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P KGET LS
PREFACE

YOUNG Mathematician may
' be furprifed, to fee the old ob-
Jolere Elements of Euclid appear
afref in Prints and that too
after fo many new Elements of Geometry,
as have been lately publifid; efpecially
Jince thofe who gave us the Elements of
Geometry, in a new manner, would have
us believethey have detected agreat many
Faultsin Euclid. Thefe acute Philofo-
phers pretend 1o have diftovered, thar
Euclid's Definitions are not per[picuous
enough ; that his ‘Demonftrations are
Starcely evident s that his whole Ele-
ments are ill-difposd s and that they
have found out innumerable Falfities in
ghem, which had lainbid totheir Times.
But by their Leave, I make bold to
affirm, that they carp at Euclid undefer-
vedly: For his Definitions are diffinct
and clear, as being taken from firft Prin-
ciples, and our moft eafy and fimple Con-
ceptions s and his ‘Demonftrations ele-
gant, perfpicnous and concife, carrying
with them [uch Evidence, and [o much
Strength of Reafon, that I am eafily in-
duced to believe the Objcurity Sciol ifts /o
¢ften accufe Euclid with, is rather to be
A 2 at-



Hr. Keir's PREFA CE.
sttributed to their own perplexed Ideas,
than to the ‘Demonfirations themfelves.
And however [ome may find Fault with
the Difpofition and Order of his Lle-
ments, vet novwithftanding 1donot find
any Method, in all the Writings of this
kind, more proper and eafy for Learners
than that of Euclid.

It is not my Bufine(s here to anfwer
[eparately every one of thefe Cavillers 5
but it will eaftly appear to any one, o-
derately verfed in thefe Elements, that
they: rather fhew their own Ldlenefs,
than any real Faults inEuclid.  Nay, I
dare venture to [ay, there is not one of
thefe new Syftems, wherein there are not
more Faults, nay; groffer ‘Paralogifms,
than they have been able even to imagine
#n Euclid.

After (o many unfucce[sfuwl Endea-
wours, in the Reformation of Geometry,
fome very good Geometricians,not daring
to make new Elements, have defervedly
preferr'd Euclid o all otherss and have
accordingly made it their Bufine(s to pub-
lifb thofe of Euclid.  But they, for what
Reafon I know not, have entirely omitted
fome Propofitions, and have altered the
Demonfirations of .others for worfe.
Among whom are chiefly Tacquet and
Dechalles, both of which have unkappily
rejected [ome elegant Propofitions in the
Elements, (which ought to have been re-
tained) as imagining them trifling and-

ufelefs 3



Dr.Ke1i’'s PREF A CE.
wfelefss fuch, for Example, as Prop. 27,
- 28,and 29, of the fixth Book, and fome
others, whofe Ufes they might not know.
Farther, where-ever they ufe ‘Demonfira-
tions of their own, inftead of Euclid’s, in
thofe ‘Demonftrations they are faulty in
their Reafoning, and deviate very much
from the Concifenefs of the Antients.

In the fifth Book, they have wholly re-
jected Euclid’s Demonftrations, and have
given a ‘Definition of Proportion diffe-
rent from Euclid’s; and which compre-
hends but one of the two Species of “Pro-
portion, taking in only commenfurable
Quantities. Which great Fault no Lo-
gician or Geometrician would have ever
pardoned, had not thofe Authors done
landable Things in their other Mathe-
matical Writings. Indeed, this Fault
of theirs is common to all Modern IWri-
ters of Elements, who all [plit on the
fame Rock; and to fhew their Skill,
blame Euclid, for what, on the contrary,
he ought to be commendeds I mean the
‘Definition of proportional Quantities,
wherein he fhews an eafy Property of
theft Quantities, taking in both com-
menfirable and incommenfurable ones,

“and fromwhich all the other Properties
of Proportionals do eafily follow.

Some Geometricians, forfooth, want 4

. “Demonftration of this ‘Property in Eu-
clid 5 and undertake to fupply the ‘Defc-
ciency by one of their own. Here,again,

Aj 1hgy



Dr. Ketr’sPREFACE

they feew their Skill in Logic, in require-
ing a ‘Demonftration for the Definition
afg aTerm; that “Definition of Euclid be-
ing fich as determines thofe Quantities
Proportionals which have the Conditions
Jpecified in the faid Definition. And
why might not the Author of the Ele-
ments give what Names he thought fit
zo %ﬁaﬂmiﬁs kaving fuch Requifites ?
Surely be might ufe his own Liberty, and
accordingly has called them Proporti-
onals.

But it may be proper here to examine
the Method whereby they endeavour to
demonfirate that Property : Which is by
Jfirft affuming a certain Affection, agree-
1ng only to one kind of ‘Proportionals, viz.
Commenfurables ; and thence, by a long
Circuit, and a perplexed Series of Con-
clufions, do deduce that univerfal ‘Pro-
perty of ‘Proportionals which Euclid
afpirmss a Procedure foreign enough to
the fuft Methaods and Ruffr of Reafon-
ing. They would certainly have done
miuch better, if they had firft laid down
that univerfal ‘Property by Euclid, and
thence havededucedthat particalar ‘Pro-
perty agreeing to only one Species of Pro-
portionals. But rejeéting this Method,
they have taken the Liberty of adding
their Demonflration to this Definition
of the fifth Book. Thofe whe have a
Mind to fee a farther Defence of Euclid,

ray
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may confult the Mathematical Leltures
of the leqrned ‘Dr. Barrow.

As I have happeped to mention this
great Geometrician, 1 muft not pafs by
the Elements publifred by him, wherein
generally he has retained the Confiruc-
tions and Demonfirations of Euclid bim-
[felf, not having emitted [0 much as one
Propofition. Hence, bis‘Demonfirations
become more ffrong and nervous, bis Con-
Srructions more neat and elegant, and the
Genius of the ancient Geometricians
mare confpicuous, than is ufually found
in other Books of this kind. Tothis he
has added feveral Corollaries and Scho-
lia, which ferve not only to [horten the
Demonftrations of what follows, but
are likewife of Ufe in other Matters.

Notwithflanding this, Barrow's De-
monfirations are [0 very fhort, and are in-
volved in fomany Notes and Symbols,that
they are rendered obfcure and difficult to
one not verfed inGeometry. There many
Propofitions,;which appear confpicuous in
reading Euclid bimfelf, are made knotty
and [carcely intelligible to Learners by
this Algebraical Way of Demonfiration,
As is, for Example, Prop. 13. Book 1.
and the Demonftrations which he lays
down in Book 1. are flill more diffecult :
Euclid Aimfelf has done much better, in
fhewing their Evidence by the Contempla-
tions of Figures,as in Geometry [bould al-
ways be done. The Elements of all Scz-

A 4 ences
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ences ought to be handled after the moft
Simple Method, and not to be involv'd in
Symbols, Notes, or obfcure Principles,
taken elfewbhere.

AsBarrow’s Elements are too é/bﬂrt, o
are thofe of Clavius too prolix, abounding
in fuperfluous Scholiums and Comments
For in.my OpinionEuclid is not (6 obfcure
as to want fich a Lumber of Notes, nei-
ther do I doubt but a Learner will find
Euclid himfelf eafier than any of his Com-
wmentators. As too muech Brevity in Geo-
metrical ‘Demonflrations begets Obfeu-
rity, [0 too much Prolixity produces Te-
dionfnefs and Coufufion.

On thefe Accounts, principally, it was,
that I undertook to publify the firft fix
Books of Euclid, with the 11th and 120,
according to Commandinus’s Edition; the
veft I forbore,becaufe thofe firfi-mentioned
are [ufficient for underflanding of moft
Parts of the Mathematics now [fudied.

Farther, for the Ufe of thofe who are

defirous to apply the Elements of Geome-
try to Ufes in Life,we have added a Com-
pendium of Plain and Spherical Trigono-
metry, by means whereof Geometrical
Magnitudes are meafurd, and their ‘Di-
menfion expreffed in Numbers.

Jo IR T T,
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PREFACE,

Shewing the UserUuLNEss and Ex.
~ CELLENCY of this WORK.

R. KETL, in his Preface, hath fuf-
ficiently declared how much eafier,
plainer, and more elegant, the Ele-

ments of Geometry written by Euxclid are, than
thofe written by others ; and that the Elements
themfelves are fitter for a Learner, than thofe
publifhed by fuch as have pretended to com-
ment on, {ymbolize, or tranfpofe any of his
Demonftrations of fuch Propofitions as they
intended to treat of. Then how muft a Geo-
metrician be amazed, when he meets with a
Tra& * of the 1ft, 2d, 2d, 4th, sth, 6th,
11th and 12th Books of the Elements, in which
are omitted the Demonftrations of all the Pro-
pofitions of that moft nable univerfal Mathefis,
the 5th; on which the 6th, 11th, and 12thfo
much depend, that the Demonftration of not
fo much as one Propofition in them can be ob-
tained without thofe in the fifth!

