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gUR EF AC E

TH E art of Mecuanics being the firft that men bad occafion

to make ufe of, it is reafonable io fuppofe that it took its be-
ginning with man; and was ftudied in the earlieft ages of the world.
For no fooner did mankind begin .to people the earth, than they
wanted boufes to dwell in, cloaths to wear, and utenfils to till the
ground, 10 ger them bread, with other wecelfaries of life s and being
thus deftitute of proper babitations, and other comveniences of living
their wants muft immediately put them upon the fudy of mecha-
mics. At their firft fetting outy they would be content with very
little theory 5 endeavouring to dgf.f that more by expericnce than rea
foning, and being unacquainted with numbers, or any fort of cal-
eulation 3 and baving neither rule nor compafs to work by, wor in-
Pruments to work with, but fuch as they muft invent Jirft of all,
nor any methods of working : with all thefe difadvantages, we
may judge what fort of work they were likely to make. Al their
contrivances muft be mere gueffing, and they could but il execute
what they bad [o badly contrived ; and muft be continually mending
their work by repeated trials, till they got it to fuch a form as to
make a fhift to ferve for the ufe defigned. And this is the firft and
loweft frate of mechanics, which was enough to give 6 beginning
10 it and in this flate it doubtlefs remained for a long time,
qwithout much improvement. But at length as men found more
leifure and opportunity, and gained more expericiice, manual arts
began to take their vife, and by degrees to make Jome progrefs in
the world.

Bur we meet with no confiderable inventions in the mechanical
way, for a long feries of ages or if there bad been any, the ac-
connts of them are now loft, through the lengih of time; for we
bave nothing upon record for 2 or 3 thoufand years forward. Bt
afterwards we find an account of feveral machines that were in
ufe. tor we read in Genefis that fbips were as old, even on the
wmediterrancan, as the days of Jacob. e likewife read that the
Philiftines browght 30 thoufand chariotT into the freld againft
Saul ; fo that chariots were in #fe 1070 years before Chrift. nd

about the fame time architefure was brought inio Burope. And
1030
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1030 years before Chrifty, Ammon built long and tall hips with
fails, on the red [ea and the mediterranean. And about go years
after, the fbip Argo was built 5 which was the firf Greek weffel
that ventured to pafs through the fea, by belp of [ails, without
. Sight of land, being guided only by the flars. Dadalus alfo, who
lrved gBo years, before Chrift, made fails for fbips, and invented
Jeveral forts of<tools, for carpenters and joiners towork with. He
alfo made feveral moving flatues, which could walk or run of
themfeives. . ~And about 800 yeavs:before Chrift, we jfind in
2 Chron. xv. that Uzziah made in Jerufalem, engines invented
by cunning men, to be on the towers and upon the bulwarks, to fhoot
arrows and great froves withal. . Gorn wmills were early invented,
for we read in Deuteronomy, that it was not lawful for any
man., to take the nether or the upper mill flone to pledge s yet water
was not apply’d romiils before the year of Chrift 600, nor wind
mills ufed before the year 1200. Likewife 580 years before
Chrifi, we read in Jeremiah xviii. of the potter’s wheel, Ar-
chitas was the firt that applied matbematics to mechanics, but
left mo mechanical writings bebind him : be made a wooden pigeon
tbat could fly about. Archimedes -who lived about 200 years
before Chrift, was a moft fubtle geometer and mechanic. He made
engines that drew up the fbips of Marcellus as the fiege of Syra-
cufe ; and others that would caft o flone of a prodigious weight
to a great diftance, or elfe feveral leffer fiones, as alfo darts and
arrows ; but there bave been many fabulous reports comcerning
thefe engines. He alfo made a [phere which [bowed the motions of
the fum, moon, and planets. And Pofidonius afterwards made
another which fhowed the fame thing. In thefe days the liberal
arts flourifoed, and learning met with proper encouragement 5 but
afterwards they became negledied for a long time. Ariftotle wwho
lived about 290 years before Chrift was one of the firft that writ
any metbodical difcourfe of mechanics. But at this time the art
was contained in a very little compafs, there being [carce any thing
more known about it, than the 6 mechanical powers. In this flate
it continued till the 161h century, and then clock work was in-
vented, and about 1650 were the firft clocks made. At this time
Jeveral of the mafi eminent mathematicians began to confider me-
chanics. And by their fludy and induftry bave prodigionfly enlarged
1S bounds 5 and made it a moft comprebenfive feience. It extends
through beaven and earth ; the whole univerfe, and every part of
i is its [ubject. Not one particle of matter but what comes undey
mdfaw.s: For ;ubgr elfe is there in the vifible world, but matter
ana motion 5 and the properties and affesi

Jubjeit of mechanics. = it it i ars g
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To the art of mechanics is owing all forts of infruments to
work with, all engines of war, [bips, bridges, mills, curious roofs
and arches, fately theatres, - columns, pendent galleries, and ail
other grand works in building.  Alfo clocks, watches, jacks, cha-
viots, carts and carriages, and even the wheel barrow. Archi-
tefure, navigation, bufbandry, and military affairs, owe their in-
wention and ufe to this art. And whatever bath artificial motion
by air, water, wind, or cords 5 as all manner of mufical infiru-
ments, water-works, &c. This is a feience of fuch importance,
that without it we could bardly eat our bread, or lie dry in our
beds. '
By mechanics we come to underfland the motions of the parts of
an animal body ;5 the ufe of the nerves, mufcles, bones, joints, and
weffels. Al which bave been made o plain, as proves an animal
body to be nothing but a mechanical engine.  But this part of wic-
chanics, called anatomy, is a fubjedt of itfelf.  Upon mechanics are
alfo founded the motions of all the celeftial bodies, their periods,
times, and revolutions. Without mechanics, a general cannot go 1o
war, nor befeige a town, or fortify a place. And the meaneft ar-
tificer muft work mechanically, or not work at all. So that all
perfons whatever ave indebted to this art, from the king down fo
the ' cobler.
- Upon mechanics is alfo founded the Newtonian, or only true phili-
fophy in the world. For all the difficulty of philsfophy confifts in
_ this 5 from fome of the principal phenomena of motions to invefti-
gate the forces of mature. And then from thefe forces 1o demon-
frate the other phenomena s all which is to be done upon mecka-
nical principles. Thus from the diftances and revolutions of the
beavenly bodies, the forces of gravity are derived 5 and from thefe
forces thus™ known, are deduced the motions of the plancts, comets,
the moon, and the fea s as well as the motions of bodies upon the

[furface of the earth. Thefe relate to the vifible bodies of the uni-
" ‘werfe.  But there are alfo certain forces belonging to the fmall
particles of matter, which we are [till ignorant of 5 by which they
are either impelled towards one another, and cobere in regular fi-
gures 3 or are repelled and [o vecede from each other.  For the par-
ticles of different forts of bodies bave different lows; fince the
fmall particles of fome bodies atirald one another, whili thofe of
other [orts repel ‘cach other s and that by forces almoft infinitely
warious, Upon thefe forces the cobefion, [olidity, and fluidity of
budies depend.  The nature of elafticity; clesiricity, and magnetifm.
Upon thefe alfo depend the principles of fermentation, putrefaction,
generation, vegetation, and diffolution of bedies; digeflion and fe-
cretion in animal bodies  the motion of the blood and fluids in ani-
' X a mals,

e
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mals, and the moving of the members by the command of the will 5
the exciting [enfalions in the mind 5 the emiffion, refleltion, refrac-
tion, and infleliion of light 5 freezing by cold, burning. by fire;
all cperations in chemiflry, &c. If thefe forces could be found out,
it would open to us @ wew field in the feience of wmechanics. But
for want of proper experiments, thefe forces among the invifible
and imperceptible particles of matter, are utterly unknewn, and
exceeding difficult to be difequered, and therefore make no part of
the enfuing Treatife. Nor fhall I meddle with aftronomy, as being
a fubjell of itfelf : mor with experimental phbilofophy, any furiber
than concerns mechanics.

And although architedlure has a great dependence upon mecha-
nics 3 yet there are a great many precarious rules in this art, in-
wented purely for arnament, and for the fake of beauty 5 which bave
nothing to do with mechanics, And therefore mechanical beauty
(that is, firength in due propertion) is alf that I bave any bufinefs
to meddle with bere. :

It bas been ignorantly ebjesied by [ome, that the Newtonian
philofophy, like all others before it, will grow old and cut of date,
and bé fucceeded by fome new [iftem, which will then be as muckh
ery’d up as this is now. But this objeilion is very fondly made.
For never a philofopher before Newton ever took the methed that
be did. For whillt their [yfiems are nothing but hypothefes, con-
ceits, Jictions, conjellures, and romances, invented at pleafure, and
without any foundation in the nature of things. He on the contrary,
and by bimfelf alone, fet out upon a quite different footing, For
be admits nothing but what be gains from experiments, and accurate
obfervations.  dnd from this foundation, whatever is further ad-
vanced, is deduced by firick mathematical reafining, dnd where
this thread does mot carry bim be flops, and proceeds no furtber
not pretending to be wife above what is written in nature. Being
rather content with a little true knowlidge, then, by affuming to
know every thing, run the bazard of errer. Contrary to all this,
thefe feheming philofophers, being men of [irong imaginations and
weak judgments, will yrun ¢n ad infimitum, and build ene fistion
upon another, tll their Babel thus eredled, proves to be mothing
but a beap of endlefs confufion and contradifion. And then it is
no wondcr, if the whole airy fabrick tumbles down and finks into
ruin. dAnd yet it feems, fuch romantic [iftems of philofophy, will
pleafe fome people as well as the firickeft truth, or moft regular
Liftem,  As if philofophy, like religion, was to depend on the
Jafbion of the country, or on the fancies and caprice of weak people.
But furely this is nothing but rambling in the dark, and Jaying that
she nature of things depends upon no [teady principles at all.” But

in
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i truth, the bufinefs of true philofopby is to derive the nature of
things from caufes truly exiftent : and to énquire after thofe laws on
awhich the Creator choofed to found the world; not thofe by which
be might bave done the fame, bad be fo pleafed, 1t is reafonable to
fuppofe that from feveral caufes, fometbing differing frem each other,
the fame effect may arife.  But the true caufe will always be that

om which it truly and afiually does arifes the others bave no place
in true philofophy.  And this can be known no way, but by obferva-
tions and experiments.  Hence it evidently follows, that the Newto-
nian philofophy, being thus built wpon this [olid foundation, muft
Jand firm and unfbaken 5 and being once proved to be true, it muyft
eternally remain true, until the utter fubverfion of all the laws of
nature. It is therefore a mere joke to talk of a new philofophy. The
foundation is now firmly laid : the Newtonian philofophy may indeed
be improved, and further advanced 5 but it can never be overthrown :
notwithftanding the efforts of all the Bernoulli’s, the Leibnitz’s,
the Green’s, :be Berkley's, rhe Hutchinfon’s, &e.  And even the
French themfelves bave at laft adopted it, and given up the Carte-
fian feheme. ;

Prafiical mechanics might be very much improved, if the fecrets
of all trades were to lie open s and the [everal machines ufed in
each trade, duly explained. ~ And experimental philofophy would be
thereby much improved, as well as the trades themfelves,  And one
trade might borrow many great belps in working, [from another
trade. It is not my defign to treat at all on the loweff part of
mechanics, which concerns manual arts or woerking by hand. For
there is no theory required beve, but only a babit of working, te
be acguired by frequent prailice.

I bave, in the following book, confined myfelf entirely to the ma-
thematical part, and what depends on it, and is deduced from it.
And therefore I bave firf of all laid down and demonfirated the gene-
val laws of motion, as a foundation for all the reft.  Then follows
the laws of gravity, the defcent of bodies, and motion of projectiles
in free fpaces the mechanical powers s the defcent of bodies upon in-
clined planes, the vibration of pendulumss centers of gravity, and
others s the preflure, frength, and firefs, of beams of timber 5 then you
bave the principles of bydroftatics, bydraulics, and pnewnatics s the
refifance of fluids 5 the powers of engines, and the defeription of
mackines.  In each of thefe, I bave delivered all the funds-
wental principles both in theory and pragice. And to make it more
univerfally ufeful, I bave demonfirated every thing geometrically 5 or
at moft; by the belp only of the loweft and cafic/t rules of algebra,
for the fake of brevity s avoiding all operations by fluxions: Jo that
the reader tieed not be fcared with the thoughts of any difficulty of that
kind. : a 2 Con-



L]

"Tuwe” PR E F:A CE:

Concerning the mackines, 1 bave given an account of their firuc-
ture, as far asis neceflary to explain their metions and effeéls 5 omit-
ting the defeription of their minuter parss, not fo neceflary for thisend,
and which are eaftly underflood of themfelves. I bope the reader
will pardon my inferting among the ek, fome mackines that may
feem trifling, put in bere and there to fill up wvacant places in the
[ehemes, Yet even .in thefe, there is fomething curious in their
Sructure or motion, that may be worth obferving. I might bave
given the cuts of many more machines s but perbaps what I bave
already done, may be thought too much, in fuch a nation as tbis,
cobere natural knowledge wants due encouragement, and where no
Maecenas appears to patronize and protell it 5 and where arts
and feiences bang, as it were, in fufpence, whethir they [ball frand
or yfaﬁ.’; and where public fpirit and Englith generofity are jujt ex-
piring. This decline of arts and fciences, is wholly, or in a great
meafure owing to the ambition, and moft extreme avarice of the pre-
fent age.  Where men, not being able to lift their eyes above this
carth, think nothing worth their care, but rakiug together the drofs
it affords 5 firiving, like the toad, who fhall diewith the moft earth
in bis paws. The duller part of mankind are entirely engaged in the
purfuit of filthy lucre s and the brighter fort are wholly devoted to
low, trifling, and often barbarous diverfions, In fuch momentous
concerns as thefe, it is no wonder if arts and fuences flagy and
natural knowledge meet with nothing but contempt s and Minerva
give place to Pluto.  And indeed, if the general temper and difpofi-
tion of men bad been the fame in all azes, as it is inthis; 1 am in
doubt whestber we bad ever bad any fuchitbing as amill to grind us corn
Jor bread, or a pump to draw us water. 1t is a trifling excufe for
men of exalted flation, to urge, that they are unacquainted with fuch
arts or [ciences. For learning bas always been eftecmed to be under
the pecaliar care and fuperintendency of the great s who ought to pro-
teli and encourage both that, and the profeffors of it 5 or elfe arts
and [eiences can never flourifb. And as the encouragement of thefe
evidently tends to the benefit of mankind, and the promoting of the
public good 5 nothing can excufe o grofs a negleél, or fuch a mani.
[eft difregard, as they fbew, for the bappine(s of their fellow creatures.
The induftrious ffudents only, bave the fatigues whilft all the world
reaps the advantage of their labours ;

Scire volunt omnes, mercaedem folvere nemo. Juvey.

1t is reported of Alexander that be allowed 800 talents a year
to Ariftotle, to defray the expences, of procuring all forts of living
creatures 3 fo that by bis own particular expericice, he might be
enabled
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enabled to write of the nature and properties of thein, And the
reafon why the world bath now fo few Ariftotles, is becaufe there
are no Alexanders. ‘

But as tothe fate of this booky it is indifferent to me what re-
' ception it fball meet with in the world. Not that I am in the leaft
diffident of the principles bere delivered s for 1 know they will ftand
the firidleft examination. Nor would I be thought carelefs con-

cerning the advantage, which my few readers may receive from it :

for om the contrary, I have done all I could to infiruél them, and
lead them regularly through this noble and ufeful [eience.. But in a
mercenary age, where there is fo lithle encouragement for “awerks
of this nature 5 I am under no conceri what judgment may be paffed
upon it, by the ignorant multitude. Yet I fincerely wifb, that my
more ingenious readers may find what they expelt bere 3 and am in
bopes, that they will meet with no difficulties, but what they will
eafily furmount. To effeét which, I bave made every thing in Wis
baok, as full and clear, as my own abilities, and the nature of the
thing would permit me.

W. EMERS ON.

P. S. The kind reception, the firft edition of this book, bas met
with from the publick 5 has induced me to revife and correll il ;
and to make fuch further additions thereto, as I thought neceflary
for compleating fo ufeful a [cience. Accordingly 1 bave made frveral
alterations and additions in this fecond edition 5 which are difperfed
bere and there throughout the book. But particularly,

In Cor. 4. Prop. LXVIL and in Cor. 2. Prop. LXXVIIL
I bave fhewn the frength of bodies twifted round their axes. In
Cor. 5. and 6. Prop. LXXIIL I bave inveftigated the flrength
of fquare and circular plates. In the clofe of the VIIth feclion, I
bave given the firength of feveral forts of wood, and other bodies,
deduced from abundance of experiments, which 1 made with them :
wwhich cannot fail being of great fervice to [uch as are concerned
in building, or making ufe of timber. I bave alfo made fome ad-
ditions and alterations in the table of [pecific gravities, colletted
from new experiments.  Some further diretions, relating to ibe
confirution of mackines, are alfo added at the end of Seit. XII.

In the laft Jeition, 1 bave been more large and explicit in de-
Jeribing [everal of the machines, and calculating their powers. And
14 more examples of machines are added at the end. Al thefe ad-
ditions take up 11 copper plates. But what will particularly re-
commend itfelf to the public in thefe additions, is, the conftruction

of a thip, o fail the falkelt poffible ; and the confiruction of .».elg
arcix
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MECHANTITQC.S

B FI NFIT-T0N S,

. W "ECHANICS is a fcience, which teaches the pro-
' portion of the forces, motions, velocities, and in
eneral the actions of bodies upon one another.

2. Body is the mafs or quantity of matter. “If a body yields to

a {troke and recovers its former figure again, ic is called an ¢/a/-
tic body : If not, it is inelaftie.

