part
thereof circular, it being form’d by the Se&ion of a Cy-
Tinder and a Plane which is not perpendicular to the Axis
of the Cylinder, otherwife the Se@tion would be a Circle :
Or clfe by the fe@ion of a right Cone and a Flane, cut-
ting the two oppofite fides of the Cone, and not parallel to
the Bafe of the Cone, otherwife the fe@tion would again
be a Circle,

The curve line ACBD reprefents the Periphery of an
EllipGis, who(e principal property is, that if from two certain
points F, G, taken upon the greateft Diameter 4B, and
equally remote from the Centre E. which are call’d Focii,
be drawn to any point H, of the Circumference, the right
lines FH, GH, their fum FH--GH is equal to the great-
eft Diameter AB, which is call’d ‘the Principal Axis 3 the
lefler Diameter CD), which is perpendicular to it being call’d
the Leffer Aziss and the point E, where thefe two Axes
cut each other, is call’d the Cemtre of the Ellipfis,

This curve line ACBD not beirg circular, either in
whole or in part, cannot be defcrib’d Geometrically, bug
by finding feveral points Geometrically, and joining them
dextroufly by one continued curve line, which will deter-
mine the Ellipfis3 and this will be fo much the eafier, the

‘more points there are found. _

There are feveral methods for finding out thefe points;
among others 1 have made choice of the following,
which feems to me better than any for pradtice, Its Ori-
in and Demonfiration is drawn from the precedent pro-
perty of the Fcii E,G, which are to be found in the great
Axis AB, by delcribing from the extremity C of the little
Axis CD, with the extent of the great $emi-axis AE or BE,
; ' ' i : the

]
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the Arc FKG, which will cut the great Axis AB in the plate .
Fucii F, G, by means of which an infinity of points in the Fig. 25.
Curve of the Elliplis may be found, thus. '

From the Focii F, G, with any diftance in the Compafs
greater than AF, or BG, defcribe fmall Arcs both ways,
and having fet off this fame diftance on the great Axis
AB, from A to I, and from the f{aid Foacii, with an
opening of the Compals equal to the Remainder Bl of the
great Axis AB, defcribe other Arcs, cutting the former in
four points H, which will be the pointsin the Curve of the
Ellipls, In the fame manner, by defcribing Arcs greater
or lefs, from the the faid Focti F, G, you will find as ma-
ny other points in the Eﬂipﬁs as you pleale, which points
being join’d by a Curve line, the Elliplis will be de-
{crib’d, : -

If you have no Compafes, you may find as many points
of an Ellipfis as you pleafe, by the help of the Raler only,
namely by fetting off on the edge of the {aid Ruler from
its end, the length of the great and fmall Semi-axis, which
may be done without Compafles, if you apply the end of
the Ruler to the Centre E; and the edge of the fame Ru-
' ler on each of the two Semi-axes EB, EC, and mark upon
the fame edge the points where the two ends fthall termi-
nate 5 and by applying thele two points upon the two
Axes AB, CD, fo that the point of the {mall Semi-ayis
an{wers on the great Axis AB, and reciprocally the point of
the great Semi-axis upon the fmall Axis CD ; for then the
fame end of the Ruler will note a point in the Ellipfis 3
and as this application may be made an infinite number of
different ways, it is evident that by 'this means may be
found as many different points of the Ellipfis as fhall be
defir’d.

This Method has its Demonftration, and is the foundation
of a certain Inftrumeht not uncommon, and made ufe of
to deferibe an Ellipfis at once, as the common Compafs
is made ule of to defcribe a Circle. But there is another
very eafy way of defcribing an Ellipfis at once, by a more
fimple method, depending upon the general property of
Focii, which we have mention'd already, and is common

enough among Acrtificers.

Having found the two Fucii F,G, as before thewn, tie there-
unto a Cord, whofe length muft be equal to that of ‘the
gllipﬁs, i. ¢, to'the given great Axis AB, then there needs
il Y . 4 I" L b na



1'76

Plate 4.

Fige 231

Fig. 29,

INTRODUCTION

no more than to ftretch out this Thread or Cord with a Pen
or Pencil, which you muft move along the faid Cord equal-
ly extended, and this Pen will by its motion defcribe the
Circumference of an Ellipfis, where the two given lines AB,
CD, will be the two Axes thereof, that is to {ay, the length
and breadth, This Cord is reprefented in the figure by
the line FHG. i

PROBLEM XXV.
To defcribe a Parabola on 4 given Axis,

H E Parabola is the fe&ion of a Cone and a Plane

parallel to one of the Sides of the Cone, that is to fay,
to a right line drawn from the:Vertex of the Cone thro’
fome point of the Circumference of its Bale, which is a
Circle. This Seéion or Parabola is bounded by a Curve
Line call’d a Parabolical Line, and generally a Conic Line,
becaufe a Conic Line is the Se&ion of a Plane and a Conic
Superficies, that is to (ay, the Surface of a Cone. It is
evident that this Parabolical Line is a Curve Line, and [preads
in its progrefls not unlike a Rope {lack pull’d, or a heavy body,
which being thrown obliquely into the Air, defcends with
much the fame obliquity, defcribing a Parabolical Line.

The effential property of the Pargbola is, that draw
within the Line as many Parallels as you pleafe, fuch as
EE, divided equally in two at the points B, by the right
line AB, which in this cafe is calld the Diameter of the
Parabola, and the Axis, when it is perpendicular to thefe
Parallels, call’d Ordinates, with refpe& to the Diameter AB,
which divide each of them equally in two ; the Squares of
all thefe Ordinates, are proportional to the correiponding
parts of the Biameter AB, taking them from the extre-
mity A, which is call’d the Vertex of the Parabols i From
whence may be drawn a Conftru&ion of the Parabola, bug
it will not be fo eafy as that which is derived from: the
property of its Focus D, which is fuch a point in the Axis
AB, that if upon this Axis AB produc’d, you tike the
part AC equal to the part AD, the part CB is equal
to the correfponding line DE : Which gives a very caly
method to find out as many points in the Parabola as

fhall be defir’d.

To deferibe therefore a Parabola, thro’ the point A of

the given Axis AB ; Takg upon this produc’d Axis AB
j . e
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the equal lines AC, AD, great or fmall, according as you
would have your Parabola more or lefs: open.  Take
on the fame Axis AB, below the Vertex A, as many diffe-
rent points as you would find in the Parabola, as B,
thro’ which draw the indefinite lines EBE perpendicular to
the Axis AB, in order to mark out the points E of the
Parabola, by fetting off the diftances CB from the Focus D,
on both fides on their refpe&ive perpendiculars, ¢,

PROBLEM XxVL

To defiribe an Hyperbola thro' 4 Point given between two given
Afymptotess

AN Hyperbela is the Se&ion of a Cone cut by a Plane,
which being produced, meets the Cone in like man-
ner produced, without its Vertex , and the Afymptotes are
two right lines, as AB, AC, which cut each other in the
point A, call’d the Centre of the Hyperbola, which Lines
being preduc’d as much as ever you will, can never cut
the Hyperbola GDG, f{o far off as it is produced, tho’
they flill approach nearer to it, they being always diftant
tftom it by a lefs quantity than any other that can pofli-
bly be conceiv’d, i AT

The property of thefe Afymptotes is fuch, that if you
- draw within their Angle a right line at pleafure, as EF,
which cuts the Afymptotes in the two ‘points E;, F; and
the Hyperbola in the two points D, G, the lines DE, EG,
~are equal to each other, Ard therefore if the point. D
be given within the Afymptotes AB, AC, thro” which
point an Hyperbola is requir’d to be deferib’d, draw thro’
the faid given point D any right line as EF, upon which
fet off the length of ‘the part DE, bounded by the given
point D, and one of the Afymptotes, beginning at the
point F, from the other Afymptote to the point G, which
will be the point of the Hyperbola, .

17
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THE

‘ Eléments of Euclid

Explain’d and Demonftrated in a fhort
~+ and eafy Method; with the Ufe of the
Propofitions.

o B X

- LT HO’ our Defign in this thort Treatife (or
- Cowrfe of the Mathematicks) is not to explain all
W - the Books of Euwclid's Elements, but only the
o o ix firff, - the Eleventh, and Twelfth, (which will
be fufficient for the underftanding all the ret we fhall
here offer afterwards) ; We fhall, nocwithftanding, fol-
OW Euclid Step by . Step; without in the leaft receding
om his Method. of fuppofing nothing but what bas been be-
L "?1'___&?::1', either laid down _g’:-jr way Principle, or elfe dewnon=
firared ; without changing any thing in his Method or
Lonftrutions, when they are at the fame time both ge-
neral and eafy, and depend upon fome Propofition or Pro-
pofitions that have been before demonftrated ; that fo we
may %Er.e_ every Propofirion its jult Value and Ufe, which
fome have negleted ro do, and that particularly when in
following Euslid’s Method the Solution had been more u-
niverfal. Thus (for Example) after Euc/id has taught us
2o conftrult & Triancle of any three Lines given, for a Man to
have recourfe to folve the following Problem, viz. To make
an Angle at any Point of a given Line,equal to an Angle given ;
this would be impertinent, and beﬁj{: the Author's Inten-
tion, as well as contrary to the Order and Beauty of a
methodical Procefs in thefe Sciences. To refolve this Iaft
Problem without making ufe of the Precedent, is nei-
ther fo general nor Geometrical. However, to give the
Reader as little trouble as poffible, and abridge our
‘Work, we fhall imitate F. Tacquet, or Dechales, in not
‘groubling the Reader with thofe Propofitions we fhail
‘think unneceflary and of no confequence, or of but
Jitele Ufe to demonftrate thofe thatr follow : We fhall
alfo endeavour to illuftrate the principal Propofitions
by the moft familiar Examplbsﬂwe' peflibly can, . T h?f;

{hag
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The Elements of Euclid Book 1.

that defire any more may confult Henrion, Who 1s the beft
Commentator upon Euclid I know.

The FIRST BOOK of

IEUCLID’S ErevMENTS.

UCLID treats in this Firft Book, of Lines, of Angles,
and of Triangles, and other right-lin'd plane Fi=
gures, and chiefly Parallelograms, fhewing the

Method of reducing any right-lin’d Plane into a Paralle-
logram, in order afterwards to reduce it (or make it) in-

to a Square, as he fthews in his Second Book ; at the end

of which, he demonftrates that celebrated Propofition of
Pythagorms, That in a right-angled Triangle, the Square of
the greateft of the Sides (commonly call'd the Bafe, or

Hypothenufe) is equal to the Sum of the Squaresof the
other two : which is the Foundation of Geometrical Ad-

dition, and Subfira&ion too, in the Cafe of adding or

fubftralting of Planes; 7.e. whereby feveral Planes may

be fumm’'d up (w/z. their Area’s) into one, and confe-

quently one found equal to their Sum.

DEFINITIONS.

L 5

‘A Mathematical Point 7szhat which bas no Parts (or at
leaft is what is confider’d as fuch) and which of courfe s in-
divifible 5 and which confequently has no other Exiftence, than
in the Underftanding of thofe thar think of it. ‘

By this Definition, a Mathematical Point may be diftin-
guiﬁ;*d from'a Phyfical.one, which may be perceiv'd by
our Senfes, as having Parts. Yet notwichftanding that,
we often ufe them promifcucuily, the one with the other,
upon the fcore we never confider it (when we think of it
as fuch) as capable of being fubdivided : Thus when
we fay a certain thing is exaltly {o many Feet long, we
confider the Yard or Foot as an whole (or undivided
Quantity) and confequently asan indivifible Point, that

. 15, as a Mathematical Point : But yet if befides the de-
terminate Number of Feet, there fhould happen to be
fome odd Inches, then the Inch would be confider'd as
the Indivifible (or Mathematical) Point, as being the
leaft Subdivifion ; which, as fuch, would be taken for a
Phyfical Point, 1. A

{i



Explain'd and Demonfirated,

' e 1§
 ALine is s Length without either Breadth or Thicknefs,
@hich of courfe can only be an Objelt of the Underftanding.

We generally fay, that a Line 1s generated by the Mo-
tion of a Point, whence it can neither have Length nor
Breadth, and may be conceived as te Motion or Flux of
a Point from any one determinare Part of Space to ano-
ther ; or, as we cannot poflibly trace out any Line (in
matter) whatfoever, thatis not a Phyfical one, or which,
befides its Length, has not fome Breadth and Thicknefs ;
yet that will be no Obftacle but that we may conceive or
take it for a Mathematical Line, while we only conceive
it as Length ; as when we only conceive the Length of
a Journey, without making any Refleltions on the
Breadth, & . of the Wa'_,r.I .

| § -
The two Extremities (or Ends) of a Line are Points.
This is ro be underftood of thofe Lines only that have
| tWo Exsremities (or Ends); nor does it hence follow
| that all Lines have two Ends ; it being certain that thofe
which include, or every ways terminate, Space, fuch as
| the Circumference of a Circle, an Ellipfe, ¢b«. have no
nds.
IV.

A Right-Line s that whereof all the Points ave equally plac'd
- between its two Extremities.

Whence it follows, that a Curwve-Line is that which has
not all its Points plac’d equally between its two Extre«
i mities, becaufe fome are elevated above, and fome fub-
' fide below others. »

- A Superficies or Surface 75 an Extenfion, or Space extended,

- without any Thicknefs or Depth. i
As a Line is the firft Species of continued Quantiry,
having but ope Dimenfion, wiz. Length, {o a Superficies 1s
a fecond Species of ir, becaufe it has two Dimenfions,
' wiz. Length and Breadth : .And as a Line is conceiv'd to
' be produc’d by the Motion of a Point, {fo may we con-
 ceive a Surface to be produc’d by the Motion of a Line :
And finally, asa Line confifts of an infinite Number of
Points, {o does a Surface confift of an infinite Number of

- Lines.
VI.

The Extremities o Ends of a Swrface, (Viz. when it has

any) are Lines. :
This follows from the Nature of a Surface, which be~
ing compos’d of an infinite bﬁumhu of Lines, muil nsaali
2 e
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be terminated by them, if it be terminated at all : Which
is to be thus underftood then ohly, when both the one
and the other of thefe two Species of Quantity have Ex-
tremities or Ends ; for we have already taken notice, that
the Circle, Ellipfe, ¢¢. are terminated by one Line only,
which has no End 5 or to {peak more properly, whereof
the two Ends are joined together ; thus we ﬁ;all in the
fame Senfe take notice, that a Sphere, a Spheroid, &c. are
terminated by one only Slix;facc, which has no Ends.
IT1.

A Plane-Surface, or # Plane, s that which bas all its Right-
Lines equally plac'd between its Extremities 3 fo that one does
not rife bigher or [ubfide lower than the other. o

Whence it follows, that a Curve-Surface 1s that which
has not all its Parts placed equally between its Extremi-
ties, one rifing higher, another falling lower, than each
other: And w%en {uch a Surface is confider’d in relation
to the Side that fubfides, it is call’d a Concave-Surface ; and
when it is confider’d on that which rifes up, it is call'd
Convex. Thus the Happy above may be conceiv'd to fee
the Convex-Side of Heaven (according to the Prolemaick
Syftem) while thofe below can only {ee the Concave Part

of it.
VIIIL.

A Plane-Angle is an indefinite Space terminated by two Lines
fnclining to one anotber [or rather by the meeting of thofe
two Lines] when they meet in a Point upon the Plane where
the Angle is formed, and don’t by that meeting make a Righte
Line, as ABC. -

Hence you fee, that to form an Angle, it is not only
neceflary for the two Lines to meet at the angular Point,
but to meet likewife in fuch manner, as that being pro-
duc’d, they fhall interfe&, and afterwards deviate from
each other.

You alfo fee, that the Magnitude of the Angle does
not depend on the Length of the Lines that form it, but
on the Quantity ofthe Inclination ; for it is evident from
the Definition, that the more or lefs the Lines are inclin’d,
the Angle will alfo be the greater or the lefs : And the |
Angle is denominated Plane, becaufe it is defcrib’d on a
Plane. There are three Sorts of them, which we fhall|
now explain. :

IX. ' :

A4 right-lined Angle 7s that whereof the two Lines that
form it are Right-Lines; as in ABC, the two Lines BA, BCSy
are Right-Lines ; as alfo in the dngle ABK, where BA and!

' "BK are Right-Lines.

e iss
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Ewplﬁin’é’ and Demonflrated.

It is this Angle alone that Euclid treats of in this Book,
wherefore whenever we {peak fimply of an Angle,itisto
be underftood of a right-lin’d Angle, which may be de-

noted by one only Letter, viz. by that at its angular.

Point, when one only Angle is formed there ; but when
at the fame Point there are more Angles than one, formed
by more Lines that terminate there, then to denote the
Pparticular Angle we measn, we make ufe of three Letters,
the middlemoft wherecf fignifies or points out the angu-
lar Point. Thus, becaufe at the Point B there are three
Angles, if we would denote the Angle made by the two
Lines BA, BC, we fhould write it thus, ABC ; and if we
meant the Angle made by the two Lines, BA, BK, we
fhould write it thus, ABK; and in like manner to re«
ﬁlreﬁfnr the Angle made by the two Lines, BK,BC, we
Jhould call it either KBC, orelfe CBK ; and fo of o-
thers. :

We have already faid. that an Angle is greater or lefs
according asthe inclination of the Lines that form it is
greater or lefs : And here we fhall acquaint the Reader,
that the meafure of a right-lin’d Angle is determin’d by
the Arch of a Circle defcrib’d at pleafure from its angu-
lar Point, and terminated by the two Lines of that An-
gle : Thus the meafure of the Angle ABC is the Arch
DE, or allfo FG, whefe Centers are at the ‘Point B ; the
Arch DE being exaltly the fame part of the Circumfe-
rence of its Circle as the Arch FG is of its refpeétively -
For if you imagine the Line BC to move about the fixt
Point B, f{o rhat it may make with the immoveable Line
A B Angles greater or lefs, all the Points of the faid Line
BC will move circularly, and at the fame time about the
Point B. So that the Point E, for example, will defcribe
by its Moticn the Arch DE, which by confequence will
be the Meafure of the Angle ABC ; and in like manner,
the Point G will.defcribe, by its Motion, the Arch FG
which will alfo, by the fame Reafon, be the Meafure of
the Angle ABC, and fo of others,

- It will be eafy to conclude from what we have been
faying, that the Right-Line BK fhall then divide the An-
gle ABC into two equal Parts, that is into two equal
Angles, viz. ABK, and KBC, when pafling through the
Point B, it fhall divide DE, the Meafure of the Angle
ABC into two equal Partsin the Point I, that isinto
two equal Arches, ID, and IE, which are the meafures
of the equal Angles ABK, KBC. Where we fee that
two Angles, as ABK, KBC, are equal, when their Mea-
fures ID, 1E, which are defcrib’d from their angular
¥ B ; Points

5
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Points with the fame Opening of the .Compafles, are
equal. '

By what we have been faying, it will not be difficult to
guefs at what wiil be the Meafures of a Curve-lined dngle,

~which is a Plane-Angle contain’d under two Curve-Lines,

as ABC; foryou are onlyto compare thecurve-lin'd Angle
ABC, wirh right-lin'd one DEE, whereof the righ:-lines
DB, DE, rouch at the Point B, the two Curve-Lines AB,
AC,the Inclination whereof can never folittle change, but
the Aperture of the Lines that touch them mult ghange
alfo at the fame time: For which Reafo:, if from the
Point B, you defcribe at pleafure the Arch of che Circle
EG ; that Arch, viz. FG, which is comprehended under
BD and BE, being the Meafure of the right-lined Angle
BLE, fhall alfo be the Meafure of the curve-lined one
ABC.

After the fame way we alfo may determine the Mea-
fure of a Mixt-lined Angle, or an Angle comprehended
under a Curve-Line and a Right-Line, as ABC, wiz. by
drawing thro’ the Point B, the Right-Line BD, whic
fhall touch the Curve AB in B ; and by defcribing at
pleafure from the fame Point B, the Circumference of 2
Circle, the Part whereof FE, comprehended under the
Right-Line BC, and the Tangent BD, fhall be the Mea-
fure of cthe mixt-lin’d Angle ABC. '

It evidently follows from what has been faid, that
when two Lines only touch one ancther, they cannot
form an Angle, [that may be compar’d with a Right-
lin'd one ] becaufe they are not inclin’d the one to
the other. Thus the imaginary 4ngle of Contatf, made of
the Tangent and Circumference of a Circle, is im-
properly call'd an Angle. We have made this Remark
upon it, in our Notes we have elfewhere made on the
Euclid of F. Dechales.

¢ Becaufe that which is call'd the Angle of Conta& is
“ lefs than any righe-lin’d Angle whatfoever, it follows
¢ that it isequal to nothing, or that it is nothing. Thus
* we fee, that when a Right-Line touches the Circumfe-
‘ rence of a Circle, it does not make an Angle with it,
* Wherefore the Difficulties that arife from it will vanifh,
¢ when we confider that that Contaét does not make an
¢ Angle, as they only arife from the Suppofition that it
* does,and that the Definition of an Angle has not been fuf-
* ficiently cleared up, nor has it been well enough defin’d
¢ what the Contadt of twe Quansities is.

* Wherefore we fay in general the Contad of two Quan-
! tities is the meeting of thofe two Quantities fo, that be-

; ; ‘ing



Explain'd and Demonfirated.

 ing produc’d, they fhall not interfe& one anothers that
‘ isto fay, they are not inclined to each other. Whence
‘it follows, that an Angle is not rightly defin’d by the
* Contat of two Lines, and that this (whatever it is to be
‘ call'd) ought to be defin'd from the Meeting of the two
* Lines that compofe it ; for it does not follow, becaufe
‘ two Quantities touch one another, that therefore they
‘ make an Angle; for when thofle two Quantities are
‘ Riglt-Lines, all the Parts of the one coincide with all
¢ the Parts of the other, when they touch : Whencethew,
¢ not being inclin’d to each other, do not interfeét, and
‘ fo make no Angle, tho' they meet and touch. The
¢ fame thing may be {aid of any Right-Line that touches
¢ a Curve, becaufe in Conta& they are not properly in-
f clin’d to one another, and do not make an Angle. ~ For
¢ altho’ the Curve feem to approach to and recede from
¢ the Right-Line by its Curvature, and by confequence
‘ to incline to the Right-Line, and to make an Angle
¢ with -it, that only proceeds from the Figure of the
£ Curve-Line, which may be feveral ways diverfify'd,
“and vet make the fame Angle with the Right:Line:
¢ Whence it is eafy to conclude, that a Tangent to a Cir-
¢ cle does not make an Angle with its Periphery. This
 being rightly underflood, all the Difficulties that can
¢ arife upon the Contaét of thefe two Lines, which are
£ improperly call'd an Angle, will vaniih, '

* What I have been difcouifing of, may (perhaps) be
¢ better conceiv d, if we confider, that an Angle form’d
‘ by two Curve-Lines, ought to bear fome Proportion
‘ to a right-lined Angle, form’d by the Meeting of two
¢ Right-Lines, that touch the two Curves in the Point

¢ where they meet (or in the Point of Contat) ; becaufe
“according as thofe two Lines incline to one another

more or lefs, the two Tangents thould do fo alfo, and
confequently form a greater or lefs Angle, which
would alfo be the Meafure of the Quantity of the
curv-lin'd Angle. Whence it follows, that when thofe
two Curves come to touch one another, they will make
no Angle at all, becaufe the two Tangents will coin-
cide. '
‘ Hence it is we. fay, for example, that if from any

¢ Point of the Circumference of the Ellipfe, we fhould
¢ draw two Right-Lines to the two Fogii ; thofe two Right-
¢ Lines would make, together with the Circumference,
‘ two equal Angles ; I fay thofetwo Angles are not pro-
¢ perly determined by the Circumférence of the E]ligﬁ:,
‘ but {y a Right-Line (or Tangent) that is imagin’ f:{;
B 4 i
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¢ fall upon the Circumference without-fide, at the Pmnt
* where they make thofe Angles.

X {

When & Right-Line falls upon another, and mske: Hs-e Jng!e:.
on both Sides equal, fo that it does not ;mlm-’ more to the one
Side than the ather; each of rﬁqﬁs Angles ts calleda Right=-
Angle, aund cach af:buﬁ! two Lanes is [ard to be perpendicular to

5 L
-
* ..'l.

 the other. Thus we know that the Line AB is perpendicular to

CD, becaufe it makes with that Line CD on each Side, thlequal
Angles ABC, ABD, which for that veafon are called Right ones.
Thafc that do not underftand the Mathematicks, com-
monly call a Perpendicular a Plumb-Line, without con-
fidering that a Plumb-Line is that Line only which is
perpendicular to the Horizon, as a Thread would be with
a Lead or Weight hung at the end of it, which we thence
call a Plummer. Whence, if the Line CD was horizontal,
or parallel to the Plane of the Horizon, its Perpendxcu-
lar AB would be a Plumb-Line ; and if the Line CD was
not horizontal, but inclin’d to the Plan of the Hﬂnzqn,
ifthe Line AB ftill made with CD equal Angles on both
Sids, it would not ceafe to be Perpcndmular, tho’ it

 would to be a2 Plumb-Line, but would be juft as dxﬂ'erent 4

from that, as the Line CD itfelf would be from being
hnnznqtal and both would bccome mclm d to the Hn- ;

I‘lzﬂn, : "'. ) T p 4

An Dﬁtﬂﬁr.ﬂfwgk s rﬁw wbwk i greﬂ:er r.Ewar a Rx,gﬁrr nﬂe 3
o ABDA Lk

We mdy add to tlus Deﬁmtmn that the Meafure of' an
Obtufe- ﬁnﬂ]e is the Arch of a Circle ‘lefs than a Semi-
circle, becaufe Ewclid does not confider any Opening of

- IWO nght»LmES that thould be meafur’d by an Arch

greater than a Semicircle; as an Angle, as may be feen in
the 21. 3. Thus the Inclination of the two Lines AB,
AC, makes an Angle at. the Point A, thar 1S NOt mea-
fured by the great Arch DEE, which’ is bigger than a
Semicircle ;. but by the little one DGF, which is lefs
than a Semicircle. 1la 9 |

XT1I.
A Amtr:—ﬁﬂgfe is that which is lefs than & Right-one ; as

- ABC.

Thofe two ﬁngles wiz, the Acute and Obtufe, differ
from a Right-one in this, thac there is but one Species of

. Right Angles, there not being fome greater and fome

lsfs ; whereas among Acute and’ Obtufe-Angles there
maw
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. may be an Infinity of bigger and lefs, becaufe their Mea~ Plate 1.
- fures may be greater or lefs Parts of a Circle. It may Fig. 5.
‘be eafily feen by the Figure, that when one Right-Line
- falls upon another te which it is not perpendicular, it

may in this cafe be call'd an Obligne-Line ; which alfo

gives occafion to call an Oblique- Anzle either an deute- An-

gle, or an Obrufe-one ; that is to fay, an Angle that is not

a Right-one ; and it makes on one Side an Acute-Angle,

as ABC ; on the other an.Obtufe-Dnﬂ, as ABD.

XIII. '

« The Term is the Extremity of any thing. |
Hence it is evident there are three Sorts of Terms, v/z.
a Point, which is the Extremity of a Line ; and a’Zvwe,
which ‘is the Extremity of a Surface ; and a Swrface,
which bounds or termunates a Body ; which cannor be
the Extremiry of any other real Quantity, at leaft that
we know of: . - O% & a7 -
| - XIV. i 3
. A Figure is any Space or Quantity of two or three Dimen-
- ffons, comprehended under, or bounded every way by, onz or more
Terms. DR A S ;
It follows from this Definition, that neither: a Line
‘nor an Angle can be called Figures, becaufe a Line tho’
_bounded by two Points, v/z. when a Right-Line, and fi-
. mite, bas but one Dimenfion: And an Angle, tho” bound-
ed by two Lines, yet is not bounded every where, the
- Space which thofe two Lines include being indefinite or
infinite. Among Figures which are terminated by one
only Term, are the Circle, the Ellipfe, the Sphere, ¢vc.
and among Figures bounded by feveral Terms, are the
‘Triangle, the Square, the Pyramid, &c. A Plane-Surface
‘s called a Plane-Figure, or fimply a Plane.

’ : XV.

" A Circle is @ Plane-Figave, terminated by a Boundary of one Fig. 7.
| Line only, which is called'its Circumference, as ABCD A, within ~ ' 7
which is & Point, as E, called its Centre ; 'frqm which all the
"Right-Lines EA, EB, EG, &c. drawn to the Circumference, are
“equal to one another. :
.~ TheVulgar commonly call the Circumference the Cir-
cle; as ¢.z. the Hoop of a Tub, abftratting from the
Plane that is bounded by that Circumference, which
- notwithftanding is what Mathematicians lprnperly call a
Circle, and which neverthelefs they themielves too often
confound with irs Circumference ; as e.g. when they
¢ propole from'a given Point to defcribe a Circle ; whf:rlfas
- thev

i
4
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they only mean the Circumference of a Circle. In like
manner, when they fay that two Circles can only inter-
{e€t or cut one another in two Points, they mean it only
of the two Circumferences, as Euclid has demonftrated it
in the 10. 3. ,

The Circle might alfo be very well defin’d a Plane-
Surface, produc’d by the Motion of a finite Right-Line
moving about a fix’d Point (till the Motion end where it
began) which fix'd Point is ¢all’d the Centre, and to
which one end of the Right-Line is conceiv'd to be fa-
ften'd, while the other defcribes by its Motion the Cir-
cumference of the Circle. '

We commonly fay the Circle is the moft perfe& of all
Plane-Figures, becaufe there is no irregularity in it, its
Circumference being every where equally round, and its
Area the greateft of all Ifoperimetrical Figures ; e. g. its
Area is greater than that of a Square of an equal Peri-

meter.
XVL f

The Centre therefore of & Circle is a Point within its Cire
cumference, from which all Right-Lines drawn to that Circume

erence, are equal among themfelves ; as if E be the Centre,
the Lines EA, EB, EC, &c. are equal.

We might alfo fay, that the Centre of a Circle is a
Point within its Circumference, placed at the greateft
Diftance poffible from it: Whence we define the Centre
of aright-lin’d Figure to be, a Point in the Figure at the
greatelt Diftance poflible from its Periphery : Whence it
alfo follows, that the Centre of a regular lg::rlj.rg-:nrnJ is the
{ame as the Centre of a Circle that circumferibes it ; and
that the Centre of an Ellipfe, is that Point where its two
Axes, which determine its greateft Length and Breadth,
interfeét each other. :

"X VIL

The Diameter of & Circle is any Right-Line drawn thro’ its
Centre, and terminated by the Circumference on each Side ;
as AC.

It is hence evident, that a Circle has an infinite Num-
ber of different Diameters, which are all equal to one an-
other, and that each divides not only the Circumference,
but alfo the Area of the Circle into two equal Parts.

It is alfo evident, that 2 Right-Line drawn from the
Centre of a Circle to its Circumference, as EA, EB, EC,
15 equal to half the Diameter of that Circle, and for that
reafon 1s called a Semidiameter, as alfo Radius of the Circle.
And any Part of the Circumference lefs or greater than
its half, is called an 4rch of that Circumference ; as ABC,
or ADC, XVIIL 4
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XVIIL

4 Sémicircle is a plane Figure, terminated by the Dipme-Dlate 1.
ter of a Gircle, and by h:If its Circumference ; as AECBA, or :
AECDA. :

- This Figure is called a Semicircle, becaufe it is equal Fig. 7
to half the Circle. Hence alfo the half of a Semicircle
is call’'d a Quadrant, as AEBA, or DECB, which is ter-
minated by two Semidiameters or Radii, perpendicular to
one another, and by the fourth Part of the Circumference
of the Circle, which is fometimes confounded with the
Quadrant ; as when we fay that the Quadrant of a Circle
1s the Meafure of a Right-Angle, inftead of faying that
the fourth Part or Quarter of the Circumference is fo.
: XIX.

The Segment of & Circle is a Part of a Gircle, terminated
by a Part of its Circumference, and by a Right-Line ; ACB4,Fige
or ADCA. e,

Itis evident by this Definition of Euclid, that a Semi-
circle is a Segment of a Circle : Bur commonly we mean
by a Segment of a Circle, a Part of it either greater or lefs
than a Semicircle : Whence it follows that the Right-
Line that terminates or bounds it, muft needs be lefs
than the Diameter, and by confequence can’t pafs thro’
its Centre, as AC, which can’t pafsthro’ E. Here (asI
fuppofe) Ewelid did not defign to leave this Definition
thus, becaufe it fuppofes the Diameter to be the greateft
of all Right-Lines that can be drawn within the Circle,
which ftands in need of a Demonitration, and which is
- demonftrated in the 15. 3. where Edclid repeats the Défi-
nition of the Segment of a Circle, it being his Defign in
that Book to demonftrate its Properties ; wherefore he
feems only occafionally toxigve inferted 1t here.

A right-lined Figure is that which is terminated by Right-
Lines. .

Whence it follows, that a Curvilined Figure is that
which is terminated by Curve-Lines ; and a Mixt-Figure’
that which is rerminated by both Right-Lines and Curves.
Euclid treats here only of right-lined Figures, whereof
he fhews the Properties of feveral, which we fhall explain
in order, - XXI.

A Figure confifting of three Sides (which is alfo called a Tri- _
angle) is a Figure rerminated by three Right-Lines ; ar ABC. F&-9

A Triangle is the firft anc{ moft fimple of right-lined
Figures, and is fo called by reafon it hasthree Angles :
And when we fay fimply a Triangle, without {pecifying
of what Sorr, we always mean a right-lined Trian lfi]ei;.

' whic
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which is compos’d of ‘three Right-Lines ; a curvilined
‘Iriangle being a Plane-Figureterminated by three Curve-
Lines. Euclid treats only here of the right-lined Trian-
gle, whereof he makes {ix Species, wiz. three that are di-
verfified by their Angles, and three by their Sides ; as
fhall be fhewn after we have explain’d other more com-

os'd Figures.
A 5 XXII.

4 Figure that has four Sides, which is alfo called a Qua-
drilateral Figure, end 4 Quadrangle, is @ Planc-Figure ter-
minated by four Right-Lines ; as ABCD.

This kigure is called a Quadrangle, becaufe, having
four Sides, it has alfo four Angles. Euclid makes alfo
feveral Species or Kinds of thefe, diverfified by their An-
gles and Sides ; which we fhall explain after the Tri-

angles.
XXIIL

A Multilateral (or many-fided) Figure, called slfo & Po-
lygon, is @ Plane-Figure,*terminated by more than four Right=-
Lines 3 as ABCDEF. 5 .

This Figure is called a Po/ygon; becaufe, having feveral
Sides, 1t has alfo {everal Angles; when it has five it is
called a Pentagon ; when it has{ix an Hexagon ; and when
feven an Hepragon ; when eight an OFagon ; when nine an
Enneagon or Nonagon ; and a Decagon when it has ten ;
when eleven an Endecagon ; and a Dodecagon when twelve :
And when fuch a Polygon has all its Angles and all its
Sides equal, 1t 1s called Regular, and Irregular when
there are any of them unequal.

XXIV.

Among Trilateral (or three fided) Figdres, that is called an
equilateral Triangle, which hasits three Sides equal ; as
DEF : whereof the three Sides DE, DF, EF, are equal.

An equilateral Triangle is the mof} fimple of all right-
lined Figures, and only of one Kind ; and it 1s with this
Triangle that Exclid begins his Propofitions (it being his
firft) that he may by means of this Problem refolve fe-
veral others, altho’ he might alfo have folv'd them by an
Ifofceles Triangle ; but he was refolv’'d to make ufe of the
moft fimple. : ’

XXV. y

An 1fofceles Triangle is that which has only two Legs
equal 3 av ABC, whereof the two Legs or Sides AB, BC, are
equal. : '

: It is evident, that among the different Sorts of Trian-
gles, the Ifofceles ftands in the fecond Rank ; at leaft with
relation to its Sides. It may be either right-angled ;

: aculge
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acute-angled (or an Oxygon); or obtufe-angled (or an Plate 1,
Amblygon) : Becaufe the Angle C, contain’d by the two ig: o
equal Sides AC, BC, may be either right, acute, or ob-

tufe. It alfo follows, that every eqailateral Triangle isan
1fofceles, but not that every I{ofceles is equilateral.

XXVIL

A Scalene Triangle is that whereof the three Sides are un- gy 15
equal ; as GHI, the three Sides whereof, GH, GI, HI, are un~
equal. - ,

Itis evident that a Scalene Triangle may be right-angled,
becaufe it may have one of its Angles right ; and alfo
obtufe-angled, becaufe it may have one of 1ts Anglesob-
tufe ; and acute-angled, becaufe all its Angles may be
- acute, as in the precedent Triangle GHI.

. XXVII.
Moreover, among three-fided Figures, that is called & right-Tig 12
. angled Triangle which has one Right-Angle: as MKL, whercin
the Angle K is a Right-one.

It is evident, that a right-angled Triangle may be an
Ifofceles, becaufe the two Sides’ KL, KM, which contain
the Right-Angle K, may be equal : ‘It may alfo be Sca-
leme, becaufe the fame two Sides KL, KM may be une-
qual, as they really are in this Figure, which makes all
the three Sides unequal, becaufe the Hypothenufe LM is
greater than either of the two other Sides, KL, KM, as
we thall demonftrate in she 1gth Prep. But it can’t be
Equilateral, becaufe its three' Angles would then be
equal by the sth Prp. and confequently each would be
one third of two Right-Angles, and therefore acute ; be-
caufe all the three Angles of a Triangle taken together,
are exaltly equal to two Right-ones, by the 32d Prop.

XXVIIIL
An Amblygon Triangle is that which has one Obtufe-An- g;, o
- gle s as ABC, wherein the Angle C is obtufe, or greater than a
Right-Angle. '

Hence we may f{ee alfo, as before, that an Ambligon
Triangle cannot be Equilateral, but that it may be either
Ifofceles or Scalene. We may alfo learn that it cannot
be right-angled, becaufe one of its Angles are fuppos’d to
be obtufe, that is, greater than a Right-one : whence it
neceflarily follows, that the other two muft be acute.

XXIX.
An Oxygon Triangle 75 that which bas all its Angles
: Rcule
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scute 5 as DEF, where each of its three Angles D, E, F, is
acere.

. We may eafily perceive by what has been faid of a
right-angled Triangle, that an equilateral Triangle muft
needs be an Oxygon, and that an Oxygor may be either Ifofze-
les or Scalene. Thefe two laft Sorts of Triangles, viz. the
obtufe-angled and the acute-angled ( which have no

: Rigfht-ﬁngle) are commonly called Oblique-angled Tri-
~angles.

XXX.

Among Quadrilateral (or four-fided) Figures, that is cal-
led & Square, which has four Right-sngles, and the four Sides
equal 3 as ABCD.

A Square is the moft fimple, and at the {ame time the
moft capacious of all four-fided Figures : And as there
can be but on€ Sort of Square, it is commonly made ufe
of in Praitical Menfuration, viz. in meafuring Surfaces,
to exprefs their Contents or Area’s, that is to fay, what they
contain in Square Meafure, as in fquare Feet, Yards, Poles,
&c. A Right-Line drawn from any Angle of a Square,
to the oppofite one, as AC, or BD, is called the Diagornal
or Diameter of that Square ; and the Point where two
fuch Diagonals interfed, and cut each other into two
equal parts at Right-Angles, is called its Centre. We
underftand by a{quare Foot, or one Foot fquare, a Square
whereof each Side is one Footlong ; as likewife by a

fquare Pole, a Square whereef each Side is a Pole in
length.

XXXIL.

An Oblong, which is allo fimply called 2 Re&angle, /s &
Figure of four Sides, which bas all the Angles vight, but whiclk
bas not all the Sides equal ; as KLMN.

Thefe two Figures, viz. the Square and the Oblong, are
called reftangular or right-angled, becaufe they have all
their Angles right ; and they differ only in this, viz. that
the Oblong has only its two oppofite Sides equal ; as
KL and MN, likewife KN, LM ; whereas the Square has
all its Sides equal. They are of great ufe in the common
Affairs of Life, as in Surveying and Carpentry, érc. we
reduce Figures into Squares or Reltangles, in order to
meafure them : In Architefture, ér. we commonly make
Chambers, Courts, Gardens, and Allies, in Form of Rett-
angles = And in other Arts we fee Tables,. Cabinets,
Looking-Glafles, ¢, in that Shape.

XXXII. ~#
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XXXII. -
ARhombus is & Figure confiffing of four equal Sides, m.éerwfgilf;t E :
the dAngles are oblique ; as EFGH. -

This Figure in Heraldry is called a Lofange, and differs
from a Square in this, that its Angles are not-right ones,
as having two acute, v/z. the two oppofite ones E, G ;
and the two other oppofite ones F, H, obtufe: And in
this alfo, that there may be f{everal Sorts of them, becaufe
their Angles may vary, or be greater or lefs ad infi-
nitum.,

XXXIII.

A Rhomboid i5 4 Figure of four Sides, whereof the two oppo-Fig. 173
fite omes are equal, without being either equilateral or reffangu-
lar; as ABCD, wherein the two oppofite Sides AB,CD, are equal ;
as alfo the other two oppofite ones AD, BG, and wherein the An-
gles are oblique.
It is evident that this Figure, as well as the precedent,
has two Angles oppofite to one another acute, wiz. A and
C; and the two other oppofite Angles B, D, obrufe:
And that it may hkewife vary or be diverfified an infi-
nite Number of Ways, .

XXXIV.

Al other quadyilateral Figures, which have not the Proper<§ig 13-

t:‘e{Igf the precedent ones, are called Trapezia ; as EFGH.

~ The four precedent Figures, wiz!{ the Sguare, the Oblong,

the Rhbomb, and the Rhomboid, which may all be called
Parallelograms, becaufe their oppofite Sides are parallel, as

fhall be demonfirated in the 34th Prop. are commonl
reckoned among regular Figures; and all the reft, whicﬁ
" Euclid calls Trapezia, are irregular Figures; which we

thall diftinguifh into two Sorts, calling that only a Tra-
pexium, none of whofe Sides are parallel to one another,

and that a Trapexoid, which has two parallel Sides, asrig. 20
"ABCD, where AB, CD, are parallel. '

XXXV,

Parallel Right-Lines are thofe that being produc d indefi- vig. 16,
nitely on the [ame Plane, will never meet 3 as ABCD

To make this Definition yet clearer, we may add, that
« two Right-Lines that are parallel to one another, do not
only not meet any where on the fame Plane, how far fo-
_ever produc’'d, but alfo that they are always (or every
where) equidiltant from one another. And as thr?t Di-
ance
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ftance of any two Lines is eftimated by the fhorteft Line
that can be drawn betwixt them, which will be a perpen-
dicular one ; it follows that all the perpendicular Lines
drawn between two Parallels are equal.

POSTULATES.

UcLiD in this Book, as likewife in all the reft,

» makes ufe only of 2 Right-Line and a Circle ; the

defcription whereof is fo ealy, that he takes it for grant-
ed by way of Poftulate, that any one may;

I Pt
‘ From a given Point draw 2 Right-Line to any other
¢ Point given. - FRa

‘ That one may produce a given finite Right-Line
¢ indefinitely. ; i L e e
IIL : |

¢ That one may defcribe a Circle from any given Cen-
* tre, and with any given Radius.

To thefe there are commonly added two Poftulates
more ; but as they don't agree with the Definition we
have given of a Poffulate, which is, that it is the Principle '

2of a Problem, as an Axiom 1s of a Theorem*; we fhall, with

other Commentators of Ewclid, place them among the
number of AAT e

AXTO0 MS.

THr;rﬁr Magnitudes which are equal to any common one, are |
equ:l amongft themfelves 5 e. g. 'The two Lines AF,
BC, are each equal tothe fame third Line AB, and there-
fore they are alfo equal to one another. :

This Axiom may be made more general thus; Thofe
Magnitudes which are equal to the fame common one, or
to any Number of equal ones, are equal among them-
felves. :

Clavins adds to this Axiom thefe two others ; wiz. Any
Magnitude that is lefs or greater than either of rwo
equal ones, is alfo lefs or greater than the other; and
reciprocally, if of two equal Magnitudes the one is
greater or lefs than a third Magnitude, the other fhall

L ¢

¢
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To thele two Axioms may be added the three follow=
ing, which Euelid makes ufe of in feveral of his Demon-~
rations, viz. i : g

A Magnirude is equal to another Magnitude, when ic
is neither greater nor lefs than that Magnitude.

2. A Quantity is greater than another Quantity, when
it is neither equal nor lefs. - ' »

5. A Quantity is lefs than another Quantity, when
it is neither equal nor greater, :

II.

If to equal Magnitudes you add equal Magnitudes, the whole
will be cqual : As, if to two Lines, each whereof is five
Foot long, you add two othérs, each of three Foot long,
you'll have two equal Lines, each of eight Foot long.

I

If from equal Magnitudes you fubfralt or take away equal
Magnitudes, the Remainders will be equa!: €. 8. Asif from
two Lines each of eight Foot long, you fubftralt or cut
off two Lines each of three Foot long, there will remain
two Lines each of five Foot long. of :

IV. i

If to unequal Magnitudes you add equal ones, the Wholes or
the Sums [ball be unequal = e. g. If to a Line of three I'cot
long, and to a Line of two Foot long, you add two
Lines of four Foot, one to each, you'll have two Lines,
one of feven Foot, the ocher of {ix Foot, which are un-
equal. o

To this Axiom Clevius adds this other, wiz. If to un-
equal Magnitudes you add unequal Magnitudes, viz. the
ﬁeater to the greater, and the lefs to the lefs, the Wholes
fhall be unequal : As, If to a Line of five Foot you add
a Line of four Foot, and to a Line of two Foot you add
a Line of three Foot; you'll have for the firft a Line of g
Foot, and for the fecond a Line of five Foot, which are
unequal. b

&

v,

If from unequal Magnitudes you [ubffraft unequal Magnitudes,
the Remainder [ball be unequal : As, if from a Line of eight
Foot, and from another of fix Foot, you fubftrat two
Lines of two Foot each ; ‘there will remain two Lines,

& ong
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one of fix Foot, and the other of four Foot, which are
unequal. i

Clavius adds likewife to this ‘Axiom the following ;
If from unequal Magnitudes you {ubftratt unequal Mag-
nitudes, viz. the lefs from the greateft, and the greateft
from the lefs, the Remainders fhall be unequal ; the firft
Remainder being greater than the fecond : As, If from
a Line of eight Foot you fubftralt a Line of two Foor,
and from a Line of fix Foot you fubftra& a Line of four
Foot; you'll have on one hand a Line of fix Foot,
and on the other a Line of two Foot 5 which is lefs than
the firft remaining Line of 'fix Foot.

Vi,

Magnitudes that ave double, each of the [ame Magnitude,
are equal among themfelves. ;

Becaufe equal Magnitudes may be each taken for the
other, or for one and the fame Magnitude. This Axiom
may be more generally exprefs'd thus ; ‘ Magnitudes
“ which are double, each of the fame Magnitude, or of
‘ equal Magnitudes, are equal among themfelves’ : Or
yetmore generally thus ; * Magnitudes which are double,
¢ triple, quadruple, ¢c. of the fame or equal Magnitudes,
¢ are equal among themfelves.” Reciprocally it is evi-

~ dent, that if of two equal Magnitudes the one is double,

triﬁalﬁ, or quadruple, &¢. of a third Magnitude, the
other {hall be alfo double, triple, or quadruple of the
fame Magnitude. . :

AL

Magnitudes which are each one half of the [ame Magnitude,
are equal among themfclves,

This Axiom may alfo be¢ made more general ; and we
may fay, That Magnitudes which are the Half, or one
third Part, or a Quarter, ¢c. of the fame Magnitude, or
of equal Magnitudes, are equal among themfelves. And
reciprocally, cqual Magnitudes are each one Half, one
Third, or one Quarter, of the fame Magnitude, or of
equal Magnitudes.

. VIII.

Magnitudes which every way agree, are equal.

The Senfe of this Axiom is (for Example) That if two
Lines being plac’d one upon the other, do fo agree, as
that all the Parts of the one correfpond exatly to all the
Parts of the other, fo that neither furpafles (oris greater
or lefs than) the other, thofe two Lines are equal. We |

may
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may {ay the fame of two Angles, of two Surfaces, or of
two Solids, when one being plac’d upon the orher,

or fuppofed to penetrate the other, neither of them fur~

pafles the other.

. IX.

The whole is greater than any one of its Parts,

To this Axiom may be added this other, viz. ‘ That
¢ all the Parts taken together are equal to the whole :’
that is to fay, that the whole is equal to all its Parts ta-

ken together.

X.

Al Right-Angles ave equal to one another. B

This is a Corallary of the Definition of a Perpendicular;
which fuppofes, that it makes on the Line on which it
falls two equal Angles, which we call right ones.
Whence it follows, that a right-lined Angle, or a curvi-
lined, or a mixt Angle, may be {aid to be a right one,
when it is equal to a right one,

' XL
- If one Right-Line cut two other Right-Lines, [o that it makes
with them (on the [ame Side) the two interior dngles (taken
together) lefs than two Right-Angles ; thofe two Lines being
produc’ d on that Side, [ball at lenzth mect each ot ber.
That is to fay, if the two Right-Lines AB,CD, are cut
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by a third Right-Line DE, fo that the two interior An- gig ar.

gles, e. g. thofe towards the Extremities B and D, v/,
BFG, DGF, are (taken together) lefs than two right
ones; the Lines AB, CD being produc’d towards the {aid
Extremities B and D, will meer.

As this Theorem is not felf-evident, we fhall not malke
ufe of it as a Principle, but fhall demonftrate it in the 34
Prop. after the fame way as we have done it already in
Dechales, becaufe that Demonftration feems to me ver
natural. Becaufe therefore this Axiom of Euclid is not

to take place here, we will fubftituce the following in
its room.

XII.
All the Perpendiculars that can be drawn between two Paral-
lels ave equal. _
This Axiom 1s to be underftood of two Parallel Right-
Lines, and of Right-Lines that are perpendicular to one
of them : For it 1s evident from the Definition of Paral-

Iels, that if the two Right-Lines AB, CD are parallel, sig 16.

C.2 and
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and there be drawn to one of thofe two the Perpendicu-

lars EF, GH, and as many others as you pleafe, all thofe

Perpendiculars fhall be equal to one another.

X111,

Two Right-Lines con't comprehend (or include) Space, or.
conftitute a Figure. *

It is evident, That two Right-Lines, meeting one ano-
ther, can only make an Angle, which is not a Figure.
We might add, That two Right-Lines can only meet in
one Point; which is the chief Reafon why they can't
include Space, or form a Figure.

XIV.

If one Magnitude is double of another, and @ Line added to
the frft, double of & Line added to the fecond, the one whole [ball
be double of the other. As if to a Line of {ix Foot, which
is the double of a Line of three Foot, you add a Line of

four Foot, which is double of a Line of two Foort, (to

be added to the other) the whole ten Foot will be
double of the other whole five Foot.

XV,

If one Magnitude be double of another, and a Part cut off
from the firft, double of a Part cut off from the fecond, the Re-

mainder of the firft (ball be double of the Remainder of the f[e-
cond. Asiffrom a Line of ten Foor, which is double of"

a Line of five Foot, you cut a Line of four Foot, which

VELS double of a Line of two Foot, the Remainder {ix Foor

{hall be double of the Remainder three Foot. .
We omit feveral other Axioms, becaufe the precedent:
ones are {ufficient for the Demonftrations we thall here:
have occafion to make ufe of, wherein thefe Axioms fhall
be cited at length. As for the Propofitions, and the:
Books where they are to be found, we thall cite them on--
ly by two Numbers, the firft whereof fhall denote the:
Propofition, and the fecond the Book. As for Example,,
if we were to cite the third Propofition of the fecond}
Book, we fhall only fet down thefe two Numbers, wviz.!
1, 2. And afrer this Way Mathematicians have in all!
Parts of the Mathematicks cited the Propofitions and!
Books of Ewclid’s Elements. And when in any Book off
the Elements, the Citation is made by one Figure only,,
it denotes the Number of the Propofition of the fame:

Book that was cited before.

PROﬁ
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PROPOSITIONS,

PROPOSITION I
PROBLEM L

J I O make an equilateral Triangle on any given finite
Line. ' _

To make an equilateral Triangle, e. g. on the given fhe 2
Line AB; from one End of the Line, w/z. A, dcﬁzribe Fig. 7.
an Arch of a Circle BCD, that fhall pafs thro’ the other

end B, and likewife from the end B defcribe the Arch of

a Circle ACE, which fhall cut the precedent Arch BCD

in the Point C, from which draw to the two ends A and

B, the Right-Lines AC, BC; and the Triangle ABC

will be an equilateral one ; that is, the three Sides AB,

AC, BC will be equal.

. DEMONSRATION.

The Line AC is equal to the Line AB, &y the Defini~
‘#ion of @ Circle: And alfo the Line BC is equal to the
fame AB. - Therefore by 4x. 1. the two Lines AC, BC,
and confequently AC, BC, AB are all three equal to one
another : Which war to be demonftrated.

| U S E.

This Propofition may not only be of ufe to demon-
firate the next, but alfo the gth, 1oth, and 11th. And it
may alfo be of ufe in feveral other Cafes, and thofe not
inconfiderable ones: As for example, it may ferve for
dividing a Line into any given Number of equal Parts ;
which may be eafily done thus, e.g. .

To divide the given Line AB into five equal Parts, , |
{et off at pleafure on the indefinite Line CD five equal F'& 2%
- Parts from C to D, aird upon the Line CD defcribe the
equilateral Triangle CDE ; and draw thro’ the Pointsof
Divifion of the Bafe CD, to the'Angle C, as many Right-

Lines, and youw'll have an Inftrument not only fit and
C3 - proper
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proper for quinqui-fecting the Line AB, but alfo any o-
ther Line what{oever that is lefs than the Bafe-Line CD

. after this way, @viz. Cut off from the two Sides EC, ED,

the two Lines EF, EG, each of them equal to the given
Line AR, and draw the Right-Line FG, which will be
equal to AB the Line propos’d, and will be quinqui-
fetled by the Lines drawn from the Angle E, thro’; the
Divifions of the Bafe CD. ‘

The Demonftration of this Praxis depends upon the
3. 6. Eucl. But if any Reader is not yet acquainted with
that Book, nor the way of cutting off a lefs Quantity
from a greater, it will be fuflicient to fuppofe the thing
as done, to fuperimpofe the lefler Line on the greater ;
for in Praftice, we may, according to 4rifferle, fuppofe
what we know how to do, as already done. This Pro-
{nﬁtion may be made ufe of to meafure an Horizontal

ine on the Ground, which isonly acceflible at one End,
as we fhall thew in our Praffical Geometry.

PROPOSITION IL
PROBLEM IL

To draw from a given Point, a Line equal to 4 Line
: given. g

O draw from the given Point A, a Line equal to the .

given Line BC, draw the right Line AB, and by Prop.
1. defcribe upon the Line AB, the equilateral Triangle
ABD. Defcribe from the Point B, thro’ the Point C,
the Arch of a Circle ICK, and produce the Side BD, to
the Point E, in the Arch of the faid Circle. Defcribe
from the Point D, thro’ the Point E, the Arch of the
Circle GEFH, and produce the Side AD, to the Arch of
the faid Circlein F. I f{ay the Line AF, is equal to the
thF gi;en Line BC ; and confequently the Problem is
refolv'd. |

DEMONSTRATION.

If from the twe Lines DE, DF, which are equal, by
the Definition of a Circle, you cut off the two Lines
DA, DB, which are alfo equal by Conftruétion, becaufe
they are Sides of the equilateral Tridngle ABD, the_zﬁ

: wi
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will remain by Aviom 1. the two equal Lines AF, BE.
Thus we know that the Line AF isequal to the Line
BE ; and as by the Definition of a Circle, the Line BC, 1s
alfo equal tothe fame Line BE, it follows by Axiom 1.
that the Line AF is equal to the Line BC. & E.

Plate 2.

F. & D.
U S E

This Propofition may ferve as a Lemma for the follow-
ing, and alfo to demonftrate the § and 20 Propofition,
and on feveral other Occafions. i

PROPOSITION IIL

PROBLEM IIL

Two wuncqual right Lines being given, to cut off from vhe
Greater, a Part cqual to the Lefs.

O cut off from the given Line AB, a Part equalto .,

the other given Line CD, which I fuppofe to be the *'& #*
leaft ; draw by Prep. 2. from the Point A, the Line AE
equal to CD, and defcribe from the faid Point A, thro’
. the Point E, the Arch of a Circle GFH, which fhall cut
+off from the greateft given, Line AB, the Part AF e-
qual to the lefler given Line CD. : ; :

DEMONSTRATION.

- The Line AF is equal to the Line AE, &y the Defini-
tion of a Circle, and the Line CD is equal to the fame
Line AE, by Confiruction; therefore by 4x. 1. the Line
AF is equal to the Line CD. Q.E. F. & D. -

UsE

This Propofition will be of Ufe to demonflrate the

18, and its f{everal other Cafes, which are not worth

- the while to talk of here. We may fay that this, as well

as the precedent, may be made ufe of feveral Ways,

which we fhall here omit, becaufe the Conftruétion and
Demonftration will always be the {ame, - e

C 4 PRO-
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PROPOSITION IV.
THEOREM L

If in two Triangles, two Sides of the ome are equal to twd
Sides of the other, each to each, and the two Angles compre-
hended between thofe equal Sides are equaly tihe Bafe
of the one fball alfo be cqual ro the Bafe of the other, and
the other two Angles of the one, equal to the remaining twe
Angles of the other, each to each vefpeiFively, and the two
Triangles (hall be wholly equal to cach other. |

] Say, that if the Side AC of the Triangle ABC, be
B. equal to the Side DF of the Triangle DEF, and the
Side BC equal to the Side EF, and the Angle C compre-
hended by thofe 2 Sides, equal to the Angle F; the Bafe
AB fhall be equal to the Bafe DE, and the Angle A to
the Angle D, and the Angle B tothe Angle E, and the
whole Y'riangle ABC to the whole Triangle DEF.

, DEMONSTRATION.
- fl'_lna'gizie-the Triangle ABC to be placed upon the
:I'rlangle DEF, in fuch Manner thar the Side AC fhall
juft cover, or ceincide with the Side DF, which may be
done by 4x. 8. becaufe thofe two Lines AC, DF aré
fuppofed equal ; in which Cafe the Side CB fhall fall

- exattly on the Side FE, begaufe the two Angles C, F, aré

fuppoled equal ; and the Point € falling upon the Point
F, the Point B by 4x. 8. will fall upon the Point E,
becaufe the two Lines BC, EF are allo {uppos’d equal ;
for which Reafon the Bafe AB will fall upon the Bafc
DE, becaufe if it fell either upon DGE, or DHE, two
Lines would comprehend Space, contrary to Ax. 12. In
like Manner by .4x. 8. the Bale AB will be equal to the
Bafe DE, and the Angle A tothe Angle D, and the
Angle B to the Angle E, and the whole Triangle ABC,
to the whole Triangle DEF. " @, E. b.

V.S5.E .

. 'This Propofition may be of ufe to demonftrate the
following, and alfo the 8, 10, 14, 42. and feveral other
Propofitions of the following Books, but chiefly Prop. 6.
of the 6th Book, which has a grear Affinity with this.
ft may alfo ferve to meafure any inacceflible’ Line on
the Ground, which you cannot goover by reafu? of
- ome
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fome Impediment, as fhall be fhewn in our Pradical I8
Geometry. ; >

As tﬁe Demonftrations which ‘depend on the Supra-
pofition (or placing) of one Line E}FDH -another, do not
equally pleafe all, we fhall demonftrate the Propofitions
that follow in another Method, as alfo the very next
Theorem, which F. Tscquet demondtrates by the Method
of Supra-pofition, and 'which we fhall dgmonftrate by
Means of the precedent Theorem, as follows:

THEOREM

e 2.

Fig. 26.

Two Triangles ave always equal, if they bave each ome Side
equal, and the two Augles, adjacent to that Side, equal,
each to each, it ;

I Say, if the Side AB of the Triangle ABC, be equal

X tothe Side DE, of the Triangle DEF, and the adja-

cent Angle A equal to the adjacent Angle D, and the

other adjacent Angle B equal alfo to the other adjacent

Angfe E ; the two Triangles ABC,  DEF fhall be

cqual, - b .

PREPARATION

_ Upon the Side BC, make the Line BI equal to the
Side EF, without confidering where the Point I fhall
fall, and draw the right Line Al

DEMONSTRATION.

. ' The Triangles ABI, DEF, having the two Sides AB,
BI equal to the two Sides DE, EF, and the Angle B
comprehended between them, equal to the comprehended
Angle E, are themfelves equal by the precedent Theorem;
and the Angle BAI is equal to the Angle EDF : and as
we fuppofe that the Angle BAC is alfo equal to the
Angle EDF, it follows by 4. I. that the Angle BAI is
equal to the Angle BAC, and by .4x. 8. that the Line
Al will fall on the Line AC, and confequently the
Point I uponthe Point C, whence it appears that'BC
1s eriitual to BI : and becaufe EF i1s alfo equal to BI, by
conftr. it follows by 4x. 1. that the two Sides BC, EF,
are equal, ‘and by the precedent Theorem, that the Trie
angle ABC is equal to the Triangle DEF. Q. E. D.
See Prop. 26, |

—

PROPO-
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PROPOSITION V.

THEOREM IL

In an Yofceles Driangle the two Angles above the Bafe ave equat
to ane anothery and the Sides being produc’d, the two Angles
under the Bafe, are alfo equal to one another. .

] Say that if the two Sides AC, BC of the Triangle
) ABC are equal to one another, and they be produc'd
below the Bafe AB ; the Angles ABC, CAB which are
above the Bafe AB, will be equal to each other; and
that the Angles ABE, BAD which are under the Bafe
AB, will alfo be equal.

PREPARATION.

Set off upon the equal Sides AC, BC, prolong’d the
two equal Lines AD, BE at pleafure, and draw the right
Lines AE, BD. |

DEMONSTRATION.

If to the equal Lines CA, €B, you add the two e-
qual Lines AD, BE, itis Evident by x. 2. that the
two Lines CD, CE will be equal, and by Prop. 4. that
the two Triangles CDB, CEA will be alfo equal, be-
caufe they have the Angle C common, and the two Sides
CD, CB equal to the two Sides CE, CA. Wherefore
the Bafe BD will be equal to the Bafe AE, the An-

.gle D to the Angle E, and the Angle CAE to the

Angle CBD, and by Prep. 4. The two Triangles
ABD, BAE will be alfo equal, becaufe they have the

~two Sides AD; BD equal to the two Sides BE, AE,

and the contain’d Angle D equal to the contain’d Angle

. E. Wherefore the Angles DAB, ABE will be equal.

IWhich was oneof thethings to be demonftrated: And the Angles
ABD, BAE will alfo be equal, which being fubtratted
or taken away from the two Angles CBD, CAE, which
were demontlrated to be equal, there will remain by
Ax.3. the two equal Angles CBA, CAB. Which re-
main'd 1o be demonfirated.

COROL.
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COROLLARY. Phate 2.

It follows from this Propofition; that an Equilateral
Triangle, or one that has all its three Sides equal, 1s
alfo Equiangular, or has all its three Angles alfo equal,
becaufe, as we have already obferv'd elfewhere, every
Equilateral Triangle is an Ifofceles one.

USE.

An Ifofceles Triangle may be made ufe of inftead of
an Equilateral one to divide a given Line, or a given
Angle, into two equal Parts; as alfo to draw a Perpen-
dicular to any Line given, The Ufe alfo of the Se&tor or
Compailes of Proportion is founded on the Nature of an
Hofceles Triangle : and thence likewife we calculated
our Table of Plane Angles ; the Ule whereof we have
fhewn in raking the Meafure of an Angle upon the
Ground. This Propofition will alfo ferve us to demon-
ftrate the 18th, 20th, and 24th Propofitions ; and feveral
others in the following Books.

PROPOSITION VL
THEOREM IiL

¥ & Triangle has two equal Angles, the Sides ap}q,&'te to them
will be alfo equal. ko

I Say if the two Angles ABC, BAC of the Triangle Fig. 28
ABC, are equal to one another, .the Sides BC, AC
which fubtend them, that is, which are oppofite to them,

fhall alfo be equal to one another. '

PREPARATION.

On the Side BC fet off the Line BD equal to the other
Side AC, without confidering where the Point D fhall
fall, and draw the right Line AD.

DEMONSTRATION.

The Triangles ABC, ABD, having the two Sides
AB, BD equal to the two Sides AB, AC, and the con-
tained Angle B equal to the contained Angle BAC, are

equal



28

Plate 2.
Fig. 28

The Elements of Euchd  Book I.

equal to one another, by Prep. 4. whence the Angle BAD

- 36 equal to the Angle B : and as we {uppofe the Angle

BAC to be equal to the Angle B, it follows by 4. 1.
that the Angle BAD is equal to the Angle BAC, and

- confequently that the Line AD will fall on the Line

AC, and the Point D. upon the Point C, and confe-
quently that the Side' BC is equal to the Line BD, by
Ax. 8. and asthe Side AC, is alfo equal to the Line BD,
by Conftr. it neceflarily follows from 4x. 1. that the two
Sides AC, BC. mufl be equal te one another. @.E. D.