# Vide the laft Edition of the Englifh Tacquet.
The
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The »th, 8th, and gth Books treat of fuch
Properties of Numbers which are neceffary
for the Demonftrations of the 1oth, which
treats of Incommenfurables; and the ¥3th,
14th, and 15th, of the five Platonic Bodies.
But though the Doctrine of Incommenfura-
bles, becaufe expounded in one and the fame
Plane, as the firft fix Elements were, claimed
by a Right of Order, to be handled before
Planes interfeted by Planes, or the more com-
pounded Doétrine of Solids; and the Proper-
ties of Numbers were neceffary to the Reg-
foning about Incommenfurables: Yet becaufe
only one Propofition of thefe four Books, wiz,
the 1ft of the 10th, is quoted in the 11th and
12th Books; and that only once, viz. in the
Demonttration of the 2d of the 12th; and that
st Propofition of the roth, is fupplied by a
Lemma in the 12th: And becaufe the 7th, 8th,
gth, 10th, 13th, 14th, 15th Books have not
been thought (by our greateft Mafters) necef-
fary to be read by fuch as defign to make na-
tural Philofophy their Study, or by fuch as
would apply Geometry to practical Affairs,
Dr. Keil, in his Edition, gave us only thefe
cight Books, viz. the firft fix, and the 11th
and y2th. '

And as he found there was wanting a Trea-
tife of thefe Parts of the Elements, as they
were written by Euclid himfelf; he publifhed
his Edition without omitting any utP Euclid’s .
Demonftrations, except two 3 one of which
was a fecond Demonftration of the gth Propo-
fition of the third Book ; and the othera Demon-
itration of that Property of Proportionals cal-
ed Converfion (contained in a Corellary to the

19th
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1gth Propofition of the fifth Book); where in-
ftf:ad of Euclid’s Demﬂnﬁratlﬂn, which is uni-
verfal, moft Authors have given us only parti-
cular ones of theirown. The firlt of thefe,
which was omitted is here fupplied: And that
which was corrupted is here reftored ¥,

And fince feveral Perfons, to whom theEle-
ments of Geometry are of vaft Ufe, either are
not fo fufficiently skilled in, or perhaps have
not Leifure, or are not willing to take the
Trouble, to read the Latin 5 and fince this
Treatife was not before in Engli/b, nor any
other which may properly be faid to contain
the Demonftrations laid down by Euc/id him-
felf 5 I do not doubt but the Publication of
this Edition will be acceptable, as well as fer-
viceable. Py

Such Errors, either typographical, or in the
Schemes, which were taken Notice of in the
Latin Edition, are correted in this.

As to the Trigonometrical Tract annexed
to thefe Elements, 1 find our Author, as well
as Dr. Harris, Mr, Cafwell, Mr. Heynes, and
others of the Trigonometrical Writers, is mif-
taken in fome of the Solutions.

That the common Solution of the 12th
Cafe of Oblique Spherics is falfe, I have de-
monftrated, and given a true one. See Page

319.

* Vide Page 55, 197, of Eﬁn’n{s Works, publiflied
by Dr. Gregory.

In
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In the Solution of our gth and 1oth Cafes,
by other Authors called the 1ft and 2d, where
are given and fought oppefite Parts, not only
the aforementioned Authors, but all others that
1 have met with, have told us that the Solu-
tions are ambiguous 3 which Doctrine is,. in-
deed, fometimes true, but fometimes falfe :
For fometimes the Quefitum is doubtful, and
fometimes not 3 and when it is not doubtful,
it is fometimes greater than go Degrees, and
fometimes lefs : And fure I fhall commit no
Crime, if I affirm, that no Solution can be
given without a juft Diftinction of thefe Vari-
eties, For the Solution of thefe Cafes fee my
Directflgs at Pages 321, 322,

n the Solution of our 3d and 4th Cafes, in
other Authors reckoned the 3d and 4th, where
there are given two Sides and an Angle oppo-
{ite to one of them, to find the 3d Side, or
the Angle oppofite to it ; all the Writers of
Trigonometry that I have met with, who have
undertaken the Solutions of thefe two, as well
as the two following Cafes, by letting fall a
Perpendicular, which is undoubtedly the fhort-
eft and beft Method for finding either of thefe
Quefita, have told us, that the {%}Erence }
of the Vertical Angles, or Bafes, fhall be the
fought Angle or Side, according asthe Perpen-

dicular falls { :iiﬁ:l; } which cannot be
)

known, unlefs the Species of that unknown
Angle, which is oppolfite to a given Side, be
firft known, |

Herg
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~ Here they leave us firft to calculate that un-
known Angle, before we fhall know whether
we are to take the Sum or the Difference of the
Vertical Angles or Bafes, for the fought Angle
orBafe: And in the Calculation of that Angle
have left us in the dark as to its Species 5 as
appears by my Obfervations on the two pre-
ceding Cafes.

The Truth is, the Quefitum here, as well as
in the two former Cafes, is fometimes doubt-
ful, and fometimes not; when doubtful, fome-
times each Anfwer is lefs than go Degrees,
fometimes each is greater; but fometimes one
lefs, and the othér greater, as in the two lait-
mentioned Cafes. When it is not’ doubtful,
the Quefitum 1s fometimes greater than go De-
grees, and fometimes lefs. All which Diftinc-
tions may be made without another Opera-
tion, or the Knowledge of the Species of that
unknown Angle, oppofite to a given Side ;
or, which is the fame thing, the falling of the
Perpendicular within or without, For which
{fee my Direétions at Pages 324, 325.

In the Solution of our 1ft and sth Cafes
called in other Authorsy the sth and 6th ;
where there are given two Angles, and a Side
oppofite to one of them, to find the 3d Angle,
or the Side oppolite to it ; they have told us;
that the - %i?er&nce% oftheVertical Angles;
or Bafes, according as the Perpendicular falls

3 within g fhall be the fought Angle or Side;

without
and that it is known whether the Perpendicu-
lar
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lar falls wichin or without, by the Affection of
the given Angles.

Here they feem to have fpoken as tho® the
Quefitum was always determined, and never
ambiguous 3 for they have here determined
whether the Perpendicular falls within or with-
out, and thereby whether they are to take the
Sum or the Difference of the Vertical Angles
or Bafes for the fought Angle or Side.

But notwithftanding thefe imaginary Deter-
minations, I affirm, that the Quefitum here,
as in the two Cafes laft-mentioned, is fome-
times ambiguous, and fometimes not; and
that too, whether the Perpendicular falls with-
in, or whether it falls without. See my Solu-
tions of thefe two Cafes in Page 323.

~ The Determination of the 3d Ca/z of Ob-
lique Plain Triangles, fee in Page 32 5.

SAM., CuNN.



E U GLEI-D’s
ELEMENTS.

B-0Q.0 K- 1.

IRE EINTTLIONNS,

: POINT is that which bath no Parts

or Magnitude.

1I. A Line is Length, without Breadth.

1. The Ends (or Bounds) of a Line are
Points.

IV. A Right Line is that which lieth evenly be-
tweén its Points. '

V. A Superficies is that which bath only Length
and Breadth.

V1. Tbe Bounds of a § uplrficies are Lines,

VIL A4 plain Superficies is that which lieth
evenly between its Lines,

VIIL. 4 plain Angle is the Tnclination of two
Lines to one another in the Jame Plane, which
touch each otber, but do not both lie in the Jame
Right Line.

IX. If the Lines contarning the Angle be Right
ones, then the dngle is called g Right-lined
Angle,

X. When a Right Line, Sfanding on  another
Right Line, makes Angles on citber Side there-

o
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FEuclid’s ELEMENTs. DBookl.

of;, equal between themfelves, each of thefe equal
Angples is a Right one, and that Right Line
awhich [tands upon the otber, is called a Per-
pendicular to that whereon i flands.

XI1. An Obtufe Angle is that which is greater
than a Right one.

XII. An Acute Angle is that which is lefs than
a Right one. _ \
XI111. A Term (or Bound) is that which is the

Extreme of any thing.

XIV. A Figure is that which is contained under
one or more Terms.

XV. ACircle is a plain Figure, contained under
one Line, called the Circumference 5 to which
all Right Lines, drawn from a certain Poini

 within the Figure, are equal.

XVI. And that Point is called the Centre of the
Circle. .

XVII. A Diameter of a Circle is a Right Line
drawn through the Centre, and terminated on
both Sides by tha Circumference, and divides the
Circle into two equal Parts.

XVIII. A Semicircle is a Figure contained un-
der a Diameter, and that Part of the Circum-
erence of a Circle, cut off by that Diameter.

XIX. A Segment of a Circle is a Figure con-
tained under a Right Line, and Part of the
Circumference of the Circle [which is cut off

by that Right Line.]