3. Denfity of a body is the proportion, of the 'quantity of

matter contained in it, to the quantity of matter in another body

- of the fame bignefs. Thus the denfity is faid to be double or

triple, when the quantity of matter contained in the fame fpace
1s double or triple. |

4. Force is a power exerted on a body to move it. If it a&
but for 2 moment it is called the force of percuffion or inipuife.
If it act conftantly, it is called an accelerative force : 1f conftantly
and equally, it is called a uniformt accelerative force,

5. Velocity is an affetion of motion, by which a body pafies
over a certain fpace in a given time. The velocity is faid to be

reater or leffer, according as the body pafles over a greater or
er fpace in the fame time. . :

6. Motion is a continual and fucceffive change of place. Ifa
body moves through equal fpaces in equal times, it is called
equable mution. If it s velocity continually increafes, it is called
accelerated motion ; if it decreafes, it is retarded motion, If it in-
creafes or decreafes uniformly, it is equably accelerated or re-
tarded. Likewife if its motion be confidered in regard to fome
other body at reft, it is called abfolute motion. But if its motion
be confidered with refpeét to other bodies alfo in motion, then it
15 relative motion. :

7. Direcion of motion isthe way the body tends, or the right
line it moves in.

B 8. Quan-
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3., Quantity of motion, is the motion a body has, both in re-
gard to its velocity, and quantity of matter. Thisis called the
momentum of a body, by fome mechanical writers.

g. Vis inertia, is that innate force of matter by which it refifts
any change, and endeavours to preferve its prefent ftate of mo-
tion or reit.

10. Gravity is that force wherewith a body endeavours to de-
{cend towards the center of the earth. This is called alfolute
gravity, when the body tends downwards in free fpace: and re-

lative gravity is the force it endeavours to defcend with in a
fuid. ’
11. Specific gravity of bodies, is the greater or lefler weight of
bodies of the fame magnitude ; or the proportion between thefe
weights. The fpecific gravity is faid to be double or triple,
when the weight of the fame bulk of matter is double or triple.
12, Center of gravity of a body is a certain point in it, upon
which the body being freely fufpended, it would reft in any
pefition. '
13. Center of motion of a body, is a fixed point about which

the body is moved. And the axis of motion, is the fixt axis it
moves about.

14. Weight and power when oppofed to one another, ﬁ%ﬁf}r
the body to be moved, and the body that moves it. That body
which communicates the motion is called the power; and that
which receives it, the weight,

15. Equilibrium is when two or more forces acting againft one
another, none of them overcome the others, but deftroy one
another’s effefts, and remain at reft.

16. A fluid is a body whofe parts yield to any impreffed force ;
and by yielding are eafily moved among themfelves.

17. Hydroftatics is a {cience that treats of the properties of
fluids.

18. Hydraulics is the art of raifing or conveying water by the
help of engines.

rhlg. Pueumatics is a fcience that treats of the properties of
e air.

20. Machkine is any mechanical inftrument contrived to move
bodies, or to perform fome particular motions. The mechanical
powers are fimple machines.

21. Engine is a mechanic inftrument compofed of levers,
wheels, pullies, fcrews, &v¢. in order to move, lift, or fuftain
fome great weight, or perform fome great effet. This is the
largefg and moft compounded fort of machines.

22. Me-
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‘na. Mechanic powers, are the ballance, the leaver, the wheel,
the pulley, the fcrew, and the wedge. To which fome add the
inclin’d plane.

23. Strefs is the effect of a force atting againft a beam, or
any thing to break it, or the violence it ﬁlfﬁ:‘rﬁ by that force.
The contrary to this is firength, which is the refiftance any beam
is able to make againft a force endeavouring to break it,

24. Friftion is the refiftance arifing from the parts of machines,
or of any bodies rubbing againit one another.

e B 0.8 T Uil T,

3 HAT afmall part of the furface of the earth, orthe
| horizon, may be looked upon as a plane. Though this
1s not {trictly true, yet it differs infgnﬁhiy in fo fmall a fpace as
we have any occafion to confider it.

2. Heavy bodies defcend in lines parallel to one another, and
: endicular to the horizon : And they always tend perpendi-

cular to the horizon by their weight. For this is true as to
fenfe, becaule the lines of their direction meet only at the cen-
ter of the earth.

3. The weight of any body is the fame in all places at or near
the furface of the earth. For the difference is infenfible at any
heights to which we can afcend. Though in ftriétnefs the force
of gravity decreafes in afcending, in the reciprocal ratio of the
fquares of the ht}ghts from the earth’s center,

4. We are to fuppofe all planes perfectly even and regular,
all bodies perfe@tly fmooth and homogeneous ; and moving with-
out friction or refiftance ; lines perfectly ftreight, and inflexible,
without weight or thicknefs ; cords extremely pliable ; ¢,  For
tho’ bodies are defeétive in all thefe; and the parts or matter,
whereof engines are made, fubjet to many imperfections 3 yet
we muft fet afide all thele irregularities, ull the theory is efta-
blithed ; and afterwards make fuch allowance as is proper.

AXIT0MS.

L. EVE RY body perfeveres in its prefent ftate, whether of
reft, or moving uniformly in a right line ; till itis com-

pelled to change that ftate, by fome external force.
2. The alteration of motion, or the motion generated, or de-
firoyed in any body, is proportional to the force applied : And
is made in the direction of that right line in which the force

atls.
B 2 2s Lhe



3. The aftion and re-ation between two bodies are equal,

and in contrary diretions. i _

4. The motion of the whole body is made up of the fum of
the motions of all the parts. e 3

5. The weights of all bodies in the fame place, are proportional
to the quantities of matter they contain ; without any g'r;%mi
to theirqbulk, figure, or kind. For twice the matter will be
twice as heavy, and thrice the matter thrice as heavy; and
fo on. 1

6. The vis inertize of all bodies, is proportional to the quan-
tity of matter.

7. 'Every body will defcend to the loweft place it can

et to. -

g 8. Whatever fuftains a heavy body, bears all the weight
of it. v

9. Two equal forces ating againft one another in contrary di-
rections ; deltroy one another’s effeéts. : '

0. If a body is acted on with two forces in.contrary direc-
tions ; it is the fame thing as if it were only acted on with the
difference of thefe forces, in direttion of the greater.

11. If a body is keptin equilibrio ; the contrary forces, in any
one line of direction, are equal, and deftroy. one another. :

12. Whatever quantity of motion any force generates in a
given time ; the fame quantity of motion will an equal force.
deftroy in the fame time ; acting in a contrary dire&ion.

13. Any attive force will fooner or more eafily overcome a
lefler refiftance than a greater. ' Ly

14. If a weight be drawn or pufhed by any power ; it puthes
or draws all points of the line of direftion equally. And it
is the fame thing, whatever point of that lingﬁe t{:-rt:e is ap-
plied to. ' : | '

15. If two bodies be moving the fame way in any right
line; their relative motion will be the fame, as if one bod
ftood ftill, and the other approached, or receded from it with
the difference of their motions : or with the fum of their mo-
tions, if they move contrary ways.

16. If a body is drawn or urged by a rope, the dire&ion of
that force is the fame as the diretion of that part of the rope
next adjoining to the body. ' '

. 17. If any force is applied to move or fuftain a body, by
means of a rope ; all the intermediate parts of the rope are equally
diftended, and that in contrary directions.

18. If a running rope go frecly over feveral pullies; all the
parts of it are equally ftretched.

19. If
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The quantitics of maiter in all bodies are in the complicate ratio of
their magnitudes and denfities.

FDR by def. 3. if the magnitudes be equal, the matter will
be as the denfifies. And if the denfities be equal, the mat-
ter will be as the magnitudes. Therefore the matter is univer-
fally in the compound ratio of both,

Cor. 1. The quantities of matter in fimilar bodies, are as the den-
JSities and cubes of the diameters. For the magnitude is as the cube
of the diameter.

Cor. 2. The quantities of matter are asthe magnitudes and fpecific
gravities. For the fpecific gravities are as the denlfities, by Ax. 5.

PRO P AL

The quantities of motion, in all moving bodies whatever, are in the
complicate ratio of the quantities of matter and the velocities.

For if the velocities are equal, it is manifeft (by ax. 4.) that
the quantities of motion will be as the quantities of matter.
And if the quantities of matter are equal, the motions will be
as the velocities. Therefore univerfally, the quantities of mo-
tion are in the compound ratio of the velocities and quantities
of matter.

Cor. In any fort of motion, the quantity of motion is as the fum of
all the produdls of every particle of matter multiplied by its refpedtive
velocity.

For
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For the quantity of motion of any particle is as that particle
multiplied by its velocity : Therefore by compofition, the fums
of all arc in the fame ratio. - '

PROP. I

In all uniformn motions, the fpace deferibed is in the complicale ratie
of the time and velocity.

#

For it is evident, if the velocity hzfgwe:n, the fpace defcribed
by any body, will be as the time of its moving. And if the
time be given, the fpace defcribed will be greater or lefs, ac.
cording as the velocity 1s greater or lefs; that is, the fpace will
be as the velocity. Therefore if neither be given, the {pace
will be in the compound ratio of both the time and velocity.

Cor. The time is as the [pace diredtly and velocity recipracally,

PR OBR -1V,

T'he motion generated by any momeniary force, is as the force that
generates it.

For if a certain quantity of force generates any motion, a
double quantity of force, will generate double the motion ; and
a triple force, triple the motion, and fo on.

Cor. The [pace deferibed is as the force and time direcily, and
quantity of matter reciprocally.

For by this prop. the force is as the motion, that is (by Prop.
IL.) as the matter and velocity ; therefore the velocity is as the
force directly and matter reciporcally. Alfo (by Prop. IIL.) the
fpace is as the time and velociry, and therefore as the time and
force directly, and matter reciprocally.

SCHOLIUM.

Let b = body or quantity of matter to be moved,
f = force of impulfe alting on the body b.
s — momentum or quantity of motion generated in b.
o = wvelocity generated in b.
s = [pace defcribed by the body b.

+ = time of defcribing the [pace s with the velocity v,
Then
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Cor. 2. If the [pace thro’ which a body is moved by any force, be
divided into an infinite number of equal partss and if, in each part,
the accelerative force afls differently upon the body, according to any
certain law., And if there be taken the produit of the dceelerating
Jorce in each part multiplicd by the time of paffing through it. Then
I fay, :

As any uniform accelerative force x by the time of adling (FT) :

To the motion generated in that time (M) : ;

So the fum of all the produlis of each particular force and time :

Do the motion generated in this whole time, by the variable force.

_ For (by this prop.) the time of defcribing any part x by the
force : motion generated in that time :: FXT : M. therefore by
compofition, the fum of all the produéts, to the whole motion
generated ; is alfo as ¥ 7, to M.

Cor. 3. The veiocity generated (or deffrayed) in any time, is as
the force and time direitly, and the quantity of matter veciprocally,

For by prop. 1. the quantity of motion is as the matter and
velocity ; therefore the velocity is as the motion dire@ly and
the matter reciprocally, that is, (by this prop.) as the force and
time diretly, and the matter reciprocally.

Cor. 4. The increafe or decreafe of any welocity, generated or de-
Siroyed in any time 5 is as the force and time diredlly, and the matter
reciprocally.

This follows from Cor. 3. becaufe all effeéts are proportional
to their caufes.

e RGP VL

In any motion generated by a uniform accelerative force ; the [pace
defcribed from the beginning of the motion, is in the complicate
ratio of the-laft velocity, and the time wherein it is generated.

For fuppofe the time divided into an infinite number of
equal parts, each of which call 1, and let the times from the
beginning be 1, 2, 3, 4....t0of And'let ¢ be the velocity
generated at the end of the time 13 then by Cor. 3. of the laft
Prop. the velocity generated in the fame body, by the fame
force, in the times 1, 2, 3, 4. ...#, will be refpeéively ¢, 2¢,
3¢ 4¢...t0 fe. And by %rﬂp. II1. the fpaces defcribed in each

givengpart of time, will be as the time (1), and the velocity &
. an
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and therefore thefe fpaces will be ¢, 26 3¢... #¢5 and the fum
of all thefe is the whole fpace defcribed by the body. But the
{fum of the arithmetic progreffion, 0, ¢, 2¢, 3¢, 4¢ . . . #c TO £ terms

is 2T % or %€ 4. but #c is <he laft velocity, and # the whole
2 2

time, therefore the whole fpace is as (¢ X ¢) the velocity and
time conjunctly.

Cor. 1. If @ body moves wniformly forward with the velocity acquir-
ed by a uniform accelerative force 5 i will deferibe twice the [pacein
the fame or an equal time, that it defcribed by the accelerative force.

For here the fpaces defcribed in the feveral fmall parts of
time, will be #¢, #¢, #¢.. &c. 0 ¢ terms . whofe fum 1s 72c X 7.
And the fum of the former fpaces, defcribed by the accelerating

forcc,wasif-xr. but chliﬂt}% Wi, as 2 to I.
2

Cor. 2. Since any adlive force is an endeavour of putting a body
into mation ; therefore the adequate and immediate effell of an acce-
lerating force is cither motian or preffure or botb.

SCHOL

Let b = kody or quantity of matter.
Fi= E:;e!erarfw force atting uniformly and equally on ibe
iy b.
v = wvelocity generated in b by the force F.
m = motion generated in b,
s = [pace deferibed by b. .
t = time of deferibing the [pace s.

Then the two laft propofitions together with Prop. 1I. will
refolve all queftions relating to the times, forces, velocities,
{¢. in uniformly accelerated motions. - Thus m oc év, 7 ot
Ft, and s o #v. whence we have in general,

b m'g, &e.
m O& bv O Ft &

s Fi Fs m
'ﬂ'me -'&-m J?m's: &f-

bvv Fit
!JWWW FW 773

° .
7R
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$ =" 5o bs #t
Fogos % oc 2 oc 2, ke
Whence, if m, b, &c. be given ; fuch quanﬁtir:s muft be left

out.

PROYP VI

If any force aéting on a body at A in diredtion AB, caufe the body fo
pafs through the [pace AB in any time; and another fimilar force
alting in direflion AC, would move it through the [pace AC in 1he
fame time : I Jay by both forces alling together,in their proper d
reftions, the body willy in the fame time; be moved thorugh the
fpace AD, the diagonal of the parallelogram ABDC.

Case L

Let the forces at 4 caufe the body to move uniformly along
the lines AB, AC. Then fince the force ating in diretion AC
arallel to BD, by ax. 2, will not alter the velocity towards the
ine BD ; the body therefore will arrive at BD in the fame time,
whether the force in direftion 4C be imprefled or not: There-
fore at the end of the time it will be found fomewhere in
"BD. By the fame argument, it will be found fomewhere in the
line CD 3 therefore it will be found in D the point of interfec-
tion ; and by ax. 1, it will move in a right line from A o D.

Otberwife.

Suppofe the line AC to move parallel to itfelf into the place
BD, whilft 4 moves from 4 to C. Then fince this line and the
budg are both equally moved towards BD, it is plain the body
muft be always in the moveable line #C. Therctore when AC
comes to the pofition &g, let the body be arrived at 4; then
fince, both the line AC moves uniformly along 4B, and the bo-
dy 4 along AC; therefore it will be as Ab : bd :: AB : BD,

therefore 44D is a right line.
Casg 1L

Let the body be carried through 4B, AC by an accelerative
force. Then by Prop. V1. the fpace defcribed will be as the

time and velocity, and therefore the velocity will be as the {pace

19 §
FIG.
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diredtly and time reciprocally. Alfo by.Cor. 3. Prop. V. when
the force and the body is given, the velocity is as the time.
Whence the time will be as the fpace direétly and time recipro-
cally, and the fpace as the fquare of the time.. That is the
fame body acted on by the fame force will defcribe fpaces
which are as the {quares of the timies. Now let the time of de-
feribing 4B or AC be 1 ; and let the line 4C move along with
the body, always parallel to itfelf, and in the time #, let it arrive
at bz, and the body at 4, moving towards g. Then, from
what has been faid, itisas 1 : #¢ :: 4B : Ab, and alfo as 1 : #¢
:: bgor BD : bd. whence AB : Ab:: BD : bd. therefore 44D is
a right line.

_And if you fuppofe the fpace to be as the nth power of the
time, it willftillbe, 1: ¢":: 4B : Ab:: BD : bd; and AdD is
ftill a right line for any fimilar forces.

Case IIL

But if the body A be carried thmu%_l: 4D by a uniform force,
in the fame time it would be carried through A#M by an accele-
rative force; then by both forces a&ting together, it will at
the end of that time be found in the point H, of the parallelo-
gram MADH ; but then the line it defcribes AGH, will not be
a right line.

Cor. 1. The forces, in the direflions AB, AC, ..rfb, are refpec-
tively proportional to the lines, AB, AC, AD ; and in thefe direc-
tions.

For by Cor. Prop. IV. the time and the quantity of matter
being given ; the force is directly as’ the fpace defcribed. And

1n accelerated motion, the fame is true, by Pr. V. Cor. 3. and
Pr. VI,

Cor. 2. The two obligue forces AB, AC is equivalent to the fingle
diredd force AD, which may be compounded of thefe two, by draw-
irg the diagonal of the parallelogram AD.

Cor. 3. Any fingle direfl force AD, may be refolved into the two
obligue forees whofe quantities and direftions are AB; AC, baving
1he fame effet s by deferibing any parallelogram whofe diagonal is AD.

Cor. 4. A body being agitated by two forces at once, will pafs
through the fame point, as it would do if the two forces were to af?
Jeparately and fucceffrvely.  And if any wew miotion be impreffed on

a body
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@ body already in motion, it does not alter its imotion in lines parallel ¥ v G.

10 its former direéiion.
. Cor. 5. If tawo forces as AB, AC aff in the direttions AB, AC,
refpectively ; draw AR to the middle of the right line BC, and 2 AR
is the force compounded out of thefe, and AR its diretiion.

PR OP, VIL

Zet there be three forces A, B, C of the fame kind, afling againft
one anothery at the point D, and whofe direliions are all in one
plane 5 and if they keep one another in equilibrio, thefe forces will

. be to each other refpectively, as the three fides of a triangle drawn

. parallel to their lines of direiion, BL Gl CD.

. Let DC. reprefent the force C, and produce 4D, BD, and
compleat the parallelogram DICH : And by the laft Prop. the
force DC is equivalent to_the two forces DH, DI; put there-
fore, the forces DH, DI inftead of DC, and all the forces will
ftill be in equilibrio. Therefore by ax. r1. DI is equal to its
‘oppofite force 4, and DH or CI equal to its oppofite force B.
Therefore the three forces 4, B, C are refpectively ss DI, CI,CD.

Cor. 1. Hence the forces A, B, C are refpeclively as the three fides
of a triangle, drawn perpendicular to their lines of direliion, or in
any given angle to them, on the fame fide. For fuch a triangle will
be fimilar to the former triangle. g

Cor. 2. The three forces ABC will be 10 each other as the fines of
the angles through which their refpeclive lines of direclion do pafs,
when produced. :

For DI : CI::8.DCIor CDB : §.DCI or CDA.