COROLLARY.

" It follows from this Propofition, that every Equi-
angular Triangle isalfo Equilateral, that is, that every
Triangle, that has its three Angles equal, has alfo its
three Sides equal.

L S°E.

T'his Propofition may be very conveniently made ufe
of to meafure a Line on the Ground that has one of its
Ends only acceilible, as fhall be fhewn in our Prafical
Geametry. It may alfo be made ufe of to meafure the
height of a Tower fituated on an Horizontal Plane, by
means of its Shadow, which will always be equal to the
height of the Tower, when the Sun is 45 Degrees only
above the Horizon, which may eafily be found by a Qua-
drant, or an Aftrolabe, ¢c. for then you have an Imagi-
nary Right-angled Triangle, the Hypothenufe whereof
1s one of the Sun’s beams, which terminates the Shadow,
and in which each of the acute Angles confiils of 45
Degrees, which makes the two Legsof the Triangle, iz,
The Tower and its Shadow, equal.

& the 7th Prop. enly [erves by way of Lemma to the 8th,
which may be demonfirated alone without it ; We [ball omit it

Bere, ar being of uo other Confiderable Ufe in Gesmetry, our
Defien being only to treat of what may be ufeful.

PROP.
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PROPOSITION VIIL
THEOREM V.

¥ two Triangles have two Sides of the one, equal to two Sides
of the other, each to each, and their Bafes equal 5 thofe two
Triangles arve equal, and the Augles contained under the
equal Sides are cqual. e

29

Say, that if the Side AC of the Triangle ABC, be plae =

1 equal to the Side AD of the Triangle ABD, and the Fig.

f=l

Side BC to the Side BD, and the Bafe AB be common to
- them both, which is the fame thing as to have equal
Bafes ; the two Triangles ABC, ABD, fhall be every
way equal.

PREPJ&R&TIQN.

Draw the right Line CD, which will fall here within
‘the two Triangles ABC,ABD, for it may alfo fall with~
out, or concide with the two equal Sides: But the De-
monftration of all thefe Cafes will be eafy to any one
that throughly underftands the Demonfiration of the
Cafe we have here before us. -

DEMONSTRATION,

Since the two Sides AC, AD are equal, as alfo the
two Sides BC, BD, é Hyporh. the Angle ACD will be
equal to the Angle ADC, and the Angle BCD will be
equal to the Angle ADC, by Prop. 5. and by #x. 2. the
whole Angle ACB will be equal to the whole Angle
ADB. Wherefore by Prep. 4. the two Triangles ABC,
ABD, will be wholly equal. 2. E. D.

U8B

This Propofition may ferve as a Lemma to the follow-
_ing, as alfo to make an Angle, at any given Point of a
Line, equal to an Angle given, as fhall be fhewn in Prop.
3. and 1t'will be of particular ufe in Prop. 5. of the 6th
Book, with which it has a very grear Affinicy.

PROPO-

ﬂ.



30

Plate 2.
Fig. 30,

Proh. 7.
1 [J.U'Odl

The Elements of Euclid Book],
PROPOSITION .IX
PROBLEM IV.

-

To divide an Anugle into two equal Parts.

T{} divide the Angle ABC into two equal Parts, that
A isto fay into two equal Angles, defcribe at Plea-
{ure from the Point B, the Arch of the Circle EFG, and
draw the right Line EF, whereon make (by Prop. r.j the
equilateral Triangle DEF, in order to find the Point D,
thro’ which, and thro’ the Point B of the given Angle
ABC; draw the right Line BD; I fay, that Line will
divide the given Angle ABC into two equal Parts, or
the Angle ABD will be equal to the Angle DBC.

DEMONSTRATION.

The Side BE of the Triangle BDE is equal to the Side
BF of the Triangle BDF, (by the Definition of a Circle)
and the Side DE is equal to the Side DF, becaufe they
are the Sides of an equilateral Triangle, and moreover
the Side BD 1s common to the two Triangles. There-
fore by Prop. 8. thofe two Triangles BED BFD are
equal, and the Angle DBE is equal to the Angle DBE.
9. E. D. See Prop. 3o0. 3. ' x

U SE.

- You may have feen in our Pratical Geometry the ufle
of this Problem, in dividing the Circumference of a
Semicircle into twelve equal Pares of 15 Degrees each,
and confequently the whole Circumference into 24 equal
Parts, for it is the fame thing to divide an Arch as an
Angle, it being certain that the Arch EF, which mea-
{ures the Angle ABC, is alfo at the fame Time divided
into two equal Parts in the Point G, by the Line BD.
It is alfo by Means of this Problem that we divide the
Circumference of a Circle into 32 equal Parts, for the
32 Points of the Nautical Compafs. This Problem is
alfo very ufeful in Dyalling, when befides the Hour-
Lines, we have a Mind to {et off the half Hours, and
Quarters of Hours.

§ C H O-
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SCHOLIUM

Euclid only fhews us how to bife& an Angle, or di-
vide it into two equal Parts, as for the Trife&tion,
or dividing it into three equal Parts, or any other Num-
ber of odd Parts, it is Geometrically impoffible, wiz.
By only making ufe of a Circle and right Line, as Emclid
does. %Va fhall repeat here what we have faid on- this
Point, in eur Notes on F. Dechales’s Euclid.

By thu Word Geometrically, we are here only to underfband
the Circle and right Line, Euclid’s Geometry extending it felf
no farther. But by the Geometry of Monficur Defcartes, we
are taught that the Solution of & Problem is Geometrical,
when it is vefolv'd by tie moff fimple and natural Way poffible,
althe’ befides the Circle (o the Circumference of a Civcle) we
make ufe of fome other Curve Line 3 as for Example, of fome one
ofthe Conick Seitions for [olid Froblems, becaufe a folid Problem
2 of [uch a Nature as to admit of no fimpler Solutiom. Thus
thofe for Example that would TrifefF an dugle, ouly by a Cir~
ele and right Line, fbew that they are not wery converfant in
Geometry, this Problem being by its Nature a [olid one.

PROPOSTITION'X
PROBLEM V.

To divide a given Line into two equal Parts.
O divide the given Line AB into two equal Parts, E}f; =
defcribe thereon the equilateral Triangle ABC, by
Prep. 1. and by Prop. 9. divide the Angle C into two
equal Parts by the right Line CD, which will alfo di-
vide the propofed Line into two equal Parts in D ; fo -

ttar the two Parts AD, BD fhall be equal to one ano-
ther.

DEMONSTRATION.

The Side AC of the Triangle ADC, is equal to the
Side BC of the Triangle CDB, becaufe they are the Sides
of an equilateral Triangle ; and the Side CD is common -
to them both, and the contained Angle ACD is equal to
the contained Angle BCD by Conftruét. Therefore

by
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by Prep. 4. the two Triangles ADC, BDC are equal
to one another, and the Bafe AD is equal to the Bafe
BD. Thusthe Line AB is divided into two equal Parts
inD. Q. E. D :

U S E

This Problem may be very conveniently made ufe of,
to draw thro’ any Point affign’d without a given Line
on the Ground, or on Paper, a Perpendicular, as may be
feen in our Pradtical Geometry on the Ground, and as thall
be thewn on Paper in Prop. 12. Euclide alfo makes ufe of
it in his Preparation for the Demonflration of the 16
Prop. and it 1s ufed for feveral other Operations in
Praftice.

PROPOSITION XL

PROBLEM VL

From a given Point in a given Line to ereft a Perpendicular.

TO draw a Perpendicular thro’ the given Point C
& upon the given Line AB, fet off at Pleafure on AB
the two equal Lines CD, CE and by Prop. 1. Defcribe
on the Line DE the Equilateral Triangle DEF, in order

to find the Point F, thro” which, and the given Point C,

draw the right Line CF, and that fhall be the Perpen-
dicular required, fo that the two Angles DCFE, ECFE
fhall be equal to one another.

DEMONSTRATION.

The three Sides of the Triangle FCD, are equal to
the three Sides of the Triangle FCE, the Side CE be-
ing equal to the Side CD by Conftruétion, and the Side
EF to the Side DF, becaufe they are the Sides of an

Equilateral Triangle, the Side CF being common. There-~ |

fore by Prep. 8. the two Triangles FCD, FCE are equal
to one another, and the Angle DCF is equal to the An-
gle'’ECF.: 8. E. D. .

USE

|
|
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USE

The ufe of a Perpendicular is fo common both in Ma-
thematicks, and all Praical Arts, that he muft have
been but little converfant among Men, that does not
know fomething of it. We make ufe of it i1n the 46
Prop. for drawing two Lines perpendicular tq one
another, in order to make a Square. And there is
fcarce any thing perform’d in Praftical Geometry, with-
out having occafion to draw a Perpendicular. We may
fay the fame in Relation to Fortificatipn and - Perfpes
éive ; and in Dialling we always begin by drawing
two perpendicular Lines, if we arg to make a _Quadrant
on any Plane by Geometrical Rules. Moreover Srong-
Cutters, Mafons, and feveral other Artificers have almof}
always their Squares in their Hands, to {quare theip
Worksby. * R e

PROPOSITION XII,
PROBLEM VIL

From @ given Point, taken at Pleafure without a given 1ight
Line, to draw & Perpendicular to that Ling, ;

1

TD draw from the given Point C, a Perpendicular to plaze 57
the given Line AB, defcribe at Pleafure from the Fig. 33:

Point C, the Arch ofthe Circle DE, which thall cycthe =~ '

given Line AB in two Points, as in D and E ; and ha-

ving by Prop. 10. divided the Line DE into two equal

Parrs inthe Point F, draw from that Point, wiz. F, to

_the given Point C, the right Line CF, I fay that Line

‘will be the Perpendicular fought; fo that the two

Angles CFD, CFE, fhall be gqua) to each other, 3nd

gonfequently right ongs.

DEMONSTRATION.

If you draw the right Lines CD, CE, it is evident
from the 8 Prop. that the two Triangles FCD, FCE are
equal, becaufe the three Sides of the one are equal
to the three Sides of the other: for the Side "CR
as common, and the Side DF isequal to the Side EF
if Conftruttion, and the Side CD is equal to the Side CE

y the Definition of a Circle. Whenge it follows that

Fhig
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the Angle CFD is equal to the Angle CFE. 9. 5.
F ¢& D.

U S E.

This Problem is ufeful on feveral Occafions, but
chiefly in Surveying, where in order to know the Area
of a Triangle upon the Ground, they are oblig'd to let
fall from one of its Angles a Perpendicular to the op=
pofite Side, to meafure its Length by, and afterwards
to multiply it by half the Side on which it falls, as we
fhall thew more particularly in our Pradtical Geometry.

PROPOSITION XIL
THEOREM VL

If one vight Line fall upon another, it will -either make with
it two right dngles, or two Angles, which taken together,
will be equal to two right omes. B

I Say, that the Line CD, which cuts the Line ABin the
Point D, makes with the faid Line AB at the Point
D, the two Angles ADC, BDC, which are either right
Angles, or (raken together) equal to two right ones.

DEMONSTR&T_ION’.

it is evident from the Definition of a Perpendicular, that
if the Line CD be perpendicular to the Line AB, thetwo
Angles ADC, BDC, are right ones ; but if it be not per=

endicular to the Line AB, draw by Prep. r1. from the
guint D, the Line DE which fhall be perpendicular to
it, in order to have the two right Angles ADE, BDE,
to which the Sum of the two Angles ADC, BDC is
equal ; whence it follows that the two Angles ADC,
BDC taken together, are equal to two right ones.
9. E. D.

COROLLARY 1.

It follows from this Propofition, that if one of any
two Angles made by a Line that falls on another right -
Line, be acute as BDC, the other ADC thall neceffarily

- be obtufe: and if one of thofe two be right, the other

fhall be fo too : And laftly, if one be known, the other
will



Explain'd and Demonfirated. 35
will be fo too, by fubtrafting the known one from |
two right ones, that is to {ay from 180 Degrees, becaule
a righr Angle confifts of go Degrees, as being meafured

by one fourth Part of the Circumference of a Circle ;
which; as we have elfewhere fhewn, confifts of 360

Degrees.
COROLLARY 13 ‘

" Tt alfo follows, that if two right Lines interfe® one
another, they fhall make four Angles, which taken
together fhall be equal to four right ones ; for the cwo
Angles on one Side are equal to two right ones, as we
have already demonftrated, and by cthe fame Reafon, the
two Angles on the other Side make allo tworight ones ;
and befides, all the four Anglés are meafured by the
whole Circumference ‘of a Circle, which meafures (or
contains) four right Angles. Whence it is ealy to con=-
clude, that all the Angles it is poffible to form on a .
Plane by all the feveral right Lines that can terminate
in the {ame Point, Wwill altogether make four right
Angles. ;

o BSE

~ This Propofition may be of ufe hot only for the fol-Plate 3.
lowing one, and feveral others, but alfo ro meafure an F& 35 *
Angle on the Ground you cannot come within Side of :

‘Astor Example, the Angle ABC, made by the meeting

of two Walls, for if you produce one of thetwo Sidesor

Walls AB, BC, by means of a Rope, or ctherwife ; for Ex-

ample, AB towards 12, and then meafure the Angle CBD o
after the Method we have alreudy fhewn * elfewhere, * Prol< 36
¢he faid Angle CBD being fubtratted from 180 Degrees, ["o4:
the Remainder gives the Quantity of the Angle ARC,

which was fought ; as if ¢. g. the Angle CBD confifts

of so Degrees, by fubtrafting of 5o from 180, there

will remain 130 Degrees for the Angle ABC, which

“was propofed to be found.

PROPOSITION XIV.
THEOREM VIL

If at one Point of any vight Line, two other right Lines meef,
which make with it on both Sides two Angles equal together,
to two right Angles; thefe two Lines being continued will
make but one and the fame right Line.

S:;y, that if the two Lines BC, BD, mezt at the Point Fig: 36,
-4 B, of the Line A B, fo that they make with that Line
AB, the two Angles ﬁBC,I{;BD, equal together to two
o

right
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 right Angles, thefe two Lines BC, BD, do meet at the
Point B, direftly, thatis to fay they make together
ene right Line.

PREPARATION.

Extend one of the two Lines BC, BD, as for Exama
ple, BC towards E, fo that CBE be one right Line,
without confidering where the Line BE falleth.

-

DEMONSTRATION.

Since it is fuppofed that CBE isa right Line, the two
Angles ABC, ABE, are together equal ta two right

. Angles, per Prop. 13. and becaufe the two Angles ABC,

ABD, are together fuppos’d alfo equal to two right An-
gles, it follows per 4x. 1. that the two Angles ABC,
ABE, are together equal to the two ABC, ABD, taken
together, and putting away the common Angle ABC,
you will have per 4x. 3.the Angle ABE, equal to the
Angle ABD, which fhews per 4x. 8. that the Line BE,
falls upon the Line BD, and that thus the two Lines
BC, BD, are pofited directly. Which was the Thing to be
prov'd, :

COROLLARY.

It follows from this Propofition, that if from one and
the fame Point of a right Line, two perpendicular Lines
are drawn on both Sides, thofe two Perpendiculars will
make a right Line, :

U S E.

This Propofition is the converfe of the preceding,. and
may be ufeful in Practice, to know if three Points which
are feen on the Ground, as B, C, D arein a right Line,
when you cannot poflibly pafs to the two Extreams C,
D, but only tq the middle B ; for then you need only
chufe for the Sight a commodious Point upon the
Ground, as A, and meafure with a Graphometre or o=
therwife, the Quantity of the vifual Angles, ABC, ABD,

then
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then add them together, and if their Sum is precifely 180 Flawe 2.
Degrees, it may be concluded that the three propos'd Fi8- 3%
Points C, B, D, are in a right Line, otherwife til:}' will

be in the Circumference of a Circle, the Center whereof

will be towards A, when that Sum fhall be lefs than 186
Degrees, and contrariwife, when it thall be greater.

PROPOSITION XV.

THEOREM VIIL

If two right Lines interfet¥, the oppofite Angles at the Ver-
tex will be equal so ome another.

WHm two right Lines interfe&, as AB, CD, which riz. 37.
. cut one another at the Point E, the two oppofite
Angles which they make at that Point E, as AEC, BED,

are }:all'd oppofite Angles at the Vertex, and are always

equal.

DEMONSTRATION.

The two Angles AEC, AED, dre per 4x. 1. together
‘®qual to the two Angles, AED, BED, taken together,
becaufe each fum is equivalent to two Right-Angles,
per Prop. 13. Wherefore by taking away the common
Angle AED, there will remain per #». 3. the Angle
AEC, equal to the Angle BED. 1 hick was to be (hown.

SCHOLIUM.

in the fame manner may be fhewn that the two other
oppofite Angles at the Vertex AED, BEC, are alio
equal to each other. But the Converfe of this Propofi-
tion is likewife true, to wit, if at the {fame Point E, of
the right Line AB, two other right Lines, EC, ED,
meet together, which make with it the two oppofite An-
gles at the Vertex AEC, BED, equal to each other,
thofe two Lines EC, ED, will be in a right Line; be-
caufe ¥ to each of thefe two equal Angles AEC, BED,
the common Angle AED, be added, it will be feen par
##c. 1. that the two AEC, AED are equal together to
the two AED, BED, taken together, and becaufe thefe
two Angles AED, BED, make rogether two right Angles
per Prop. 13. it follows that the two AEC, BED, are alfo
_gogether equal to two right Angles, and that per Prop.
14, the twoLines EC, ED, are in a right Line.
" Dj USE.
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USE.

This Propofition ferves as 2 Lemma to the following,
and ferves likewife to meafure an acceflible Line
upon the Ground, which cannot be perambulated by
reafon of fome hindrance, as we fhall fhew in the
Praétical Geomerry. It ferves likewife to draw from a gi-
ven Point without a given Line upon the Ground,
a Perpendicular, as you fhall fee.

. To draw through the given Point C, a Line perpen-
dicular to the given Line AB, draw through the Point C,
to the Point D, taken at difcretion upon the Line AB,
the Line CD, and upon the {ame Line AB, the part
DE, equal to the half CG, or DG, of the Line CD, con-
tinue the Line CD to F, fo that the Line EF, may be
equal to the Line DE, and make the Line DB, equal to
the I iné DF, to have the given Point B, through which,
and through the given Point C, you are to draw the
Line CB, which will be perpendicular to the propos’d
Line AB; as will be found by drawing the right Line
BG, which will be equal to the two GC, GD, by reafon
of the two equal and oppofite Angles at the Vertex
EDF, BDG, which renders the two Triangles EFD,
DGB equal, .

This Propofition is likewife very ufeful to meafure an
macceflible Angle upon the Ground, as ABC. Thus, fix
two Stakes in the Ground, in fome commodious Place,
as to the Points D, E, fo that the three Points D, B, C,
as well as the three A,B,E, be in a right Line, and
meafure with a Graphometre, or otherwife, the two
Angles D, E, and fubftrat their Sum from 180 Degrees,
to have for a Remainder the third Angle DBE, or its
equal and oppofite at the Vertex ABC, which confe-

guf:ut.l}r will be known.,

PROPOSITION XV

THEOREM IX

One of the three Sides of a Triaugle being produc'd, the exte |
rior Angle is greater than either of the two interior oppofite
ones,

¥ Say if you extend, for Example, the Side AB, of the .

% Triangles ABC, towards D, the exterior Angle CBD, §

1s greater than either of the two interior Oppofite BAC,

AGR, '
PRE-

-
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PREPARATION.

Having divided the Side CB, equally in two at the Plae 5
Point E, per Prop. 10. draw the right Line AE, and ex- ¥ig. 4°
tend it to F, fo that EF be equal to AE, and join the
right Line BF. 1In like manner having divided the Side
AB, equally in two at the Point G, draw the Line CG, .
and exténd it to H, {o that GH be equal to CG, and join
the Line BH. Laftly, extend the Side BC, towards I.

DEMONSTRATION.’

Becaufe the two Sides AE, CE, of the Triangle ACE,
are equal to the two Sides EF, EB, of the Triangle
EFB, per conffr. and the included Angle AEC equalto
the included Angle BEF, per Prop. 15. thefe two Trian-
sles ACE, EFB, will be equal per Prop. 4. and the An-
gle ACE, will be equal to the Angle EBF, and confe-
quently lefs than the Angle CBD. Which was the Thing
it to be demonfirated.
" " In like manner, becaufe the two Sides AG, CG, of
the Triangle ACG, are equal to the two Sides BG, GH,
of the Triangle BGH, per conftr. and the included Angle
AGC, equal to the includcd Angle BGH, per Prop. 55.
thefe two Triangles BGH, ACG, will be equal per Prop.
4. and the Angle CAG will be equal to the Angle GBH,
and confequently lefs than the Angle GBI. And becaufe
the Angle GBI, 1s equal to the Angle CBD, per Prop. 15.
it follows that the Angle CAG, is likewife lefsthan the
Angles CBD. Which remain'd to be prov'd. ‘

SCHOLIUM.

This Propofition and the following might be made
appear more briefly, by confidering them as Corollaries
of the 32 Prop. which may be demonftrated independantly
of thefe, as Father Taguer doth it.

It 1s evident that when the Interior Angle BCA, thall
be the bigger, in which Cafe the Point A, will befarther
off the Point B, this interior bigger Angle, to wit, BCK,
will always be lefs than the exterior CBD, and that the
Excefs will not be fo great ; fo that it will diminifh con-
tinually, that is to {ay, that the Interior Angle will ftill
more and more approach towards an Equality with the
Exterior, in proportion as the Point A, becomes more
remote from the Point B, till at length the Point A,

) 4 being
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heing infinitely remov'd from the Point B, in which
Cafe the Line CA will be parallel to the Line AB; as for
the purpofe CL, the Angle BCL will be equal to the
exterior CBD. From whence 1t evidently follows, that
when the two Lines AB, CL, }l}nall be parallel to each
other, the two Angles BCL, CBD, which Euclid calls
Alternate Angles, will be equal, and reciprocally that

~ when thefe two alternate Angles BCL, CBD, fhall be

equal ; the two Lines AB, CL, will be parallel.
USE

This Propofition ferves not only to demonftrate thé
following and many others, but likewife to demonftrate;
thit from one and the fame Point given, there cannort be
drawn more than one Line perpendicular to a given righe

- Line ; becaufe if from the Point F, cou’d be drawn, for

Example, the two Lines FC, FE, perpendicular to the
Line AB, the Exterior Angle FEB, which in this Cafe is
a right one, would be equal per 4. ﬁu. to the interior
oppofite Angle C, which is alio a right one, and yet it
has been demonf{trated to be greater. ,

It is likewife demonftrable by means of this Propos
fition, that from one and the fame Point there cannor be
drawn more than two equal Lines upon one Line given,
becaufe if from the Point F, cou’d be drawn for Ex-
ample the three equal Lines, FD, FC, FE, each of
the two Angles, FDC, FCE, wou'd be equal to the
Angle FEC, per Prop. 5. Wherefore the Angle FCE,
which is exterior with refpett to the Triangle FCD,
wou'd be equal to the interior oppofite Angle FDC, and
yet it hath been demonftrated to be greatet. From
whence it follows that aright Line and a Circumference
of a Circle cannot interfeét but in two Points.

PROPOSITION XVIL
i J B O R O e

in s :I;:';’mg!e any two Angles taken together ave I: s than tihé
right Angles,

Say, that the two Angles for Example ABC,"BAC,
¥ of the Triangle ABC, are together lels than twe

right Angles. S .
DEMONSTRATION. .
For if the Side AB, is extended towards D, 1t will
appear per Prop. 16, that the exterior Angle CBD, is grea-

ter than the interior oppofite BAC, Wherefore 1f 't-i:; :
_ each
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gach of thefe two unequa]_ﬁn_g]es CBD, BAC, the As- Plate 3.
gle ABC be added, you will have the two Angles BAC, Fig- 4°-
ABC, lefs together than the two ABC, CBD, taken to-
gether, that is to fay per Prop. 15, lefs than two righe
Angles. Which was 20 be [bewn.

COROLLARY.

Tt follows from this Propofition, that if in a Triangle
ene of the three Angles is a right one or even obtufe,
each of the other two will of neceflity be acute, and that
in an Ifocele Triangle, each of the two equal Angles is
alfo acute. ;

. U S E.

This Propofition begins to convince the Mind of the
Truth of Euclid’s 11 Ax. of which however we will give
the Demonftration, when we fhall have demonftrated the
34 Prop. 4

It {ervés alfo to prove that from one and the fame
Point, two Lines cannot be drawn perpendicular to one
and the fame Line, becaufe if that were poflible, you
wou'd have a Triangle, where two_Angles wou'd toge-
ther be equal to two right ones, fince each wou'd be
‘hilight one. Contrary to what we juft now demonfira-
ted. 1 '
- It likewife ferves to fhew that if a Triangle hath any
obtufe Angle, the Perpendicular drawn from one of the
two acute Angles upon its oppofite Side, will fail
without the Triangle, towards the obtufe Angle,
becaule otherwife you wou’d have a Triangle, where
two Angles taken together wou'd be bigger than two
right Angles, for the one wou'd be right, and the
other obtufe : Contrary to what has been demonftrated,

PROPOSITION. XVIIL
THEOREM XL

{n any Triangle whatfoever, the greatelt Side is oppafite to th
| greatefl dngle.

Say, that if the Side BC, of the T'riangle ABC, is forFig. 41!

Example bigger than the Side AC, the Angle BAC, '
which refpets the bigger Side BC, 1s bigger than the
Angle B, which is oppolite to the lefs AC, = e,
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ERYPARATION,

Cut off from the bigger Side BC, the Part CD, equal
to thelefs AC, and join the right AD, which will ne-
¢¢Hari]}f be within the Triangle ABC.

DEMONSTRATION.

Becaufe the two Sides CA, CD, ofthe Triangle ADC,
are equal per conftr. the two Angles DAC, ADC, will be
alfo equal per Prop. 5. and becaufe per Prop. 16.the exte-
rior Angle ADC, is bigger than the interior oppofite B,
the Angle DAC, and much more the whole Angle BAC,
will be bigger than the fame Angle B. Which was to be

Jhewn.
COROLLARY.

It follows from this Propofition, that in a Scalene
Triangle, all the Angles ‘are unequal. This alfo fol-
lows from the 6¢h Propofition, becaufe if there had been
two equal Angles, there wou'd be likewife two equal
Sides, and fo the Triangle wou'd not be Scalene.

USE.

This Propofition {erves not only for a Demonftration
of the following which is its Inverfe, but likewife very
ufeful in Trigonometry, to be able to difcern the great-
eft of the two Angles of a Triangle, without knowi
it, whichmay be done, if the bignefs, or only the Ratio
of the oppofite Sides be known, 1t being certain that
the greateft of thefe two Angles will be that which fhall
be {ubtended by the greateft Side. '

PROPOSITION XIX.
THEOREM XIL

In every Tﬂ‘#g!a the bigger Side is that which is oppos'd o the
bigger Angle.

] Say, that if the Angle BAC, of the Triangle ABC, is
R larger than the Angle B, the Side BC, oppofite to the
Jarger Angle BAC, is larger than the Side .gC, oppofite.
to the lefs Angle B. 3 E
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DEMONSTRATION.

It is already evident that the Side BC, cannot be equal
- to the Side AC, becaufe per Prop. 5. the Angle B wou'd
be equal to the Angle BAC, which is fuppos'd larger.
It is alfo evident thar the Side BC, cannot be lefs than
the Side AC, becaufe per Prop. 18. the Angle B, wou'd
be larger than the Angle BAC, the which on the con~
trary is fuppos’d larger. Since therefore the Side BC,
cannot be equal nor lefs than the Side AC, it ought per
Ax. 1. to be larger than the Side AC. Which was to be

?rw’d.
COROLTLARY.

From this Propofition it follows, that ofa right Angled
Triangle, the greateft of the three Sidesis the Hypote-
nufe, becaufe the greateft of the three Angles is the Right
Angle ; and that inan AmblygoneTrangle, the largeft
of all the Sides, - is that which is oppofite to the obtufe
Angle, becaufe this obtufe Angle is alfo the largeft of

‘the three Angles. g
s USE.

Plate 2.

This Propofition ferves as a Lemma to the following, Bl 2

and is very ufeful to demonftrate that the Perpendicular
Line is the fhorteft of all thofe which can be drawn from
one Point, to one and the fame right Line ; that is to.
{ay, that if the Line FC is perpendicular to the Line
AB, it is lefs than the Line FE, which is oblique, be-
caufe that Perpendicular FC, is oppofite to the obtufe
Angle FEC, which is lefs than the right Angle C, to
which the oblique FE is oppofite. : ' :

"PROPOSITION XX
| THEOREM XIIL

In all Triamgles, any two Sides taken together, ave greater than
the third Side.
Lthough #rchimedes hath taken this Propofition for Plae =
A an Axiom, we will however demonftrate it in Eu- Fig 42.
¢lid's Manner. I fay then the two Sides, for Example,
AB, AC,of the Triangle ABC, taken together, are grea-

third Side BC. '
BER S €t e PR E-
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PREPARATION. |

Lengthen one of the two Sides AB, AC, as AC, to IJ,
{o that the Line AD, be equal to the other Side AB,
and join the right Line BD.

DEMONSTRATION.

Becaufe the two Sides AB, AD, of the Triangle ABD,
will be equal per Confir. the Angle D, is equal to the
Angle ABD, per Prop. 5. and confequently lefsthan the
Angle DBC: Wherefore the Side CD, or the two AB,
AC, are greater than the Side BC, per Prop. 19. Which
wws 1o be fhewn.

+ SCHOLIUM.

- Inftead of extendingthe Side AC, you may per Prop. 9.
divide the Angle BAC, equally in two by the right Line
AE, and then you will find per Prop. 16. that the exte-
rior Angle BEA, is larger than the interior oppofite
EAC, or EAB, and that confequently the Side AB is
darger than the Side BE, per Prop. 19. You will find in the
fike Manner, that the Exterior Anﬁi: CEA, is bigger
than the interior oppofite EAB, or EAC, and that con-
fequently the Side AC, islarger than the Side EC. From
whence it is ealy to conclude, that the two Sides AB,
AC, are together larger than the two EB, EC, thatis to
fay, than whole Side BC. A

COROLLARY.

3 fni]n}wls from this Propofition, that a Right-Line
isthe fhorteft of all the Lines which can be drawn from
ane Point to another. '

USE

This Propofition ferves s a Lemima to the following,
whereof the preceding CoroZary is likewife a Confequent,

and I have not obferv'd that it is of any confiderable Ufe
befides. P30 '

PR Q-
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PROPOSITION XXIL
THEOREM XIV,

43

I from one Point taken at difcretion within a Triangle, two Plue 3.
Right-Lines are drawn to the Extremities of one of its Sides, Fig 43

- they will be together lefs than the two other Sides of the
Triangle, but they will make a larger dngle. '

Say, that if from the Point D, taken at Pleafure ia
the Triangle ABC, the Right-Lines DA, DB, be
drawn to the Extreams A, B, of the Side AB, their Sum
DA 4+DB, will be lefs than the Sum AC4-BC, of
the two other Sides AC, BC ; and that the Angle ADB,
is bigger than the Angle ACB. |

DEMONSTRATION.

In the Triangle AEC, which is had bir extending AD,
towards E,the Sum AC-|~CE islarger than AE, per Prop.

20. Wherefore if to each of thefe unequal quantities,you

add EB, you will know per 4x. 4. that the Sum AC4-
BC, islarger than the Sum, AE-|-EB. Likewife in the
Triangle DEB, the Sum DE-|-EB is larger than BD,
per Prop. 20. and adding AD, you will have per 4x. 4. the
the Sum AE-{-EB, larger than the Sum AD-{-BD.
But the Sum AC—~BC, has been demonftrated greater
than the Sum AE 4+ EB. Therefore the Sum AC-}-BC
will with much more Reafon be greater than the Sum,
AD + BD. Which was one of the two Things to be fbewn.

The exterior Angle ADB, is bigger than the interior
oppofite DEB, which being Exterior, with Refpeét o
the Triangle AEC, isalfo bigger than the interior op-
pofite ACE, per Prop. 16. Therefore with much more
Reafon, the Angle ADB, is bigger than the Angle
ACB. Which remain'd to be prov'd,

SCHOLIUM.

If you draw the Right-Line CDF, it may be demon=
ftrated in another manner, that the Angle ADB, is big«
ger than the Angle ACB : If you confider that the ex-
terior Angle ADF, is bigger than the interior Oppofire

ACD, per Prop. 16. and that likewife the exterior Angle °

BDF, 15 bigger than the interior Oppofite BED, ta
«on-
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conclude from thence, that the Sum of the two Angles; .
ADF, BDF, that is to-faﬁ the whole Angle ADB, is
bigger than the Sum of the two ACD, BCD, or than
the whole Angle ACB.

If upon the {ame Bafe AB, another Triangle be de-
ferib’d within the Triangle ADB, and {o on, it would

- be demonftrable as before, that the two Sides of the
later Triangle, would be together lefs than the two Sides

of the preceeding Triangle. From whenge it is ealy
to conclude, that the Sum of the two Sides ftill conti-
nuing to diminifh as far as the Right-Line AB, this
Right-Line AB, is the leaft of all thofe which can be
drawn through its two Extremities A, B.

U S E.

‘T his Propofition ferves to demonftrate a Caf€ of the
8. 3. Prep. it may f{erve alfo to demonftrate the 2r1. 171.
Prop. and we fhall make very good ufe of it in Spherical
Trigonometry, to demonftrate that ina Spherical Tri-

angle, the three Angles taken together are bigger than
two Right-Angles.

PROPOSITION XXIL
PROBLEM VIIIL

To deferibe a Triangle of three givem Lines, whereof the big-
ger ought to belefs than the Sum of the other two.

"[0 defcribe a Triangle, whofe three Sides fhall
be equal to the three Lines, AB, AC, AD, the
biggeft whereof AD, ought to be lefs than the Sum
ﬂfg the two others, AB, AC, otherwife the Problem
wou'd be impoffible, becaufe per Prob. 20. in every Tris
angle, the Sum of any two Sides is greater than the
third, if you would have the fecond given Line AC,
ferve for a Bafe to the Triangle that is fearch’d for, de-
{cribe from its Extremity A, an Arch of a Circle at the
opening of one of the two other given Lines AB, AD,
asof AB; and with the Interval of the laft given Line
AD, defcribe from the other Extremity C, another Arch

. of a Circle. which fhall interfe& the firft, at the Point

E, from which you muft draw to the two Points A, C,
the Right-Lines EA, EC, and the Triangle ACE, will
be that which is fought for, . D 5
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DEMONSTRATION.

~ Since the Arch of the Circle defcrib’d from the Point Plate 3.
A, was made with the Interval of AB, the Side AE, ought Fig. 44
of Neceflity to be equal to the Line AB ; and in like
Manner the Side CE, is equal to the Line AD ; fo the

three Sides of the Triangle ACE, are equal to the three

given Lines AB, AC, AD. ®Which was to be dme and
Demonflrated., -

U S E.

~ This Problem feems to be put here by Euclid for no

other Reafon but to refolve the following ; becaufe its

made no Ufe of afterwards. But it may be very fer-

viceable to defcribe a Figure equal to another, which for -
that Purpofe, when it hath more than three Sides, ought
to be reduc’'d into Triangles by {everal Diagonals, or
Right-Lines drawn from one Angle to another, to make
other Triangles apart in the fame Order, which fhou'd
have all the Sides equal toall the Sides of the Triangles,
which will be found in the propos'd Figure. This may
be likewife perform’d, by making a like Figure, when
the propos’d Figure fhall be projefted; that is to fay,
when you wou'd raife an acceflible Plane on the Ground,

to wit, by taking on every Side, as many little Parts

meafur'd by a Scale, as the Sides of the Triangle of the
propos’d Plan fhall have Feet or Yards; as you have

feen in Prob. 16. Introd.

PROPOSITION XXIIL
PROBLEM IX.

To make at @ given Point of a given Right-Line, an Angle
: equal to o given dAngle.

TD make at the given Point D, of the given Line DE, Fig. 4s.
% an Angle equal to the given Angle ABC, draw thro’
the two Points F, G, taken at Difcretion upon the Lines
AB, AC, the right FG, and make per Prop. 22. from the
three Lines BF, BG, TG, the Triangle DHI, {o that the
two Sides DH, DI, which are round about the given
Point D, be equal to the two Sides BF, BG, which
make the propos'd Angle B ; and the Angle D, will be
equal to tflﬂ given Angle B, . A
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DEMONSTRATION.

Since the three Sides of the Triangle DHI, are equal
per ﬂ%ﬂr. to the three Sides of the Triangle BEG; thefe
two Triangles BFG, DHI, will be equal to one another,
per Prop. 8. and the Angle D, will be equal to the Angle

. B, becaufe they are oppofite to the equal Sides. Which

war to be dome and demonftrated.
U § E.

This Propofition ferves not only for the Demonftration
of the following, and to refolve the 42, but likewife for
the Determination of Prep. 33,and 34. /. 3. and alfo
Prop. 2.and 3. 1. 4. It ferves likewife to raife an acceffi-
ble Plan, or inacceflible which is on the Ground, as you
have feen in Prob. 16, 17. Intred.

Laftly, It ferves in Dialling, in Perfpeltive, in Fortificas
tion, and i1n all the other Parts of the Mathematicks,
where the Rule and Compafles are us'd, and principally
in Geodefis, that is to fay, in Surv&yinﬁ of Lands, the
Operations thereof for the moft Part wou'd be impeffible,
if you cou'd not make one Angle equal to another, or of
fuch a Number of Degrees as you wou'd. =g

PROPOSITION XXIV,
THEOREM XV,

If two Triangles have two Sides equal to two Sides, cack te
each, that which hath the greateff Angle comtain'd by thefe
two equal Sides, has the greateft Baft.

ALthough this Propofition be as a Corollary of the

fourth, neverthelefs as that Corollary depends pro-
perly upon nothing but the Senfes, and that its Certainty
ought to be evidentto Reafon, and the Principles where-
on it dependeth, we fhall demonftrare it in Exelid’s Man-
ner, thus, '

I fay then, that if the Side AC, of the Triangle
ABC, be equal to the Side DF, ofthe Triangle DEF,
and the Side BC, equal to the Side EF ; but thar the in.
cluded Angle ACB, be greater than the included Anglg
DFE ; the Bafe AB, will begreater than the Baie DE.

PRE:
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Make per Brop. 43. at ‘the Point F, of the Line DF,the pute s,
Angle DEG equal to the Angle C, with the LineFiz 46,

PG, which will neceffarily fall without the Triangle
DEF, beciufe the Angle DFE is fuppos'd lefs than the
Angle C. Make the Lirie¢ FG equal to the Line BC, and

join the right Line DG.
DEMONSTRATION.

Becaufe the Line DF is equal to the Line AC, per.
Sup. and the Line BC equal to the Line FG, per confir.
and likewife the Angle C, equal to the Angle DFG, per

¢confir. the two Triangles ABC, DEF, will be equal to
' one another, per Brop. 4. and tﬁe Bafe AB, will be equal
to the Bale DG. 0 6
~ Becaufe the Sides EF, FG, are equal each to the fame
Side BC, per confir. it follows per Ax. i. that the Sid¢§
FG, FE, are equal, and that per Prep. 5. the Angle FEG,
is equal to the Angle FGE, and confequently greater
than the Angle DGE, which with much more Reafon will
be lefs than the Angle DEG, therefore by Prop. 19.
the Line DG, or AB, its equal, as hath been demen-
firated, is greater than DE,  Which was to be [hewn.

USE.

_ This Propofition ferves not only to demonflrate the.
following, which is its Inverfe, but likewife to demon- -

ftrate a Cafe of Prop. 7.and 8./. 3. and 2 Cafe of Prop.
35. 1. 3. ' '

PROPOSITION XXV,
THEOREM XVL

Of two Triangles which hawe two equal Sides; each ty eqch,
 that which bath the greater Bale, hath the dngle oppofite
to that Bafe, allo gieater than the dngle oppofite 1o the
leffer Bafe. bl - ' TR

] Say, that if the Side AC of the Triangle ABC, be
equal to the Side DF of the Triangle DEF, and the
Side BC equal to the Side EF ; but the Bafe AB greater
than the Bafe DE ; the Angle C is greater than the Any

gle DFE.
| | E DE;
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DEMONSTRATION. :

Firf, The Angle C cannot be equal to the Angle
DFE, becaufe by Prop. 4. the Bafe AB wou'd be equal
to the Bafe DE, and yert it isfuppos’d to be greater. Nor
can the fame Angle C be lefs than the Angle DFE, be-
caufe by Prop. 24. the Bafe AB wou'd be lefs than the
Bafe DE, and yet it is fuppos’d to be greater. Therefore
by 4x. 1. the Angle C 1s greater than the Angle DFE.
Which was to be demmnftrated.

SCHOLIUM.

Altho’ this Demonftration be not dire&, it doth not
fail to convince the mind of the truth of this Propofiti-
on, and it feems that Euclid puts it here only for its
Eafinefs. * '

If you wou'd have a dire& one, make at the Point D,
per Prop. 23. the Angle EDH equal to the Angle A,
by the Line DH, equal to the Line AC, or DF its
equal per Sup. and having extended the Bafe DE to I,
fo that the Line DI, be equal to the Bafe AB, join the
right-Liné HI, which is here cut at 'K, by the Side EC
extended, join likewife the right Line FH.

- This Preparation being made, it will appear that fince
the two Sides DH, DI, of the Triangle DHI, are equal
to the two Sides AC, AB, of the Triangle ABC, and

~ the compriz’d Angle HDI, equal to the compriz’d An-.

gle A, per.confir. thefe two Triangles ABC, HDI, are.

‘equal to one another, per Prop. 4. and confequently the-

Side BC, or EF equal to the Side HI, and the Angle C
equal tothe Angle DHI. From whence it follows that
the Line KF is greater than the Line KH, and that per
Prop. 8. the Angle FHK is greater than the Angle
HFK ; and becaufe that per Prop. 5. the Angle DFH is:
equal to the Angle DHE, by reafon of the two equal
Sides DE, DH, per conftr. it follows per 4x, 4. that the

.whole Angle DHK, or the Angle C, which hath been

demontftrated equal to it, is greater than the whole Angle.
DEE. Which was to be demonfirated. L

PR.O-_-'_
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PROPOSITION XXVL
THEOREM XVIL

The Triangle which hath two Angles equal to thofe of another,
and one Side, fimilarly pofited, likewife equal, is equal to it
every Way.

Say, that if the Angle A of the Triangle ABC, be gig, 47.
equal to the Angle FDE of the Triangle DFE, and
the Angle B equal to the Angle E, and likewife the
Side AB equal to the Side DE, which are compris’d be-
tween the two equal Angles, or the Side AC equal to
the Side DF, which are oppofite to the two equal
Angles B, E, thefe two Triangles ABC, DEF, are in-

tirely equal.
PREPARATION.

Upon Suppofition that the Side AB is equal to the Side
DE, take on the Side EF, the Line EG, equal to the
Side BC, without confidering where the Point G falleth,
and join the Line DG ; and upon Suppofition that the Side
AC is equal to the Side DF, take on the Side DE, the
Line DH, equal to the Side AB, without confidering
where the Point H falleth, and join the Line FH.

DEMONSTRATION. -

Becaufe per Sup. 1. the Side AB of the Triangle ABC,
is equal to the Side DE of the Triangle DEF, and the
Angle B, equal tothe Angle E, and that the Side EG,
hath been made equal to the Side BC, the two Triangles
ABC, DGE, will be equal to one another, per Prop. 4.
and the Angle GDE will be equal to the Angle A, and
confequently to the Angle FDE. From whence it fol-
lows that the Line DG, falleth on the Line DF, and con-
fequently the Point G upon the Point F. Wherefore the
Side EF will be equal to the Side EG, and confequently
to the Side BC, and per Prop. 4. the Triangle ABC wilil
be equal to the Triangle DEE. Which is ome of the Cafes
which was to be demonfirated. .

Becaufe per Sup. 2. the Side AC of the Triangle ABC,
is equal to the Side DF of the Triangle DFH, and the
comprehended Angle A equal to the comprehended An-
gle ¥DE, and that the Side DH has been made equal to
the Side AB, thefe two Triangles ABC, DFH, will be

Biait equal
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equal to one another, per Prop. 4. and the Angle DHF,
will be equal fo the Angle B, aid confequently o the
Angle E, which is fuppos'd equal to the Angle B. From
whence it follows that the Point H; ought to fall upon
the Point E, otherwife an exterior Angle'wou'd be had
equal toits interior oppofite, which is contrary to Prop..
16, and that cﬁnf::’t{%iﬁﬂ the Side DH, or AB, is'equal
to the Side DE. Wherefore per Prop. 4. the Triangle

- ABC is equal to the Triangle DEF. Which remain'd to

be Pruﬂ*d. : \
U's .

Euclid doth not ofteén’ make ufe of this Propofition, tho’
it be very ufeful upon many occafions. It may ferve
to demonitrate that in an Ifofceles Triangle, as ABC, if
the Angle C, included by the two equal Sides AC, BC,
be divided equally in two by the right Line CD, this'
right Line CD, will cut the Bafe AB at right Angles,
and equally in two at the Point D ; or if from the {ame
Angle C, you draw upon the Bafe AB, the Perpendicu-
lar CD ; this Perpendicular CD, will divide the Bafe
AB equally in two, by reafon of the two equal Trian~
gles ADC, BDC, which have the Angles equal, each to’ |
each, and an equal Side fimilarly pofited, to wit, the
common Side C%). '

We fhall make ufe of this Propofition alfo in Dialling,
to demonftrate the manner, which we fhall there thew,
to find the dividing Center of a Right-Line, which re.
prefents upon a Plane a great Circle of the Sphere ; and
the fame Propofition may be very ufeful to' meafure on
the Ground, a Line which is only acceflible at one of
its two Extreamsas AB, which I fuppofe to be acceflible’
towards A, where you are to make, by means of a Gra-
phometre, or otherwife, the Right-Angle BAC, with
the Line AC, of a difcretionary Length ; after which
you ought to remove your {elf to the Point C, to mea-
ture the Quantity of the Angle ACB, and to make one
equal to it on the other Side at the fame Point C, as
ACD, with the Line CD, which being extended as
much as there thall be occafion for, it will meet the '
Line AB, alfo extended, in.fome Point asD; and then |
there will be nothing more to be done but to meafure |
with 2 Cord, orocherwife, the Line AD, which will be
equal tothe propos’d Line AB, by reafon of the Equali-
ty of the two Triangles ACB, ACD, which have equal |
Angles, and one equal Side fimilarly pofited, to wit,
the common Side AC. *

PR O~
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Plate 3.

PROPOSITION XXVIIL
THEOREM XVIIL

If one Right-Line falling upon two other Rizht-Lines, make the
interior alternately oppofite dngles equal to each other :
thefe tmo Lines will be parallel to each other.

Say, that if the Right-Line HF, cut the two AB, CD, .
fo that the two interior alternately oppofite Angles
AEF, EED, which are call'd gltermate Angles, are equal
. *o each other ; thefe two Lines AB, CD, are parallel to
ach other. &
DEMONSTRATION.

" For if the two Lines AB, CD, were not parallel, they
wou'd, being extended, meet in fome Point, as in G, and
then they wou'd make the Triangle EFG, whereof the
. exterior Angle AEF wou'd be equal to its interi-
or oppofite EEG, contrary .to what hath been demon-
ftrated in Prop. 16. Thus the two Lines AB, CD, can-
not meet together, and per Def. 35. they ought to be
parallel to each other. Which was to be demunﬁwmﬁ

SCHOLIUM.

This Propofition is a refult of the remark that we
~have made in Prep. 16. It may be demonftrated diredtly, prae 4
by drawing per Prop. 12. from the Point F, the'Line FI, Fig, 51
perpendicular.to the Line AB. and by taking the Line
E{, equal to the Line EI, and joining the Line EK ;
after which it will be known per Prop 4. that the two
.Triangles EIF, EKE, are equal to each orher, by reafon
of the two Sides EI, EF, equal to the two KF, EF, and
by reafon of the compris'd ﬂng‘é&_IE‘F, equal to the com-
prisd Angle EEK, per Sup. From whence it follows
‘that the Angle K is equal to the Angle I, and confe-

quently a right one, and that the Line EK is perpendi-
cular to the Line CD, and moreover that this perpendi-
cular EK, is equal to the Line FI, which is allo per-
pendicular to the Line AB, per Confir. which makes that
the two Lines AB, CD, are equally remote from one
another, and confequently parallel.

U.S. E.

It may be known by this Propofition, when two Lines
wpon the Ground or HPC;_;I Paper, are Parallels, Whidi
| L will

ig. jos

-~
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It ferves alfo to draw thro’ a given
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will happen when the alternate Angle_s fhal[l: be ﬂzl-alﬁ!l“
oint a Line parallel |

to a given Line, as you will fee in Prop. 31. and as you
have already feen in Prob. 3. Intred. It ferves alfo to de--
monflrate Prop. 32. and feveral others, as you fhall fee

hereafter.
PROPOSITION XXVIIL

THEOREM XIX.

'If ome Right-Line cutting two other Right-Lines, make with

them the exterior Angle equal to irs oppofite interior ou the
Sfame Side, or the two Interiors om the [ame Side, equal to-
gether to two Right-Angles 5 thefe two Right-Lines will be.

parallel to one gnother.

l' Say, thatif the Right-Line GF, cut the two AB, CD,
{o that the exterior Angle GEB, be equal to the inte-
rior oppofite of the fame Side EFD, or that the two In-
teriors of the fame Parc BEF, EFD, be together equal

. totwo right ones, the two Lines AB, CD, are parallel.

DEMONSTRATION.

Since the Angle EFD is equal to the Angle GEB,
per Sup. and the Angle AEF equal to the fame Angle
GEB, per Prop. 15. it follows per Ax. 1. that the Angle
AEF 1s equal to the Angle EFD, and per Prop. 27. that
the Lines AB, CD, are parallel to each other. Whick is
one of the two Things which was to be demonfirated.

Since the two Angles BEF, EFD, are alfo .together
equalto two right Angles, per Sup. and that the two BEF,
AEF, are alfo together equal to two right ones, per Prop.
13. it follows per Ax. 3. that if from thefe two equal
Sums you {ubftraft the common Angle BEF, there will
remain the Angle AEF, equalto the Angle EFD, and
per Prop. 27. the two Lines AB, CD, are parallel. wWhich

remain'd to be prov'd.
USE,
This Propofition hath the fame Ufes as the precedent,
and moreover it ferves to convince the Mind of the
truth of Ewclid’s eleventh Axiom, for it is evident that

the two interior Angles BEF, EFD, which are on 'ung
: Al
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and the fame Side being equal together to two right An-.
gles, the Lines AB, CD, are Parallel 5 and that thofe E‘i“‘ 3
two Angles cannot become fo litcle lefs than two righe ™™
ones, as that the two Lines AB, CD, will not meet
(being extended) on the fame Side.

LEMMA. .

The Right-Line which is pcrpenﬂicﬁlar to one of
two Parallels, is alMo perpendicular to the other.

.S‘m_;.r, that if the Line EF, be perpendicular to one of the two P!ats? 3
Parallels AB, CD, as for Example to the Line CD, it is alfo Fig- 43-
Perpendicular to the Line AB. :

PREPARATION.

Take upon the Line CD, the two equal Lines FG, FH, of @
difcretionary bignéfs, and draw thro’ the two Points G, H. per

Prop. 11. the Lines GI, HK, perpendicular to the fame Line
CD. ‘foin the right Lines FI, FK.

DEMONSTRATION.

Becoufe the Side FG, of the Triangle FGI, rightangled in G,
is per conftrut. equal tothe Side FH of the Triangle FHK,
vightangled in, H, and the Side GI, equal to the Side HK, per
AX. 11.thefe two rightangled Triangles FGI, HFK, will be cqual
te one another, per Prop. 4. and the Bafe FI will be equal to
the Bafe FK, and the two Angles GFI, FHK, will be equal, the
which being fubdu&fed from the two Angles GFE, HFE, which
are equal, per Dek. 10, becaufe they are right omes, per Sup.

there will remain, per AX. 3. the two equal Angles EFI,
EFK, and per Prop. 4. the two Triangles IEF, KEF, will be
equal to each other, becanfe they bave the common Side EF, the
Side FI equal to the- Side FK, and the compris’d Angle EFI
equal to the compris’d Angle EFK, as hath been demonfirated.
Wherefore the Angle IEF will be equal to «the Angle KEF, and
per Def. 10. thefe two Angles will be right ones, and rhe Line

EF will be perpendicular tothe Line AB. Which wasto bg
demonftrated. ;

By reo.
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PROPOSITION XXIX.
THEOREM ¥X.

If one Right-Line inter[eft two Pavallels, the alternaté Angles
will be equal to ome another 5 the exterior Angle will be equal
to the interior oppofite.on the [fame Side ; and the two Interis
ors, om the [arme Side, will together be equal totwo Righe=

Angles.

' I Say, that if the Right-Line GE, cut the two Parallels

AB, CD, the alternate Angles AEF, EFD, are equal
to each other ; the exterior Angle GEB is equal to the
interior oppofite on the fame Side EFD ; and that the two
Interiors on the fame Side BEF, EFD, are together equal
to two Right-Angles.

. PREPARATION,
~ Draw from the two Points E, F, the Right-Lines EK;
¥I, perpendicular to the two Lines AB, CD.

DEMONSTRATION.

- Thetwo Lines FI, KE, are equal to each other, per
Ax. 11. and each will be, per preceeding Lemmi, perpens
dicular to the two Parallels AB, CD ; alfo.the two An>
gles IFK, EKF, will be right ones, and confequently
equal together .to two right ones, wherefore per Prop.

fition 28. the two Lines FI, KE, are Parallels, to which

the two 1E, FK, being perpendicular, are equal to each
other, per Ax. 11. Wherefore per Prop. 8. the two Trian-
gles FIE, FKE, will be equal to one another, and the
Angle IEF will be equal to the Angle EFK. hich
bme of the three Things which was to be prov'd. .
~ Since the Angle AEF hath been demonftrated equal
to the Angle E¥YD, and thar it is alfo equal to the Ans
gle GEB, per Prop: 15. 1t follows, per 4x. 5. that the An=
gle GEB isequal to the Angle EFD. Which was like-
wife to be demonfirated.

Laftly, Since the two Angles BEF, AEF, are together
equal to two right ones; per Prop. 13. if infteadof the Angle
AEB, you take its alternate EFD, which has been de-
monftrated equal to it, it will appear that the two
Angles BEF, EFD, are together cqual to two right ones.
Which remain d to be demonfirated.,

' USE
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U S E.

We have alrzady {aid in our Remarks upon the Eyclid Phte 4.

of Father Dechales, that this Propofition ferves likewife & ¥
to demonitrate the eleventh gxiom of Euclid, which is,
That if ome Right-Line falling on two others, makes the two
fnterior Angles of the [ame Side, lefs rogether than two vight
wnes, thefe Lines being extended will meet on thus Side ; for f
they were not to meet, that istofay, if they never con=
curr d, they wou'd be Parallels, per Def. 35. becaufe they
are {uppos'd right Lines ; and alio as it hathbeen fthewn,
the interior Angles wou'd be together equal to two righe
ones, contrary to the Suppofition of this Maxim. We
fhall better thew this towards the end of the 34 Prop.

PROPOSITION XXX.
THEOREM XXIL

Right-Lines Parvallel to ome and the fame Right-Liue, ave
| Perallel to each other.

; Say, that if each of the two Right-Lines AB., CD, is fig. sf

parallel to the fame Line EF, thefe two Lines AB, CD,
-are parallel to each other.

rREP¢§ATIbN; |
Draw at Pleafure the Right-Line GH, which cuts the

rprbpﬂsl’;l three Lines AB, EF, CD, in three Points, as
]", K;, '

L]

DEMONSTRATION.

Since the two Lines AB, EF, are Parallel, per Sup. the
Angle GIB will be equal to the Angle IKF, per Prop. 29.
and fince in like manner it 1§ fuppos’d that the two Lines
EF, CD, are parallel, the Angle KHD, will be equal to
the fame Angle IKF. Whence it follows per 4x. 1. that
the Angle GIB isequal to the Angle KHD, and that per
Prop. 28. thetwo Lines AB, CD, are Parallels. Which
was to be demonfirated.

SCHO-.
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SCHOLIUM.

This Propofition may be demonftrated otherwife,

and very eafily by drawing at pleafure the two Lines

LH, IM, perpendicular to the Line EF, which will alfo
be perpendicular to each of the two Lines, AB, CD, per
preceding Lemma.

The two Lines LN, 10, are equal to each other, per
Ax. 11. as well as the two HN, MO : Wherefore per
Ax. 2, the two Lines LH, IM, will be likewife equal
to each other, and per Def. 35. the two Lines AB, CD,
will be parallel to each other. Which was to be demonfirated.

The three Lines AB, CD, EF, are here fuppos'd by
Euclid in one and the fame Plane, otherwife the two pré-
ceding Demonftrations wou'd be imperfe&t. But in
Prop. 9. l. Y1, we fhall demonftrate the Truth of this The-
orem, tho’ thefe three Lines be not in one and the fame

Plane.
W Sk

‘This Propofition may be of ufe to fhew, that 7f rworighe=
Lines which cut each other, are parallel to two other Right-
Lines, which inter[eiF inthe [ame Plane, thefe four Right-Lines
contain two equal Angles.

As, 1if the two Lines AB, AC, are parallel to the two
DE, DF, @iz. AB to DE, and ACto DF, the two An-
gles A, D, are equal to each other. ' :

PREPA%&TIGN.-

Draw from the Point C taken at Pleafure upon the
Line AC, the right Line CG, parallel to the Line AB,
and from the Point E taken at difcretion upon-the Line
DE, the right Line EG, parallel to the Line AC ; this
iine EG will meet the firlt' CG, in fome Point, as G,

DEMONSTRATION.
B;ecau{'e the two Lines GC, DE, are parallel to the

fame AB, the three AB, GC, DE, will be parallel to
¢ach other, as was juft now demonftrated, and in like

-manner becaufe the two Lines GE, DF, are parallel to

the fame AC, the three AC, GE, DF, will be parallel to
each other. Wherefore per Prép. 29. all the alternate
Angles, A, C, G, D, and confequently the two A, D,
will be equal ro each other. Which was to be prov’d.

Th-.::j
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Tho’ the two Angles A, D, be not in the fame Plane,lte 's.
they are, however, equal to each other, provided their Fi& 54
Lines continue parallel eachto each, as will be demon-

ftrated in Prop. 10, II.

PROPOSITION XXXL
PROBLEM X.

To a"mn: thro & g;‘wﬁ Point, a Right-Line parallel to & given
Line.

O drawthro’ the given Point C, a Line parallel to the Fig- 55!
~ given Line AB ; draw at pleafure thro’ the given
Point C, the Right-Line CD, which cuts the propos'd
Line AB, in fome Point as D, and make per Prop. 23. at
the Point C, the Angle DCE equal to the Angle ADC,
with the Right-Line CE, which will be parallel to AB.

DEMONSTRATION.

The alternate Angles ADC, DCE, are equal per conffr.
therefore per Prop. 27. the Lines AB, CD, are parallel.
Which was to be done and demonftrated.

U S E,

L]

The Ufe of Parallel-Lines is as frequent as that of
- Perpendiculars ; it being certain that nothing can for

Example be pratis'd in Perfpeffive, without drawing
feveral Parallel-Lines, or which isthe fame thing, with-
out drawing feveral Perpendiculars to the Grounde
Line, becaufe all Lines perpendicular to one and the
fame Line, are parallel to each other, as is evident per
Prip. 28. In the defcription of Polar-Dials, the Hour-
Lines are drawn Parallel to each other, and to the Sub-
ftile-Line, becaufe thefe Sorts of Dyals have no Center
at all, as we*thall demonftrate in the Dyalling. Forei-
fication cannot be without Parallel-Lines, when the En-
gineer wou'd draw the Ichnography of Parapets, Talus’s,

Efplanades, &-e.

PR O-
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PROPOSITION XXXIL

THEOREM XXIIL

In all Triangles, one of the Sides being extended, the exterior
Angle is equal to the two interior oppofite omes taken together 3
ond the three Augles of @ Triangle are together equal te
two right Angles. '

:I Say, that if from the Triangle ABC, the Side AB be
extended towards D, the exterior Angle CBD 1s equal
to the two Interiors A, C, taken together; and that the
three Angles A, ABC, C, are together equal to two

right An_glﬁs.

PREPARATION.

Make per Prop. 23. at the Point B, the Angle DBE equal
to the Angle A, with the Line BE, which will be pa-,
rallel to the Line AC, per Prop. 28. and per Prop. 29. the
Angle C will be equal to the Angle CBE.

\ .
DEMONSTRATION. -

Since the Angle CBE is equal to the Angle C, and
the Angle DBE to the Angle A, the two Angles A, C, '
taken together, will be eqéal to the two DBE, CBE;
taken together, that is to fay, to the whole exterior An-

. gle CBD. Which is one of the two things that was to be fhewn.

Since the exterior Angle CBD isequal to the two op-
pofite interior A, ‘C, if on each Side the Angle ABC is
added, it will appear thac the three Angles A, ABC, C,
are together equal to the two ABC, CBD, that is to fay,

o two right Angles, per Prop. 13. Which remain'd to be
demmnfirated.

COROLLARY I

it follows from this Propofition, that the three Angles
of one Triangle are together equal to the three Angles
taken together of another Triangle.

COROL-
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] COROLLARY IL et

If two Angles of one Triangle are equal to two Angles
'of another Triangle, each to each, the third Angle of
the one will be equal tothe third Angle of the other.

COROLLARY IH.

In a Rigﬁt-Ang]:d Triangle, the two acute Angles
tiken together, are precifely equal to one right one.

f

COROLLARY IV.

Each Angle of an equilateral Triangle is 6o Degrees,
becaufe it is the third of two Right-Angles, which make
180 Degrees.

COROLLARY V.

~ All the Angles of a Polygon are equivalent to ss
many Times 180 Degrees, as the Polygon has Sides, ex=
cept two, becaufe it is divifible into fo many Triangles.
Whence it follows that in a Figure of four Sides, the
four Angles make togecher four right ones, that isto fay,
360 Degrees.

COROQLLARY VL

In all Polygons, each Side being extended, all the éx-
terior Angles taken together are equal to four right
ones, or to 360 Degrees. This refults from this Pro-
polition, and Prop. 13.

USE

This Propofition 1s very ufeful in many Propofitions
of this and the fulIuwinE ooks, and likewife in all Parts
of Trigonometry, which confiders a Triangle only with
refpelt to its Angles, or its Sides. Tt 1s alfo very ufeful
to meafure upon the Ground an inacceflible Angle, as
you have feen in the Ufe of Prop. 15. Engineers make
great Ufe of it in raifing Platforms, and they know that
they have well meafur'd the Angles of 2 Plan, when
all the Angles of that Plan make together as many
times 180 ﬁ:grf:esj- as the Plan hasSides, except two.

PROP.
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PROPOSITION XXXIIL
THEOREM XXIIIL

The Right-Lines are equal and parallel, which join the Extres
mities, lying the [ame way, of ¢wo other equal and parailel
right Lines. 4

Say, that if the two Right-Lines AB, CD, are parallel
and equal, the Right-Lines AC, BD, which join their -
extremities, arealfo parallel and equal.

 DEMONSTRATION.

If the Right-Line AD, be drawn, it will be known
per Prop. 4. tl%at the two TrianglesADB, ADC, are equal
to each other, becaufe they have the common Side AD,
the Side AB equal to the Side CD, per Sup. and the
included Angle ADC equal to the included Angle BAD,
per Prop. 29. Wherefore the Line AC will be equal to
the Line BD: Which is one of the two Things which was to
be fbewn: And the Angle DAC will be equal to the Angle
ADB, wherefore per Prop. 27. the two Lines AC, BD,
will be parallel to each other. Which remain'd to be
Jhewn. - '
U.S . E!

This Propofition ferves for the Demonftration of Prop.
3. .and alfo to meafure upon the Ground an acceffible
Line at its two Extreams, and inacceflible at its Middle,
as we fhall teach in our Pradfical Geometry. |

PROPOSITION XXXIV.
THEOREM XXIV.

In all Parallelograms, the Angles and the oppofite Sides nre equal
- to each other, and the Diagonal divides it equally in two.

~lSa}', that if the Figure ABDC be a Parallelogram,

the oppofite Angles B, C, are equal to one another,
as well as the two BAC, BDC: and in like mannﬁr
the
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the oppofite Sides AB, CD, are equal to one another, as
well as the two AC, BD: And laftly, the Diago-
nal AD divides the Parallelogl:_'am ABDC equally in two ;
that is to fay, the two Triangles ADB, ADC, are
‘equal to one another.

) DEMONSTRATION.