XX. Right-lined Figures are fuch as are cons
tained under Right Lines.

XXI1. Three-fided Figures dre fuch as are cons

' tained under three Lines.

XXII. Four-fided Figures are fuch as are cons

 tained under four, |

XXII. Many-fided Figures are thofe that are
contained under more thau four Right Lines.

XXIV. Of

-~ F .
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XXIV. Of three-fided Figures, that is an Equi-

- lateral Triangle, which bath three equal Sides.

XXV. That an Ifofceles, or Equicrural one, which
bath only two Sides equal.

XXVI. And a Scalene one, is that which bath

. three unequal Sides. |

XXVIIL. Alfo of three-fided Figures, that is a
f}:;g‘:?f-ﬂﬂgffd Triangle, which bath a Right

ngle.

XXV‘%II. That an Obtufe-angled one, which bath
an Obtufe Angle.

XXIX., And that an dcute-angled one, which bath
three Acute Angles.

XXX. Of four-fided Figures, that is a Square,
whofe four Sides are equal, and its Angles all

. Right ones.

XXXI. That an Oblong, or Refangle, which is
longer than broad; but its oppofite Sides are
equal, and all its Angles Right ones.

XXXII. That a Rbombus, which bath four
equal Sides, but not Right dngles,

XXXIII. That a Rbomboides, whofe oppofite Sides

. and Angles only are equal.

XXXIV. 4l Quadrilateral Figures, befides thefz,
are called Trapezia.

XXXV. Parallels are fuch Right Lines in the
Jame Plane, which if infinitely produc’d both
ways, would never meet,

P S UL A T ES,
I, GRANT that a Right Line may be drazwn

Sfrom any one Point to anotber.
1. That a finite Right Line may be continued di-
retly Jﬂrwa rds.
1. And that a Circle may be deferibed about
any Cenire, with any Diffance,

B AXIOMS,
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AXTOMS,

! HINGS equal to one and the fame
 Thing, are equal to one another.

11, If to equal Things are added equal Things,
the Wholes will be equal.

1. If from equal Things, equal Things be taken
away, the Remainders will be equal.

IV. If equal Things be added to unequal Things,
the Wholes will be unequal.

V. If equal Things be taken from unequal Things;
the Remainders will be unequal.

VI. Things which are double to one and the fame
Thing, are equal between themfelves.

VIL. Things which are balf one and the fame
Thing, are equal between themfelves.

VIII. Things which mutually agree togetber, are
equal 1o oiie another, '

IX. The Whole is greater than its Parts.

X. Two Right Lines do not contain a Space.

X1. All Right Angles are equal between themelves.

X11. If a Right Line, falling upon two other
Right Lines, makes the inward Angles on the
fame Side thereof, both together, lefs than two
Right Angles, thofe two Right Lines, infinitel
produc’d, will meet each other on that Sid::-
where the Angles are lefs than Right ones.

Note, When there arz feveral Angles at one Point,
any one of them is expres'd by three Letters, of
which that at the Vertex of the Angle is plac’d in
the Middle. For Example; Inthe §igure of Prop.
XII. Lib. L. the Angle contain’d, under the Righxt
Lines AB, BC, is called the Angle ABC; and
the-Angle contain’d under the Right Lines AB, BE,
is called the Angle ABE.

PR O-
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PROPOSETION. I,

ProBrL E M.

Do deferibe an Equilateral Triangle upon a given
Jinite Right Line.

ET AB be the given finite Right Line,
upon which it is required to defcribe an
Equilateral Triangle.
About the Centre A, with the Diftance
AB, defcribe the Circle BCD#*; and about the * 35 Py,
Centre B, with the fame Diftance hA, defcribe the
Circle ACE; and from the Point C, where the rwo
Circles cut each other, draw the Right Lines CA,
CB+. t 1 P,
Then becaufe A is the Centre of the Circle DBC,
AC fhall be equal to AB+. And becaufe B is the 1 15 Defl
Centre of the Circle CAE, BC thall be equal to BA :
but C A hath been proved to be equal to A B; there-
fore both CA and CB are each equal to AB. But
Things equal to one and the fame Thing, are equal
between themielves, and confequently CA is equal
to CB; therefore the three Sides CA, AB,BC, ‘are
equal between themfelves.
And fo the Triangle BAC is an Equilateral one,
and is defcribed upon the given finite Right Line A B;
which was to be done.

PROPOSITION II,

ProBLEM.
At a given Point, to put a Right Line equal to
@ Right Line given,

Y LET the Point given be A, and the given Right
d Line BC; it is required to put a Right Line at
 the Point A, equal to the given Right Line BC.

-;‘ Ba | Draw
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% Poft, 1.
1 1 .:y".r.&."s.

1 Pof. 2.
* P, 3.

+ Def. 15.

t Axiom 3.

L = ef .F.E?J..h

+ Paof. 3.

1 Sxeion 1,

-

Euclid’s ELEMENTS. Book I

Draw the Right Line AC from the Point A to cx,
upon it defcribe the Equilateral Triangle DAC+;
produce D A and D C directly forwards to E and
G#; about the Centre C, with the Diftance B o
deferibe the Circle BG H*; and about the Centre D,
with the Diftance D G, defcribe the Circle GK L.

Now becaufe the Point C s the Centre of the Circle
BGH, BC will be equal to CG+; and becaufe
D is the Centre of the Circle GK L, the Whole D LL
will be equal to the Whole DG, the Parts whereof
DA and DC are equal; therefore the Remainders
AL, GC, are alfo equal$.  But it has been demon-
{trated, that B C is equal to CG; wherefore both AL
and BC are each of them equal to CG. But Things
that are equal to one and the fame Thin% are equal
E} éine ariother ; and thereforé likewife A L is equal to

Whence the Right Line AL is Eut at the given
Point A, equal to the given Right Line BC, which
was to be done. :

PROPOSITION IIL

ProsLEM.

Tiwo unequal Right Lines being given, to cut off 4
Part from the greater Equal to the leffer.

i ©T AB and C be the two unequal Right Lines

given, the greater whereof is AD; it is required
to cut 5&‘ a Line from the greater A B equal to the
lefer C, :

Put*a Right Line AD at the Point A, equal to the
Line C; and about the Centre A, with the Diftance
A D; defcribe 2 Circle DE E+.

Then, becaufe A is the Centre of the Circle DEF,
AE is equal to AD; and fo both AE and C dre
EECP:Equai to AD; wherefore AE is likewife equal
to C+

And fo there is cut off from AB, thegreater of two
given Right Lines AB and C, a Line AE equal t
the leffer Line C; which was to be done.

PR O-
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PROPOSITION 1V,

THEORE M.

If there are two Triangles that bave two Sides of
the one equal to two Sides of the other, each
10 each, and the Angle contained by thofe equal
Sides igone Triangle equal to the Angle contained
by the correfpondent Sides in the other Triangle,
then the Bafe of one of the Triangles [ball be
equal to the Baje of the other, the whole Triafiple
equal to the whole Triangle, and the remaining

s

Angles of oneequal to the remaining Angles gf the
other,each to each,which fubtend the equal Sides.

ET the two Triangles be ABC, DEF, which
have two Sides AB, AC, equal to two Sides
DE, DF, each to each, that is, the Side AB equal
to the Side DE, and the Side AC to DF; and the
Angle BAC equal'to the Angle EDF. [ fay, that
the Bafe BC is equal ro the Bafe EF, the Triangle
ABC egual to the Triangle DEF, and the remain-
ing Angles of the one equal to tha remaining Angles
of the other, each to its Correfpondent, fubtending -
the equal Siées, viz. the Angle ABC equal to the
Angle DEF, and the Angle ACB cqual to the An-
gleEDFE.

For the Triangle AB C being applied to DEF, fo
as the Point A may co-incide with D, and the Right
Line AB with D l‘é, then the Point B will co-incide
with the Point E, becaufe ABisequalto DE. And
fince AB co-incides with D E, the Right Line AC
likewile will co-incide with the Right Line D F, be-
caufe the Angle BAC is equal to the Angle EDF.
Wherefore alfo C will co-incide with F, becaule the
Right Line A C is equal ro the Right Line DI*.  But
the Point B co-incides with E, and therefore the Bafi
BC co-incides with the Bafe EF. " For if the Point
B co-inciding with E, and C with F, the Bafe BC
does not co-incide with the Bafe EF; then two Righe
Lines will contain a Space, which is impoffible®. *.7.. 15,
"Therefore the Bafe BC co-incides wirh the Bafe E F,
and is equal thereto; and confequently the whole T'ri-

3 angle
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anale ABC will co-incide with the whole Triangle
D%i F, and will be equal thereto; and the remainin

Angles will co-incide with the remainin%kﬁxng'lﬂi-, anﬁ
will be equal to them, wiz. the Angle ABC equal to
the Angle DEF, and the Angle ACB equal to the

-

Angle DFE. Which was to be demonftrated.