AndCI: CD:: 8.CDI or CDA: 8.CHD or HDI or ADB.

Cor. 3. If there be never fo many forces aéling againft any point in
oe plane, and keep one another in equilibrio; they may be all reduced
10 the aftion of three, or even of two equal and appq/r):.e ones.

For if HD, ID be two forces, they are equivalent to the fin-
gle force DC. and in like manner 4 and B may be reduced toa
fingle force. ‘

Cor. 4. Aund if ever fo many forces in different planes, afling a-

gainft one pointy keep one another in equilibrio 5 they may be a:}f ”;f
i HCE
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¥ 1 ¢, duced to the altions of feveral forces in one plane, and confequently to

3.

two equal and oppofite ones. -

F;fr ifthtfopg'f'orcesm B, H, I, att againft the point D;
and H, I, be out of the plane 4BD. Let DC be the common
fection of the planes ADB, HDI; then the forces H, I, are re-
duced to the force C, in the plane 4DB.

SCHO L.

This Prop. holds true of all forces whatever; whether of im-
pulfe or percuffion, thrufting, pulling, prefing; or whether
inftantaneous or continual ; provided they be all of the fame
kind.

Hence if three forces at in one plane, their proportions are
had ; and if one force be given, the reft may be found. And if
four forces act, and two be given, the other two may be found ;
but if only one be given, the reft cannot be found 3 for in the
three forces A, B, C, the force C may be divided into o-
ther two, an infinite number of ways, by drawing any paralle-
logram DICH about the diagonal DC. And in general if there
be any number of forces afting at D, and all be given but two,
thefe two may be found : otherwife not, tho’ the pofitions of
them all be given. _

PR:0O-P X

If one body als againft another body by any kind of force whatever y
it exerls that force in the direétion of a line perpendicular to the
Jurface whereon it afis.

Let the body Bbe aéted on by the force 4B in the direftion AB.
Let the body C and the obftacle O, hinder the body B from
moving ; divide the force 4B into the two forces 4D, AE; or
£B, DB, by Cor. 3. Prop. VII. the one perpendicular, the o-
ther parallel to the furface DB. then the furface DB receives the
perpendicular force £B, and the obftacle O the parallel force D&,
take away the obftacle O, and the force DB will move the body
B in a direction parallel to the furface, with no other effect than
what arifes from the fri€tion of B againft that furface, occafioned
by the preffure of B againtt it by the force EB which, if the
furface be perfeétly fmooth and void of tenacity, will be no-
thing. The force DB therefore having no effe®, the remain-
ing force £B will be the only one, whereby the body B ‘aits a--

gainft
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gaint the furface DB, and that in direction EB perpendicular ¢
to it -

Cor. 1. If a given body B firike another body C obliquely, at any
angle ABD, the magnitude of the flroke will be direilly as the velo-
city and the fine of the angle of incidence ABD and the body C re-
ceives that firoke in the direflion EB perpendicular to the [urface
DB,

For if the angle 4BD be given ; the firoke will be greater in

ortion to the velocity ; and if the velocity 4B be given, the
mc will be as AD, or §. << ABD. Or themagnitude of the
~ ftroke is as the velocity wherewith the body appmac%les the plane.

Cor. 2. If a perfeftly elaftic body A impinges on a bard or claftic

body CB at B, it will be refleéted from ity fo that the angle of re-
flettion will be equal to the angle of incidence.

"~ For the motion at B parallel to the furface is not at all changed
by the ftroke. And becaufe the bodies are elaftic they recover
their figure, in the fame time they lofe it by the ftroke ; there-
fore the velocity in direftion BE is the fame after as before the
firoke. Let AE, BE reprefent the velocities before the ftroke,
and ED (= AE) and BE the refpective velocities after the
ftroke ; then in the two fimilar and equal triangles 4EB, BED,
< ABE is equal to EBD.

But fince no bodies in nature are perfectly elaftic, they are
fomething longer of regaining their figure; and therefore the
angle DBF will be fomething more acute than the << 4BG.

Cor. 3. If one given body impinges upor another given body ; the
magnitude of the jgrakg will be as the relative welocity between the
bodies.

For the magnitude of the ftroke is as the line BE, or the ve-
locity wherewith the bodies approach each other ; that is, as
the relative velocity. :

Cor. 4. And in any bodies whatever, if a body in motion firike a-
gainft another, the magnitude of the firoke will be as the motion loft by
ibe firiking body.

" For the motion imprefled on the body that receives the
firoke is equal to the magnitude of the ftroke. And the fame

a%tiﬂn by Ax. 3. is equal to the motion loft in the ftriking
ody.

Cor.

i
I G.

iha
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Cor. 5. A non-elaftic body firiking another mon-elaftic body, only
lofes balf as much motion as if the bodies were perfebtly elaftic.

For the non-elaftic bodies only ftop ; but elaftic bodies recede
with the fame velocity they meet with. AATY 3

Cor. 6. Hence alfo it follows, that if one body alts upon another,
by friking, prefing, Se. the otber ve-alls upon this in the direllion
of a line perpendicular to the furface whereon they aff. By Ax. 3.

s ChH QL

Though the momemtum or quantity of motion'in a moving
body, is a quite diftinct thing from. the force that generates it ;
yet when it ftrikes another body and puts it into motion, it may
with refpect to that other body, be confidered as a certain quan-
tity of force proportional to the motion it generates in the other
body.

ﬁlfo, although the motion generated by the impulfe of ano-
ther body is confidered as generated in an inftant, upon account
of the very fmall time it is performed in 3 yet in mathematical
flri¢tnefs it is abfolutely impoffible that any motion can be ge-
nerated in an inftant, by impulfe or any forc of finite force
whatever. For when we confider that the parts of the body
which yield to the ftroke, are forced into a new pofition 3 there
will be required fome time for the yielding parts to be moved
through a certain fpace into this new pofition. Now during this
time, the two bodies are aéting upon each other with a certain
accelerative force, which in that time generates that motion,
which is the effect of their mutual impulfe. So that it is plain
that this is an effect produced in time ; and the leffer the time,
the greater the force ; and if the time be infinitely {fmall, the
force ought to be infinitely great, which is impoffible. But by
reafon that this effect is produced in fo fmall a time as to be
utterly imperceptible, fo that it cannot be brought to any cal-
culation ; upon this account the time is entirely fet afide, and
the whole effet imputed to the force only, which is therefore
fuppoled to aét but for a moment. _

The quantity of motion in bodies has been proved to be as
the velocity and quantity of matter. But the momemtum or
quantity of motion may be the fame in different bodies, and
yet may have very different effects Dt:fun other bodies, on which
they impinge, For if a fmall body with a great velocity im-
pinge upon another body ; and if, by reafon of its great velo-
city, it act more ftrongly upon the fmall part of the body 11.1;:{:::}1l

whic
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which it impinges, than the force of cohefion of the parts of ¥ 1 o,

that body ; then the part acted on, will, by this vigorous ac-
tion, be feparated from the reft ; whilft by reafon of the very
fmall time of acting, little or no motion is communicated to
the reft of the body. But if a great body with a fmall velocity
ftrike another body; and if by reafon of its flow motion it
does not aét fo vigoroully as to exceed the force of cohefion ,
the part ftruck will communicate the motion to the reft of the
body, and the whole body will be moved together. Thus if a
bullet be thot out of a gun, the momentum of the bullet and
piece are equal ; but the bullet will fhoot through a board, and
the gun will only jump a little againft him that difcharges ir.
Therefore {mall bodies with great velocity, are more proper to
tear in picces : and great bodies with fmall velocity, to fhake
or move the whole.,

BROE X

The fum of the motians of any two bodies in any one line of direttion,
towards the [ame part 3 canmot be changed by any allion of the
bodies upon each other 3 whatever forces thefe altions are caufed
by, or the bodies exert among themfelves.

Here I efteem progreffive motions, or motions towards the
fame part, affirmative ; and regreflive ones, negative.

TCiaex LT

Let two bodies move the fame way, and ftrike one another
directly. Now fince action and reaction (by ax. 3.) are equal
and comtrary, and this aftion and reation is the very force
_ by which the new motions are generated in the bodies ; there-
fore (by ax. 2.) there will be produced equal changes towards
contrary parts. And therefore whatever quantity of motion is
gained by the preceding body will be loft by the following
one ; and confequently their fum is the fame as before.

And if the bodies don’t firike each other but are fuppofed to
alt any other way as by preffure, attraction, repulfion, (Se. yet
ftill fince action and re-ation are equal and contrary ; there
will be induced an equal change in the motion of the bodies,
and in contrary directions ; o that the fum of the motions will
ftill remain the fame.

D Case
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Casg 1L

Suppofe the bodies to ftrike each other obliquely ; then fince
(by the laft prop.) they aét upon each other in a direction per-
pendicular to the furface in which they ftrike ; the action and
re-aftion . in that dire@ion being equal and contrary; the fum
of the motions, the fame way, in that line of direction, muft
remain the fame as before. And fince the bodies do not act
upon each other in a direction parallel to the ftriking furface ;
therefore there is induced no change of motion in that direétion.
And therefore univerfally the fum of the motions will remain
the fame confidered in any one line of direction whatever. And
if the bodies a& upon one another by any other forces whatever ;
ftill (by ax. 2. and 3.) the changes of motions will be equal
and contrary, and their fum the fame as before.

Cor. 1. The fum of the mations of any fyfiem or number of bodies,
in any one line of direclion, taken the [ame way, remains always
the fame; whalever forces thefe bodies exert wupon each otber ;
eftceming contrary motions to be negative. And therefore,

Cor. 2. The [fum of the motions of all the bodies in the world,
eftimated in one and the fame line of diretlion, and always the [ame
way ; is eternally and invariably the fame: ¢ficeming thefe motions
affirmative whick ere progreffive, or direiled the fame way ; and
the regreffive motions negative. And iberefore in this fenfe motion
can neither be increafed nor diminifbed. But, |

Cor. 3. If youreckon the motions in all diretlions to be affirma-
tive, then the quantity of motion may be increafed or decreafed an
infinite number of ways. As fuppofe two equal non-elafiic badies, to
meet one another with equal velacities 5 they will both flop and lofe
all their motions. -

For let M be the motion of each, then before meeting the
fum of their motions is M+M; and after their meeting, it
is 0. But in the fenfe of this Prop. M—A{ is the fum ug the
motions before they meet, becaufe they move contrary ways,
which is 0; and it is the fame after they meet. And thusa
man may put feveral bodies into motion with his hands, which

had no motion before; and that in as many feveral directions
as he will.

PROP.
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PROP. XL

The motions Iaf bodies included in a given fpace, are the fame among
themfelves 3 whether that [pace is at reft, or moves uniformly
forward in a right line. :

For if a body be moving in any right line; and there be
any force equally imprefled, both upon the body and the right
line in any direttion. And in mmﬁuence of this, they both
move uniformly with the fame velocity ; now as there is no force
to carry the body our of that line, it muft ftill continue in it as
beforey and as there is no force to alter the motion of the body
in the right line ; it will (by ax. 1.) ftill continue to move in
it as before, For the fame reafon, the motions of any number
of bodies moving in feveral directions, will {till continue the
fame s and their motions among themfelves will be the fame,
whether that fpace be at reft, or move uniformly forward.

Likewife, fince the relative velocities of bodies, (that is, the
difference of the real velocides the fame way; or their fum,
different ways) remain the fame, whether that fpace be at reft,
or it and the bodies move uniformly forward all together.
Therefore their mutual impulfes, collilions, and aétions upon
one another, being (by Cor. 3. Pr. IX.) as the relative veloci-
ties ; muft (by ax. 3.) remain the fame in both cafes. ‘

SiCHOL

Before 1 end this feftion, it may not be amifs to mention a
certain kind of force, called by'the foreigners, wvis viva. This
they term a faculty of afling; and diftinguith it from the wis
mortua, which with them fignifies only a folicitation to motion,
fuch as preflure, gravity, &ve. concerning this vis viva they talk
fo obfcurely, that it is hard to know what they mean by it.
But they meafure its quantity by the number of fprings which
a moving body can bend to the fame degree of tenfion, or break,
whether it be a longer or a fhorter time in bending them. So
that the wis viva is the total effect of a body in motion, acting
till its motion be all fpent. And according to this, they find,
that the force (or wis viva) to overcome any number of fprings;
;Wﬁ} always be as the body multiply’d by the fquare of the ve-
ocity.

D=2 Suppoie

9

FI1G.
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Suppofe any number of equal and fimilar fprings placed at
equal diftances in a right line; and a body be moved in the
fame right line againit thefe fprings; then the number of
fprings which that body will break before it flop, will be as
the fquare of its velocity : whatever be the law of the refiftance
of any {pring in the feveral parts of iu‘ tenfion. For from the
foregoing Prop. it appears, that the fwifter the body moves, fo
much the lefs time has any fpring to aét againft it to deftroy its
motion : and therefore the motion deftroy’d by one fpring will
be as the time of its atting; and by feveral f{pri as the
whole time of their aéting ; and confequently the Iz%s{i:ance is
uniform. And fince the refiftance is uniform, the velocity loft
will be as the time, thatis as the fpace diretly and velocity
reciprocally ; whence the fpace, and therefore the number of
fprings, is as the {quare of the velocity. And upon this ac-
count they meafure the force of abody in motion, by the fquare
of the velocity. So at laft the vis viva feems to be the total
{fpace pafled over, by 2 body meeting with a given refiftance ;
which fpace is always as the fquare of the velocity. And this
comes to the fame thing as the force and time together, in the
common mechanics.

Now it feems to be a neceffary property of the vis viva, that
the refiftance is uniform. But there aré infinite cales where
this does not happen ; and in fuch cafes, this law of the vis
viva muft fail. And fince it fails in fo many cafes, and is fo
obfcure it itfelf ; it ought to be weeded out, and not to pafs for
a principle in mechanics.

Likewife if bodies in motion impinge on one another, the
confervation of the vis viva can only take place when the bodies
are perfetly elaftic. But as there are no bodies to be found
in nature which are {o; this law will never hold good in the
motion of bodies after impulfe; but in this refped, it muft
eternally fail.

This notion of the vis viva was firft introduced by M. Lzib-
nitz, who believed that every particle of matter was endued
with a living foul. |

SECT,



[ 21°])
SECT. IL

The laws of gravity, the defcent of heavy Bodies, ¥ 1¢.
and the motion of projeltiles, in free [pace.

PLR DR X,

The [ame quantity of force is requifite to keep a body in any uniform
wiotion, direflly upwards, asis required to keep it [upended, or
at reft.

And if a body defcends uniformly, the fame force that is [ufficient

o hinder its acceleration in defcending, is equal to the weight

aof it.

For the force of gravity will a& equally on the body in
. any ftate whether of motion or reft. Therefore if a body is
projected direétly upwards or downwards with any degree of
velocity ; it would for ever retain its velocity if it were not for
the force of gravity that draws it down, by ax 1. If therefore
a force equal to its gravity were apply’d direétly upwards ; then
(by ax g.) thefe two forces deftroy each others effects ; and it
is the fg.mc thing as if the body was ated on by no force at all.
And therefore (by ax z.) it would retain its uniform motion.

Cor. But if a body be moved upwards with an accelerated motions
the force to caufe that motion will be greater than its weight ; and
that in proportion to its acceleration (by ax. 10.)

PR OPE XIL

The welocities of falling bodies are as the times of their falling
s, Sfrom reff.

" For by'ﬁo&ulate 3. The body is uniformly atted on by gra-
vity, which is its accelerating force downwards; therefore by
Cor. 3. Prop. V. the velocity is as the force and time directly,

and the mauter reciprocally. But by ax 3. the force of Em"it_}’
: is
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Cor. 4. If a body be projelied upwards with the velocity it ac-
fdred in falling 5 it will, in the fame time, aftend to the fame

ight it fell fromy and deferibe equal [paces in equal times, both
in rifing and falling, but in an inverfe order 5 and will bave the
fame welocity at every point of the line deferibed.

For by Cor. 2. of the laft Prop. equal velocities will be gained
or loft in equal times, (reckoning from the laft moment of the
defcent). ‘Therefore, fince at the feveral correfpondent points
of time, the velocities will be equal, the fpaces defcribed in any
given time will be equal, and the wholes equal.

Cor. 5. If bedies be projefled upwards with any welocities; the
bights of their afcent will be as the fquares of the velocitics, or as
the fquares of the times of their afcending.

For in defcending bodies the fpaces delcended are the fquares
of the laft velocities, by Cor. 1. And by Cor. 4, the fpaces af-
cended will be equal to thofe defcended.

Cor. 6. If a body is projetied upwards with any welocily 5 with
the fame velocity undiminifbed, it would defcribe twice the [pace of
its whole afeent, in the fame time. By Cor. 3 and 4.

Cor, 5. Hence alfo all bodies at the [urface of the carib defeend
equal [paces in equal times.

SCHOL

It is known by experiments that a heavy body falls 165 feet in
2 fecond of time, and acquires a velocity which will carry it over
a2} feet in a fecond ; which being known, the fpaces defcribed
in any other times, and the velocities acquired, will be known
by the foregoing propofitions; and the contrary. Thefe propo-
fitions are y true, where there is no refiftance to hinder the
motion ; but becaufe bodies are a little refifted by the air, de-
frending bodies will be a little longer in falling; and a body
projeéted upwards, will be fomething longer in de{cending than
in afcending, and falls with a lefs velocity ; and confequently a
body projected upwards with the velocity it falls with, will not
afcend quite to the fame hight but thefe errors are fo fmall,
that in moft cafes they may fafely be neglected.

If the force by which a body is accelerated in falling was di-
rectly as the height fallen from; it may be computed (by Cor.

2. Prop. V.)that the velocity acquired will alfo be as the hights
or

<3
¥ 6.
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p1o. or the fpace defcribed directly as the velocity. And therefore if

b |

bodies were projeéted upwards, they would in this cafe afcend
to hights, which are as the velocities with which they are pro-

jected. This being compared with Cor. 5. of the laft Prop, it

is ealy to conclude that bodies projected upwards, and acted up-
on by a force which is neither of a given quantity, nor in pro.
portion to the diftance of the body from the top of the ai-
cent, but between them ; that thefe bodies will then afcend to
hights which are between the fimple and duplicate ratio of the
velocities.