Becaufe the two Lines AB, CD, are Parallels per Sup.
the two alternate Angles BAD, ADC, will be equal to
one another, per Prop. 29. as well as the two alternate
Angles ADB, DAC, by reafon of the two Parallels AC,
BD. From whence it follows, per Prop. 32. that the third
Angle B will be equal to the third Angle C, and per
Ax. 2. the whole Angle BAC, equal to the whole Angle
BDC. Which is one of the three Things which was to be de-
mn?mred’.

ince therefore the two Triangles ADB, ADC, are
equiangular, and that they have the common Side AD,
fimilarly pofited, they will be equal to one another
per Prop. 26. Which is the fecond of the three Things that
was to be [hewn. : ,

Lafly, The Sides oppofite to the equal Angles of the
two equal Triangles ADB, ADC, ro wit, AB, CD, and
AC, BD, will be equal to each other. Which remain'd

to be prov'd.
- U S E.

The Method which ﬁm will find in our Praftical Ges-
metry, to meafure the Height and Bignefs of a Moun-
tain, by the means of a Plomb-Line, and a long Rule,
~which 1s call'd Cultelation, isfounded upon this Propo-
fition; the which ferves likewife for the Divifion of
‘a Field, when it is a Parallelogram, at leaft when you
wou'd divide it equally in two, which is done by the
Diagonal AD, when you have no determin’d Point to
make that Bivifion. But if you wou'd divide it equally g -
in two, by a Right-Line drawn from a Point given in
one Side, as through the Point E, you muft drawfiom
this Point E, through the Point F, the middle of the
Diagonal AD, the Right-Line EFG, which will divide
the Parallelogram ABDC into two equal Trapeziums
ACGE, EGDB, by reafon of the Triangle AFE equal
to the Triangle DEG, per Prop. 26. and by reafon of the
two equal Trapeziums, CF, BT, per #x. 3. becaufe per
Prop. 34. the twa Triangles ADB, ADC, are equal to
one another, - X ¢

L
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It is knéwn that a Quadrangular Field is a Parallelo-
gram, when of its four Angles, the two oppofité are
equal, or when of its four Sidesthe two oppofite are
€qual, asit isealy to demonftrate per Prop. 8. Which dif-
covers the Original and Demonftration of a certain In-
firument, commonly made ufe of to draw parallel Lines,
and which vpon that account 1§ call'd a Parallel Ruler,
becaufe it is compos’d of two long Rulers faftned toge-
ther by two other lefler Rulers, and equal to one another,
which preferve the two great Rulers always in a paralle-
Iifm whatever Siruation you givé them.’

Wherefore when you wou'd by the help of this In-
firument draw thro’ a given Point, a Line parallel to -
a given Line, there is nothing more to do than to apply
the Edge of one of the two Rulers along the fiir&r;,
Line, and the fecond Ruler beinﬁg kept fteady and im-
moveable, you muft advance the firft as far as the given
Point; to the end that thro’ that Point you may draw
along the Ruler a Right-Line, which will be parallel to
the propos’d one. ' :

This Propofition ferves alfo to demonftrate Euelid's
eleventh Axiom, which we fhall prove in the following
manner, being a Demonfiration that feéms to me very
plain and very natural. 3

I fay then, thatif the two Right-Lines AB; CD; are
interfeted by a third Right-Line EF, fo that the two
interior Angles BEF, EFD, which are on the fame Side,
are together lefs than two right ones ; the two Lines AB,
€D, being extended, will meet on this fame Side.

DEMONSTRATION.

To demonftrate this Truth, it will fuffice to have de-
monftrated, that if on the fame Side with the interior
Angles BEF, EFD, you draw the Right-Line GH pa-
iallel to the Line EF, and terminated by the two Lines
AB,CD, this Line GH, will be lefsthan the Line EF.

For this purpofe draw thro’ the Point H, the Right-
Line HI, parallel to the Line AB. It is evident that this
Line HI, meets the Line EF, at the Point I, between
the Péints E, F, becaufe if it meet it beyond thie Point
F, asin L, it wou'd follow that the two Angles BEF,
HLF, wou'd be together equal to.two right ones, per
Prop. 29. and confequently greater than the two BEF,
EEFD, which are fuppos’d lefs together than two right
ones, and that fo by taking away the common Angle
BEF; the Angle HLE, wou'd remain greater than the
Angle EFD, which 15 impoflible, becgiufgthv_: .e”mglu-:bEFD'li ;

" being
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being extérior, is greater than the interior oppofite one ;I“'a‘:“
HLF, per Prop. 16. the fame Point I, cannot alfo fall o & °
the Point F, becaufe the Lines AB,CD, wou’d be Paral-
lels, and fo the two interior Angles BEF, EFD, wou'd
together be equal to two right ones, per Prop. 28. and

et they are fuppos’d lefs. Therefore fincesthe Point I,

alleth between the two Points E; F, and that the Figure
GHIE is a Parallelogram, whereof the apinﬁtc Sides

GH, EI, are equal, per Prop. 34. it followsthat theLine
GH is lefs than the Line EF. Which was to be demonfirated.

"PROPOSITION XXXV.
THEOREM XXV.

Parallelograms ave equal to ome another, when they have the
[ame Bafe, and are between the [ame Parallels,

I Say, that the Parallelograms EFGH, EIKH, are equal
to one another, becaufe they are between the two Pa-
rallels AB, CD, and have the common Bafe EH.

DEMONSTRATION.

The Sides IK, FG, are equal each to the Side EH, tlatt g
 per Prop. 34. and per Ax. 1. they are equal to one another ; Fig 5%
and if the Side GI be added to them, you will have per
Ax. 2. the Side FI, of the Triangle FEI, equal to the
Side GK, of the Triangle GHK; and becaufe the Side
EF is equal to the Side GH, and the Side EI equal to
the Side HK, per Prop. 34. 1t follows per Prop. 8. that the
two Triangles EFI, GHK, are equal to one another
wherefore if from each the common Triangle GLI, be
taken away, there will remain the Trapezium FL, equal
per Ax. 3. to the Trapezium KL, and laftly if to each of
thefe two equal Trapezia FL, KL, the Triangle ELH, be
added, you will have the Parallelogram EFGH equal
per Ax. 2. to the Parallelogram EIKH. , Which was 10 bs

provd.
SCHOLIUM.

This Theoremi maybe demonftrated more eafily by the
Method of Indiwifibles in this manner.Imagine the Parallelo- -
gram EFGH,to be divided into as many lictle equal Paral-
lelograms as you pleafe, by Lines parallel to one another,
and to the common Bafe EH, to which they will be all
. F equal
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equal, and confequently equal to one another, thefe Lines

being continued, will divide the other Parallelogram
EIKH, in {o many Parallelograms equal to each other,
annd to the preceding ones ;' Which makes that thefe two
Parallelograms EEGH, EIKH, are equal to one another,
becaufe whatever Divifion 1s made, there will ftill be
as many Lines of the fame Length, and equally clofe,
in the one as in the other: So that if the Divifion
be infinite, as it is {till {fuppos’d to be, which occafi-
on'd the Name of the Method of Indivifibles to be given this
fort of Demonftration, each Parallelogram will be com-
pos’d of an equal Number of equal Lines, that isto fay,
of little equal Parallelograms whereof the Breadth is in-
finitely lictle, and confequently they will be equal to
one another.  Which was to be fhewn. .

‘This Method of Indivifibles is of great Ufe to demon=
ftrate the hardeft Theoremsin Geometry, principally for

the Tangents of curved Lines, and for the Quadrature of

Curves, thar 1s tofay, to reduce a Curvilineal Figure ifito

a Reétilineal one; it being certain, thatby means thereof

Theorems may be demonftrated, which wou’d be diffi-
cult to be done by Euclid’s Elements alone. You will
find an Example of itin the firft Theorem of our Plani-
metry. :

the moft Learned Men allow of the Geometry of In-
divifibles, and none but thofe who are lefs expert rejeét it
and that doubtlefs becaufethey are eafily miftaken, by not
knowing how to make a jutt Application of it, for want:
of well underftanding the Foundation of this Geometry;
which confifts principally in taking for the Area of a
Surface, the Sum of the infinite Lines which fill it, and |
for the Solidity of a Body, the infinite Surfaces it is com=.
pos'd of ; fo that two Surfaces are efteem’d equal, when
¢ach is fill'd with an equal Sum of Lines, in like man-.
ner equal and parallel to each other; and likewife two
Solids are efteem’d équal, when the one and the other 1s;
compos’d of an equal Sum of Surfaces, in like manner-
equal and parallel o eaclﬁnéhér, dre.

This Propofition ferves for the Demonftration of the
following and feveral others, and likewife to meafure!
a Parallelogram, which is not Re&angular, as EIKH,,
becaufe it maybe reduc’d into another which is Re&an-:
gular, to wit, in drawing from the two Extremities;
E, H, of the Side EH, the two Lines EF, GH, perpen-«
dicular to the Side EH, which being terminated by the:
other oppolite and parallel ‘Side IK, " extended as %E ass
i g . aul

|
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Explaind and Demonflrated. B
fhall be neceflary, will finifh.the Re&angular Parallelo- Plite 4.
gram EFGH, equal to the propos’d Parallelogram EIKH, & 61
the Area whereof will confe uer;té{: be known, if you
multiply together the two Sides EF, EH, which form
the Right-Angle E : as if EF is for Example § Feet, and
EH 3, by multiplying s by 3, you will have 15 fquare
Feet, for the Content of the Reétangular Parallelogram
‘EFGH, or of its equal EIKH. 3 =3

PROPOSITION XXXVL
THEOREM XXVI.

Parallelograms are equel to each ot her, when rﬁey bave equal
Bafes, and,_are between the [ame Parallels.

I Say, that if the two Parallelograms EFGH, IKLM, Fig.s2:
B are between the fame Parallels AB, CD, and that their

Bafes EH, TM, be equal to each other, thefc Parallelo-
grams EFGH, IKLM, are alfo equal to eachother.

PREPARATION.

Join the two Extremities of the two-equal and pa-
rallel Bafes EH, KL, by the Right-LinesEX, HL, which
will be alfo equal and parallel, per Prop. 33. {0 that per
| Def. 34. the Figure EKLH will be a Parallelogram.

"DEMONSRATION.

Since each of the two Parallelograms EFGH, IKLM,
is equal'to the Parallelogram EKL?I, it follows per Ax. 1.
' that they are equal to each other. Which wasto be [hewn.

SCHOLIUM.

This Propofition is virtually the {fame as the preced-
ing, becaufe to havé one and the {fame Bafe is the fame
thing as to have equal Bafes; and it is exprefs'd more ge-
nerally in Prop. 1. 6.

, When it is {aid, that two Parallelograms are between the
fame Parallels ; it fignifies that two of their oppofite Sides
do meet in two Lines parallel to each other ; fuch as
AB, CD, inthis Place. -

F 2 USE
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US E.

This Propofition is very ferviceable to divide in as
many equal Parrs as you will, a Field which hath the
Figure of a Parallelogram, as if you wou'd divide in
three equal Parts, for Example, the Parallelogram
ABCD, you muft divide two of its oppofite Sides AD,
BC, each in three equal Parts, and you muft join the
oppofite Points of Divifion by the Right-Lines EG, FH,
which will divide the propos’'d Parallelogram ABCD, in
three lefs Parallelograms, which will be equal to each
other, fince their Bafes are equal to each other.

PROPOSITION XXXVIL
THEOREM XXVIL

Tviangles are equal, when they have the fame Bafe, and ave
between the [ame Parallels.

Say, that ifthe Triangles EFG, EFH, have the fame:

Bafe EF, and are inclos’d between the {ame Parallels;
AB, CD, fo that their Vertex's G, H, do terminate at:
the fame Line AB, parallel to the common Bafe EF ;;
thefe two Triangles EFG, EFH, are equal to each:
other.

PREPARATION.

Take upon the Line AB, the Lines GA, HB, equall
each to the common Bafe EF, and join the Right-Line:
AE, which will be Parallel to the Line FG, per Prop. 33..
and the Line BF, which will be likewife parallel to the:
Line EH. 23

DEMONSTRATION.

Since the Side EG, of the Triangle EFG, is the Di-i
agonal of the Parallelogram EFGA, this Triangle EFG, |
will be the half of the Parallelogram EFGA, per Prep..
34. and by the {fame Reafon the Triangle EFH, will be:
the half of the Parallelogram EFBH ; and as the Paralle--
lograms EFGA, EFBH, are equal to each other, per Prop.
35. their Halves, that is to fay, the Triangles EFG,,

- EFH, will be alfo equal to each other. . W. D.

U S E.
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U §E

This Popofition ferves to demonftrate that when zwo Plate 4.
Right-Lines inter[att between two Parallels, their Parts are "'& 65
proportional ; asif the two Lines EH,FG, interfet at the
Point I, between the two Parallels AB, CD, their Parts
IE, IH, IF, IG, are proportionable; for if the Right-
LinesEG, FH, be join'd, it will be known per Prop. 37.
that the two Triangles EFG, EFH, are equal to each
other, therefore if from each you fubftraft the common
Triangle EIF, there will remain per Ax. 3. the Triangle
EIG, equal tothe Triangle FIH, and by reafon of the
two equal Angles EIG, FIH, per Frop. 15. it follows per
15. 6. that the four Lines IE, IH, IF, IG, are proporti-
onal. Which was to be demonfirated.

This Propofition is alfo very ferviceable, to reduce
:}1111; right lin'd Figure into a Triangle, which isdone

us,

Firft of all, to reduce into a Triangle the Trapezium Plate 5.

ABCD, having drawn at pleafure the Diagonal BD,draw Fig. 66
from the Angle C, oppofite to that Diagonal, the Right-
Line CE, parallel to the fame Diagonal, BD, and from
the Point E, where it meets the extended Side AB, draw
to the Angle D, the Line DE, and the Triangle ADE,
will be equal to the propos’d Trapezium ABCD. :

——

DEMONSTRATION.

Since the two Triangles DCB, fJEB, have the fame
Bafe BD, and are between the fame Paralle] BD, CE,
they will be equal to each other, per Prop. 37. Wherefore
if from each the common Triangle BFD, be put away,
there will remain 'ﬁer Ax. 3. the Triangle CED, equal
to the Triangle BEF, whereof each being added to the
Trapazium ABFD, there will be had per 4x. 2. the Tra-
pezium ABCD, equal to the Triangle ADE. Which was
to be done and demonfirated.

"Tisin the fame manner, that a Figure of more than
four Sides is reduc’d into a Trangle, to wit, by redu-
cing it firft into another which hath a Side lefs, as you
have juft now feen, and this into another, which has

. Iike;viﬁg a Sidelefs, and fo on, until you come to a Tri-
angle. '

- g PROPQ-
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PROPOSITION XXXVIIL
THEOREM XXVIL -~ = =

Triangles are equal when they have equal Bafes, and are bee
" tween the [ame Parallcls.

T Say, that the two Triangles EFG, HIK, which are

between the fame Paralicls A8, €D, and whereof the
Bafes EF, HI, are equal to each other, are alfo equal to
each other. . ; ;

PREPARATION,
Take upon the Line AB; the Line GA, equal to the

‘Bafe EF, and join the Right-Line AE, which will be

=

.Farallel to the Side FG, per Prop. 33. Take upon the

ame Line AB, the Line KB, equal to the Bafe HI, and
join the Line BI, which will be parallel to the Side HK,

DEMONSTRATION.

Becaufe the Side EG is the Diagonal of the Parallelo=
%ram EFGA, the Triangle EFG, will be the half of that |

arallelogram per Prop. 34. and in litke manner, fince the |
Side IK 1s the Diagonal of the Parallelogram HIBK,
the Triangle HIK, will be the half of that Parallelogram ;
and as the two Parallelograms EFGA, HIBK, are equal
to each other per Prop. 36. it follows that their halves,
that isto {ay the Tnangles EFG, HIK, are alfo equal
to each other.. Which was to be [hewn. : Pt g i

1§ B

This Propofition fesves to divide a Triangular Field
into as many equal Parts as you will, by right Lines!
drawn from cne of its Angles tius. 'l

To divide the Triangle ABC, for example into threé! '

~equal Parts, by right Lines drawn from the Angle C,

divide the Side AB, oppofite to this AngleC, intb three
equal Parts at the Points D, E, and draw thro’ thefe .
PointsE, D, to the Angle C, as many right Lines, which
will divide the propos’d Triangle ABC into three equal

% R - R Triangles
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Triangles, fince their Bafes are equal, and tht}y have the Plate 5.
fame Point C, for the Vertex, which is the {fame thing Fig ¢%
as to be between the fame Parallels. : .

You may alfo very eafily by the means of this Propofi= ig. 65-
tion divide a Piece of Ground, which hath the Figure of -
a Trapezoid ; as if you wou'd divide the Trapezoid
ABCD, for Example into four equal Parts, you muft
divide each of its two parallel Sides AB, CD, into four
" equal parts, and you muft join the oppofite Points of
Divifion by the right Lines EH, FI, GK;, the which will
divide the proposd Trapezoid ABCD, into four leffex
Trapezoids, wgich will be equal to each other, becaufe
they are compos'd of equal Triangles, as, will be found
by drawing their Diagonals, which will divide them in-

to Triangles, the Bai_%s whereof will be equal to each
other, &-. ;

PROPOSITION XXXIX.
THEOREM XXIX

~ Equal Trigngles, whick have one and the fame Bafe, are be-
tween the [ame Parallels.

I Say, that if the Triangles ABC, ABD, which have . ..
the fame Bafe AB, are equal to each other, they are ™

between the [ame Parallels ; that is to fay, the right Line
CD, which joins their Vertex’s , C, D, 1s parallel to the

common Bafe AB, and fo they are between the fame
BEls AR CD. oot £ ’

"PREPARATION.

Draw from the Point C, the Line CE, parallel to the
common Bafe AB, which will meet theSide AD, in fome.
Point, as in E, through which, and through the ex-
tremity B, of the common Bafe AB, you muft draw the
Right-Line BE, without confidering where the Point E
falleth, becaufe the Demonftration 1s ftill the fame.

DEMONSTRATION.

Since the Triangles ABC, ABE, are between the fame
Parallels AB, CE, per conffr. and have the common Bafe
AB, they will be equal to cach other, per Prop. 37. and as
the Triangle ABD, is equal to the Triangle ABC, per
Sup. 1t follows per Ax. 1. that the two Triangles ABD,

i - ABE/,
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ABE, are equal to each other, and per 4x. 8. the
Point E falleth upon the Point D, and the Line CE, up-
on the Line CD, and confequently the Line CD, js

_ parallel to the common Bafe AB. Which was to be fbewn.

USE.

‘This Propofition ferves to demonftrate that, Ewery
Quadrilateral which # divided equally in two by each of its
two Diagonals, ir o Parallelogram ; that is to fay, that ifthe
Quadrilateral ABCD, be divided equally in:two, by
the Diagohal AC, and alfo equally in two by the other
Diagonal BD, fo that the three Triangles ABC, ABD,
ACD, be equal to each other, per 4x.7. as being each the
half of tle Quadrilateral ABCD'; ‘this - Quadrilateral
ABCD, will be a Parallelogram. '

DEMONSTRATION.

Since the two Triangles ABC, ABD, which have the
fame Bafe AB, are equal to each other per Sup. they will
be between' the {ame Parallels per Prop.39. that is ro fay,
that the Line CD, will be parallel to the common Bafe
AB, It will be known in the fame manner, that byRea-
fon of the two equal Triangles ACB, ABD, which are
wpon the fame Bafe AD, the Line BC is parallel to the
common Bafe AD, and fo the Figure ABCD is a Pa-

rallelogram, Which was to be fhewn. -
PROPOSITION XL
THEOREM XXX,

- _Egual Triangles, which have equal Bafes upon omg and the

Jame Right-Line, are between the fame Parallels.

Say, that if the equal Triangles ABC, DEF, have
their equal Bafes AB, DE, upon the Right-Line AE,
their Vertex’s. C, F, are terminated by the Right-Line

CF, parallel to I:lhe firft Right-Line ﬂ.E_.
el PREPARATION.
Craw from the Point €, the Line CG,  Paralle] to

AE, which will meet the Side DF, in fome Point,
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as in G, thro’ which, and thro’ the Extremity E, Plae s,
of the Bafe DE, you muft draw the Right-Line GE, "'& 7%
without confidering where the Point G falleth, becaufe

;t_he Demon&rat_i_?a will be always the fame, as you fhall

ee. | |

DEMONSTRATION.

Since the Triangles ABC, DEG, are between the fame
Parallels AE, CG, per conftr. and that their Bafes, AB,
DE, are equal, per. Suppofition, they will be equal to
each other, per Prop. 38. and as the Triangle DEF, is
fuppos’d equal to the Triangle ABC, it follows perdx. 1.
that the two Triangles DEF, DEG, aire equal to each
other, and per 4. 8. the Point G, falleth on the
Point F, and the Line CG upon the Line CF, and
confequently the Line CF, is parallel to the Line AE,
becaufe the Line CG, hath been {uppos'd parallel to the
fame Line AE. Which was to be fbewn.

PROPOSITION XLL

THEOREM XXXL

if o Parallelogram and a Triangle have one and the fame Bafe,
- and are between the [ame Paralicls, the Parallelogram will
be double the Triangle. :

]' Say, thatif the Parallelogram EFGH, and the Triangle rig. 73.
EFI, have one common Bafe EF, and are between

the {ame Parallels AB, CD, fo that the Vertex I, ofthe
Triangle EFI, terminates precifely at the Line AB, pa-
xallel to the common Bafe EF ; the Parallelogram EFGH,

is double the Triangle EFI.

PREPARATION.

Draw from the Extremity F, of the common Bafe EF,
the right Line FB, parallel to the Side EI, of the Tri-
EFI, and you'll have the Parallelogram EFBL

DEMONSTRATION.

Becaufe the Parallelogram EFGH is equal to the Pa.
.yallelogram EFBI, per Prop. 35. and that the Parallelo-

'?Fram EFBI is double the Triangle EFI, per Prop. 34.
] : it
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it follows that the Parallelogram EFGH, is alfodouble
the Triangle EFI, Which was to be fbewn. :

SCHOLIUM.

‘This Propofition may be demonftrated otherwife,
and very eafily, if inftead of drawing the Parallel FB,
vou draw the Diagonal EG, for then it will be known
per Prop. 37. that the Triangle EFG is equal to the Tri-
angle EFI ; from whence it follows that the Parallelo-
gram EFGH, being double the Triangle EFG, per Prop.
34. it is alfo doubl: the Triangle EFL. Which was to be

frewn.

USE.

- This Propofition ferves as a Lemma to the following,
and alfo to demonftrate Prop. 47. It is the Foundation
of the Method, generally made ufe of to find our the
Area of a Triangle, which is to multiply the Bafe of the
Triangle by its perpendicular drawn from the oppofite
Angle, and to rake the half of the Prodult; becaufe |
by multiplying the Bafe EF, ofthe Triangle EFI, by its

erpendicular fK, you have the Contents of a Reétangu-
lar Parallelogram, as EFGH wou’d be, which is double
the Triangle, as we have juft now demonftrated, which

makes that the half of it is taken, to have the Area of a
Triangle. .

PROPOSITION .XLIL
PROBLEM XIL

To deferibe a Parvallelogram equal to a Triangle given, and
* baving an dugle equal to a given vight-lin'd Angle.

T O reduce the given Triangle ABC, into a Parallelo-
‘ gram, which hath one Angle equal to the given
Angle D, divide its Bafe AB, equally in two at the Point
E, per Prop. 10. and per Prop. 31. draw thro’ the Angle C,
oppofite to the Bafe AB, the indefinite Right-Line CG,
%ara]]el to the fame Bafe AB: Make by Prop.23.at the Point
, the Angle BEF, equal to the given D, and per Prop.
31. draw thro’ the Point B, the Right-Line BG, parallel
to the Line EF ; and the Parallelogram EBGF, will be_

equal to the propos'd Triangle ABC.,

i
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DEMONSTRATION. - Fig. 74

If you' join the Right-Line CE, it will be known per
Prop. 38. that the two Triangles- CEA, CEB, are equal
to each other, and that confequently the Triangle ABC,
is double the Triangle CEB; and as the Parallelogram
EFGB, isalfo double the Triangle CEB, per Prop. 41. it
follows per Ax. 6. that the Parallelogram EFGB, 1s equal
to the Triangle ABC. Which was to. be done and demon-

Jraced. ik by id ,

A8 B

This Propofition {éerves as a Lemma to the following,
and alfo to reduce a Triangle into a Retangular Paralle-
Togram, which will be done if you draw the Line EF,
perpendicular to the Bafe AB. From whence is deriv'd
the common method of finding the Aréa of a Triangle
a5 of the Triangle ABC, which is to mult’i:[i:]y the half
BE, of its Bafe AB, by the Perpendicular EF, which is
equal to the Perpefidicular which wou'd fall from the

Angle C, upon the Bafe AB, for thils you have the Area
of the Reftangular Parallelogram EFBG, which hath
been demonftrated equal to the Triangle ABC. .

We leave out bere, Prop. XLIII. XL1V. becaufe we can do
withont "em in the Refolation of what is to follow, and becaufe
they are mot of amy confiderable ufe in Geometry, - '

PROPOSITION XLV.
PROBLEM XIIL

7o d’rﬁ:rfﬁe a Parallelogram equal to a vight-lin'd Figure given,
and having an Angle equal to a given Angle.

¥

Fig. TS5

T is evi:‘lent_that if per Prop. 37. you reduce the given pyye $?
Reétiline into a Triangle, and that Triangle into Fig. 7s.

a Parallelogram, which hath an Angle equal to the given
one, per Prop. 42, the Problem will be refolv’d,

PR O-
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PROPOSITION XLVL
PROBLEM XIV. -

To defcribe a Square upon & given Line,

'1"0 defcribe a Square ppop the given Line AB, draw
per Prop. 11. from the two Extremities A, B, the two
Lines AD, BC, equal and perpendicular each to the
fame Line AB, and join the Right-Line CD, and the Fi-
gure ABCD will be a Square, fo that its four Angles
will be right ones, and its four Sides equal to each other.

DEMONSTRATION.

Since the two Lines AD, BC, are equal each to the
fame AB, per confir. they will be equal to each other per
Azx. 1. and becaufe thc{l have been made perpendicular
to the {ame AB, they will be parallel to each other, per
Prop. 28. and per Prop. 33. the two Lines AB, CD, will be
equal and parallel to each other. Thus the four Sides of

the Figure ABCD, will be equal to each other. Which s

: mf ‘!f the two things to be [bewn,

Since the Figure ABCD, is a Parallelogram, as we
have juft now difcover’d, the Angle C will be equal to
its Dpinﬁm A, per Prop. 34. and confequently a rj(.ght one,
and likewife the Angle D, will be equal to its Oppofite
B, and confequently a right one. Thus the four An-
gles of the 'Figure ABCD, will be right ones. Which
remain d to be prov'd.

U S E.

This Propofition ferves as a Lemma to the followirg
Theorem, and ferves alfo for the Demonftration of al-
moft all the Popofitions of the fecond Book, and upon
many other Occafions. : sl

PR O-



Explain'd and Demonflrated,

PROPOSITION XLVIL

THEOREM XXXIII

In Right angled Triangles the Square of the Hypotensfe'is squal °
to the Sum of the Squares of the two other Sides.

ISay, that the Square ABIH, defcrib’d upon the
Hypotenufe, or upon the Side AB, oppofite to the
Right-Angle C, of the Re&tangular Triangle ABC, is
equal to the Sum of the Squares ACDE, BCFG, de-
fcrib’d on the two other Sides AC, BC,

PREPARATION.

Draw from the Right-Angle C, the Line 'CKL per-
pendicular to the Hypotenufe AB, and join the righc
Lines CH, CI, and AG, BE; for I fuppofe that per
Prop. 46. a Square hath been defcrib’d upon each of the
three Sides of the Reftangular Triangle ABC, whereof
the Hypotenufe AB, is here fuppos’d s Feet, the Side
AC, 4. and the other Side BC, 3. and then ’tis already
feen by Experience, that the Square alone of the Hypote-
nufe AB, hath as many Square Feet, to wit, 25. asthe
two other Squares contain together, for the Square of
AC, contains 16, and the Square of BC, contains ¢,
which with 16, make 25. .Let us fee at prefent the

DEMONSTRATION.

The two Triangles ABG, BCI, are equal to each
other, per Prop, 4. becaufe they have the two Sides AB,
BG, equal to the two BI, BC, and the compriz’d Angle
ABG, equal to the compris'd Angle CBI, each beins
compos’d of a Right-Angle, and of the common Acute-
Angle ABC. ' :

In like manper the two Triangles ABE, ACH, are
equal to each other, becaufe they have the two Sides
AB, AE, equal to the two AH, AC, and the compris'd
Angle CAH, equal to the compris’d Angle BAE, each

being
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being compos’d of a Right-Angle,.and of the common
Acute-Angle BAC. WY

Becaufe the two Angles ACB, ACD, are right ones,
and confequently equal together to two right cnes, it .
will be known per Prop. 14. that BCD isaright Line, and
by the {fame Reafon, 1t will be known that ACF, is a
Right-Line, by reafon of the two Right-Angles BCA,

'BCF.

Beciaufe the Triangle ABG, and the Parallelogram
BCEG, have the {ame Bafe BG, and are between the
fame Parallels AF, BG, the Parallelogram BCEFG, will
be double the Triingle ABG, per Prop. 41. It will be
known in the {ame Manner, that the Parallelogram
KLIB, is double the Triangle BCI, becaufe they have
the fame Bafe BI, and are between the fame Parallels
CL, BI. From whence it is eafy to conclude, thata
each of the two Triangles, ABG, BCI, which have been
demonftrated equal, is the half of its Parallelogram, as
it hath been demonftrated ; their doubles, to wit, the
Square BCFG, and the Parallelogram KLIB, are equal
to each other. ' :

It may be demonftrated in the fame Manner, that the
Square ACDE, is equal to the Parallelogram AKLH,
from whence it follows that the Sum of the two Paralle-

Jograms BKLI, AKLH, that is to {ay, the fingle Square .

ABIH, is equal to the Sum of the two Squares BCEG,
ACDE. Which was to be demonfirated.

This Demonftration fuppofes that the Line CKL, is
parallel to each of the two BI, AH, which is evident
per Prop. 28. becaufe each of thofe three Lines is per conftr.
perpendicular to the fame Line AB.

U s E.

This Propofition ferves not only for the Demonftra~
tion of the following, and of many others in the fuc-
ceeding Books, butr it ferves alfo as a Foundation to a
great Part of the Mathematicks. You will fee the Ufe
of it in Trigonometry, for the Conftruttion of the Ta-
ble of Simes, Tangents, and' Secants; and we will here
teach the Ufe of it, for the Addition of Squares, and of
other regular Figures, the Sides whereof and the Angles

arc equal, and alfo for the Addition of Circles.
e i

.TD
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~ To find a Square equal to the Sum of the three given Plate 6.
Squares AB, AC, AD, draw to the Side AD, the Per- Fig- 78
endicular DE, equal to the Side .PLC, and iﬂin the right
Eine AE, which will be the Side of a Sﬁre equal to the
two Squares AD, DE, or AC, by reafon of the Right-
Angle D : Wherefore' if you draw to the Side AE, the
Perpendicular AF, equal to the laft Side AB, and join
the Right-Line EF, this Line EF will be the Side of a
Square equal to the Sum of the three AB, AC, AD. ;
In like manner to find an Equilateral Triangle equal gig 9]
to the Sum of the two AB, AC, draw to the Side AC,
the Perpendicular CD, equal to the other Side AB, and
join the right AD, which will be the Side of the Equila-
teral Triangle ADE, equal to the twe propos’d AB, AC,
becaufe like Figures are between themfelves as the
Squares of their homologous Sides. pe 20.6. See j1. 6.
Tis in the {fame manner that {everal given CirclesFig. 8ol
are added together; as for Example, the two whereof
the Semi-Diameters are AB, AC, to wit by drawing ts
the Radius AC, the perpendicular AD, equalto the
other Radius AB, and by joining the Right-Line CD,
which will be the Radius of a Circle equal to the two
propos’d AB, AC, becaufe Circles are as the Squares
of their Diameters, or of their Semi-diameters, per 2. 13,

LEMM A.

If upon two equal Lines two Squares are deferib’d, thﬂﬁ-a
- two Squares will be equal to each other.

Say, that if the two Sides AB, EF, are equal toeach arh—_ﬁ, Plate 5.
the two Sguares ABCD, EFGH, are alfo equal to cash Eig. 77
other. - .

DEMONSTRATION.

If you draw the two Diagonals, AC, EG, they will divide
their Squares equally in two, per Prop. 34. in fuch menner
That the Triangle ABC, will be the balf of the Sauare ABCD,
and the Triangle EFG, the half of the Squore EFGH ; and be-
caufe thefe two Triangles ABC, EFG, arc equal to each ot er,
Pper Prop. 4. it follows that their Doubles, that is te fay, the
,Squares ABCD, EFGH, are alfo equal to cach other. Which
was to be {hewn.

PROPC-
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i PROPOSITION XLVIIL
THEOREM XXXIV.

If in a Triangle the Square of one Side be equal to the Sum
of the Squares of thz two other Sides, the Angle oppofire to
that Side it a vight one.

I Say, that if the Square of the Side BC, of the Trian-
gle ABC, be equal to the Sum of the Squares of the
two other Sides AB, AC, the Angle A, oppofite to the
firft Side BC, is aright one. :

PREPARATION.

 Draw per Prop. 11.the Line AD, perpendicular to AC
and equal to the Side AB, and join the right CD.

 DEMONSTRATION.

By reafon of the Ri%lht-ﬁngle CAD, the Square of the
Side CD is equal to the Square of the two other Sides
AC, AD, of the ReCtangular Triangle DACG, per Prop. 47.
and becaufe the Side AB is equal to the Side AD, per conftr.
the Square of AB, will be equal to the Square of AD,
per preceding Lemma. T hus the Square of CD, will be equal
to the Sum of the Squares of AB, AC, and as this Sum is
equal to the fquare of BC, per Sup. it follows that the {quare
of CD), isequal to the Square of CB, and that confequently
the two Sides CD, CB, are equal to each other. here«

" fore per Prop. 8. the Triangles ADC, ABC, will be equal
to each other, and the Angle CAB will* be equal to the
Angle CAD, and confequently a right one. Which was

o be [bewn.
U § E.

This Propofition, which is the Inverfe of the Preceds |
“ing, ferves to draw a Perpendicular through the Extre- |
mity of a Line given upon the Ground, as A, of the
given Line AD, thus, Take from A, asfaras E, upon
the given Line AD, the Length of four Yards, and .
faften at the Point A, a Cord 3 Yards long, and at the
Point E, another Cord § Yards long. It 1s evident per

Prop.
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Prp. 48. that if you ftretch the two Cords, and join to- Plate s.
g:her their Extremities, you will have the Point C of fig. &1,
Perpendicular AC, becaufe 3, 4, 5; makes in Numbers
a Re&angular Triangle. -
Inftead of ; Yards for AC, you may meafure it s,
and inftead of 4 for AE you may take 12 ; and then in-
ftead of s, you muft take 13, for the Cord, or Hypo-
tenufe CE, becaufe 5, 12, 13, is a Reftangular Triangle
in Numbers. The like for others. '
_ To find a Reftangular Triangle in Numbers, the Pro-
Auét of any two Numbers & one Side, the Difference of their
Squares is the other Side, and the Sum of the [ame Squares 15
the Hypotenufe.
Tﬂus by thefe two Numbers, 2, 3, which are call'd
Generating Numbers, the double 12, of their Produ&t 6,
is the Side AE, the Difference of their Squares 4, 9, is
the Side AC, and the Sum 13, of the fame Squares 4,
9, is the Hypotenufe CE.
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The Elements of Euclid  Book II

il

The SECOND BOOK of

EUCLIDs ELemMENTS.

Uclid after having explain’d in the preceding Book,
the Properties of the Parallelogram in general,
treats in this, particularly of Reftangular Paralles

lograms, which are call’d by one only Name, RefFfangles :
Comparing together the Squares and the Re&tangles
which are form’d by a Right-Line vairoufly cut, and of
its Parts. :

Altho’ this Book feems difficult, yet it will prove very
ealy to him, who fhall examine with Attention its Pro-
pofitions, moft of the Demonftrations whereof will be
conceiv'd by regarding fimply the Figure, being found-
ed only upon this clear and evident Principle, which
teaches us, that the whole 15 equal to all its Parts taken toe

gether,
DEEINETIONS.

5

The Reétangle contain'd under two Lines 1s that where
thofe two Lines, which reprefent the Length and the
Breadth thereof form a Right-Angle. Thus it is known,
that the Reffangle ABCD, is comprisd under the two Lines
AB, AD, which form the Right-Angle A, the Liné 4B re-
prefenting the Length, and AD the Breadth.

A Reltangle is feldom other than imaginary, be-
caufe it fuflices that the Length of it AB, and the
Breadth AD is given, to conceive that of thefe two Lines
AB, AD, it is poflible to form a Reftangle thereof,
which becomes a Square, when thefe two Lines are
equal to each other. . .

A Quantity of the Surface of a Rectangle, that is to
fay, the Area of a Reltangle is meafur'd by little |

Squares, as by fquare Feet, or by fquare Yards, ac-
‘ cording
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cording as the Length and the Breadth are exprefs’d in Fig 1

Feet or in Yards.

The Neceflity of this Meafyre proceeds from a Sur-
face being _mf_:lc"'d by the motion of a Line, which
produces the Lines that compofe the Surface, by
the infinite Number of Points, whereof the Line which
ismov'd is compos'd ; as a Reftangle by the motion of a
Line along another, which is perpendicular to it.

Thus if the Breadth AD, is compos'd, for example of
three Points, that is to fay, of three Feet, by taking a
Foot for a Point ; and if this Line AD, 1s mov'd along
the Breadth AB, which we will fuppofe five Feet, by
ftill keeping at Right-Angles ; it will defcribe by its con-
tinual motion, Right-Lines, which will interfect at
Right-Angles; and will make as many f{quare Feet as

ou fee mark'd in the Figure, to wit 15, which may be
?nund compendioufly by multiplying the Length by the
Breadth, thatis to fay, five by three.

This isthe reafon why the faid Reftangle is fometimes
exprefs'd in Numbers, without being altually defcrib’d,
to wit, by mulriplying together the Numbers of the

Meafures of the two Lines which form it, to fhew by

the Produét of the Mulciplication, that the Rc&ang]g:
which is conceiv’d, made under thefe two Lines, hath
~as many fuch like fquare Meafures in its Superficies ;
and ’tis for this Reafon that the Number produc’d by the
Multiplication of thefe two others, iscall'd by Ewclid,
a Plane Number, whereof the two other Numbers which
produce it, are call'd the Sides.

The Reafon of this Multiplication is evident, becaufe

if the Length AB, be but a Foor, the Line AD, in paf-
{fing over that Foot of the Line AB, wou'd produce a
Row of three {quare Feet'; but as the Length AB, is
fuppos'd five Feet, the Line AD, in going over thofe
five Feet, wou'd produce five Rows of three fquare
Feet each, that is to fay, five times three fquare Feer,
or 15 fquare Feet for the intire Superficies of the Reft-
angle ABCD. |

Now as the Length AB, may alfo be imagined to move
along the Breadth AD, to produce the fame Plane
- ABCD, it is evident that the Lengrth AB, by be-

ing mov'd one Foot, along the Line AD, will produce
a Row of five.{quare Feet ; and that in being mov'd threg
Feet, that s to fay, in going over the whole Line AD,
ftill parallel to its felf, will produce three Rows
of five fquare Feet, that is to fay, three times five
fquare Feet, or fifteen fquare Feer as before, for the

2 Surfage

L]
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Surface ABCD. Where you fee that rwo Numbers being
multiplyed veciprocally, the one by the other, produce one and
the fame Number. As here by multiplying 3 by 5, the
fame Number is produced as by multiplying s by 3, to
wit, 15§. ' i

If through a Point E, taken at difcretion, upon the
Diagonal AC, of the Reftangle ABCD, you draw to the
two Sides AB, AD, the two Parallels FG, HI, there will
be form'd four little Reftangles, whereof the two DE,
BE, through which the Diagonal paflfes not, with the
one of the other two, aswith GI, form the Figure BCF,

which is call'd Gnomon, becaufe it refembles a Carpenter’s
Square.

PROPOSITION. I
THEOREM L

I of two Right-Lines, the ome is cut in as many Parts as you
will, the Reflangle compris'd under thofe two Lines is équal
to the Reftangles compris’d under the Line which is not &i=
vided, and under the Parts of that which is ditvided.

5

Say, that if of the two Lines AB, AD, the firft AB,

be divided at the Points, E, F, the Re&tangle ABCD,
compris’d under thofe two Lipes, is equal to all the
Reltangles compris’d under the Line AD, which is not
divided, and under the Parts AE, EF, BF, of the di-
vided Line AB. So that if the Line AD, is for example 10
Feet, the Line AB 12. and its Parts AE, 3, EF, s, and
BF, 4. the Reftangle in Numbers under thefe two Lines
12, 10, to Wit, 120, is equal to the Reftangle 30, under
AD, AE, the Re&ftangle so, under AD, EF, and
the Reftangle 40, under AD, BF, -

PREPARATION.

Draw from the Points of divifion E, F, the Right-
Lines EG, IH,. perpendicular to the Line AB, the

which will be parallel to each other, and to the Sides

AD, BC, as is evident per 28. 1. and per jo. 1. by rea-
fon of the four Right-Angles A, E, F, B, and more than

that, they will be equal to each other per 34.1. by rea-

fon of the three Parallelograms AG, EH, FC.
DE.
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DEMONSTRATION.

- Since the Reftangle AG, is made under the Line
AD and the firft Pare AE, the Reftangle EH, is
made under the Line EG, or AD, its equal, and the
other Part EF, and the Re&tangle FC, is made under the
Line FH, or AD, its equal, and the laft Part BE; and
fince thefe three Reltangles AG, EH, FC, agree with
the Reftangle ABCD, to which per 4x. 8. they are
equal, it follows that the Rettangle ABCD, isequal
to the Sum of all the Retangles compris’d under the
Line AD, and each Part of the other Line AB. #%hich
Was 1o be [hewn.

U S E.

This Propofition ferves for the Demonftration of the
ordinary Pratice of Muldplication, at leaft when you
multiply a Number compofed of feveral Figures, by
another Number of a fingle Figure. For Example, when
Eau wou'd mulriply 312 by 3, you muft take chis Num-

er 3 for the Line AD, and the firft Number 312, for
the Line AB, and its Parts 300 for AE, 1o for EF, and
2 for BF, the which being multiplyed feparately by 3,
you have goo for the Reftangles AG, 3o for the Relt-
angle EH, 6 for the Reftangle FC, and the Sum
936, of thefe three Reltangles, give the Retangle
ABCD, for the Produét of the Multiplication.

* Inlike manner to multiply 2 +4-|-¢ by 4, you mulft
take d for AD, and a-}-4-}-¢ for AB, and}its Parts 2 for
AE, ¢ for EF, and ¢ for BF, the which being mulcipli-
ed feparately by 4, produces ad, for the Reltangle
AG, 4d for the Reftangle EH, ¢4 for the Retlangle
EC, and the Sum gd{-54-t—cd of thofe three Reftangles
give the Area of the Reftangle ABCD, for the Produtt
of the Multiplication. - |

‘The whole Praltice of Maltiplication, cannot be de-
monftrated by this Propofition nor the following ones,
for when there is to be multiplyed together two Num-
bers compos'd each of feveral Figures, to demonftrate the
ordinary Praftice us’d in this Mulriplication, there is
need of a Thecrem more general than the preceding, to
wit, that #he Reftangle ynder two right Lines cut as you
pleafe, is equal to al the Reffangles made under the Parts
of the one and the Parts of the other. "That is to faz, if
the Line AB, be cut at é_hi? Points E, F, an
)\, 3 At A .
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Line AD, at the Points G, H, the Reftangle ABCD, un-
der thofe two Lines is equal to all' the Reftangles com-
pris’d under the Parts of the Line AB, and the Parts of
the Line AD ; asiwill be eafily feen by drawing from
the Points of Divifion, perpendiculérs to éach Line.

PROPOSITION. IL
THEOREM IL

The Sguare nf 2 Line divided as _}'a# will, is _Et]ﬂ:;!f to all the
Reétangles comprisd wnder the whole Ling, and each of its
Parts.

A Lthough this Propofition be a Corollarv of the Pre-
ceding, neverthelefs we fhall demonflrate it par-
ticularly, after Euclid's manner.,

 Ifaythen, that ifthe Line AB, be divided for exam-
Ple in two Partsat the Point E, its Square ABCD, is
equal to all the Re&tangles compris'd under the fame
Line AB, and each of its Parts, So that if the Part AE,
is for example 3 Feet, and the Part EB 5, fo that the
whole Line AB or AD, be 8 Feet, in which Cafe the
Square ABCD, will be 64 Feet fquare, becaufe that 8
multiplyed by 8 makes 64, the which Number is equal
to the Number 24 fquare Feet of the Re&tangle AF, and
to the Number 40 {quare Feet of the Re&tangle EC.

PREPARATION.

Draw from the Peoint of Divifion E, the Right-Line
EF¥, perpendicular to the Line AB, which will divide .
the Square ABCD, in two Re&angles AF, EC, whereof
the Sides AD, EF, wiil be equal to the Line AB.

DEMONSTRATION.

Since the Reftangle AF, is made under the firft Part
AE, and the Line AD, equal to the Line AB; and
fince the Rettangle EC is compris’d under the other
Parc EB, and the Line EF, equal to the fame Line AB :
and that thefe two Re@angles AF, EC, agree with the
’ Square
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Square ABCD, it follows per 4xz. 8. that the Square Fig: s
ABCD is equal tothem, Which was te be [bewn.

USE

This Propofition ferves for the Demonftration of
Prop. 4. by a Method, which will ferve for the fecond
Demonftration to Prop. 2. to wit, by Analyfis, thus,

If the Letter # be put for the Part AE, and the Let-
ter b for the other Part EB, fothat the whole Line AB,
or AD; be a-| &, the Reftangle AF, will be 4s-1-45, and
the Reftangle EC, will be 464-56, and the Sum of thofe
two Reltangles will be. aat| 246+566 for the Square
ABCD, where you fee that this Square is equal to the
two Squares aa, bb, of the two Parts AE, EB, and to
the double Reftangle 244 under the fame Parts, as Prop.
4. emports.

PROPOSITION 11k
THEORE M “nroa?

if you divide at pleafure 4 Line in two ; the Reffangle com-
" pris’d under the whole Line, and one of its Parts, is equal
to the Square of that Part, and tothe Reifangle under the
two Parts. ' :
]' Say, that if the Line AB, be divided as you will in Fig. &
E, the Reftangle ABCD, under that Line AB, and
the Part AF, fo that AD, AE, be two equal Lines; .is
equal to the Square of the fame Part AE, and to the
Reftangle under the two Parts AE, BE.

PREPARATION.

Draw from the Point of Divifion E, the right Line
EF, perpendicular to the Line AB, the which perpendi-
cular will be equal to the Part AE, becaufe it is parallel
and equal to the Line AD, which is fuppos'd equal to
the Part AE; which makes that the Reftangle AF, is

the Square of the Part AE, and EC the Re&angle under
the two Parts AE, EB. ' - : - -

 DEMONSTRATION.
Since thie Reftangle AF is the Square of the Part AE;
P A N e

r N
L
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Fig- s, and fince the Reflangle EC 1s made under the two Parts
AE, BE, and fince thofe two Reftangles AF, EC, agree
with the Reftangle ABCD, it follows per 4. 8. that the
Re&tangle ABCD, is equal to the Square AF, of the
Part AE, and to the Rettangle EC, under the Parts AE,
BE. Which was to be demonftrated. :

SCHOLIUM.

The Mind may be convinc’d of the T'ruth of this The=
orem without any Preparation, to wit, by Analyfis, by
putting the Letter & for the Part AE, and the Letter 4
for the other Part BE, fo that the whole Line AB, be
a+b, the which being multiplyed by AD or AE, or »
comes az+ab for the Reftangle ABCD, the which is
equal as you f¢e, to the Square gz of the Part AE, and
ro the Rettangle 4b under the Parts AE, BE. Which was
0 be [hewn.

U S E.

This Propofition may ferve for the Demonftration of
the following, and alfo of Prep. 14. and is made ufe of
upon feveral other occafions, for the ready and eafy de-
monftration of more difficult Theorems. |

PROPOSITION 1V.
THEOREM 1IV.

The Square of a Line divided in two at pleafure, is equal to
the Squares of its two Payts, and to two Refangles under
the fame Parts.

fig. 7. Say, that the Square ABCD, of the Line AB, cut
- as you will at the Point E, is equal to the Squares of
the Parts AE, BE, and to two Rettangles under the
fame Parts AE, BE. So that if the Part AE, 1s for ex-
ample 3 Feet, and the Part BE, 6, {o rhat the whole
Line AB be ¢ Feet, the Square ABCD, which will be
+ 81 Feet {quare, becaufe ¢ multiplyed by 9 makes 81,
*  is equal to the Square g of the Part AE, to the Square
16, of the other Part BE, and to the two Re&angles
under the Pares AE, BE, that is to fay, to twice 18 eor
30 36, '

PRE-
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. Fig. 7
PREPARATION.

Having drawn the Diagonal AC, draw from the
Point E, the right EF perpendicular to the Line AB,
and through the Point G, where it cuts the Diagonal
AC, draw to the fame Line AB, the Parallel HI, the
which with the ficlk EF, divides the Square ABCD, 1
four Re&tangles, to wit, AG, BG, CG, DG,

DEMONSTRATION.
* {.¥

By reafon of the two equal Sides BA; BC, of the Tri-
angle AB, per snn‘{b-. the two Angles BAC, ACB, will be
equal to each other, per 5. 1. and each will be a femi~
right one per 32. 1. becaufe together they.make a right
one, by reafon of the Angle B, whichisa nght one,
fince it is the Angle of a Square.

It will be known in the fame manner that the two
Angles DAC, DCA, of the Re&angular Ifofcele Triangle
_ADC, are eacha femi-right one. From whence it fol-
lows per 32. 1. that by reafon of the right Angles E, H,
1, the Angles AGE, AGH, CGF, CGI, are alfo femi-
right ones, and confequently equal to each other, and
per 6. 1. that the two Lines AE, GE, are equal to cach
other, as well asthetwo AH, GH, and as the two GI,
CI, and again as the two CF, GEF.

. Becaufe the oppofite Sides of a Parallelogram are equal

to each other, per 34. 1. itis ealy to conclude that the
Reétangle AG, is the Square of the Part AE, that the
Reftangle FI, is the Square of the other Part BE, and
that each of the two Reltangles BG, DG, is made under

the fame Parts AE, BE, and fince thefe four Reftangles ™
AG, Fl,BG, DG, agree with the Square ABCD, it fol~
lows by 4x. 8. that they are equal to it. Which was re

be demonftrared.

SCHOLIUM.

This Propofition may be demonftrated by means of
the preceding, without the Diagonal AC, to wit, by
making AH equal to the Part AE, and by drawing from
the Point E the Line EF; perpendicular to the Line AB,
and from the Point H the Line HI, perpendicular to the
Line AD, and by reafoning in this manner,

The
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The Re&tangle Al, under the Line AB, and the Part
AE is equal to the Square AG of this Part AE, and to
the Reltangle EI, under the Parts AE, BE, by Prep. 3.
and likew:fe the Rettangle DI, under the {ame Line
AB, and the other Part BE is equal to the Square FI, of
this Part BE, and to the Re&tangle DG, under the Parts
AE, BE ; but the two Reftangles Al DI, are together
equal to the Square ABCD, as you fee : therefore the.
Squares of the two Parts AE, BE, with the double Reét-
angle under the fame Parts AE, BE, are alfo together
equal to the Square ABCD. Which was to be demonftra~
2ad. - o e o

The Analyfis difcovers and demonftrates alfo at the
fame time the T'ruth of this Theorem, for if you put the
Letter # for the Part AE, and the Letter & for the other
Part BE, fo that the Line AB be s+, by multip]yh%
e+4 by its felf, that is to fay, by a-|- 4, you have az {246
-}+-b5 for the Area of the Square ABCD, where you fee
that this Area is equal to the Squares sz, b6, of the two
Parts AE, BE, and to the double Reftangle 224 under
the fame Parts AE, BE. Which was to be demonfirated.

U $ E.

. This Propofition ferves for the Demonftration of the
following ones, and - rincipally for the Demonftration
of Prop. 12. It isthe Foundation of the Method com-.
monly us'd in finding the Square Root of a Number
compos’d of more than two Figures. Asif the Number
be 529, you muft confider this Number §209, as the Area
of the Square. ABCD, whereof the Side of the Square
is fought in Numbers, which is that which is call'd
Square Root,the which ought to have in this Example two
Figures, which) are reprefented by the Parts AE, BE.
hen you take the {quare Root of §, which is equiva-
lent to 500, you have 2 or 20 for the bigger Part BE,
whereof the Square is 4 or 400, which isreprefented by
the Square FI, being takenaway from 29, which repre-
fents the Square ABCD, there remains 129, for the
Gnomon FAI, which comprehends the two equal Redt-
angles FH, BG, and the Square AG of the Part AE,
Fhich reprefents the fecond Figure of the Root which is
ought. ittt et ol 14
To find this fecond Figure, it is conceiv’'d that thefe
two equal Reftangles FH, BG, are fet in the right Line,
to the end that together they fhould make a fingle Reft-
angle, whereof the Bafe will be 4 or 40, to wit, the

d{_}ubie
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double of the firlt Figure found; becaufe this fingle Fig. 7-
‘Reltangle, with the Square AG, make a whole Reftangle,
Wwhich is equivalent to 129, if 129 be divided by the
.double 40, you'll find 3 in the Quotient for the fecond
Figuré of the Root which is look'd for, the which con-
fequently will be equivalent to 20-1-3, or 23; and when
you have multiplyed the Divifor 40 by 3, and fubftrat-
ed the Produtt 120, which is the Sum of the two equal
Re&tangles DG, BG, there remains again ¢, for the
Square AG, fo that from the Remainder ¢, you
ought to fubftralt again the Square 9, of the fecond
found Figure 3.

The indetermin’d Square ss-t-24b-1465, whereof the
Square Root 24 1s fufficient to find the Square Root of
a Number, as of the fame Number 529; for when from
this Number 529, you fubftraét the Square 400, of the
firft found Figure 20, which the Létter 4 reprefents, it
1s as if .from ae+246+406 you have fuhffra&eti the
Square a2, and then the remainder 129 will be reprefen-
ted by the relt 246465, which fhews that to find the
fecond Figure, which the Letter & repréfents, you muft
divide the Remainder by the double of the firft, by rea-
fon of 244, &c.

COROLLARY I

It follows from this Propofition, that the Diagonal of
a2 Square divides each of the two oppofite Angles equally
in two, and that the Re&tangles through which it paffes,
as EH, FI, are Squares.

COROLLARY IL

It follows alfo that of any two Numbers, the Sum of
their Squares with the double of their Produ& makes
one fquare Number, to wit the Square of the Sum of
thofe two Numbers.

PROPOSITION V.

THEOREM V.

If & Right-Line is cut equally and unequally, the Reffangle
compris’d under the unequal Parts, with the Square of the
Part between the two Seftion Points, is equal to the Square
of half the Line.

]' Say, that if the Line AB, be cut equally in two atg;, g
the Point C, and unequally in two at the Point D, fo |
that the unequal Parts be AD, DB ; the Reftangle cqn;t&

. : pris
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;ssrlis'fd under thofe two unequal Parts AD, BD, with the
quare of the Part CD, terminated by the two feftion

-~ Points C, D, is equal to the Square BCEF, of the half

BC, of the Line AB.

That 15 to fay, that if the Line AB is for example 12
Feet, and its half AC, or BC, confequently 6, the inter-
cepted Part CD, 4, and confequently the great unequal
Part AD 10, and the little Part BD, 2, the Reftangle

‘=20, of thofe two unequal Parts 10, 2, with the Square

16 of the intercepted Part 4, is equal to the Square 36

‘of the half 6, of the Line AB.

PREPARATION.

" Having drawn the Diagonal BE, draw from the Point
D, the Line DG, perpendicular to the Line AB, and
‘through the Point I, where it cuts the Diagonal BE,-

draw the Line KL, perpendicular to the Line DG, an

thofe two Perpendiculars DG, KL, will divide the
Square BCEF into four Reftangles, whereof the two
CI, FI, will be equal to each other, by Prop. 4. and the
two others DK, LG, will be Squares by the fame Prog.
Raife again from the Point A, upon AB, the perpend:-
cular AH, which meeting the Line KL, extended, in
the Point H, will be per 34. I. equal to the Line BK,
or to the unequal Part BD, infomuch that the Re&t-
—.Engla Al, is compris’d under the unequal Parts AD,

DEMONSTRATION.

Becaufe the rwo Reltangles AL, CK, are compris'd
under equal Lines, they will be equal to each other, as
well as 3\& two CI, FI, the which being join’d to the two
preceding, each to each, fhewerh that the Reftangle
Al, under the unequal Parts AD, BD, is equal to the
Gnomon FBL ; and becaufe this Gnomon FBL, with
the Square GL, of the intercepted Part CD, is equal to
the Square BCEF, it follows that the Reftangle under
the unequal Parts AD, BD, with the Square GL; of t'f

ntercepred Part CD, is alfo equal to the Square BCE
Whicis was vo b demonflrated. A

SCH Q-
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SCHOLIUM.

- Youmay difpenfe with the Square BCEF, and be cone
‘tented with the Reftangle AK, compris'd under the
Line AB, and its little unequal Part BD, equal to BK,
or AH, and the two perpendiculars have CL, DI, to
have this demonftrated.

Becaufe the Square of the Line BC isequal by Prop. 4.
to the Squares of the Lines CD, BD, and to the two
Re&tangles under the fame Lines CD, BD, that is to fay,
to the double Reftangle CI, and that inftead of a Rett-
-angle CI, and of a Square of the Line BD, that is to fay,
of the Square DK, the fingle Re&tangle CK, or CH,
its equal may be put ; it is plain that the Square of the
Line BC, is equal to the Square of the Line CD, and to
the two Re&tangles CH, CI, that is to {fay to. the fingle
Right-Angle Al, under the unequal Parts AD, CD.
Which was to be deinonftrared. '

This may alfo be very eafily demonitrated b}r'AnaIyﬁs,

thus,

If you put the Letter # for the half AC, or BC, and
the Letter 4 for the intercepted Part CD, you will have
a—t b for the greateft unequal Part AD, and 2 — & for
the leaft BD : and if you multiply thofe two Parts tos
gether AD, BD, or 414, a4 ——5, you will have
aa — bb, for the Reftangle under the fame Parts AD, BD,
to which addin%thé: Square 44 of the intercepted Parc
CD, you will have sz for the Sum of the Reftangle
under the unequal Parts AD, BD, and of the Square of
the intercepted Part CD, the which Sum, as you fee,

is fully equal to the Square of the half BC. which was ro
be demonftrared.

USE.

This Propofition ferves to demonftrate Prop. 14. and
alfo Prop. 35. 3. and to demonftrate the principal Pro-
perties of the Ellipfis, as may be feen in the Treatife thar
we have heretofore publifh’d concerning Lines of zhe [2-

- cond kind.

Itis the Foundation of all Quadratick E quations, or
Equations of two Dimenfiogs, and of the Method that is
commonly us’d to find the Square Root of a Binomial,
w here one of the Terms is a Rational Number, and the

- Square of the other alfo a Rational Number.
.~ This Propofition ferves alfo to demonftrate, that 2%
- Prodult under the Sum, and the Difference of two unequal
Numbersy is equal to the Difference of their Squares ; being 'tis
: evident

93
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evident that AD isthe Sum, and BD the Difference of
two Numbers exprefs'd by the Lines AC, CD, and that
the Excefs of the Square CF, of the greater Number BC,

or AC, above the Square GL, of the lefler Number CD,

to wit, the Gnomon FBL, is equal to the Rettangle un-

der the Sum AD, and the Difference BD of the fame

two Numbers, AC, CD; befides thar this Reftangle
hath been found in Letters to be ge¢ — b6, to wit, the

Difference of the Squares of the Numbers AC, CD, be-
caufe the Letter # hath been put for AC, and the Let<'

ter 4 for CD.
COROLLARY.

From whence it follows, that the Differemce of twe

Squares is divifible by the Sum or by the Difference of their

Sides: which ferves to find by Calculation the Roots of
Equations of two Dimenfions, as we have -taught to-
wards the end of our Trearife of Lines of the fecond kind.

It follows alfo that, if to the Produd of two uncqual Num-=
bers, the Square of half their Difference be added, there will be
produced a [quare Number : to wit, the Square of half their
Sum ; itbeing certain that as AC, or BC, i1s half the Sum

of the two Quantities AD, DB, fo CD is half cheir Dif-

ference, becaufe as the greater AD, furpaffes the half
AC, by CD, fo the lefs BD, is furpafs’d by the fame
half AC, or BC, by the fame Quantity CD.

PROPOSITION VL
THEOREM VL

If & Right-Line be added to another divided equally in two,
the Reéfangle compris d under the whole Line, and under the
added one, with the Squave of half the divided Line, is
equal to the Square of a Line compos'd of the added one, and
of half the divided one.

I Say, that if to the Line AB, which is divided equally

in two at the Point C, the Line BD be added to it, of
what bignefs you. will, the Reftangle under the whole
Line AD, and under the added one BD, with the Square
of the half AC, or BC, is equal tothe Square CDEF, of the
Line CD, compos'd of the half BC, and of that added BD.
That is to {ay, that if the Line AB, is for example 10
Feet, and the added one BD, 2, and confequently the
half AC, or BC, 5. the compes'd one CD, 7, andlthe
whole
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~whole one AD, 12; the Re&angle 24, under the Line Fig- 9
AD and the Line BD, with the Square 25, of the half

BC, is equal to the Square 49, of the Line CD, which

15 7 Feet. - :

FREPARATION.

Having drawn the Diagonal DF, raife from the Poine
B, the Line BG, perpendicular to the Line AD, and
through the Point I, where it cuts the Diagonal DF,
draw the Line KL, perpendicular to the Line BG, and
thefe two Perpendiculars BG, KL, will divide the
Square CDEF, into four Re&angles CI, DI, EI, FI,
whereof the two DI, FI, are Squares by Prop. 4. and the
two others CI, EI, are equal to each other, by the fame.
Again, from the Point A, ere&t AH perpendicular te
AB, which will meet the Line KL, prolong'd at the
Point H, and will make the Re&angle AL, equal to the
Re&tangle CI, and confequently to the Reétangle LI,
fince thefe Reftangles have the fame Length znd the

fame Breadch.
DEMONSTRATION.

If to each of the two equal Reltangles AL, EI, the
common Reftangle CK be added, you will have the
Re&angle AK, equal to the Gnomon EDL, and if to
each of thefe two equal Quantities, the common Square
GL be added, you will find that the Reftangle AK,
together with the Square GL, thatis to fay, the Re&-
angle under the Lines AD, BD, together with the
Square of the half BC, is equal to the Square CDEF.
Which was to be demonfirated.

SCHOLIUM.

This Propofition may alfo be demonitrated very eafily
by the new Analyfis, by putting the Letter s for the
half AC, or BC, and the Letter & for the added Line
BD, and then will be had 24, for the Line AB, a4, for
the Line CD, and 2444 for the Line AD, and the Reét-
angle under AD and BD will be 246445, to which ad-
ding the Square 4s of the half BC, you'll have as {-24b
~+bb for the Sum of the Reftangle under the Lines AD,
BD, and %of the Square of the half 8C, which Sum 44+ 24b
=66 1s, as you fee, equal to the Squarte of the Line CD,
which is equivalent to 244, becaufe multiplying 2 +5

by
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by a4 there comes aat-2ab4-4b. Which was t0 be de
monftrated. AR
U S E
“I'his Propofition ferves to6 demonftrate Prop. 11. and
alfo Prop. 36. 3, and to demonftrate the principal Proper-
ties of the Hyperbola, as may be feen in the Tveatife of Lines
of the fecond kind, which we have publifh'd heretofore : It

ferves alfo to refolve Equations of two Dimenfions, and
upon feveral other Occafions.

COROLLARY

It follows alfo from this Propofition, that if fo the
Produft of two unequal Numbers, you add the Squave of balf of
their Differehice, the Sum will be a f{ﬂﬁrﬁ' Number, to wit,
the Square of half the Sum of thole two Numbers: it
being certain that as AC, or BC, is half the Difference
of the two Quantities AD, BD, which reprefents the
gwo Numbers, {fo CD 1s half their Sum, as will be
known by adding to the greater Number AD, the leaft
BD, in a Right-Line towards A, to have their Sum,
whereof CD will be the half.

"PROPOSITION VIL
THEOREM VIL :

The Square of a Line divided into two Parts at pleafure, with
that of the one of its two Parts, ave together equal to two
Reétangles under that Line, and the [ame Part, and to the

Square of the other Part.