PROPOSITION V.

THEQOREM.

The Angles at the Bafe of an Tfofceles Triangle are
equal between themfelves : And if the equal
Sides be produced, the Angles under the Bafe
fball be equal bevween themfelves.

LET ABC be an Ifufceles Triangle, baving the
Side AB equal to the Side AC; and let the
equal Sides AB, AC, be produced directly forwards
to D and E. 1 fay, the Angle ABC is equal to the
%gf ACB, and the Angle CBD equal to the Angle
Tor affume any Point F in the Line BD, and from
%E cétﬂoﬂ" the Line AG cqual * 1o AF, and join
hen, becaufe AF is equal to AG,mmd ABwo AC,

the two Richt Lines FA, AC, are equal to the two
Lines G A, AB, each to each, and contain the com-
mon Angle FAG; therefore the Bafe FC is equal {
to the Bafe GB, and the Triangle AFC equil to
the Triangle AGB, and the remaining Angles of
the on= equal to the remaining Angles of the other,
each to each, fubtending the equal Sides, wiz. the An-
le ACF equal to the Angle ABG; and the Angle
FC equal to the Angle AGB. And becaufe the
Wholé AF isequal to the Whole AG, and the Part
AB equal to the Part AC, the Remainder BF is
equdl to the Remainder CG." But FC4 has been
roved to be equal to GB; therefore the two Sides
EI-‘, FC, are equal to the two Sides CG, GB,
each to each, anﬂ the Angle BFC equal tq the Angle
CGB; but they have a common Bafe BC., There-
fore alfo the Triangle BFC will be equal to the
Triangle CGB, and the remaining Angles of theone
e equal

bifaliirn &
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equal to the remaining Angles of the other, cach to
each, which fubtend the equal Sides. And fo the An-

le FBC is equal to the Angle GCB; and the Angle
© . BCF equal to the ﬁré%lr: CRG. Therefore, becaufe
- the whole Angle ABG has been proved equal to the
whole Angle ACF, and the Part CBG equal to
BCF, the remaining Angle ABC will be * equal to * 4. 3.
the remaining Angle ACB; but thefe are the Angles
at the Bafe of the Triangle ABC. It hath likewife
been proved, thatthe Angles FBC, GCB, under the
Bafe, are equal; therefore the Angles at the Bale of
Ifofceles Triangles are equal between themfelves; and
if the equal Right Lineﬁm produced, the Angles under
the Bafe will be alfo equal between themlelves.

Corall. Hence every Equilateral T'riangle is al{o Equi-
angular. .

PROPOSITION" VL

THEORE M.

If two Angles of a Triangle be equal, then the Sides
Jubtending the equal Angles will be equal be-
tween themfelves. '

LET ABC be a Triangle, having the Angle

ABC equal to the Angle ACB. I fay, the Side
AB is likewile equal to the Side A C.

For if AB be not equal to AC, let one of them, as
AB, be the greater, from which cut off BD equal to
ACt,and joinDC. Then, becaufe BD is equal to + 3 o «4is.
AC, and BC is common, DB, BC, will be equal
to };C, CB, each to each, and the Angle DBC
equal to the An% ACB, from the Hypothefis ;
therefore the Bafe D C is equal # to the Bafe AB, and 44 o7 ¢,
the Triangle DBC equal to the Triangle ACB, a
Part to the Whole, which isabfurd; therefore ABis
not unequal to Ad, and confequently is equal to .

T herefore, if two Angles of a Triangle be equal
between themfelves, the Sides {ubtending the equal
Angles are likewile equal between themfelves. Which
was to be demonftrated.

B 4 Carall,
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Coroll. Hence every Equiangular Triangle is allo
Equilateral. TR

PROPOSITION VIIL

THEORE M,

O the fame Right Line cannot be conftituted tws
Right Lines equal to two other Right Lines,
each to each, at different Points, on the fame
Side, and baving the fame Ends which the firft
Right Lines bave,

OR, if it be poflible, let two Right Lines AD,
‘DB, equal to two others AC, CB, each to each,
be conftituted at different Points C and D, towards
the fame Parts CD), and having the fame Ends A and
B which the firft Right Lines have, fo that CA be
equal to AD, having the fame End A which CA
hath; and CB equal to DB, having the fame End
B: and let CD be joined.
" 'Then, becaufe AC is equal to AD, the Angle
ACD will be equal * to the Angle ADC, and con-
{fequently the Angle ADC is greater than the Angle
BCD; wherefore the Angle BDC will be much
rester than the Angle BCD. Again, becaufe CB
%5 equal to D B, the Angle BD C will be equal to the
Angle BCD; but it has been proved to be much
greater, which is impoffible. Therefore oz the fame
Right Line cannot be conftituted two Right Lines equal
to two other Right Lines, each to each, at different
Points, on the [ame Side, and haviug the (ame Ends
which the firft Right Lines bave; which was to bé
demonftrated. | | |

PRO:
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PROPOSITION VIIL

THEORE M.

If two Triangles have two Sides of the one equal
to two Sides of the other, each to each, and
the Bafes equal, then the Angles contained under
the equal Sides will be equal,

ET the two Triangles be ABC, DEF, havin
two Sides AB, AC, equal to two Sides DE,
DF, each to each, viz. AB equal to DE, and AC
to DF; and let the Bale BC be equal to the Bafe
E%FI fay, the Angle BAC is equal to the Angle
For if the Triangle ABC be applied to the Tri-
ﬂnﬁlc DEF, fo that the Point B may co-incide with E-%
and the Right Line BC with EF, then the Point C
will co-incide with F, becaufe BC is equal to EF.
And fo, fince BC co-incides with EF{BA and AC
will likewife co-incide with EID and DF. For if
the Bafe BC fhould co-incide with EF, and at the
fame time the Sides BA, A C, fhould not co-incide
with the Sides ED, DF, but change their Pofition,
asEG, GF, then there would be conftituted on the
fame Right Line two Right Lines, equal to two other
Right Lines, each to each, at feveral Points, on the
fame Side, having the fame Ends. But this is proved
to be otherwife*®; therefore it is impoflible for the * 7 of ¢his,
Sides BA, AC, not to co-incide with the Sides ED),
DF, if the Bafe BC co-incides with the Bafe EF;
wherefore they will co-incide, and confequently the
Angle BAC will co-incide with the Angle EDF,
and will be equal to it. Thr:ref-::-re, rf two Triangles
bawve two Sides of the one equal to two Sides of the other,
each to each, and the Bafes equal, then the Angles con-
tained under the equal Sides will be equal ; which was
« 'to be demonftrated.

PR O
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PEROPOSTTION IX

ProBLEM.

To cut a given Right-lin'd Angle into two equal
| Parts.

LET BAC be a given Right-lin'd Angle, which
is required to be cut into two equal Parts,

Affume any Point D in the Right Line AB, and
cut off AE from the Line ACequal to AD*; join.
DE, and thereon make 1 the g uilateral Triangle
DEF, and join AF. I fay, the Angle BAC iscut
into two equal Parts by the Line AF.

For, becaufe AD is equal tc AE,and AF is com-
mon, the two Sides DA, AF, are each equal to the
two Sides AE, AF, and the Bafe DF is equal to
the Bafe EF; therefore  the Angle D AF is equal to
the Angle E AF. Wheretore 4 given Right-lin'd Angle
is cut into tawo equal Parts ; which was to be done.

PROPOSITIONYX

ProsLEM.

9o cut a given finite Right Line into iwo equal
Parts,

LET AB be a given finite Right Line, required
to be cut into two equal Parts.

Upon it make*an Equilateral Triangle ABC, and
bifect + the Angle ACB by theRight Line CD. 1
fay, the Right Line A B is bifected in the Point D.

For, becaufe AC is equal to CB,and CD is com-
mon, the Right Lines AC, CD, are each equal to
the two Right Lines BC, CD, and the Angle ACD
equal to the Angle BCD; therefore + the Bafe AD,
is equal to the Bafe DB. And fo the Right Line
AB is bifected in the Point D; which awas to be dowe.

PR Q.
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PROPOSITION XI.

ProBLEM.

Todraw a Rigbf Line at Right Angles to a given
Right Line, from a given Point in the [ame.

LE T AB be the given Right Line, and C the given

Paint. It is required to draw ailight Line from
the Point C at Right Angles to AB.

Affume any Point D in AC, and make CE equal
%o CD, and upon DE make + the Equilateral ¥ 3 & tbir
Triangle FDE, and join EC. I fay, the Right ¥ x o dhun
Line FC isdrawn from the Point C, given in the
Right Line AB at Right Angles to AB.

or, becaufe D C is equal to CE, and F C is com-

men, the two Lines DC, CF, are each equal to the
two Lines EC, CF; and the Bafg¢ DF is equal to
the Bafe FE. Therefore * the Angle DCF is equal # 8 of ¢4is,
to the Angle ECF; and they are adjacent Angles.
But when a Right Line, {tanding upon a Right Line,
makes the adjacent Angles equal, each of the equal
Angles is  a Righr Angle; and confequently DCF, t pef. 1o,
FCE, are both Right Angles. Therefore the Right
Line FC, ¢c. which was to be done.