And as thefe propofitions lead us to the knowledge of the re-
lation between the velocities and fpaces deferibed, from the forces
bf:ing given. So wice verfa, from that relation bci_ng given,
the forees may be known. Whence if bodies are projected with
any velocities into a refifting medium, and the gpaces deferibed
within that body, meafured; the conftitution of that body, and
the law of its refiftance will be found.

PAR-O PoleX

If a body be projecied either parallel to the borizon, or in any oblique
diredtion 5 it will, by its motion, deferibe a parabola.

Let 4D be the direftion of the motion, AFG the curve de-
fcribed ; and let 4B, BC, CD, &c. be all equal ; draw AM,
BF, CG, DH, &c. perpendicular to the horizon ; and compleat
the parallelograms, AF, AG, AH, &c. then by Ax. 1. if the
body were without gravity, it would move on in the line 4D
and defcribe the lines 4B, BC, CD, &ec. in equal times. Now
fince gravity alts in lines perpendicular to the horizon, it
does not affect the motion in direction 4D but generates a
motion in dire€tion #M. So that the body, inftead of being at
B, C, D, &c. will at the fame points of time be at F, G,
H, &c. Butin the time of defcribing 4B, 4C, AD, the body
by the force of gravity will defcend through the fpaces BF, CG,
DH ; which are as the fquares of the times they are defcribed
i, (by Prop. 14.) that is as the fquares of the lines, 4B, AC,
AD. But 4B, AC, AD are equal to KF, LG, MH ; and BF,
CG, DH, equal to AK, AL, AM. Therefore the parts of the
axis of the curve, 4K, AL, AM, 8&c. are refpettively as. the
{quares of the ordinates KF*, LG:, MH:, &c. And therefore,
by the conic fections, the curve AFG is a parabola.

Cor.
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MECHANICAL POWER S,

Cor. 1. In any fort of leaver whether freight or bended, and
whether moveable about a fingle point C, or an axis AB s or whe-
ther the leaver be fixt to the axis and both together moveable ahout
two centers A, B 5 or whatever form the leavers bave s if AR be
a right line, and from the ends P, W, there be drawn lines to the
center Cy or perpendiculars to the axis AB ;5 and if the power and
weight all perpendicular to thefe lines, and be always veciprocally
as thele diftances drawn to the center C or axis AB 5 then they will
be in equilibrio. S

Cor. 2. In any fort of leaver WCP, and in whatever direfiions
the power and weight alt on it 5 if their quantities be reciprocally
as the perpendiculars on their feveral direflions, let fall from the
center of motion 5 they will be in equilibrio. O they will be in
equilibrio, when the weight multiply’d by its diffance, and the
S.angle of its direction, is equal to the power multiply’d byits diftance,
and 5. < of its direltion. WXWCXS.DWC—PxPCxS.EPC.

For the power and weight will be in equilibrio if they be
fuppofed to act at £ and D; and by ax. 14. it is the fame
thing whether they act at £ and D, or at P and . Allo by
trigonometry, WCxS.# =DC, and PCxS.P=CE.

Cor. 3. Hence univerfally, if any force be apply’d to a leaver
ils effecd in moving the leaver, will be as that force multiply’d by
the diftance of its line of direftion from the center of motion, Or
the effell is as the force X by its difiance from the center, and by
the fine of the angle of its direétion, PxPCxS.P.

Cor. 4. If 2 bodies be in equilibrio on the leaver, each weight
15 reciprocally as its diffance from the center.

Cor. 5. In the fireight leaver when the weight and power ave in
equilibrio, and aft perpendicularly on the leaver or in parallel direc-
tions 5 then of thefe three the power, weight, and preflure upon the
Julcrum, any one of them is as the difiance of the other two.

For if CP reprefent the weight 17, then C will reprefent
the power P.  And in fig. 10, C fuftains both the wei hts, and
therefore the preflure is #7P; and fig. 19, 20, C fuﬁains the

difference of the weights, and therefore the preffure will be WP.

PROP
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PR O-P. " XX

If feveral weights be fufpended on a flreight leaver AB 5 and if the
fum of the produils of each weight, multiply’d by its diftance from
the center of motion C, on one fide, be equal to the fum of the
produlls on the other fide 5 then they will be in equilibrio. ~ And
the contrary.

For the force of each weight to move the leaver is as.the
weight multiply’d by the diftance (by Cor. 3. laft Prop.) ; and
the fum of the produéts is as the whole forces ; which if they
be equal, the forces on both fides are equal, and the leaver re-

maing at reft,

Eeit G . XN

If a bended leaver TWCP be kept in equilibrio by two powers, alling
in the direttions PB, WA perpendicular to the ends of the leaver
CP, CIV 5 and if the lines of direilion be produced till they meet
in A, and AC drawn, and CB parallel ta WA. I fay the power
P, the weght or power W, and the force atling againft the
Julcrum C 5 will be refpectively as AB, BC, AC ;5 and in thefe
very direttions.

Draw CB, CF parallel to A, PA; then the angle #FC =
WAP=CBP, and the right angled triangles #CF and BCP
are fimilar; whence CF : CB :: CW : CP :: (by Cor. 2.
Pr. 19.) power P: power /. Now fince (by ax. 14.) it is
the fame thing to what points of the lines of direction PB, W'F,
the forces P, W be apply'd; let us fuppofe them both to
act at the point of interfection 4; then fince the point A is
acted on by two forces which are as CF and CB, or as 4B and
AF 3 and both thefe are equivalent to the fingle force 4C (by
Cor. 2. Pr. 7.) Therefore the fulerum C is ated on by the
force AC, and in that direttion, by ax. r1.

Cor. 1. Hence the power P, the weight W, and the preffure the
fulerum C fuflainsy are refpedlively as WC, PC, and PW. That
15 any one, is as the diftance of the other two.

For fince the angles at P, # are right; CA is the diameter
of a circle pafling through the points 4, P, C, #/; therefore

1 3

- the

Z1.

2.
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26. Cer. 4. If BC be infinite, or (which is the [ame thing) if BK
be a right line perpendicular to AB 5 then BE or KDF awill be the
vulgar cycloid. Therefore whillt the point D meves uniformly about
the center A, the point K will move uniformly along the right line
BK, and with equal velocities and forces : The point D in the mean
time alling upon the cycloidal tooth KD. And any equal oppefite
forces will fuftain one another.

2. In fike manner, if BA be infinite, or BD a right line perpendi-
cular 10 BCy then BE or DK will be anvepicycloid gemerated by
the tangent DB revolving on the circle BK. And the velocities of
K in the right line BK, and of D in the right line BD, will be
always equal :* And equal forces will bt [uftained at B, in all pofi-
tions of the leaver CKD.

28, Cor. 5. If the figure of the tooth ef, at the end of the leaver
AB, be given 5 and the epicycloid BE be defcribed as before. And
if ibe leavers AB, CB, be made te revolve about their centers A,
C; jo that the point B always move in the epicycloid BE or KD.
And if the tralt of the extreme points of the tooth be mark’t out
upon the plane of the cycloidal tooth, as at fggege, or at fumnne.
And if the part fgDAKf be cut away, if the tooth be to afi on the
concave fide of the epicycloid y or fueDdKS, if on the comvex fide.
Then if the leavers revalve fo that the tooth move along the curve
g or nny the points D and K of the leavers AB, CD, will move
with equal velocities, in the arches BD, BK, as before. For the
fixt point B in the tooth will ftill defcribe the epicycloid.

20. Cor. 6. If the two epicycloids BE, BO be deferibed upon BM,
BL with the generating circles BD, BK 5 and the leaters AB,
CB, revolve about the centers A, Cs [o that the point B or D of
the leaver AB move along the epicycloid BE or KDS. Then the
point B or K, of the leaver CB, will at tbe fame time move along
the epicycloid BO or DKT 5 and the points D, K, will deferibe the
equal arches BD, BK. nd therefore it is the fame thing, on
whick leaver the cycloidal tooth be placed, or whether on one or both.

For the epicycloid DK7 generated on DB, will pafs through
K, if BD = BK. Alfo the epicycloid KDS, generated upon
KB, will pafs through D, when BK = BD.

S CH O.L
24,  The leavers 4B, CB are fuppofed only to act upon one ano-

25. ther, below the line AC; for was the aCtion fuppofed to be
continued
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continued above the Iinﬂ_xfﬂ, the point B would no longer a& 7 1.
on the fame, but on a different epicycloid ;5 and the equality of 24.
motion would hold no longer, 2z,

PROP XXIV.

In the wheel and axel, if the power P be to the weight W, as the  so.
diameter of the axel EF where the weight affs, to the diameter
of the wheel AB, where the power afls; then the power and
aweight will be in equilibrio. And the contrary.

For let AB be the wheel, CD the axel; and fuppofe the
wheel and axel to turn once round ; then it is plain the power
- P will have defcended a fpace equal to the circumference of the
wheel ; and the weight 77 will have rifen a hight equal to the
circumference of the axis. Therefore velocity of P, to velocity
of # : : as circumference of the wheel, to circumference of the
. axis : : or as diameter of the wheel, to diameter of the axis : :
that is (by fuppofition) as #, to P, Therefore the motions of
P and W are equal ; and have equal forces to move each other;
and therefore (by ax. 9.) will remain in equilibrio.

This Prop. will appear otherwife. For the wheel and axel
may be reduced to a leaver of the firft kind : for the fulcrum
will be in the middle of the axis CD. ‘Thereforé drawing
lines from the middle of the axis to the power and weight, pa-
rallel to the horizon ; and the radius of the wheel will be the
diftance of the power, and the radius of the axel the diftance
of the weight. And as there radii are reciprocally as the weight
and power, therefore (by Prop. 1g.) they will be in equilibrio.
And thus the wheel and axel is no more but a perpetual leaver.

Cor. 1. If the rope bave any [enfible thicknefs 5 then if the power
P : weight W : : diameter of the axel + ihe diameter of the rope :
diameter of the wheel where the power alisy they will be in equi-
libria. :
For the weight really hangs half the thicknefs of the rope,
beyond the axel.

Cor. 2. If the direGion of the power is not a tangent fo the 31.
wheel 5 fuppofe it to ai at D ord, and let CA be perpendicular to
the line of diretion s thenif P : W : ; CB : Cd, then they will
be in equilibrio, by Cor. 2. Prop. 19. &
or.
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F 1 G. thickne[s given them, that they may more eafily difengage themfelves s
35. as well as for firength;
' PR OP XXVIL
36. In a combination of wheels with teeth 5 if the power P be to the

weight W5 as the produfl of the diameters of all the axels,

pinionsy or trundless to the produil of the diameters of all the
wheels 5 they will be in equilibrio.

For by Prop. XXIV.

The power P afting at 4 : force on B : : diam. B : diam. 4,
and force on B or C: force on D : : diam. D : diam. C,
and force on D or E : weight #7 at F' : : diam. F : diam. £,

Therefore ex equo.
Power P : weight 777 : : product of the diameters B, D, F:
to the product of the diameters 4, G, E.

Cor. 1. In a combination of wheels going by cords 5 if the power
P be to the weight Wy as the produit of all the diameters of the
axels, B, D, F, to the produfl of all the diameters of the wheels,
A, C, E ;5 they will be in equilibrio.
For the cords fupply the place of tecth,

Cor. 2. In any combination of wheels with teeth 5 if the power
P be to the weight Wy as the diameter of the axel F where the
weight ails, multiply'd into the produs? of the teeth in cach pinion
or [pindle; is to the diameter of the wheel A, where the power ails,
multiply'd by the produil of the teeth in each of the wheels 5:&;;: the
pinions alt againft); the weight and power will be in equilibrio.

For the number of teeth in each wheel and pinion that act

againit one another, are as the circumferences or as the dia-
meters of that wheel and pinion.

Cor. 3. And bence alfo, if the power be to the weight, in a
ratio compounded of the diameter of the axel F, where the weight
alls to the diameter of the wheel A, where the power
alls, and the ratio of the wumber of teeth in the firlk axel (B),
reckoning from the power; to the number of teeth in the [econd
wheel (C), and of the number of teeth in the fecond axel (D), 1o

the number in the third wheel (E); and fo on till the laft 5 then
they will be in equilibrio. Cor.
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Cor. 2. And by redfon of the obliguity of the teeth, the force
afling perpendicular to the teeth, the lateral force perpendicular to
the wheel, and the direli force in the plane of the wheel s will be
refpesiively, as radiusy the fine, and cofine of the obliquity of (he
teeth.

For let GD be the fide of a tooth afted on; GE parallel to
the axis of the wheel, and DE perpendicular to it, or in the
plane of the wheel. Now if GD reprefent the force acting
perpendicular to the tooth. Then DE, GE will be the forces
acting in the direCtions GE, DE, §by Cor. 1. Prop. 8.) but if
GII? radius, DE is the fine of the obliquity, and GE the
cofine.

Cor. 3. The leffer the difiances of the threads, and the longer
the bandle isy the eafier any given weight is. moved.

Cor. 4. What is bere demonfivated, will bold equally true, if the
wheel CD aél upon another wheel with oblique tecth, inflead of the
worm AB.

b

SC HO L.

The force of the fcrew refembles the force that drives a body
uEna.n inclined plane ; the force acting parallel to the bale of the
plane.

PROP XXX

Let EFG be the bafe of a wedge in form of an ifoctles triangle 5
then if the power alling perpendicular to the bafe FG, is to the
force aéting againft either fide, in direftion perpendiculor to that
Jide 3 as the bafe of the wedge FG, to cither of the jfides EF,
EG: Then the wedge is in equilibrio,

For draw the axis ED perpendicular to the bafe FG; and
CA, CB perpendicular to the fides EF, EG; then DC is the
direction of the power. And (by Prop. g.) the impediment to
be removed, afts againft the wedge in the directions 4C, BC;
and therefore (by Cor. 1. Prop. 8.) the power, and the actions
.of the impediment, are as FG, FE, EG refpectively, when
they are in equilibrio.

G 2 Cer.
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DESCENT of BODIES

n»

Cor. 1. Therefore if a body be fufpended by a firing, and by
ofcillating deferibes any curve AB 5 or if it is any way forced to
move in any polifbed, and perfeltly fmooth furface AB 5 whilli ano-
ther body afcends or defcends in a right line.  Then if their veloei-
ties be equal at any one equal altitude 5 they will be equal at all
other equal altitudes.

For the fame thing is effected by the ftring of the pendulous
body, as by the fmooth furface of a polithed body.

Cor. 2. Hence a body ofcillating in any curve line whatever, ac-
quires the Jame wvelocity in the curve 5 as if it bad fallen perpend:-
cularly from the fame bight. And therefore the velocity in any point

of the curve, is as the [quare root of the bight defcended.

Cor. 3. And @ body after its defeent through amy curve, will

afeend to the fame bight ina fimilar and equal curve, or even in any

curve whatever,  dnd the velocities will be equal at all equal alti-

budes.  And the afcent and defeent will be in the fame time, if the
curves are the fame.

For the forces that generated the' motion in defcending, will
equally deftroy it in afcending, and therefore they will lofe equal
velocities by alcending equal hights. And if the curves are
fimilar and ‘equal, every particle of the curve will be defcribed
with the fame velocity, and therefore in the fame time, whether
afcending or defcending.

Cor. 4. This Prop. is equally true, whether the curve AKB be
in one plane perpendicular to the borizon, or in feveral planes IK,
KG, . winding about in nature of a [piral.

PR OP XXXIX.

The times of defcent through two fimilar parts of fimilar curves; are
in the fubduplicate ratio of their lengths, ab, AB.

Divide both curves into an equal number of mfinitely fmall

-parts, [imilar to cach other; and let 4¢, BC, be two of them,

fimilarly pofited ; and draw 75, RB, perpendicular to ab, AH.
By Prop. III. the fpace defcribed is as the time and vr:locitir,
and the time of defcribing any fpace, is as the fpace direétly
and velocity reciprocally. . By Cor. 2. Prop. 38. the velocities

: in
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in and B are as o/r) and /RB, that is becaufe ard, ARB r1 e,
are fimilar, as*y/ab and /4B, Therefore the time of de- 54.

fcribing &¢ : to time of defcribing BC : : vifﬂ‘: ji*g
ab AB

V'f—aﬁ:-_,fﬁ: :aab 1/ AB 1 /ad 1 /AD, becaufe the

curves are {imilarly divided. Whence, by compofition, the whole
time of defcribing ab : whole time of defcribing 4B : : is in
the fame given ratio of 4/ab : /4B, or /ad : \/AD,

Cor. 1. Hence if two pendulums deferibe fimilar archesy the times
of their vibrations, are as the [quare roots of their lengths, O the
lengths as the [quares of the times of vibration.

For let bd, HD, be the lengths of the pendulums; then be-
caufe the figures are fimilar, itis ad : 4D : : bd : HD,

Cor. 2. If a pendulum wvibrates in a circle, the velocity in the
leweft point, is as the cord of the arch it deferibed in defeending.

For (by Cor. 2. Prop. 38.) it acquires the fame velocity in
the arch as in the cord; and (by Cor. 2. Prop. 37.) the velo-
city in the cord, is as the cord.

Cor. 3. The lengths of pendulums vibrating in fimilar arches, are
reciprocally proportional to the [quares of the number of their vibra-
tions, in a given time.

PoR-D Pl X

If @ pendulum wibrates in a cycloid 5 the time of one vibratiom, is 5.
to the time of a body's falling perpendicularly through balf the
length of the pendulum y as the circumference of & circle to the
diameter,

Let ADa be the cycloid, FD its axis, FGD the generating
eircle. ‘Let the body defcend from H, and in vibrating defcribe
the arch Db, Divide HD into innumerable fmall parts, and
let Bb be one of them. Through H, B, &, draw HMb, BL,
b/, perpendicular to the axis FD. About the diameter MD
defcribe the femi-circle MLD ; and from its center @, draw
L, alfo draw LP parallel to MD, and DE, DG, GE. !