I Say, that the Square ABDE, of the Line AB, cut at
. pleafure, as fuppofe in the Point C, with the Square
ACLK, of its Part AC, are together equal to two Reét- |
angles compris’d under the Line AB, and the {ame Parr
Aa and to the Square of the other Part BC, !
That is to fay, that if the Line AB, is for example
12 Feet, its Part AC, 5, and confequently the other
Part BC, 7, the Square 144 of the Line AB, with the
Square 25, of the Part AC, makes the Sum 169, equal
to 120, which is the double Retangle under t%e Line
AB, and the fame Part AC, and ro the Square 49, of the

other Part BC.
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Explain'd and Demonfirated,
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PREPARMTION. '~ .p .0

Having drawn the Diagonal BE, prolong the Line
. €L toF, and throu%h the Point G, where the Line CE
- cuts the Diagonal BE, draw the Line HI, perpendicu-
lar to the Line CF, and thefe two Pe Entficulars_ CF,
HI, will divide the Squar¢ ABDE, into four Reftanglés,
whereof the two CI, FH, are two Squares, and the two
others AG, DG, are equal to each other, by Prop. 4.

DEMONSTRATION.

If to the two equal Reltangles AG, DG, the two
equal Squares AL, FH, be added, the two equal Re(t-
angles GK, DH, will be had,  whereof each is com-
gris’d under 'the Line AB, and its Part AC, fo that the

um of thefe two equal Re&tangles, that is to fay, the
Figure DHL isequal to rwo Rettangles under the Line
AB, and its Part AC ; wherefore if to each of thefe two
equal Quantities youn add the Square CI, then will the
Figure DHL, with the Square CI, ‘that isto fay, the
Square AD of the Line AB, with the Square AL, of its
Part AC, are together equal to two Re&tangles un-
der the Line AB, and the fame Part' AC, and to the
'Ef.]ua;e of the other ‘Part BC. | Which was  to: be: demons

sted. o Y BRS fob 21§ L

SCHOLIUM

This Theorem may be demonftrated by the new Ana-
1yfis, by putting the Letter 4 for the Part AC, and the
Letter 4 for the other Part BC, and then you will have
#-\~4 for the Line AB, and as1-4b for the Reftangle un-
der the Line AB, and its Part AC, and the double of
(zhis Reftangle ‘will be 244+4-246, to which adding the
-Square &5 of the other Part BC, you will have 24+~

aab+-4b, for the Sum of the two Reftangles under the
Line AB, and its Part AC, and of the Square of the

other Part BC, the which Sum 20s+-2464-56, is equal

to the Sum of the Square sa4-246+4-45b, of the Line AB,
and of the Square 44 of the fisft Part AC. Which was
20 be demonfirated.
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PROPOSITIGN WI
THEOREM mr

ia Lmn cutr n ﬁme Paz#.': at pfeaf#re is propos’d, and oneof
" its.Pants be added to it, the Square af the whole Line is equal

. torfaur Refangles wider the propes’d Line and #m'cr :er
: Pﬂﬂ, mm' tothe Sg#ﬂr,a of the other Pars.

Figo i1 ] Sa}f, that if the me AB be cut in C, as y'ou pleafe,,
and yow add to it:the Lme BD, equal to the Part,,
BC; the Square ADEF, of the whole AD, is equal to)
four Re&angles under thl: ine AB, and.its Part BC, or:
BD, and to the Square of the other Part AC.

. That'is-to Aay, that if the Line AB, is for example:
9 Feet, itsPart AC 5, and confequently the ,other Parr:
BC or BD 2, and the whole AD 9; the Square 81, of’
this Line AD, isequal to-the uadmple of the Reftan-.
gle 14, under the Line AB, and the Part BC, or BD, to

- witto 56, andto the Square 25 of theother Part AC.

PREPARATION.

~ Having drawn the Diagonal DF, ra:fe from the twa
Points B, C, the' Lines BG, CH, perpendicular to the:
‘Line AB, and through the Points I, K, where: they cut!
the Dmgﬂn&l DF, draw the Lines LM NO, parallel to’
the Line AB; and the Square ADEF, wﬂl be found di--
vided into ﬁ:vpral Re&glgles among 'whichi the fix LH,,
NG, PQ, PO, BQ, BO, will be Squares, whereof the
fnur laft PQ, PO, BQ, BO, will be equal to each:
other, becaufe their Side are eoua! each to the Line BG,,

'y BD.
DE~



Esiplain’d and Demonflrared,

The Reftangles AK, NP, EK, are equal to each other,
becaufe they have one and the fame LenE!:h equal to
the Line AB, and one and the {ame Breadch equal to the
Part BC, or BD : and the Reftangle GI, with the little
Square BO, make likewife together a Reltangle equal to
one of the three preceding, becaufe the‘_,r are equvalent
to the fingle Re&angl_e_,G%B by reafon of the Square
PO, equal to the Square BO. Thus you find precifely
in the Square ADEF, four Reftangles under the Line
AB, and its Part BC, or BD, and more than that, the
Square LH, ofthe other Part AC. Which was to be tle=
mmonfirated.

SCHOLIUM.

 To demonftrate this Propofition by the new Ana.
Iyfis, put as ufual, the Letter & for the Part AC, and
the Letter & for the other Part BC, or BD, and then
you have a-|-4 for the Line AB, 26 for the Line CD,
and #4254 for the whole Line AD, whofe Square zs+-
a#b—-\—4bb is compos’d of the Quadruple 4464-465, of the
Rettangle ab—tbb of the Line AB, and of the Parc BC,

or BD, and of the Square 42 of the other Pare AC, Which
was to be demonfirated.

USE.

This Propofition ferves to make out feveral Demone
ftrations in Geometry, and 1 have made very good ufe
of it in my Treatife of Lines of the [eccond kind, to demon-
ftrate that the Focus of the Parabola is diftant from the
Vertex of the Parabola, by a Quantity equal to the
fourth Part of the Parameter.

COROLLARY L

It follows from this Propofition, That if to quadruple
¢he Produét of any two Numbers, the Square of their Difference
be added, the Swm will be o [quare Numbsr; to wit the
i Square
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Square of the Sum of thofe two Numbers, it being cer-
tain that the Line AD, is the Sum of the two Numbers
reprefented by the Lines AB, BD, and that AC is their
Difference, by reafon of BC equal to BD.

COROLLARY IL

It follows alfo that a Square is quadruple to amother
Square, when its Side is double the Side of that other Square :
it being evident that the Square CM, whereof the Side
CD is double the Side BD, of the little Square BO, is
quadruple that Square BO, becaufe it comprehends four
equal to it. 0 |

PROPOSITION IX.
THEOREM IX.

"If a Linte be cut equally and unequally, the Squares of the une
equal Parts, will be together double the Sum of the Square
of half the divided Line, and of the Square of the Pare
terminated by the two Points of Divifion.

I Say, that if the Line AB be divided equally in the
Point C, and unequally in the Point D, fo that the
two unequal Parts be AD, BD; the Squares of thofe
two unequal Parts AD, BD, are together double the
Squares of the Lines AC, CD, taken together.

That isto fay, that if the Line AB, is for example 10
Feet, the intercepted Part CD, 2, and confequently the
half AC, or BC, s, the greateft unequal Part, AD, 5, and
the lefs BD, 3 ; the Sum §8 of the Squares 49, 9, of the

“unequal Parts AD, BD, is double the Sum 29, of the

Squares 25, 4, of the Lines, AC, CD,

PREPARATION.

Raile from the middle Point C, the right Line CE,
perpendicular to the Line AB, and equal to its half AC,
or BC, and join the Right-Lines AE, BE. Draw from
the Point D, the Line DF, parallel to the Line CE, and
from the, Point F, the REgEt.Lim: FG, parallel tnLt_he

" ' ine



Explain'd and Demonfrated, 10X

Line CD, and you’ll have the Parallelogram CDFG, Fig.12:
whereof the two oppofite Sides CD, FG, will be equal to
E?F each other by 34. 1. Laftly, join the Right-Line

DEMONSTRATION,

It will be known as in Prop. 4. that each of the acute
Angles of the two Re&angular Ifofceles Triangles ECA,
ECB, is a femi-right one ; and confequently the whole
Angle AEB, isa right one. It appears alfo by 29.r1.
and by 32. 1. that the two acute Angles of each of the
two Rettangular Trianglés EGF, FDB, is a femi-right
one, and that by 6. 1. thofe two Triangles are Ifofceles,
that is to fay, that the Line EG, is equal to the Line
GF, or CD, its equal, and the Line DF to the Line DB.

Becaufe by 47. 1. the Square of the Line AE, is equal
to the Sum of the Squares of the two Lines AC, CE,
which are equal to each other by conffr. it follows that
the Square of the Line AE, is double the Square AC,
that is'to {ay the Square of the Line AC; and thus it is
we fhall difcourfe hereafter. It appears likewife that the
Square EF, is double the Square GF, or CD. From
whence it follows that the Sum of the Squares AE, EF,
or by 47. 1. the fingle Square AF, or again the Sum of
the two AD, DF, or the two AD, DB, is double the
Sum of the two AC, CD. [hich was to be demnfirared..

SCHOLIUM.

,To demonftrate this Theorem by the new Analyfis, pur
the Letter 4 for the half AC, or BC, and the Letter 4
for the intercepted Part CD, the which being added to,
and taken from the half AC, or BC, you will have s{-4
for the greateft Part AD, whereof the Square is ss 4245
b4, and a---&for the leaft Part BD, whereof the Square
aa---2ab+bb being added to the preceding Squareas4-245
- =\~ &b of the greateft Part AD, you will have 244-}-205
for the Sum of the two Squares AD, BD, the which is
double, asyou fee to the Sum s} &6, of the Square g2
of the half AC, and of the Square 42 of the intercepted
Part CD. Which was to be demonfiratd.

H 3 U § E.
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This Propofition ferves to demonflrate that the
Squares of the werled Sine of an dAngle of 45 Degrees, of the
werfed Sine of an Augle, which is the remainder of the prece-
dent from a Semi-circle, that is to [ay, 13§ Degrees, are to-
gether triple the Square of the Radins. That is to fay, if
in the Semi-circle ABE, the Centre whereof is C, ‘and
the Diameter is AB, the Arch EB is 45 Degrees, and
that from the Point E, you draw the right Line ED,
erpendicular to the Diameter AB; the Squares of the
ines AD, BD, which are the verfed Sines of the Arches
AE, BE, or of the Angles ACE, BCE, are together
triple the Square of the Radius AC. - . 3

"DEMONSTRATION.

Since the Angle ECD,L of the ReGtangular Triangle
€DE, is a femi-right one, by Sup. the Angle CED, will
be alfo a femi-right ene, by 32. 1. and by 6. r. the Lines

. €D, DE, will be equal to each other, and the Square

of the Radius CE, or AC, being by 47. 1. equal to the
Squares of the two equal Lines CD, DE, will beé double

‘the Square of each. Thus inftead of double the Square

€D, you may take the Square of the Radius AC.
Becaufe by Prop. 9. the Squares of the Lines AD, BD,
are together double the Square of the Radins AC, and
the Square of the intercepted Part CD, if in the Place
of double the Square of this intercepted Part CD, you
take the Square of the Radius AC, which has been de-
monflrated equal to it, 1t will appear that the Squares of
the Lines AD, BD, are together triple the Square AC.
Which mas te be demonfirated. .. . . . - b,

PROPOSITION X.

THEOREM X.

If one Right-Line bé added to another equally divided, the
Square of the Line compos'd of the two, with the Square of
the added ome, are together double the Square of balf the
divided Line, and the Square of the Line compos'd.sf this
half, and of the added one. : -

] Say, that if the Line BD be added to the Line AB,
.divided equally in two at the Point C, the Square of
the whole Line AD, with the Square of 'the Line added
BD, are together double the Square of the half ACB Er



Explain'd and Demonfirated. * 103
BC, and of the Square of the Line CD, compos’d of theFig. 3.
half BC, and of'the added one BD. _
‘That is to fay, if the Line AB, 15 for example 10
Feet, and the added Line BD, 3, in which Cafe the half
 AC, or BC will bes, the Line’CD 8, and the whole
“Line AD 13; the Sum 178, of the ‘Square 1689, of the
whole Line AD, and of the Square 9, of the added Line
BD, will be double the Sum of the Square 25, of the
half AC, or BC, and of the Squre 64, of the Line CD,
compos’d of the half BC, and of the added Line BD.

PREPARATION.

- Raife from the Point C the Line CE, perpendicular to
the Line AB, and equal to the half AC or BC, and join
the Right-Lines AE, BE. Draw from the ‘Point D, the
Line DF, parallel to the Line CE, and from the Point
E the Line EF, parallel to the Linie CD, and you’ll have
the Parallelogram CEFD, whereof the two oppofite
Sides CD, EF, will be equal to each other, by 34. 1.
Laftly, prolong the two Lines BE, DF, until they meet
at the Point G, and jointhe Right-Line AG.,

DEMONSTRATION.

Tt will appear as in Prop. g. that the Angle AEG, is a
right one, and it will not be difficult to difcover that
the two Reftangular Triangles BDG, EFG, are Ifofceles,
that is to {ay, that the Line DG is equal to the Line BD,
and the Line FG equal to the Line EF, and confequent-
ly tothe Line CD. : : -

It ‘will appear likewife, as in Prop. 9. that the Square
AF, is double the Square AC, and the Square EG dou-
ble the Square EF, or CD. From whence it follows that
the Sum of the two Squares AE, EG, or by 47. 1. the
fingle Square AG, or the fum of the two AD, DG, or
of the two AD, BD, is double the fum of the two
AC, CD. Which was to be demonftrated, ;

SCHOLIUM,

To demonftrate this Propofition by the new Analyfis,
put the Letter 4 for the half AC, or BC, and the Letter
¢ for the added Line BD ; in which Cafe you will have
24 for AB, a4 for CD, and 2445 for the whole Line_

e H 4 AD,



| 04-
_FiE-r Iq.

Fig 5.

Tve Elements of Euclid - BookIL.

AD, whofe Square 4iz4=446-}76b being added the Square -
#b of the adde 'Lingé BD, the Sum 4#‘1"4#5-1—‘:&5?5? as

- you fee, -double the Sum 224-} 245465 of the Square 44

of the half AC, and of the Square ga+-246-1-05 of the
Line CD, compos’d of the halfand of the added Line.
W hich was to be prov'd. 09 > T

USE.

This Propofition may ferve to demonftrate that, zhe
Sum of the Sqnares of the werfed Sine of an Angle of 60 De-
grees, and of the werfed Sine of an dngle which is the Ree
mainder of the preceding to a Semi-civcle, -that' is to fay, 120
Degrees, is to the Square of the Radius, as 5 to 2. Thatisto
fay, in the Semi-circle ABEF, the Centre whereof is €,
and the Diameter is AB, the Arch AF is 6o De ,
and that from the Point I, you draw the right FG, per-
pendicular to the Diameter AB ; the Sum of the Squares
of the Lines AG, BG, which are the verfed Sines of the
Arches AF, BF, or of the Angles ACF, BCF, is to the
Square of the Radius BC, as s to 2, or the Square of the
Radius BC, is to the Sum of the Squares n(tl the verfed
Sines AG, BG, as 2to 5, iy g

DEMONSTRATION.

Becaufe the Point C is the Centre of the Semi-circle
ABE, the two Sides CA, CF, of the Triangle ACF, are
equal to each other ; ‘and the Angles CAF, AFC, will be
likewife equal to each other, by 5. 1. and becaufe the
Angle ACF is 6o Degrees by Sup. the two others CAF,
AFC, will be together 120 Degrees -by 32. 1. and cons
fequently each will be 6o Degrees, becaufe the half of
§20 is 6o, Thus the three Angles of the Triangle AFC,
will be equal to each other, from whence it follows b
Prop. 6. that this Triangle is equilateral, and confequent-
1y the Perpendicular FG divides the Bafe AC equally in
two, becaufe the two Ré&tangular Triangles AGF, CGF
are equal to éach other, by 26. 1. W O i

Becaufe the Line AC is divided equally in two at the
Point G, and that the Line BC is added to it, it follows
by Prop. 10. that the fum of the Squares of the whole AB,
and of the Line added BC, is double the fum of the
Squgres AG, BG ; and as the line AB is double the line
BC, the Square AB will be quadruple the Square BC, b
Ciroll. Prap. 8. and the fum of the fame Squares AB, BC
will confequently be quintuple the Square Bc,wﬁra?

. I __-- ¥ . L e ene
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Explain’d and Demonfirated. 105

whence it may eafily be concluded, that the guintuplc of Fig.13.

the Square of the Radius BC is double the Sum of the
Squares of the verfed Sines AG, BG, and that confe- -

guently the Square of the Radius BC, is to the Sum of

the Squares of the verfed Sines AG, BG, as 2 is tos.

Which was to be demonfirated. 4

PROPOSITION XI.
~ PROBLEM L

To cut a given Right-Line in two [uch Parts, that the Refan-
gle under the whole and one of its Parts, be equal to the
Square of the other Part. :

O divide the given Line AB in the Point H, for Ex-rig 15

“ample, fo that the Re&tangle under the Line AB,
and its Part BH, be equal to the Square of the other
Part AH ; defcribe by Prop. 46. 1. upon the Line AB the
Square ABCD, and having divided the Side AD equally
in two at the Point E, fet the Length of the Line ER,
upon the prolong'd Line AD, from E to F, upon the
Line AF, defcribe the Square AFGH, which will give
the Point H required. So that if the Line GH be ex-
tended to I, the Rettangle BI will be equal to-the
Square AG. il e :

DEMONSTRATION.

Becaufe the Line AD, is divided equally in two at
the Point E, by conff. and that the Line AF is added to
it, it is plain by Prop. 7. that the Re&tangle under the
whole DF and the Line added AF, that is to fay, the
Reftangle DG, with the Square of the half AE, is equal
to the Square EF or EB, that isto I'a}r‘l;{ 47. 1. to the
two Squares AE, AB, taken together ; wherefore if yow
take away from each Side¢ the Square AE, there will re-
main the fingle ReGtangle DG equal to the finglé Square
ABCD ; and if from thefe two equal Planes you fub-
ftraét the common Re&angle Al, it will appear that the
Square AG is equal to the Reltangle Bl. Whichk was 2o
be dome and demonftrated, - ' - 1 ¢ :

~ 'SCHOLIUM.

ThisLine AB, thus divided in H, is {aid by Exc/id, Def 1. 6.
to be cus in mean and ixtream Proportion ; and the FEE
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Def. 3. 6. BH islefs than the other Part AH ;- becaufe it is Tefs

Fig. :s?

€

than AE, half of AB, by Reafon of AB lefs by Prop. 19.
1. than EB, orthan ]é_F,-an&-hy {fubftralting from thofe
unequal Quantities AB, EF, the equal ones AH, AF,
there remains BH, lefsthan AE. ~ °

_USE

Among the different Ufes of this Line thus cut, we
will only fay in this Place that it ferves to infcribe in a
Circle a Regular Pentagon, and alfo a regular Pentedecagon,
that is to fay, a regular Polygor of fifteen Sides, as will
be taught in Prop. 11. and 16. of Book 4. Stk

It is likewife very fuccefsfully us'd to find the Sines of
an Arch of 18 Degrees, becaufe we fhall fhew in Prop..
10. 4. that the greater Part AH, is the Side of a regular
Diecggon infcribable in a Circle, whofe Radius is AB, and
confequently is the Chord of an Arch of 36 Degrees,
whofe half is the Sine of 18 Degrees. But to find this
Chord AH, fuppofe the whole Sine AB, to be 100000
Parts, and confequently its half AE, willbe goo000, add
zogether the Square 10000oooeco, 2500000000 of thofe
two Lines, and the Sum 12500000000, Will be by 47. 1.
the Square BE, wherefore by taking the Square Raoot
of this Sum, you will have 111805, for the Line BE, or
EF its equal, from whence fubftralting the Line AE,
which is equivalent to §ooco, you will have 61803 for
AF, or for the Chord AH of 36 Degrees, whofe half
30901 1s the Sine of 18 Degrees. XY Tiie el

PROPOSITION XIIL

THEOREM XL

in obtufe-angled Triangles, the Square of the Side, oppofire. ze
the obtufe Angle, is equal to the Sum of the Squares of the

~ iwo other Sides, and o two Reitangles equal to each other,

_ wheresf each is compris d, under one of the two Sides of the
abtufe Angle, and the Part of that produc’d Side, intercepted
bitween the obtufe Angle and the perpendicular drawn from
the oppofice Angle upon the [ame Side. :

Say, if from the acute Angle C, of the #mblygén or
obtufe-angled Triangle ABC, you let fall upon irts
produc’d oppofire Side AB, the Perpendicular CD, the
Square of the Side AC, oppofite to the obrufe Angle B,
is equal to the two Squares AB, BC, and to two Reft-
. angles
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angles equal to each other, each of which is compris'd Fig 16.
aunder the Side AB, and the Part BD, terminated by the
obtufe Angle B, and by the Perpendicular CD.

* Thatis tofay , if the Side AB, is for example 4 Feer,

the Side BC 13, the Side AC, 15, and the Part BD, s,

in which cafe the Perpendicular CD will be 12 Feet ; the
Square 2a5 of the Side AC is equal to the Sum of the
Square 16, of the Side AB, of the Square 169 of the Side

BC, and of 40 the double of the Reltangle 20, under the

Side AB, and the Part BD, | 2

DEMONSTRATION.

Forafmuch as by Prop. 4. the Square AD is equal to
the Squares AB, BD, and to two Reftangles under AB,
BD, ifto thefe two equal Quantities you add the Square
CD, it will appear that the Sum of the two Squares AB,
CD, nrkﬁ 47. 1. the fingle Square AC, is equal to the
Square AB, to the Sum of the two Squares BD, CD,
that is to fay, by 47. 1. to the Square BC, and to two
Reltangles under AB, BD. W#hick was to be demonfirated.
Rale -t (s

SCHOLIUM.

~ Torender the Demonftration of this Theorem plainer,
make upon CD, the Square CE, upon AD, the Square
AG, upon BD, the Square BF, and upon AB, the Square
BK, and producethe Side BL, as faras'H : and then it
will appear that each of the two Reftangles HK, HF,
is'made under AB, BD, and thofe together with the
Square BK, and the two Squares BF, CE, that is to fay,
by 47. 1. the Square BC, are equal to the two Squares
AG,; CE, orby 47. 1. to the fingle Square AC.

U S E.

This Propofition ferves to difcover when there 1s arr
obtufe Apgle-in a Triangle, whofe three Sides are
known, to wit, when the Square of the Side oppofite
to that Angle thall be greater than the Sum of the Squares
of the two other Sides.

It is us'd alfo to’ difcover the Quantity of the Per-
pendicular of an obtufe angled Trangle, when it falls
without, which always haYpens when it falls from one
of the acute Angles, as we have thewn in Prop. 17. This
Perpendicular, as CD, will be found by the meansof
the three known Sides of the Triangle ABC, Tti;ls, E '
i i _ ecaufe
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Becaufe we have fuppos'd the Side AB 4 Feet, the Side
BC 13, and the Side AC 15, the Square of AC will be
225, ‘the Square of AB will be 16, and the Square of BC,
will be 169, the Sum of thefetwolaft, 16, 169, will be
285, the which being fubftralted from the firft 225, there
will remain 40, whofe half 20, will be the Re&angle
under AB, BD : wherefore if you divide this Re&angle
20, by its Bréadth AB, which is fuppos'd 4 Feet, you
will have 5 Feet, for its Length BD, whofe Square: 25,
being taken from the Square 169, of the Side BC, there
will remain 144, for the Square of the Perpendicular
CD, by 47. 1. wherefore if you take the Square Root
of this remainder, 144, you' will have 12 Feet, for the
Perpendicular CD. g g nd 4

PROPOSITION XIIL
THEOREM XIL

In any Rellilinear Triangle whatfoever, the Square of the Side
oppofite to an acute Angle, with two Reifangles comprisd
under the Side upon which falls the perpendicular from the,
oppofite Angle, and under the Part compris'd between the
perpendicular and the acute Angle, is equal to the Sum of the
Squares of the two other Sides. Pl

15&3, if in the Triangle ABC, the Angle B 1s acute,
the Square of the Side AC, oppofite to that acute
Angle B, with two Retangles compris’d under the Side
AB, and the Part BD compris'd between the acute An-
ale B, and the Perpendicular CD, which falls from the
Angle C, oppofite to the Side AB, is equal to the Sum
of the Squares of the two other Sides AB, BC. -‘

‘That is to fay, if the Side AB, is for example 14 Feer,
the Side BC, 13, the Side AC, 14, and the Part BD, g,
in which cafe the Perpendicular CD will be 12 Feer,
the Sum 365 of the Square 225 of the Side AC, and 140
the double of the Reftangle 70, under AB and BD, is
equal to the Sum of the Square 196 of the Side AB, and
of the Square 169 of the Side BC. ' ey

DEMONSRATION.

Becaufe that by Prop. 7. the Sum of the two Squares
AB, BD, 1s equal to the Sum of the Square AD, and to
the double Rettangles under AB, BD, if you add to e;:?
, - o Sl - U Side
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Side the - Square of the Perpendicular CD, it will appear Fig. 17+
that the Sum of the Square AB, and of the two SqI:JI:?cs e
BD, CD, that is to fay, by 47. 1. of the Square BC, is
equal to the Sum of the two Squares AD, CD, or by
47. 1. of the fingle Square AC, and of the double Rett

angle under AB, BD. #Which was to be demonfirated.

SCHOLIUM.

To render the Demonftration of this Theorem plainer,
defcribe upon AB the Square AE, upon BD the Square
DG, and produce the Side GH as far as I, and the Per-
pendicular CD as far asK; and then ’twill appear that
each of the two Reftangles DE, AG, is made under the
- Lines AB, BD, and that the Reftangle IK is the Square
of the Line AD. We fhall take then the Square AD, for
IK, and the double of the Reftangle under the Lines
AB, BD, for the Sum of the two DE, AG; and as this
Sum, with the Square IK, is equal to the Square AE,
and to the Square DG, becaufe in the Sum of the two
Re&angles DE, AG, the Square DG is taken twice, if
to each Side you add the Square CD, it will appear thac
the Sum of the double Re&tangle under AB, BD, and of
the two Squares AD, CD, that isto fay, by 47. 1. of the
fingle Square AC, is equal to the Sum of the Square
AB, and of the two Squares BD, CD, or by 47. 1. of
the fingle Square BC., e

This Propofition ferves to difcover when a propos'd
Angleis acute in a Triangle, whofe three Sides is known,
which will happen when the Square of the Side oppofite
to that An%lg, 15 lefs than the Sum of the Squares of the
two other Sides.

It isufed alfo to find the Length of the Perpendicular
of a Triangle, when it falls within, which will always
happen, when each of thetwo Angles of the Bafe fhall
be acute, This Perpendicular, as CD, will be found by
means of the three known Sides of the Triangle ABC,
thus, - ]

Becaufe we have fuppos’d the Side AB 14 Feer, the
Side BC 13,2and the Side AC 15, the Square AB 196, the
Square BC will be 1,-5%1 and the Square AC will be 214,
the which being fubftraéted from the Sum 365 of the
two firft 196, 169; there will remain 140, whofe half
70, isthe Rettangle under AB, BD ; whercfore ig. v

ivide
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divide 70 by 14, which is AB, you will have s,. for BD,
the Square whereof 25, being fubftralted from the
Square 169 of the Side BC, the remainder 144 will be
the S&_‘uarl: of the Perpendicular CD, by 47. 1. Where-
fore the fquare Root 12 of this Remainder 144, will be
the Quantity of the Perpendicular CD. suuie b

PROPOSITION XIV.
PROBLEM II

To reduce & Right-lin'd Figure g:'-zlrm ﬂm & Sg’##ﬁ;

'.r

S a Right-lin’d Figure may be reduc'd into a Re&s

" angle by Prop. 45. 1. itis evident that to reduce a
Right-lin’d Figure propofed into a Square, you need
only know how to reduce a given Re&angle into a
Square, as ABCD, thus, : | ,
' Having produc’d one of the Sides, as AB to E, fo that
the Line BE be equal to the other Side BC, and having
divided the whole Line AE into two equal Parts in the
Point F, defcribe from this Point F, through the two
Points A, E, the Semi-circle AGE, and produce the
Side BC, as farasG. The Line BG will be the Side of
a Square equal to the propos’d Retangle ABCD. :

DEMONSTRATION.

Forafmuch as the Line AE is cutin two equal Parts
in the Point F, and into two unequal Parts in the Point
B, the Rettangle under the unequal Parts AB, BF, thac
is to fay, AC, with the Square of the intercepted Part
FB, is by Prop. 5. equal to the Square FE, or FG, that is
to fay, by 47. 1. to the two Squares BF, BG, wherefore
taking away the common Square BF, there remains the
Refangle AC, equal to the Square BG., Which was ro be
done and demonfirated.

SCHOLIUM.

Without preducing the Side AB, divide it into two
equal Parts in the Point I, and defcribe from this Point
I, through the Points A, B, the Semi-circle AKB, and
having taken the Line AH equal to the Side AD, draw
from the Point H, the night HK, perpendicular to the
Side AB, and through the Point K, where the Circum-
ference AKB is cut by the Perpendicular HK, draw ?

the
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the Point A, the Right-Line AK, whofe Squarﬁ will be Fig. 18,
equal to the Reftangle ABCD. .

DEMONSTRATION.

Becaufe the Line AB, is cut into two equal Partsin
the Point I, and into two unequal Parts in the Point H,
the Re&angle under the uneqllszai Parts AH, BH, wich
the Square of the intercepted Parc HI, will be by Prp. 5.
equal to the Square of the half Al or IK, that isto fay,
by 47. 1. to the two Squares HK, HI ; wherefore if you
take away from each Side the Square HI, there will re-
main the fingle Reétangle under the Lines AH, BH,
equal to the fingle Square HK, and if to each of thefe
two equal Planes you add the Square AH, it will appear

_that the fum of the Re&tangle under the Parts AH, BH,
‘and of the Square AH, that isto fay by Prip. 3, the pro~
_pos'd Rettangle ABCD, is equal to the fum of the two
Squares AH, HK, or by 47. 1. to the fingle Square

- AK.- Which was tobe ﬂ‘ﬁﬂf#ﬂg demonftrated, i g

~ The Point H may happen to coincide with the Point
1, to wit, when the Length AB fhall be double the -
Breadth AD, in which cafe the Line HI, will be equal
to o, which altersthe Demonftration {o very little, thag

it 1s unneceflary to fay more of it..
U S E.

This Propofition ferves ﬂ;r"ilzhﬂ Refolution of Prep. 23,
6. where this Problem is found refolv’d more generally.

. The
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The THIRD BOOK of
EUCLIDs EiguexTs

perties of the moft perfe&t Figure of all, which
is the Circle, by comparing the feveral Lines
which may be drawn as well within as without its Cir-
cumference, by the different Angles which are form’d
there, and by the Conta&ts of a Right-Line, and of the

Emﬂd explains in this Book the Natare and Pro«

. QCircumference of a Circle, or of two Circumferences

of Circles: and he gives the firft Principles of the In-
firuments which are ufed in Afronomy, and in other
Arts, which are hardly to be done wﬂuut the Circle.

DEFINITIONS.

I

* “Equal Circles are thofe whofe Diameters, or Semi-
diameters are equal to each other,

1L

A Right-Line 18 {aid #o touch a Circle, when it meets
the Circumference of that Circle withous making an
Angle with it, that is to fay, without cutting it, or
without entering within, being produced as AB, and is
call’d -a Tungent. :

I1L

It is faid that twe Circles touches ane anather, witcp
their
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¢heir Circumferences meet withour cutting each other, Fig 3,
s A and B,

IV,

Tt is faid that #wo Right-Lines are equally diffant from the
Centre of @ Circle, when the two Perpendiculars dravm
from the Centre upon thofe two Lines, are equal to
gach other. Thus "tis known that the two Lines AB, CD, Fig, 3|
agre equally diffant from the Gentre E, becanfe their Perpendicy-
lors EF, EG, are ¢qualto cach other,

V.

"The Segment of & Cirele, is 2 Part of a Circle terminas pr v
ted by agRight-Line and by a Part of the Circumfe- Fits &
rence of the fame Circle : s 4BC, or ABD,

It is evident that when a2 Right-Line AB fhall pafs
through the Centre of a Circle, the two Segments ACB,
ADB, will be equal to each other, becaufe each will be
a Semi-circle. But as we have already faid in Def 8, 1,
we commonly underftand by the Segment of a Circle, 3
Part of the Circle greater than a Semi-circle, as ACB, og
Jels, as ADB,

VI

The Angle of a Segment, is the mixtilinear Angle form'd vig. 4
by the Circumference of a Circle and the Right-Line,
which terminates the Segment. Thus ‘tis _E::‘;i that
the Angle of the Segment ACB, ir the mix'd Angle BAC ;
andthe Angle of the Segmeny ADB, is the mix'd Angle EA4D,
pr ABD.

It is evident that the Angle of a S:%ment lefs than a
Semi-circle is Acute, that the Angle of a Segment equal
to a Semi-circle is a Right-one, and that the Angle of
# Segment greater than a Semi-cirgle is obrufe, s

yii,

The Angle n & Scgment, is an Angle cﬂmpl'ﬂ!}’mded bff Fig- §;
two Right-Lines, which begin from any Point in the
Arch of the Segment, and énd in the two Extremities
of the Right-Line, which ferves for the Bale to that
Segment. Thys it is faid that the Rectilinear Angle ACR is
in the Segment ABCA, and that the Reifilinegr Ang le 4DB,
dsinthe Segment ABDA. ﬁ
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Fig. 5. It is evident that the Angle ACB, which is in the
greater Segment ABCA, is lefs than the Angle ADB,
which is in the lefs Segment ABDA. It is faid that the
Angle ACB is fubtended by the Arch ADB, and that in
like manner the Angle ADB ‘is fubtended by the Arch
ACB. Ttisalfo faid that a Segment is capable of fuch
an Angle, when the Anglein the Segment is equal ta
that Angle. "‘V;III ,

Similar Segmentsof a Circle are thofe which are ca-
pable of equal Angles.
It may be faid in the fame manner that the fmiler
Arches of a Circle, are thofe upon ‘Which are form'd equal
Angles at the Centre, or at the Circumference :*and we
call that an Angle af the Centre which is made at the
Centre of a Circle, or of a Regular Polygon, which is
the fame as that of the circumfcrib’d Circle. iyl

1X.

‘The Setor of # Civcle is the Part of a Circle, termina-
Fig: 6. ted by two Semi-diameters, and by a Part ‘of the Cir-
cumference of a Circle: a5 the Figure ABCD, or the Fi=

guve ABED. :
The two Radij AB, AD, muft not make one and the
fame Right-Line, becaufe inftead of a Seftor would be
a Semi-circle. So that a Seftor of a Circle is necefls-
. Trily greater or lefs than a Semi-circle, ‘as ABCD, or

greater as ABED.
46

Fig. 7. Itis faid that 2 Quadrilateral Figure is inferib'd in aCivcle,
when each of its angular Points touch the Circumfe-
rence of the Circle, as ABCD.

PROPOSITION 1L
; PROBLEM I

T [fnd the Centre of a given Circle.

Y O find the Centre of a Circle, the Circumference:
Figs 8 "1 whereof is ADBE, draw within any Line what--
ever as AB, and having divided 1t equally in two atthe:§§

" Point C, draw through this Point C, the right Line DE,,

: per=-§



Explain’d and Demonflrated.

113

perpendicular to the Line AB; and becaufe in this per-Plate 1.
pendicular CE, the Centre of the Cirele is to be found, & &

there needs nomore than to divide it equally in two at
the Point F, which will be the Centre. required, as we
fhall demonftrate, by fhewing thatr the Centre of the
Circle muft be in the Perpendicular DE.

PREPARATION.

Let us fuppofe that the Centre of the Circle is G, with-
out confidering where that Point G falleth, and let us
‘draw from this Point G, to the two Extremities A, B,
of the Line AB, and through its middle Point C, the
“Right-Lines GA, GB, GC. SLii Rl :

DEMONSTRATION.

Becaufe the two Triangles AGC, BGC are equal to

gach other, by 8. 1. fince they have the common fide
GC, the fide GA, equal to the fide GB, by Def. of zhe
Circle, and the fide AC, equal to the fide BC, éy conftr.
the Angle GCB, will be equal to the Angle GCA, and
thus each of itstwo Angles will be a right one, and con-
{equently equal to the Angle DCB, which is alfo a right
one by cenftr. So that the two Angles DCB, GCB, being
_equal to each other, the Line CG falleth upon the Line

CD, and confequently the: Centre G isin CD, or DE.
Which was to be demonfirared. ' :

COROLLARY.

It follows from this Propofition, that the Centre of a
Circle is found in a Righr-Line, which divides another
- Right-Line drawn in the Circle at Right-Angles, and
into two equal Parts. | i

US E.
This Propofition ferves for the following ones, which

do fuppofe every where that the Centre of a Circle
fought for is found, :
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PROPOSITION IL
THEOREM L

& Right-Line drawn through two Points, taken at pleafure

in the Circumference of a Girele, is entively within the
Circle.

I Say that the Right-Line AB, drawn through the two
Points A, B, taken at Pleafure in the Circumference
of a Circle, the Centre whereof is C, 1s quite within the
Circle : thatis to fay, that any Point whatever of this
Line, as D, isnearer the Centre C, than one of the two
Foints A, B, which are in the Circumference.

DEMONSTRATION.

Having drawn the Right-Lines CA, CB, CD, it will
appear that fince the Point C is the Centre of the Circle,
the two Lines CA, CB, are equal to each other, and that
by 5. 1. the two Angles A, B, are equal to each other;
and becaufethe Angle ADC, 15 exterior with regard to
to the Triangle BDC, it is by 16. 1. greater than the in-
terior oppofite one B, or than A its equal ; wherefore b
1g. 1. the fide CA will be greater than the fide CD, an
tgc Point D, confequently nearer the Center C than the
Point A. Which was to be demonfirated.

COROLLARY.

It follows from this Propofition, that 2 Right-Line
doth not touch the Circumference of a Circle but in |
one Point, becaufe if it fhou’d touch it in two, it mighe:
be drawn from one of thofe Points to the other, and {o:
woun'd enter within the Circle, and confequently cut:
ats Circumference, and not touch it. g

USE. |

This Propofition ferves for feveral of the following:
ones, which fuppofe that a Right-Line drawn from one:
Point to another Point of the Circumference of a Circle,;
falls quite within the Circle ; and it is upon this Foun-
dation, one may demonfirate that a Spﬁere touches as
Plane 1n one Pount only.

PR O~
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Plate 2

PRIOPOSITION A TIL. . v =2 s
THEOREM IL

if whe Diameter of & Circle divides into two equal Parts, &
Right-Line which paffes not through the Centre, it will cut
it at Right-Angles 5 and if it euts it ar Right-Angles, it
will divide it into two equal Parts.

]‘Say firlt, that if the Diameter CD of the Circle
ACBD, cuts the Line AB, which does not pafs thro’
the Centre F, into two equal Parts in the Point E, each
of the two Angles CEA, CEB, will be right ones.

DEMONSTRATION.

If you draw the Radij AF, BF, it will appear by 8,
1. that the two Triangles FEA, FEB, are equal to each
other, by reafon of the common Side EF, of the Radius
AF, equal to the Radius BF, by Def. of the Circle, and of
the Line AE, equal to the Line BE, by Sup. Wherefore
the two Angles AEF, BEF, will be alfo equal to each
other ; and confequently right ones. Which was to be
demonftrated.

I fay in the fecond Place, that if the Diameter CD,
be perpendicular to the Line AB, {0 that each of ,the two
Angles which are made at the Point E, be right ones,
the Line AB will be divided into two equal Parts in
the Point E, that is to fay, the Sides AE, BE, of the
two Reftangular Triangles AEF, BEF, will be equal to
each other, as appearsby 26. 1. by reafon of the two
cql;lal Angles A, B, by 5. 1. and of the common Side
EF, fimilarly pofited, or of the Side AF equal ta the
Side BF. .

U S E.

This Propofition ferves for the Demonftration of Prop.
14. & 35. and is us'd in Tvigowometry, to demonfirate
that the Chord of an Arch is double the Sine of the half
of that Arch: as here, that the Chord AB, 1s double the
Sine AE, of the Arch AD, which is equal to the half
of the Arch ADB, as it may be feen eafily by Frop. 28,
by drawing the Chords AD, BD, which are equal to eich
’ k3 other,
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fore the Angle FED, will be Acute ; fo that if fic
‘Centre F, the Line FI isdrawn ferpendicular to the Ling
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other, becaufe the_S%uare AD, is by 47. 1. equal to the
two Squares AE, DE, or BE, DE, and_that the Square
BD, isalfo equal to the fame Squares BE, DE, by 47. 1.
¢re. or without referring to P FP._ 28. it 1s known that in
the equal Triangles, AEF, va, ‘the Angles AFE, BFE,
are equal to each other, and that confequently the Arches
AE, BD, which meafure ’em, ‘will be alfo equal to each
other. Y o

PROPOSITION 1V:
"THEOREM IIL
.Tﬁ R';'g‘,&g:-jju}.r cutting e#'cb_ugﬁer in a Cirele, I:‘#'_p':m Point
which is not its Centre, do not cut ome andther equally.
]’ Say, that if in the Circle ADBC, the Centre whereof
is F, the two Right Lines, AB, CD, do interft& in

a Point E, different from the Centre F, thefetwo Lines
AB, CD, do not cut each other into two equal Parts,

that is to fay, although the two Parts of the one, as AE,

BE, may be equal to cach other, the two Parts of the
other CE, DE, cannot at the fame time be alfo equal to

each other.
DEMONSTRATION. |
Since it 1s fﬁppﬂs’d that the Line ﬁ.ﬁ, ; -i's_' divided

equally in two at the Point E; if you draw: through this
Point E, and through the Centre F, the Iiiamerer GH,
the Angle FEB, will be a right one, by Prop. }3 where-

" from the
CD, this Perpendicular FI, will divide, by, Prop. 4. the
Line CD equally in two at the Point I, which will be
different from the Point E. Since then the two Parts
CI, DI, arg equal to each other, the two CE, DE, wil!
be unequal. Which was to be demonfirated.

PR O
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Plate 1,

PROPOSITION V.
THEOREM 1IV.

Two Circles which cuz each other, bave different Centres.

] Say, that the Centers E, F, of the two Circles ABC,
. ABD, which cut each other in A, are different, fo
that they do not coincide together.

PREPARATION.

Join the two Centres ]ﬁ, F, by the Right-Line FD,
without confidering whether this Line FD, be extended
and continue it until it cuts the Circumferences of two
Circles at the Point CD. Again, imagine the Right-
Lines EA, FA, drawn. :

DEMONSTRATION.

Becaufe by Defin. of the Gircle, the Line FA is equal to
the Line F[{, or FC-|{-CD, and the Line EA to the Line
EC, or EC--EF, the Difference of the two Lings FA,
EA, will be equal to the Difference of the two FC4CD,
FC-I-EF, thatis to fay, of the two CD, EF, and be-
caufethe Line CD is a real one, the Difference of the
two Lines FA, EA, will be alfo real, and the two Cen-

Fig. 12,

tres E, F, will be confequently different. Which was fo .

be Jemﬂ:g{?mfed.
SCHOL IUM.

We have chang’d Ewclid's Demonftration, to a direlt
one, becaufe the indiret ones do not enlighten the
Mind fo well. Neverthelefs as this Demonftration de-
ﬁﬁndﬂlp{)n fome Axioms as yer unmention'd, we fhall

ere explain in few Words Ewdlid's Demonftration,
which feems to me more eafy for Beginners.

If the two Centres E, F, did coincide together, {o
- that the Centre E, be common to the two Circles ABC,
ABD, each of the two Lines EC, ED, wou'd be equal
to the fame' Line EA, by Def. of the Circle, and confe-
quently thefe two Lines éC, ED, wou'd be equal to each
other, that is to fay, the Part wou'd be equal to the
whole, which is abfurd, &. |

I4 USE;
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U S E.

This Propofirioh ferves to demonftrate, that tiwe
Circumferences of a Circle cannot cut one another but
in two Points, as you will fee in Prop. 10. ;

PROPOSITION VI
THEOREM V.

Tiwo Circles which touth one another within, bave not ne and
the [ame Centre.

I Say, that if the two Cirtles ABC, ADE, touch at
the Point A, they have not one and the {amie Centré,
as for Example F. g
g PREPARATION.

Draw from the {uppos’d common Uenfre F, to ths
Point of Conta&t A, the Right-Line FA, and another
Right-Line whatfoever ¥D, cutting the Circumference of
the great Circle at the Point Dy and the Circumference
of thelittle one at the Point B. Ll L

DEMONSTRATION.

1f the Point F, were the common Centre to the two
Circles ABC, ADE, the two Lines FB, FD, wou'd be
equal each to the fame Line FA, and confequently equal
+o each other, which 1s impoflible, becaufé¢ the Line FD
is effentially greater than the Line FB. It is therefore
impoflible that the Point ¥, fhou'd be the common Cen-
tre to the two Circles ABC; ADE. Wiich was to be des
monfirated. o o ;
| SCHOLIUM.

Eyelid demondtrates this Propofition only in the Cafe
when the two Circles touch one arother within,
becaufe it is evident, that when they touch without,
they cannot have on¢ and the fame Centre.

S e
This Propofition ferves to demonftrate Prop. 11.¢> 13,

which f{uppofe thar Circles which touch one another
within or without, have different Centres. o
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PROPOSITION VIL
THEOREM VI

¥ from a Point other than the Centre, taken at pleafure upos
the Diameter of o Civcle, be drawn [everal Right-Lines 1o
the Circumference, the greateft of all the Linzs is that Part
of the Diameter wherein the Centre is, and the lzaft is the re=
mainder of the Diameter.  ds for the ocher Lines, the nearcft
to that which paffes through the Centre is greater than another
which is more vemote from it: and more than two equal
Right-Lines cannot be drawn from that [ame Point, on one
Side and the other of the leaft or of the greatef?.

Say firft, that if upon the Diameter AB, you take any
‘where, but on the Centre D, of the Circle AG, BF,
2 Point at pleafure, as C, and if you draw f{everal Right-
Lines to the Circumference, as CE, CF; & . the Line
CB, wherein the Centre D is found, 'is the greatefl of
all, for example greater than the Line CE. -

DEMONSTRATION.

Becaufe of the Triangle CDE, the two Sides CD, DE,
taken together, are greater than the third CE, by 20. 1.
and the two CD, DE, are together equal to the Line
CB, by reafon of the Radius DE equal to the Radius

12X

Plate 1
Fig. 14,

DB, iy Def. of zhe Centre, it follows that the Line CBis .

reater thanthe Line CE. Which was to be demonfirated.
t may be demonftrated in like manner, that the Line

CB is greater than the Line CF, and than any other

Line, which can be drawn from the Point C. :

I fay in the fecond Place, that the Line CA, which is
the remainder of the Diameter AB, is the leaft of all, fox
example lefs than the Line CF.

D Efy'
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Plate 1.

Fig- 14. DEMONSTRATION.

By drawing the Radius DF, it will appear as before,
that in the Triangle CDF, the two Sides CD, CF, taken
together are greater than the third DF, or DA, wherefore
if you fubftra& CD from each Side, it will appear that
the Line CF is greater than the Line CA. Which was to
be demonftrated. This alfo 1s {een from the following
Demonitration. . -

I fay in the third Place, that the Line CE, which is
nearer the greateft CB, is greater than the Liane CF,
which is further from it.

DEMONSTRATION.

Becaufe the two Sides CD, DE, of the Triangle CDE,
are equal to the two Sides CD, DF, of the Triangle
CDF, and the compris’d Angle CDE is greater than the
compris'd Angle CDE, the Bafe CE will be by 24. 1.
greater than the Bafe CF. Which was to be demanflrated.

- Laftly, I fay that from the fame Point C, there cans
not be drawn more than two equal Lines to the Cirs
cumference, as for example CF, CG, upon fuppofition

that 1thf: Angles CDF, CDG, on both Sides are made
equal.

DEMONSTRATION.

Becaufe the two Sides CD, DF, of the Triangle CDF, are
equal to the two Sides CD, DG, of the Triangle CDG, and
the compris'd Angle CDF equal to the compris'd Angle
CDG, the Bafes CF, CG, will be equal to each other
by 4. 1. and as all the Lines which may be drawn on
hb_tﬁ Sides, will be' either nearer CB, or more remoteé,
and ‘confequently greater or lefs than CE, or CG, it fol-
lows that there can be but two equal Lines drawn from,
it Which remaind to be demonftvated. | 9

‘Y 5E:

This Propofition is us'd in _4fronomy, to demonftrate.
the different Diftances of a Planet from the Earth, and!
to thew that it is the moft diftant from the Earth, that:
it can be, in its true Apogeum, and as near the Earth as it!
can poflibly be, in 1ts true Perigeum.

aPRO:
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Place 1.

PROPOSITION VIIL
"THEOREM VIL

JJ“ from & Point taken at pleafure, without a Civele, you draw
any Number of Right-Linesy terminating in the Concave
Circumference of the Girele, the greateff of all is that which
pafles thro the Centre ; and that which is nearer it, is greater
than another which is further off. Om the contrary, of thofe
Lines which fall on the Convex Gircumference, that which
being produc'd paffes through the Center, is the leaft of all 3
and that which is neareft it, is lefs than ansther which is
more remote. Laftly, take it either way, the lefs or the
greater, there can't be drawn from that' [ame Point above
two Right-Lines eqtial to ome another.

E underftand by the Goncave Cireumference that
which regards the infide, and by the Convex Cir-
cumference, that which regards the outfide.' This being

Eig. 15

fuppos'd, I fay firft, that if from the Point C, taken at

leafure without the Circle AFBG, you, draw feveral
tght-Lines meeting the Circumference as well Con-
cave as Convex; the Line CB which pafles thro’ the
Centre D, is the greateft of all thofe which come ro

the Concave Circumference, for example greater than
than the Line CE.

DPEMONSTRATION.

Becaufe by drawing thé Radius DE, you have the
Triangle CDE, the two Sides whereof CD), DE, are to-
gether greater than the third CE, by 20. 1. and becaule
the two Sides CD, DE, are together equal to the Line
CB, by realon of the Radius DE equal to the Radius DB,
by Def. of aCemtre 5 it follows that the Line CB is greater
than the Line CE. Which was to be demonfirated. In the
fame manner may be demonftrated thar the Line CB is
greater than the Line CF, and than any other that fhall
be drawn from Point C, |

I fay, fecondly, that the Line CE, which is nearer

the greateft Line CB, is greater than the Line CF, which
s further off,

D E-
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DEMONSTRATION.

By drawing the Radius DF, it will apgear that fince
the two Sides CD, DE, of the Triangle CDE, are equal
to the two Sides CD, DF, of the Triangle CDF, and
that the compris’d Angle CDE, is greater than the com-
pris'd Angle CDF, the Bafe CE will be by 24. 1. greater .
than the Bale CF. Which was to be demonfirated. '
I fay, in the third Place, that the Line CA, which be-
ing produc’d pafles thro’ the Centre D, is the leaft of
thofe that canbe drawn from the Point C to the Convex
Circumference, for example lefs than the Line CI.

DEMONSTRATION.

Becaufe by drawing the Radius DI, you have the Trr
angle CID, the two Sides whereof CI, DI, taken toge-
ther, are greater than the Sidg CD, by 20. 1. by ta.
king away the equal Lines DI, DA, it will be found
ghat the Line CA is lefs than the Line CI.  Which was to

_ &e devonfirated.

I {ay, in the fourth Place, that the Line CI, which is
nearer to the leaft Line CA; ig lefs than the Line CH,
which is further off. P %k

DEMONSTRATION.

By drawing the Radius DH, it will appear by ar1. r.

. that the two Sides CI, DI, of the Triangle CID, are to-

gether lefs than the two CH, DH, taken together ;
wherefore by taking away the equal Sides DI, DH, it is
plain that the Line CI is lefs than the Line CH. which
was to be demonfirated. '
I fay, fifthly, that from the fame Point C, you can
draw but two equal Lines to the Concave Circumference,
for example CE, CG, by {'quoﬁng there be made on
each Side the two equal Angles CDE, CDG. |

DEMONSTRATION.

Becaufe the two Sides CD, DE, of the Triangle CDE,
are equal to the two Sides €D, DG, of the Triangle
{JDf.:}, and the compris’d Angle CDE, equal to the com-
prisd Angle CDG, the Bafes CE, CG, will be equal ﬁg

| eac
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each other by 4. 1. And asall the Lines which can be Plate 3.

drawn one Side or the other, will be' either nearer to or ®

further from CB, and confequently greater or lefs than
CE, or than CG; it follows that no more than two
equal Lines can be drawn from thence. Which was to be
demonfbrated. i '

Laftly, Ifay, that from the {fame Point C, only two
equal Lines can be drawn as far as the Convex Circum-
ference, for example, CI, CK, fuppofing on each Side
the two equal Angles CDI, CDK be made.

DEMONSTRATION,

Becaufe the two Sides CD, DI, are equal to the two
Sides CD, DK, and the compris’d Angle CDI of the
Triangle CID, equal to the comprisd Angle CDK of
the Triangle CKD, the Bafes CI, CK, will be equal to
each other, b{y 4. 1. and a third equal one can’t be
drawn, becaufe according as it approaches more or lefs
to the Line CA, it will be greater or lefs. Which re-
main'd to be demonfirated.

COROLLARY.

Tt follows from this Propofition, that the greateft of
the Right-Lines that can bedrawn from the Point C, to
the Convex Circumference of the Circle AFBG, is that

which touches this Circumference, as CL, which touches
icin L.

PROPOSITION IX.
THEOREM VIIL

The Point from whence three equal Lines may be drawn to the
Circumference of a Circle, is the Center of that Circle.

His is 2 Confequence from Prop. 7. where it has been
demonftrated, that from a Point which is not the
Center of a Circle, you can’'t draw to its Circumference
more than two equal Lines, and this Propofition is put
here only to demonftrate the following.

PR O-
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PROPOSITION X
THEOREM IX.

The Circumferences of two Circles interfef only in two Pointss

“PT is evident that the two Circles ABC, ADT, may
‘8 cut each other in two Points, as A, C ; becaufe if the
Point E, is for example, the Centre of the Circle ABC,
the Lines EA, EC, drawn from this Centre E, to the
Points A, C,. will be equal to each other: and as the
Point E can’t be the Centre of the Circle ADB, by Prop.

You have another Point E than the Centre of the
Circle ‘ADB, from which may be drawn to its Circum-
ference, the two equal Lines EA, EC, which is poflible
by Prop. 7. where we have demonftrated that there can’t
be drawn from the Point E, to the Circumference of the
Circle ADB, more than two equal Lines; from whence

at mai(-be: concluded, that the two Circles ABC, ADC, ,
1

can't likewife cut each other in above two Points. . #hich
was to be demonftrated.

U S E.

This Propofition ferves, as we have already faid in
Dechales’s Euclid, to fhew that Equations of two Dimen-.
fions, which may beall refolv’d by ‘the Interfeétion of
two Circles, have but two Roots, fince the Circumfe-
rences of two Circles cannot interfeét but in two Points.

PROPOSITION XL
THEQRBEM X

If 1o, Circles touch each, other, within; the Right-Line drawn |

thro' their Centres, being produc’d, will pafs thra' the Point L
where they touch. :

'I Say, that if thro’ the Centres E, G, of the two Circles
ABC, ADE, whofe Circumferences touch. each other
within, youdraw the Right-Line FG, and produce. it, |
till it cuts the exterior Circumference ADE in A, and the :
interior ABC in H; thefe two Circles will touch each
other in the Points A, H, that is to fay, thefe two

Points:
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Point A, H, do coincide, fo that their Diftance AH is Plate 2.
infinitely little, and reduc’d to nothing, - Fig 17-

TREPnRaTldw;

Draw from the Centre F, any Right-Line whatever
‘"FD, which cuts the exterior Circumference in the Point
‘D, and the interior in the Point B, and join the Right
Line BD. - ,

DEMONSTRATION.

Becaufe the two Sides’ FG, ED, of the Triangle FDG,
~are together &y Prop. 20. 1. greater than the third GD, or
"GA its equal, by taking away FG from each Side, it will
‘appear that the Line FD 1s greater ' than the'Line FA,

and then by taking away the’ two equal'Lines 'FB, FH,
‘it wilkar laft be found that the Line’ BD is greater than
the Line AH, whatdiftance foeverthis Line'BD isfrom
“the Point of Contaft: and as the'Line BD ‘approaching
“more and more to the Point of Contalt, becomes fhiil
Iefs, {o that at the Point of Contal ’tis reduc’d to no-
thing, and yet remains greater than the Line AH, ic
muft neceffarily be that this Line AH is reduc’d to no-
thing, and that in the Point H, or A, where the rwo
Circles ABC, ADE touch each other. mhich was to be
demonftrated.

SCHOLIU M.

We have here given a dire¢t Demonftration, which
- confequently is ditferent from that ‘of Euchd, as you fhall
{ee, atter we have faid, thataf you produce the Line FG
“on the other Side towards E, the greateft Diftance CE of
the two Circumferences ‘ABC, AUDE, is double the Di-
ftance FG of their Centres, becaufe if to the two equal
Lines FA, EC, or FA, FG-{-CG, be added the common
Line FG, it will appear that the Line GA, or GE is
equal to 2FG{-CG, wherefore by raking away CG, it
will alfo appear that the Line CE is equal to double the
Line FG.
I fay then, that if the two Circles ABC, ABE, touch Fig. 18,
each crher within at the Point A, the Right-Line drawn
: through the Centre F of the Circle ABC, and through
the Centre G of the Circle ADE, being continu’d, will
pafs through the Point of Contal A, {o that it cannot
. go for.example to Point D.
4 DE.
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PRl DEMONSTRATION.

For by drawingll:ha Radij FA, GA, it will appear &y
a0, 1. thatin the riapglﬂ GF&, the two Sides GF, Fﬂ,,li
taken together, that is to fay, GF, FB, or the fingle:|
Line GB is greater than the third Side GA, or GD,,
which is impoffible ; it is likewife impoflible that the:
Line FG, being produc’d, fhould pafsthrough any other:|
Point than the Point of Contalt A. Which was to be dess|
monffrated. ; |

USE

Fig. 17. This Propofition ferves to defcribe the Circumference:|
of a Circle, which touches the Circumference of anotherr|
Circle in a given Point ; asif the Point A be given imi|
the Circumference of the given Circle ADE, and you
draw from the Centre G, of the given Circle, throughi|
the given Point A, the Right<Line AG, upon which youi
may chufe at pleafure a Point as F, for the Centre of};:hqgﬂ
Circle which will touch in A the propos'd Circle ADE, |

PROPOSITION XII,
THEOREM XI
If the Circumferences of two Circles touch each other without, the | |

_ Right-Line drawn through their Centres, will P,.:;ﬁ' through 1|
the Point where they touch cach other, '

=

¥ig. 15, ]S’ay, that if thro’ the Centres G, H, of two Circles |
' ABC, DEF, whofe Circumferences touch each other |
without, you draw the Right-Line GH, which cuts the |
Circumference ABC at the Point A, and the Circumfe~ |

rence DEF at Point D ; thefetwo Circles will touch each |

other in the Points A, D, that is to fay, thefe two |

Poihts A, D, coincide, fo that their diftance AD js |

reduced to nothing. I

PREPARATION,

Draw thro’ the Point I, taken at pleafure without the |
two Circles ABC, DEF, and thro’ their Centres G, H,
the Right-Lines’ GI, HI, which will cut the two Cir- |
cumfererces ABC, DEF, in two Points, as B, E. |




Explain'd and Demonfirated.

DEMONSTRATION.

Becaufe the two Sides GI, HI, of the Triangle GHI, are
together greater than the third Side GH, by 20. 1. If you
take from one Side the two Lines GB, HE, and from the
other Side the two GA, HD, which are equal to the two

receding, it will appear that the Sum of the two Lines

B, IE, 1s greater than the Line AD ; and as this Sum
becomes lefs in Proportion as the Point I is nearer to the
Point of Conta&, {o that it is reduc’'d to nothing at the
Point of Conta&, and yet remains greater than the Line
AD ; this Line AD muft neceflarily be reduc’d to no-
thing, and the Point A, or D, be where the two Circles
}?BC& DEF, touch each other. Which was to be demins

rated.

SCHOLIUM.

If this demonftration, which we have render'd dire&t
as much as poflibly we cou’d, does not pleafe you, fol-
low that of Euclid, which is indire&, as you'll {ee.

I fay then, if the two Circles ABC, BDE, touch each
other without at Point B, the Right-Line GH, drawn
thro’ the Centres G, H, of thofe two Circles, will pafs
thro’ the Point of Conta& B, fo that it can’t cut the
Circumference ABC, BDE, for example at the two
Points A, D, :

DEMONSTRATION.

For by drawing the Radij BG, BH, it will be found
by 20, 1. that in the Triangle GBH, the two Sides GB,
HB, or the two GA, HD, are together greater than the
third Side GH, which being impoffible, it is likewife
impoflible for the Right-Line GH, which joins the Cene
tres G, H, of the two propos’d Circles, to pafs any
where but thro’ the Point of Contal. which was 2o &s
demponftrated, ' |

LS E.

This Propofition and the foregoing ferve to demon-
ftrate the following, which fuppofes that a Right-Line
drawn thro’ the Centres of two Circles that touch each
other, does pafs thro' the Point of Contal, thatisto fay,
thro' the Point where they rouch each other.

K PR O
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Plate 2.
Fig. 217

Pig. 22.
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P R‘okpl OSITION XIIL

gt

THEOREM XIL

Twa Circumferences of Circles touch each other only in one -
: Point; whether it be within or without.

[Say, firft, that if the two Circles ABC, ABD, touch
~each other within at the Point A, they cannot touch
again in another Point, as B.

"'PREP-A-.RA-TI(}N.

Draw thro’ the Centre E of the Circle ABC, to the
Centre F of the Circle ABD, the Right-Line EF, which
being produc’d will pafs thro’ the Point of Contalt A,
by Prop. 11. and draw thro’ the fame Centres E, F, to the

“other fuppos’d Point of Contaét B, the right Lines BE, BF. |

DEMONSTRATION,.

It is known by 20, 1. that in the Triangle BEF, the
Sum of the two Sides EB, EF, or EA,EF ; or the fingle
Line FA, wou'd be greater than the third Side FB, which
being impoflible, becaufe FA, ¥B, are equal Radij; itis
alfo impoflible that the two Circles ABC, ABD, which
touch each other at the Point A, fhou'd touch again at
Point B. Which was to be demonfirated.

T fay, inthe fecond place, that if the two Circles ABC,
ABD, touch each other without, at Point A, they can’t
touich again in another Point as B. :

DEMONSTRATION.

Having made a Preparation like the foregoing, it will
be found by 20. 1. that in the Triangle EBF, the Sum of
the two Sides EB, FB, or EA, FA, that is to fay, the
fingle Line E¥, is greater than the third Side EF, which
being impoilible, it isin like manner impoffible that the
two Circumferences of the Circles ABC, ABD, which
touch each other at the Point A, fhon’d again touch at
the Point B.  Which was to be demonfirased.

S CHO-
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SCHOL1UM. b

There may be added to the Demonftration of each of “% 2™ **
thefe two Cafes, that if the two Circumferences ABC, '
ABD, cou’d touch at Point A, and againat Point B, the
Right-Line drawn through the Centres F, G. ought by
Prop. 11. 12. to pafs thro’ each” of thefe two contatt
Points A and B, which is impoflible.

PROPOSITION XIV,
THEOREM XIIIL

Equal Right-Lines drawn in & Circle, are equally diftant ﬁ'm
the Centre; and thofe that ave equally diffant from the
Centre, are equal to each other. ]

*Wo Lines are faid #o be in a Circle, when they are
~ terminated each way in the Circumference, as AB, Fig 23
CD; and I fay, firft, that if thefe two Lines AB, CD,
are equal to each other, they are equally remote from the |
Centre E ; that is to fay, by Def. 4. if from the Centre’
E, be let fall the two Perpendiculars EF, EG, which
- will divide them equally in two at the Points F; G, 4y
Prop. 3. thefe two Perpendiculars EF, EG, will be equal =
to each other. . L

DEMONSTRATION.

Having drawn the Radij, EA, EB, EC, ED, it wilt
appear by 18. 1. that the two Ifolceles Triangles AEB,
. CED, are equal to each other, and that confequently
the two Angles B, C, will be alfo equal to each other; .
. fo that’ by "26. 1. the two Sides EE, EG, of the two
Rethangular Triangles EFB, EGC, are in like manner
equal to each other. Which was to be demonftrared. :
- I Say, in the fecond Place, that if thé two Lines AB,
CD, are equally remote from the Centre £, that is to
{ay, if their Perpendiculars EF, 'EG, arc equal to each
other, thefe two Lines AB, CD, are likewie equal to
- each other, which we fhall demonftrate, if we fhew thac
" their halves BF, CG, are equal to each other,

K?.r DE-H-
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Place 2.
Fig. 23.

Fiz 4.
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DEMONSTRATION.

Becaufe by 47. 1. the Sum of the Squares BF, EF, is
equal to the Square of the Radius BE, or CE, and that
in like manner the Sum of the Squares CG, EG, is
equal to the Square of the fame Radius EC ; thefe two
Sums will be equal to each other ; wherefore by taking
away the equal Squares EF, EG, there will remain the
fingle Square BF equal to the fingle Square CG, and con-
fequently the Line BF equal to the Line CG, and the
double AR equal to the double CD. Which was to be
demnonftrated.