PROPOSITION XII

ProBLEM,

Todraw a Right Line perpendicular, tpon a given
infinite Right Line, from a Point given out of it.

LET AB be the given infinite Line, and C the

4 Point given out of it. It is requird to draw a

Right Line perpendicular upon the given Right Line

AB, from the Point C given out of it.

Affume any Point D on the other Side of the Right

Line AB: and about the Centre C, with the Diftance
" CD, defcribe * a Circle ED G, bife& +EG in H, * P¢-3. .
*  and join CG,;CH,CE. 1 fay, there is drawnpthc Fee o

e © ' er-
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Perpendicular CH on the given infinite Right Line
AB, from the Point C given out of it.

For, becaufe G H is equal to HE, and H C is com-
mon, G H and HC are each e%ral to EHand HC,
and the Bafe CG is equal to the Bafe CE. Therefore
the Angle CHG is equal £to the Angle CHE; and
they are adjacent Angles. But when a Righr Line,
ftanding upon another Right Line, makes the Angles
equal between themfelves, each of the equal Angles
is a Right one®, and the faid ftanding Right Line is
call’d a Perpendicular to that which it ftands on.
Therefore CH is drawn perpendicular, upon a given
infinite Right Line, from a given Point out of it;
which was to be demonftrated.

PROPOSITION XIIL

THEPREM,

HWhen a Right Line, [ftanding upon a Right Line,
makes Angles, thefe fball be either two Right
Angles, or together equal to two Right Angles.

F OR let a Right Line A B, ftanding upon the Right

Line C D, make the Angles CBA, ABD. I{ay,
the Angles CB A, AB D, are either two Right Angles,
or both together equal to two Ri%ht Angles.

For if CBA be equal to AB D, they are * each of
them Right Angles: But if not, draw + BE from the
Point B, at Right Angles to CD. Therefore the
Angles CBE, EBD, are two Right Angles: And
becaufe CBE is ﬂt?)ual to boththe Angles CB A, ABE,
add the Angle EBD, which is common; and the two
Anizles CBE, EBD, together, are tequal to the
thrze Angles CBA, ABE, EBD, together. Again,
becaufe the Angle DBA is equal to the rwo Angles
DBE, EBA, together, add the common Angle
ABC, and the two Angles DBA, ABC, are equal
to the three Angles DBE, EBA, ABC, togethes.
But it has been prov’d, that the two Angles CBE,
EBD, together, are likewife equal to rhelg three An-
gles: Bur T'hings that are equal to one and the {am
are * equal between themfelves. Therefore likewife
the Angles CBE, EB D, together, arc equal to the

Angles
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Angles DBA, ABC, together; but CBE, EBD,
are two Right Angles. Therefore the Angles DB A,
ABC, are both together equal to two Right Angles.
Wherefore wher a Right Line, [Fanding upon another
Right Line, makes Angles, thefe fhall be either two

Right Angles, or together equal to twa Right Angles
which was to be demonftrated.

PREFPOSLITION XLV,

THEOR M

If to any Right Line, and Point therein, two
Right Lines be drawn from contrary Parts,
making the adjacent Angles, both together, equal

‘0 two Right Angles, the faid two Right Lines
will make but one firait Line,

FDR let two Right Lines BC, BD, drawn from

contrary Parts to the Point B, in any Right Line
AB, make the adjacent Angles ABC, ABD, both
togethter, equal to two Right Angles. I fay, BC,
B D, make but one Right Line.

For if BD, CB, do not make one ftrait Line,
ler CB and BE make one.

Then, becaufe the Right Line A B ftands upon the
Right Line CBE, the Angles ABC, ABE, together,
will be equal * to two Right Angles. But the Angles, # 15 of sbis-
ABC, ABD, together, are alio equal to two Right '
Angles. Now taking away the common Angle ABC,
and the remaining Angle ABE is equal to the re-
maining Angle ABD, the lefs to the greater, which
is impoffible. Therefore BE, BC, are not one ftrait
Line. And in the farhe manner it is demonftrated,
that no other Line but BD is in a ftraic Line with
CB; wherefore CB, BD, fhall be in one ftraic
Line. Therefore, if to any Right Line, and Point therein,
2wo Right Lines be drawn from contrary Parts, making
the adjacent Angles, both together, equal to two Righs
Angles, the faid rwo Right Lines will make byt one
firair Line; which was to be demonftrated.

PR O-
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PROPOSITION XV.

THEORE M,

If two Right Lines mutually cut each other, the
oppofite Angles are equal.

ET the two Right Lines AB, CD, mutually cut

each other in the Point E. [ fay, the Angle AEC

is equal to the Angle DEB; and the Angle CEB
equal to the Angle AED.

For, bécaufe the Right Line AE, ftanding on the
Right Line CD, makes the Angles CEA, AED:
Thele both together fhall be equal *to two Right
Angles. Agiin, becanle the Right Line D E ftanding
upon the Righr Line A B, makes the Angles AE D,
D E B: ThefeAngles together are *equal to two Right
Angles. But it has been prov'd, that the Angles CE A,
AED, are likewife together equal to two Right An-
gles. Therefore the Angles CE A, AED, are equal
fo the Angles AL D, DEB. Take away the common
Angle AED, and the Angle remaining CE A, is
equal to the Angle remaining BED. For the fame
Reafon, the Angle CE B fhall be equal to the Angle
DEA. Therefore, if two Right Lines mutually cut
each other, the oppofite Angles are equal; whic[{ was
to be demonftrated.

Coroll. 1. From hence it is manifeft, that two Right
Lines mutually cutting each other, make Angles
at the Section equal to four Right Angles.

Coroll. 2. All the Angles conftitured abour the fame
Point, are equal to four Right Angles:

PR O-
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PROPOSITION XVIL

THEORE M.

If one Side of any Triangle be produced, the out-

ward Angle is greater than either of the inward
oppafite Angles.

LET ABC be a Triangle, and one of its Sides

BC, be produced to D. I fay, the outward
Angle ACD is greater than either of the inward
Ancles CBA, or BAC.

For bifet AC in E*, and join BE, which pro-
duce to F, and make EF equal to BE. Moreover,
join FC, and produce AC to G.

Then, becaufe AE is equal to EC, and BE to
EF, the two Sides AE, EB, are equal to the two
Sides CE, EF, each to each, and the Angle AEB
1 equal to the Angle FEC; for they are oppofite
Angles. Therefore the Bafe AB is # equal to the
Bafe F C; and the Triangle AE B, equal to the Tri-
angle FEC; and the remaining Angles of the one,
equal to the remaining Angles of the other, each to
each, fubtending the equal Sides. Wherefore the
Angle BAE is equal to the Angle ECF; but the
Angle ECD is greater than the Angle ECF; there-
fore the Angle A CD, is greater than the Angle BAE.
After the fame manner, if the Right Line BC be
bifelted, we demonftrate that the Angle BCG, that
is, the Angle A CD, isgreater than the Angle ABC.
Therefore, owe Side of any Triangle being produced,
the outward Angle is greater than eitber of the inward
oppofite Angles; which was to be demonitrated.

PROPOSITBONXVIL

THEORE M.

Two Angles of any Triangle together, bowfoever
takens are lefs than two Right Angles.

LET‘ ABC be a Triangle. I fay, two Angles of
it together, howfoever taken, are lefs than two
- Rigbr Angles.

].-"l.-"j
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For produce BCto D. ey |
Then, becaufe the outward Angle ACD of the
# 16 of thir. Triangle ABC is greater * than the inward oppofite
Angle ABC: If the common Angle AC B be added,
the Angles ACD, ACB, together, will be greater
than the Angles ABC, ACB together: But ACD,
4 13of tbiz. ACB are tequal to two Right Angles. Therefore
ABC, BCA, are lefs than two. Right Angles. - In
the fame manner we demonftrate, that the Angles
BAC, ACB, as alfo CAB, ABC, are lefs than
two Right Angles. Therefore #wo Angles of any Tri-
angle together, howfoever taken, are lefs than two Right
Angles; which was to be demonftrated. .

PROPOSITION XVII.
THEORE M.

The greater Side of every Triangle Jubtends the
greater Angle.

LET ABC be a Triangle, having the Side AC °
greater thanthe Side A B. I fay, the Angle ABC
is greater than the Angle BCA. . ‘
For, becaufe AC is greater than AB, AD may be
made equal to A B, and BD be joined. |
Then, becaufe A DB is an ourward Angle of the
* 16 of ¢his. T riangle BDQC, it will be ¥ greater than l%& inward
t 5 of ehis. Oppofite Angle DCB. But ADB is tequal to
ABD; becaufe the Side AB is equal to the Side AD.
Therefore the Anglé ABD is likewife grester than
the Angle ACB; and confequently A C (hall be
much greater than ACB. Wherefore the greater Side
of every Triangle [ubtends the grearer Angle; which
was to be demonttrared. <

PRO-
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PROPO SEFTEON XDE

THEORE M.