The
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The triangles CDG, GDE are fimilar, and CDx DE—=GD:.
Alfo the triangles QLN and /LP are fimilar, and NL : P, - -
QL : Li, and a2NL : Nu : : MD : Il.  And fince by the na-
ture of the cycloid, the tangent in B is parallel to the arch G,
therefore Gg is equal and parallel to B2,

Now fuppofe a body to defcend from E through the inclined -

lane ED ; fince this is 2 motion uniformly accelerated, there-
?ure (by Cor. x. Prop. 6.) it would, in the time of its fall,
defcribe 2 ED, with the velocity acquired in D.  And fince {h?
Cor. Prop. 3.) the times are as' the fpaces diretly, and velo-
cities reciprocally ; and (by Cor. 2. Prop. 38.) the velocities
are as the fquare roots of the hights ; therefore it will be, as

time of defcribing ED : time in C¢ : : L : "?f__ : -
5 b VD N
2M " Eoalal .
WD or 2/MD : N 2/ MDxMN : Nz by fimilar
triangles. . : . :

Again, when the velocity is given, the time is as the fpace
defcribed,  Therefore it will be, as time in Ce¢ : time in Bb - .
Cc:BborGg::CD:GD or /CDxDE:: /CD : \/DE : .
v/DN : /DM ; by fimilar triangles. Therefore ex equo, time
in ED : time in Bb : : 20/ MDxMNDN : Nu/DM : -
24/ MNxDN or 2NL : Nn: : MD : Ll. Therefore, by com-
pofition it is, as time in ED : time in the arch Ab: : MD : arch
M. And as the time in ED : whole time in HD : : MD :
femi-circumference MLD.

And fince the time of defcending through HD is equal to
the time of afcending through Db : and (by Prop. 37.) the time
of defcending through £D is equal to the time in the diameter
FD. And 2FD is = DV, the length of the pendulum (being
the radius of curvature in D) ; therefore as the time of falling
through half the length of the pendulum FD : time in HDp,
or time of @ne vibration : : diameter MD : circumference 2MLD.

Cor. 1. Hence all vibrations great and fmall, are performed in
the fame time. . For the defcent through HD is always the fame,
wherever the point H is taken.

Cor. 2. The time of defcent in HB, to the time of defeent in HD
is as the arch ML, to the femi-circumference MLD,

Cor. 3. The wvelocity of the pendulum in any point B, is as
v'DH:—DB*, °or /HBXBDb, |
For



Unable to display this page



56 VIBRATION or PENDULUMS.

FIG. :

56. Cor. 7. Erom the motion of pendulums it alfo follows, that in any

one place, the quantity of matier in any body is proportienal to its
qeight.
- f*gnr it is certain from experience that pendulums of equal
length, whatever quantities of matter they contain, vibrate in
the fame time. Therefore they will defcend through half the
length of the pendulum in the fame time; and confequently
would acquire equal velocities in the fame time. Therefore
(by Prop. 5.) the velocity and time being given, the quantity
of matter is as the force of gravity.

%

Cor. 8. Hence it alfo follows, that there are vacuities or empty
Jpaces in bodies.  For fince (by Cor. 7.) the quantity of matter
is as the weight of the bedy; if it were true that there is an
abfolute plenum, all bodies of the fame bulk muft be of equal

weight : which is contrary to all experience,

PRIO RS XEH

57. If a pendulum AT ofcillates in a circle TR, and in the mean
time be alled on in the feveral points T, by a force tending per-
pendicular to the horizon, which is to the uniform force of gra-
Vity 5 as the areh TR, is to the five TN : The times of all
vibrations will be equal, whether greater or leffer.

For from any point 7 draw 7'Z perpendicular to the horizon,
and 77" a tangent to the circle in 7'; and let A7 exprefs the
uniform force of gravity, 77 the variable force at T; draw
ZY perpendicular to 77, Then the force 7Z will be refolved
into the two 72, 7Z. Of which ¥Z, a&ing in dire¢tion A7,
does not at all change the motion of the body. But the force
7Y diretly accelerates its motion in the circle TR. The tri-
angles ATN, ZTY are fimilar, and Z : T4 : : ¥ : TN;
but (by fuppofition) 7Z : T4 : : arch TR : TN ; therefore
7Y = arch TR : that is, the force TY is as the arch to be de-
fcribed TR. ‘Therefore if 47, A, be let fall together from
the points 7, #; the velocities generated in equal times, will
be as the forces TF, #y; thatis as the arches TR, R, to be
defcribed.  But the parts defcribed at the beginning of the mo-
tion, are as the velocities, that is as the wholes to be defcribed

at
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It has been proved, thata pendulum 1s longer in vibrating in
a large arch of a circle thanina {fmall one. And it may be
computed, that if a pendulum vibrates feconds in an extremely
fmall arch 3 and C be the length in inches, of the cord of any
arch A3 then 33CC will be the feconds loft in 24 hours by
vibrating in the arch 2.4.

And if a pendulum vibrates feconds in an arch 24, and ¢ be
the cord of e, or of half the whole arch. Then 33 X Cl—¢c
will be the feconds loft in 24 hours, by vibrating in the arch,
the cord of whofe half is C.

Alfo if the bob of fuch a pendulum can be ferewed up or
down ; and you put » = number of threads of the fcrew con-
tained in an arch, y — time in minutes that the clock gains or
lofes in 24 hours. ~Then it follows by the theory of pendulums,

that = 7y will be the number of threads or revolutions of the
37

nut, that the bob is to be let down or raifed up, to beat fe-
conds.

5B C T,
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S-EC T. V.
Of the center of gravity and its properties.

PROP XLIL

If & line be drawn from the center of gravity of a body perpendi-
cular to the borizon ; if this perpendicular falls within the baje
upon which the body refls, the body will frand ; but if it falls
without the bafe, it will fall down.

Case L
F 1l G.

Let C be the center of gravity, CD perpendicular to the ho- 48,
rigon, falling within the bafe BEFG ; draw RC, and fuppofe
the whole body fufpended at the point C; then (by def. 12.),
the body will be in equilibrio, and remain at reft upon DC.
Now take away DC, and fuppofe the body to be fupported only
upon the line RC, moveable about R ; then (by ax. 8.) the
body 4B, together with the line RC will endeavour to defcend
from the polition RC towards D. Alfo for the fame reafon
the body and the line CS will endeavour to defcend from the
pofition C§ towards D ; but as thefe two motions oppofe one
another, the body will be fuftained by the points R, §, and
therefore it will ftand without falling. And the fame is true
of every two oppolfite points R, S.

C:asx XL

But if €D fall without the bafe; then the line RC and the g,
body at C will endeavour to defcend towards D ; alfo the body
€ and line CS will endeavour to defcend towards D likewife 3
and as this motion does not oppofe the other, there will be
nothing to fupport the body ; therefore it muft neceffarily fall
towards D, ;

12 Cor.









b2

FIG,
63.

8o.

64.

CENTER ofr GRAVITY.

Cor, 3. Hence alfo, the fum (or difference) of the produsis of
each particle of a body, multiplyd by its difiance from any plane
whatever, is equal to the whole body multiply'd by the diftance of
its center of gravity from that plane. And if the plance pafs through
the center of gravity ; the fums of the produlls on each fide are

equal.

Cor. 4. The fum of the forces of a [fifiem of bodies is the wvery
fame, as if all the bodies were collefied into their common center
of gravity,~and exerted their feveral forces there,

For the fum of all the forces are mDxD-+4oEXE, &¢, or

RCxA4B+DAE+F. .

Cor. 5. And the fame is truc of any forces whatever, with regard
to the center of gravity of thefe forces. And therefore if feveral
Jorces aét in parallel direllions 5 the fum of all thefe forces will be
equivalent to one fingle force 5 and their common center of gravity,
the place where it alis.

Cor. 6. If a circle be deferibed about the center of gravity G,
of a fifkem of bodies A, By, C3 and any point S be taken at plea-
fure in the circumference; then SA*XA4SB:xB+45CxC, is a
given quantity.  And ibe fame bolds true for the furface of a [phere,
and the bodies not all in one plane.

For draw 8G, on which let fall the pcrpendﬂ:ulars Aa, Bb,
Cc. Then (by Eucl. IL. 12, 13.) SA*XA4SB:%B+4SC:xC—=
SG* +GA*428GXGax A+ SG* +GB*—28GxGbx B + 5G* +GC*

+25GxGexC. But (by Cor. 2.) GaxAd—GhxB+GexC=o,
and all the reft are given quantities.

PR OP. XLV.

If there be feveral forces in one plane, alling againft one another
m the point C, whofe quantities and direflions are CA, CB, CD,
CE, CF; and if they keep one another in equilibrio : I fay C js
the center of gravity of all the points 4, B, C, D, E.” And
any one of them as EC being produced, will pafs through the
center of gravity G of all the refl.

Since
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"

¥ 1 . center of gravity. And the effect of B, C, E, adting at &, ¢, e,

65.

66.

is the fame asif they all acted at their center of gravity ; which,
becaufe the body is unmoved, is the fame point O. And there-
fore, becaufe the equilibrium ;3 A4+D=B+C+E, for the
quantity of force, LY 01 ] | ,

In refpect to their places, becaule Ois the center of gravity
of 4 and D, as well as of B, C, and £ therefore (by Prop. 44.)
RaxA+Rd %D = ROXui+ D= ROXBE+C+E=RixB+RexC
—RexZ. And on the contrary, if thefe forces be equal, the
body will be in equilibrio, by ax. ¢.

Cor. 1. If @ body FGIH be at reft whillk it is affed upon by
feveral forces, in the fame plane, whafe quantities and diveSions are
pd4; 9B, rC, sD, tE, entring any line RN drawn in the body ot
Py ¢ & and the perpendiculars Aa, Bb, &¢. are drawn'y then [
Jays 1. The fum of the perpendicular forces on each fide are equal,
Aa+Dd=Bb+Cec+Ee. 2.The fums of the contrary forces in di-
rection of the line RN are equal, pa+qb=rc4-sdtte. 3. The
Jum of the reliangles on each. fide, from any point R, are equal,
Rpxda+4-RsxDd—RqxBb+ RrxCe+RixEe. But where the
points lie the contrary way from R, the reflangles muft be negative.
And when all thefe are equal, the body is at reft,

For fince it is the fame thing whether any force 4 a&, at 4
at For at p, we will fuppofe it toat at p; then if the oblique
force pd be divided into the two pa, ad; and the fame for the
reft: then the fum of all the forces pz muft be equal to the

fum of all the contrary forces cr, by ax. 11. The reft follows
from this Prop. -

Cor. 2. And if a\body be kept in equilibrio by feveral forces alling
at different points, and in different direflions, cither in the [ame
plane, or in different planes s it will fill be in equilibrio, by the
Jame forces, alting from any one point, and in diveitions refpeciively
parallel to the former.

For in the fame plane the forces parallel and perpendicular
to RN, will remain the fame as before. And when the direc-
tions of any of the forces are out of this plane, all thefe ex-

. travagant or extraneous forces may be reduced to others, one
_part acting in the plane, the other perpendicular to it; and both

‘thefe remain the fame in quantity as before. And fince the
forces acting in the plane, kept one another in equilibrio at firft,
thJCF will do the fame ftill. And as the parts Perpendicular to
this plane, alfo kept one another in equilibrio at firt, they will

do

]
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do the fame when apply'd to their common center of gravity ; r 1 o.
or to any other point. 66.

Cor. 3. If feveral forces aliing after any manner keep a body un-
moved ; and any plane whatever be drawny and the vagrant forces
be all reduced to that planc 5 then all the perpendicular forces on one
Jide, are equal bo thofe on the other 5 and their centers of gravity fall
in the fame point. When this does nod bappen in all planes, the body
will be moved fome way or other,

PR O P XLYIL

To find the center of gravity of a [3fiem of bodies, A, B, C.

Draw any plane 7, and from the centers of gravity of all the 4 7
bodies, draw perpendiculars to this plane, 4, B4, Cc; then (by
Cor. 3. Prop. 19.) the forces of 4, B, C, at the diftances Aa,
Bb, Ce, from the plane, will be Axda, BxBb, CxCc. LetG
be the center of gravity, then the fum of the forces Ax.4a+ Bx

Bb+CxCec muft be = A+ B+4CxGyg, the power of all the bodies
fitvated in G (by Prop. 44.) whence the diftance of :-‘FhechtEer of
. . __AaxA+Bbix B+ }:xr}:
gravity from the plane, that is G = AiB4C
where if any of the bodies be fituate on the other fide of the
plane, the correfpondent retangles wili be negative.

And if the diftance be in like manner found from the plane
7V, and likewife from another plane perpendicular to §7, 77 ;
the point G will be determined.

Cor. 1. Let b be any body,p any particle in it, d its diffance from
a given plane 5 then the difiance of its center of gravity from that

.. Sum of all the dp
plane is = 3 :

Cor. 2. To find the center of gravity of an irregular plane figure. g,
S?ﬁmd it by the firing AEB, at E ;5 and draw the plumb line ECF.
Then fufpend it by another point of the firing as D, and draw ano-
ther plumb line thro’ E, to interfest CF 5 and the point of inter/eiion
is the center of gravity.

K _ Cer.
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Cafe 1. Let one body ftand ftill, and the other move direétly
to or from it in a right line. then fince the center of gravity di-
vides the diftance, in a given ratio ; and the diftance increafes
uniformly, therefore that center moves uniformly. Now fup-
polethe other body likewife to move in the fame right line, and
any quantity of {pace to move along with it ; then fince the body
is relatively at reft in this fpace, the center of gravity, in regard
to that fpace, moves uniformly; to which adding or fubtracting
the uniform motion of that fpace ; the center of gravity will ftill

-

move uniformly.

Cafe 2. Letthe bodies move in one plane, in the direftions
DE, AB. Produce their lines of direCtion till they meet in D.
And when one body is in D and E, let the other be in 4 and B
refpe@ively. Let A be their center of gravity, when in D and
A, and K when in E and B, and draw HK, and make BP =/D,
and draw EP, and KL parallelto 4B. Then DE is to 4B or
DP, in the given ratio of the motion of the bodies ; and fince the
< EDP is given, therefore all the angles of the triangle EDP
are given, and DP will be to PE in a given ratio.  Buet
by fimilar triangles PE is to PL in the given ratio of BE to BK,
by the property of the center of gravity : therefore DP is to PL
ina given ratio. And all the angles in the triangle DPL are
given, and therefore the angle PDL. Therefore the point L is
always in the line DL given in pofition. And by the nature of
the center of gravity, DA: DH: : EB : EK:: PBor DA: LK.
Therefore () — LK, whence DHKL is a parallelogram, and
HK parallel to DL, and therefore the angle BHK is given ; and
the center of gravity K is always in the right line HK given by
pofition. And becaufe all the angles of the triangles DPL, and
DLE are given ; therefore the lines DP, DE, DL, that is, B,
 DE, HK are in a given ratio; and confequently the point K
moves uniformly along the right line /K. And the demonftra-
tion is in the fame manner, if one of the bodies B moves from
B towards 4.

Cafe 3. Let the mths of the bodies 4B, DE be in different
planes,  Thro’ the path 4B draw a plane Bde parallel o the
?th DE, and thro’ DE draw the plane DdeE perpendicular to

de, produce AB to d, and let Dd, Ee be perpendicular to de.
Then the planes DdA, EeB will be perpendicular-to the plane
edB. Let one body be in 4 and B, when the other is in 1) and
E refpectively, Now if the body at D were to move in 4z, thlfﬂ

K2 ¥
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1 c. by Cafe 2d, the center of gravity would move uniformly along

71,

fome right line HK ; thro’ HK erect the plane HKkb perpendicu-
lar to HBK. Then by fimilar triangles, and the nature of the
center of gravity, Ab: bD::(AH: Hd:: BK: Ke: :) Bk : kE.
Therefore bk is the path of the center of gravity of the bodies
moving in 4B, DE. Likewife Dd: Hb:: Ad: AH:: Be: BK
:1eE or Dd: Kk ; therefore Hb — Kk, and kk is equal and pa-
rallel to HK; therefore the center of gravity of the bodies (mo-
ving in 4B, DE) moves uniformly thro’ the right line bk,

Cafe 4. The common center of gravity of two bodies, and a
third is either at reft, or moves uniformly in a right line; for
thefe two may be put into the place of their center of gravity,
which before moved uniformly ; and then the center of gravity
of the three will move uniformly. Likewife the common center
of gravity of three bodies and a fourth, will move uniformly in
a right line ; and fo on.

PR O P.. XLIX.

Tbe common center of gravily of two or more bodies, does not change
its frate of motion or reft, by any attions of the bodies among
themfelves, or by any forces they exert upon one another.

Suppofe any fpace in which the bodies are inclofed, to move
uniformly along with the center of gravity of the bodies, be-
fore the actions of the bodies upon one another ; then the cen-
ter of gravity is at reft in that fpace. Now if two bodies mu-
tually aft upon one another, fince their diftances from their cen-
ter of gravity are reciprocally as the bodies; and as a&ion and
re-action are equal, the bodies will approach or recede from that
center by fpaces which are in the fame ratio ; therefore the cen-
ter or gravity will ftill remain at reft. And in a {yftem of feveral
bodies, becaufe the common center of gravity of any two a&-
ing mutually upon each other, is at reft : and the aétions of all
the bodies being the fum of the aftions of every two, it is evi-
dent the center of gravity of all the bodies remains the fame, as
if they did not act at all upon one another; and therefore is

at reft in this fpace, or moves uniformly forward along with it.

Cer.
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Cor. 1. Henceif a body te projefled into free [pace if it bave
any circular motion, this motion will be performed uniformly about
an axis paffing through the center of gravity.

For if every particle of the body retained the diftin@ motion
firft imprefled on it ; the common center of gravity of the whole
would move in a right line, by the laft Prop. And fince the
cohefion of the parts of the body retains the particles in one
mafs, therefore (by this Prop.) the motion of the center of
gravity is not altered. Which it would be if the axis of cir-
cular motion did not pafs through the center of gravity, but
through fome other point.

Cor. 2. And if a body be burled into the air, its center of gravity
awill either move in a right line, or defcribe a parabola 3 whilff that
body revolves about am axis paffing through the center of gravity,
if it have any circular mation.

PR OB ik

The fum of the motions of [everal bodies in any given diveciion, i
the [ame as the motion of all the bodies in the fame direiiion,
maved with the velocity of the common center of gravity.