U S E.

This Propofition ferves to demonftrate, that all the
Perpendiculars, let fall from the Centre of a regular
Polygon upon each of its Sides, areequal to one anothey,
becaufe this Centre is the fame as the Centre of the Cir-
cle circumicrib’d, as you will better perceive, when you
have read the 4th Book, which treats of regular Polygons
wnfcrib'd and circumfcrib'd round a Circle. We thall
likewife make ufe of this Propofition, to demonftrate a
Cafe of the following; and it may likewife be ufed to
demontftrate that lefer Circles which are equally diffant from
she Centve of the Sphere, are equal to each other.

PRQOPOS]ITION XYV,
THEOREM XIV.

If feveral Right-Lines be drawn in a Circle, the greateff of all
iz the Diameter, and that which s neareff the Centre, is
greater than that which is further off.

I Say firft, that the Diameter AB of the Circle, whofe
Centre 15 L, 1s the greateft of all other Right-Lines
that can be drawn in this Circle, for example greater
than the Line CD, which 1snota Diameter,

DEMONSTRATION.

If youdraw the two Radij LC, LD, then by z0. 1.in
the I riangle CLD, the Sum of the two Sides LC, LD,
or LA, LB, rhatis to fay, the Line AB, is greater than
the third Side CD. Which was ro ke demonfirated. Inthe

: fame
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fame manner ’tis demonftrable that the Diameter AB isPate 2.
greater than any other Line whatever, that can be Fig- 34
drawn in the Circle thro’ a Point which is not the
Center,

_ Ifay, in the fecond Place, that the Line EF, which

1s more remote from the Centre L, than the Line CD,

is iefs than chat Line CD, which is nearer it.

PREPARATION.

Draw from the Centre L, the Line LG, perpendicu-
lar to the Line CD, and the Line LH perpendicularto
the Line EF ; and as this Line LH is greater than the
Line LG, becaufe its fuppos’d that the Line EF, is fur-
ther from the Centre L, than the Line CD, take the
Line LO equal to the Line LG, and draw thro’ the Poine
O, in the Line LH, the Perpendicular 1K, which will
be equal to the Line CD, by Prop. 14. Laftly, Draw the
Radij LI, LK, LE, LF.

DEMONSTRATION.

Becaule the two Sides LI, LK, of the Triangle ILK,
are equal to the two Sides LE, LF, of the Triangle ELF,
and that the compris’d Angle ILK, is greater than the
compris'd Angle ELF, the gafe IK, or CD its equal, will
be greater than the Bafe EF, by Prep. 24. 1. Which re-
main d to be demonfirated.

U S E.

This Propofition ferves to demontflrate in the Sphere,
thar the fmall Circles which are further off, from the
CcntrE_ of the Sphere, are lefler, becaufe their Diametess
are leiler.

K3 PR O-
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Fig. 25+

PROPOSITION XVL
THEOREM XV.

The perpendicular Line drawn thro’ the Extremity of the Dig-
meter of @ Circle, is wholly without the Circle ; and every
other Right-Line drawn between it, and the Circumference
of the Circle cuts it, and enters withini¢.

]Say, firft, that if thro’ the extremity A of the Dia
#  meter AB, of a Circle whofe Center is E, you draw
the Line CD, perpendicular to the fame Diameter AB
that Perpendicular CD is quite out of the Circle, fo that
any Point whatever of this Perpendicular CD, as H, is
more remote from the Centre E than the Point A.

DEMONSTRATION.

If you draw the Right-Line EH, you will have the
Reltangular Triangle EAH, whofe Hypotenufe EH is
greater than the Side EA, by 19. 1. becaufe it is oppofite
to the Right-Angle A, which is the greatelt by 32. 1.
Whence it follows that the Point H, is further from
the Centre E than the Point A, which is in the Circum-
ference, and that confequently the Line €D is quite
without the Circle, fo that it touches the Circle in the
Point A. Which was to be demonfirated. . '

I fay, fecondly, that from the Point of Contat A,
there can’t be drawn below the Tangent CD, any Right-
Line, for inftance AF, which does not cut the Circums«

ference of the Circle ; and which does not enter into it,
PREPARATION.

Letfall from the Centre E, on the Line AF, the Per-
endicular EG, which will cut the Line AF in fome |
Place below the Point A, as in E, by reafon of the acute |
Angle EAF. {

DEMONSTRATION.

Becaufe the Angle G is right, it will be the greateft
of the Angles of the Triangle EGA, by 32. 1. and by
9. 1. the Hypothenufe EA will be greater than the Side
EG. Whence jtfollows. that the Point G is nearer the

Bl n SR
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Centre E than the Point ‘A,'-and fo the Line AF, cuts Pltez. ‘
the Circle, and enters it. Which remain'd to be demon= 18 35

firated. g :
SCHOLIUM.
. The Commentators of Euclid add to this Propofition,
that the Angle of the Semi-cirele, namely, that which the
Diameter of a Circle makes with its Circumference, as
EAI is greater than any Rettilineal Acute Angle what-
ever ; which is evident from our Definiticn of the An-
ﬁlﬂ, by the which it is ‘known that the mix’d Angle
Al is equal to the right-lin'd Angle EAC, which is a
right one. ; _ e :

They add likewife, tho’ unneceffarily, that CAI,
which they have very improperly call'd A4nzle of Contas¥,
is Tefs ‘than any right-1in'd "Angle whatever, and that
confequently it is reduc’d to nothing, which is likewife
“evident, becaufe that is not an Anglé, as we have oba
derv'd in Def. 9. 1. :

i ! L S5E:

. This Propofition ferves for Prgp. 33. and Iikewife to
draw 2 Tangent thro’ a Point given in the Circumfe-
rence of a given Circle ; as if the Point A be given,
-.you muit draw thro’ this Point A, to the Centre E, the
right AE, to which on the fame Point A ereft the Per-
%fndicular AD, which willbe the Tangent requird. We
all teach in the following Propofition the manner of
drawing a Tangent, thro’a Point given without the Circle,:
PROPOSLLILION:  XVIL
PROBLEM 1L
Frosk & giwen Point without a given Civcle, to dfaw a Right.
| ~ . Line which touches its Clrcumfercice. :
T'D draw -from the given Point A, without the given Fig 26
Circlé ECG, whofe Centre is, B, a Right-Line,
which rouches the Circumference ECG :- Draw thro’ the
given Point A, to the Centre B, the Kight-Line AB,
. which here cuts the Circumference ECG, in the Point
C, through “which draw ro the Line AB, the indefinite
Perpendicular CD, which will be terminated in D, by
the Circumference of a Circle defcrib’d fromthe Center B,
thro’ the given Point A. Laitly, draw from the Cenrer B,
thro’ the Point D, the right BD, and thro’ the Point E,
where it cuts the Citcﬂm?erence ECG; draw to the giv'n
:Point A, theright AE,which wili be the Tangent requird.
| K4 D E-
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DEMONSTRATION.

It is plain by 4. 1. that thetwo Triangles BAE, BDC,
are equal to each other, becaufe they have the two Sides
BA, LE, equal to the two Sides BD, BC, and the com-
mon compris'd Angle B, wherefore the Angle BEA will
be equal tothe Angle BCD, which being right, the An-
gle BEA will be alfo right, and by Prop. 16. the Righr-
Line AE will touch the Circle ECG in the Point E.
Which was to be done and demonftrated. |

U S E.

The Ufe of Tangent Lines is very frequent in Trige-
yometry; as well Spherical as Reffilineal 5 as alfo in Diop-
ericks, to determine the pointsof Reflexion upon a curved
Surface, as well Concave as Convex. 'Tis likewife
made ufe of in Dyalling, for the Delcription of the Baby-
lonian and Italian Hours ; and in Navigation, where we
take a Tangent-Line for our Horizon when we obferve
the Height of the Sun, or fome other Star. 'Tis alfo
very commodioufly made ufe of in Speculative Geomerry,
for the Quadrature of Carves, whereof you have an Ex-
ample in the firft Theorem of our Planimetry, which will
ferve for the Quadrature of the Circle, and of the Parabola
We fhall lay down in Prep. j1. another more eafie Me«
thod to draw Tangents. |

PROPOSITION XVIIL
THEOREM 'XVL

of Right-Line drawn_from the Centre of the Circle, to & Point
where another Right-Line touches its Circumference, is pebs
pendicular to that other Right-Line,

—

Say, that if the Right-Line CD; touches in the Point

A, the Circumference of the Circle AIB, whofe Cen~
treis E; the Right-Line AE drawn thro’ the Point of
Contatt A, and thro’ the Centre E; is -perpendicular to
the Tangent-Line- CD. -

DEMONSTRATION,

For 1fthe Line EA is not perpendicular to the Tan-
gent-Line CD, it will make with it on the one Side
an
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an Acute-Angle,and ¢n the other an obtufe one : if forex-Tlate 2.
ample you wou'd have the Angle EAC obtufe, you may F& 25¢

cut off the Right-Angle EAF, by the Line AF, which
in this cafe being perpendicular to the Diameter AB,
will touch the Circle at the fame Point A, where ’tis
fuppos’d that the Line CD touchesit by Prep. 16. and fo
being quite out of the Circle, you may draw between the
Tangent-Line AC, and the Circumference AIB, a Right-
Line, which is contrary to the fecond Cafe of the Prop.
16. Therefore there 1s no other Line perpendicular to
the Diameter AB, than the Tangent Line CD. which
was tq be demonfivated. : : '

SCHOLIUM.

This Propofition may yet be demonftrated feveral
other ways, among the reft I have chofen the following,
which feems to me the plaineft and eafieft of all.

If the Line EA is not perpendicular to the Tangenta
Line CD, letit be EH, fo that the Angle H be a right
one, in which cafethis Angle H will be the greateft of
the three Angles of the Triangle EAH, by 32.1. and by
19. 1. the Side EA will be greater than the Side EH,
and the Point H will be within the Circle, and {o the
- Line CD will not be a Tangent-Line. There is not
therefore any other Line perpendicular to the Tangent-
}{ina CD, butthe Diameter AB.- Which was to be demon-

rated.

This Demonftration is not direft, bur it may be made
diret, by faying that fince the Line CD touches the
Circumference AIB, at the Point A, all its Points are
further diftant from the Centre E than the Point A, and
thus all the Right-Lines which fhall be drawn from the
Centre E, thro’ all'thefe Points, will be larger than the
Line EA, the which being the fhorteft of all, oughrto be
perpendicular to the Tangent-Line CD, by 8. 1, éb.

: USE.

"This Propofition ferves for the Demonftration of the
following, and likewife of Prop. 32 and 36.

bo &

PRO-
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Plite 2.
Pig 27.

Fig. z3.
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PROPOSITION XIX.
THEOREM XVIIL

A Perpendicular drawn toa Right-Line which touches & Give
cle, at the Point of Contatt, paffes thro’ the Centre.

T Say, that if the Line AB, touches at the Point C, the
Circumference of the ‘Circle CDE, and if thro’ the
Point of Contatt C, be drawn the Right-Line CF per-
pendicular to the Tangent AB, the Centre of the Circle
CDE isin the Perpendicular CF, or which is the fame
thing, this Perpendicular CF pafles thro’ the Centre: -

DEMONSRATION.
4

Foraf it is fuppos’d that the Centre of the Circle isin
G, and that you draw the Right GC, it will be perpen-
dicular to the Tangent AB, by Prop. 18. and Becaufcp the
Right-Line CF is alfo per 'cngicu] ar to the Tangent AB,
by sup. the two Angles BCF, BCG, being right ones,
will be equal to each other, and the Line CG, will con=
fequently agree with the Line CF. . Whence it follows
that the Centre of the Circle will be in the Line CF,

Which was to be demonfirated.

PROPOSITION XX
THEOREM XVIIL

Tie Angle at she Centre is double the Angle at the Clrcum }E-
ence of @ Circle, when thefe two dngles fland on e and
the [ame drch. i

THa Angle at the Circumference, fo call'd, is that whofe
~ forming Lines are in a Circle, and whofe angulat
Point is in the Circumference of the fame Circle,as BAC,
one of whofe Sides may be in a Right-Line with the
Sides of the Angle at the Centre BDC, asin Fig.-29. Or its
two Sides may inclofe the Angle at the Centre, as in
Fiz. 28. Or one of its two Sides may cut one of the
two Sides of cthe Angle at the Centre, as in Fig. 30. Ir;l
3

|
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all thefe Cafes, I fay, that the Angle at the Centre BDC Plate 2.
is double the Angle at the Circumference BAC. Fig. 28.

Demonfiration of the firft Cafe. |

Becaufe the Angle in the Centre BDC is exterior with place 37
refpet to the Iofceles Triangles ADB, ‘it is by 32. 1.Fig 29
" equal to the two oppofite interiors ‘A, B, which being
equal to each other by 5. 1. it follows that the Angle
. at the Centre BDC is double the Angle at the Circum-
ference BAC. Which was to be demonfirated.

Demonfiration of the fecond Cale.

Having drawn from the Angle A, thro’ the Centre D, E_‘_“'-" 2.
the right ADE, it will appear as before, that the Angle “'& 28 1
BDE is double the Angle BAE, and the Angle C
‘double the Angle CAE. Whence it follows that the
whole Angle BDC is double the whole Angle BAC.

Which was to be demonftrated.

Demonfiration of the third Cafe.

Having in like manner drawn the right ADE, it wil] E‘"Ej;'
alfo be found as before, that the Angle BDE, is double = °°’
the Angle BAE, and that the whole Angle CDE, is
double the whole Angle CAE. Whence 'tis eafy to
conclude that the remaining Angle CDB, is double the
yremaining Angle CAB, Which was to -be demonfirated,

USE.

This Propofition ferves for the following, and may be
of afe in {-l'ﬂf'idin% a' given Angle into two equal Parrs,
as BAC, to wit, by defcribing from the angular Point A,
the Semi-circle DEF, and by drawing the right EF,
which will make at Fan Angle equal ta half of the pro-
pos'd BAG, becanfe the Angle A is made at the Centre,
and the Angle F ar the Circumference, and both ftand
upon the fame Arch DE. : '

Fig. 3%

FRO
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Plate 3.
Eig. 32,33,

¥ig. 35

Eig- 33

The Elements of Euclid ~ Book el

PROPOSITION XXIL
THEOREM XIX.

ﬂe Angles which ave in one and the [ame Segment of a Circle,, IF
are equal to each other, “

T Here may happen two Cafes, becaufe the Angles may!
be in a Segment greater than a Semi-circle, or in a
Segment lefs than a Semi-circle. They may likewife be:
in a Semi-circle ; but this third Cafe will be demonftra--|
ted as the fecond ; wherefore we fhall fpeak only of the: |
two firft. : | |

I fay therefore, firft, that the two Angles D, C, whichni
are in the Segment ABCD, greater than a Semi-;irﬂe,,q
are equal to each other. pgan ¢ s |

DEMONSTRATION. v+

By drawing from the Centre E, the two Radij, EA,
EB, it will appear by Prop. 20. that each of the two An--
oles at Circumference C, D, is equal to half of the:
Angle at the Centre AEB, and that confequently thefe:
two Angles C, D, are equal to each other. Which was |
¢0 be demonfirated. _ i |

I{ay, in the fecond Place, that the two Angles C, D,
which are in the Segment ABCD, lefs thana Semi-circle,
are equal to each other:

DEMONSTRATION.

Becaufe the two Anﬁ]es CAD, CBD, are in the Seg-
ment CBAD greater than a Semi-circle, ‘they are equal
ta each other by the ]l:rcceding Cafe ; and becaufe the two
oppofite and vertical Angles AED, BEG, are alfo equal
to each other, by 15. 1. it follows by 32. 1. that the
Angles ACB, ADB, are equal toeach other. Which re
maind to be demonfirated. :

f * US E.



 Explain'd and Demonfirated,

U S E.

1ax

~ Asit is taken for a Pxinciple in Optics, Thata Line pirpige

appears always equal, when it is feen under equal An-
gles, itismanifeft from this Propofition, that the Line
AB ought to appear equal, being feen from the Points
C, D, or any other Point whatever of the Arch ADCB,
fince thus it is always feen under equal Angles.

This Propofition ferves alfo for the following ; and ta -

defcribe a great Circle whofe Centre cannot be had,

which is extreamly ufeful in the Defcription of great

Aftrolabes, which are made by the Principles of the
Stercographical Projettion of the Sphere ; and likewife
to give a Spherical Figure to Copper Tools, on which
Glaffes for Telefcopes are to be ground and polifh'd.
This great Circle is defcrib’d mechanically thus.

To defcribe for example, a Circumference of a Circle,
thro’ the three given Points A, B, C, you are to form
upon Iron, or fome other {olid Matter, an Angle ACB,
equal to that which contains the Segment ABCD, and
having put in the Points A, B, two Iron-Pins very firm,
you muft move the Triangle ACB, the Sides whereof
CA, CB, oughr to be fufficiently long, {o that the Side
CA touches the Pin A, and the Side CB the Pin B, and
. then the Point A will defcribe by this Motion the Cir-
cumference ADCB.

Becaufe the Inverfe of this Propofition is likewife true,
it may be of very fmd ufe to draw through a given
- Point a Line parallel to a given inacceflible Line on the
Ground, asyou fhall fee.

Fig. 33

_ Through the given Point C, to draw a Linz CE paral- Fig. 2.

lel to an inacceflible given Line AB upon the Ground,
meafure with a Graphometre, or otherwife, the Angle
ACB, and choofe upon the Ground the Point D, fo thar
the Angle ADB be equal to the Angle ACB, to the end
that the four Points A, C, D, B, be in a Circumference
of a Circle. After that, make at the Point C, wich the
Line CB, the Angle BCE equal to the Angle ADC,
draw the Right-Line CE, which will be parallel to the
given Line AB, by 29. 1. becaufe the Angle BCE is
equal to its alternate Angle ABC, equal by Prep. 21. to
the Angle ADC, fince each flands on the fame Arch
AC, ¢re. '

PR O-
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Plate 3.
Fig. 34
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PROPOSITION XXIL
THEOREM XX

The two appofite Angles of a Quadrilateral Figure infe wrib'd ind’

-Cirile, ave taken together equal to two Right-Angles.

]"S’zi}r, that the two oppofite Angles BAD, BCD, of the

Quadrilateral ABCD infcrib’din a Circle, are taken

together equal to two right ones, that’is to {ay, they are
equal to the three Angles of a Triangle, namely of the

Triangle BCD, which raken together are equivalent to
two right ones, by 32. 1.

DEMONSTRATION.

If you draw the two Diagonals AC, BD, it will appear
by Prop. 21, that the Angle BDC, is equal to the Angle
BAC, which ftands upon the fame Arch BC, and that in
like manner the Angle DBC is equal to the Angle DAC,
which ftands upon the fame Arch CD: Whence it fol-

lows that the whole Angle BAD is equal to the Sum of -

the two Angles BDC, DBC ; wherefore by adding the
common Angle BCD, it' will appeir that the Sum of the
two oppofite Angles BAD, BCD, is‘equal to the Sum of

the three BDC, DBC, BCD, that is to fay, to.two right

ones. Which was to be demonfirated.

SCHOLIUM.

To be the more convinc'd of the Truth of this Theo«
rem, you may confider that fince by Prop. 20. the Angle at
the Circumference is but half the Angle at the Centre,
which is meafur'd by the Arch that fubtends thefe two
Angles, it follows that the Angle at the Circumference
BALD, contains but half the Degrees of the Arch BCD,
and that in like manner, the Angle BCD contains but

‘halfthe Degrees of the Arch BAD, and that confequent—

1y thefe two Angles EAD, BCD, contain together but
half the whole Circle, or 360 Degrees, that is to fay,

they make together 180 Degrees, or two Right-Angles,
Which was to-be demonfirated.

USE

This Propofition ferves to-demonfirate Part of Prop.
31 and 3 2.

PR O-
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Pl-ﬂte 3- ;
Fig. 354

"*5' wo [imilar Segments of a Gircle, deferib’'d on one and the fame -

Right-Line, are equal to each other.

I Say, that if the two Segments of a Circle ABCA,
A ABDA, are alike, {o that they comprehend the equal
. Angles ACB, ADB, they will be equal to each other.

PREPARATION,

- Imagine the Segment ADB, applied on the Segment
ACB, turning it towards C, round the common Bafe
AB; and then vou will find that thefe two Segments
do not exceed each other ; that i1s to {ay,; the Circuma
ference ADB will fall no where but on the Circumfe~
rence ACB ; and if you wou'd have it reach AEB, pro-
gﬁce the Line AC as far as E, and join the Right-Line

DEMONSTRATION.

- Since you wou'd have the Segment AEB, be the fame
as the Segment ADPE, which is fuppos'd equal to the
Segment ACB, the Segment AEB muft too be equal
to the Segment ACB; and confequently the Angle E be
equal to the Angle ACB, per Def. 8. which being im-

pofliblg; becaufe the Angle ACB exterior, is greater than .

the oppofite interior E, by 16. 1. it is alfo impoflible
tthat the Segment ADB fhould fall any where but on the
 Segment ACB. . Whence it follows "that the two Seg-

' ments ACB, ADB, are equal to each other. #hich was ro

ke demonftrated.

L lpaauie X1 J0EgRve
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Plate 3.

s PROPOSITION XXIV. |
THEOREM XXIL |

. Two Iike Segments of a Gircle, defcrib’d upon two equal Lines,,
are equal to each other. '

1' Say, that if the two Bafes AB, DE, of the two Seg-.
ments of a Circle, ABCA, DEFD, are equal to each
other, and that thefe two Segments be alike, fo that:
they contain the equal Angles ACB, DFE; thefe {ame:
two Segments ABC, DEF, will be equal to each other,

PREPARATION.

Imagine the Segment DEF lay'd upon the Segment
ABC, {o that the Bafe DE coincides with the Bafe AB -
which is poflible becaufe thefe two Bafes are fuppus’ci
equal : and then you will find that thefe two Segments
will not exceed each other; that is to fay, they will co- .
incide, and if you would have the Segment DEF take
up the Space AGB, produce the Line BC as far as G,

and join the right AG.
DEMONSTRATION.

Since you wou'd have the Segment AGB to be the
fame as the Segment AEF, which is fuppos’d equal to
the Segment ACB, the Segment AGB muft likewife be
equal to the Segment ACB, and confequently the Angle
G be equal to the Angle ACB, by Def. 8. which bging
impoflible, becaufe the exterior Angle ACB is greater
than the oppofite interior one G, by 16. 1. itis alfo im-
poffible that the Segment DEF fhou’d fall any where but
on the Segment ACB. From whence it follows that the
two Segments ABC, DEF, are equal to each other,
Which was to be demonftrated. <

U s b

This Propofition is made ufe of to reduce a mix'd
Ifofceles Triangle, whofe two equal Sides are two Arcs
of equal Circles, into a Rettileneal Ifofceles Tri-
angle: Asif the propos'd Triangle be ADCEB, whofe
two Sides ADC, BEC, are twc equal Arcs of equal
Circles, you are to draw the Right-Lipes AC, BC,hl‘;‘hf:

walc

Fig. 38,
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which with the Bafe AB, will make the Reilineal
Ifofceles Triangle ABC, egual to the propos'd ADCEB,
becaufe of the two equal Segments of a Circle, ACD,
BCE, &v..

PROPOSITION XXV.
PROBLEM IIL

A Segment of a Cirle being g:'w;:, to find the Centre of thas
Circle. [

O find the Centre of a Circle, whofe Segment is Plate 3!
ABC ; choofe at pleafure three Points upon the Fig.i5
Circumference ABC, as A, B, C, and join the Right-
Lines AB, BC, and having divided them equally in two
2t the Points D, E, ereét on thofe Points the two Per~
pendiculars DF, EF, and their Point of Interfeltion F,
will be the Centre fought.

DEMONSTRATION.

Becaufe by Prop. 1. the Centre of the Circle, whofe
Circumference pafles thro’ the three Points A, B, C, is
in each of the two Perpendiculars DF, EF, it ought to
be in their common Interfeétion F, where confequently
the Centre of the Circle muft be, whereof ABC is 3
Segment. Which was to be done and demonfirated. '

VS E

This Propofitzon is the Foundation of the Pratice
which we have taught in the Refolution of Proél. 22. In»
trod. and it likewife ferves 2o deferibe the Circumference of
a Circle, thro the thyee angular Points of a given Triangle,
as will be taught in prop. 4. . g

L PR O
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Fig. 4o.

The Elements of Euclid.  Book III.
PROPOSITION XXVL
THEOREM XXIIL

In equal Circles, the equal Angles at the Centre, or at the
Cireumference, are fubtended by equal Arches.

Suppofe that the Circles ABD, EFH, are equal, fo
- that the Radij CA, GE, be equal to each other. This:
being fo, I fay, firft, that if the Angles at the Centre:
ACB, EGF, are equal to each other; the Arches AB,,
EF, which fubtend them, are in like manner equal to)

" €ach other, becaufeithey are their Meafures.

Fig. 40

-other, becaufe by Prop. 20. thofe Angles D, H, are tne:

I Suppofe that the Circles ABD, EFH, are equal, {o.

‘being fo, I fay, firft, chat the Angles at the Centre C,,

I fay, fecondly, that if the Angles at the Circumfe..
rence D, H, areequal to each other, the Arches AB,,
EF, on which they ftand, are likewife equal to each,

halves of the Angles at the Centre C, G, which are.

equal to each other, and confequently have their equall
Meafures AB, EF. Which was to be demonftrated.

PROPOSITION XXVIL
THEOREM XXIV.

The Angles at the Centre or Clreumference of cqual Civcles, ave
equal to each other, when they are [ubtended by equal drches..

that the Radij CA, GE, be equal to each other, and |
that the Arches AB, EF, are in like manner equal. This;

G, are equal to each other, becaufe their Meafures AB,
FF, are Juppos'd equal. | ;

I fay, in the fecond Place, that the Angles atthe Cir-
cumference D, H, are equal to each other, becaufe by
Prop. 20. they are the halves of the Angles, at the Centre !
C; G, which have been demonftrated to be equal.

24 - PR O-§
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PROPOSITION XXVIHL 1w &

THEOREM XXV.

Equal Lines in equal Circles bave equal Arcs.

I Suppofe the Circles ABC, DEF, are equal, and con-
fequently their Radij AG, DH, as alfo the Lines AB;
DE; then, I fay, the Arcs AIB, DKE, are equal, be-
‘cauf® they are the Meafures of the two Angles at the
Centre G, H, but they by 8. 1. are equal. Which was e
be demonfirated. - o

PROPOSITION XXIX.
THEOREM XXVIL

Right-Lines [ubtending equal dres in equal Circles, aré
alfo equal,

Fig. 41.

ISuppn{'c the Circle§ ABC, DEF, are equal, confe-Fig 3%

quently their Radij AG, DH, and the Arcs AlB,
DKE ; then, I fay, the Lines AB, DE, are equal, for
the Arcs AIB, DKE being fuppos’d to be equal, the
Angles at the Centre G, H, meafured by them muft alfo
be equal, and by 4. 1. the Ifofceles Triangles, ABG,
DEH, are equal, and confequently their Bafes AB; DE.
Which war to be demonfirated, : |

1.3 PR O:
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Plate 4.

Fig, 4o- PROPOSITION XXX
PROBLEM V.

To bifelt 2 given avre,

- TO bife&t the Arc ABC, join the two Extremities, |

A, C, by the Right-Line AC, and bife&ing it in

the Point D, let fall the Perpendicular BD, and thar

will bife&t the Arc propos’d ABC, fo thatthe two Arcs
AB, BC, ihall be equal.

DEMONSTRATION.

Drawing the Lines AB, BC, you will find by 4. 1.
they are equal, the right-angled Triangles ADB, CDB |
being equal. Confequently by Prop. 28. the two Arcs
AB, BC, are alfo equal. Which was to be demonfirated.

U S E.

This Propofition ferves to bife& an Angle, divide a
Circle into 32 equal Parts, for the 32 Winds or Points
of the Nautical Compafs.. It ferves alfo to divide:
a Circle into its 360 Degrees, tho’ 'tis but in Part, be-.
caufe we fhould know how to divide a Circle at leaft:
into three equal Parts, which can’t be done by the com--
mon Geomerry, it being 2 folid Problem, butin prattice:
we are contented with making this Divifion by Tentatia.
on, which is enough for coming at what 1s propos’d to:
be cffelted.

-
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PROPOSITION XXXL
THEOREM XXVIL

In a Circle, an Angle in # Semi-circle is ‘vight, that in a
greater Segment is acute, that in & lefs, isobrufe.

J S fistt, the Angle ABC, in the Semi-circle ABDC
is right, fo that producing one of the Lines BA, BC,

for inftance BC towards F, the Angles ABF, ABC, will

be equal, confequently right. . _

DEMONSTRATION.

Draw the Radius BE, and by 5. 1. you know that in
the Ifofceles Kriangle AEB, the Angle ABE isequal to
the Angle BAE, andin like manmer in the Ifofceles Tri-
angle BEC, the Angle EBC is equal to the Angle BCE.
Whence it follows, that the whole Angle ABC is equal
to the fum of BAC, BCE, that is to {fay by 32. 1. to the
external Angle ABF, and confequently each of the two
Angles ABC, ABF is right. Which was to be demonfirared.

I fay, in the fecond Place, that the Angle BAC, in
the Segment BAC, greater than a Semi-circle, is acute,
or lefs than a right.

DEMONSTRATION.

Since the Triangle ABC is right angled in B, as has
been demontitrated, it follows by 32. 1. that each of the
other two Angles are acute, confequently that BAC is
lefs than.aright. Which was to be demonftrated.

Laftly, I fay, the Angle D, in the Segment BCD,
lefs than a Semi-circle, is obtule or greater than arighr.

DEMONSTRATION.

Becaufe the two oppofite Angles A, D of the Quadri-
lateral Figure ABD(]JJ, are taken together equal ro two
right ones, by Prop. 22. and the Angle A has teen de-
monftrated to be acute, the Angle D muft be obrufe,
Which was to be demonftrated.

L3 : US E:
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Place 4.

Fig. 45

?ig, 46.

Fig. 53+

The Elements of Fuclid ~ BookTIL.
USE.

This Propofition ferves to find whether a Square be
true ; for defcribing the Semi-circle ABC, and applying
the right Angle of the Square to any Point of the Cir-
cumference, for inftance B, that one of its Legs, as AB,
touch the Extremity A of the Diameter AC, if the other |
Leg BC alfo touch the other Extremity C, the Square is
Juit, ) i ]

‘This Propofition is alfo very ufeful in erefting a Per-.
pendicular upon a given Point of a given Line: Thus

- 1f you were to eretta Perpendicular upon the Point A
~of the given Line AB, defcribe thro’ the given Point A,

upon the Point C,” taken at Difcretion without the gi-
ven Line AB, the Circumference of a Circle, and thro’
the Point B, where it cuts the Line AB, draw thro” the
Center C the Diameter BCD, cutting AD ih D, through
which and the given Point A, draw the Right-Line AD, .

and that will be a Perpendicular to the Line AB pro=
pofed, thatis to fay, the Angle BAD will be a right
on:e, becaule”'tis in 2 Semi-circle.

This Propofition ferves alfo to let fall a Perpendicular.
from one of the three Angles of a Triangle onthe oppo=
fite Side, or even two at once: Thus if you were to let
fall Perpendiculars from the Angles A, B, of the Tri-
angle ABC, on the oppofite Sides AC, BC, defcribe upon
the third Side AB, tﬂe Semi-circle ADEB, and thro’ the
Points E, D, where the Circumference cuts the Sides
AC, BC, draw_to the Angles propos'd A, B, the Right-
Lines AE, BD, and they will be perpendicular to the
Sides BC, AC, by the Property of the Semi-circle,

I fhould neyer have done, if' T fhould endeavour to
reckon up all the different Ufes of this P‘_rnfluﬁtiu:::;: I
fhall therefore content my felf with faying, it is of ufe |
in Trigonometry, for compuring the Table of Sines :
in Arithmerick, by Geometry, for fubftralting fimilar
Figores; and demonftrating the following ‘Propofition,
and furnifthing us with an eafier Method than thac in
prop. 17. for drawing a Tangent thro’ a given Point
without the Circumference of’ a siven Ciycle. . Thus if
from the Point A, you would.draw a Right-Line, that
fhould be a Tangent to the: Circle CEB, whofe Centre:
is D: Draw from the Centre D, to the Point given A,
the Right-Line AD, wupon which defcribe the Semi-
circle AED, cutting the Circumference of the given
Circle in the Point E, thro’ which and the given Pﬂi;;t

-



Explaind and Demonflrated.
A, draw the Right-Line AE, and it fhall be the Tangent

fﬂught by Prop. 16 for theé Angle AED being in the'

Semi-circle is a right one.
PROPOSITION ._-_x}:xn. |
THEOREM xxvn-r.-

A Right-Line cutting the Cm:ﬂmﬁrrgme of a Circle at rée

Point of Contalt, makes two dngles with the Tangent equal
to thofe in the #Irem.:::e Segments.
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A N ﬁfurwre Segment is that which is on the other Side rlaes’
of the Retilineal Angle made at the Point of Con- Fig. 47

ta&, as ADEA, in regard of ‘the oppofite. Angle CAD,
made by the Line AD, at the Point of Contat A,
with the Tangent AC; or the Segment ADEA, in
regard of the oppﬂrte An%}e B!&.D torm’d by the
fame Line AD, with the Tangent HB at the {fame
Point of Gontalt A.

I fay, firfk, then thatthe Angle CAD is equal to the
Angle made in the alternate Segment ADEA, for in-

ftance to the Angle AED made I::y the Line ED with
the Diameter AE. !

DEMONSTRATION.

Becaufe the Angle ADE is right, by Prop. 31. the two

other Angles AEU EAD, of the Triangle ADE, are
taken mgether egua.l to one right, by 32.1. and confe-
quently equal to the Angle CAE, which is alfo right by
‘Prop. 1\6 wherefore taking away the common Ang!e
EAD; 'tis evident the ﬁng}c Angle AED, isequal to the
Angle CAD. Which was ta be devaonfrated.
‘ Ifay inthe fecond Place, if you draw thro’ the Point
F, taken at Difcretion in the Arc AFD, the Lines AF,
-DF the Angle BAD is equal ro che Pmple AFD, made
in the aiternate Scﬂment ADFA.

DEMONS RATION.

Becaufe in the Quadrilareral Figure AEDF, the Sum
of the two oppofite Angles E, F, is equal to two right
ones, by Prop. 22. and Eﬂnfﬂquently equal to the Sum of
BAD, CAD, whichare alfo equal to two right ones by
P;I‘i:lP Y4 K takmg away the Angles &ED Cc’iD demon-

{trated
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{trated to be equal, 'tis evident the ﬁnglé Angle BAD,
is equal to the fingle Angle F. Which was to be demon=

P'fm'rfd,
: SCHOLIUM,

We all along fuppofed in both the Demonftrations,
that the Line AD was without the Center G; for if it
paffed through it, as AE does, it would make with the
Tangent CB two Right-Angles by Prop. 18. and the
Angles 1n the Semi-circles would alfo be right, by Prop.
a1. 'Thus the Propofition is evident,

U S E.

ThisPropofition ferves to demonftrite Prop. 33, and 34.
and Prop. 10. 4. and that if feveral Circles touch one
ancther in the fame Point, as A, and a Line be drawn
thro’ it, cutting their Circumferences, as AF, the Arcs
of each-Circle terminated by that Line, namely AD, AE,
AF, are fimilar Parts of their Circumferences, becaufe
all Angles made in the alternate Segments are equal,
each being equal to the Angle made by the Right-Line
AF and Tangent BC.

PROPOSITION XXXIIL
PROBLEM V.

Lo defcribe on » given Right-Line a Segment of a Gircle, thas
fhall contain any given Angle.

"1 1S evident by Prop. 31. that if the Angle given be
right, you have nothing to do but to defcribe a
Semi-circle on the given Line AB, for that Segment of
a Circle will containa right Angle. But if the given
Angle be not right, make on the Extremity B of the
given Right-Line AB, the Angle ABC equal to the gi-
ven one by drawing BC, to which draw the Perpendi-
cular BD, from the Point B, then make on the other Ex-
tyemity A, the Angle BAE, equal to the Angle ABE, and
that will make the Sides AE, BE, of the Triangle ABE,
equal by 6. 1. you can therefore defcribe on the Point
E, asa Center thro’ the two Extremities A, B, a Cir-
cumference of a Circle, and the Segment ABDA fhall
keﬂ-.:{:jpable of containing the given Angle, or 1ts equal

ABC, -
D E-
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Plate 3.

DEMONSTRATION. i

Becaufe the Line BC 1s perpendicular to the Diame-
ter BD, by conffr. it follows by Prop. 18. that 'tis 2 Tan-
gent to the Circle at the Points B, and by Prep. 32. the
Segment ABDA can containsan Angle equal to the An-
gle ABC, equal by Conftruthion to the Angle given.
IWhich was to be demonftrated.

USE.

By the help of this Propofition you  may find a Point
from whence the two unequal Parts of a Line divided
into two Parts will appear equal, namely by making on
one of the given Lines any kind of Segmenrt of a Circle,
and on the other a Segment of a Circle fimilar to the
former ; for the Points where the Circumferences of the
two Segments interfett, will be thar from whence the
two Lines propofed being feen under equal Angles, will
Appear equal.

PROPOSITION XXXIV.
. PROBLEM VL

To cut off a Segment capable of comtaining any given Anglé,
romn @ given Gircle.

>*F~ 1S evident by Prop. 51. that if the Angle given be
right, only draw any Diameter in the Circle gi-
ven, and that will cut off on each Side a Semi-circle,
that will tontain a Right-Angle: But if the Angle given
be nota right one, draw by Prep. 16. a Tangent BC to
the Point A, taken at Difcretion in the Circumference
of the given Circle, and draw the Line AD, making the
Angle CAD at the Point A, equal to the given one, and
it will cut off from the Circle given, the Segment
ADEA, that can contain the Angle CAD, and con-
fequently the given Angle, as isevident by Prop. 32.

: i PR O-

Fig. 5o,
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PROPOSITION. XXXV. '
THEOREM XXIX.

Two Right=Lines croffing one another in & Circle, the Reflangle
under the two Parts of the one, is equal to the Reifangle
wnder the two Parts of the other.

THefe two Lines may interfe€t one another feveral .
ways, asin the Center, and then their Parts will be
equal, or one pafling thro’ the Center may bife&t the
other that does not, and then they will be perpendicular
to each other, by Prop. 3. or one pafling thro’ the Cen-
tre may cut the other that does not, into two unequal
Parts: Or laftly, the two Lines may cut one another
without the Centre. I fay, in all thefe Cafes the Rett-
angle under the two Parts of the one, are equal to the
Reltangle under the two Parts of the othex. A |

Demonftration of the firft Cafe.

"Tis evident, if the two Lines interfe& in the Centre,
that their Parts are equal, becaufe each is equal to the
Radius of the Circle, confequently their Retangles are
equal, being Squares of the fame Radius. Which was
20 be demonfirated. : '

Demonftration of the ﬁm-m' Cafe.

If one of the two Lines, as AB, pafs thro’ the Cen-
tre, and cutting the other that does not pafs thro’
the Centre at right Angles, bifeftsit in the Point E, by
5. 2. you may find that the Reftangle under the Parts
AE, BE, rogether with the Square of the intermediate
Parce BF, is equal to the Square'of FB, or FC, or by 47.
1. to the two Squares EF, FC, wherefore fubflrating
the common. Square EF, you will find the fingle Reét-
angle under the Parts AE, BE, is equal to the Square

. EC alone, that is to fay to the Rettangle under the

Parts EC, ED.  Which was to be demonfirazed.

Demonfiration of the third Cafe.

It one of the two Lines AB, CD, infeding one ano-
- ther,



Explain’d and Demonflrated.
ther, without the Centre in the Point E, as AB pafs
lar to the other CD, let fall FG perpendicular to the

other CD, from the Center F, and it will bife& it in
the Point G, by Prop. 3. and draw the Radius FC, then

55

Ph“ s
thro’ the Centre F of the Circle, and is not perpendicu-% 5}

L

by 5. 2. the Re&tangle under the Parts CE, DE, toge- -

ther with the Square of the intermediate Part EG, is
equal to the Square of the half CG ; wherefore adding the
Square FG, the Reltangle under the Lines CE, DE,
together with the Sum of the Squares FG, EG, or by
47. 1. with fingle Square FE, is equal to the Squares
CG, FG, or by 47. 1. to the fingle Square FC or FB, or
by 5. 2. to the Reéangle under the Lines AE, BE, and
to the Square of the intermediate Part FE, which raken
from each Side, leaves the {ingle Reftangle under the
Parts CE, DE, equal to the fingle Reftangle under the
Parts, AE, BE. Which was to be demonftrased,

 Demonftration of the fourth, Cafe.

‘Laftly, If neither of the two Lines €D, HI, inter~
felting one another in a Point E without the Gitcle, pafs
thro’ the Centre F, you may eafily demonfirate that the
Reftangle under the Parts CE, DE, is equal to the Reét-
angle under the Parts EH, EI, becaufe, drawing the
Diameter AB thro’ the.Point E, "tis evident from the
preceding Cafe, that each of thefe two Reftangles is
equal to the Reltangles under the Parts AE, BE, and
confequently equal to one another. Which was to be de=
monfirated.

iJ S'E.

\ .';i-hiﬁ.-l P.ll’ﬂPﬂﬁtiGn' ferves to &mﬁ:aamﬂmte {everal Theo- ¢

rems in Trigonometry,  and teo find a Mean proportional
betwen two ‘given /Lines ; « for inftance, AE, BE, for
having placed them im a Righe:Line, defcribe the Semi-
. circle ABC, upon their Sum AB, and erett the Perpen-
dicular EC; upon the Point E, ‘of the Line AB, and that
fhall be the mean proportional fought, as has been de-
monftrated 10 Prop. 13. 6. you may alle find a third Pro-
portional ta'two, or a fourth ra thrce given Lines.

i

PR O-

i s1d
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Plate 4.
Eig. 53.

Fig. 54.
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PROPOSTTION XXXV
THEOREM XXX, |

A Tangent and Sccant being drawn from the fame Point taken
at Pleafure without the Circle ; the Square of the Tangent
will be equal to the Relfangle under the whole Secant, and
its external Part. :

Sav, firft, the Square of the Tangent AE, is equal to
the Re&angle under the whole Secant AB, that patles
thro’ the Center D, and its external Part AC.

DEMONSTRATION.

Draw the Radius DE thro’ the Centre D and Point of
Conta&t, and by Prep. 18. the Triangle ADE is right-
angled in E, and by 6. 2. the Reftangles under the Lines
AB, AC, with the Square CD or DE, is equal to the
Square of the Line AD, .that is to fay, to the two
Squares AE, DE, by 47. 1. wherefore taking away
the common Square DE, ’tis plain the Reétangle under
the Lines AB, AC, 1sequal to the fingle Square AE.
Which was to be demonfirated.

I fay, in the fecond Place, the Square of the Tangent
AE, 1s equal to the Reétangle under the Line AB, that
dees not pafs thro’ the Centre and its external Part AC,

PREPARATION.

Draw as before the Radius DE, and that will be per-
pendicular to the Tangent AE, by Prop. 18. Draw-alfo
the Radius DC, and let fall from the Centre D, the
Line DG perpendicular to the Line AB, and it will bi-
fectit in G. Laftly, Join the Right-Line AD.

DEMONSTRATION.

Becaufe the Reftangle under the Lines AB, AC, with
the Square CG, is equal to the Square AG, by 6. 2.
adding to each Side the Square DG, the Re&angle un-
der the Lines AB, AC, together withthe Sum of the two
Squares CG, DG, that is to fay, by 47. 1. with the

fingle
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“fingle Square CD or DE, is equal to the Sum of the Plate 4-
Squares AG, DG, or bE 47. 1. to the fingle Square AD, i ¥
or the two Squares AE, DE; wherefore take away the
common Square DE, and you will find the fingle Re&-
angle under the Lines AB, AC, equal to the fingle
Square AE. Which was to be demonfirated.

COROLLARY "],

From hence it follows that drawing a Right-Line, as
AH, from the fame Point A, the Re&angle under thar
Line AH, and its Part Al, 1s equal to the Reftangle
under the whole Line AB, and its external Part AC, be-~
caufe each of thefe Reltangles is equal to the fame
Square, namely, the Square of the Tangent AE.

COROLLARY IL

From hence alfo it follows, that if you draw another
Tangent AF, from the fame Point A, that Tangent AF,
will be equal to the firft AE, becaufe the Square of each
is equal to the Reftangle under the Lines AB, AC, or
the Reftangle under the Lines AH, AL '

USE.

We fhall make ufe of this Propofition in Trigono-
metry, to find, otherwife and eafier than by Prep. 15.
2. the Segments of the Bafe of a Triangle madebya .. ..
Perpendicular falling from the Angle oppofite to the & %
Bafe, which fervesto find the Area of the Triangle, as
alfo to find the Angle, as fhall be feen in Trigonomerry.
This Propofition ferves alfo to demonftrate the following
one, which is its converfe.

PROPOSITION XXXVIIL
THEOREM XXXL

If the Reftangle under the Secant, and its external Part, be

equal to the Square of @ Line meeting the Circumference of a
Cirele, that Line is a Tangent.

Say, if the Reftangle under the Secant AB, and its Bisl sil
external Part AC, be equal to the Square of the Line =
AE, meeting in E the Circumference of the Circle EITJH
. whoie
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whofe Centre is D, the Right-Line AE is a Tangent to
the Circle in that Point E. gL’

"DEMONSTRATION. |

Draw the Right-Line AD, Tangent AF, and Radij
DE, DF, by Prop. 36. the Square of the Tangent AF is
equal to the Reétangle of the Lines AB, AC; and fince
AE Square is fuppos’d equal to the fame Reltangle, it
follows that the Line AE, AEF are equal, and by 8. 5.
the Angle E is equal to the Angle F, which being right
by FProp. 18. the Angle E will be right, and by Prop. 16.
the Line AE will be a Tangent in the Point E. #hich
was to be demonfirated.

USE.

T his Propofition ferves to demonftrate Prop. 10. 4. and .
that but two Tangents can be drawn from the fame
Point taken at pleafure without the Circle, becaufe by
this .and the laft, the two Tangents AE, AF, being
equal, if a third could be drawn as Al, it would alfo be
equal to the two foregoing AE, AF, and {o more than
two equal Lines could be drawn from the fame Point
o the Convex Circumference of a Circle, contrary te
Prop. 8. There are other Ufes but lefs confiderable, which
I omut, thatI may come to the following Book.

. g
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The FOURTH BOOK of

EUCLIDs EvLemenTs.

-

Uelid having explained the ﬁgfincipal Properties of
E the Circle, gives us here feveral Problems for in-
{cribing and circumicnibing regular Polygons,
which is of vaft ufe in the Fortification of regular Places,
and making Tables of Sines in Trigonometry, and
Squaring the Circle in Geometry, to which you may ap-
Fmach, as near as you pleafe, by infcribed and circum-
cribed Polygons, and for explaining the different Af-
EE&S of Planets in Aftrology, that take their Names
rom Polygons determining their Diftances, by the rela-
tion to that Part which this Diftance is of the whole
Circumference of a great Circle, that pafles thro’ the
Centers of the Planets. ' ‘

DEFINITIONS..

A Reiilineal Figure is [aid to be infcribed in another Refii-
lineal Figwre, when the Vertex of each of its Angles
touches one of the Sides of the Figure that ’tis infcrib- Fig 1.
ed in. Thus the Figure EFGH, is inferibed in the Figure
ABCD.

1L

A Reltilineal Figure is circumfcribed about another Reitili-
neal Figure, when ‘each of its Sides pafles thro’ the Ver-
tex ‘of one of the Angles of the Figure about which "tis
circumicribed. Thus the Figure ABCD is circumferibed abous
the Figure EFGH,

Thefe
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Fig. 3.

Fig. 6.

Fig. 3.

Fig. 2.
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Thefe two Definitions are of no ufe in what we have
to {ay, becaufe this Book treats only of Redtilineal Fi-
gures infcrib’d or circumfcrib’d about a Circle. But be-
caufe the Commentators have not omitted them, and
they may be of ufe in other Cafes, we have not neg-
leCted them.

III.

A Redilineal Figure is [aid to be infcribed in a Cirele, when
the Vertex of each of its Angles touches the Circumfe-
rence of the Circle ’tis infcribed in. Thus the Triangle
ABC is infcribed in the Circle ABFEC, tho’ the Tri-
angle DEF is not, becaufe the Vertex of the 4ngle EDF
does not touch. the Circumference, :

: - IV

A ReFilineal Figure is faid to be circumferibed abour o
Gircle, when each of its Sides touches the Circumference
of the Circle it is circumicribed about. Thus the Triangle
ABC is circumfecribed abour the Circle EFG, becaufe its Sides
touch the Circumference in the Points E, F, G. :

- v'

A4 Circle is [aid to be inferibed in o Relilineal Figure,
when the Circumference touches each of the Sides of
the Figure 'us infcribed in. Thus the Circle DEF is ine
[eribed in the Triangle IKL, becaufe its Circumference touches
its Sides in the Points D, E, F.

g NE

A Cirele is circumferibed about o Reffilineal Figure, when
its Circumference pafles thro’ the Vertex of each Angle
of the Figure it is faid to be circumfcribed about. 7hu;
the Circle ABFEC is circum[orib'd about the Triamgle ABC,
becaufe its Clycumference paffes thro' the Pertices of the Triangls
A4, B, C,

VII- #
A R::gﬁr-—Lz'm applied to a Circle, is that whofe two Exs

tremities touch the Circum#ference of the Circle to which
ac 15 applied, a5 dE. . ..
PRO-
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PROPOSITION L
PROBLEM I

o apply to & given Circle  Right«Line lefi than it}
Diameter.

Tﬂ apply to the Circle AECB, a Right-Line lefs than Fig

its Diameter AB, mark out the Length of that Right-

~ Line upon the Diameter, as BD, and defcribe upon the
Point B, thro’ the Point D, a Circumference of a Circle,

- cutting the Circumference of the given Citcle in the

Points C,F. Laftly, Draw thro’ 6ne of thefe two Points

F, C, as C, to the Point B, the Right-Line BC, and thit

will be equal to the given Line BD, by Def. of a Circle 3

and the Problem is refolv’d. :

U S E.

- This Propofition is neceflary for folving the following
Problems, and fuppofes the given Right-Line not to Be
greater than the Diameter of the Circle given, becaufe it
has been demonfirated in Prop. 15. 3. that the greateft

ight-Line that can be drawn in a Circle, is the Dia-
meter,

PROPOSITION IIL
PROBLEM IL

" v inferibe in 4 given Clrcle a Triangle Equiangular to a
given ome. £

'"Y O infcribe in the given Circle DGH, a Triangle Fig 4
Equiangular to the given Triangle ABC, draw thro’
ithe Point D taken at Difcretion in the Circumference,
1 the Tangent EF, and make with that Tangent EF, at the
EPﬁint of Contaét D, on one fide the Angle FDG, equal

to the Angle A, and on the other fide the Angle EDH,
equal to the Angle B. Laftly, Join the Right-Line GH,
iand the Triangle DGH, will be equiangular to the given
tone ABC, fo that the Angle G will be equal to the Angle
‘B, and the Angle H to the Angle A.

M DEMON>
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DEMONSTRATION.

Becaufe by 32. 3. the Angle FDG, or A, is equal td
the Angle H of the alternate Segment DHGD, and, in
like manner the Angle EDH, or B, is equal to the Angle
G of the alternate %egment GDHG, it follows by 32. 1,
that the Third Angle GDH, is equal to the Third An=
gle C, and thus the Triangle DGH is equiangular to
the given Triangle ABC. Which was to be demonftrated.

USE
This Propofition ferves to infcribe a regular Pentagon

in a given Circle, as you will find in Prop. 11. or a regu=
lar Pentedecagon, as thall be thown in Prop. 16.

PROPOSITION IIL
PROBLEM IIL

To circumfecribe about a given Circle a Triangle equiangulap’

to a given one.

O circumfcribe about the given Circle DEF, whofe:

Center is O, a Triangle equiangular to the given|

one ABC, draw any Radius OD, and producing the Bafe

AB of the given Triangle ABC, towards G, and H, make :

at the Center O, with the RadiusOD, on one fide the An=.

gle DOE equal to the external Angle CBH, on the other:
fide the Angle DOF equal to the other external Angle
CAG. Laftly,draw thro’ the Points E,F, D, the Tangents
IK, KL, LI, and they will make the Triangle IKL equi-
angular to that propos’d ABC, and circumfcrib’d about

the given Circle DEF.
DEMONSRATION.

Since the three fides of the Triangle IKL touch the !
Circle DEF, by Conftr. “tis evident by Def. 4. the Triangle
IKL is circumfcrib'd, and 4y 16. 3. the three Angles
D,E, F, are Right; and becaufe by 3z. 1. the four An-.
gles of the Trapezium KDOE, are taken together equal !
to four Right, and the two E, D, are Right, it fola.
lows alfo that the two others DOE, and K, are taken to-.
gether equal to two Right ones, and confequently to the

J : twa
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two HBC, ABC, that are alfo equal to two Right ones, by Fig. ¢.

13. 1. and becaufe the Angle DOE is g:_%:a] to the Angle
HBC, by Conftr. the Angle K muft neceffarily be equal to
the Angle ABC. After the fame manner the Angle 1
may be demonftrated to be equal to the Angle BAC.
Whence ’tis eafy to conclude, by 32. 1. that the Triangle
IKL is equiangulat to the Triangle ABC, Which was to
be demmfirated.

PROPOSITION 1V.
PROBLEM 1V.

To inferibe a Circle in a g iven Triangle.

TO infcribe a Circle in the given Triangle ABC, bi-
fet its two Angles, as A and C, by the Right-Lines
AD, CD, and let fall from the Point D, where, they in-
terfelt, the Perpendiculars DE, DF, DG to the three fides

of the Triangle propos’d ABC, and they will be equal;

-11'? that a Circle defcrib'd upon the Center D, thro’ the

oint E, will pafs thro” the Points F, G.

DEMONSTRATION:

. Becaufe the Angles E, F, are équal, being Right, &y
Conftr. and the Line AD bifeé&s the Angle BAC, the two
Triangles ADE, ADF, will be equal, by 26. 1. and the
| fide DE will be equal to the fide DF. After the {fame
 manner the two right-angled Triangles CDF, CDG, may
| be demontftrated to be equal, and confequently the fide
DF equal to the fide DG. Whence it follows, that the
- three Perpendiculars DE, DF, DG, are equal, and that 4
Circle may be defcrib’d upon the Center D, thro’ the thiee
| %nints E,F, G ; and fince the Angles made at the three
Points E, F, G, aré Right, the {ides of the Triangle ABC,
‘will be Tangentsto the Circumference of the Circle,
 confequently the Circle is inferib’d in the Triangle.
 Which was to be demonftrated.

U S E.

This Propofition ferves to demonftrate, that three
| Right-Lines bifeéting the Angles of a Triangle, meet in
the fame Point within the Triangle, becaufe the Center
of the Circle that may be infcrib’d in that Triangle, is
iin each of thofe Lines. iagn

M2 PRO-

Fig, 4
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PROPOSITION V.
WPROBLEM V.

To circumfcribe a Givcle about a given Triangle.

Fig. 2. TG circumfcribe a Circle about the given Triangle
ABC, bife&t two of its fides, as AB, BC, in the

Points D, E, from whence let fall the Perpendicular DE,

EF, and the Point F, where they interfe&t, will be the
Centie of the Circle fought, fo that the three Lines FA,

the FB, EC, are equal.
DEMONSTRATION.

You know by 4. 1. the two right-angled Triangles
ADEF, BDF, are equal, and confequently the two Lines
AF, BF, are equal. After the fame manner, you may

know, that the two Lines BF, CF, are alfo equal. Whence |

it follows, that the three Lines AF, BF, CF, are equal,

and confequently that upon the Point F, as a Center, a_
Circle may be defcrib’d, whofe Circumference will pafs

thro’ the Points A, B, C, which therefore will be circume

fcrib’d about the Triangle ABC. ®Which was to be demon~.

Sfirated.
U S E.

This Propofition ferves to demonftrate that the three

Pgi'pcndicnlars, ereted upon the middle of the fides of
a'ln

angle, interfe& in the fame Point, becaufe each
ﬂfgfdthru’ the Center of the Circle that may be circums
rib'd.

PRO-
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PROPOSITION VL
PROBLEM VL

To inferibe a Square in a givén Civcle,

O infcribe a S%uare in the given Circle ABCD,

& draw thro’ its Center E, any Diameter as AC, and
another as BD perpendicular to it, join the Right-Lines
AB, AD, BC, CD, and the Reltilineal Figure ABCD
will be a Square.

DEMONSTRATION.

The four Angles of the Reétilineal Figure ABCD, are
Right, by 31. 3. becaufe they are in Semi-circles ; and
its four Sides are equal, becaufe they are the Hypore-
nufes of the four right-angled Triangles AEB, BEC,
CED, AED, that are equal by 4. 1. Confequently the
Rettilineal Figure ABCD 15 a2 Square. Which was o e
demonflrated. |

A

PROPOSITION VIL
PROBLEM VIL

To circum|cribe a Square about a given Civele.

TO circumfcribe a Square about the given Circle
EFGH, whofe Center is I, draw at Pleafure the
two perpendicular Diameters EG, FH, and draw thro’
the tour Points E, F, G, H, the Tangents AB, BC, CD,
AD, and they will make the Square ABCD, which will
circumfcribe the Circle EFGH.

DEMONSTRATION,

"Tis evident the Figure ABCD is circumfcrib’d about
the Circle EFGH, becaufe all its Sides touch the Cir-
cumference, by Conflr. ’Tis evident alfo that the
fame Figure ABCD isa Square, thefe Angles made at
the four Points E, F, G, H, being Right, and confequent-
ly the four Squares Al, BI, CI, DI, that compofe the
Eigure ABCD,areequal, ¢r.

M3 PRO-
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PROPOSITION VIIL
. PROBLEM VIIL

To inferibe o Cirvele in the given Square.

Fige Tﬂ infcribe 3 Circle in a given Square ABCD,

Bigl 7

bife&t each of the Sides in the Points E, F, G, H,
and join the Right-Lines EG, FH, and the Point of Inter=
fe&ion I, will be the Center of the Circle {fought, which
may confequently be drawn thro’ the four Points E, F,
G, H, becaufe the four Lines IE, IF, IG, IH, are equal.

DEMONSTRATION.

Becaufe the Lines AH, BF, are equal and parallel,
the Lines AB, FH, will be alfo equal and parallel, by
33. 1. And fo the Figure AF will be a Parailelogram ; b
the {ame way you may find, that the Figures CE, CH,
DF, are Parallelograms equal to the firft AF : and fince
they are Reftangles, and bife&ed by the Lines, that pro~
ceed from the Point I, it follows that their Halves Al
BI, CI, DI, are equal Squares, and confequently the
Lines IE, IF, IG,IH, are equal. Which was to be demsons
frated, i : = “

PROPOSITION IX
PROBLEM IX.

To circumferibe a Cirgle abo ut a given Square.

O circumicribe a Circle about the Squaw- ABCD,
draw the two Diagonals AC, BD, and the PointE,
of their Setion, will be the Center of the Circle

| _i'ﬂught: fo that the four Lines EA, EB, EC, ED, are equal,

DEMONSTRATION.

Becaufe all the acute Angles of the four Triangles
AEB, AED, CEB, CED, by 4. 2. aze Semi-righe,

and
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and confequently equal, as well as the Sides AB, BC, Fig..7
€D, AD, becaufe they are the Sides of the Square
ABCD, thefe four Triangles, by 26. 1. will be equal,
and confequently their Sides EA, EB, EC, ED. So that
a Circle may be defcrib’d upon the Point E, as a Center,
thro’ the Points A, B, C, D. Which was to be demonfirated.

PROPOSETION X

PROBLEM X.

7o maks an Yofceles Triangle, where each of the swo Angles at
tie Bafe fball be double the third.

O make the Ifofceles Triangle ABC, in which each $Fig. z2.
l of the two Angles at the Bale A and C, are double

the third Angle B, draw the Line AB what length
you pleafe,and divideit at the Point D, &y 11. 2. {o that
the Square of BD be equal to the Reftangle under AB,
AD : And having defcrib’d the Arc ACE, upon the
Point B, thro’ the Point A, apply to it, by Prop. 1. the
Right-Line AC equal to BD, and join the Right-Ling
BC, then will ABC be the Triangle fought.

DEMONSTRATION.

~ 'Tis evident the Triangle ABC is Ifofceles, that is
to fay, the two Legs BA, BC, are equal, for the Point
B, by Cnn{fr. is the Center of the Arc ACE. Whence it
follows, by s. 1. that the Angles A and C are.equal :
W hat remains to be demonftrated is, that each is double
the Angle B, which will be done by drawing the Right-
Line CD, and a Circumference thro’ the three Points
B, C, D ; and then reafon thus.

Becaufe the Rettangle under the whole Line AB, and
its Parc AD, is, by Confir. equal to the Square of the
other Part BD, or AC, its equal, the Line AC will be
a Tangent in the Point C to the Circumference E3DC, iy
37.3.and 32.3. the Angle ACD will be equal to the Angle
% ; and fince, by 32, 1. the external Angle ADC 15 equal

M 4 to



168

Fig. 10:

Fig. ®. ¥

The Elements of Kuclid Book IV,

to the Sum of the two internal and oppofite B, BCD, or
ACD, BCD, that is to fay, to the whole Angle BCA, or
the Angle A, it follows, by 6. 1. that the Line AC, or
BD, is equal to the Line CD, and, by 5. 1. the Angle B,
or ACD, isequal to the Angle LCD, and confequently
the whole BCA, or the Angle A, its Equal,’is double
the Angle C. Which was to be demonfirated. " "

USE.

This 1s fubfervient to the following one, and ferves
for inferibing a regular Decagon in a Circle, becaufe
the Line AC, apply'd in the Circle, whofe Radius is AB,
is the Side of a [Eecagnn that may be infcrib’d in it, the
Angle B being 36 Degrees, the 1oth part of the whole
Circle, or 360 Degrees. Thus you fee the Radius AB,
which is the Side of a Hexagon, as thall be demonftra-
ted in Prop. 15. being by 11. 2. cut in extreme and mean
Proportion at the Point D, the greater Part BD is equal
to the Side of the Decagon, and you will find by the
next-menﬁtiun; that the greater Part BD, is the Side
of a regular Pentagon, that may be infcrib’d in a Circle
circumfcrib'd about an Ifofceles Triangle ABC. - -« »

PROPOSITION XL
PROBLEM XI.
To ;‘:_ﬂﬁ'rféa o regular Pentagon in & Circle.

TO infcribe a regular Pentagon in the given Circle
DEFGH, make, by Prop. 10. the Ifofceles Triangle
ATC) in which each uz" its.two Legs at the Bafe A, B,
thall be-double the third C, and, by Prep. 2. infcribe in
the given Circle the Triangle DEG ¢quiangular to the
Triangle ABC, and {o the two Angles at the Bafe GDE,
GED, will bé each double the third Angle DGE. Where-
fore bifeét each of thefe two Angles GDE, GED, by the
Right-Lines DF, EH, and join the Points:E, F, G, H, D,
by Righe-Lines, and the Figure DEFGH will be a
reguilar Pentagon, that is to fay, equilateral and equi-

PEMON-
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DEMONSTRATION.

Becaufe the Angles DGE, EDF, FDG, GEH, DEH, g ;,,

are halves of the Angle GDE, or GED irs ei;Lual, by conft.' *
they will be equal to one another, and by 26.3. the
Arcs DE, EF, FG, GH, DH, on which they infift, will
alfo be equal, confequently by 29. 3. the Lines DE, EF,
FG, GH, DH, are alfo equal. Thus you fee the Pen-
tagon DEFGH, is equilateral and equiangular, becaufe
- edch of its Angles infift upon three equal Arcs. Which
was to be demonfirated. ~

I S E.

This Propofition ferves not only for Citadels, that are
* ufually made of five Baftions, but for refolving the next
and the 16th Propofition, and befides opens the way for
uneven Polygons: "For ’tis evident that to infcribe for
inftance an Hepragon in a given Circle, you muflt know
how to make an Ifofceles Triangle in which each of the
two Angles at the Bafe is triple the Third : But it being
a folid Problem, Euclid has not refolved it.

PROPOSITION XIL
PROBLEM XII.

To circumfcribe a regular Pentagon about a given Circle.

O circumfcribe a regular Pentagon about a given Fig. s2.
Circle ABCDE, whofe Centre is F, you muﬁ in-

fcribe by Prop. 11. the regular Pentagon ABCDE, and

draw Tangents by 17. 3. thro’ the Points A, B, C, D, E,

and you will have the Pentagon fought.

DEMONSTRATION.