The greater Angle of every Triangle fubtends the
greater Side.

LET ABC be a Triangle, having the Angle ABC
greater than the Angle BCA. I fay, the Side

A C is greater than the Side AB.

For, if it be not greater, A C is either equal to AB,
or lels than it. It is not equal to it, becaufe then the
Angle ABC would be equal *to the Angle ACB; # 5 of 1,
but it is not: Therefore AC is not equal to AB.
Neither will it be lefs; for then the Angle ABC would
be flefs than the Angle ACB ; bur it is not, There- 4 ;g of this,
fore AC is not lefs than AB. But likewife it has
been proved not to be equal to itc: Wherefore A C
1s greater than AB. ‘Therefore #hbe greater Angle of
every Triangle (ubtends the greater Side; which was
to be demonftrated.

FREOPOSITION XX

THEOREM,

Two Sides of any Triangle, bowfoever taken, gre
logether greater than the third Side,

LET ABC be a Triangle: I fay, two Sides there-
of, howfoever taken, are together greater than
the third Side, wiz. the Sides BA, A C, are greater
than the Side BC; and the Sides AB, BC, greater
than the Side AC; and the Sides BC, CA, greater
than the Side AB.

For produce BA to the Point D, fo that AD be

* equal to AC, and join D C. * 3 of this.
hen, becaufe DA is equal to A C, the Angle AD C

fhall be equal +to the Angle ACD. Buc the Angle t 5 o thin
BCD is greater than the Angle ACD. Wherefore
the Angle BCD is greater than the Angle ADC;
and becaufe DCB is a Triangle, having the Angle
D greater than the ﬂtégle B%:) C, and the greater

Angle



20
. Ig ef:bfﬁ

¥ 20 5_,\'!.&1':.

+ Ax. 4.

¥ 16 of ¢his.

Euclid’s ELEMENTSs. Book 1
Anele {ubtends * the greater Side; the Side DB will

bz greater than the Side BC. Bur DB is equal to
BA and AC rtogether. Wherefore the Sides BA,
AC, together, are gredter than the Side BC. Inthe
{ame manner we demonftrate, that the Sides AB,
BC, together, are greater than the Side CA; and
the Sides B C, C A, together, are greater than the Side
AB. Therefore two Sides of any Triangle, bow(oever
taken, are together greater than the third Side; which

was to be demonftrated.

PROPOSITION XXI.

THEORE M:

If two Right Lines be drawn from the extreme
Points of one Side of a Triangle to any Point
within the fame, thefe two Lines fball be lefs
than the other two Sides of the Triangle, but
contain a greater Angle.

FDR lez two Right Lines BD, DC, be drawn

from the Extremes B, C, of the Side BC of the
Triangle AB C, to the Point D within the fame. I fay,
BD, DC, arelefs than B A, AC, the other two Sides
of the Triangle, but contain an Angle BD C greater
than the Angle BAC.

For produce BD to E. |
Then, becaufe two Sides of every Triangle together
are * greater than the third, BA, AE, the two Sides
of the Triangle ABE, are greater than the Side
BE. Now,add EC, which is common, and the Sides

BA, AC, will be +greater than'BE, EC. :
Again, becaufe CE, E D, the two Sides of the Tri-
angle CE D, are greater than the Side CD, add D B,
which is common, and the Sides CE, EB, will be
%rea:er than CD, DB. Butit has been proved, that
A, A C, are greater than BE, EC: Wherefore BA,
A C, are much greater than BD, DC. Again, becaufe
the outward Angle of every Triangle is 4 greater than
the inward and oppofite one: BDC, the outward
Angle of the Triangle CDE, fhall be greater than the
Angle CED. For the fame Reafon, CEB, the out-
ward Angle of the Triangle ABE, is likewile grﬂ;ter
Lhsnl
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than the Angle BAC; but the Angle B D C has been
proved to be greater than the Angle CEB.  Where-
fore the Angle B D C fhall be much greater than the
Angle BAC. And fo, if twe Right Lines be drawn
Jrom the extreme Points of one Side of a Triangle to
any Point within the [ame, thefe tawo Lines fhall be
fe_*[{ than the other tawo Sides of the Triangle, but corn-
Yain a greater Angle ; which was to be demonftrated.

PROFOSETION XXII.

ProeLEM.
Q0 deferibe a Triangle of three Right Lines,which

are equal to three others given: But it is requi-
Jite, that any two of the Right Lines taken to-
gether be greater than the third ; becaufe two
Sides of a Triangle, bowfoever taken, are to-
gether greater than the third Side,

LET A, B, C, be three Right Lines given, two of
which, any ways taken, are greater than the third,
viz. A and B together greater than C; A and C greater
than B; and B and C greater than A, Now it is re-
quired to make a T'riangle of three Right Lines equal
to A, B, C: Let there be one Right Line DE, termi-
nated at D, but infinite towards E; and take * DF
equal to A, FG equal to B, and GH equal to C;
and about the Centre F, with the Diftance FD, de-
{cribea Circle D K L+ ; and about the Centre G, with
the Diftance GH, defcribe another Circle KL H,
and join KF, KG. I fay, the Triangle KFG is
made of three Right Lines, equal to A, B, C; for, be-
caufe the Point F is the Centre of the Circle DK, FK
fhall be equalto FD: But FD isequalto A; there-
fore F K is alfo equal to A.  Again, becaufe the Point
G is the Centre of the Circle LKH, GK will be#
equal to GH: But G H is equal to C’; therefore {hall
G K be alfo equal to C: But FG is likewile equal to
B; and confequently the three Right Lines K F, F G,
K G, are equal to the three Right Lines A, B, C;
wherefore the Triangle K F G is made of three Righe
Lines KF, FG, GK, equal to the three given Lines
A, B, C; wbhich was to be done.
C2 PR O-
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PROPOSITION XXIII.

PrRoBLEM.

WWith a given Right Line, and at a given Point
in it, to make a Right-lin'd Angle equal to a
Right-lin’d Angle grven.

LET the given Right Line be AB, atd tha Point
given therein A, and the given Right-lin’d Angle
DCE. It is required to make a Righr-lin’d Angle
at the given Point A, with the given Right Line A B,
equal to the given Right-lin’d Angle D CE. |

Affume the Points D and E at Pleafure in the Lines
CD, CE, and draw DE; then, of three Right Lines
equal to CD, DE, EC, make *a Triangle AFG,
fo that AF be equal o CD, AGto CE, and FG
to DE.

Then, becaufe the two Sides DC, CE, are equal to
the two Sides F A, AG, each to each, and the Bafe
DE equal to the Bafe F G; the Angle D CE fhall be
+equal to the Angle FAG. Therefore the Right-
lined Angle ¥ AG is made at the given Point A, in
the given Line AB, equal to the given Right-lined
Angle D CE ; awbich awas to be done.

PROPOSITION XXIV.
THEOREM.

If two Triangles have two Sides of the one, equal
to two Sides of the other, each to each, and the
Angle of the one, contained under the equal
Right Lines, greater than the corre/pondent An-

gle of the other s then the Bafe of the one will
be greater than the Bafe of the other.

'LE T there be two Triangles ABC, DEF, hswi%
3

two Sides AB, AC, equal to the two Sides D
DF, each to each, viz. the Side AB equal to the
Side D E, and the Side A C equal to DF 5 and let the
Angle BAC be greater than the Angle EDF. 1
fay, the Bafe B C is greater than the Bafe EF. ¢
i S or,
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For, becaufe the Angle BAC is greater than the
Angle EDF, make *an Angle EDG ar the Point » 23 of this:
D in the Right Line D E, equal to the Angle BAC,
and make + DG equal to either AC or DF, and # 3 of this.
join EF, FG.

Now, becaufe AB is equal to DE, and AC to DG,
the two Sides BA, AC, are each equal to the two
Sides ED, DG, and the Angle BAC equal to the
Angle EDG: Therefore the Bafe BC is equal £10 t 4 of thi.
the Bafe EG.  Again, becaufe DG is cqual to DF,
the Angle DFG is | equal to the Angle DG F; and { s of tbss.
{0 the Angle DF G is greater than the Angle EG F;
And confequently the gﬂgl:: EFG is much greater
than the Angle EGF. And becaufe EFG is a Tri-
angle, having the Angle EF G greater than the Angle ;
EGF; and the greateft Side {ubtends | the grearett | 19 o7 s2:s.
Angle, the Side E G fhall be greater than the Side E F.
Bur the Side EG is equal to the Side BC: Whence
BC is likewife greater than EF. Therefore, if two
Triangles bave two Sides of the one, equal to two Sides
of the other, each to each, and the Ausle of the ane,
contained under the equal Rizht Lines, greater than
the correfpondent Angle of the other: then the Bafe
of the one will be greater than the Bafe of the ather ;
which was to be demonftrated.