Let the bodies 4, B, move round the center of gravity € at
reft; to the places a, b3 draw BCA, #Ca. Then fince 4 :
B :i: BC : AC : 3 be : acy therefore the triangles 4Ca, BC?,
are fimilar, and << #Bc=CAa, therefore Bé is parallel to Aa,
and the bodies move in contrary direttions. Alfo fince Aa :
Bb::4C :CB : : B: A, or daxA=BbxB. Therefore the
motions of 4, B, in contrary direCtions are equal, or their mo-
tion the fame way is 0. Now let the fpace and bodies moving
in it, b: moved in any direftion with any velocity v; it is
manifeft, the motion of each body in that direction will be
greater than before, by the quantity of matter x velocity.

Therefore the fum of the motions is now v.A+vB or vx.Ad+ 5,
that, is equal to the fum of the bodies x velocity of the center of
gravity,

After the fame manner, the motion of 3 bodies is the fame as
the motion of two of them, moved with the velocity of their

common center of gravity, together with the motion g‘ tclliﬂ
_ ’ ira 5
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Cor. 2. If the line FG drawn (from the inter[eflion of the per-
pendiculars FC, FB) perpendicular to the borizon, does not pafs
through the eenter of gravity 5 the body will not be fuftained, but
will move till the center of gravity fall in that line,

Cor. 3. Hence if the pofition of one plane CD be given, and the
pofition of the body CB, and its center of gravity G. The pofition
of the other plane AB may be found, by which the body will be
Supported : by drawing CF perpendicular to CD, and GF perpen-
dicular to the borizon 5 and from F drawing FB ; then BA perpen-
dicular to ity is the other plane.

PR O FalhiY;

If a beavy body HD, whofe center of gravity is G, be fuftained by
three forces A, By, C, in one plane, afling in diretdions AH, BI,
CD. Andif FGP be drawn perpendicular to the borizon, and
CD produced to cut it in P 5 and if AH, BI produced, inter[elt
in O 5 then if OP be drawn; and if EP, OF, be drawn pa-
rallel to AO, PC; then I fay the weight of the body, the three
forces A, B, C, are refpeliively as FP, EP, EO, OF.

Becaufe the line OP is unmoved ; the point O is fuftained by
three forces in diretions OP, OA4, OB ; which therefore, are
as the lines OP, EP, OE. Alfo the point P is fuftained by
three forces in the direcions PO, PC, GP; which therefore,
are as the lines OP, OF, FP: of which that in dire®ion FP
1s the weight of the body, at G the center of gravity. And the
forces at O, and P, in dire@ions OP, are equal and contrary.

Cor. Hence if any other force infiead of the weight ail at G, in
direflion GP 5 then the forces at Py, A, B, C; will be refpettively
as FP, EP, EO, OF. :

SCHOL.
If one of the forces be given ; all the reft may be found, if

they a& two and two at different points O, P. But if five forces
aét in one plane, two of them muft be given.

PROP
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BR O P, « LVIL

To find the center of oftillation of a [yfiem of bedies; or fuch a
point, in which a body being placed, will vibrate in the fame
time, and with the [ame angular velocity as the whole body.

Let the axis of motion be at §; perpendicular to which draw
the plane in which the center of gravity G moves ; draw §GO,
and let O be the center of ofcillation ; draw the horizontal line
87, and from the bodies 4, B, C, draw Aa, Bb, Cc, perpen-
dicular to §O; and alfo Ae, Bs, Cd, Gg, Or, perpendicular
to 7.

Put s—AxSA*+ BxSB*4-CxSC*. Then (by Cor. 2. Prop.
LVL) the angular velocity which 4, B, C, generates in the

fyiftem by their weight, is —S:KA, Sﬂfﬂ, Sﬂ;}{ﬂ ; and the
—SeX A+Sn X B4 54XC,

wholeangular velocity generated bythemallis

5
Likewife the angular velocity which any particle p, fituated in
oz} Al
XSO SO=
or E%ﬁ’ becaufe of the fimilar triangles §gG, §r0. But their
vibrations, and every part of them, are performed alike ; there-
fore their angular velocities muft be every where equal ; that is
—SeX A+SnxB+8dxC _  S¢
s — §Gx$0”
— % : . ‘But (by Prop. XLIV.)

G —SexA+SnxB +SdxC TR
—Sex A+ Snx B+ SdxC=S8gxA+B+C. Therefore the diftance
of the center of ofcillation from the axis of motion, SO =

O, generates in the fyftem, by its weight, is

whence by reduction SO

g _AXS A - AXS B CXSC & AXSA* +BXSB* 4+ CXSC &e
e S ———— — - . -
SGXA+B+C SGX A+B+C Ec AdXSa+B X SE4CX Sc 9

Where AxSa, BxSb, {Fe. muft be negative, when a, b, &5¢. lie
on the contrary fide of §. And fince all thefe quantities are
the fame at all elevations of the axis 80 ; therefore the point O
1s rightly found ; and the fyftem has fuch a point as is required.
Likewife it appears by Cor. 1. of the laft Prop. that the center
of ofcillation is the fame with the center of percuffion.

Cor,
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¥ 1 c. about G ; the point G will advance forward a fpace, equal to

84.

the circumference of a circle, whofe radius is SG.

Now this is the motion acquired by revolving about §. But
(by Prop. LVIL) if a body fo revolving, i’criEcs an immove-
able objet at O; both the progreflive and circular motion will
be deftroyed ; and the body will be at reft. It is evident on
the contrary, that if a moving body firike the body at reft in
the point O, with the fame force; the fame motion will be
reftored again : and is the fame as above defcribed.

Cor. 1. At the beginning of the motion, and alfo after every re-
volution of the bodys when the line SGO comes into its original pofi-
tion, [o as to be perpendicular to the line of direflion OB ; the point
S will be at reft for a moment.

For in this pofition, it will be (by this Prop. ) as velocity of O
about G : velocity of G :: OG : G§.  And by compofition, vel.
O about G 4 vel. G that is abfolute vel. O ; abfﬂE]te vel, G : -
OG + G8 or 08 :-GS. Therefore fince the abfolute velocities of
O and G are direftly as their diftances from §; it follows that
the point § is at reft.

Cor. 2. Let a body 4 = %x body EF. And if V be the velp-
city which the body A would receive by the direi firoke of B : then I fay
the abjoluie velocity of the body EF (or of its center of gravity G),
which it receives by B impinging at O, will be EPZ

For let p be any particle of the body EF, and 8p its dif-
tance from §, Then (by Cor. 3. Prop. LVL) if a body =

fum ﬂg ;1_11_3?‘?‘-'? be placed in O, it will receive the fame angu-

lar velocity, by the ftroke, about § at reft; as the body EF
when ftruckin 0. But (by Cor. 1. Prop. LVIIL) fum Sp*xp

= 50 SG x body EF; whence the body SOX SGS;'B‘“’Y L

or 4, placed in O, receives the fame angular velocity about §,

as the point O of the body EF. Butvel. of O or 4: vel. G : :

%ﬂ : §G. For at the beginning of the motion, § is at reft, by
of: X,

Cor. 3. The velocity loft in B by the firoke, will be i_"'@’_?'
ody
e
iy

SO J Vils -

|
:
i.
|



Set. V. CENTER or OSCILLATION, &¢.

 For the fum of the motions of all the bodies, after the ftroke,
is the fame as the motion of B beforeit, by Prop. X,

S CH O L.

The point § is by fome called the /pontancous center of rotation;
becaufe the body (or fyftem of bodies) at the beginning of the
motion, moves as it were of its own accord, or without any
compulfion, about the center § at reft,

PR OP LXE

Let DE be any body, C its center of gravity 5 and if from the center
C, the circle BFS be deferibed s and if about BES as an qxis, a
cord ASBFS, be wound, and the end fixt at 4. And if G Ze the

 center of ofcillation, in refpeéd to the center of fufpenfion S.  Then
if the body defcend by a rotation round the axis BES, by unwind-
dng the cord ASBF, ¢, then I fay the [pace defcended by the
woirling body DE, is to the [pace defcended in the fame time, by
a body falling freely 5 as 8C to SO.

Thre’ the point of contact § and the center of gravity C, draw

the horizental line SCO. Then (by Prop. LVIIL) the angular
velocity of the body about the point of fufpenfion §, at the be-
ginning of the motion, will be the fame as if the whole body
was placed in O. But if a body was placed in O, its velocity

erated at the beginning, will be the fame as of a body fal-
_ ling freely. Thtmgrr;n drawing Sco infinitely near SCO, and the
fmall arches Oo, C¢ : then the velocity of O, is to the velocity of
the center of gravity €, as Oo to Ce, or as SO to SC ; that is,
the ?Eluciay generated by a body falling freely, is to the veloci-
ty of the defcending body DE, as §O to SC. Now fince the
points § and O are always in the horizontal line SCO, and the
radius §C is given, and likewife (by Cor. 4. Prop. LVIL) the
diftance CO. Therefore the velocities of O and C in any times
will always be as SO to SC : that is, the velocity of a2 body de-
fcending freely, is to the velocity of the whirling body DE, al-
ways in the ratio of §O to SC. And therefore (by Prop. VI.)
the fpaces defcribed are in the fame ratio. :

Cor. 1. The weight of the body DE, is to the tenfion of the cord
AS 3 as §0 to CO.
For
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For fince the angles BCF, BDF are right ; a circle deferi b
upon the diameter BF, will pafs I_:hmu%h Cy D.. Therefore <
BCD = BFD ftanding on the fame arch BD. And becaufe the
<= GBH and << sat D are right, BHF = CBD; therefore the
triangles FHB and CB D are fimilar, and the figure BHDF fi-
milar to the figure, DBrC, whence FH: BH: BF : BD :: are
as CB: BD: DC: and Dr. |

Cor. 3. All this bolds true for any force infiead of gravity, aiiing
in direttion GD. '

PROP LXIIL

If BC be any beam, bearing any weight, G the center of gravity of
the whole. And if it lean againft the perpendicular wall CA, and
be fupported in that pofition 3 draw BA, CF parallel, and FGD
perpendicular to the borizon 3 and draw FB, then

The whole weight FD
Preflure at the top C BD
Thruft or preflure at the bottom B FB,
are refpectively as and in the famedireitions.

For the end C is fuftained by the plane AC; andif the end B
be fuppofed to be fuftained by a plane perpendicular to FB.
Then (by Cor. 1. Prop. LIIL) the weight, and preffure at top,
and bottom ; are as DF, DB, FB. If you fuppofe the end B is
not fuftained by a plane perpendicular to FB, the body won't
be fupported at all ; by &r. 2. Prop. LIIIL

Cor. 1. If FB be produced to Q ; then B is the direftion of the
preffure at B. And the perpendicular preffure at B (FD) is equal
to tbe weight 5 and the borizontal preffure at B (BD), is equal to the

preffure againft C.

PROP LXIV.

If a beavy beam or one bearing a weight, be fulained at C, and
moveable about a point C 5 whillt the other end B lies upon the .
wall BE, And if HGF be drawn thro’ the center of gravity G,

.P‘r'
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pendicular to the berizen; and BF, CH perpendicular to F ra,

"BC ; and CF be'drawn : then 89.
The whole weight YHF
Preflure a¢t B HC

Force afling at C, (CF, |
are refpectively as  Yand in thefe direflions,

For the end B is fuftained by the plane CB ; and (by Cor. 2.
Prop. LIIL.) the end C may be fuppofed to be fuftained by a
lane perpendicular to FC; or by a cord in dire@tion CF. Then
gncc HC is parallel 'to BF'; the weight, force at €, preffure at
B'; are relpeétively as HF, CF, HC; by Cor. 1. Prop. LIIL or
Cor. 1. Prop. LIIL | '

Cor. But if inftead of lying upon the inclined planeat B, the end
B laid upon the borizontal plane AB ; then the weight, the preffure
at B and C, are refpesiively as BC, GC, and BG 5 and in this cafe
there is mo lateral preflure.

For BF will be perpendicular to B4, and parallel to HF, and
confequently CF is alfo parallel to HF, therefore (by Cor. 5.
Prop. XIX.) the forces at C, G, B are as BG, BC, and CG.

ER O P "LEXY.

if @ beavy beam BC, whofe center of gravity is G, be fupported up- 99

on two pofts BA, CD; and be moveable about the points, A, B,
C, D. And if AB; DC produced, meet in any point H, of the
bine GI, drawn perpen. to the borizon. dnd if Srom amy poips
£y in the line GF, FE be drawn parallel to AB; ] Jay

The whole weight HF -

Preffure ar C HE '

Thruft or preflure at B, ( EF, . -

are réfpetivelyas  )and in thefe direfiions.

For the points ., B, €, D being in a plane perp. to the hori-
zon ; the body may be fuppofed to be fupported by two planes
- at B, C, perpend. to 4B, DC; or by two ropes BH, CH. And
in.cither cafe, the weight in dire@ion HG, the preffure at B, C,
in direGtions HB, HC, are as HF, EF, and HE, -

N Cor.

L
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Cor. Hence, whether a body be fuflained by two ropes BH, CH ,
or by two pofis AB, CD ; or by two planes perp. to BA, CD : The
body then can only be at reft, when the plumb line HGF paffes thro®
G, the center of gravity of the whole weight fuftained. Or which is
the fame thing, when AB, DC interfell in the plumb line HGF
paﬁg thro’ the center of gravity.

L 1

SCHO L.

By the conftruction of thefe four laft propofitions, there is
formed the triangle of preffure, reprefenting the feveral forces. In
which, the line of gravity (or plumb line paffing thro’ the center
of gravity) always reprefents the abfolute weight ; and the other
fides the correfponding prefiures.

PR O P LXVL

If feveral beams AB, BC, CD, ¢, be joined together at B, C, D,
&F¢c. and moveable about the points A, B, C, ¢, be placed in a
vertical plane, the points A, F, being fixt, and thro’ B, C, D
drawing ri, sm, tp perp. to the horizon. And if feveral weights
be laid on the angles B, C, D, &c. fo that the weight on any

.BCD .
W E} z
SmCB % S.mCD Then all the beams will be

kept in equilibrio by thefe weights.

angle C may be as

Produce DC to r. 'Then (by Cor. 2. Prop. VIII.) §.<<A4BC:

e b it W el e SEDYE A
S.<<ABr :: weight B : force in direction BC = — S ARG and

S.BCD : §.DCs : : weight : force in diretion C8 = —C;(iff s
which, to preférve the equilibrium, muft be equal to the force
in dire@tion BC, tha is o0:4Br _ CX5.DGs

A = — 50D whence B: C

‘ £ ifgf :' gg‘g} And by the fame wa}' of reafoning, C: D: :
i':BTgJ; g_._ig f Thcrcfori:_ ex equo, weight B : weight D : :

$ABC - SCDE ‘. S.ABCI. - S.CDESE
S ABrxS.BCs ~ S.DCsxS.EDt" " S.ABixS.CBi ' S.CDpxS.EDp’
. Cor.
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Cor. 1. Produce CD, fo that Dw may be ¢qual to Cr, and draw
awx parallel to Dp, cutting DE in x. Then the weight C, the forces
in direttions CB, and CD ; are as rB, CB and Cr refpeitively.
And weight C is to the weight D, as Br to wx.

Cor. 2. The force or thruft at C in direflion CB, or at B in
direstion BC s is as the fecant of the elevation of the line BC above
the borizon.

For, force in direttion CB : force in direftion CD : : CB :
Cr:: 8 CrB or rCm or sCD : 8. rBC : : cof. elevation of CD :
cof. elevation of CB : : {ec. elevation of CB : fec. elevation CD;
becaufe the fecants are reciprocally as the cofines.

Cor. 3. Draw Cp, Dm parallel to DE, CB ; then the weights
on C and D to preferve the equilibrium, will be as Cm to Dp.
And therefore if all the weights are given, and the pofition of two
lines CD, DE; then the pofitions of all the reff CB, BA, &e. will
be fucceffively found.

For let the force in direftion CD or DC be CD ; then Cp is
the force in direftion DE; and Dm, in direCtion CB. And
Dp or the weight D, is the force compounded of DC, Cp:
and Cm or the weight C is the force compounded of CD, Dm ;
by Cor. 2. Prop. VIL

Cor. 4. If the weights lic not on the angles B, C, D, &c. let
the places of their centers of gravity be at g, b, &, I. And let g,
b, k, I, alfo exprefs their weights. Andciﬂke the weipht B =
Az bC = Bb kD Ok . By
Aﬂg"'ﬁ'cb’ G= Ecb"'cn't’ D _Cﬂé-l-DE!,ch. then
B, C, D, €. will be the weights lying upen the refpeiiive angles.

This is evident by Cor. 5. Prop. XIX.

Cor. 5. If the weights were to all upwards, in the direlions
mC, pD, &¢. or which is the fame thing, if the figure A, B, C,
D, E, F was turned upfide down, and the weights remain the
fame, and the points A, F be fixt, as before. AVl the angles at
B, C, D, e, and confequently the whole figure, will remain the
Jame as before : and that wheiker the lines AB, BC, CD, &ec. be
Slexible or inflexible, cords or timbers.

This will eafily appear by the demonftration of the Prop.
For the ratio of the forces at any angle C, will be the fame,
whether they act towards the point C, or from it ; by Prop. VIIIL.
that is, it will be the fame thing whether the weight at any

N 2 angle
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g 1 0. FG be increafed in any proportion ; it is evident the ftrength of

93

289.

93:

every part Aa, ab, &c. will be increafed in the fame proportion ;'
and therefore the abfolute lateral ftrength will be as 4FxFG.

Cor. 1. In [quare timber, the' lateral firength is as the cube of
the breadth or depth.

Cor. 2. And in general, the lateral firength of anmy pieces of

timber, whofe [eftions arve fimilar figures, are as the cubes of the
fimilar fides of 1he feflions.

Cor. 3. And in any pieces of timber, whofe feitions are fuch fi-
gures, that the correfpondent ordinates, parallel to the borizon, are
proportional 5 the firengths are ag the breadths and fquares of the
depths 3 or as the feftions multiply’d by the depths,

Cor. 4. The firength of cylindrical piacf;r, or of anmy fimilar pieces
of timber, being forced or twifted round the axis, will alfo be as
the cubes of the diameters.