Drawing from the Center F, the Lines FA, FG, FB,
FH, FC, you will find by 8. r. the Triangles FGA,
FGB, are equal, the Side FG being common, and the
two Radij FA, FB, equal by Def. of a Circle, and the two

Tangents GA, GB, cqual by 36. 3. confequently the
g Angles
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Angles AFG, BFG, will be equal as well as FGA, FGB
and by the fame method you may find that the two An-
les BFH, CFH, are equal, as well as BHF, CHF ; and
caufe the whole Angle AFB is equal to the whole An-
gle BFC, by 27. 1. the Arcs AB, BC, being cc]lual by
¢mft. their halves BFG, BFH, will alfo be equal. From
whence "tis ﬂfﬁ to conclude that the four Triangles
AFG, BFG, BFH, CFH, are alfo equal, and may be de-
monftrated after the fame manner, drawing other Right=
Lines from the Center F, thro’ the Points I, D, L, E,
K, and confequently the Pentagon GHILK is equilateral
and equiangular. Which was to be done and demonfirated.

PROPOSITION XIIL

PROBLEM XIIL

To inferibe @ Gircle in @ Regular Pentagon.

O infcribe a Circle in the Regular Pentagon GHILK ,,
do as you did in the Cafe of a Triangle, that is to
fay, bife& two of its Angles, as G, H, by the Right-
Lines GF, HF, and the Point F of their Seftion will be
the Centre of the Circle fought, fo that letring fall from
the Centre F the Perpendiculars FA, FB, FC, to the
Sides GK, GH, HI, &-. they will be equal.

DEMONSTRATION.

Becaufe the Angle FGR is equal to the Angle FGA, |
by conff. and the Side FG, common to the two Triangles |
FAG, FBG, right-angled in A and B, by conftr they
they will be equal by 26. 1. and the Perpendicular FA,,
will be equal to the Perpendicu'ar ¥8, and confequently
the three Perpendiculars FA, FB, FC, and all the reft,,
that can be ler fall from the Point F, on the Sides of the
Pentagon propos’d, are equal to oneanother. Thus you
have found the Point F, on which a Circle may be
' deferib’d, |
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deferib’d, whofe Circumference will touch the Sides of Fig 12

the regular Pentagon GHILK. Which was 1o be demonfiran
red. : : |

PROPOSITION XIV.
PROBLEM XIV.

To circumfcribe & Circle aboyt & Regular Pentagon.

TD circumfcribe a Circle about the Regular Pentagon, gz 2
ABCDE, do as in the Cafe of a Triangle, that 1s =
to {ay, bife&t two ofits Sides, as AB, BC, at the Points
M, N, and ereft the Perpendiculars MF, NF, from
the Points M, N, and the Point F of their Setion will
be the Centre of the Circle, fo that if you draw from
the Centre F, to the Angles of the Pentagon propofed,
the Right-Lines FA, FB, FC, ¢&vc. they will all be
equal. : | S ;

DEMONSTRATION.

Becaufe the Line AM is equal to the Line BM, by
¢onff. and the Side FM common to the two Triangles
FMA, FMB, right-angled in M, by conff. thefe two
right-angled Triangles FMA, FMB will be equal by 4.
1. and their Hypotenufes alfo, FA, FB. After the fame
manner the Hypotenufe FC of the right-angled Trian-
gle FNC, may be demonftrated to be equal to the Hy.

otenufe FB of the right-angled Triangle FMB, and con-
equently the three Lines FA, FB, FC, and all others,
that can be drawn from the Centre F, thro’ the Angles
of the Pentagon propos'd, are equal to one another. And
fo the Point F 1s found, upon which a Circle may be
defcribed, whofe Circumference will pafs thro’ all the
Angles of the given Pentagon ABCDE. Which was to by
denonftrated. ' :

8 C O-
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SCHOLIUM.

The three foregoing Problems applied to @ Regular
Pentagon, may be applied after the fame mannmer, to

any other Regular Polygon, and for that Reafon Ewclid
fpeaks no more of it in what follows.

PROPOSITION" XV,
PROBLEM XV,

To infcribe & Regular Hexagon in & Cirele.

O infcribe a Regular Hexagon in the Circle
ABCDEF, whofe Centreis G, draw any Diameter

as AD, and defcribe the Arc BGF, from its Extremity
A, thro’ the Centre G, cutting the Circumference of the
iven Circle in the Points B, F, thro’ which draw the
%iametvzrs BE, FC, and then the Lines AB, BC, CD,
DE, EF, AF, and the Figure ABCDEF will be a Re-

gular Hexagon, that is to- fay equilateral and equian-
gular. .

DEMONSTRATION.

Becaufe each of the two Triangles AFG, ABG, is
equilateral, ’tis alfo equiangular by . 1. and each of the
two Angles AGF, AGB, is a third of two right ones,
by 32. 1. as well as theirequals, and oppofite at the Ver-
tex CGD, DGE, by r5. 1. Whence ’tis eafy to con-
clude, that each of the two other equal Angles BGC,
EGF, isalfo a third of two right ones, becaufe the three
AGB, BGC, CGD, taken together are equal to rwo
right ones, and fo the Angles at the Centre being equal,
the Hexagon ABCDEF will be a regular one. Which was
te be effciied and demonfirated.

USE.

‘This Propofition ferves to difcover to us, that the
Side of an Hexagon, infcrib'd in a Circle, is equal to
the Radius or Semi-Diameter of the fame Circle, alr:d

iy that
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that furnifhes us with a Method of dividing the Cir-
cumference of a Circle into fix equal Parts, by apply-
ing the Radius fix times to the Circle; and ’tis with this
they generally begin in dividing the Circumference of a

Circle into 360 equal Parts or Degrees, as has been feen |

in Prob. 7. Introd.

You fee alfo that an equilateral Triangle may eafily be
infcribed in a Circle by this Propofition, for having di-
vided its Circumference into fix equal Parts, as has been
taught, join every other Point by Right-Lines, and
thofe three Lines will form an equilareral Triangle.

The ufe of the SeCtor in refpeét to the Line of Poly-
gons, is founded on this Propofition, that fhews us alfo
that the Sine of an Arc of 30 Degrees is equal to half
the Radius, and the making Tables of Sines is generall

begun with this Problem, as fhall be feen in the Trearifz
of Trigonometry.

PROPOSITION XVI
PROBLEM XVL

To inferibe & Regular Pentedecagon in a Circle.

173

O infcribe in the Circle ABCDEF, a Regular Pente- gig. 14

decagon, or Figure of fifteen Sides, infcribe by Prop.
2. or 15. the equilateral Triangle ACE, and by Prep. 11.
the regular Pentagon ABDOF, fo that the Trlanﬁlg and
Pentagon may have one of their Angles at the fame
Point A ; then the Arc CD will be a fifreenth Part of
the Circumference.

DEMONSTRATION.

Imagine the Circumference to be divided into fifteen
equal Parts, then the Arc AB or BD, will contain three,
becaufe the Arcs are each a fifcth Part of the Circumfe-
rence by conf. The Arc AC alfo will contain five, be-
caufe ‘tis a2 third Part of the Circumference by conff.
Whence 'tis eafy to conclude that the Arc BC conrains
two, confequently the Arc CD one, for fubftrating
" three, that are in AB from five that are in AC, and

there
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¥ig, 140 there will remain two for BC, and fubfira&ing two that
are in BC, from three that arein BD, there will re-

main one for CD. Whith was to be effecfed and demonfirie

ted.
USE
“This Propofition opens the way to other uneven Po-
lﬂgnns, for as multiplying 3 by 5, the Produé 14, fhews
that a Polygon of 15 Sides may be form’d by the help o
lar Figureof 3 and § Sides: So multiplying 3 gof

a I'Eg'u.
inftance by 7, the Produé&t 21 fhews that yon may de<
{cribe a Polygon of 21 Sides by the means of a regu-

Iar Figure of 3 and 7 Sides.

The
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The FIFTH BOOK of

B T T Bk s

that he may compleat the Doltrine of Planes in
the fixth Book, which he treated of {ingly in the
four preceding Books.

As this Book is the Foundation of the fixth and fol-
lowing Books, fo ’tis the Foundarion of the principal
Parts of Mathematicks, where Proportions can’t be Pa'ﬁ:d
over, by reafon of the Comparifon one is continually
obliged ro make of fome Quantities with others: And
’tis alfo abfolutely neceflary for the underftanding of all
Mathematical Treatifes demonftrated by Proportions 3
for in Praéfical Geometry, for inftance, acceflible and in=
acceflible Lines in {urveying are meafur'd and found by
Reafonings depending upon Proportions; 4rithmetic
contains the Rule of Three, call'd the Rule of Proportion,
becaufe perform’d by Proportions: Afrememy compares
the different Magnitudes of the Planets, and their Orbs,
and different Diftances from the Earth, or Sun. Statics
confiders the Proportions of Weights; and Mufick applies
them to Sounds. So that you may aflure your felf, thac
you can draw no certain Conclufion in Mathematicks
without the Knowledge of Proporsions.

I ; Uclid inthis Book treats of Ratios and Proportions,

DEFI-
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LDEFINITTIO NS,
Y |

- A Part is A lefs Quantity compar'd with a greater that
it exaltly meafures. Thus & Line of two Feet is & Part of a
Line of [ix Feet, for it exallly meafuves it by 3, that is, it is
cont ained three times without & vemainder.

Thus Euclid defines a Part, commonly call'd an aliguor
Part, to diftinguith it from what they call an 4liguanc
Pare, that does not meafure the whole exaltly; asa Line
of two Feet does not in regard of 5 Feet, being cone
tain'd twice and 1 remaining, and {fo is as an aliquant
Part of ¢ Feet. Ry Loy

By a Whole is underftood a greater Quantity in relation
to a lefs, whether it aftually contains it, or does not 3
and by a Part in general, alefs Quantity in regard of a
greater, whether it meafures it or no, as when we fay,
The Whole is greater than its Part,

An Aliguot Part takes its Name and Denomination from
the Number of equal Parts a Quantity is divided into,
that isto fay, the Number of times ’tis contained in that
Quantity or Whole. Thus an Aliquot Part that is con<
tain’'d twice in any Quantity is call'd an half, and is writ
thus - ; and that which is contain’d thrice, is call'd a
third, and exprefs’d thus, 3, &-«. |

An Aliquant Part has fometimes aliquot Parts, that
meafuce the Quantity “tisa Part of 5 thus for inftance 6,
which is an aliquant Part of 8, has for its aliquot Part
2, which is a Quarter of 8, of which confequently 6
is three Quarters, fince 6 contains 2 three times, and
ts exprefled thus, 3.

Parts, whether aliquant or aliquot, are call'd Frafions,
mn refpet of the whole of which they are Parts ; and
when exprefs’d by Numbers, as we fhall hereafter do ;
the upper Number is call’d, The Numerator of the Frafion,
and the under, The Demominator of the [ame Fraition. Thus
in this Fraltion 1 fignifying two fifths, the Numerator
is 2, and the Denominator 5. ~

In. 4
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1I.
Biygr -- .
- A Quantity is a Multiple of another, that contains thae
other a certain Number of Times exaltly, that is to {ay
without any Remainder. Thws & Line of fix Feet is the
multiple of @ Line of two Feet, becanfe it eontains it three times
exadtly. _

- "Tis evident the Multiple is greater than that Quan-
tity "fvhdfe Multiple it is{aid to be, it being an aliquot
Part of it, and call'd a Submultiple] in refpet of its Mul-
%ple, that takes its Name and Denomination from the

umber of Times, it contains its Submultiple. Thus

a Line of 6 Feet is call'd the Triple of a Line of 2 Feet,
“becaufe 1t contains it 3 times exa&ly ; but a Line of two
Feet is call'd the Subsriple of a Line of 6 Feet, becaufe
‘it iscomtain'd in it three times precifely.

Y11,

| . Equimyltiples of feweral Quantities, are Quantities that
contain equally, or an equal Number of Times, or as
many Times, the Quantities whofe Equimulciples they
are {aid to be, thatis to fay, their aliquot Parts, or Sub-
multiples, which confequently meafure their Equimul-
| tiples equally. Thus becaufe a Line ‘of 12 Feet contains i
Line of 2 Feet, s wiany Times as & Line. of 30 Feet does a
Line of § Feet, the two Lines of 12 Feet. and. 30 Feet are
Equimultiples of the Lines of 2 Feet dnd § Feet. | o

Thus Euclid defines Equimultiples, but we fhall call
more generally Equiminitiples of [everal Quantities, fuch as
contain the Quantities whofe Equimultipies they are, an
equal Number of Times, whether that Number be an
Integer or Fraltion, or Integer and Fraltions, provided
they be fimilar Pares. ,

"Thus we know that 5 and 1o are Equimultiples, of 2
and 4, becaufe § contains 2 twice and one over, which
is half two, and in like manner 1o contains 4 twice, and
two over, which are half 4.

"Tis in this Senfe we would be underftood to fpeak,
when we fay two Quantities for initance contain or are
contained in two others, an equal Number of Times,
each of its own,

N £y
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By fimilar Parts of [everal Quantitics, whether aliquor or
aJiquant, we underftand fuch as are contained an equal
number of times by them. Thus ¢ and 15 are fimilar
Parts of 12 and 20, becaule 9 is three quarters of 12,
as well as 15 of 20. s .

When any two Quantities are multiplied by the fame
Quantity, thetwo Quantities kgmduced by that Multi~

'plication are Equimultiples o the two former, which
confequently are fimilar Parts of the two latter. o

Thus multiplying the two Quantities # and ¢, by the
fame Quantity 4, you will have thefe two Quantities
ad, cd, which are Equimultiples of the two former 4, ¢,
which are fimilar Parts of the Quantities ad, ¢d, whether
d reprefent an Integer or Fraltion.

IV.

Ratio is the Relation of two Quantities of the {ame
kind, compar’d together in regard of their Quantity,-
to know how and how often one contains or is contained
in the other. 5

Quantities of the fame kind are called Himogeneous, as
two Lines, two Surfaces, two Solids: Quantities of '

‘different kinds are called Heterogeneous, as a Line and a

Surface, and a Solid, .. :

The two Homogeneous Quantities compar'd together
in a Ratio, are call'd the Terms of that Ratio, that that is
compar'd 1s call’d the 4nrecedent, that to which the for-
mer is compar'd is call’d the Confequent.

Thus in theRatioof 2 to 3, the Antecedent is 2, the
Confequent is 3. This Ratio may eafily be comprehen-
ded, exprefling it Fraltion wife, thus, 3, whofe Nume-
rator 2 is the Antecedent, and Denominator 3 is the
Confequent. "

“TLis evident the Termsof a Ratio ought to be Homo-
seneous, and of a finite Quantity, becaufe otherwife ic
could not be faid how or how often one Quantity is
contain'd in another. Which made Ewelid fay, two
Quantities have 2 Ratio, when by Multiplication one
may become greater than the other. Then you may fee
there is no Rario between a Line and a Surface, becaufe
a Line multiplied, that 1s produced as much as you
pleafe, will not have any Breadth, confequently can
never equal a Surface, that befides Length has Breadth.

Nor
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. Nor is thereany Ratio between 2 finite and afi infinite
Line, tho’ thefe two Quantities are Homogeneous, bes
caufe ’tis a peculiar Prcper? of finite Quanrity to mea-
fure or be meafured by anot
is contain'd in the other a certain number of times.

*Tis evident alfo, that to find the Ratio of one Quan-
tity to another, you muft divide the Antecedent by the
Confequent, and the Quotient, call'd the Buantity of the
Ratio, thows the Relation of the Antecedent to the Con-
fequent, or the relative Quantity of the Antecedent in
regard of the Confequent, which is properly call’d Rato.

Since therefore a Ratio is a Quantity or Magnirude,
tho’ relative, all that agrees to Quantity or Magnitude
in general, agrees alfo to a Ratio: Hence a .Ratio is
divided into a Rario of Equality, and a Rario of Inequalicy,
and one Ratio may be equal or greater than another. Buc
you muft take care you don’t confound the Ratio of Egua-
lity, with the Equality of two Ratio’s ; becaufe,

A Ratio of Equality 1s a Rario wherein the Antecedent
is cquaé to the Confequent, asthe Ratio of 4 t0 4, of B
10 B, v ; :

A Ratio of Inequality is a Ratio wheréin the Antecadent

1s greater or lefs than the Confequent, which from hence’

is divided into a Rario of lefs Inequality, and a Ratio of
é‘rmref Inequality. - _ _ .
. A Ratio of lefs Inequality 1s a Ratio wherein the Anrece-
dent is lefs than the Confequent; as the Ratio of 2 to
3. ' Tis evident from what has been faid before, that
the Quantity of a fimilar Ratio, is a Number exprefling
how and how often the Antecedent is contained in the
Confequent, or which is the fame tHing, what Parr it is
of the Confequent. _ RS,
- Thus the Ratio of 6 to 12 is an half, becaufe § is
half 12, and this Ratio is call'd Swbduple. After the
fame manner the Quantity of the Ratio of 2 to 6 is a
third, becaufe 2 is a third of 6, and this Ratio is cail’d
a Subtriple. Thus alfo the Quantity of the Ratio of 4
to 6, 1s two thirds, becaufe 4 isequal to two thirds of
6, and this Ratio iscall'd a Subfefguialter, becaufe 4 is
contain'd in_6, once and half a time more. g
- A Ratio of greater Inequality, is a Ratio wherein the
-Antecedent 1s grearer than the Confequent ; as the Rario
of 3 to 2. "Tis evident from what has been faid above,

that the Quantity of a like Ratio is a Number exprefling -

how and how often the Antecedent contains the Con-
fequent, or which is the {fame thing, what Parc of the
Antecedent the Confequent is,

N 2 Tf'LIS

er, fothat one may fay, one '
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Thus the Quantity of the Ratio of 12to 6 is 2, bee
caufe 12 contains 6 twice, and this Ratiois call'd the
Duple. After the fame manner, the Quantity of the
Ratio of 6 to 2 is 3, becaufe 6 contains 2 three times,
and this Ratio is call'd the Tr/ple. In like manner the
Quantity of the Ratio of 6 to 4 is one and an half, be-
caufe 6 contains 4 once and.an half, and this Ratio is
call’d Sefquialter. |

The Ratio of Inequality is divided further into that
which 1s called Number t0 Number, and that which is |
call’d a Surd Ratio.

The Ratio of Number to Number is call'd a Rational Ratio,
and is fuch an one as may be exprefled in Numbers, that
is you may exprefs by Numbers how often the Antece-
dent containsor is contain’d in the Confequent. Such is
the Ratio of a Foot to a Yard, becaufea Foot is toa Yard
as 1 to 3, orthe Antecedent is contain’'d 3 times in the
Confequént. Such is alfo the Ratio of a Line of 6 Feet
to a Line of 4 Feet, where the Antecedent contains the
Confequent once and an half.

ASurd Ratio, call’'d alfo an Frrational Ratio, 1s that
which can’t be exprefled in Numbers ; that is to {ay,
’tis impoflible to exprefs by Numbers how often the An-
tecedent is contained, or does contain the Confequent,
as the Ratio of the Side of a Square to its Diagonal,
which is fuch, that tho' each Line apart has aliquot
Parts, lefs and lefs continually, yet not one of thofe that
meafures for Inftance the Side of the Square, tho’ taken
never fo {fmall, can meafure the Diagonal exaltly, that is
to fay, thatir fhall be contain’d in it a certain Number
of Times without 2 Remainder, which is the Reafon
why the Ratio of thofe two Lines can’t be exprefled in
Numbers.

When the Ratio of two Quantities is that of Number
to Number, the Quantities are faid to be Commen-
furable, becaufe they have fome kind of Part thar
may ferve as a common meafure; but if the Ratio of
two Quantities be irrational, becaufe they have no Part
fo {mall as to be a common meafure to both Quantities;
then they ars call’d Fncommenfurable.

The Ratio we have already {poken of at prefent, and
thall further treat of, is call’d Geometric Ratio, to di-
ftinguith it from Arithmetick Ratio, which is the Relation
of two Homogeneous Quantities, confidering how much
one exceeds or is exceeded by another, when they are
mnequal, which is call'd their Difference.  When Rario is

mention’d



Explain’d and Demonfirated,

;neh;inn‘d alone, you muft underftand Geometric, con-
cerning which Exclid defigns to fptak in thefe Elements.

3 I

¥,

Equal or fimilar Ratio’s ace fuch as have their Antece=
dents equally containing or contained in their Confe-
quents, or which is the {fame thing, the Antecedent of

. one Ratio contains any kind of aliguot Part of its Con-
' fequent, as often as the Antecedent of the other Ratio-

- contains a fimilar aliquort part of its Confequent.
Thus the Ratio of 2 te 3, is the [ame or equal or fimilar

20 the Ratio of 4 20 6, becaufe 2 25 in 3 omce gund an half,
and inlike manner 4 # in 6, once and an half 3 or 2 contains,

rwo thirds of 3, as well as 4 contains 2 thirds of 6.
This is the Reafon why . we fay 2 i to 3, a5 4 i5t0 6,

and for brevity ufe four Points :: to exprefs the Equali-

?H}f the two Ratio’s, writing it thus, 2,3 ::4, 6, to
1%
=

nify that the Ratio of 2 to 3, is equal to the Ratio of
4 to 6. In like manner to exprefs that 4 is to ad, as &

i to bd, we write thus a, ad :: 6, bd,

VI,

Broportional Quantities ave fuch as have the fame Ratio;
fwb are the four following, 2,3, &, 6, becaufe the Ratio of 2

20 3 is the fame a5 that of 4 t0 6 5 as alfo the four foliow-
ing a, ad, b, bd, becanfe the firf a is contain'd as often in
thgeﬁcmd ad. asthe third b s in the fourth bd, the equal
Number of Times being reprefented by the fame Letrer d, which
may be taken for an Integer or Frattion. :

VII

That Ratio is greater than another, whole Antecedent
contains any aliquot Part of its Confequent, oftner than
the Antecedent of the other contains a fimilar aliquor
Part of its Confequent, Thus the Ratio of 101 to 10 iy
greater than the Ratio of 500 to 50, becaufe 101V comtains 4
bundred and one times the tenth Part of 10, whercas 500 cop.
tains bue one hundred Times the tenth Part of 50, that is .

N 3 : VIII. Frgul
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Proportion or Analogy, which 1s frequently confounded
with Ratio, is aSimilitude or Equality of two Ratio’s;
for inflance 2, 3, :: 4, 6, where you [ee the four preportional
Quantities make & Proportion. : !

In a Proportion there are always four Terms, the firft
and fourth, that is, the firt Antecedent and the Iaft
Confequent, are called Extreams ; the fecond and third,
that is, the Confequent of the firft Ratio, and Antece-
dent of the fecond, are call'd the Mesns; the rwo An-
tecedents are called Homologous Terms, and fo are the two
Confequents. ~ : vt |
~ Thefe four Terms may fometimes be reduced to
three, as when the Confequent of the firft Ratio is the
fame as the Antecedent of the fecond, and then the Pro-
portion is call'd continued, thus 2, 4 :: 4,8. But if the
four Termsare different, as thefe are 2,3:: 4, 6. 'tis
call’'d difcontinued Proportion. g A
. The Proportion that we have and fhall treat of here,
15 call'd Geometric Proportion, to diftinguifth it from
Arithmetic Proportion, which is an Equality of two Arith-
metic” Ratio’s found between four Quantities, where
the firft exceeds the fecond, or is exceeded by it, by a
Quantity equal to that, whereby the third exceeds, or is
exceeded by the fourth; and fometimes thefe four
Terms alfo may be reduced to three ; but this kind of
Proportion not being ufed in thefe Elements, I thall on-
ly fpeak of the Geometric, 2nd that under the fingle
Name of Proportion. i3

IX.

Quantities continually proportional, are fuch as are in a
continued Proportion, as 2, 4, 8, or 1,3, 9, 27, or
aaa, aak, abb, bbb, &c. JELE

A ‘Series of Quantities continually Proportional, is
call'd a Progréffion, and may be either Geomerric, or drith-
saetic, as the Quantitiesare ina continued Geometric
or Arithmetic Proportion.” Thus the Quantirties, 1, »,
4, 8, 16, 32, ¢b¢. are a Geometric Progreffion,’ and the
Quantities 1, 3, §, 7, 9, ¥Y, &e  are an  Arithwetic

Progrefjion.
M T X, In



Explain'd and Demonfirated.

X.

In a Geometric Progreflion, that is to fay, in a Series
of Quantities continually, proportional, the Ratio of
the firft to the third, 1s the Duplicare, the Ratio of the
firft to the fecond, or the Ratio of the f{econd to the
third, becaufe thofe two Ratio’s are equal ; and the Ra-
tio of the firft ro the fourth is the Tviplicate of the Ratio
of the firft to the fecond, or of the fecond to the third,
or of the third to the fourth, and fo on.

Thus in this Series of Quantities continyally proportional,
32, 16, 8, 4, 2, I, the Ratio of 32 to 8, is the Duplicate
of the Ratio of 32 t0 16, or of the Ratio of 16 to 8. i¢-
caufe it contains thefe two equal Ratio's ; and the Ratio o
32 20 4, ir the Triplicate of the Ratio of 32 to 16, or of the
Ratio of 16 to 8, or of the Ratio of 8 to 4, becarfe it con-
tains thofe three equal Ratio's,
~ You muft take care not to confound a Duple Ratio,
with a Duplicate Ratio, or a Triple Ratio with a Tri-

licate Ratio. Thus in the foregoing Example, I took

notice that the Ratio of 32 to 8, which is Quadruple,
is the Duplicate of 32 to 16, which is Duple ; and chat
the Ratio  of 32 to 4, whichis Oltuple, is the Tripli-
cate of the Ratio of 32 to 16, whichis Duple, this T'ri-
plicate Ratio being fo call'd, becaufe ’tis made up of
three equal Rario’s, as the firft was call’'d the Duplicare,
becaufs it 1s made up of two equal Ratio’s. This will be
better “underftood, whenI have explain’d what a Ratio
made up of {everal others, is,
' A Ratio 15 then faid ro be compounded of other Ratio’s,
when its Antecedent is equal to the Prodult of all the
Antecedents of the other Ratio’s drawn into one ano-
ther ; and its Confequent in like manner, equal to the
Produtt of all the Confequents of the other Ratio’s,

Thus the Rario Iff-; 1s compounded, or madeup of thef:
three Ratio’s 2, %, £, that is to {ay, the Ratio of 48 to
105, or of 16 to 35, taking the third Part of cach Term,
is compounded of the Ratio of 2 ‘to3, of the Rario of 4
to 5, and of the Ratio of 6 to 7, becaufe the Antecedent
48 is equal to the Produét of the three Anrecedents 2, 4,

6, and the Confequent 105, 'is equal to the Produt of
the Confequents 3, 5, 7. . + i - ST

N4 - | The
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The Neceffity of this Multiplication will be evident
to any one that confiders that a2 Ratio made up of a2 Duple
and Triple'is a Sextuple, whofe Quantity 6 is equal to
the Produé of 2 and 3, the Quantities of the Duple and |
Triple Ratio’s; it being certain that the double of a
"Triple or the triple of a Duple 1s a Sextuple, becaufe 2
multiplied by 3, or 3 by 2, makes 6. Whence it fol-
lows, that the Quantity of & Duplicate Ratio, is ‘a {quare
Number, namely, the Square of the Quantity common |
to the two equal Ratio’s, that make up the Duplicate
Ratio ; and that the Qﬂﬁﬂtf{;ﬁg o Triplicate Ratio, 15 2
Cube, namely the €Cube of the Quantity commen to the
three equal Ratio’s, of which the Triplicate Ratio is
compounded, and confequently tbe Duplicate Ratio of &
Duple Ratio 1s 2 Quadruple, becaufe the Square of 2 is 4,
and the Duplicate Ratio of & Triple Ratio is a Noncuple, be-
caufe the Square of 3 is 9 ; and fo the Triplicate Ratioof &
Duple Ratio is O&tuple, becaufe the Cube of 2 is8. And
fo of the reft. ' : = e e
" *Tisealy tofee, by what has been faid, that the fame
Ratio may be compounded of feveral different Ratio’s,
becaufe feveral different Quantities, multiplied toge-
ther may produce the fame Number, for the Quantity
of the Ratio, that is compounded of them. Thus the
Dodecuple Ratio, whofe Quantity is 12, is compounded
of the Triple and Quadruple, becaufe their Quantities
3 and 4 multiplied together make 12 ; alfo of the Duple
and Sextuple, becaufe their Quantities 2 and 6 multi-
Plied together, produce the fame Number 12. Whence
it follows that Ratio’s compounded of equal Ratio’s

greequal vy

"“Tis evident that in a Series of as many Quantities
as you will, the Ratio of the firft to the laft is compoun-~
ded of all the particular Ratio’s of the firft to the fecond,
of the fe¢ond to the third, of thethird to the fourth, and
o on to the laft, becaufe the Quantities of all thefe Ra-
tio’s multiplied together, produce the Quantity of the
Ratio of the firft to thelaft. Thus in thefe four Quan-
tities a, b, ¢, 4, the Ratio of the firft to the laft, namely

A

~- is compounded of - the Ratio of the firft 'to the
fecond, of - the Ratio of the fecond to the third, of
-:T'th# Ratio of the third to the fourth, becaufe thefe

. e i i . PR
three Ratig's; -_15-, Ty 7 multiplided together make
dhe 7 '

< or - namely the Ratio of the firf} o the Iaft,
Py ¥ i Thefe



Explain’d and Demonfirated.

Thefe Remarks ferve to demonftrate Prop. 22 and 23.

This Book being compofed priwgipally to demonfirate the re-

maining Definitions, #hat ferve to argue by Proportion 3 I

thought it better to omit them here, and explain aud demons
frate them fn their proper Place, in the following Propofi-
tioms. o -

PROPOSITION. VIL
THEOREM VIL

Equal Quontities bave a like Ratio to the [ame third g‘&mﬁ-
© tity, and the [ame Quantity has a like Ratio to equal
Buyantities.

N 240 Say firft, that if the two Quantities A
B. 24. ¢. 8. I and B are equal; they will have the
fame Ratio to athird Quantity C.

DEMONSTRATION.

Becaufe the two Quantities A, B, are equal by Sap.
they will contain any aliquot Part of the third Quan-
tity C, the oneas often as the other, and fo by Def. 5.
they will have the fame Ratio to that third Quantity.
Which was to be demonfirated.

I fay, fecondly, that if the Quantities A and B are

equal, the Quantity C will have the fame Ratio to the
Quantity A, asit has to the Quanti!fjf B. e

D E-
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DEMONSTRATION.

 Becaufe the two Quantities A, B, are equal, by Sup.
their fimilar aliquot Parts will alfo be equal, and the |
third Quantity C, will contain each of them equally; |
wherefore by Def. 5. that third Quantity C will have |
the fame Ratio ro each of the two equal Quantities A, B. |
Which was to be demonfirared. ; ; |

U S E.

This Propofition ferves to demonftrate the. 14 Prop.
of this Book, and 14 and 15 Prop. Beok 6. and Prop. |
34. 12, ¢ AN el £

PROPOSITION VI

THEOREM VIIL

Of two Quantities, the greater bas a greater Ratio 0
a third than the lefs: and this thirda Quantity has &
greater Ratio to the lefs, than it bas to the greater.

A. 48. T Say firft, that if of two Quantities A,
B. 36. ¥ "7'L B, the greater is A, it will have a grea-

fr Ratio to a third Quantity C, than the lefs one B,
a5.

DEMONSTRATION.

Becaufe the Quantity A is greater than the Quantity
B, by Sup. it will contain a certain aliquot Partof C,
oftner than the Quantity B does, and by Def. 7. the
Ratio of A to C, will be greater than the Ratio of B to
C. Which was to be demonflrated. .

I fay in the fecond Place, if the Quantity B is lefs
than the Quantity A, the Ratio of C to B, is greater
than the Ratio of C to A. T



Exp[aén;d aﬁd Dfmmgﬂmrad.

DEMONSTRATION.

Becaufe the Quantity B is lefs than the Quantity A,
by Sup. its aliquot Parts will be lefs than the fimilar
aliquot Parts of the Quantity A; confequenctly the
Quantity C will contain an aliquot Part ag the Quan-
tity B, oftner than it will a fimilar aliquot Part of the
Quanttty A ; wherefore by Def. 7. the Ratio of C to B,
will be E‘iEatEl than the Ratio of C to A. ' Which was 1o
be damunﬂrﬂred

U S'E

This Propofition fervesto demonftrate Prop. 14.

PROPOSITION IX
THEOREM IX.

Quantities baving the [ame Ratio to a thivd are equal ; and
they to which a third Quantity has the [ame Ratio are alfo
equal.

A 3.0, y firft, if each of the two Quantities

B. ﬁ B, hdve the fame Ratio to a third
Q_uannr}f 2, thefe two Quanties A, B, are equal.

DEMONSTR&TIDN

Becaufe the Ratio of A to C isequal to that of Bto C, -

by Sup. the Quantity A will contain an aliquot Part of
the Quantity C, as oftenas B does, by Def. 5. and con=
fequently thr::n: two Quantities A and B will be equal.
Which was to be demonflrazed.

I {ay in the fecond Place, that if a third Quantity C
have the fame Ratio to each of the two Quantities A and
B, thefe two Quantities A and B are alfo equal.

D E-
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DEMONSTRATION.

Becaufe the Ratio of Cto A is equal to that of C to
B, by Sup. a certain aliquot Part of A will be contain’d
in C, as often as 2 fimilar aliquot Part of B, by Def. 5.
Wherefore an aliguot Part of A will be equal to a fimi-
Tar aliquot Part of B, and confequently A and B will be
equal. Which remain'd to be demonflrated. 3 |

U S E

This Propofition ferves to demonfltrate Prop. 14. and
Erop. 2, 5§, 7, 14, 25, and 31. Book 6. and Prop. 34. Book |
11. Laftly, Prop. 15. Book. 12, ;

PROPOSITION X.
THEOREM X. ./ =

Of twe Quantities, that which bas the greateff Ratio to a
 third Quantity, is the greater ; omthe contravy, that to
which a third has a greater Ratio, is the lefs.

A: 12 C Say firft, that if of two Quantities A, B,
B. 8., % K the firft A has a gredter Ratio to 2 third
Quantity C, than the fecond B to the fame Quantity C,

T that firft Quantity A is greater than the fecond B,

DEMONSTRATION.

Becaufe the Ratio of A to C is greater than that of
B to C, by Sup. the Antecedent A contains a certain
aliquot Part of its Confequent C, oftner than the Ante-
cedent B contains a fimilar aliquot Part of its Confequent
C, by Def. 7. Whence it follows that the Quantity A
is greater than the Quantity B. Which was to be demon-
frated. ' :

I Say, in the fecond Place, that if the third Quanti-
ty C, has a greater R#tio to the fecond B, than it hasto
the firft A, that fecond Quantity B, is lefs than the
former A. : .

DE-



Explain’d and Demonfirated,

DEMONSTRATION.

Becaufe the Ratio of C to B is greater than the Ratio
of C to A, by Sup. the Quantity C contains a certain
aliquot Part of B, oftner than it does a fimilar aliquot
Part of A, by Def. 7. and confequently B will be Jlefs
than A. Which remains to be demonflrated.

USE

This Propofition ferves to demontftrate Prop. 14.

PROPOSITION XL
THEOREM XI

Ratio's equal to the fame Ratio, are equal to one another.

A. 2. B. 3. :: C. 4 D. 6. F Say, if the two Ratio’s of
E.8 F.12.:: C. 4.D. 6. 1 A to B, andof Eto F,
are each equal to that of C to D, they are equal to one
another.

DEMONSTRATION.

Becaufe A is to be, as C to D, the Antecedent A con-
tains its Confequent B, as often asthe Antecedent C does
its Confequent D : likewife Lecaufe E isto F, as C to D,
the Antecedent E will contain its Confequent F, s often
as the Antecedent C, does its Confequent D, by Def.'s.
Wherefore the Antecedent A will contain its Confequent
B, as often as the Antecedent E does its Confequent F,
and by Def. 5. the Ratio of A to B, will be equal to that
of E to ¥, Which was to be demonftrated.

U S E.

This Propofition ferves to demonftrate Prop. 25, and
31. Book 6. and Prop. 34. B. 12,

PR O-
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PROPOSITION XIL
THEOREM XIL
Hioy madiomonts shd 2ol

Antecedent is to its Confequent. 1

Koo B g =€ 3.D. 6. ]Sajr, if the Ratio of Ato
. . B, be the fame as the Ra-

tio of Cto D, the Ratio of the Sum A-|-C of the two

two Antecedents, to the Sum B—+{-D of the two Confe-

quents, is the famé as that of the Antecedent A to the
Confequent B.

DEMONSTRATION.

Becaufe A isto B, as C to D, by Sup. the Antecedent
A will contain any aliquot Part of its Confequent B, as.
often as the Antecedent € contains a fimilar aliquot
Part of its Confequent D ; for inftance an half, by Def.
s. and fince half B added to half D, makes half B-}-D,
A-4-C will contain half B4+D as often as A contains
half B, and confequently the Ratio of A to B, is fimi-
lar to that of A+C, to B-+D. Which was to be demon-
frated. : :

U S E.

'This Propofition ferves to demonftrate Prop. 5, 6,and.
», of Book 12, and that an Ellipfe is a mean Proportional
between two Circles defcrib'd about its two Axes, as
you will find in our Planimetry. It ferves alfo to demons

ftrate the Rule of Fellowthip, and Prop. 20. 6. and Prop.
BR. kT, :

PR O-



Explain’d and Demonflyated,

PROPOSITION XIIL
THEOREM XIIL

If two Ratio's be equal, and ome greater than a third R#;;g,
the other will alfo be greater than the fame third Ratio.

A- 2. B- '31. ok C. 4.. D- 6. I S&Y, if the two R‘atin"s ﬂf
| SR . & A to B, and of CtoD,
be equal, and the firft Ratio of A to B greater than the
third Ratio of E to F, the fecond Ratio of C to D, will
al{o be greater than the fame Ratio of E to F.

DEMONSTRATION.

Becaufe the Ratio of A to B is greater than that of E
to F, by Sup. the Antecedent A will contain any aliquor
Part of its confequent B, oftner than the Antecedent E
contains a fimilar aliquot Part of its Confequent F, by
Dif. 7. and fince the Antecédent C contains a fimilar
aliquot Part of its Confequent D, as often as the Ante-
cedent A contains that of its Confequent B, becaufe the
Ratio of A to B is the fame with that of C to D, by
Sup. the Antecedent C muft contain an aliquot Part of
its Confequent D, oftner than the Antecedent E, con-
tains a fimilar aliquot Part of its Confequent F, and by
D;ﬁ ~. the Ratio of C to D, being alfo greater than that
of Eto F. Which was to be demonfirated.

PROPOSITION XIV.
THEOREM XIV,

In four proportional Quantities, if the firff be greater, equal,
or lefs than the thivd, the (econd alfo will be greater, equal,
or 1ef than the fourth. :

0B 00T ] Say firft, if of thefe four Proportional
N L s Quantities, A, B, C, D, the firfl,
which is A, be greater than the third, C, the fecond
alfo, B, will be greater than the fourth D, b
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DEMONSTRATION.

Becaufe A is greater than C, b}r Sup. thc Rat,m gf Ato
B is greater than the Ratio of C to B, by Prop; 2, and |
ﬂm;e the Ratio of A to B is equal to that of C to D, by |
Sup. the Ratio of C to D will be greater than that d{‘ |

C to B, ahd by Prop. 4. B will be greater than D. Wéﬂ:b 1

was to be demonfirated.
ﬂ B 310, D= o1 fay, fecandly, if A the ﬁrﬂ* nf' thcfc

: 3. 4. four proportional Quantities, A, B, C;
D be equal to C the third, B alfo the fe:nnd will be. :

egual to D the fourth.

DEMONSTRATION.'

Becaufe A isequal to C by Sup. the Ratio of A to B,
is the fame as that of C to B, by Prop. 1. and- fince t{:
Ratio of A to B, is equal to that of C to D by Sup. t
Ratio of C to D will be the fame as that of C to B, and
by Prep. 3. B ‘Wil] be equal to D. Which was to be demon-

ﬂmred
: C. D. Laftly, I fayif A, the firlt of thefe
: 3. 6. four proporticnal Quantities, A,B,C, D;
bc h:fs than C the t iird, B the fecond will be allo If:ﬁ
than D the fourth.

DEMONSTRATION.

Becaufe A is lefs than C by Sup. the Ratio of A to C
will be lefs than thm: of CtoB, by Prop. 2. and fince

the Ratio of A to B is equal to that of C to D, by Sup.
the Ratio of C to D will be lefs than that of C to B, and

by Prop. 4. B will belefsthan D. which remain’d 1o be
demonftrated.

U S E. f
Tt ferves to demonftrate Prop. 24, and Prop. 25. 15 and
25, uf Book 6.

LEM-



Explain'd arid Demonfirated;

LEMMA L

If four Quantities be prupnrtim:jal, the Produ&t of the

Extreams is equal t6 the Produ& of the Means.

o3 iagoct ol : »
T-.FIE-E'- four Quantities a, ad, b, bd, being proportional, by
A Def. 6. the Produf¥ of the two Extreams a, bd, s evi=
dently equal to the Produft of the Means, ad, b, becaufe the

zwo Extreams a, bd, multiplied together are equal to the two

Means ad, b, multiplied together, namely, abd. Which was
to be demonitrated. o

LEMMA IL

Thofe four Quantitiels are prnpn_rl:iﬂﬁa] , the Produét of
;.r{hn{‘ﬂ Extreams is equal to the Produ&t of the two
eans. -

]Sﬂ , thefe four Qﬂﬂ_ﬂ#fﬂi&: o T d, are proportional,
:ﬂ&e Produit ad of the Extreamsbe equal to be the Pro-
dult of the Means. :

DEMONSRATION.

 Suppofi a to be contain'd in b, 2 certain Number of Times
expreffed by m, in which Cafe am will be equal to b, and c

eontaind in A, & certain Number of Times expreffed Iy n, then
cn will beequal to d, inflead of having the Produét ad, equal . .

to the Prodult be, you will bave the Produit acn equal to the

Produtt acm ; confequently dividing each of the equal Terms

193

&y ac, you will have m equal to n ;5 whercfore b contains a o :

often as d dves ¢, and by Uef. 6. the four Ouantities a,b,¢,d;

are proportional,  'Which was to be demonfltrated.

PROPOSITION XV.
THEOREM XV.

Equimultiples, and their ﬁﬁ:’f&r Aliguot Parts, ave proe
portional.

Say, the four Quantities ad,4d, a, 5, whofe two firft,
Terms ad, bd, are Equimultiples of the two laft, #
&, are proportional. . i, 5107



194

The Elements of Euclid. Book V.

DEMONSTRATION.

Becaufe the Produd of the two Extreams ad, 5; of the
four Quantities propofed ad, 4d, a, b, is the fame with
the Product of the two. Means 44, #, namely abd, con-

fequently by Lemma 2. the four Quantities ad, bd, a, &,

are proportional. Which was 2o be. demonfirated.

USE

‘This Propofition ferves to demonftrate Prop. 1. and

33. Book 6. and Prop. 13. I2.

PROPOSITION XVI

THEOREM XUE

If four Quantities are proportional, they are alfo proportional
when. altern’d.

A Ratio is faidto be altern'd, when the Place of the
4% two middle termsan the Propertionis chang'd, the
one being fubftituted'in the room of the other, and the
Proportion yet continuing; that is to fay, the four
Quantities that were praportional, continue to be {o after

" zhis Change : But this is to be demonftrated:

I fay.therefore, if the. four Quanti-

A, B.:: C,D. ties A, B, C,D, are proportional,

2. 3. :: 4 G thefe four A, C, B, D;are proportio-
nal alfo.

‘DEMONSTRATION,

L

For fince the four Quantities A, B, C, D, are propore |
tional, by Sup. by Lem 1. the Produ&t AD of the Ex-
treams, isequalto the Produ& BC of’ the Means ; and.

v by Lew. 2. thefe four Quantities A, C, B; D, are'alfo pro-,

portional. Which was to b deminftrated.
Or



Explain’d and Demonfirated.

- Or becaufe the Ratioof A to C is compounded of the
Ratio’s of A to B, and of BtoC, which are equal to
gc_ two Ratio’s of B to C, and of Cto D, of which the
atio alfo of Bto D is compounded : ’”f’x;ca{' 1o con-
cludé from the Remarks made in Def. 10. that the Rario
of A to C isequal to that of Bto D, that isto fay, that
thé four ,?;ﬂgm;ﬁgs A, C, B, D, are proportional. ~ which
was 10 be demonfiraied. -

SCHOL I U M.e
A inertad RAES.

. One may demonfirate after the fame manner, what,
Euclid demonftrates after the 4th Prop. which we have
omitted, namely, that if the four Quantities A, B, C, D,
aré proportional, thefe four alfo B, A, D, C, are alfo
proportional, which is call’d an'inverfed Ratio, in which
we compare the Confequent with the Antecedent; be-
caufe the Quantities A, B, C, D, being proportional, the
Produ& AD of the two Extreams is equal to the Pro=
dut of the Means BC, by Leiz. 1. and by Lem. 2. thefe
four Quantities B; A, D, C, are proportional alfo.

PROPOSITION XVIL
THEOREM XVIL
Proportion by Divifion.

.if ﬁﬂr Quantities are proportional, I'Ey'- will be !;3 #Zﬁ' :r?:tiq

divided.

A Prigertion is {aid to be divided, when inftead of each
~ Antecedent you {fubftitute the Excefs of that Ante-

cedent above its Confequent, and ftill the Quantities

are_proportional, as we are now to demonftrate.
fay then, if ti}efc four Quantities ad, 4, bd, b, are
%ropart‘icrna], as they certainly are, as ’tis evident by
¢f. 6. and allp by Lem. 2. that is to fay, the Rario of
#d to a is the fame as thatof édto 4 ; by dividing the
Proportion, the Ratio of #d—=a to 4, is the fame with
that of bd—=£ to 4.

0 2 D E-
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' continuing to be proportional, as we fhall demonftrate.

The Elements of Euchid Book V.

p DEMONSTRATION.

?fiecauf'a the Produét of the two Means a4, bd——5, and
of the two Extreams ad—a, &, of thefe four Quantities,
ad=——gz, a, bd— b, b, is the fame, namely, abd=—ab, it fol-
lows by Lem. 2. that thefe four Quantities ad=a, a,
dd—b, b, arc proportional. Which was to be demonfirated.

§ CHOLIUM,
Converfion of Proportion.

The Divifion of Proportion juft now defined, fuppofes
the Antecedent is greater than its Confequent ; but fince
it may be lefs, and then Proportion by Divifion feeming
impoffible, it muft be defined more generally, taking
the Dificrence between the Antecedent and Confequent,
inftead of the Excefs, and then if you compare it with
the Antecedent, which is call'd Converting a Proportion,
you may demonitrate that the Proportion remains.

PROPOSITION XVIIL
THEOREM XVIIL

Compofition of Proportion.

If four Quantities are Proportional, they are ﬁ when Com=
pounded. :

THE‘?:-J Proportion is faid to be Compounded, when the
Sum of the Antecedent and its Confequent is {ub=
ftirured in the room of each Antecedent, the Quantities

I fay then, if thefe four Quantities &, o4, b, bd, are
proportional, as they certainly are, as is evident by Def. !
6. and Lem. 2. that is to {ay, the Ratio of # to ad, 1is’|
the fame as that of 4 to 44, compounding them the Ratio ‘|
of é-{ 4d to ad, is the fame as that of d-{ &4, tobd.

DEMONSTRATION.

Becaufe if you multiply the two Extreams a-}-ad,
td together, and the two Means ad, §——4d of thefe four:
| proportional -



Explain’d and. Demonflrated.

proportional Quantities a4-ad, ad, b+bd, bd, the Pro-
dult will be the fame, namely, abdtabdd, confequently
by Lewm. =. thefe four Quantities #+ad, ad, b+5d, bd,
are proportional. Which was to be demonfirated.

SCHOLIUM.

One might alfo putinftead of each Confequent, the
?um of the Confequent and its Antecedent, to compare
it with its Antecedent, and demonftrate after the fame
manner that the Proportion continues: which Eudlid
demonftrates by a Confequence drawn from Prop. 19.
Wwhich being thus ufelefs, as well as Prop. 20, and 21, we
fhall confequently omit them: =

U S E.

This Propoficion ferves to demonftrate Prop. 24. and
Prep. 31. 6.

PROPOSITION XXIL
THEOREM XXIIL

Proportion ex ®quo ordinata.

If there be a certain Number of Quantities in ome Rank in
Proportion ex ®quo, with a like Number of Quantities
in another, the Ratio of the two Extreams of one Rank is
equal to the Ratio of the two Extreams of the other.

QUantiti:s are faid to be in Proportion ex #quo, when
in {evesal Quantities in one Rank proportional to
as many in the other, the firft Quantity in one Rank is
-to the {econd, asthe firft in the other Rank is to its {e-
cond, and the fecond of the firft Rank is to its third, as
the fecond of the fecond Rank is to its third, and {o on.
Thus if you have thefe three
A. 2. B. 3. C. 4. Quanrities A, B, C, in one Rank,
D.8.E.12. F. 16. and three others D, E, F, in ano-
ther, fo that A beto B, asDtoE,
andBtoCasEtoF, If{ay thenthat AistoCas Dto F.

0 3 D E-
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DEMONSTRATION.

Becaufe the Ratio of AtoC is compounded of the
Ratio’s of A to B, and of B to €, and the Ratio of Dto
F, iscompounded of the Ratio’sof D toE and Eto F,
which are by Sup. equal to the two Ratio’s of A to B,
and of B to C, it follows that the two Ratio’s of Ato C,
and D to F is compounded of fimilar Ratio’s, and con-
{equently equal. Which was to be demonfirated., i

U S E.

This Propofition ferves to demonitrate Prop. 8, 6. and
feveral other fine Theorems in Geometry, asthe ath
Lem. of our Dialling. . .. . . eI : L e

PROPOSITION XXIIL
THEOREM XXIIL
_}E';.upnrt_iqn e:{: ®quo pf,;tuﬂqa_t#.

If there be a certaip Number of Quantities in ope Rank, in &
Proportion ex =quo perturbata, with an equal Num-
ber of Terms in another Rank, the Ratio of the two Extreams
of one Rank, is equal to the Ratio of the two Extreams of
#he other Rank. . ' ke h o8 A

A Proportion is faid to be ex equo perturbata, When fe-
veral Quantities in one Rank, are proportional to
as many inanother Rank, fo as that the firft of one Rank
is to the fecond, asthe laft fave one of the other Rank is
to the laft, and the fecond of the firlt Rank is to the

- third, as the laft fave two of the fecond Rank i1s to the

aft fave one, and fo on to the firlt of the fecond Rank.
‘ : Thus if you have the three Quan=

A.=2 B 4 C. 1. tities A, B, C, in one Rank, and
D.i2. E.3. F.6. three others D, E, F, in another, fo

' asthat AistoB, asEisto F, and B
15toC, as D

: is to E. I fay in this cafe AistoC, a$
P ETR B iR T et B T R ot E

D E-
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DEMONSTRATION.

Becaufe the Ratio of A to C is compounded of the
Ratio’s of A to B and of B to C, and the Ratio of Dtwo F
is compounded of the Ratio of D to E, equal to that of
B to C, by Sup. and of E to F, equal to that of A to B, it
follows from the Remarks made on Def. 10. that the Ra-
tio of A to C is equal to that of D to . which was 29

be demonflrated.
USE.

This Propofition is ufed in Spherical Trigomomerry, to
demonftrate that 7n & Spherical Triangle, the Sines of ths
Angles are proportional to the Sines of their oppofite Sides. It
ferves alfo in Plain Trigonemetry to demonftrate that ina
Reftilineal Triangle, the Sines of the Angles ave proportional ro
their oppofite Sides. 'This Propofition is of ule alfo in the
Demonftration of Prop. 24.

PROPOSITION XXIV.

THEOREM XXIV.

If of fix Quantities, the firf} is to the fecond as the thirdl is
so the fourth ; and the fifth to the fecond, asthe fixth to the
foureh ; the Sum of the frf# and fifth will be to the [econd,

. as the Sum of the third and [ixth to the fourth.

Say, if of thefe fix %u,an-
B3B3 s D6, tities A, B, C, D, E, F,
E.8 B.3. :: F. 16.D. 6. theRatio of the firft A, and

fecond B, be equal to the
Ratio of the third C, and fourth D; and the Ratio of
the fifth E, to the fecond B, is the {fame with that of the
fixth F, to the fourth D ; the Sum A+E of the firft and
fifth is to the fecond B, as the Sum of the third and fixth
C+4-F to the fourth D. :
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DEMONSTRATION,

Since by Sup. the Ratio of A toB, is equal to that of
CtoD, r%e Antecedent A, will contain an aliquot Pare
of its Confequent B, as often as the Antecedent C con-
tainsa fimilar aliquor Part of its Confequent B, by Def.
‘5, and by the {fame Definition, fince the Ratio of E' to B
is like that of F to D by Sup. the Antecedent E will
‘contain the fame aliquot Part of “its Confequent B, as
often as the Antecedent F contains a fimilar aliquot
Parc of its Confequent D : Confequently A4-E, the
Sum of the two Antecedents A, E, will.contain any
aliquot Part whatever of their common Confequent B,
«as oftenas C4-F, the Sum of the two other Cohfequents
C, F, contains a fimilar aliquot Part of their common
Confequent D : and {o by Def. 5. the Ratio of A4{-E to
3B, will be the fame as that of C+-F to D. Which was te
be demonflrated. | iy, Wk, i

SCHOLIUM.

This Propofition may be demonftrated otherwife and
eafier thus: Since the Ratio of E to B, is fuppofed equal
to thatof Fto D, by Inverfion of Proportion ; the Ratio of
B to E isthe'fame with that of Dto F; and fince the
Ratio of A to B, is the fame with that of C to D, by Sup-
pofition, you will have thefe three Quantities A, B, E, in
one Rank, and C,D,F, in another, in a Proportion ex equo
ordin:ta, confequently by Prop. 22. the Ratioof Ato E is
the fame with that of C to F, and by Compofition of
Proportion according to Prop. 18. the Ratio of A-E, to
E, i1sthe {fame with that of C+F, to F. Which was te
bs demmonfiraced, Al : ekl

i 5 1

PRO-



Explaipid gnd Demonfiraed,
PROPOSITION -XXV.
THEOREM  XXV.

In four proportional Quantities the Sum 'of the two Extreams

. " is greater than the Sum df the two Means.
I Say, the Sum of the two Extreams b cd, of thefe
1 four Quantities ab, bd, ac; cd, propertional by’ Lem,
2. 1§ greater than ﬂc‘\“éd{ the Sum of th; two Means,

DEMONSTRATION.

If the firft 55-1 Ec ﬁlldpp;nfed greater than the thirﬂ ac, |

divide each of thofe two unequal Quantities 44, ac, by
2, and you will find the Quantity & is greater than the
Quantity ¢, then multipr each of thefe two unequal
Quantities, 4, ¢, by the Difference 2—d, and you will
find the Produ 4b —bd, greater than the Produét ac —cd ;
and laftly, add to each of thefe unequal Produéts, a6 —bd,
ac—cd, the Sum bd4-¢d, you will find the Sum ab+cd,
is greater than the Sum ac—{~b6d. Which was t0 be demon-

frated. '
SNETH OLE 1 Ush,

If you would have another Demonftration, fuppofe
the four Quantities, A, B, C, D, proportional, and the
firft A greater than the third C, and then the fecond C,
will be greater than the fourth D, by Prop. 14. Then, I

fay, the Sum A-{- D of the two Extreams is greater than
~ the Sum of the two Means B4-C

DEMONSTRATION.

Since the four Quantities A, B, C, D, are fuppofed
proportional, by Divifion of Proportion, according to
Prop. 17. A==B, B, C—D, D, are alfo proportional ;
and fince we know that B the fecond, is greater than D
the fourth, then by Prop. 14. A—B, the firft, muft be
greatet than C—D the third ; confequently add B4+D
the Sum to each of thefe unequal Quantities A—B,
C—D, and you will find the Sum A+4D, is greater
than the Sum B4=-C. Which was to bedemonfirated.

1 ] :

-USE

<201
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VS E.

This Propofition ferves to thew the Difference be-
tween Geometric and Arithmetic Proportion, in the
latter, the Sum of the two Extreams is equal to the Sum
of the Means, as fhall be demonftrated in our Trigono-
metry;, whereas in the former the Sum of the two Ex-

treams 1s greater than the Sum of the two Means, as has
been demonflrated two ways. |

" The Commentators upon Euclid, bave added nine Prope-
[fitions move, which we [ball omit, becaufe they are not Euclid’s,
~and may be eafily underflood by any one that underflands thee

Joregoiug,

Thc



Explaind and Demonflrated.

.........

SIXTH BOOK
: . OF '
EUCLIDS ErLeMeENTS:

of Proportion, begins in this Book to apply them

to Planes, and firft to Triangles, comparing their
Areas, Sides, and Angles refpettively tngl;th_er. On that
‘Account this Book is the Foundation of the Conftruétjon
and Ufe of all Sorts of Mathematical Inftruments, as
the Graphometer, Aftrolabe, Geometrical Quadrant,
Jacob’s Staff, Seftor, and all others as are of ufe
Jin Menfuration: and befides of all Machines as are
ufed in Mechanigs, inftead of moving Powers, as the
‘Balance, Lever, Pully, Axis in Peritrochio, the Screw
and the reft as well fimple as compound, as ferve to aug-
ment the Motive forces in any Ratio. |

I Uelid, having explain’d in general the feveral Sorts

DEFINITIONS.

I
Similar Reétilineal Figures are fuch as have a_ﬂ their
Angles refge&i#e!ly' equal, and the Sides conrain'd by
them propostional, °

Thus

103
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Plate 1.
Fig. .

Plate 2.
Fig. 18,

Plate r.
Fig. 4.
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Thus the two Reétilineal Figures ABC, BDE are (imilar, be-'
eaufe the Angle ABC is equal to the Angle BDE, and the
Angle BAG equal to the Angle DBE ; and the Side AB to the
Side BC, as the Side BD, tothe Side DE : and the Side
4B, to the Side AC, as the Side BD to BE, &c.

If all the Rettilineal Figures were Triangular, it

'wn_,u]_d be enough to fay' they are equiangular inftead of
fimilar, becaufe in Prop. 4. we have demonftrated that

equiangular Triangles, have alfo their Sides propore
tional ; or inftead of faying Triangles are fimilar, one
might fay they have their Sides propoxtignal, becaufe |
Triangles that have their Sides proportional, are equi-
angular, as fhall be demonftrated in Prop. §. s

11.

Reciprocal Figures are fuch as have Sides that may be fo
compar’d, asthatthe Antecedent of one Ratio, and Con-

- fequent of the other, is to be found in the fame Figure.

Thus the two Figures ABE, ACD, are reciprocal, be+
caufe as the Side AB is to the Side AC, fo is the Side
AD to the Side AE. gk b

711 5 :

¥

A Line is faid to be cut in extresm and mean Proportion,

.when the whole: Line is to its greater Part, as that
_greater Part is to the lefs, Thus the Line AD is divided ot

¢he Point B, into extream and mean-Proportion, if the Ratio

- af the Line AD, to its greater Part 4B, be the fame with that

of the greater Part AB, toits lefs BD.
This Line is fo call'd, becaufe in the three Proporti-

.onals AD, AB, BD, the Extream Ratio, is that between

the two Extreams AD, BD, and the Mesn Ratio is. that

& i *

between the whole AD, and the Mean AB, or between
the Mean AB, and the other Extream BD.

i

The Height of a Figure, 1s a Right-Line let fall perpen-

-dicularly from the Vertex to che Bafe. Thus the Heighs

of the Triangle ABC, is the perpendicular AR, let fall from the
Vertex 4 upon the Bafe BC: and [o alfs the Height of the Tri-
angle CDE is the perpendicular DH, let fall )‘{m thie Vertex
D upen the Bofe CE. ' T

; 15
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*Tis evident, that if two Triangles or Parallelograms
“of the fame Height, have their Bafes in the fame Right-
Line, and the fame Way, they are berween the {ame Pa-
rallels ; and thae if they are between the fame Parallels,
they are of the fame Height. So that two Triangles, or
Parallelograms of equal Heights may be plac'd between
the {ame Parallels. j i

PROPOSITION I
THEOREM L

Triangles and Parallelograms of the fame Height are fo ome
" amother as their Bafes. )

l' Say firft, if the two Triangles ABC, CDE, are of the Plate 1:
| fame Height, or between the fame Parallels AD, BE,Fig. 4-.
they are to one another as their Bafes, that is to fay, the
Trangle ABC, is to the Triangle CDE, as the Bale BC

to the Bafe CE. ;

PREPARATION.

Bifelt each of the Bafes BC, CE, at the Points F, G,
and draw the Right-Lines AF, DG; then by 38. 1. the
two Triangles FAC, FAB, are equal, as well as GDC,
GDE. Confequently the whole Triangle BAC is double
eich of the equal Triangles FAB, FAC, fince the Bafe
BC is double each of the two equal Bafes FB, FC: and in
like manner the whole Triangle CDE is double each of
the two equal Triangles GDC, GDE, fince the Bafe CE
is doiuble each of the two equal Bafes GC, GE. From
whence tis eafy to conclude by 15. 5. that the Ratio of”
the Bafe BC is to its half FC, juft as the Triangle BAC,
to its half FAC : Thus alfo the Ratio of the Bafe CE,
to its half CG, is equal to the Ratio of the Triangle CDE,
to its half CDG.

P E-



106 |

The Elomeits of Euclid . Book VL.
DEMONSTRATION,

This being fuppofed, confider BC is to its half FC, as
CE to its half CG: and fo alfo that the Triangle BAC,
as to its half FAC, as the Triangle CDE, to its half
CDG, and cvnfequ:n,t}z the Proportion between the
four Lines BC, FC, CE, CG, is ﬁn’:'ﬁar‘ to thé Proportion
that is between the four Triangles BAC, FAC, CDE,
CDG: Whereforé changing them by 16. 5. You will
find the Heights AF and DH being equal, that the Pro-
portion between the four Lines C, CE, CF, CG, is
equal to that between thé four Triangles BAC, CDE,
FAC, CDG. Whence ’tis eafy to conclude that in this
fecond Proportion, the firft Triangle BAC isto the
fecond CDE, as thé firft Line BC, to the fecond Line
CE, in the fitlt Proportion. Which wis 70 be deviorifira-
ted. '

I fay'in the fecend Place, that Pdfailelbgfam's of the
fame Height are to one another as their Bafes, becaufe
Parallelograms teing double Triangles of the fame Bafe
and Height, by 41. 1. are as their Bafes, dre. Which re=
main d to be demonffrated.

U SE.

This Propofition is of ufe in the following, and in
Prop. 14, 15, and 19.and alfo to demonftrate that
Triangles and Parallelograms, whofe Bafes are equal, are
astheir Heights, becaufecheir Heights may be taken for
their Bafes, and the Bafes for Heights, which is too
ealy to mfift upon. . ' .

PRO-
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"PROPOSITION IL P

THEOREM IL

WA Right-Line drawn Parallel to one of the Sides of & Trian-
gle, cuts the Legs proportionally 5 and if it cats the Legs
proportionally; "tis pavallel to the third Side.

Say firft, if the Right-Line DE be drawn parallel to

the Side AB, of the Triangle ABC, it will cut the
two other Legs. AC, BC, proportionally, fo that the
Parc CD fhall be to the Part AP, as the Part CE to
the Part BE.

DEMONSTRATION.

Draw the Right-Lines AE, BD, and you will find

the two Triangles CED, DEA, having the fame Vertex

one another as their Bafes CD, AD: After the fame
‘manner, the two Triangles CDE, EDB, having the {fame
Vertex D, and confequently the fame Height, are to
one another as their Bafes, CE, BE ; and fince the two
Triangles DEA, EDB, between the fame Parallels AB,
DE, and having the fame Bafe DE, are equal by 37.
*Tis ealy to conclude by 11. 5. the Ratio of the Parrts
CD, AD, is the fame with that of the Parts CE, BE,
Which was to be demn?‘i‘mrm' .

I {ay fecondly, if the Line DE, cut the two Sides

E, to have the {fame Height, and E%)Prap. 1. they are to

AC, BC, proportionally, ’tis parallel to. the third Side’
AB. -

DEMONSTRATION,

Connetling as before; the Right-Lines AE, BD, con-
fider that fince'the four Lines CD, AD, CE, BE, are
oportional. by Sup. the four Triangles CED, DEA,
CDE, EDB, are propertional by Prep, 1. and becaufe
the
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Plate .
Fig. s.
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the two Antecedents CED, and CDE, are equal, repre--
fenting the fame Triangle, the Confequents alfo are:

equal, DEA, EDB, by 14. 5. Wherefore by 39. 1. the
“Line DE will be parallel to the Side AB. Which re-
‘maind to be demonfirated.

USE.

% This ]E':gnpéﬁ'tip'n ferves to demonfirate the fﬂllnﬁjhé
one and Prop. 4.. and that feveral Lines drawn Parallel
to the fame Side cut the Legs proportionally.