PROPOSITION XXV.

A H'EORK E M.

If two Triangles bave two Sides of the one equal ta
Ywo Sides of the other, each to each, and the Bafe
of the one greater than the Bafe of the others
they fhall alfo bave the Angles contained under
the equal Sides, the one greater than the other,

LET‘ there be two Triangles ABC, DEF, having
two Sides AB, AC, each equal to two Sides
DE, DF, wiz. theSide AB equal to the Side D E,
and the Side AC to the Side DF'; but the Bife BC
greater than the Bafe EF. T fay, the Angle BAC
is alfo greater than the Angle EDF
For if it be not greater, it will be cither equal or

lefs, Bur the Angle BAC is not equal to the Angle

C3 EDF;
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* 4 of this. EDF; for if it was, the Bafe BC would be * equal
to the Bafe EF; bur it is not: Therefore the Angle
BAC is not equal to the Anzle EDF, neither will it
1 24 of this. be leffer;, for if it fhould, the Bafe B C would be + lefs
than theBafe EF; butit is not. Therefore the Angle
"BAC is not lefs than the Angle EDF; but it has
likewife bezn proved not to be equal toit. Where-
fore the Angle BAC is neceffarily greater than the
Angle EDF. If, therefore, zwo Triangles bave two
Sides Ef the one equal to tawo Sides of the other, each
20 each, and the B.c;ﬁ of the one greater than the Bafe
of the other;, they [ball alfo bave the Angles, contained
under the equal Sides, the one greater than the other ;
which was to be demontftrated.

PROPOSITION XXVI.

THR2ORE M.

If two Triangles bave two Angles of the one equal
2o two Angles of the other, each to each, and one
Side of the one equal to one Side of the other, ei-
ther the Side lying between the equal Angles, or
which [ubtends one of the equal Anples 5 the re-
maining Sides of the one Triangle fball be alfo
equal to the remaining Sides of the other, each
to bis corref[pondent Side, and the remaining

Angle of the one, equal to the remaining Angle
of the other. g

LET there be two Triangles ABC, DEF, hav-

ing two Angles ABC, BCA of the one, equal
to two Angles DEF, EFD, of the other, each to
each, that is, the Angle ABC equal to the Angle
DEF, and the Angle BC A equal to the Angle E F D.
And let one Side of the one be equal to one Side of
the other, which firft let be the Side lying between
the equal Angles, viz. the Side BC equal to the
Side L F. Ifay, the remaining Sides of the one Tri-
angle will be equal to the remaining Sides of the
other, each to each, that is, the Sid%:AE equal to
the Side DE, and the Side AC equal to the Side

DF, and the remaining Angle B A C equal to the re-
maining Angle EDF. . ~ A
) or
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For if the Side AB be not equal to the Side DE,
one of them will be the greater, which let be AB,
make G B equal to DE, and join GC.
Then, becaufe BG is equal to DE,;and BCto EF,
the two Sides G B, BC, are equal to the two Sides
DE, EF, each to each; and the Angle GBC equal
to the Angle DEF. The Bafe G C is * equal to the * 4 of this,
Bafe DF, and the Triangle GBC to the Triangle
DEF, and the remainin% Angles equal to the remain-
ing Angles, each to each, which fubtend the equal
Sides. Therefore the Angle GCB is equal to the
Angle DFE. But the Angle DFE, by the Hypo-
thefis, is equal to the Angle BCA; and fo the Angle
BCG is likewile equal to the Angle BCA, the
les to the greater, which cannot be. Therefore AB
is not unequal to DE, and confequently is equal to
it. And {o the two Sides A B,BC, are each equal to the
two Sides DE, EF, and the Angle ABC equal to the
Angle DEF: And confequently the Bafe AC * is
equal to the Bafe DF, and the remaining Angle
B A C equal to the remaining Angle EDF.
" Secondly, Let the Sides that are fubtended by the
equal Angles be equal, as AB equal o DE. 1 fay,
the remaining Sides of the one Triangle are equal
to the remaining Sides of the other, wiz. ACto DF,
and BC to EF; and alfo the remaining Angle BAC,
to the remaining Angle EDF.
* For if BC be unequal to E F, one of them is the
greater, which let be BC, if poffible, and make BH
equal to EF, ‘and join AH.
Now, becaule BH is equal to EF, and ABto DE,
the two Sides AB, BH, are equal to the two Sides
DE, EF, each to each, and they contain equal Angles:
Therefore the Bafe AH is * eciual to the %afe
DF; and the Triangle ABH fhall be equal to the .
Triangle DEF, and the remaining Angles equal to
the remaining Angles, each to each, which fubrend
the equal Sides: And fo the Angle BH A is equal to
the Angle EFD. But EFD is fcﬂﬁal to the Angle 1 From ek
BCA; and confequently the Angle BH A is equal to “2#
the Angle BCA: Therefore the outward Angle
BHA of the Triangle AHC, is equal to the inward
and oppofire Angle BCA; which is § impoffible: f 16 of thin
Whence BC is not unequal to EF; therefore it is

4 equal
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equal to it. But AB is alfo equal to DE. Where-
fore the two Sides AB, BC, are equal to the two
Sides DE, EF, each to each; and they contain equal
Angles. And {o the Bafe AC is equal to the Bafe
D, the Triangle BAC to the Triangle DEF, and
the remaining fg%ngle BAC equal to the remaining
Angle EDF. If, therefore, two Triangles bave two
Angles equal, each to each, and one Side of the one
equal to one Side of the other, either the Side lying
between the equal Angles, or which fubtends one afz the
equal Angles; the remaining Sides of the one Triangle
ball be alfo equal to the remaining Sides of the otber,
each to his corre[pondent Side, and the remaining Angle
of the one equal to the vemaining Angle of the other;
which was to be demonftrated.

FROPOSITION. XXVII.

THEORE M.

If a Right Line, falling upon two Right Lines,
makes the alternate Angles equal between them-
Jelves, the two Right Lines fball be parallel,

ET the Right Line EF, falling upon two Right
Lines A B, C D, make the alternate Angles AEF,
EFD, equal berween themlelves. I fay, the Righc
Line AB s parallel to CD. :
For if it be not parallel, AB and CD, produced
towards B and D, or towards A and C, will meet:
Now let them be produced towards B and D, and
meet in the Point G. |
Then the outward Angle AEF of the Triangle
S 16of this. GEF, is * greater than the inward and oppofite An-
%ﬁ”m i gle EFG, and alfo equal +to it; which is abfurd.
"Therefore ABand CD, pmducc& towards B and D,
will not meet each other. By the fame way of Rea-
foning, neither will they meet, being produced to-
wards Cand A. But Lines that meet each otheron
Def. 35. neither Side, are + parallel berween themfelves. There-
fore AB is parallel to CD. Therefore, if a Right Lizne,
falling upon two Right Lines, makes the alternate An-
gles equal between themfelves, the twa Right Lines [hall
i be parallel;, which was to beg demonftrared. s
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PROPOSITION XXVIIL

THEOREM.

If a Right Line, falling upon two Right Lines,
makes the outward Angle of the one Line equal
to the inward and oppofite Angle of the other
on the [ame Side, or the inward Angles on the
fame Side together equal two Right Anugles,
the two Right Lines fball be parallel between
themfelves.

ET the Right Line EF, falling upon two Right
Lines A B, CD, make the outward Angle EGB
equal to the inward and oppofite Angle GHD; or
the inward Angles BGH, GHD on the fame Side
together equal to two Right Angles. I fay, the Right
Line A B is parallel to the Right Line CD.

For, becaule the Angle E G B is *equal to the Angle Z,f o ihe
GHD, and the Angle EGB 1 equal to the Angle Tfs of this,
AGH, the Angle AGH fhalll be equal to the Angle
GHD; but thefe are alternate Angles. Therefore
ABis + pﬂ!"ﬂ“ﬂl to CD. ¥ 27 of this.

Again, becaufe the Angles BGH, GHD, are equal
to two Right Angles, and AGH, BGH, are *equal * 13 ¢f this.
to two Right ones, the Angles AGH, BGH, will
be equal to the Angles BGH, GHD: and if the
common Angle BG H be taken from both, there will
remain the Angle AGH equal to the Angle GHD;
but thefe are alternate Angles. Therefore A B is paral-
lelto CD. If] therefore, a Right Line, falling uposn
2wo Right Lines, makes the outward Angle of the
one Line equal 1o the inward and oppofite Angle of the
other \on the [ame Side, or the inward Angles on the
fame Side together equal to two Right Angles, the two
Right Lines [ball be parallel between thenfolves,

‘which was to be demonitrated.