For let AD=r, circumference of the feftion DEFG = ¢,
f: , and if the cohefion
of a particle at p be = 1. Then the force apply’d at £ to over-

come it, will be j’f@: ; and the force apply’d at 2 to overcome

the cohefion of all the parts, in the circumference pgr, will be
X008 ¢

LES T ey xx 3 and the total force at @ to over-

R b R

come the cohefion of all the particles in the whole fection DEFG
; ¢

8= W.G.Z_,x fum of all the xx = rxifix1=+z*+;=+4'. <5
¢ r?

r XA'Q,}( i Therefore, becaufe 49 is given, and

Ap=x, then the circumference pgr=

tor: =%

the ratio % ; and this force is the ftrength of the beam ; there-
fore the ftrength is as 7% or 4Ds.

SCH O L.

What is here faid of timber, is true of any homo-geneous
bodies whatever fort of matter thcy are of. But the abfolute

ftrength
% Ward's Math. Guide, Part V. Lem. 3.
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ftrength of any beam, leaver, rope, &F¢. when drawn in direc- ¥ 1 @,
tion of its length, will be as the fection of it. For every part g3,
does in this cale bear an equal ftretch; and the fum of all the

 parts is equal to the whole, and that is as the fection.

PR O P (LXVIL

The lateral firengih of a tube or bollow cane AB, to that of a folid
one CD 3 is as the [eftion of the tube (excluding the bollow), to 94-
the [ection of the [olid cane, and the whole diameter of the tube
to the diameter of the folid cane, nearly.

~ For by Cor. 2. of the lat Prop. The firength of the folid
cylinder BF is AF", and the ftrength of the inner folid cylinder,
whofe fulcrum is at G, is £G’, and whofe fulcrum is at F, is
greater than EG* and lefs than EF3, and is nearly EG+iGI)
— AF—314E\3, that is AFi—2AF*xAE nearly. Therefore the
ftrength of the tube AFIGE, is the difference of the ftrength of
thefe cylinders, that is, AF—AF+2AF*XAE or fAF*XAE.
Likewife the ftrength of the folid cylinder DCH, 1s CH:. There-
fore the ftrength of the tube FB : ftrength of the cylinder /2D
: 2 2 4R AE : CII. But the {ection of the tube isas AF*—EG*

or AF+—AF—2AE —4AFXAE nearly. Whence, ftrength of
the tbe FB : ftrength of the cylinder HD ; : 3 AF XAE :
CHXCH: : : 4 AFXAEX11AF : CH*xCH : : {ettion of the tube
w1tits diameter : fe@ion of the cylinder x its diameter : :
fation tube % diameter : fection cylinder x diameter, nearly.

Othberwife,

Let the area of the ring AEGF be difpofed into another
ring, whofe diameter is lefs than 4F; then fince every particle
of it acts at a lefs diftance from the fulcrum F, its ftrength will
be lefs in proportion ; that is, its ftrength will be as the diameter
of the ring. And when the ring is fo far diminifhed as to
become an_entire circle, the proportion of their ftrength will
not differ far from the proportion of their diameters. Let the
diameter of that circle be R ; then, ftrength of the ring or
tube : ftrength of an equal circle : : AF : R. And the ftrength
of R : to that of CH : : Ri : CHs. Therefore ex equo, ftrength
of the tube BF : ftrength of the cylinder HD : : ﬁix;é:q 3

i
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PR OP. LXXI

If CD be a prominent beam, fixt borizontally at the end C, as in a
wall 5 and if a weight proportional to the length of the beam,
be difperfed uniformly on all the parts of the beam, The firefs at
any point F, will be as DI, the fquare of the diffance from
ihe extremity.

For lec FD be divided into an infinite number of equal
parts at p, ¢, 7, 5, &c. and let each be=1, and fuftain the
weight r. Then (by Prop. LXIX.) the ftrefs at F, by the
weights at I, p, ¢, ry, &¢, will be 1x0, 1xFp, 1xFg, c. or
as 0, I, 2, 3, &e. refpetively : therefore the whole ftrefs at C

will be 0414243 . .. FD = 5_31‘.

Cor. 1. Hence the firefs at F, by any weight fufpended at D
will be double the firefs at the fame point F, when the fame weight
prefles uniformly on all the parts between F and D.

For (by Prop. LXIX.) the ftrefs at F by the weight DF, is
DFxDF, or FD-.

Cor. 2. The firefs at the end BC, by the weight P, is the [ome
as the firefs wupon the middle of a beam of twice the length DC,
with twice the weight P laid on its middle s this beam being fup-
ported at both ends.

For the ftrefs now at-C, is the fame as if DC was continued
to the fame length beyond C; and a weight equal to P {uf-
pended at the end ; and then the fulcrum C will be atted on
with twice the weight P. And this is the fame as if the beam
was turned upfide down, and twice the weight P laid on the
middle C.

PROP LXXII

If there be towo beams flanding a flope, and bearing two weights
upon them, either in th: middle, or in any given fituation, cr
equally diffufed over the whole length of the beams : the firefs
upon tbem will be direftly as the weights, and the lengths, and

the cofines of elevation.
K2 .+ “For
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For (by Cor. 1. Prop. XXXIL) the weight is to the preffure
upon the plane, as radius to the cof. elevation. Theretore the
preflure is as cof. elevation X weight : and this is the force aét-
ing againft the beam. Therefore (by Prop. LXVIIL.) the ftrefs
will be as its length and this force ; that is, as the length, the
weight, and cof. elevation. :

Cor. 1. If the weights and length of the beams be the fame;
the firefs will be as the cofine of elevation 3 and therefore greateft
when it lies borizontal. ,

Cor. 2. If the beams lie borizontal, or at any equal inclinations
and the weight be as the length 5 then the firefs is as the fquare of
the length.

Cor. 3. If the weights are equal, on the horizontal beam AR,
and the inclined one AC 3 and BC be perpendicular to AB : then the
Serefs will be equal upon both.

For the length x cof. elevation is the fame in both, or 4Cx

. cof. A=AB x radius.

97+

Cor. 4. But if the weights on the [ame beams be as their lengths
then the firefs will alfo be as their lengths, AB and AC.

Cor. 5. And univerfally, the firefs upon any point of a floping
beam, is as the reclangle of the fegments, and the weight, and cof.
inclination, direflly 5 and the length of the beam reciprocally.

For in the horizontal beam 4B, if ‘the weight /7 lie upon
C, the preflure at A4 will be ggxw And (by Prop. LXIX.)
this preffure or force x diftance AC, will be as the ftrefs atC;
that is, ‘f_%f_g % W is as the ftrefs at C. And if the beam lie
a flope, the.ftrefs «(by Cor. 1. Prop. XXXI.) will then vary in

proportion to the cofl elevation.

P R O-P... LXXIIIL

If any beam of timber be to fupport any weight, or preffure, or force,
alling laterally upon it 5 the breadth multiply'd by the [quare of
; the
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the depth, or in fimilar fefiions, the cube of the diameter, in v 1 c.
every place 5 ought to be proportional to the length multiphy’d by

the weight or force afling on it 5 or as the firefls in that place.

And the [ame is frue of [everal different pieces of timber com-

pared together.

For every feveral piece of timber, as well as every part of .
the fame timber or beam, ought to have its firength propor-
tioned to the weight, force or preflure it is to fuftain. * And
therefore the frength ought to be univerfally as the firefs upon
it. But (by Prop. LXVIL) the ftrength is as the breadth x
fquare of the depth. And' (by Prop. LXIX.) the ftrefs is s
the weight or force X by the diftance it afts at. And therefore
thefe muft be in an invariable ratio.

Cor. 1. If AEB be a prominent beam fixt at the end AE, and 10:2.
Jufiaining a weight at the other end B. And if the fefFions in all
Places be fimilar figures 5 and CD be the diameter in any place C
then CB will be cvery where as CDs.  And if ACB be a right line,
EDB will be a cubic parabola. Therefore 3 of fuch a beam may
be cut away without any diminution of the firength.
But if the beam be bounded by two parallel planes, perpendicular
20 the borizon 5 then CB will be as CD*, and then EDB will be
sbe common parabola. Whence a third part of a beam may be thus
cul away.

Cor. 2. But if a weight prefs uniformly on every part of AB; 102.
and the fefiions in all points as C, be fimilar 3 then BC* will be
every where as CDs 5 and EDB a femi-cubical parabola.

But if ;the beam be bounded by parallel planes, perpendicular to 101,
the borizony then BC will be as CD, and EDB a right line.
Here balf a beam may be cut away, without lofing any frrengih.

Cor. 3. If AB be a beam fupported at both ends, and if it bear 103
a weight in any variable point C, or uniformly on all the parts of
i, And if all the fetions be fimilar figures, and CD be the dia-
meter in that place C; then will CD3 be every where as ACxCB.

But if it be bounded by two parallel planes, perpendicular to the
borizon 5 then will CD* be every where as ACXCB, and theréfore
the curve ADB is an ellipfis, fuppofing AB a right line.

Cor. 4. But if a weight be placed at any given point P, and all 104,

Jeltions are fimilar Sigures 5 and if CD be any diamcter 5 then will
BC be as CD3 5 and AQ and BQ are two cubic parabolas,
: But
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But if the beam be bounded by two parallel planes, ndicular

yo4. to the borizens then BC is as CD* and AR and BQ are two

2

29

90.

II

cominon parabelas.

Cor. 5. Al circular plates, whether great or liitle, being of the

[ame matter and thicknefs, and [upported all round on the edges,

will bear equal weights.- The fame is true of [quare plates, or any

Similar anes.

For let AD, ad, be two fquares, and let them firft, be only
fupported at the ends 4B, CD, and aé, cd. 'Then by this Prop.
(fince the thicknefs is given) 4B : AC X weight on 4D : : ab
: ac X weight on ad, and \;s:ight on AD : weight on ad : :
AB | ab. AB & : g 7
5 but T = ﬂf,thcrcfnre weight on 4D = weight
on ad, when the plates are only fupported by 4B, CD; and
ab, ¢d. And for the fame reafon the weights will be equal,
when only fupported by the fides AC, BD; and a¢, éd. And
confequently the weights will ftill be equal, when the plates are
fupported by all four fides; in which cafe, twice the weight
will be fupported. And the fame holds equally true of all
fimilar figures. For,

Let AD, ad, be two hollow circles ; draw the infcribed fquares
ABCD, abed, thefe fquares are fupported upon the four fides
AB, BD, DC, CA; and ab, kd, de, ca, by the continuity of
the plates ; therefore the weights will be equal, as was proved
before. And that the continuity of the plates will equally fup-
port the weights in both circles, is plain, becaufe the ftrength

of both fegments 4B, ab, are equal; the length being as the
breadth. '

Cor. 6. Hence, the weight a [quare plate will bear
To the weight which a bar of the fame maticr and thicknefs will bear : :
As twice the length of the bar :
To its breadth.

And a circular plate is but very little weaker.
SCHOL

All thefe things appear from the foregoing propofitions ; but
it is -here fuppofed that the timber is homogeneous and of the
fame goodnefs ; otherwile a proper allowance muft be made for
the defeét. And what is here faid of ﬁ;;ir:ces of timber, holds
equally true of any other folid bodies, fuch as pieces of metal,
ftone, &%¢. And if pieces of timber or metal be cut into the

figures

T S
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In order to find the law of refiftance of beams of timber or -

fuch like bodies, againft any weights laid upon them, or ftrain-
ing them ; 1 took a picce of wood plained fquare, and fup-
porting it at both ends 4, B, I laid fucceffively on the middle
of wat €, 1, 2, 3, 4, 55 6, 7, and 8 pounds ; and I found the
middle point € to defcend through the fpaces 1, 2, 3, 4, 5, 6,
7, and 8, refpectively. And repeating the fame experiment
with the weights 3, 6, g1b. they all defcended through fpaces,
either accurately or very nearly as the numbers 1, 2, 3. 1try'd
the fame thing with {prings of metal, and found the {pace
through which they were bent, proportional to the weight fuf-
pended. I alfo tried feveral experiments of this kind with
wires, hairs, and other elaftic flexible bodics, by hanging weights
at them: and I found that the increafe of their lengths, by
dtretching, was, in each of them, proportional to the weights
hung at them : Exc"-'ll:_‘t when they were going to break, and
then the increafe was fomething greater. It may be obferved,
that none of thefe bodies regained their firft figure, when the
weights were taken off, except well tempered fprings ; fo that
there are no natural bodies perfeétly elaftic. And even fprings
are obferved by experience to grow weaker by often bending ;
and by remaining {ometime unbent, will recover part ftrength :
and are fomething ftronger in cold than in hot weather.© But
at any time a {pring, and all fuch bodies obferve this law, that
they have the leaft refiftance when leaft bent, and in all cafes
are bent through fpaces nearly proportional to the weights or
forces apply’d. And therefore 1 think this law is fuficiently
eftablifhed, that the refiftance, any of thefe bodies makes, is
proportional to the fpace through which it is bent ; or that it
exerts a force proportional to the diftance it is ftretched to.
The knowledge of this property of fpringy bodies is of great
ufe in mechanics ; for by this means a fpring may be contrived
1o pull ar all times with equal ftrength, as in the fufee of a
watch, Or it may be made to draw in any proportion of

&l‘enﬁth required.
The action of a {pring may be compared to the lifsing up

a chain of weights, lying upon 3 plane; or to the lifting a
cylinder of timber out of the water endways.

P ' PROP
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Therefore if a piece of oak, an inch fquare and a foot long, r 1 6.
fupported at both ends, bears 315 Ib. before it breaks 5 it will 113,
bear, when drawn in length, 28351b. or 1 ton, 5 hundreds, 2
ftone, 7 pound ; that is above a ton and a quarter,

SCHO L.

Here we all along fuppofe that the fulcrum at R remains
fixt ; but if it fhould vary by the dinting in of the parts at R,
it will caufe a little variation in the ftrength, and make the beam
fomething weaker laterally. And that it will yield a little this
way, is evident from experiments ; for the hardeft bodies, fuch
as glafs in fmall threads, may be extended in length, and confe-
quently may be contraéted by a contrary force ; and balls of glafs
ot wood, let fall upon a hard boedy, will rebound ; which they
cannot do without the denting in of the parts.

PR OP LXXIX.

If @ weight be laid upon the fireight beam AB, fupported at both 114.
ends 5 its bending or curvature will be nearly as the weight and
&uzgl;& diretly 5 and as the breadth and cube of the depth recipro-

cally.

Itis found by Prop. LXXVI. that if feveral weights be laid fuc-
ceffively upon a horizontal beam AB, the fpace CD, thro” which
the point D defcends, will be as the weight it bears. Now the
parts at ¢, f, which are contiguous at the beginning of the de-
icent, are gradually feparated ; till at laft the beam breaks.
At which time, when it can bear no more, the infinitely fmall
diftance ¢f is a given quantity. If CD be fuppofed very {mall,
then CD is as the curvature at D, and this curvature is as the

infinitely fmall angle eDf; that is, as _g},and when it breaks,

i
Let Lbethelength of any beam,  its breadth, Df its depth 3

. then Eb}t Prop. LXXIIL.) its ftrength, or the weight it will bear,
is'as 'E}%f:-» Therefore put h(—fﬁ for the greateft weight, and

I

oF
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"9 for the curvature when breéaking ; #” for any other weight,

114. Df
and C the correfpondent curvature, And it will be as
IxDf* | 1 -*W-C"'—I-Ef-—
FE 2 b :

Cor. 1. The quantity of deflexion CD of any beam, is as the
weight and cube of the length direfily, and the breadth and cube of -
the depth reciprocally. '

For when CD is very {mall, #DB is very near a circle, or
nearer a parabola; fuppofe it a circle, and let its radius be R

then 2R x CD = 4D or & L5 therefore .E—E_ = o, whence
% 15 as the curva.tureiﬂ, that if as %, or CDis as ;;%}i
And if 4CB, the original pofition of the beam, is not a right
line ; yet CD will ftill be of the fame quantity.

Cor. 2. In_fimilar bomogenous fireight bodies, the curvature is as
the weight direfily, and cube of the depth reciprocally 5 but the de-
Jlexion CD is as the weight direltly, and depth reciprocally.

Cor. 3. In fimilar bodies bending from a fireight line, by their own
weight 5 the curvature is given : and the deflexion is as the [quare

of the depth. :

Cor. 4. In the utmoft firength of beams, or their breaking pofition ,
the curvature is reciprocally as the depth 5 and the deflexion as the
fquare of the length diredtly, and the depth reciprocally.

For then & x Df* is as LWV,

Cor. 5. What is f[aid of fireight beams, is equally true of any
beams, in regard to the increafe or variation of curvature, and to
the deflestion from their original pofition.

SCH O L.

What is faid of beams of timber in this fection, is equally ap-
plicable to any folid bodies, acted on in a like manner as b
weights. There are fome bodies, in which a very little bend-
ing may have a great effect 5 as in the glaffes of large telefcopes.
For (by Cor. 3. of the laft Prop.) The deflexion from cl!ﬁeir
true figure, arifing from their own weight, is as the fquare of

the
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the diameter, when the glaffes are fimilar. And tho’ this be ¢,

_infenfible in fmall glaffes, it may produce fome fenfible error in
large ones : and the fame may happen to them in grinding by
too much ure.

From the foregoing propofitions it follows, that if a certain
beam of timber be able to fupport a given weight; another
beam of the fame timber, fimilar to the former, may be taken
fo great, as to be able but juft to bear its own weight. And
any bigger beam cannot fupport itfelf, but muft break by its
own weight; and any lefs beam will bear fomething more.
For the ftrength being as the cube of the depth; and. the
ftrefs, being as the matter and length, is as the 4th power
of the depth: it is plain the ftrefs increafes in a greater ratio
than the ftrength. Whence it follows, that a beam may be
taken fo large, that the ftrefs may far exceed the ftrength. = And
that, of all hgmilar beams, there is but one that will fupport itfelf,
and nothing more. Likewife if any beam can make 10 times its
own weight ; no other fimilar beam will do the fame. And the like
holds in all machines, and inall animal bodies. And hence there
is a certain limit, in regard to magnitude, not only in all machines
and artificial ftruétures, but alfo in natural ones, which neither
art nor nature can go bt?rﬂnd; fuppofing them made of the
fame matter, and in the fame proportion of parts.