PROPOSITION IIL
THEOREM IIL

‘A Right-Line bifeiting an Angle of & Triangle, divides the
afpaﬁre Side into two Parts that are in the fame Ratie as
the two other Sides : and if it divide a Side into two Parts

proportional to the two other Sides, it bifefts the oppafite
Angle.

Say-firft, if the Right-Line AD, bife& the Angle
- BAC of the Triangle, it cuts the oppofite Side BC
into two Parts BD, CD, that are in the {ame Ratio as
the two other Sides AB, AC.

PREPARATION.

* Preduce one of the two Sides 'AB, AC, as AC inE,
*i11“‘AE be equal to the other Side AB, and join the
Right-Line BE. :

 DEMONSTRATION:

Becaufe the Triangle BAE is an Ifofcele, by Conf.
the Angle E will be equal to the Angle ABE, by
. 1. and becaufe the external Angle BAC, double the
Ancle BAD, is equal to the two internal and oppofite

B
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E, ABE, by 32.1..it will be-doublé each, and confe- Plate 1.
quently the Angle ABE. So the alternate Angles BAD, F& &
ABE, will be equal, and by 27. 1. the Line AD will be
parallel to the Side BE ot the Triangle BEC, and by
Prop. 2, the Ratio of the two Parts BD, CD, will be
€qual to that of the two Parts AE, AC, or the two
Sides AB, AC. which was to be demonfirated.

I fay fecondly, ifthe Ratio of the two Parts BD, CD,
be equal to that of the two Sides AB, AC, the Angle
BAD is equal to the Angle CAD.

DEMONSTRATION.

Make a Conftrution fimilar to the foregoing, and
fince by Sup. the Ratio of the two Lines BD, CD, is
equal to that of the two AB, AC, or AE, AC, the Line
AD is parallel ro the Side BE of the Triangle AEB, by
Prop. 2. and by Prop. 29. 1. the Angle BAD is equal to
each of the two equal Angles E, AZE; and fince the
Angle BAC 1s double the Angle E, it will be alfo dou-
ble the Angle BAD, which will confequently be equal
to the Angle CAD. Which remain'd to be demonfirated.

U S.E.

This Propofition may ferve to divide a given Line
into two Parts proportional to two other given Lines;
provided the Sum of the two given Lines be greater
than the firft : Thus to cut the Line BC into two Parts
proportional to the two given Lines AB, AC, form with
the three given Lines BC, AB, AC, the Triangle BAC,
by 22. 1. and by 19. 1. bife&t the Angle A, by the

_Right-]'..ina AD, &-.
PROPOSITION 1V.

THEOREM IV, ° '

Equiangular Triangles hawe their Sides proportional.

Say, if the two Triangles ABC, BDE, ace equiangu-g;, &
lar, fo that the Angle A, is equal to the Angle DBE,
and the Angle ABC equal to the Angle BDE, and con-

fequently the third Angle ACB equal to the third
P Angle
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Plare 1. Angle BED ; the Ratio of thetwo Sides AB, BD, oppo-
Fig. 1. fite to the equal Angles, will be equal to thit of the
- two Sides BC, DE, oppofite to the equal Angles; and

in like manner the Ratio of the two Sides AB, AD, op-

pofite to the equal Angles, 1s equal to that of the twa

Sides AC, BE, oppofite to equal Angles.

PREPARATION.

Having imagin’d the two Triangles ABC, BDE, fo
pofited that the two Sides oppofite to the equal Angles,
as AB, BD, join by their Extremities in a Right-Line,
produce the two Sides AC, DE, 'till they meet in a
Point, as F.

DEMONSTRATION.

Becaufe ABD is a Right-Line, and by Conf?. the Angle
ADF, equal to the Angle ABC, by Sup. the Line BC
will be parallel to the Line DF, by 28. 1. and foalfo
becaufe the Angle A isequal to the Angle DBE, the
the Line BE will be parallel to the Line AF : Thus the
Figure BCFE will be a Parallelogram, whofe two oppo-
fite Sides BC, EF, are equal, by 34. 1. as well as the
two oppofite ones, BE, CF, and in the Triangle ADF,
the Line BC being parallel to the Side DF, the Ratio
of AB to BD will be equal to that of AC to CF, or BE,
by Prop. 2. and fo alfo the Line BE being parallel to the
Side AF, the Ratio of the two Lines AB, BD is equal
to that of thofe two EF or BC, and DE. ®Which was te
be demonfirated.

SCHOLIUM.

“Tis evident by 11. 5. that the Ratio of the two Sides
AC, BE, oppofite to the equal Angles, is alfo equal to
that of the two Sides BC, DE, oppofite to equal Angles,
becaufe each of the two Ratio’s has been demonftrated
to be equal to that of AB to BD.

"Tis evident alfo by 16. 5. that the Sides containing
the equal Angles in each Triangle, are proporrional,

- that



Explain’d and Demonfirated. 211

that is to fay, for inftance, that the Ratio of the two Plae 1.
Sides AB, AC, is equal to that of the two BD, BE, be-F& *
caufe it has been demonftrated that the four Sides AB,

BD, AC, BE, are proportional, confequently by con-
verfion, AB, AC, BD, BE, alfo are proportional :
Whence it follows by Def. 1. that equiangular Tri-

angles are fimilar,

U SE.

This Propofition is not only neceflary for the followa
ing ones, but is the Foundations of the Principal Pra-
&tices of Trigonometry, and of the ufe of the Univerfal
Inftrument, on which are defcribed little Triangles,
fimilar to thofe that are imagin’d to be on the Ground,
when ’tis ufed to meafure any inacceflible Line, take a
Plan, or trace one upon the Ground : *Tis alfo the Foun-
dation of the Uih_afthc Compafs of Proportion as may
be feen in a Treatife upon that Subjeét already pub-
lithed, where Demonftrations are founded upon that
Propofition.

PROPOSITION V.
THEOREM V.

Triangles that have their Sides Prapnﬁz‘am! , ave equiangular.

Say, if in the two Triangles ABC, BDE, the Siderig. 1.
AB, is to the Side¢ BC, as the Side BD ro the Side
DE : and the Side AB, to the Side AC, as the Side BD,
to the Side BE ; thefe two Triangles ABC, BDE, are
equiangular, fo thac the Angle ABC is equal to the An-_
gle BDE, the Angle A to the Angle DBE, and confe-
q%egt]}' the third Angle ACB, equal to the third Angle
BED.

PREPARATION.
Make by 23. 1. at the Extremity B of the Side BD, the
Angle DBG, equal to the Angle A, and at the other Ex-
tremicy D, the Angle BDG equal to the Angle ABC.

DE-
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Plate 1.
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DEMONSTRATION:

Becaufe the Triangles ABC, BGD, are equiangular
by Conft. the Ratio of AB to BC is the fame as that of
Buto DG, by Prep. 4. and becaufe the Ratio of AB to
BC is the {fame as that of BD to DE by Sup. it follows
by 11. 5. that the Ratio of BD to BG, isequal to that
of BDto DE, and by 14. 5. the Side DE is equal to the
Side DG : After the fame manner the Ratio of AB to
AC is the fame as that of BD to.BG, and fince the Ratio
of AB to AC is fuppos’d the fame as that of BD to BE,
the Ratio of BD to BG will be fimilar to that of BD to
BE, and the Side BG, will be equal to the Side BE ;
confequently by 8. 1. the Triangle BDE will be equi-
angular to the Triangle BDG, and confequently to the
Triangle ABC. Which was to be demonflrated.

U S E.

The Method taught in Prob. 16. Introd. to take an ac-
ceflible Plan on the Ground, is founded upon this Pro-
pofition, very much refembling the eighth of the firft
Bock, that ferves alfo for the Demonfitration of this, as
has been fhewn ; for fince by 8. 1. if two Triangles
have their Sides equal, they themfelves are alfo equal and
equiangular, by the {ame, ifthe Sides of the two Trian-
gles a1e proportional, they themfelves alfo are equian-
gular, confequently by D¢f. they are alfo fimilar,

VRO PO SETLEO N TV 2
T H E-O R E:M 2-MI:

Triangles baving their Sides about an equal Angle proportional,
axe equiangular,

Say. if the Angle A, of the Triangle AEC, be equal
¥ tothe Angle B of the Triangle BDE, and the two
Sides AB, AC, proportional to thefe two BD, BE, the
Trangie ABC, 15 equiangular with the Triangle BDE.

P RE-
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PREPARATION,

Make at the Extremity B, of the Side BD, by 23, 1.
an Angle DBG equal to the Angle A, or DBE fuppofed
equal to thé Angle A, and at the other Extremity D, the

Angle BDG equal to the Angle ABC,

DEMONSTRATION:

‘Becaufe the Triangles ABC, BGD are equiangular by
Confir. the Ratio of the two Sides AB, AC, will be equal
to that of the two BD, BG, by Prep. 4. and becaufe the
Ratio of the fame two Sides AB, AC, is alfo equal to
that of the two BD, BE, by Sup. it follows by 11. 5. that
the Ratio of BD to BG, is equal to that of BD to BE,
and by 14. 5. that che Side BG 1s equal to the Side BE -
wherefore by 4. 1. the Triangle BDY will be equiangu-
Jar with the Triangle BDG, and confequently wich the
Triangle ABC. Which was to be demonftraced, '

U S E.

The Demonftration of Prop. 20. depends upon this,
which very much refembles the fourch of the firlt Book,
ufed in the Demonftration of this ; for fince by 4. 1. two
Triangles having two Sides, and the Angle contained
equal, arein all refpelt equal and equiangular, by the
fame two Triangles having two Sides proportional, and
the Angle contain'd equal, are alfo equiangular, and
confequently by Prep. 4. theyare fimilar, '

Prop. VIL ;s nem’feﬁ-.

P ; | PR O-
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Plate 1.
Fig. 1.
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'PROPOSITION VIIL
THEORENM VilL

A Perpendiculur let fall from the Right-Angle of o vight-angled
Triangle upon the oppofite Side, divides the Triangle into
two others fimilar to it [elf. '

Say, if you let fall a Perpendicular DA, to the oppo-

fite Side BC, call’d the Hypotenufe, from the Right-
Angle D, of the right-angled Triangle BDC, each of
thele two right-angled Triangles DAB, DAC, will be
fimilar to BDC the Triangle propofed ; fo that the Angle
ADC will be equal to the Angle B, and the Angle ADB
equal to the  Angle C. Lo

DEMONSTRATION.

Becaufe the Angle A of the Triangle ADB is right,
by Sup. the Sum of the two others B, ADB, will alfo by
32. 1. be right, and confequently equalto the Angle
BDC, which is right by S#p. Wherefore taking away
the common Angle ADB, there will remain the Angle
B ¢qual to the Angle ADC: So alfo becaufe the Angle
A, of the Triangle ACD is right, the Sum’ of the two
others C, ADC 1s equal to a right one alfo, that is to fay,
to the Angle BDC, confequently take away the Angle
ADC, and you will have the Angle C, equal to the
Angle ADB. Which war to be demonftrated. =

USE.

This Propofition ferves to find a Mean proportional
between two Lines given, as fhall be fhown in Prep. 1s.
becaufe the Perpendiculas AD, is a Mean proportional
between the two Parts or Segments AB, AC, the Tri-
angles - ADB,- ADC. being fimilar; confequently by
Prop. 4. the two Sides AB, AD, of the Triangle ABD,
are proportional to the two AD, AC, of the Triangle
ADC: Trom hence an eafy Method of meafuring any
Right-Line acceflible only at one Extremity, by the
help of a Square; fuppofe AC, acceflible at the Extre-
mity A, where erelt at Right-Angles a Stick AD of a
pibe o 3R ¥ R ¢ knowﬂ



Explain'd and Demonflrated. 214

known Length, and pur the Right-Angle of the Square Plate 1.
at the Poinc D, fo as that looking along one of its Sides “i&- -7
DC, you may perceive the Point C, and along the other

DB another Point, as B, then fince the Lines AB, AD,

AC, are proportional, multiply the Length of the Srick

AD by it felf, and divide the Produ&t by the Quantit

of the Line AB, and you will have that of the Line AC
‘foughe, -

PROPOSITION IX
PROBLEM I

To cxt off any Part of s given Line.

TO cut off, forinftance, a third Part from the given gg. .
Line AD, draw the Line AE at pleafure, and
having taken the Line AC of an arbitrary Length, take

AE tripple the Line AC, and draw thro’ the Point C, the

Line BC, parallel to the Line DE, and that will cut off

the Line AB, equalto a third Part of the Line AD
propofed. '

DEMONSTRATION.

Becaufe the two Lines BC, DE, are parallel, the An-
gle ABC will be equal to the Angle ADE, by 29. 1. and
becaufe the Angle A 1s common, the Triangle ABC
will be equiangular to "the Tria;}glﬂ ADE, by 32. 1.
Wherefore by Prop. 4. the Ratio of the Lines AE, AC
will be equal to that of the Lines AD, AB; and fince
AE is triple AC, by Conff. AD alfo,will be tniple AB.
Which was to be demonfirated.

U+ B

This Propofition ferves to divide a given Line into as
many equal Parts as you pleale ; for ’tis plain, that to
divide the Line AD, into three equal Parts, for inftance,
no more is neceffary than to cut off a third Part AB, as
has been fhewn.

P4 PR O-
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Plate 1.
EIEt 8.
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PROPOSITION X

PROBLEM IL

To divide & given Line in the fame manner as another given
Line is divided.

O divide the given Line AD at the Point B, juft
asthe Line AE is divided in C, fo that the Ratm of
the two Parts AB, BD, be equal to that of AC, CE;
join the two given Lmes AD, AE, at any _A,n-:r]g you
leafe, as DAE, and having mmﬂd ‘the .Ri ht—Lme DE,
Eraw the nght—Lme BC, parallel to the Lme DE, thro’
the Point C, and the two Parts AB, BD,; will be pro-
portional to thofe two AC, CE. : 1

DEMONSTRATION.

Becaufe the Line BC is parallel to the Side DE of the
Triangle ADE, by Gonft. the Ratio of the two Parts AB,
BD, will be by Prop. 2, equal to that of AC, CE Wﬁncb
was 0 be d'#mmﬁmred

USE.

This Propofition may be very well ufed in dividing a
gwen Lin€ into as many equal Parts as you pleafe ; for
tis evident that if the two Parts AC,CE, were equal,
.ﬁB BD, would alfo be equal. See Prob. 14. Introd.

PROPOSITION XL
PROBLEM IIL

1o ﬁ:d @ third Line proportienal te two given Lines.

Tﬂ find a third Line proportional to'the two Lines
AB, AC, make any Angle BAC, with the two

gwen Lm#s, and app];,rm g the Langth of the fecond Line
gwcn
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given AC to the firft AB, from A to CE, join the Right-Plae 1.
Line BC, and draw ED parallel to it, and the Line AD Fig. 9
will be the third proportional to the two given Lines

AB, AC.

DEMONSTRATION.

Becaufe the two Triangles ABC, ACD are equiangu-
lar, as you have feen in Prop. 9. the Ratio of the rwo
Sides AB, AC, of the Triangle ABC, will be like that
of the two Sides AE, AD,of the Triangle AED, by Prop.

. So that the Line AD will be a third Proportional to
,ﬁlﬁ two AB, AC. Which was to be demonftrated.

USE.

This Propofition may be ufed in reducing a given
Square into a Reétangle of a given Height ; by finding
a third Proportional to the Height fought, and the Side
of the given Square, and that will be the Bafe of the
Reftangle fought, as is evident from Prop. 17. This
Propofition is alfo ufed in the Demonftration of Prop.
19. |

PROPOSITION. XIL

PROBLEM 1V,

To find a fourth Proportional to three given Lines,

TO find a fourth Proportional tothe three given Lines, ¢, 8.
AB, AC, AD, make any Angle BAC with the two ;
former, AB, AC, and joining the Right-Line BC, appl

the Length of the third given Line AD, to the firft PLBY,

from A to D ; and draw from the Point D a Line DE pa-
rallel to the Line BC, thro’ the Point D, and the Line

AE will be a fourth Proportional to the three Lines
given AB, AC, AD.

DEMONSTRATION.

Becaufe the Line BC, is parallel to the Line DE, by
: : Conft.
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E;tt‘ t.  Conff. the Triangle ABC will be equiangular with the

-8.  Triangle ADE, aswe faw in Prop. 9. Confequently by

Prop. 4. the four Lines AB, AC, A;l%. AE, will be pro-
portional. Which was o be demonfirared.

U SE

This Propofition ferves to reduce a given Triangle in-
go another of a given Height, by finding a fourth Pro-
portional to the given Height, and the two Sides of the
given Retangle, and that will be the Bafe of the Re&-
angle fought, as is plain by Prep. 16. :

PROPOSITION XIIL
PROBLEM V.
To find a Me.s-m' proportional between two given Lines,

Fig. 7. 1O find a Mean proportional between the two given
Lines AB, AC, form one Right-Line BC out of
them both, and defcribe the Semicirle ADC upon it,
and eret from A, a Perpendicular AD upon the Line
BC, and that will be 2 Mean proportional between AB,
AC. |

DEMONSTRATION.

Join the Right-Lines BD, CD, and by r. 3. you will
find the Angle BDC is right, and by Prep. §. the Line
AD is a Mean proportional between AB, AD. Which
was to be effected and demonftrated

SCHOLIUM.

1f the Paper be not Jong enough to form a Right-Line
out of the two grnpnf&d AB, AC, cut off from the
greateft AC, the Part AE, equal to the lealt'AB, and
having defcrib'd upon AC, the Semicircle AFC, draw
from the Point E, the Right-Line EF perpendicular to
the fame Line AC, and join the Right-Line AF, and
it will be a Mean proportional between the two Lines
propofed ABi AC, . By
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DEMONSTRATION.

Jointhe Right-Line CF, and by 31. 3. you will find Plete 1.
the Angle AFC is right, and by Frep. 8. the two Right- & 7
angled Triangles FEA, FEC, are equiangular to the
great one AFC; confequently by Prop. 4. the Ratio of
the two Sides AC, AF, of ti:e Triangle AFC, is equal
to that of the two Sides AF, AE, of the Triangle AEF,
wherefore the Line AF is a Mean. proportional be-

tween AC and AE, or AB, itsequal. Which was to be
Aemonftrated. See Prop. 17.

LB

As the former Propofition ferves to do the Rule of
Three, fo this ferves to find in Lines the Square Root
of a Number propofed, namely, by finding a Mean pro-
portional between the Number propofed and Unity, for
that will be the Root fought, by Prep. 17.

PROPOSITION XIV.
THEOREM 1%

Equiangulor and equal Parallelograms are veciprocal, and
Reciprocal Parallelograms ave equiangular and equal.

Say, firft, if the Parallelograms ACD, ABE, arey, .
equiangular and equal, they are alfo reciprocal, that = -
is to fay, the Side AC isto the Side AB, asthe Side AE
to the Side AD.

RREEBARATION.

Imagining the two Parallelograms ACD, ABE, fo
plac’d as that the Sides AB, AC, may bein a Right-Line,
1n which Cafe the two other Sides AD, AE, will allo be
a Right-Line, by 14. 1. Becaufe the Angle CAD is
equal to the Angle BAE, by Sup. Produce the other

Egcs till they interfeét in B, and form the Parallelogram

D E-
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i . DEMONSTRATION.

Becaufe the Parallelograms CD, BE are equal by Sup.
they have the fame Ratio to the Parallelogram AF by 75,
and becaufe by Prop. 1. the Parallelogram CD is to th
Parallelogram AF, asthe Bafe AC to the Bafe AB, and
the Parallelogram BE is alfo to the Parallelogram BD, as
the Bafe AE to the Bafe AD, it follows that the Ratio of
the two Lines AC, AB, is equal to that of AE,-AD.

Which was to be demonftrated. .
I fay, in the {econd Place, that if the Parallelograms

| ACD, ABE, are equiangular and reciprocal, they are
alfo equal. .

DEMONSTRATION.

If a Conftruétion be made like to the foregoing, by
Prop. 1. Since the Ratio of AC to AB is equal to that of
AE to AD, by $up. The Ratio alfo of the Parallelogram
ACD, to the Parallelogram AF, 1s equal to that of the
Parallelogram ABE, to the fame Parallelogram AF, and
by 9. 5. the two Parallelograms ACD, ABE are equal.
Which remain’d to be demonfirated.

U S E.

' This Propofition ferves to demonftrate Prop. 16. and
that Rule in Arithmetic call'd The Rule of Three inverfe.

"PROPOSITION XV.
THEOREM X

The equal Triangles, that have ome dngle equal, bave the
Sides about that equal Angle reciprocally proportional ; and
if the Sides are reciprocally proportional, the Triangles are
equal. .

Hi ISay, firft, if two Triangles ABC, DBE, are equal,
and the Angle ABC equal to the Angle EBD, the
Iﬁg:m of the two Sides AB, BD, is equal to that of BE,

PR E-
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‘PREPARATION.

- Imagine the two Triangles ABC, EBD, plac'd fo as
that the two Sides AB, BD, be in a Right-Line, in
which Cafe BE, and BC will alfo form a Right-Line, by
14. 1. Becaufe the Angle ABC, is equal to the Angle
DBE, by Sup. and join the Right-Line, AE.

DEMONSTRATION.

Becaufe the , Triangles ABC, EBD are equal, by Sus,
they will have the fame Ratio to the Triangle ABE, by
7. 5. and becaufe by Prop. 1. the Triangle ABE is to the
Triangle BED, as the Bafe AB is to the Bafe BD, and
in like manner the Triangle ABE is to the Triangle
ABC, asthe Bafe BE, to the Bafe BC, it follows that
the four Lines AB, BD, BE, BC are proportional. i#hich
was to be demonfirated. -

I fay, in the fecond Place, if the rwo Angles ABC,
EBD, are equal, and the Sides AB, BD, BE, BC, pro-
portional, the Triangles ABC, EBD are alfo equal.

DEMONSTRATION.

Make a Conftruftion like to the preceding, and by
Prop. 1. fince the Ratio of ABto BD, is equal to that
of BE to BC; by Sup. The Ratio alfo of the Triangle
. AEBE, to the Triangle EBD, is fimilar to that of the
‘Triangle ABE, to the Triangle ABC, and by 14. 5. the
two Triangles ABC, EBD are equal. Which remain'd te
be demonftrated.

U & E:

This Propofition ferves to demonftrate pProp. 19. and
t'at two Right-Lines inter[elt one anmother proportionally be-
tween Parallels, becaufe if you join the Right-Line CD,
it will be parallel to the Right-Line AE, by 39. 1. the
Triangle ACD being equal to the Triangle, CED, &.

P R O-
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PROPOSITION XVL

THEOREM XI.

If four Lines ave proportional, the RefFangle of the two Ex-
treams is equal to the Reffangle 1{ the two Means ; ond if
the Reétangle of the two Extreams be equal to that of the two
Means, the four Lines are proportional.

by Say, firft, if the four Lines AB, AC, AD, AE, are
5 proportional, the Reftangle ABE, of' the Extreams
' A{j}, AE, 15 equal to the Reftangle of the Means AC

AD.

DEMONSTRATION.

Becaufe the four Lines AB, AC, AD, AE, are pro-
portional, by Sup. the Reftangles ABE, ACD will be
reciprocal, by Def. 2. and fince they are equiangular, by
Conft. it follows from Prep. 15, that they are equal. Which

was to be demonfirated. - .
I fay, in the fecond Place, if the Reftangles ACD,

ABE, are equal, the four Lines AB, AC, AL, AL, are
propornional, |

DEMONSTRATION. -

Becaufe the two Reftangles ACD, ABE, are equal by
Sup. and equiangular by Conft. they are reciprocal by
Prop. 14. that isto fay by Def. 2. the four Lines AB,
AC, AD, AE, are proportional. Which was what re=
- main'd to be demonfirated.

U S E.

This Propofition ferves to demonfirate the Rule of
Three, becaufe the Area of a Reltangle being found by
multiplying the two Sides that form the Right-Angle
together, as has been feen in the fecond Book, ’'tis ealy

* to conclude from this Propofition, that in four proporti-
onal Quantities, the Produét of the two Extreams is'i
equa
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equal to that of the two Means ; and fo on the contrary.Plae «.
Which we have already demonftrared. Fig. 2.

It may alfo be demonftratéd by this Propofition, that L
if two Righe-Lines inter{elt one another in a Point with-f:i g
out a Circle, and cut the Circumference, as AB, AD, = *°
 the whole and their external Parts are reciprocally pro-
proportional, that is to fay, the whole AB, is to the
whole AD, reciprocally as the Part AE is to the Part
AC, becaufe the Reftangle of the Lines AB, AC, is
equal to that of the Lines AD, AE.

PROPOSITION XVIL
THEOREM XIL

If three Lines are proportional, the Square of the Mean i eq ok
to the Re&nngfﬂ? the two Extreams 3 and if the Reffangle
of the two Extreams is equal to the Square of the Mean, thé
three Lines are proportional.

His Propofition is a Corollary of the former, becaufe

three proportional Lines are equivalent to four,

having the two Means equal, and by that Means the
Rettangle of the two Means becomes a Square.

USE.

This Propofition ferves not only to demonftrate Prop. :
30. but that if from a Point takén without the Circle, Plte 2
as A, a Tangent AF, and Secant AD be drawn, the ¥& **
Tangent is a Mean proportional between the Secant AD,
and its external Part AL, becaufe the Reltangle of the
two Lines AD, AE, is equal to the Square of the Tan-
gent AE, by 36. 3. l :

One may alfo demonfirate by this Method, that if
two Right-Lines interfe® one another in a Circle, as 8 2F
BC, DE, their Parts "are reciprocally, proportional, that
is to fay, the Part AB, is to the Part AD, reciprocally
as the Part AE is to.the Part AC, becaufe by 35. 3. the
Reftangle of the Parts AB, AC; is equal to that of the
Parts AD, AE. 3

From hence an ealy Method of finding a Mean pro- Fig. 20.

ortional between two given Lines, as AD, AE, may
e  drawn, namely, defcribing on the Difference DI,
a Circumference of a Circle, and drawing the Tangent
AF, which will be the mean proportional {ought.

PR O-
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Plate 1.
Fig. 10,

The Elements of Euclid Book VL.

PROPOSITION XVIIL
PROBLEM VL

To deferibe upon & given Line # Polygon fimilar to & given one.

O deferibe on the Line EF, a Polygon fimilar to the
. given one ABCD), draw the Diagonal 8D, and the
Angle E being made equal to the Angle A, make alfo
the Angle EFH equal to the Anglé ABD. Make the
Angle FHG equal to the Angle BDC, and the Angle
HEG equal to the Angle DBC, and the Figure EFGH
will be fimilar ro the propofed one ABCD, that is to
fay, a1l the Angles of the one, will be equal to all the
Angles of the other, and the Sides proportional.

DEMONSTRATION.

*Tis already evident by Conf. that the two Polygons
AFCD, EFGH are equiangular, becaufe all the Trian-
les of the Polygon ABCD are made equiangular with
all the Triangles of the Polygon EFGH, fo that all that
remuins, is to demonftrate that the Sides are proportio-
nal.
Becaufe the three Triangles ABD, EFH, are equiangus

‘Jar by Conft. it follows by Prop. 4. that the two Sides

AD, AD, are proportional to EF, EH; and fo alfo be-
caufe the two Triangles BCD, FGH, are equiangular,
the two Sides BC, Ci) are proportional to thofe two
FG, GH. Butl f{ay further, thetwo Sides AB, BC, are
alfo proportional to the two EF, FG; and the two AD,
CD, to the two EH, GH, as we fhall now demon-
firated.

Becaufe in the two equiangular Triangles ABD, EFH,
the Ratio of the two Sides AB, BD, 1s like that of
the two EF, FH, by Prop. 4. and in like manner in
the equiangularj Triangles BCD, FGH, the Ratio
of the two Sides BD, BC, is equal to that of the two
FH, FG ; fo that the three Lines BA, BD, BC, are

- Propostional to the three Lines FE, FH, FG, and

by
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by 22 5. the Ratio of the two Sides AB, BC, is likePlae 1,
, that of the two EF, FG. Which is dne of the things thas ©'& '
Wwasto be demonfirated. 4 ;
After the fame manner in the two equiangular Trian-
.gles ABD, EFH, the Rarigo of the two Sides AD, BD,
1s equal to that of the two EH, FH ; and in like manner
in the twoequiangular Triangles BCD, FGH, the Ratio
of the two Sides BD, CD is the {fame with that of the
two FH, GH. Thus you fee that the three Lines DA,
DB, DC, alfo proportional to the three Lines HE, HE,
HG, and by 22. 4. the Ratio of the two Sides AD,
CD, is equal to that of the two EH, GH. which is
what remaind to be demmfirated.

. USE

. This Propofitiont is the Foundation of what is taught
in Prob. 17. Introd. to take an inacéeflible Plan on thé
‘Ground ; as alfo of the Method ordinarily ufed to trace
#ipon the Ground the Plan of a Fortrefs, whofe Defign
1s drawn upon Paper : for finceé you can’t work it upon
the Ground as upon Paper, you muft make upon the
%mund Angles equal to thofe of the Plan defcribed on
aper.

PROPOSITION XIX
THEOREM XIIL

fg#f;mg#f#r Triangles are in a Duplicate Ratio of that of
their Homologons Sides.

Omologous Sides are the Sides of two fimilar Rettiline- rig. ¢2;
¥ 1 al Figuares, that are oppofite to chie equal Angles :
Thus if the two Triangles ABC, DEF, are equiangular,
and confequently fimilar, by Prop. 4. fo that the Angle
A is equal to the Angle D, and the Angle B to the
Angle E, and confequently the third Angle C equal
to the third Angle ¥ ; the two Sides AB, DE, thac are
oppofite to the two equal Angles C, F, are Homologous.
‘This being fuppofed, I'fay cthe Ratio of the two Tri-
“ngles ABC, DEF, is the Duplicate of that of the two
: Q Homo-
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Plate. 1. Homologous Sides AB, DE, that is to fay, if b prip..

Figxza, you find a third proportional Line AG, to the twe
Homeclogous Sides AB, DE, the Triangle ABC is to"
the Triangle DEF as the firft proportional AB is to the :
third preportional AG.

DEMONSTRATION.

Becaufe the Triangles ABC, DEF, are equiangular,,
by Sup. the Ratio of the two Sides AC, DF, is equal to)
that of the two AB, DE, which isalfo equal to that off
DE, AG, by Conft. becaufe the Line AG was made 2
third proportional to AB, DE: confequently by 11. §..
the Ratio of the two Sides AC, DI, will be equal to:
that of DE, AG, and the Angle A being equal to the:
Angle D, by Sup. the Triangle ACG, will be equal to:
the Triangle DEF, by Prop. 15. and fince the Triangle:
ABC istothe Triangle AGC, asthe Bafe AB to the Bafe:
AG, by Prop. 1. the Triangle ABC is to the Triangle:
DEF, as the firft Proportional AB, to the third Propor=:
tional AG. Which was to be demonfirated. : |

COROLLARY.

It follows from this Propofition; that equiangular
T'riangles are as the Squares of their Homologous Sides ;
fince the Triangle here ABC, is to the Triangle DEF,
as the Square of the Side AB, namely Al, to the Square
DL of the Homologous Side DE, becaufe thefe two
Squares are to one another as their halves, by 15. 5.
and confequently  as the Triangles ABH, DEK, which
being equiangular by 4. 2. are in a Duplicate .Ratio
of their Homologous Sides AB, DE, as the Triangles

ABC, DEF. .
. U S E.

This Propofition ferves to undeceive fuch as eafily
imagine that fimilar Figures are as their Sides, fince it |
is certain if the Sides of the one for inftance, are double
the Sides of the other, the greater will be Quadruple the
lefs, becaufe the Duplicate Ratio of the Double is the

Quadrople.

PR O-
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PROPOSITION XX
THEOREM XIV. -

Similar Polygons may be divided into as many fimilar o
angles 3 and fimilar Polygons ére in the Duplicare Ratio of
their Sides.

]' Say firft, if the Polygons ABCDE, FGHIK, are fimi=Pplate 1; ¥
lar, they may be divided into as many fimilar Tri- Fig, 13
angles that will be fimilar Parts of their Polygons, each
of its own. -

DEMoHsrRﬁTIﬁN.

Draw the Diagonals DA, DB, IE, IG ; and by Frep.
6. the two Triangles AED, FKI, are fimilar, becaufe the
Angles E, K are equal, and the Sides EA, ED, are pro-
porticnal to KF; KI; the two Polygons propofed being -
fuppofed fimilar. And fo alfo you may find that the
Triangle BCD is fimilar to the Triangle GHI. Con-
fequently ’tis eafy to conclude that the two other Tri-
angles ADB, FIG are alfo fimilar, becaufe equiangular.
Which was to be demonfirated. _

I fay, in the fecond Place, the fimilar Polygons
ABCDE, FGHIK, are in a Duplicate Ratio of therr
Homologous Sides,

DEMONSTRATION.

Since the two Polygons are made up of fimilar Tri-:
.angles, as hasbeen demonftrated, and they are all in a
- Duplicare Ratio of their Homologous Sides, by Prop.

19. dnd the Ratio of the Sides is the fame, the Polygons
being fuppofed fimilar, the Duplicate Rario will aifo be
the {ame, and fo each Triangle of one Polygon will be
to each Triangle of the other'in the fame Ratio, and by
12. 5. the Ratio of each Triangle to its fimilar, will be

Q - ' the
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Flare 1. the fame with that of the Sum of all the Triangles of
Fig. 13.  one Polygon, to the Sum of all the Triangles of the
other; that is to fay, of one Folygon to the other: and
becaufe the Ratio of thefe two T riangles is the Duplicate
of that of their Homolcgous Sides, the Polygon alfo
muft beinthe Duplicate Ratio of that of their Homa-
"‘e Iﬂggus Sides, Which was to be demmﬂmnd.

COROLLARY. !

From this Propofition it follows, that fimilar Polygons
are as the Squares of their Homologous Sides ; and that
i three Lines being proportional, the Polygon defcrib’d

upon the firft, 1s to the fimilar Polygon defcrib’d upon
the fecond, asthe firft Line is to the third, becaufe that
Ratio is the Duplicate of that of the firft to the fecond,
that are two Homologous Sides of thefe two Polygons.

U S E.

This Propofition is of ufe in Prop. 21. and 22. and to
encreafe a given Polygon in a given Ratio; asif you
would have a Polygon quadruple of another, double all
the Sides, forthe Duplicate Ratio of the'double is quae
druple; and fo if you would have a Polygon noncuple
of ancther, triple all the Sides, becaufe the Duplicate of
the Triple is Noncuple. -

But ’tis evident that to leflfen a given Polygon ac-
cording to a given Ratio, the contrary is to be done 3
fo that if you would have a Polygon but a quarter of
that propofed, you muft take half the Sides.

And if any other Ratio were propofed, for inftance,
that of 2 to 3, find a Mean proportional between the
double of one Side of the Polygon propofed and its Tri-
Ple, and that will be the Homologous Side of the Poly-
gon fought.

PROPOSITION XXL
THEOREM : XV.

BTwo Polygons fimilar to 4 third, are fimilar to one another,

:.Ii““l";: Say, if each of the two Polygons ABCD, IKLM is
e fimilar to the Polygon EFGH, thefe two Polygons
ABCD, IKLM, are fimilar to each other, S

- L
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DEMONSTRATION.

Becaufe the Polygons ABCD, EFGH are fimilar, by
Sup. one may be divided by Diagonals into as many
fimilar Triangles as the other, by Prop. 20. as here into
two, the Triangle ABD, being fimilar to the Triangle
IKM, and the Triangle BCD, to the Triangle FGH.
Thus alfo the Polygon IKLM being {uppofed fimilar to
the Polygon EFGI}-YI, the Triangle IKM will be fimilar
to the Triangle EFH, and conifequently to the Triangle
ABD, becaufe two Angles equal to a third, are equal to
one another ; and fo alfo the Triangle KLM will be fi-
milar to the Triangle FGH, and confequently to the
Triangle BCD. Confequently the Polygons ABCD,
EFGH being compofed of an equal Number of equiangu-
lar Triangles, will alfo be equiangular, becaufe cheir
fimilar Triangles having their refpeétive Angles equal,
the Angles of the Polygon made up of them will alfo
be equal ; and becaufe thefe fimilar Triangles have their
Sides proportional, by Prep. 4. the Polygons alfo will
have their Sides proportional, and by Def. 1. will be
fimilar, Which was to be demonftrated. |

PROPOSITION XXII

THEOREM XVIL

If four R':‘gé:-uﬂer are proportional, the fimilar Polygons des
ribed on thofe Lines, will alfo be proportional ; and if they
are proportional, the four Lines will alfo be proportional.

ISa}', firft, if the four Lines AR, AC, AD, AL, are
proportional, the four fimilar Polygons form'd upon
thofe Lines, for inftance, the two Squares and two Tra-
peziums, will be proportional.

229

Plate 2
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Fig. 15,
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late 2,

g 15 DEMONSTRATION,

* Becaufe the four Lines AB, AC, AD, AE, are pro-
portional, by §zp. the Duplicate Ratio of the two firft,
AB, AC, is equal to the Duplicate Ratio of the two
laft AD, AE ; and fince by Prep. 20. the Duplicate Ratio
of the two firlt AB, AC, is equal to that of their fimilar
Polygons, and the Duplicate Ratio of the two laft AD,
AE, is equal to that of their fimilar Polygons, it fol-
lows, that thefe four Polygons are proportional. Which
was to be demonftrated. )
I fay, in the fecond ﬁlﬁce, if four fimilar Polygons
form’d on the four Lines AB, AC, AD, AE, are pro=
portional, thefe four Lines will alfo be proportional. -

DEMONSTRATION,

Becaufe the Ratio of the two firlt Polygons is equal tg-
that of the two laft, by Sup, and each is the Duplicate
of that of their Homologous Sides, by Prep. 20. the
four Homologous Sides and confequently the four Lines
AB, AC, AD, AE, are proportional. Which remaind to
be deminflrated. - : |

U SE.

This Pr:]pn{itiﬂn ferves to do the Rule of Three
Geometrically, when three Figures being given, a fourth
Proportional "1s to be found, namely by reducing the
three Figures propofed into three Squares, when they
are not fimilar, and finding a fourth Proportional to
the Sides of the threc Squares, and that will be the Side
of a Square equal to the fourth Proportional Figure
gught.- This Propofition {erves alfo to demonftratc

8. T, T e ' oy g Vi e

FRO-
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PROPOSITION XKXIIL
THEOREM XVIL

Equiangular Parallelograms ave in a Ratio compounded of that
: of their Stdes. g

I Say, if the two Parallelograms ACD, ABE, are equi- ’
3 angular, their Ratio is compounded of the Ratio of?Plate 1.
t

‘the Side AC, to the Side AB, and of the Ratio of the ¥8' >
Side AD, to the Side AE.

PREPARATION.

Having imagin’d the two Parallelograms ACD, ABE,
laced fo as that the Sides AB, AC may be in a Right-
ine, in which Cafe the two other Sides AD, AE, will

alfo be in a Right-Line, by 14. 1. becaufe the Angle
CAD, is equal to the Angle BAE ; produce the other
Sides till they meet in a Point, as F, and {o make a
third Parallelogram AF. »

DEMONSTRATION.

Becaufe in the three Parallelograms ACD, AF, ABE,
the Ratio of the firft to the third i1s compofed of the Ra-
tio of the firft to the fecond, which is equal to that of
the Bafe AC to the Bafe AB, and of the Ratio of the fe.
cond to the third, which is alfo equal to that of the Bafe
AD to the Bale AE ; it follows that the Ratio of the
Parallelogram ACD, to the Parallelogram ABE, iscom-
pofed of the Ratio of the Side AC vo the Side AB, and of
the Ratio of the Side AD to the Side AE. Which was r¢
e demonfirated.

¢ Qa4 SCHO-
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Plate 1.
Fig. 3.

Plate 1.
EEE.‘ 11:

The Elements of Euclid ~ Book VI
SCHOLIUM.

If you would compound the Ratio’s of AC to AB, and
of AD to AE, you muft multiply the two Antecedents
AC, AD togethet, and fo you will have the Content
of the Parallelogram ACD ; multiply alfo the two Con-
fequents AB, AE, and then Nz'-:ru will have the Area of
the Parallelogram ABE, in Meafures fimilar to that of
the Parallelogram ACD ; which is an additional Proof
of the two Parallelograms, being in a Ratio compqund-
ed of that of their Sides. o ' e

" Since a Triangle is equal to half a Parallelogram of
the fame Bafe and Height, you may eafily find by this
Propofition, that two 'IF{'iangIes having one Angle equal,
are in a Ratio compounded of the Sides that form the
Angle, as if they were Parallelograms, which may bé
eafily {een, by drawing the two Diagonals CD, BE, &.’

PROPOSITION XXIV.
THEOREM XVIIL

If you draw two Bines parallel to two Sides of a Pavallelogram,

" thrd’ # Point in the Diagonal, there will be formed four
Parallelograms, of which thefe two that the Diagonal paffes
tbro’y are fimilar to one another and ro the greas one,

] Say, if thro' the Point E taken at Difcretion in the
‘Diagonal BD of the Parallelogram ABCD, you draw

- the two Lines ¥G, HI, parallel to the two Sides AD,

AB, the two Parallelograms GH, FI, are fimilar to one
another and to the great one. Yok

DEMONSTRATION.

Becaufe the Line HI is parallel to AB, by Sup. the
Angle DHE will be equal to the Angle A, by 20. 1.
‘which makes the twa Triangles DHE, DAB fimilar:
Confequently by Prop. 4. the Ratio of DH to HE, will
be equal to that of AD to AB, and by Def. 1. the Paralle«
logram GH will be fimilar to the Parallelogram ABCD,
After she fame manner you may find thae the Parallelo-
o e ot 2 gram

-
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gram FI is fimilar to the fame Parallelogram ABCD, an Plite 1.
confequently to the Parallelogram GH. which was to e Fig. az,
demonfirated,

- SCHOLIUM

The Converfe of this Propofition is alfo certainly true,
namely, that if the Parallelogram GH, or FI, be fimilar
to the great one ABCD, having an Angle common, the
Diagonal of the great one drawn thro’ the common
Angle, will pafs thro’ the other Angle of the lefs, as
Euclid has demonftrated in Prop. 26. which we omit, be-
caufe eafily underftood, and of little Ufz. '

PROPOSITION XXV.
PROBLEM VIL

Two Refiilinzal Figures being given, to deferibe & third equal
ro one of the given ones, and fimilar to the other.
fare 2,
© difirtben ReBilines) Binire ghral o the Biven fp, 16
one ABC, and fimilar to the given one DEF, reduce
into a Square each of the two Reétilineal Figures given,
ABC, DEF, by r4. 2. So that GH ke the Side of a
Square equal to the Reltilineal Figure ABC, and IK the
Side of a Square equal to the Reltilineal Figure DEF.
Then find by Prop. 12. a fourth Proportional LM, to the
three Lines IK, GH, DE, and by, Prop. 18. defcribe up-
on that Line LM, the Reftilineal Figure LMN, fimilar
to the Reétilineal Figure DEF, which here is an equi-
Jateral Triangle, and the Reftilineal Figure LMN, will
be equal to the Rettilineal Figure ABC. |

DEMONSTRATION.

Becaufe the four Lines IK, GH, DE, LM, are pro-
portional, by Confir: their Squares will alfo be propor-
tional, by Prop. 22. and becaufe the Squares of the two
Lines DE, LM, are inthe fame Ratio as the two fimilar
Re&tilineal Figures DEF, LMN, by Prop. 20. the Ratio
of the Squares of thofe two Lines 1K, GH, is equal to
that of the two Reétilineal Figures DEF, LMN; and’

fincs
f TR
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Plate 2.
Fig.” 16,

¥ig: 18.

The Elements of Euclid Book V.

fince the Square of the Line IK, isequal to the Reélili-
neal Figure DEF, by Conffr. Then by 14. 5. the Square
of the Line GH, or the Reftilineal Figure ABC, is
?UEI to the Rettilineal Figure LMN. which was to be
elfeited and demonfirated. ’ :

U S E.

‘T'he ufe of this Propofition is more extenfive than that
of Prop. 14. 2. by which the Reétilineal propofed can
only bereduced into a Square, whereas this Propofition
fervesto reduceit into any other Figure you pleafe ;
thus here we have reduced the Scalene Triangle ABC,
into an equilateral Triangle. We have refolved this
Problem otherwife than Exclid has, becaufe his Method
depends on a Propofition in the firft Book, that we have
omitted becaufe it feem’d too perplex’d.

We fball bere omit Prop. XXVI. XXVII. XXVIIL. and

- XXIX. that are but of little Confequence.’

PROPOSITION XXX,
PROBLEM X

To eut # Right-Line {n extream and mean Proportion.

O divide the given Right-Line AD, into extream
and mean Proportion, cut it at the Point B, by 1r,
2. So that the Reftangle of the whole AD, and its leffer
Part BD, namely the Rectangle BC, be equal to the
Square AG, of the greater Part AB, and the Problem
15 folved. ' A

DEMONSRATION.

Becaufe the Re&tangle BC is equal to the Square AG
of the Line AB, by Conftr. the three Lines CU, or AD,
AB, BD, will be proportional, by Prep. 17. and Def. 3.
the Line AD will be cut at the Point B, 1n excream and

mean Proportion. Which was ta be effeifed and demonfiva-
;Ed. :

USE
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U S E.

Plate 2.

A Line thus cut has feveral Properties, as may bepig, ;5.

feen in a Book publifhed by Lucas de faniFo Sepulchro, and
ferves, as has been fhewn, to defcribe a Pentagon and
aregular Decagon ; and Ewclid ules it in the thirteenth
gpnk, to determine the Sides of the five regular Bo-
dies. .

PROPOSITION XXXL
THEOREM XXI

If you deferibe three fimilar Re&ilineal Figures upon'the thred

" Sides of a Reangle Triangle, that which s form'd upon
the Side oppofice to the Right-dngle, # equal to the Sum of
the two others: ¢

Say, if you defcribe upon the Sides of the Triangleriz 15y .
ABC, right-engled in A, three fimilar Re&ilineal

Figures, for inftance, the three Triangles ABD, ACE,

BCF, the Triangle BCF, is equal to the Sum of the

pther two ABD, ACE. 0 |

DEMDNSTRATIQ_N.

Becaufe by Prop. 20. the Rettilineal Figure ABD 1s to
the Reétilineal Figure ACE, as the Square AB, to the
Square AC, and compounding by 18. 5. the Sum ABD+-
ACE, will be to ACE, as the Sum of the two Squares
AB, AC, that is to fay, by 47. 1. as the Square BC, to
the Square AC; and becaufe the Ratio of the Square
BC to the Square AC, 15 equal to that of the Rettilineal
Figure BCE, to its fimilar one ACE, by Prop. 20. then
by 11.5. the Ratio of the Retilineal Figure BCF, to
the Reltilineal Figure ACE, s equal to that of the Sum
ACD-- ACE, to the {ame Re&tilineal Figure ACE, and

¥ 9. 5. the Re&tilineal Figure BCF, 1is equal to the
Sum of ACD, ACE. ®Whish war te be demonfirated.

USE
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Plate 2.
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U S E.

This Propofition ferves in general to add feveral fimi«
lar Figures together, as we faid in 47. 1. fo that we
need not infift any longer upon it. ;

We omit Prop. XXXII. becanfe not neceflary, nor of much

-Gonfequence

PROPOSITION XXXIIL
 THEOREM XXIL

In equal Civeles, the Angles at the Center or Civcumference, as
alfo their Setfors, are to, ome another as- the Arcs they infif
wHpon.

ISa]?, firft, the two Angles at the Centre BAC, EDF,
of the two equal Circles BIC, EKF, are to one ano-
ther as their Arcs BC, EF, that ferve inftead of their
Bafe.

PREPARATION.

| Bifeft each of the two Angles BAC, EDF, withth

Radius’s AG, DH, and they will bife&t the Arcs BC, .
EF, at the Points G, H, as alfo the Seftors ABCA,
DEFD. g

DEMONSTRATION.

Becaufe by 15. 5. the Arc BC isto its half BG, as
the Arc EF 1s to its half EH, and in like manner
the Angle BAC, 1s to its half BAG, as the Angle
EDF is to its half EDH, the Proportion between
the four Arcs BC, BG, EF, EH, is fimilar to that
bétween the four Angles BAC, BAG, EDF, EDH;
confequently by Converfion, by 16. ¢. the Circles BIC,
EKF being equal, the Proportion between the four Arcs
BC, EF, BG, EH, is fimilar to that between the four
Angles BAC, EDF, BAG, EDH, and confequently
in this fecond Proportion, the Ratic of the firft TEIE

| i i 1 = B :
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BAC, to the fecond EDF, is equal to that of the firft pyee
Arc BC, to the fecond EF, in the firft Proportion. fig, o)

Which was to be demonfirated. Confequently the Angles
at the Circumference I, K, being halves of the Angles
at the Center A, D, by 20. 3. are alfo as their Bafes
BC, EF. After the fame manner the Seftors ABCA,
DEFD may be demonftrated ta be as their Bafes BC,
EF, confidering them as Angles,

SCHOLIUM.

This Demonftration is of the fame Nature with that

of the firft Propofition of this Book ; but if the Cir-:

cles are not equal in this Propofition, or the Heights
not equal in the former, you can't reafon by Converfion
of Proportions, : .

The



236

Plate 1:
Fig. 1.
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T HE |
ELEVENTH BOOK
OF: s

EUCEID: Eituviy:

Uelid in this Book begins to treat of a Body or
Solid, and firft of Parallelopipeds, afrer he has
explain’d in the beginning fome Properties of

their DBounding Surfaces. We omit the feventh,
eighth, ninth ‘and .tenth Book, becaufe they have no
Connexion with the fix firft, nor with the eleventh

. and twelfth; we fhall only add; becaufe they, and the

preceding fix, are enough for the rolerable underftandin
of the principal Parts of Mathematicks ; the elevent
and twelfth being abfolutely neceflary for underftand-.
ing the third Part of Practical Geometry, call'd Stercometry,
Spherical Trigomomeiry, Dialling, Perfpeffive, and in general
whatever belongs to the Settion of* Planes and Solids.
Such as weuld have more, may confult Hemrion, who has
demonftrated all the other Books, and the Data.

DEFINITIONS.
i

A Body or Solid, is the third Species of Magnitude -
it has Length, Breadth and Depth. 4r 4BCD, rhat
has three Dimenfions, Length AB, Breadth BC, Depth CD. |

% ' Philofo=
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Explain’d and Demonfirated. -
Philofophers divide Bodies into jard, or fuch as do

not eafily give way to another ; and [ifs orfuch as do,

and may eafily be penetrated by another. .But fince the
Imagination makes eafy and feafible things moft difficulc
in execurion, one may imagine a hard Body as eafy pe-
netrated as a foft one. And then Mathematicians call
a folid Body, or a Solid ﬁt_nﬁ’ly, whatever is extended in
Length, Breadth and Depth, abfirafting from Matrer,
and conceiving a Body produc’d by the Motion of a
Surface, as a Surface is by the Motion of aLine, and a
Line by the Motion of a Point, and that a Body is made
up of an infinite Number of Surfaces, as a Surface is of
Lines, and a Line of Points. Confequently,

IL.

| The Extremities of & Body, are the Surfaces that bound
1t. : ;

A Body is neceflarily bounded by Surfaces, as well
on the account of what has been faid, as becaufe, upon
examining a Body as ABCD in particular, you may eali-
1y find an Upper Part, namely, the Surface DEF ; an

nder Part, namely the oppofite Surface, ABC, call’d
the Bafe; a Fore-part, namely the Surface FAB:
a Hinder Part, oppofite to that; and Sides, one of
which appears in the Figure, reprefented by the Surface
BCD. ; '

I1L.

A Right-Line 1s f{aid to be perpendicular to & Plane, or
ereffed perpendicularly. upom & Plame, that is perpendicu-
lar to aJ] the Lines it meets drawn upon the Plane.

Thus the Right-Line AB, 15 perpendicular to the Plane CDEF,

237

Plate |
Fig" I-l

or ereffed perpendicularly wupon it, if iv be pevpendicular to Fig. 2.

each crf ‘the Lines, GH{ IK, LM, that it meets at the Point
B, in that Plane. '

IV. One
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IV.

One Plane is {aid to be perpendicular to amother, or ereffed
perpendicularly wuponm amother, when a Right-Line drawn
in one of the Planes, perpendicular to their common
Seétion, meetsa PErpengxcular to the other Plane,

Thus the Plane EFGH is perpendicular to the Plane ABCD,
or the Plane ABCD to the Plane EFGH, becaufe the Line KL,
drawn in the Plane ABCD, per peﬂa':mf.s:r to the common Seffi-
én EH ; is alfo Parpmdhm!#r to the other Plane EFGH : or be=
caufe the Line IK drawn in the Plane EFGH, perpmd:mf:w
to the common Seiion EH, is alfo perpendicular to the Plane
ABCD.

By the common Settion of two Planes, is underftood a Line
common to thofe two Planes, in which they interfedt,

as EH, which always is a Right-Line, as ﬂmll be demon=
ﬂl‘-ﬁtﬂd in Prop. 3.

v

The Inclination of & Right-Line u ‘{m a Plame, is théd
Acute-Angle made by thac Line and another Right-Line,
drawn thro’ the Point where the Extremity of the Line
inclined meets the Plane, and thro’ the Point of the
fame Plante, where it is cut by the perpendicular to that
Plane, drawn from the other Extremiry of the inclined
Line.

Thus the Inclination of the Ri ‘ght-Line IL, with tbe Plan=
ABCD, is the Acute-Angle KLI, made with the Line KL
drawn rém the Points L, K, where the Plane ABCD is cut by
the inclined Lime IL, mz:a’ the Line IK, P;rpen‘a’.:mfﬂr to the
Plane ABCD.

i like manner the Inclination of the fame Line IL, to the
Planc EFGH, is the Angle KIL, that it forms with the Right-
Line IK, drawn thro the Points I, K, where the Plane
EFGH is cut by the inclined Line IL, and the Line LK per~
pendicular to the Plane EFGH.

VL. 7
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VL. Plate 1.
| . - _ ; Fig 3,
The Inclination of two Planes is the Acute-Angle of two
Right-Lines, perpendicular to the common Seltion of
the two Planes, and drawn thro’ the fame Point of the
fame common Seftion in each Plane. | .| =
Thus the Inclination of thetwo Planes ABCD, EFGH, # the
- Acute-Angle that the Right-Line HI drawn in the Plane ABCD, g, ;.
perpendicular to the commow Sefiion CE, makes with the Line =
HEK, drawn in the Plane EFGC, perpendicular to the [ame
common Seclion. . _ el ik Sl
- "Tis plain from this-Definition, that two Planes muft
not be perpendicular to each other, that they may be
faid to be inclined : and from the foregoing Definition
that a Right-Line muft not be perpendicular to the
Plane, thatit may be faid to be inclined to it.

VII.

Planes (imilarly inclined are fuch as-have equal Incli-
nations to a third Plane. TRy

Tho’ the Inclination of the Planes, fuppofes that they
are not perpendicular to one another, yet that does not
hinder but that two Planes may be faid to be fimilarly
ificlin’d to a third Plane, when they are perpendicular
to it. ' |

VIII.

Parallel Planes are fuch as being continued as far as
“you pleafe, will never meet, being always.equidiftant : fig. 4
“Such ave the two Planes ABCD, EFGH, whfe Diffance IK, =
DL, pérpendicular to them, are equal. .

IX.

. Similar Solids are fuch as are bounded by an eqeiat
Number of fimilar Planes. For inffance fwo Cubef,
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Plate 1.
Eigf ﬁl

ng. ;i

Fig. 7.
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X.
- Similar and equal Solids, are fuch as are bounded by
an equal Number of fimilar and equal Planes; fo that

1magining one to penetrate the other, neither would
exceed, as having equal Angles and Sides.

XL

A Solid Angle is an indefinite concave Spice, termina=
ted ina Point by feveral Planes meeting in the Point,
where the folid Angle is form’d: 45 4 terminated by
the three triangular Planes BAD, CAD, BAG. :

XII.

A Prif[m, is a Solid having two oppofite Planes paral-
lel, fimilar and equal, and the others Parallelograms:
Thus ABCD, whofe two oppofite Planes ABC, DEF, are parallel,
Sfimilar and equal, gnd the others, as FAB, BCD, é‘f. Pae
rallclograms.

"Tis call’'d a Triangular Prifm, when its two oppofite
and parallel Planes, are two fimilar and equal Triangles :
as ABCD, terminated by the three Parallelograms
ABFE, ACDE, BCDF, and the two fimilar parallel and
equal Triangles, ABC, EFD.

"T'is call'd a Parallelopiped, when ’tis terminated by fix
Parallelograms, of which the two oppofite and parallel
are equal; and when all thefe Parallelograms are Reft-
angles, the Prifm is call'd a Right-Angled Parallelopiped, as
ABCD. which take the Name of a Cube or Hexacdrum, if
all its Sides are equal, thar is to fay, when 'tis bounded
by fix equal Squares, as ABCD, which will reprefent a
Cubic Yard, if its Side AB bea Yard long: Bur it will
reprefent a Cubic Foort, if the Side AB, BC, or CD, be
a Foot long. i |

We faid in the fecond Book, that the Areaof a Reé-
angle is meafur'd by lirtle Squares, and we fhall fay
here thatr the Content of a Right-Angled Parallelopiped,
call’d its Solidity, is meafur'd by lictle Cubes, prcduced
by parallel Planes drawn lengthwife and crofswife, thro’
the Livifions of the oppefite Sides, which an{wers l:n

L the
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the Motion of a Surface producing a Solid, and this Mo- Flate 1-
tion anfwers the continual Multiplication according to¥# ™
the three Dimenfions of a right-angled Parallelopiped,
in finding the Solidity, that is to fay, the Number of the
Cubic Meafures it contains. 8 1

Thus the Solidity of the right-angled Parallelopiped
ABCD, whofe Length AB is here fuppofed -to. be 4.
Feet, its Breadth BC, 2, and its Depth 8:),' 3, 1s found
by multiplying thele three Numbers 4, 2, 3, together,
and the fourth Number that comes forth, namely 24, isy
call'd # Solid Number, whofe Sides are 4, 2, 3, betaqfeﬁ
they fhow that a right-angled Parallelopiped, 4 Feet .
long, = Feet broad, and j deep, contains 24 Cubic Feet
- in its Solidity.

Thus becaufe a Yard long, as AB, coritains 3 Feet, aFig s.
Cubic Yard ABCD, will contain 27 Cubic Feet, and
from hence ‘tis that the Number 27 arifing from the-
mutual mulriplication of three equal Numbers, is call'd

a Cubic Number, whofe $/de, or Cube Root is one of
them, namely -,

A Reltangled Parallelopiped, in regard of its three
. Dimenfions, is call'd # So/id of three Lines, which are its
three Dimenfions ; that is to fay, one of thefe three
Lines reprefents its Breadth, and the other its Length,
and the third ics Depth, whether the Solid be real or;
imaginary. \ AR .

Thus the Solid of the three Lines AB, BC, CD, is . .
the right-angled Parallelopiped ABCD, which is re- =**
prefented in Numbers, when the three Dimenfions are
exprefled by Numbers ; as if the Length AB, be 4 Feer,
the Breadth BC, 2, and Depth CD, 3, the Solid of
thefe three Numbers g, 2, 3, will be 24, namely the
Produét of thefe three Numbers 4, 2, 3, which on that
account is call’d 4 Solid Predud, and 1f you {ubftiture
Letters inftead of Numbers, as #, &, ¢, their folid Pro-
duct will be abe.

The other Definitions belong to the Twelfth Buky and aré
there explain'd.

|, e PR 2
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"o PROPOSITION 1
atly | I |

"THEOREM L

d'ﬁféﬁiﬁﬂe in & Plane, if prmf#cf&f, will fHll be in that

RUR TEd Plane.

Flate 1. T b7,

Fig. 10, _ _S_ag, if the Right-Line EF, be in the Plane ABCD,
wDen produced, ’'twill ftill be in the fame Plane

ABCD.

.  PREPARATION.

“Dtaw fromthe Point F, in the Plane ABCD, the
Right-Line FG, perpendicular to the Line EF, and
ariother FH, to the Line FG.

DEMONSTRATION.

Becaufe each of the two Angles GFE, GFH, isa right
one by Conftr. the two Lines FH, FE, conftitute a right
Line, by 14. 1. and becaufe each isin the Plane ABCD,
the Line EF produced, that is to fay, the whole Right-
Line EH, is in the fame Plane ABCD. Which was to be
demonffrated. :

U8 E:

- This Propofition ferves to demonftrate the following
one, and we fhall ufe it in Dialling, to make out that
a:great Circle of 'a Sphere' is reprefented on a Plane, by
a Right-Lane.

_PROPOSITION IL
THRORENM ‘1

Two Right-Lines inter[eifing cwe another, are in the [ame
Plane : 8o alfo are all the Partsof a Triangle.

I Say, the two Right-Lines AB, CD, meeting inthe.
- X Point E, and the Triangle ihEC,_whui'e TWO S:;:igs

Eig. 15



Explain’d and Demonflrated. 245

AE, CE, are parts of the two preceding Lines AB, CD, Place 1.
-are in the {fame Plane. . Fig. 11,

DEMONSTRATION.

If thro' the Point F raken at difcretion in the Side
CE, you draw a Right-Line AFG, to the oppofite Angle
A, by Prop. 1. the two Parts AF, FG, are in the{ame
Plane, and fo alfo are the two AE, EB, and CF, EF,
and becaufe the three Points E, F, C,' are in a Right-
Line by Conflr. the three Lines AB, AG, CG muft ne-
ceflarily touch one another, as alfo the three Planes in
which they are, and {o become one.’

Thus you may find that the Line AF isin the fame
Plane as the Side AE of the Triangle AEC; and after
the fame manner you may find that all the Right-Lines
that can be drawn from the'Angle A, thro’ what other
Points you pleafe in the Side CE, are in the fame Plane
as they in the Side AE of the Triangle AEC... Whence
’tis ealy to conclude that the Triangle AEC, as well as
the two Lines AB, CD, are in the {fame Plane. Which
was to be demonftrated. \

U S E.

~ This Propofition ferves to demonftrate Prop. 4. and .

that {uppofe two Right-Lines making an Angle to be in
the {fame Plane. ’Tis of ufe in Perfpettive, to demon-
ftrate thatr a Right-Line when projetted upon a Plane, is
a Right-Line, where we fhall fuppofe, that all Righc-
Lines drawn from the Eye, thro’ all the Pointsof a
Right-Line, are in the {ame Plane, that is Tran-
- gular,

Rj3 “P R O-
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PROPOSITION 1.

_T:HEQ-REM 111

T%e common Sfc"fmﬂ of two Planes is a Right-Line.

a -l A%

TIS‘-"gwdent that the cummnn Se&tion of the two
Planes ABCD, EFGH, is a Right-Line, becaufe if
thm any two Pmnts E, H of this common Seftion,
you draw in each Plane WO R:ght-Lmes, they will fall
upon one another, becaufe they can’t bound a Space, and
{o they will make one Right-Line EH, which being
common to the two Planes ABCD, EFGH muft be
their common Sction. Which was to be demonfirated.

U S E.

T!us P:npuﬁtmn ferves to demontftrate Prop. 4. 16. 18.
*a:;d 19. that fuppofe the common Seétion of two Planes
isa Right-Line.  We fhall alfo ufe it in Perfpe&tive, to
demonftrate that a Right-Line projeéted on a Plane wiil
be a Right-Line; and in Dialling, to demonftrate that
all great Circles of a Sphere projetted on a Plane, will
be Right-Lines: It may be ufed alfo in other Projeéti-
ons, as to demonftrate thar an intire great Crrcle, per-
pendicular to the Plane of Projeftion, when Pm}ﬁﬂ:ﬂd
begomes a R:ghc-Lme

PROPOSITION. 1V.
A HEQREM IV,

A Right-Line perpendicular to two others that interfedt
one anotber, will be the Jame tp the Plane of thofe twy
Lmﬁ

'[Sav if the Line AB be perpendicular to each of the
®f two Right-Lines GH, IK, that are in the Plane
CDEF, and interfedt in ‘the Point B, it will alfo be per-
g;udipulartﬂth-: Plane FD‘EF, thatisto fay, by pef. 3

te.



Explain'd and Demonflrated. 247

to all the Lines drawn on the Plane thro' the Point B, Plare 1.
to the Line LBM. Fig. 2.

PREPARATION.

Cut the equal Lines BG, BH, BI, BK, at difcretion,
and join the Right-Lines GI, KH. And draw from the
Point A, thro’the Points I, L, G, K, M, H, as many
Right-Lines.

DEMONSTRATION.

Becaufe the four right-angled Triangles ABG, ABH,
ABI, ABK, are equal, by 4. 1. the Bafes AG, AH, Al,
AK, willk be equal ; and for the fame Reafon the Ifof-
celes Triangles GBI, KBH, being equal, their Bafes GI, |
KH, will be equal, together with their Angles. Confe-
quently by 26. 1. the equiangular Triangles LBG, MBH,
will alfo be equal, and confequently the Side BL, is
equal to the Side BM, and the Side GL to the Side HM,
and by 8. 5. the Triangles AGI, AKH, are equal, and
cnnfequentlifl the Angle AGI is equal to the Angle
AHM. Wherefore by 4. 1. the two Triangles AGL,
AHM are equal, confequently the Bale AL is equal to
the Bafe AM. Whence ’ris eafy to conclude by 8. 1.
that the Triangles ABL, ABM, are equal, and confe-
quently the Angle ABL is equal to the Angle ABM, fo
that the Line AB is perpendicular to the Line LM,
Which was to be demonfirated.

U"S 'E.

This Propofition {erves to demonftrate Prop. 5. 8. 9.
11. and 15. and in Spherics, that a Right-Line pafling
thro’ the Poles of a Circle, is perpendicular to the Plane
of that Circle. It furnifthes us alfo with a Method of
letting fall a Perpendicular to a Plane, from a Point
given without the Plane, different from that in Prop. 1r1.
For inftance, if you would let fall a Perpendicular to
* the Plane CDEF, from the Point A, defcribe upon the
Point A, with any aperture of your Compals you pla:::tiiﬁv
= 4 ' the
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Points G, H, L.

The Elemenss of Euclid ~ Book XI, |

the Circumference of a Circle on that Plane, and having
marked at Pleafure three Points on that Surface, as G,
H, I, for finding the Center B, draw thro’ the Center
B to the Point given A, the Right-Line AB, and that
fhall be perpendicular to the Plane propofed CDEF, the
three Right-Lines AG, AH, Al being equal. By this

ou may know whether a Stile, as AB, be placed right
on the Plane CDEF, by taking at pleafure from its Foot
the three equal Diftances BG, EH, BI, for if it be well
fixed, the Point' B will be equidiftant from the three

PROPOSITION V.
THEOREM V.

{f’ one Right-Line be perpendicular to three others, interfeiting

P)'q::lte.

" orie another in the [ame Pointy thofe three will be in the f; ame

]' Say, if the Right-Line AB, be perpendicular to the
. three Lines'BC, BD, BE, interfetting one another in
the Point B, thefe three Lines, BC, BD, BF, are in thé
fame Plane : So that if the Plane of the two Lines BA,
BF, be BAK, and the Plane of BC, and BD be I)gHI, the
Line BF will be the common Seftion of thofe two
Planes. - ' ' '

DEMONSTRATION.

A

If the Line BE be the common Se&ion of the two
Planes DGHI, BAK, then by Def. 3. the Line AB being
serpendicular to BDD and BC, by Swp. and confequently
to their Plane DGHI, by Prop. 4. It is alfo perpendicular
to the common Seétion BE, and fo the Angle ABE is
right, confequently equal to the Angle ABF, which is
alforight, becaufe the Line AB is fuppofed alfo to be
perpendicular to the Line BF. Whence tis eafy to con-
clude that the two Lines BE, BF, agree together, and
confequently the Line BE is the common Section of the
two Planes DGHI, BAK, fo that it is in the Plane of
ihL twa Lines BC, BD. Which was to be demonBrated.

[

VUSE
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USE.

This Propofition is a Lemma to the following one, -

PROPOSITION VI
THEOREM VL

Right-Lines perpm&szﬂr to the fame Plane, are pwﬁ'ef o
one another.

249

Say, if the two R:ght-Lmes AB, CD, are each per-?fatﬂl
pend:cular to the Plane EFGH, tht:}r are Parall&l to Fig. 121

each other.

PREPARATION.

~ Join the Right-Line BD, to which having- drawn the
perpendicular DI equal to AB, in the Plane EFGH
join the R:ghtnLlnes BI, Al, AD '

DEMONSTRA TION.

Becaufe the Line AB is perpendicular to the Plane
E¥GH, by Sup. 1t will alfo be perpendicularto the Line

BD, b}f Def. 3. So that the Angle ABD being righe,
will be equal to the Angle BDI, “that is alfo righ tD‘b}r
‘Conftr. and becaufe the Line DI was made equal to the
Line AB, by 4. 1. the two rl_ght -angled Triangles ABD,
DBI, are equal, and the Bafe AD equa! to the Bafe BI-
and then by 8. 1. the two Triangles AID, AIB, are
equal, and the Angle ADI eq ual to the ﬁnglﬁ ABI,
which being right, b}r Def. 3. Lec:aufc the Line AB is
perpendicular to'the Plane EFGH, the Angle ADI muft
be right, and fo ID perpendxcular to AD, and fince it
is alfo perpendicular to the Line BD, by Conftr. and to

ghe Line CD, b}' Def. 3. the Line CD being fuppofed -

peipens



?5@
Plate 1.
Fig, 12.

Plate 2.
Fig. 15,

The Elements of Euclid Book XI.

perpendicular to the Plane EFGH, the three Lines DC,
DA, DB, to which the Line ID is perpendicular, are in
the fame Plane, by Prop. 5. confequently the two Per-
pendiculars AB, CD, arealfo in the fame Plane, and by

29. I. they are parallel to one another. Which was to be
Kemonftrated.

USE.

This Propofition ferves to demonftrate Prop. 9. 13. |
and 14. and fhow that two Parallel Lines, as AB, CD,
are in the fame Plane, and this ferves to demonftrate

Prob. 7. and 8. that fuppofes two parallel Lines to be in
the {ame Plane.

PROPOSITILON VIL

THEOREM VIL

A Right-Line drawn from one parallel to another, is in the
Plane of thofe two Parallels.

]' Say, if thro’ the Point E, of the Line AB, you draw
to another Point F of the Line CD, parallel to the
firlt AB, the Right-Line EF, that Right-Line EF, is in
the Plane of thefe two parallel Lines AB, CD.

DEMONSTRATION.

Becaufe the two Points E, F, are in the Plane of the
two Parallels AB, CD, a Right-Line may be drawn-in
this Plane thro’ the Points E, F, that fhall not differ
from the Line EF, becaufe two Right-Lines can’t bound
a2 Space. So that the Line EF is in the Plane of the two
Parallels AB, CD. Which was to be demanftrated.

PR O-
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PROPOSITION VIL
THEOREM VIIL

If there be two parallel Lines, the one perpendicular to a cer-
tain Plane, the other alfo will be perpendicular to the fame
Flane.

25 ¥

I Say, if the two Lines AB, CD, be parallel, and the pp,ce ;-
firft AB perpendicular to the Plane EFGH, the fe- g, 12!

cond CD is alfo perpendicular to the Plane EFGH,

PREPARATION.

~ InthePlane EEGH draw the Line BD, and it will be
perpendicular to the Line AB, by Def. 3. and by 29. 1.
to the parallel one CD. In the {fame Plane draw the lg.'.ine
DI perpendicular to BD, and equal to AB, and draw
the Right-Lines AD, AI, BI.

DEMONSTRATION.

Becaufe by 4. 1. the two right-angled Triangles
ABD, BUDI, are equal, the two Bafes AD, BI, will alfo
‘be equal: and by 8. 1. the two Triangles ABI, ADI, will
be equal, and the Angle ADI will be equal to the Angle
ABI, which being right by Def. 3. Since the Line AB
is perpendicular to the Plane EFGH, by Sup. the Angle
ADT will be right alfo. So that the Line DI being per-
pendicular to the two Lines DB, DA, will by Preop. 4.
be perpendicular to their Plane, the fame with that ine
which the two parallels AB, CD are, and confequently
to the Line CD, by Def. 3. Since therefore the Line CD
is perpendicular to DB, DI, it will alfo by Prop.. 4. be
erpendicular to their Plane, that is fay, to the Plane
EFGH. Which was to be demonfirated.

U SE.
Thas Propaﬁtign{. {erves to demonftrate Prop. 9, 10, 17,

52, and 18.°
| PR O
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PROPOSITION IX
.THEOREM IX.

Two Right-Lines f#ﬂ;i’ff to a third, are parallel to onc another,
: tho' they be not in the [ame Plane.

Say, if the Lines AB, CD, be parallel each to the

fame Line EF, they are fo to one another, tho’ they
be nor in the fame Plane, otherwife this Theorem would
be evident by 30. 1.

PREPARATION.

Draw thro’ the Point G, taken at difcretion in the
Line EF, in the Plane of the two Parallels AB, EF, the
Line GH, perpendicular to the Line EF, and it will be
perpendicular alfo to the Line AB, by 29. 1. and in the
Plane of the two Parallels EF, CD, the Line GI perpen-
dicular to the fame Line EF, and it will be perpendicu-
lar to the Line CD, by 29. 1. 4

DPEMONSTRATION.

.. Becaufe the Line EG is perpendicular to each of the
two Lines GH, GI, by Cenffr. it will be perpendicular
to their Plane, by Prop. 4. conlequently by Prop. 8. the
the two Lines AB, CD, that are parallel to the Line EG,
by Sup. will alfo be perpendicular to the fame Plane of
the two Lines GH, Gl, and by Prop. 6. the two Lines
AR, CD, will be parallel to one another. Which was to
be demanfiraced.

U SE.

This Propofition ferves to demonftrate the following,
and Prop. 15. and is ufed in Dhalling, to demonftrate that
in different Dials, the Axes are parallel to one another,
becaufe they are fo to the Axis of the Wogld.

PR O-
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PROPOSITION X
\ THEOREM X

If two Right-Lines, making an Angle, are parallel to two others
of a different Plane, the two others will form an dngle equal
to that of the two former. -

]’ Say, if the two Lines A B, AC, are parallel to thefeppe,:
two DE, DF, the Angle BAC is equal to the Anglefig. 1;.
EDF, tho’ the Plane of the two Lines AB, AC, be diffe-

rent from that of thetwo Lines DE, DF. i

PREPARATION.

Cut off the Line DE equal to the Line AB, and the
Line DF equal to the Line AC, and join the Right-
Lines BC, EF, EE, AD, CF.- ' -

DEMONSTRATION.
)

Becaufe the two Lines AB, DE, are parallel by Sup.
and equal by Conf. the two Lines AD, BE, will al{o be
-equal and parallel, by 33. 1. and for .the fame reafon-
AD, CF, will be equal and parallel: Confequently BE,
CFE will be equal, by Ax. 1. and parallel by Prep. 9. and
by 33. 1. BC, EF, will be equal. And laftly, by §, 1.
the two Triangles ABC, DEE, will be equal, and the:
Angle BAC equal to the Angle EDF. Which was to be
demonfirated.

I S-E.

This Propofition is ufed in Perfpetive to demonfirate
that two Right-Lines parallel to the Plane of Projeftion,
when ' projetted, form an Angle equal to that of the
two Right-Lines; and that two Right-Lines when pro-
jelted, are parallel to one another, if the two Right-
Lines are parallel to one another and the Plane of Pro-
j;&ien. Prop. 24. is demonflrated alfo by the help of
this.

4 ' PR O-
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Plate 2.
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PROPOSITION XL
PROBLEM L

To l¢t fall # Right-Line froma Point given without & Plane, |
perpendicular to ir.

O let fall a Perpendicular to the Plane ABCD, from

the Point E, given without the Plane: draw at dif=
cretion in the Plane, the Right-Line FG, and let fall
perpendicular to it, the Line EH from the Point E, by
12. 1. draw alfo from the Point H, the Right-Line
HI perpendicular to the Line FG, by r1. 1. and by
12, 1. the Perpendicular EI, to the Line HI, from the
Point given E, and it will be perpendicular to the Plane
propofed.

DEMONSTRATION.

Becaufe the Line FG is perpendicularto HI and HE,
by Conffr. 1t will be fo alfo to their Plane EHI, by Prop.
4. Confequently, draw IK parallel to the Line FG, and
you will find by Prep. 8. that it is perpendicular alfo to
the Plane EHI, and confequently to the Line EI, by
Def. 3. Since therefore the Line EI is perpendicular to
IK and IH, it is perpendicular alfo by Prop. 4. to their
Plane ABCD.. Which was to be demonftrated.

US E.

This Propofition ferves as a Lemma to the following
one; and I fhall ufe it pretty often in Dialling, when in
drawing a Dyal upon a Wall, having determined the
extremmty of the Stile at the Point of a Wire planted
obliquely on the Wall, I would determine its Foot and

Length.

P RO-
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PROPOSITION XIL
PROBLEM IL

To erelt w Line perpendicular to a Plane froma Point givex
in the Plane.

255

O ere® a Line from the Point B, in the Plane Plate 1.
EFGH, perpendicular to that Plane; let fall hyFiﬂ* i2.

Prop. 11. from the Point C, taken at difcretion without
the Plane, the Perpendicular CD, and thro’ the Point B,
draw by j3o. 1. the Line AB parallel to the Line CD,
and it will be perpendicular to the Plane propofed
EFGH, as 1s evident by Prop. 8.

U:S E.

This Propofition ferves in Dialling for placing the
Stile in a Dial defcribed on a Plane: But ’tis better ta
ufe a Square, drawing from the Foot of the Stile B, two
Lines at difcretion BD, BI, in the Plane of the Dial
EFGH, to apply to it the Side of the Square, fo that
the Right-Angle touch the Point B, and place the
Stile AB,. fo that it touch the other Side of the Square,
for by that means it will be perpendicular to the two
Lines BD, BI, and confequently to their Plane EFGH,

by Prop. 4. |
PROPOSITION XIIL
THEOREM. XL

Two Right-Lines can’t be drawn perpendicular to a Plane,
thro’ the [ame Point.

Say, firtt, that from the Point D, taken in the Plane
EFGH, two different Right-Lines can’t be drawn
perpendicular to this Plane, for inftance DC, DA ; be-
caufe thefe two Lines would be parallel to each other,
by Prop. 6. and fo would coincide, and form but one
and the fame Line, fince they proceed from the fame

Point D.
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* Plate 1.

Fig, 12,

Fig. 5.

The Elements of Euclid Book XTI,

Ifay, in the fecond Place, that from the Point A,
taken without the Plane EFGH, two different Right-
Lines can’t be drawn perpendicular to this fame Plane,
for inftance AB, AD, as well on the account of what
has been faid, as becaufe thefe two Perpendiculars AB,
AD, being in the fame Plane, by Prep. 3. whofe Seétion
with the Plane EFGH, will be BD, they will make

with that common Seéion BD, two Right-Angles by,

Def. 3. fo that each of thefe two Angles ABD, ADB, of

the Triangle DAB, would be right, which is impoffible,
DY a9, T.

i # 5 I

This Propofition is fo evident, that it deferves not to
‘be mentioned, and Euslid feems unwilling to have added

it, were it not to demonftrate by the help of it, Prop.
19. and 38.

4 PROPOSITION XIV.

" THEOREM XIL

Thofe  Planes are parallel, that have the [ame Right-Lin:,
- perpendicular to them.

I_Say,' if the Line IK' be perpendicular to each of the
two Planes, ABCD, EFGH, thefe two Planes are pa-
rallel, thart isto fay, equidiftant by Def. 8. So that if you
draw the Line DI parallel to the Line IK, it being per-
pendicular at the fame time to the two Planes ABCD,

EFGH, by Prop. 6. the two Parallel Lines IK, DL, will
be equal.

DEMONSTRATION.

Join the Right-Lines, ID, KL, and you will find by
Def. 3. that the four Angles of a Figure DIKL are righe,
and confequently is a Parallelogram, wherefore by 34.
1o the two oppofite Sides IK, DL, will be equal
Whicliwas ta be demonflrated.

o U Forn

This Propofition fhews us that all the Circles of a
Sphere, having the fame Poles, are parallel, becaufe they

have
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have the fame Axis, perpendicular to them : We fhall

make ufe of this Propofition in the Demonflration of
the following one.

PROPOSITION XV.
THEOREM XIIL

{f the two Legs of one Angle are parallel to the two Legs af
another in g different Plane, the Planes of thefe swo Angles
will be parailel.

i ] 3 & _ - . IPI]I‘E' I;"
]' Siy, if the Lines IM, IN, of the Anglé MIN, in the Fig. 5.
A Plane ABCD, are Parallel to thetwo Lines GP,; GE,

of the Angle PGE, in the Plane EFGLH, the two Planes
ABCD, EFGH are Parallel.

PREPARATION.

Let fall the Line IK perpendicular to the Plané
EFGH, from the Point I, by Prop.- 11. and thivo’ the
Point K, where it meets the Plane. draw in the fame
Plane the two Lines KO, KQ, parallel to GP, GE, and
by confequence to IM, IN, by Prep. 9.

DEMONSTRATION.

Becaufe the Line IK is perpéndicular to the Plane
EFGH, by Conftr. each of the two Angles IKO, IKQ
will be right, by Def. 3. and becaufe the two Lines KO,
IM are parallel by Conftr. and confequently in the fame
Plane, by Prop. 6. the Angle KIM will be aifo right, by
29. 1. After the fame manner you may find the Angle
KIN is right, becaufe KQ, IN are parallel.. Wheyaforc‘
the Line IK, being perpendicular to IM, and IN, will al-
- fobe perpendicular to their Plane ABCD, by Prop.hq.. an{@"
S ecania
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plc 1. becaufe 'tis perpendicular alfo tothe Plane EFGH, by

Conftr. it follows by Prop. 14. that the two Planes
ABCD, EFGH, are parallel. Which was to be demons
firated.

PROPOSITION XVI
THEOREM XIV,

The common Secfions of ome Plane, with two other parallel

Planes, are alfo parallel. :

g 5. 2 T IS plain the two common Seftions ID, KL, of the
24 Plane DIKL, with the two parallel Planes ARCD,
EFGH, are paralle]l, becaufe being in the parallel Planes

ABCD, EFGH, they cannot get out of it, by Prep. 1.
and {o can never meet.

USE.

This Propofition ferves to demonftrate the following,
and Prop. 16. and 24. and in Perfpeltive, to demonftrate

that Lines parallel'to a Plane of Projeftion, are fo allo
when projetted.

PROPOSITION XVIL
THEOREM XV.

Two Right-Lines ave cut proportionally by parallel Planes.

Plare 2, ‘|’ Say, the two Right-Lines AB, CD, are divided pro-
kig 17. portionally by the Parallel Planes GH, IK, LM, that

is to fay, the Ratio of the Parts AE, EB, 1sequal to that
of CE, FD.

DEMONSTRATION.

Draw the Right-Line AD; meeting the Plane IK in

the Point O, and by Prep. 16. you will find the common
Se&ions EQ, BD, of the Triangular Plane ABD, with

the two parallel Planes IK, LM, to be Parallel, and by
: L
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2. 6. the Ratio of the two Lines AO, OD, equal to thePlae 2,
Ratio of the two Lines AO, OD. In like manner, Fig-17
you may find that the common Seftions AC, OF,

of the Triangular Plane ADC, with the two parallel

Planes GH, IK are parallel, and confequently the Ratio

of the two Lines CF, FD, is equal to that of the two
Lines AO, OD ; that is to fay, to the two AE, FD.

Which was t0 be demonfirated.

PROPOSITION XVIIL
THEOREM XVL

e, & g :
If a Right-Line be perpendicular to a_Plane, all the Planes it
can be found in, are allo perpendicular to that Plans. |
’ gty & i . e vaclet . Plate 1,
 Say, if the Line IK be perpendicular to the PlaneFig. 3
. ABCD, any Plane whatever whetein ’tis found, for
anftance the Plane EFGH, whofe common Se&ion with
the Plane ABCD, is the Right-Line EH, will be per-
pendicular to the Plane AECEJ.

DEMONSTRATION.

Draw in the Plane EFGH, any Line as GH, perpen-
dicular to the common Selion EH, by 29. 1. you will
find 1t parallel to the Line IK, which being perpendi-
cular tothe Plane ABCD; by Sup. makes it evident by
Prop. 8. that the Parallel GH, is alfo ﬁar};:ndicularm
the Plan€ ABCD, and by D¢f. 4; that the Plane EFGH
is perpendicular to the Plane ABCD. #¥hich was to be dea
monftrated.

U S E.

This Propofition ferves to demonftrate that ali the
great Circles of a Sphere, pafling thro’ the Poles of ano-
ther, are perpendicular to the Poles of that other; and
that all vertical Circles are perpendicular to the Plane of
the Horizon. Laftly, That all Meridional Gircles' are
perpendicular to the Plane of the Equator .

S2 - PR O-
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PROPOSITION XIX
“THEOREM XVIL

If two interfeiting Planes, be perpendicular to another, their
- common Seition alfo will be perpendicular.

] Say, if each of thefe two Planes ABCD, EFGH, whofe
common Seftion is MH, be perpendicular to the
Plane IKLC, their common Seftion MH, will alfo be
perpendicular to that Plane. -

| )
PREPARATION.

Draw from the Point H, in the Plane ABCD, the
Right-Line HN, perpendicular to the common Seétion
DH of this Plane, with the Plane IKLC, and in the
Plane EFGH, the Right-Line HO, perpendicular to
;:he Eommnn Se&ion GH, of that Plane, with the Plane
KLC. :

DEMONSTRATION.

Becaufe the two Lines HN, HO, are by Conftr. per-
pendicular to the common Setions DH, GH, of the
Plape IKLC, with the Planes ABCD, EFGH, that are
perpendicular to the Plane IKLC, by Swp. they would
be perpendicular by Def. 4. to the fame Plane IKLC, but
that being impoflible by Prop. 13. thefe two Perpendicu-
lars HN, HO, muft become one, namely HM, which -
by confequence is perpendicular to the Plane IKLC.
Which was to be demonftrated. |

U §E

This Propofition is of ufe in Perfpetive, to demon-
{trate, that when the Plane of Projetion is right, that is
to fay, Is perpendicular to the Geometric Plane, Right-
Lines perpendicular to the Geometric Plane, when pro-
jetted, become Right-Lines perpendicular to the Ground.

PR O-
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PROPOSITION' XX
THEOREM XVIIL

Af three Plane dngles form a [olid one, the Sum of any two i
greater than the third.

.
-
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Say, if the. tl.1rer: Plane Angles BAC, BAD, CAD, pjite 1!
form the folid Angle A, the greateft for inftince Fig. 6.

BAE, islefs than the Sum of the two others BAD, CAD,
CONSTRUCTION.

Cut ‘off from the greateft Angle BAC, the Angle
BAE, equal to the Angle BAD, and making the Lines
AD, AE equal, join the Right-Lines, BEC, DB, DC.

DEMONSTRATION.

Becaufe the Angle BAE is equal to the Angle BAD,
by Conflr. and -the Side AE equal to the Side AD, the
Triangles BAD, BAE, w:ll be equal by 4. 1. and the
Bafe BE, equal to the Bafe 8D ; and fince the Sides DB,
DC, of the Triangle BDC, taken together, are greater
than the fingle Side BC, by 20. 1. taking away the equal
Lines BD, BE, there will remain the Line CD, greater
than the Line CE, and.by 25. 1. the Angle CAD wiil
be greater than the Anﬁfé‘ CAE. Wherefore adding the
two equal Angles BAD, BAE, you will find the two
Angles CAD, BAD are taken together greater than the

Angle BAC. Which was ro be demonfirated.
U S E.

_ This Propofition ferves to demonftrate the following,
Eﬂugh that may be demonfirated without it, as you
all {ee. :

PRO

tr
’ m 3 il
DD
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Fig. 6.

Big. 1.

Tbe Elements of Buclid ~ Book XI,

PROPOSITION XXIL
THEOREM XIX

Al the Plane Angles that form a folid ove, taken toge-
- ther, are Lefs than four vight. i

I Say, the Sum of the three plane Angles BAC, BAD,
CAD, thatform the folid Angle’'A, are together lefs
than fotirrighes - < 78 b Ar L GARSE

DEMONSTRATION.

If the three Plane Angles BAC, BAD, CAD, were in
the Plane BCD, they would be together equal, to four
right, becaufe meafur'd by the Circumference of a Circle
defcribed upon their common Point A; but fince the
Angles are raifed above the Plane BCD, and confequent-
1y lefs than if " they ‘Were upon that Plane, as ’tis plain
rom 21. 1. the three Angles BAC, BAD, CAD, toge-
ther, muft be lefs than'four right. Which was #y be de~

monfirased.
L 1':56 XXIX and XXIIL Propofitions are needlefs.

PROPOSITION XXIV.
- THEOREM XXL

If @ Solid be bounded by parallsl Planes om four Sides, the
oppofite ones will be [imilar and equal Parallelograms.

Say, if the folid ABCDE, be bounded by parallel
& Planes, on four Sides, irs oppofite Surfaces are fimis
lar and equal Parallelograms. @ f: 3 ol smeg

DEMONSTRATION.

Becaufe the Planes AEGF, BCDH, are parallel by
Cenfir. and cut by the Plane DEFH, the common Seét-
ons EF, DH, will be parallel by Prop. 16, and fo be-
; 8 ; L caufe
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caufe the Planes ABHF, CDEG, are parallel, and cutlPlag 1.
by the Plane DEFH, the common Seétions ED, FH,Fig &
will be parallel. Which fhows that the Plane DEFH

is a Parallelogram ; and thus alfo you may find, that

the other Planes are Parallelograms: Whence one may

eafily conclude, that the two oppofite ones are equian-
gular, by Prop. 10. and equal, becaufe they have equal

Sides 16.9. 34. 1. Which was to be demonfiraied.

X S.E,

This Propofition ferves as a Lemma to the next, and
to demonftrate Prop. 28.

PiROPOSITION NAY.

THEOREM XXII.

If a Parallelopiped be cut by a Plane pam&'ét‘ to ome of its
Surfaces 3 the two Solids that are form'd by rhat Divifion,
will be te ome another as their Bafes.

] Say, if you divide the Parallelopiped ABCDE, by the .. 4.
Plane FGHI, parallel to the Plane AOEK, or ;. ;o

BCDL, the Solid EFGHA, will be to the Solid FDCBH,

as the Bafe AHIK, to the Bafe HILB.

DEMONSTRATION.

Imagine Planes parallel to the common Bafe ABLK.
or CBEO, to pafs thro’ all the Points of the Line AD,
that may be taken for the common Heighr of the rwo
Solids EH, EB, that are Parallelopipeds, by Prep. 24.
and thefe Planes will divide each Solid into an equal
Number of little Planes, that are Parallelograms equal
and fimilar to the Bafe of its Parallelopiped, by Pro. 24.
So that each Plane of the folid EH, will have the {ame
Ratio to each Plane of the {folid FB; as the Bafe Al, has
to the Bafe HL, and by 12. 5. all the Planes of the
Solid EH, that is to fay, the Solid EH will have the

S 4 ‘ fame
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fate 2. |
ig.- Ipl R

Plate ¥,
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{fame Ratio to all the Planes of the Solid FB, that is to
fay, to the Solid FB, asthe Bafe Al has to the Bafe HI.
Which was to be demonfirated.

U S8 E.

‘This Propofition fhows us that Parallelopipeds of the
fame Height, are to one another as their Bafes ; which
pught to be extended to Priims teo, becaufe the Demon-
ftration will ferve there, if the two oppofite Planes that
are parallel, fimilar and equal, be confider’d as Bafes.

Propofition XXV 1. and XXVIL. are necdlefs.

PROPOSITION XXVII
THEOREM XXIIL &

A4 Parallelopiped is divided into two equal Prifms, by & Plane
that paffes thro the rwo Diagonals of the two oppofite Surfaces,

Say, the Parallelopiped ABCDE, is divided into two
equal Parts by a Plane pafling thro’ the two parallel
Diagonals AC, ED, of the two oppofite Surfaces, ABCG,

"DEMONSTRATION:

Imagine Planes parzllel to the Bafe ABCG, pafling
thro’ all the Poinrs'of the Line AF, that may be looked
upon as the Height of the Parallelopiped ABE, and they
will divide the Parallelopiped ATE, into little Parallelo=
granis fimilar and equal to the Bafe ABCG, by Prop. 24.
and by 34. 1. they will be divided each into two equa}
Triangles by the Plane that pafles thro’ the two Dia-

onals AC, ¥D. Which fbows that the two Triangular
f’rifms arifing from the Seltion of the Parallelopiped
ABCDE, by the Diagonal Plane, contains an equal
Number of Triangles, and confequently are equal. Which
W po-oe demenflrared, T3 Tilcl o L OEn A

VSE
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U S E.

This Propofition ferves to demonftrate Prop. XL.
Prop. XXIX. 7r needlefs, becaufe virtnally contain'd in the
#wo mext, that we have reduced into gne.

PROPOSITION. XXX. and XXXI.
THEOREM XXV. and XXVI.

Parallelopipeds of the [ame Height, having the fame Bafe,
' or equal Bafes, are equal, :

]T.natu;ally fcllows from Prop. 25. where we found
that Parallelopipeds of the fame Height are to one
another as their rafes; from whence ’'tis eafy to cone

clude that when the Bafes are equal, the Parallelopipeds
are equal. "1is the {fame in Prifms.

PROPOSITION XXXIIL

THEOREM XXVIIL

Parallelopipeds of the [ame Height, areas their Bafes.

“His alfo follows from Prop. 25. that fhows this
'L Theorem is alfo true of Prifms.

265
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Plate 2.

Fig. 20.
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PROPOSITION XXXIIL

P

THEOREM XXVIIL

Similar Parallelopipeds are in the triplicate Ratio of their
Homologoys Sides.

'I' Say, if the Parallelopipeds ABLC, CDEF are fimilar,
all the Planes of the um:bmng fimilar to all the
Planes of the other, 2nd all their Angles equal. ln
which Cafe the i@iids may be plac'd in a nght-l_m
may be feen in the Figure, thefe Parallelopi ]I-)I eds will b
in the triplicate Ratm of that of thmr amologous

Sides, for inftance, AC, CF.

DEMONSTRATION.

Defcribe the Parallelopipeds CG, OM, by producing
the Sides of the two propofed, as you {'en: in the Figure,
then by Prep. 12. the folid ABLC, isto the Solid BCFG
of the fame Height, as the Bafe ﬂH to the Bafe CI, or
by 6. 1. as the Side AC, to the Side CF: And thus
you may find, that the thd BEFG, is to the Solid
CEKL, as the "Bafe CI is to the Bafe CE or as the Side
CH is to the Side CO. And laftly, That the Solid
CEKL isto the Solid CDEF, as the Bafe OK to the
Bafe DE, or asthe Side (ﬁN istothe Side OD ; but fince
the Ratio of ON to OD is the fame as that ‘of CHto
€0, and that of AC to CF, by Sup. It follows that the
Ratio of the Solid ABLC to thc Solid CDEF being com-
pounded of three equal Ratios, muft be the triplicate of
each, and confequently of that of AC to CF. Which was
to be dmn:;ﬁmred

COROLLARY. I

It follows from this Propofition, that fimilar Paralle-
lopipeds are as the Cubes of their Homologous Sides, be-
caufe the Cubes being fimilar Parallelopipeds are i1n

the
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the Triplicate Ratio of that of their Homologous
Sides. |

COROLLARY IL

From hence alfo it follows, that if four Lines bein
continual Proportion, a Parallelopiped defcribed on the
firft, is to a fimilar one defcribed on the fecond, as thé
firft Line is to the fourth, becaufe the Ratio of the firft
to the fourth is the triplicate of that of the firft ¢o the
{econd. - '

COROLLARY IIL

Laftly, Similar Triangular Prifms are in the Triplicate
Ratio of that of their Homologous Sides, becaufe by
Prop. 28. they are halves of fimilar Paraliclopipeds, that
are in this Triplicate Ratio. "Tis the fame alio in fimilar
Polygonal Prifms, becaufe they may be reduced into
Trangular Prifms, ¢ ‘ | bEE

U S E.

This Propofition ferves to augment or diminifh a

Solid ; for inftance a Cube, according to a given Ratio,
Asif you would have a Cube double another propofed,
which is commonly call'd the Duplication of tflf: gub: 3
find two continual mean proportional between the Side
of the Cube propofed and its double, and then the next
Proportional will be the Side of the Cube, that is double
the propofed one, as is evident by Corol. 2. This Pro-
pofition is ufed in demonftrating. Prop. 37,
- By this Propofition alfo you find, that if a Cube
weigh a Pound for inftance, a Cube of homogeneous
Matter, whofe Side is double that of the former, will
weigh eight Pounds,becaufe the Triplicate of the double
is the Octuple. And thus alfo a Sphere, whofe Diame-
ter is double that of another, will be eight times grea-
ter, becaufe two Spheres are in the triplicate Ratio of
that of their Diamerers, by, 18. 12. This Propofition is
ufed in demonflrating Prop. 8, 12. and 12, 12,

P R O-
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Plate 2,
Fig. 21.
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PROPOSITION XXXIV.
THEOREM XXIX. ;.

Equal Parallelopipeds bawe their Bafes and Heights reciprocal ;

ond [uch as have their Bafes and Heights reciprocal, are
equal. ' |

Y

Say, firft, if the Parallelopipeds ABCD, FGHI, be
equal, their Bafes and Heights are reciprocal, that is
to fay, the Bafe ABCE, is to the Bafe ¥GHO, as the
Height HI, to the Height CD. -

PREPARATION:

" "Taking HM equal to CD, make the Plane MLK, pafs
thro’ the Point M, parallel to the Bafe FGHO.

DEMGNSTRATIUN

* Becaufe the Solid AD, isto the-Solid FM of the {ame
Height by Conftr. as the Bafe AC is ro the Bafe FH, by
Prop. 32. the Solid FI is equal to the Solid AD, by Sup.
is alfotothe Solid FM, asthe Bafe AC, to the Bafe FM,
by 7. 5. and becaufe by Prop. 32. the Solid Fl.is to the
Solid FM, as the Bafe GI to the Bafe GM, or by 1. 6.
as the Height ‘HI, tothe Height HM or CD, its equal,
by Gﬂiﬁ'ﬁh it follows by 11. 5. that the Bafe AC isto the
Bafe I'H, as the Height HI, to the Height CD. which

was to be demonftrated. :

I fay, in the fecond Place, if the Bafe AC be to the.
Bafe FH, as the Height HI is to the Height CD,  the
two Parallelopipeds AD, FI, are equal. .

DEMONSTRATION.

Becaufe the Bafe AC isto the Bafe FH, as the Height
HI to the Height CD, or HM by swp. and by Prep. 3a.
the Bafe AC is to the Bafe FH, asthe Solid AD, to the
Solid FM of the fame Height ; the Solid AD will be to
the Solid FM, as the Height HI to the Height HM,

and
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 and becaufe the Height HI isto the Height HM, as the !¢ 2
Bafe GI isto the Bafe GM, by 1. 6. or as the Solid FI¥%® *™
ito the Solid FM, by 32. the Solid AD muft be tothe
Solid FM, as'the Solid FI is to the Solid FM. and by

9. 5. the Solids AD, FI, areequal. Which remain'd to

be demonfraved.

SCHOLIUM.

Thefe two Demontftrations fuppofe that the Parallelo-
pipeds propofed AD, FI, are night-angled, fo that the
Siflf;s CD, HI, may be taken for their Heights, but
when that does not happen, that is to fay, when the”
Sides CD, HI, are not perpendiculur to their Bafes AC,
FH, ftill the Demonftration will be the {ame, becaufe by
Prop. 28. you may, imagine right-angled Paralielopipeds
equal to the propofed . ones upon the fame Bafes, by
making them of the fame Height. "Tis plain alfo, this
Theorem may be applied to all Sorts of Prifms, without

®

enlarging upon it.
U § E.

This Propofition ferves to change a given Prifm
into another, ona given Bafe ; thus if you would make
a Prifm on the Bafe ABCE, equal to the given Prifm
F1, find the Line CD a fourth proportional to the Bafe
AC, the Bafe FH, and the Height HI, and that fhall be
the Height of the Prifm foughe, ¢e. Itis ufed alfo to
make out the 9. 12. *

The XXXV  Prop.is needlefs.
PROPOSITION XXXVL
THEOREM XXXL

- If three Right-Lines be proportional, the Parallelopiped of thefe
three Right-Lines, is equa]l to a Parallclopiped that is
equiangular, and bas all its Sides equal to the middle Line.

'[ Say, if the Lines AB, AC, AD, are proportional,
4 the Parallelopiped ABKC, made by thole three Lines, .= _
that is to fay, whofe three Dimenfions are equal to them, & 22

19
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is equdl to the equiangular Parallelopiped DEFGH, each
A S g e e i L R e o

DEMONSTRATION.
|
Becaufe each of the two Sides DE, EF, is equal to
the Line AC, and the three Lines AB, AC, AD, propor-
tionals, by Sup. AB is to DE, d4s EF to AD, and by 14.
6. the two Bafes ABID, DEFG, fuppofed to be equian-
gular, are equal : and becaufe the Heights KE, GO, are
equal, the Angles F, I, being equal ; and the Sides FG;
IK, equal by Sup. Then by Prop. 31. the Solids AK, D
are equal. Which was to bé demonfirated.

V'S E.

This Propofition is very ufeful in Arithmetic, to Hf;:(i
the Side of 2 Cube equal to the Sum or Difference of two
given Cubes, tho’ indeed it may be done otherwife;.
without this Propofition.

PROPOSITION XXXVIIL
THEOREM XXXIIL

Similar Povallelopipeds deferibed on Proportional Lives, arve
proportional, and if the fimilar Parallelopipeds be proportioe
nal, the Homologous Sides will alfo be proportional.

He Demonftrarion of this Propofition, isentirely the

{fame with that of {imilar Polygons in 22. 6. only
ufing the triplicate Ratio inftead of the duplicate, be-
caule fimilar Parallelopipeds are in the triplicate Ratio
of that of their Homologous Sides, by Prop. 33. ’tis
néedlefs cherefore to infift any longer on it.

PR O-



Explain’d and Demonfirated,
PROPOSITION XXXVHIL
THEOREM XXXIIIL

i two Planes be perpendicular to oftc ansther, @ Perpendicilir
let full from & Point in ene of thefe Planés to fhe other,
will fall upon the common Setion of the Planes,

271

}S:ﬁr, if you let fall from the Point ¥, taken in the Plate 1)
Plane EFGH, the Line IK; perpendicular to theFig. 2

" Plane ABCD, which is fuppos’d perpendicular to che
Plane EFGH, the Point I is in the Perpendicular IK, will
fall upon the common Seftion EH,

DEMONSTRATION

A Perpendicular ler fall from the Point I, in the
Plane EFGH, to the comnton Setion EH, will be per-
pendicular to the Plane ABCD, by Def. 4. and becaufe
by Prop. 13. two Perpendiculars can’t be drawn to the
{ame Plane, thar fame perpendicular will coincide with
the firft IK, and fo will meet che common Se&ion EH.
Which was t0 be demonfirarad.

s E.

This is very ufeful in the Orthographic Projeftion-of
a Sphere, to demonftrate that a Circle perpendicular to the
Plane of Projetion, i reprefented by # Right-Line; and in
Dialling, that a great Circle perpendicular to the Plane of
the Dial, is reprefented by a Right-Line paffing thro the Foot of
the Style. ;

This Propofition feems to be mifplac’d, for it r‘efbé&;

only Lines and Planes, and ought to be plac’d at the
beginning of the Book, at leaft after Prop. 13. that
ferves to demonftrate it.

1 omit Prop. XXXIX. becaufe of no greas Confequence.

PR O-



272

Plaie 2.
Fiﬂ* 23:

The Elements of Euchid Book XI.

"PROPOSITION XL
THEOREM XXXV.

A Prifm, whole Bafe is @ Parallelogram double the Triangular
Bafe of another Prifm of the [ame Height, is equal to that
otber Triangular Prifm.

Say, if the Heights AE, FK, of the two Triangular

Prifms ABCDE, FGHIK, are equal, and the Bafe
FGHO of the fecond, be a Parallelogram double the
Triangular Bafe ABP of the firft, thefe two Prifms are
equal.

DEMONSTRATION.

_ Compleat the Parallelogram ABLP, and it willbe
double the Parallelogram ABP, by 34. 1. and confes
quently equal to the Parallelogram FGHO, that isalfo
double the Triangle ABP, by Sup. Then compleat the
Parallelopipeds ABMD, FGNI, and you will find by
Prop. 31. the two Parallelopipeds are equal, and confe-
quently the Prifms ABD, FGI, their halves, by Prop.
28. are alfo equal. Ihich was to be demonftrated,

U § E.

This Propofition thews how to find the Solidity of a
Triangular Prifm, by multiplying its Triangular Bafe
by its Height, or if you take one of its other Surfaces
that are Parallelograms, for a Bafe, by multiplying that
Bafe by half the Height, becaufe multiplying by the
whole Height, you find the Solidity of a Parallelopiped,
that is double the Prifin. Upon this Principle Sloap-
iﬂ? Bodies are meafured, as you will find in the Praffi~
cal Geometry.

Fich

The
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THE

TWELFTH BOOK
G f Y,
EUCLIDs EitMeits.

Uclid having tréated of Prifms, Znd Parallelopipeds
in the former Book, explains in this the Proper-
ties of other Bodies that aré more difhcult, name-

iy fuch as are bounded by Curve Surfaces, as the Cone,
Cylinder, and Sphere, concerning which the great A4r-
¢himedes has given us very neat Demonftrations.

DEFINITI ONS.
4

A Pjramid is a Body bounded by feveral Triangular Fig 3.

Planes meeting in the fame Point, and having another
Plane for the Bafe: 4r ABCD, calf'd s Triangular Prifm,
becaufe its Bafe ABC is a Triangle, 5 Pyramid taking its Name
from the Figure of the Bafe.

"Tis evident a Pyramid muft have four Surfaces at
1éaft, including the Bafe, from whence the Pyramid is
¢all’d a Terraedram, if its Triangles are equal and equi-

lateral :

iL
A Sphere isa Solid bounded by one Surface, having

a certain Point in it, from whenceall Right-Lines drawn
to the Surface are equal ; as ABCD.

375

"Tis plain a Sphere is generated by the intire Revolu-Fig.z]

tion of a Semicircle upon its D’Fm':tﬁr- ‘Thus imagiie
the
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the Semicircle ABC, to move round the Diameter AC,
till its Circumference ABC come to the Place where it

began to move, and then its Motion will generate the
Sphere ABCD.

The Axe of a Sphere is that Right-Line or immoveable
Diameter that the Semicircle i1s fuppos'd to revelve
about, in generating the Sphere : as A(F.

This Line is call'd fo from the Latin Word 4xis, that
fignifies an Axle-Tree.

IV.

The Center of a Sphere 1s that Point from which all
Right-Lines drawn to the Surface, are equal: asE.

"Tis evident that if a Sphere be cut by a Plane gaﬂ'mg
thro’its Center, the Seftion will be a Circle, as ADCE,
and the Sphere will be divided into two equal Parts,
call'd Hemifpheres, as ABCD, whofe external Surface is
call'd the Convex Swrface, and the internal Surface, its
Concave Surface.

A

The Diameter of a Sphere, is a Right-Line drawn thro’
the Center of the Sphere, and bounded on each Side by
its Surface: as AC.

'Tis evident that every Axe is a Diameter, but not
every Piameter an Axe. "Tis evident alfo that a Sphere
as well as a Circle, has an infinite Number of Diame-
ters, all equal to one another, whofe Halves ifluing from
the Center, and terminated by the Surface, are call'd,
Semi-diameters, or Radii, as in a Circle. |

VI.
A Coneis a Solid bounded by two Superficies, pro-
duced by the intire Revolution of a right-angled Tri-
angle, about one of its Sides; forming the Right-

Thus

' ﬁngle.



, Explain'd and Demonfirated. 37§
 Thus fuppofe the Right-Angled Triangle ACD revolve round Fig- 4
the immoveable Side AC, o that the Circumvolution be perfeét,
that is to [ay, the Side CD, ftop at the Place it began to move
in, and the Triangle ACD will defcribe by that intire Revoluti-
on the Cone ABED, call d a Right-angled Cone; if the right=

. angled Triangle ACD, call'd the generating Triangle, is an
Ifofcele, an obtufe angled Cone ; if the immoveable Side AC
be lefs than the other CD ; and an Accute-angled Cone, if
the immeveable Side AC be grearer than the other CD, as it
bappens in this Figure. :

A Solid produc’d by the Motion of an oblique angled
Triangle, that is to fay, one that has not a Right-
Angle, is alfo call'd a Prifm. And then to diftinguifh
this Cone from the preceding, tis call'd an Inclined Gone, gig; 5
as GHI, which is produced by the Motion of the oblique

Eigled Triangle GCH, upon the immoveable Side
0. :

VII.

The Ase of @ Cone is the immoveable Side of the geneg; .-
rating Triangle: 4r AC, paffing thro the Center C of its ~

Bafe, and perpendicular to it when it 1s right.
VIII.

A Cylinder 1s a Solid bounded by three Surfaces gene-

rated by the intire Revolution of a nighr-angled Paralle-
- logram about one of the Sides that form the Right-
Angle. :

Thus if ysu imagine the vight-angled Parallelogram GORC, to
revolve abour the immoveable Side GO, till the Revolution be
intive, that is, till the Side OB, arrive ar the Place where
it began ; the Parallelogram BCGO, will deferibe by thot intire
Revolution the Cylinder ABCD.

A Solid generated by the Motion of a Parallelogram,
that has never an Angle right, isalfo call’d a Cylinder ;
but then to diftingnith it from the foregoing, cali'd a
Right Cylinder, this is call'd an inclined Cylinder, asFig: T
HIKL, which is generated by the Motion of an oblique

angled Parallelogram KENM, about the immoveable
Side MN.

:,-"l',.: 5 i-

T 2 IX%,
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“ The Axe of a Cylinder is the immoveable Side of the Pa-
rallelogram that generates the Cylinder : 45 GF, which is
perpendicular to its two Bafes, if the Cylinder be a right one.

X.

The Bafe of & Cone, is a Circle generated by the Motion
of the moveable Side of the generating 1'riangle. 45
BED whofe Center is €, thro which the Axe AC paffes.

XI.

The Bafes of & Cylinder, are the two oppofite equal and
parallel Circles, generated by the Motion of the two op-
pofite equal and parallel Sides of the generating Paralle-
logram. s DEC, AFB, whofe Centers are G, O, thre’
wihich the Ax GF paffes.

XII.

Similar Cones and Cylinders are fuch as have their Axes
proportional to the Diameters of their Bafes.

This Definition belongs to right Cones and Cylinders,
for in inclin'd ones, you muft add, and their Axes fimi~
larly inclin’d to their Bafes.

PROPOSITION LI

LHEEOREM L

Similar Polygons infcrib’d in Circles are in the fame Ratio
that the Squares of the Diameters of the Gircles are in.

I Say, if the Polygons AEFBG, CHIDK, infcribed in .

the Circles, whote Centers are L, M, be fimilar, they

are in the {fame Rario as the Squares of the Diameters
EN, I0.

P R E.



Explain’d and Demonflrated.

PREPARATION.

27;7

Draw from the two equal Angles T, T, thro’ the Cen- e 3.
ters L, M, the Diameters FN, 10, and from the two ™% &

other equal Angles E, H, thro’ the Extremities N, O, of
thefe Diameters, draw the Right-Lines EN, HO, then
draw the Right-Lines AF, CI.

DEMONSTRATION.

Becaufe the Angles AEF, CHI, are equal, by Sup.
and the Ratio of the two Sides AE, EF, is equal to that
of CH, HI, the Polygons being fimilar, the two Tri-
angles AEF, CHI, will be fimilar, by 6. 6. and the two
Angles EAF, HCI, equal, which being allo equal to
ENF, HOI, by 21. 3. ENF, and HOI are equal, and by
32. 1. the two Triangles NEF, OHI, that are right-
angled by 31. 3. being equiangular : Confequently by
4. 6. the four Lines EF, HI, EN, 10, are proportional,
and by 22. 6. the Polygon AEFBG form’d upon the firft
Line EF, isto the fimilar Polygon CHIDK, form’d upon
the fecond Line HI, as the Square of the third FN isto
the Square of the fourth IQ. Which was to be demonfira-
ted.

U S E.

This Propofition ferves as a Lemma to the next, and
to demonftrate Prop. 12. And fince we have demonftra-
ted in fimilar right-angled Triangles NEF, OHI, that
the Ratio of the Side EF, to the homologous Side HI,
is equal to the Ratio of the Diameter EN, to the Diame-
ter 10, it follows by reafon of the Similicude of the Po-
- ligons, that the Side AE, is to its homologous Side CH,
as the Diameter FN, to the Diamerer 10, and fo of the
other Sides. Whence ’tis eafy to conclude by :2. 4.
that the Perimiter of the Polygon of the Circle AB, isto
the Perimiter of the fimilar Polygon of the Cixcle CD,
as the Diameter FN is to the Diameter Q. Since the

T 3 greatrer
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greater Number of Sides the Polygon inferibed has, the
nearer its Perimeter approaches to the Circumference of
the Circle ; fo that it becomes the Circumference of the
Circle, when the Number of Sides of the Polygon is in-

finite,’tis evident the Circumference of the Circle AB,
1s to 1ts Diameter EN, as the Circumference of the Circle
CDis ro its Diameter 10. And this ferves to find the Cir-
cumference of a Circle by its Diameter, or the Diame-
ter of a Circle by its Circumference, if we could but
once know the Ratio of the Circumference of a Circle
to its Diameter, which is as 314 to 100 nearly, as fhall
be thown in our Pradfical Geometry. '

PROPOSTITION: I
"THEOREM 1L

The Surfaces of Gircles are s the Squares of their
Diamcters.

Say the Area of the Circle AB, is to the Area of the
# Circle CD, as the Square of the Diameter FN isto
the Square of the Diameter 10,

PEMONSTRATION.

Becaufe by Prop. 1. a Polygon infcrib'd in the Cimle
AB, is to the fimilar Polygon infcrib'd in the Circle
CD, as the Square of the Diameter FN, is to the Square
of the Diameter 10, and this Theorem 1is generally true
of all Polygons, which become Circles, if the Sides be
reoular and the Number infinite ; from whence it fol-
lows that the Circles AB, CD, are as the Squares of
their Diameters FN, 10. Which was to be demonfirated,

COROLLARY 1}

Circles are in the Duplicate Ratio of that of their Di=
amerers, becaufe the Squares of their Diameters are in
the Duplicate Ratio of that of their Sides, which!are
ghe Diameters themfelves, |

COROL-



Explain’d and D&margﬁrﬂei

COROLLARY IL

Circles are in the fame Ratio as fimilar Polygons in-
“ferib’d, becaufe both of them are as the Squares of the
Diameters of the Circles.

U S E.

This Propofition ferves to find the Area of a Circle,
its Diameter being given, if the Ratio of the Area of a
Circle to the Square of its Diameter be once known, tho’
it is as 785 to 1cco nearly, as thall be fhewn in our Pra-
étical Geometry. |

Prop. III. and IV. are needlefs, becaufe they only Jerve to
demonfirate Prop. V. and V1. that we [ball demonfirate other=
wife and more eafily, by the Geometry of Indivifibles.

PROPOSITION V.and VL.
THEOREM Y.and YL

Pyramids of the [ame Height are as their Bafes.

Yramids of the fame Height are as their Bafes, whe-
ther they be Triangular, as Prop. V. requires, or Po-
lygonal, as Prop. VI. Becaufe if you imagine Planes pa-
rallel to the Bafe, to pafs thro’ all the Points of ecach
Height fuppofed equal, they will divide each Pyramid
into an equal Number of Planes fimilar to their Bafe,
confequently the Ratio of a Plane of one Pyramid to its
Bafe, is the fame with that of the correfponding Plane
of the other Pyragid to its Bafe, by 22. 6. becaufe the
Planes and Bafes have their Sides proportional, the fame
Plane cutting their Heights proportionally. Confe-
quently by 12, 5. all the fimilar Planes, that make up
o one

279
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one Pyramid are, that 'is, the whole Pyramid is to its
Bafe, juft as many fimilar Planes that compofe the
other Pyramid, thatis all that Pyramid, 1s to its Bafe.
Which was to be demonflrated. \ ¢ :

U.S E.

This Propofition ferves to demonftrate the next, that
fuppofes Pyramids of equal Bafes and Heights to be equal,
W‘Eiuch plainly follows from what has been demonfltra-
ted, :

PROPOSITION VIL
THEOREM VIL - -

A Pyramid is the thivd Pavt of o Prifm of the fame Bafe and
; - vAltStude.) o

Say firft, 2 Pyramad having for its Bafe one of the two
Triangles BCD, AEF, that are the two parallel fimi-
lar and equal Bafes of the Triangular Prifm ABCDEF,
and that Is of the fame Height with the Prifm;, for in-
ftance the Pyramid ABCD, will be the third Part of the
fame Prifm, ; OO et

DEMONSTRATION.

Draw the three Diagonals AC, AD, CE, and they will
divide their Parallelograms into two equal Parts, by 34!
1. the Prifm ABCDEF is made.up of the three equal
Triangular Prifms ABCD, ACDE, ACEE; for the two
firft, ABCD, ACDE, having the fame Vertex C, and
confequently the fame Height, and their Bafes ADB,
ADE, equal by 35. 1. are equal, by Prop. 5. After the
fame manner the two laft Pyramids ACDE, ACEF, may
be found to be equal, becaufe they have the fame Vertex
A, and confequently the fame Height, and their Bafes
CED, CEF, are equal. Whence it follows that the three
Pyramids are equal, and confequently the Pyramid
ABCD is the third Part of the Triangular  Prifm
g pde R " - .. ABCDEE,



_ Explgin’d and Demonflrated,

ABCDEF, of the fame Bafe and Altitude. which was to
be demonftrated. )

" Ifay in the fecond Place, a Pyramid, having its Bafe
of any other Figure, is ftill the third Parc of a Polygo-
nal Prifm of the fame Bafe and Alritude, becaufe the
Polygonal Prifm may be divided into Triangular
Prifms, and by that means the Pyramid alfo will be di-
vided into as many Triangular Pyramids, each of which
will be the third Part of its Prifm. Confequently by
12. 5. the Polygonal Pyramid 1isalfo the third Part of
its Polygonal Prifm, Which remain'd to be demonftrated.

i VU.SE,

This Propofition ferves to demonftrate the following
ones, and find the Solidity of a Pyramid, the Bafe and
Height being given : for fince by multiplying the Bafe
of a Pyramid by its Height, you find the Solidity of a
Prifm, triple the Pyramid, take the third Part of this
Solidity, which is the fame thing as multiplying the
Bafe by a third Part of its Height, or the Height by the

third Part of the Bafe, and you will have the Solidity
of the Prifm propofed. |

PROPOSITION VIIL
THEOREM VIIL

Similar Pyramids ave in the Tviplicate Ratio of that of their
Homologous Sides.

THis Propofition will be evident, if we imagine upon
the Bales of the Pyramids, Similar Prifms of the
fame Height, which being in the Triplicate Ratio of
that of their Homologous Sides, by 33. 1. the fimilar
Pyramids that are their third Parts, by Prop. 7. will allo
be in the triplicate Ratio of that of their Homologous
Sides. Which was to be demonfirated.

PR O-

33:}
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PROPOSITION IX
THEOREM IX.

Equal Pyramids have their Bafes and Heights reciprocal : and
Juch as bave their Bafes and Heights veciprocal, are equal.

Say firft, if two Pyramids are equal, the Bafe of the
R firft is to the Bafe of the fecond, as the Height of the
fecond is to the Height of the firfh.

DEMONSTRATION.

Imagine upon the Bafes of the two Pyramids, Prifms
of the fame Height, and the¥will be equal, becaufe by
Prop. 7. they are triple the Pyramids, that are equal by
Sup. Confequently by 34. 11. the Bafes and Heights of
thefe Prifms, being the fame with thofe of the Pyramids,
are reciprocal. Which was to be demonffrated.

Ifay in the fecond Place, if the Bafes and Heights are
reciprocal, that isto fay, the Bale of the firft Pyramid
to the Bafe of the fecond, reciprocally as the Height of
the fecond is to the Height of the firft, the two Pyra-
mids are equal,

DEMONSTRATION.

¥magine as before, upon the Bafes of the two Pyra-
mids, Prifms of the {fame Height, by 34. 11. they wall
be equal, becaufe their Bafes and Heights are reciprocal,
by Sup. Confequently the Pyramids, which are third
Parcs of them, by Prop. 7. are equal.  Which remain'd
2o be demonftrated.

PR O-



-' -E‘xﬂafn’d and Demonfirated,

PRPPOSITION X.
THEOREM X

A Cone is the third Part of a Cylinder of the' fame Bafe and
+ SR Height. - f o :
TH_is Propofition will be evident, if we confider that

a Cone 1sa Pyramid of an infinite Number of Sides;
and in like manner, a Cylinder is a Prifm of an infinite
Number of Sides; and fince 2 Pyramid is the third of a
Prifm of the fame Bafe and Height, a Cone muft alfo
be the third part of a Cylinder of the {ame Bafe and
Height. Which was to be demonfirated.

PROPOSITION Xl

THEOREM XI.,
Cylinders and Gomes of the fame Height, are asvhelr Bafes’

THis Propofition will be evident, if we confider that
the Bafes of Cylindersand Cones being Circles, that
is, Regular Polygons of an infinite Number of Sides ;
Cylinders are Priims of an infinite Number of Sides, and
Cones are Pyramids of am infinite Number of Sides.
Confequently what has heen faid of Prifms in 32. 17,
E}"HP. s. and 6. may be underftood of Cylinders and
Ones,

PROPOSITION XIL
THEOREM XIIL

Similar Cylinders and Cones ave in the Triplicate Ratio of thas
of the Diameters of their Bafes,

ISay firft, Similar Cylinders are in the Triplicate Ra-
tio of that of the Diameters of their Bafes that are

Circles,
D E-
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DEMONSTRA TION,

Confider a Cylinder as a Parallelopiped, or a Prifm of
an infinite Number of Sides, and 2 Circle as a Regular
Polygon of an infinite Number of Sides, and by 33. 11,
Similar Cylinders are in the Triplicate Ratio of that of
their Homologous Sides, and confequently of that of the
Diameters of their Bafes, that are in the fame Ratio ag
the Homologous Sides of Similar Polygons infcribed in
the Pafes, by Prop. 1. Which was to be demonfirated. -

I fay, in the fecond place, Similar Cones are alfo in
the Triplicate Ratio of that of the Diameters of their

Bafes.

DEMONSTRATION.

Confider after the fame manner, a Cone as a Pyramid
of an infinite Number of Sides, by Prep. 8. Cones are
in the Triplicate Ratio of that of their Homologous
Sides, the fEme with that of the Diameters of their Ba-
fes, by Prop. 1. and confequently the Cones are in the
Triplicate Ratio of that of the Diameters of their Bafes.

Which remaind to be demonfirated,

COROLLARY L

- Similar Cones are in the Triplicate Ratio, or as the
Cubes of their Axes, becaufe thofe Axes are in the fame
Ratio, as the Diameters of their Bafes, lg reafon of the
equal Angles made by the Axes and Diameters, fince
the Cones are fuppos’d fimilar.

COROLLARY IL

Similar Cones are in the Triplicate R atio, or as the
Cubes of their Sides inclined to their Bafes, becaufe
thefe Sides are proportional to the Diameters of the Ba-
fes, the Angles that the Sides make with the Diameters,
being equal. From whence one may eafily conclude,

that fimilar Cylinders and Cones are in the Triplicate
Ratio
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Ratio of that of their Heights, that ferve to demons
ftrate Prop. 18. 1

PROPOSITION XIIL
"THEOREM XIIL

"A Cylinder cut by a Plane parallel to its Bafe, has the Pares
of its Axe in the [ame Ratio as the Parts of the Cylinder.

Say, if the Cylinder ABCD, be cut by the Plane EF,Fig 1°:
parallel to the Bafe AB, or CD, that cuts the Axe

GH at the Point I ; the Ratio of the Cylinder ABFE, to

the Cylinder EFCD, as the Part HI to the Part IG.

PREPARATION.

Divide each of the two Parts GI, HI, into two equal
Partsat the Points O and R, and caufe the Planes PQ,
MN, parallel to the Bafe AB, to pafs thro’ thefe middle
Points O, R, and they will divide the Cylinder EFCD,
into two equal Cylinders EFQP, PQCD, and the Cy-
linder ABFE into two equal Cylinders ABNM, MNFE,
by Prop. 11. becaufe their Heights, as well as their Ba-
{es are equal.

DEMONSTRATION.

Becaufe by 15. 5. the Cylinder AF, is to its half AN,
as the Cylinder EC, istoits half EQ; and the Part HI,
to its half HR, as the Part IG to its half 10, the Pro-
portion of the four Cylinders AF, AN, EC, EQ, is fi-
milar to that of the four Parts HI, HR, IG, IO, confe-
quently by Alternation by 16. 5. you will find the Pro-
portion of the four Cylinders AF, EC, AN, EQ, is fi-
milar to that of the four Parts HI, IG, HR, 10, and
confequently in this fecond Proportion, the Ratio of the
firft Cylinder AF, to the fecond EC, is equal to that of
the firft Fart HI, to the fecond I1G. Which was o be de-
menftrated.

SCHO
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SCHOLIUM.

This Demonftration is different from the common
one, that fuppofes the two Parts HI, IG, have a com=
mon Meafure, which is too particular, fince they might
be incommenfurable. For the fame reafon I have des
monftrated the firft and laft Propofition of the fixth

Buok. :

COROLLARY.

. Cylinders of equal Bafes are as_their Heights, which
is of ufe in the next Popofition ; for if you let fall from
G in the Axe GH, the Right-Line GK, perpendicular to
the Plane of the Bafe AB, which will alfo be perpendi-
cular to the Plane of the Bafe EF, and the Lines HK,
IL, be made the common Seftions of the two Parallel
Planes AB, EF, and the Triangular Plane GKH, you will
find by 16. 11. that the two common Seéions HK, IL,
are parallel, and by 2. 6. that the Ratio of HI to IG;
that hasbeen demonfirated to be the fame as that of the
two Cylinders AF, EC, whofe Bafes AB, EF, are equal;
is equal to that of the Height KL to the Height LG.

PROPOSITION XIV
THEOREM XIV.

C}*f:‘ﬂd&: and Cones of the [ame ‘Bafe are as their Heights.

-Sag firft, the Ratio of the two Cylinders AECD,
EFGH, that I fuppofe right ones, is equal to that of
their Heichts AD, EH, if their Bales AB, EF, are
equal. .

PREPARATION.

Cut off the greateft Height AD, the Rart Al equal
to the lealt Height EH, and fuppofe the Plane 1K to pals
thro’ the Point I, parallel to the Bafe AB, and by
prop. 11. it will cut off the Cylinder AK, equal to the
Cylinder EG. | G



Explain’d and Demonflrared,

| DEMONSTRATION.
. Becaufe the Cylinder AC, is to the Cylinder AK, as
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the Height AD, is to the Height AI, by Prop. r3. and Fig- 11

the Cylinder AK is equal to the Cylinder EG, and the
Height Al equal to the Height EH, by Conf. the Cylin-
der AC, will alfo be to the Cylinder EG, as the Height
AD to the Height EH. Which was to be demonfirated.

I fay in the fecond Place, Cones whofe Bafes are equal,
are as their Heights, becaufe they are the third Parts of
Cylinders, by Prop. 10. whofe Ratio has been demon-
ftrated to be equal to that of their Heights,

PROPOSITION XV.
THEOREM XV.

Equal Cylinders and Comes have their Bafes and Heights re
ciprocal 3 and [uch as have their Bafes and Heights vecipro=
cal, ave equal,

THis Propofition is plain from 3j4. r1. for Cylinders,
that are nothing but Parallelopipeds of an infinite
Number of Sides, and for Cones by Prop. 10. Since they
ace the third Parts of Cylinders. _

I omit Prop. XV1.and XVIL. becaufe too perplexing, and

only [erving to demonfirate the next, that I [hall demonfirate
& more eafy way

PROPOSITION: XV

THEOREM XVIIL

Spheres are in the Triplicate Ratio of that of theiv
Diameters.

His Propofition will be evident, if we confider 2
Sphere is compofed of an infinite Number of little
equal Cones, whoke common Vertex is the Center EF
the
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the Center of the Sphere, and Height the Radius of the
fame Sphere, and whofe Bafes being infinitely fmall,
may pafs for Planesand are in che Surface of the Sphere ;
and confequently the Sum of ali thefe Cones of the fame
Heighe, that is, the Solidity of the Sphere is equal, to

- one Cone, whofe Height is the fame Radius of the

Sphere and Bafz, the intire Surface of the Sphere; and
fince the Cone equal to this Sphere is fimilar to a Cone
equal to another Sphere; becdufe all Spheres are fimilar,
and fimilar Cones are ipn the Triplicate Ratio of their
Heights, that here arc the Radius’s of the two Spheres
o which they are equal, it follows that the two Spheres
alfo ‘are in the Triplicate Rnti_q gﬂtﬁcir Radii, or Semi-
diametérs, and confequently of their Diameters. ##ich

was to be demonftrated, .
COROLLARY.

Spheres are as the Cubés of their Diameters, Becahf&i
Cubes are ‘fimilar Solids, that by 31. 11. are in the Tri<

. plicate Ratio of their Sides.

U S E.

This Propofition ferves to find the Sohidity of #
Sphere, its Diameter being given ; were the Ratio of a
Sphere to the “Cube of its Diameter but once known,
tho’ it 1s as 15% to 300 nearly, as fhall be fhewn in the
Geometry, WA - - :
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