Hence it is impoffible that mechanic engines can be increafed
to any bignefs. For when they arrive at a particular fize, their
feveral parrs will break and fall afunder by their weight. = Nei-
ther can any buildings of vaft bignefs be made to ftand, but
muft fall to pieces by their great weight, and go to ruin.
Vaft columns and pyramids will break by their weight and tum-

ble down.
It is likewife impoffible for nature to produce animals of any

vaft fize ar pleafure ; or any fuch thing as giants, or men of
prodigious gaturc: except fome fort of matter can be found to
make the bones of, which is fo much harder and ftronger than
any hitherto known : or elfe that the proportion of the parts be
fo much altered, and the bones and muftles made thicker in
proportion ; which will make the animal diftorted and of a
monftrous ficure, and not capable of performing any proper ac-
tion. And being made fimilar and of common matter; they
won’t be able to ftand or move, but being burden’d by their
own weight, muft fall down. ,

Thus it is impoffible that there can be any animal fo big as to
carry a caftle upon hisback ; or any man foftrong as to remove

a mountain, or pull up a large oak by the roots: nature will not
admit
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v 1 . admit of thefe things ; whence its impoffible there can be ani-

mals of any fort beyond a determinate bignefs.

Fifh may indeed be produced to a larger fize than land ani-
mals ; becaufe their weight is fupported by the water. Buf yet
they cannot be increafed to imm:nEty, becauie the internal parts
will prefs upon one another by their weight, and deftroy their
fabric.

On the contrary, when the fize of animals is diminifhed, their
ftrength is not diminifhed in the fame proportion as the weight.
And therefore a fmall animal will carry far more than its own
weight, whillt a grear one cannot carry fo much as its weight.
Ang hence it is, that {mall animals are more attive, will run
fafter, jump farther, or perform any motion quicker, for their
weight, than large animals: for the leffer the animal the greater
the proportion’ of the ftrength to the ftrefs, And nature feems
to know no bounds, as to the fmallnefs of animals, at leaft in
regard to their weight. '

either can any two unequal and fimilar machines, refift any
violence alike, or in the fame proportion ; but the greater will
be more hurt than the lefler. And the fame is true of animals ;
for large animals by falling break their bones, whilft leffer ones
falling higher receive no damage. Thus a cat may fall 2 or 3
yards hi % and be no worfe, and an ant from the top of a tower.

It is likewife impoffible in the nature of things, that there
can be any trees of immenfe bignefs ; if there were any fuch,
their limbs, boughs, and branches, muft break and fall down
by their great weight. Thus its impofiible there can be an oak
a quarter of a mile high ; fuch a tree cannot grow or ftand,
but its limbs will drop off by their weight. And hence like-
wife, lefler plants can better fuftain themfelves than large ones
<an do. :

Neither could a tree of an ordinary fize be able to ftand, if
it was compofed of the fame tender matter that fome plants con-
fift of : nor fuch a plant if it was much bigger than common,
And that plants, made of fuch tender matter may better fup-
port themfelves ; nature has made the trunks and branches of
many of them hollow ; by which means they are both lighter
and {tronger.

The propofitions before laid down, concerning the ftrength
and ftrefs of timber, & are alfo of excellent ufe in feveral
concerns of life, and particularly in architeéture ; and upon
thefe principles a great many problems may be refolved relating
to the due proportion of ftrength in feveral bodies, according

j to
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o their particular pofitions and weights they are to bears fome ¢ 1 ¢,

of which I thall briefly enumerate.

If a piece of timber is to be holed with a mortife hole, the
beam will be ftronger when it is taken out of the middle, than
if it be taken out of either fide. And in 2 beam fu ported at
both ends, it is ftronger when the hole is taken out of the upper
fide than the under one, provided a piece of wood is driven
hard in to fll up the hole.

If a piece is to be fpliced upon the end of a beam to be
fupported at both ends ;' it will be ftronger when {pliced on the
under fide of a beam, than on the upper fide. But if the beam
is fupported only at one end, to bear a weight on the others
it is ftronger when fpliced on the upper fide.

When a fmall leaver, & is nailed to a body, to move it
or fufpend it by ; the ftrain is greater upon the nail neareft the
* hand, or point where the power is apply’d. _

If a beam is fupported at both ends ; and the two ends reach
over the props, and be fixt down immoveable; it will bear
twice as much weight, as when the ends only lic loofe or free
upon the fupporters.

If a flender cylinder is to be fupported by two pieces ; the
diftance of the pins ought to be #%% parts of the length of the
cylinder, that is { its length; the pins equi-diftant from its
ends; and then the cylinder will endure the leaft bending or
ftrain, by its weight.

By the foregoing principles it alfo follows, that a beam fixt
atone end, and bearing a weight at the other; if it be cut in
the form of a wedge and placed with its parallel fides, parallel
to the horizon ; it will be equally ftrong every where ; and no
fooner break in one place than another. '

If a beam has all its fides cut into the form of a parabola,
Whofe vertex is at the end, and abfciffla perpendicular to the
axis of the folid, and bafe a fquare, a circle, or any regular

ligon; fuch a beam fixt horizontal, at one end, is equally

ng throughout for fupporting its own weight,

_ By the fame principles ; if a wall faces the wind, and.if the
fetion of it be a right angled triangle ; or the forefide be per-
pendicular to the horizon, and the backfide terminated by a
floping plane interfecting the other plane in the top of the wail.
Such a wall will be equally ftrong in all its parts to refift the
wind ; if the parts of the wall cohere flrongly together. But
if it be built of loofe materials ; it is better to be convex on the
backfide in form of a parabola. '

Q. If

115,

116.
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If a wall is to fupport a bank of earth or any fluid body; *
ought to be built concave in form of 2 femi-cubical parabola,
whofe vertex is at top of the wall; this is when the parts of the
wall ftick well together. But if the parts be lofe ; then a right
line or floping plane ought to be its figure.  Such walls will be
equally flrong throughout. ;

All fpires of churches in the form of cones or pyramids, are
equally ftrong in all parts to refift the wind. But when the
parts cobere not together ; parabolic conoids are equally ftrong
throughout.

Likewife if there be a pillar erected in form of the logarith-
nic curve, the aflfymptote Ecing the axis; it cannot be crufhed
to picces in one part fooner than in another, by its own weight.
And if fuch a pillar be turned upfide down, and fuipended at
the thick end, in the air 3 it will be no fooner pulled alunder in
one part than another, by its own weight. And the cale is the
fame; if the fmall end be cut off, and inftead of it, a cylinder
be added, whofe hight is half the fubtangent.

Laftly, let AE be a beam in form of a triangular prifm, and
if AD—=:A4B, and AI=:AC, and the point ADIF be cut away
parallel to the bafe; the remaining beam DICEF will bear a
greater weight P, than the whole 4BCEG, or the part will be
ftronger than the whole ; which is a paradox in mechanics.

And upon the fame principles, an infinite number of quei-
tions of like kind may be refolved ; which are curious enough,
and of great ufe in the common affairs of life.

Al T fhall here add, is the ftrength. of feveral forts of timber;
and other bodies, as I have colletted from experiments.

In the firlt edition of this book, I had inferted the ftrength
of fome forts of wood, fuch as I had made experiments upon
inall which, I gave the leaft weight, which the worit of them
was juft able to bear : left any body computing the ftrength of
a beam, fhould overcharge it with two much weight. And
fince that time, I have made a great many more experiments,
not only upon many different forts of wood, but feveral other
bodies 5 the refult of which I fhall here fet down. A piece of
good oak, an inch fquare, and a yard long,, fupported at both
ends, will bear in the middle, for a very little fime, about 330
pounds averd. but will break with more than that weight.
This is at a medium ; for there are fome ﬁiec:s that will ca
fomething more ; and others, not fo much. But fuch a piece
of wood, fhould not, in practice, be trufted for any length of
time, with above a third or a fourth part of that weight. For
fince this is the extream weight which the beft wood will bear,

that



Sect. VIII. or + TIMB E R.

115

that of a worfe fort muft break with it. For I have found by ¥ 1 6.

erience, that there is a great deal of difference in ftrength,
in different pieces of the very fame tree; fome pieces I have
$ound, would not bear half the weight that others would do.
The wood of the boughs and branches, is far weaker than that
of the body : the wood of the great limbs, is ftronger than that
of the fmall ones; and the wood in the heart of a found tree
is ftrongeft of all. I have allo found by experience, that a piece
of timber, which has born a great weight for a fmall time ; has

broke with a far lefs weight, when left upon ic, for a far lon-
Eer time. Wood is likewife weaker when it is green, and.
ron

gelt when thoroughly dry’d, and fhould be two or three
years old at leaft. If wood happens to be fappy it will be
weaker upon that account, and will likewife decay fooner.

Knots in wood weaken it very much, and this often caufes it to’
break where a knot is. Alfo when wood is crofs gained, as it

often happens in fawing ; this will weaken it more or lefs, ac-
cording as it runs more or lefs crofs the grain. - And I have
feund by experience, that tough wood crofs the grain, fuch as
elm or afh, is feven, eight, or ten times weaker, than ftreight ;
and wood that eafily fplits, fuch as fir, is 16, 18, or 20 times
weaker. ~ And for common ufe it is hardly poffible to find wood,
but it muft be fubjeét to fome of thefe things. Befides when

timber lies long in 2 building, it is apt to decay or be worm-'

eaten, which muft needs very much impair its ftrength. From all
which it appears, that a large allowance ought to be made for
the ftrength of wood, when apply’d to any ufe, efpecially
where it is defigned to continue for a long time.

The proportion of the ftrength of feveral forts of wood, and
other bodies that I have try’d, will appear in the following table.

Box, yew, plumbtree, oak  — = — T
Elm, alh -— ik Lok [
‘Walnut, thorn — —_— . 7 i
Red fir, hollin, elder, plane,
Crabtree, appletree 3 }' 7
Beech, cherrytree, hazle —— — 62
~ Alder, afp, birch, white fir, ——— 6
Willow or faugh — - }'
Iron —_ — _— - 107
Brafs — —_— — 50
Bone — — — 22
Lead = s — 6L
Fine free ftone - — —_ 1

Q2 In
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PROP. LXXXIL

A fuid can only be at reft when its furface is placed in a borizental
: JSituation.

For let ABCD be a veflel of water or any fluid : and let 4B
be parallel to the horizon. Suppofe the furface of the liquor to
be in the pofition FE. Then becaufe the parts of the fuid are
eafily moveable among themfelves ; therefore (by ax. 7.) the
higher parts at E will, by their gravity, continually defcend to
the lower places at . Alfo the greater preffure under E and
the lefler under F, will caufe the parts at E to defcend, and

~ thofe at F to afcend. And thus the higher parts of the fluid

I121.

ligr

at E defcending, and fpreading themfclves over the lower parts
at F, which are at the fame time afcending : the furface of the
Auid will ‘at laft be reduced to a horizontal pofition 4B. But
being fettled in this pofition, fince there is no part higher than
another, there is no tendency in any one part to defcend, more

than in another ; and therefore the fluid will reft in an horizontal
pofition.

Cor. 1. If the fluid does not gravitate in parallel lines, but to-
wards a fixed point or center C3 then the fluid can only be at reft
when its furface takes the form of a [pherical furface AB, whofe cen-
ter 1s C.

For if any parts of the furface of the fluid A4 or B, were fur-
ther from C than the reft, they would continually low down
to the places nearer C, towards which their weights are direted :
till at laft they would be all equi-diftant from it.

Cor. 2. Any fluid being diffurbed, will of itfelf return to the fame
level, or berizontal pofition.

Cor. 3. Hence alfo if a different fluid ABEF reft upon the fluid
ABCD 5 both the furface FE, and the furface AB that divides them,
will lie in a level or horizontal fituation, when at reff.

For if any part of the furface 4B be higher than the reft, it
will defcend to the fame level ; and fince FE is alfo level, and
therefore the height AF, BE in every place equal; the
preflure of it on all the parts of the horizontal furface 4B,
will be equal. And therefore it cannot defcend in one place more
than another, but ‘will continue level.

] Cor.
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Cor. 4. The preffure is every where direfied perpendicularly againft
the inner furface of the wveffel. Therefore at K it is diretied down-
ward, at L fideways, and at F upwards. By Prop. o.

Cor. 5. If two veffels AB, CD communicate with one another by
she tube BC; and if any liguor be poured into one AB, it will rife
to the [ame beight in the other CD 5 and will fand at equal beights
in baoth 3 ‘that is, AD will be a borizontal line,

For if the fluid ftand at unequal heights ; the preffure in the
higher, will be greater than in the lower, and cauft it to move
vowards the lower.

Cor. 6. If two different fluids fuflain one ancther at reft, in two
veffels ABy- CD, that communicate 5 their beight above ther place
of meeting, will ke recipr.cally as their denfities or [pecific gravities.

Let the fluids join at C, and take the perpendicular height of
eC, equal to that of 4B. Then if the denfities of the fluids
were equal, they would fuftain one another at the equal heights
AB, Ce. Therefore that the preflure of the other fluid may be
the fame at C; its height muft be fo much greater as the den-
ﬂ}j’ {';I:,SIJ lefs ; thatis, CD : Ce or 4B : : denfity of 4B : denfity

3 CHOL

The truth of the foregoing propofitions may be eafily proved
experimentally, Take feveral tubes open at both ends, fome
ftreight, fome crooked, ‘with their low ends turned in all direc-
tions ; and of feveral fizes, regular and irregular. Put thefe
nto a veflel of water to any depth ; and the water will rife up
to the height of the external furface of the water in them all.
But this is to be underftood of fuch tubes as are fufficiently
wide : for in capillary tubes immerfed in a veflel of water, it
rifes fomething above the level, and that to heights reciprocally
as the diameters, Likewife if water can rife and be fufpended
at the height B in the capillary tube 48 ; it will be ful{mnded
at the fame height B, whilft the part of the tube at B remains
the fame, whatever be the figure or widenefs of the under part
€D. And- the afcent and fufpenfion of water is the very fame
in vacuo. The fame holds for any other fluids 3 but different
fluids rife to different heights. But quickfilver, inftead of af-
cending in a tube, finks in it3 and has its furface deprefied be-
low the common furface, to depths which are reciprocally ]?s
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CHANGE ofr DIRECTION.

£ 1 6. wheel 4. Here the rungs at F, where they work, muft be paral-

163,
164.

165.

166,

167.

lel to the plane of the wheel 4, or perpendicular to the coggs.
The fame thing may be done by wheels with teeth, as C, D.

PR OP CXIIL.
To vegulate any motion, or to make it uniform.

r. Any motion is made uniform, by the help of a pendulum
AB, fufpended at A and vibrating, As the pendulum vibrates,
it caufes CDE to vibrate alfo, about the axis DE. The weight
I carries the wheel R, and R moves LF. Now whillt the
pendulum vibrates towards M, a tooth of the wheel GF goes
off the pallat 7, and another catches the pallat // ; and when
the pendulum returns towards V, it draws the pallat H off the
tooth, and another catches the pallat I; and fo on alternately.
So that at every vibration of the pendulum, a tooth goes off
one or other of the palats.

2. A uniform motion is effetted by the pendulum CP, vibrat-
ing in the arch NM about the center of motion C. As the pen-
dulum vibrates, it caufes the piece ADE to vibrate along with it
about the axis of motion DE. By this motion the leaf 4 catches
hold of a tooth of the horizontal wheel GF, in its going;
and the leaf # of another tooth, in returning. A wheel with a
weight is applied to the pinion L, to keep the pendulum going.

3. A pendulum may alfo be applied thus for the fame pur-
pofe. FG is a thick wheel, or rather a double wheel, whofe
axis is parallel to the horizon. #P a pendulum vibrating up-
on the axis DE, which is parallel to the planes of the wheel
FG 3 anb two wings perpendicular to DE, and tonP ; 1, I, I
pinsin the rim G; and 2, 2, 2 pins in the rim F. Thefe pins
are in the planes of the wheel ; but not perpendicular to the cir-
cumference, but inclined in an angle of about 45 degrees, and
the pins in one end are againft the fpaces in the other ; 45 is pa-
rallel to the axis of the wheel FG, but neither in the {fame hori-
zontal or perpendicular plane ; but almoft the radius of the
wheel below, and fomething more forward. Whilft the pendu-
lum P vibrates in the arch MN, about the axis DE, the wing @
catches hold of a tooth in the end F'; and when it returns, the
wing & catches hold of a tooth in the end G. Thus the pins act-

ing
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ing alternately againft the wings 4, 4, keep the pendulum go- F1 G.

ing, by help of the weight /.

4. A fteady motion is continued by applying the heavy
wheel ABC, to the machin®: or the crofs bar DE loaded with
two equal weights at D and E. Or a cylinder of fome heavy
matter may be applied ; being made to revolve about its axis,
By thefe the force of the power, which would be loft, is kept in
the wheel, andis equally diftributed in all parts of the revolution.
Such a wheel is of great ufe in fuch machines as a&t with une-

ual force at different times, orin different parts of a revolution.
gur by its weight it conftantly goes on at the fame rate, and
makes the motion uniform, and every where equal. By reafon
of its weight a little variation of force will not fenfibly alter its
motion : and its fri¢tion, and the refiftance of the air will hinder
it from accelerating. If the machine flackens its motion, it
will help it forward ; if it tends to move too faft, it will keep
it back.

Every fuch regulating wheel ought to be fixed upon that axis,
where the motion is fwifteft. And ought to be the heavier,
the flower it is defigned to move; and the lighter, the fwifter
the motion is. And in all cafes the center ot motion muft be
in the center of gravity of the wheel. And the axis may be
placed parallel to the horizon, as well as perpendicular to it.

If the machine be large, and the axis of the heavy wheel
be endicular to the horizon ; the heavy wheel may be
made to roll on the ground, round that axis ; by putting the
wheel upon another axis fixed in the former at right an-
gles toit; and thus the weight is taken off the firft axis. And
two fuch wheels may be applied on oppofite fides.

5. Any fwift motion may be moderated by a fly #B, move-
able about the axis CD. This is made of thin metal; at s is a
Ipring to keep the axis and fly pretty ftiff together. This bridles
the rapidity of the motion OF the machine, to which it is ap-
plied, by reafon of its great refiftance in the air ; and therefore
it hinders the motion from accelerating beyond a certain degree.
This fort of fly is ufed in clocks, and is fo ufeful in any motion
that requires to ftop, or move a contrary way.

None of thefe regulating wheels or flies, add any new power
to the machine ; but rather retard the motion by their friction
and refiftance,

PROY,

167,
168,
169.

170,
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the End.
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