'F . - L] ‘
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PROPOSITION XXIX,

‘ " THEORE M. |
If a Right Line falls upon two Parallels, it will
* make the alternate Angles equal between them-
Selves the outward Angle equal to the inward
and oppofite Angle, on the fame Side 5 and the
inward Angles on the fame Side together equal
o two Right Angles, R

LET the Right Line E F fall upon the parallel Right
4 Lines AB, CD. I fay, the alternate’ Angles
AGH, GHD, are equal between themfelves; the
outwardAngle E G B is equal to the inward one GHD,
on the fame Side; and the two inward ones; BGH,
GHD, on the fame Side, are together equal to two
Riﬁht Angles. | : -

* For if AGH be unequal to GHD, one of them
will be the greater. Let this be AGH then, becaufe
the Angle AGH is greater than the Angle GHD,
add the common Angle BGH to both: And fo the
Angles AGH, BGH, together, are §reater than the
Angles BGH, GHD, together. © But the Angles
AGH,BGH, are equal to two Right ones*. There-
fore BGH, GHD, are lefs than two Right Angles.
And {o the Lines A B, CD, infinitely produced +, will
meet each other; but becaufe they are parallel, they
will not meet. Therefore the Angle AGH is not
unequal to the Angle GHD. Wherefore it is necef«
farily equal to ir. odetss

But the Angle AG H is 4 equal to the Angle EG B
Therefore EGBisalfoequaltoGHD, -

Now add the common Angle BGH, and then
EC 3,BGH, together, are equal to BGH, GHD,
together; but EGB, and BGH, are equal to two
Right Angles. Therefore allo BGH, and GHD,
fhall be equal to two Right Angles. Wherefore, #
@ Right Line falls upon two Pard?ﬂefr, it awill make the
alternate Augles equal between themfelves; the out-
ward Angle equal to the inward and oppofite Angle, o
the fame Side, and the inward Angles on the ﬁ;me
Side together equal to two Right Angles; which was

PRO-
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PROPOSITION XXX

THEOREM.

Right Lines parallel o one and the fame Right
-« Line, are alfo parallel between themfelves.

LE T AB and CD be Right Lines, each of which
is parallel to the RiEght Line EF. I fay, ABis

alfo parallel to CD.

fall upon them. .

Then, becaufe the Right Line GK falls upon the J
parallel Right Lines A B, E F, the Angle AG H is*equal * 29 of this,
to the Angle G HF ; and becaufe the Right Line G K,
falls upon the parallel Right Lines EF, CD, the An-
gle GHF is equal to the Angle GKD*. Butit has
been proved, that the Angle A G K is alfo equal to the
Angle GHF. Therefore AGK is equal to GK D,
and they are alternate Angles; whence AB is parallel ;
" 1o CD+. And fo Right Lines parallel to one and the 1 27 of thin

fame Right Line, are parallel between themfelves .
which was to be demanl{rated. |

or let the Right Line GK

PROPOSITION XXXI

ProBLEM.

D0 draw a Right Line thro’ a given Point parallel
B to,a given Right Line,

LET A be a Point given, and BC a Risht Line
given. It is required to draw a Righr Line thro’
the Point A, parallel to the Right Line BC.
Affume any Point D in BC, and join AD; then
make *an Angle D AE, at the Point A, with the # 25 of riis,
Line DA, equal to the Angle ADC, and produce
E A ftrait forwards to F. .
Then, becaufe the Right Line A D, falling on two
Right Lines BC, EF, makes the alternate Ancles
EAD,ADC, equal between themfelves, EF fhall
be + parallel to BC.  Therefore the Right Line E A F 4 2 of sis,
is drawn thro’ the given Point A, parallel to the given
Right Line BC; which was to be done. i
: : ; Corait,
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Coroll. Hence it appears, that if one Angle of any

- " Triangle be equal to the other two, thar isa Right
one; becaufe that the Angle adjacent to this Right
one, is equal to the other two. But when adjacent
Angles are equal, they are neceflarily Right ones. -

PROPOSITION XXXII.

THEORE M.

If one Side of any Triangle be produced, the outward
Angle is equal to both the inward and oppofite
Angles and the three inward Angles of a Tri-
angle are equal to two Right Angles.

LET' ABC be a Triangle, one of whofe Sides

BC is produced to D. | {ay, the outward Angle
ACD is equal to the two inward and oppﬂﬁrc
Angles CAB, ABC; and the three inward, Angles
of the Triangle, viz. ABC,BCA, CAB, are equal
to two Right Angles.

For let CE be drawn * thro’ the Point C, parallel
to the Right Line AB. Then, becaufe A B is parallel
to CE, and A C falls upon them, the alternate Angles
BAG, ACE, are + equal between themf{elves. Again,
becaufe AB is paraliel to CE, and the Right Line
B D falls upon them, thesutward Angle ECD is +
equal to the inward and oppofite one ABC; but it
has been proved, that the Angle ACE is equal to
the Angle BAC. Wherefore the whole outward
Angle ACD is equal to both the inward and oppofite
Angles BAC, ABC. And if the Angle ACB,
which is common, be added, the two Angles ACD,
ACB, are equal to the three Angles ABC, BAC,
ACB; bur the Angles ACD, ACB, are # equal
to two Right Angles. Therefore aifo fhall the
Angles ACB, CBA, CAB, be equal to two Right
Angles. Wherefore, if one Side -:'} any Triangle be
produced, the outward Angle is equal to both the in-
award and oppofite Angles, and the three inward Angles
of a Triangle are equal to two Right Angles; which
was to be demonftrated.

Coroll,
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Coroll. 1. All the three Angles of any one T'riangle
taken together, are equal to all the three Angles of

~ any ather Triangle taken together.

Coroll. 2, If two Angles of any one Triangle, either
{eparately or taken together, be equal to two Angles

- of any other Triangle; then the remaining Angle
of the one Triangle, will be equal to the remaining

.- Angle of the other.

Coroll. 3. If one Angle of a Triangle be a Right
Angle, the other two Angles together make one
Right Angle. . .

Coroll. 4. If the Angle included between the equal
Legs of an Ifofceles Triangle be a Right one, each
of the other Angles at the Bafe will be half Right
Angles.

Coroll. 5. Any Angle in an Equilateral Triangle is
aguai to one Third of two Right Angles, or two

hirds of one Right Angle.

Taeorewm L ;
All the inward Angles of any Right-lin’d Fi.

gure whatfoever, make twice as many Right

Angles, abating four, as the Figure has
Sides.

FDR any Right-lin'd Figure may be refolved into as
many ‘Triangles, abating two, as it bath Sides.

For Example, if a Figure bas four Sides, it may be
vefolved into two Triangles: If a Figure has five Sides,
it may be refolved into three Triangles )zf Tx%, into
four;, and foon. Wherefore (by Prop. XXXIL.) zhe
Angles of all thefe Triangles are equal to twice as man 'y

Right Angles as there are Triangles: But the Anzles
of all the Triangles are equal to the inward Angles of
the Figure. Tberefore .Jt' the inward Angles of the
Figure arve equal to tawice as many Right Augles as
there are Triangles, that is, twice as many Right
Angles, Br&.r‘#g away four, as the Figure has Sides,

THE o=
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THEOREM  f £

All the outward Angles of any Right-lin’d Fi-
gure together, make four Right Angles.

FD R the ontward Angles, together with the inward
ones, make twice as many Right Angles as the Fi-
gure bas Sides; but from the laft Theorem, all the in-
award Angles together make twice as many Right An-
gles, abating four, as the Figure has Sides. Where-
fore the ourward Angles are all together equal to four
Right Augles. W.W. D.

PROPOSITION XXXII,

THEORE M,

" T Right Lines, which join two equal and pa-
rallel Right Lines, towards the fame Parts,
are alfo equal and parallel,

ET the parallel and equal Right Lines AB, CD,
be joined towards the fame Parts, by the Right
Lines AC,BD. Ifay, AC,BD,areequaland paral%e].
For draw B C.

Then, becaufe AB is parallel to CD, and BC falls
upon them, the alternate Angles ABC, BCD, are
® 29 of this, * equal. Again, becaufe AB is equal to CD, and
BC is common; the two Sides AB, BC, are each
equal to the two Sides BC, CD; but the Angle
ABC is alfo equal to the Angle BCD; therefore the
t 4 of this. Bafe ACis +equal to the Bafe BD: And the Triangie
BC, equal to the Triangle BCD; and the remain-
ing Angles equal to the remaining Angles, each to each,
which fubtend the equal Sides. ~ Wherefore the Angle
ACB is equal to the Angle CBD. And becaufe the
Right Line BC, falling upon two Right Lines AC,
$ 27 of sir. B D, makes 4 the alternate Angles ACB, CB D, equal
between themfelves; AC is £ paralielto BD. But it
has been proved alfo to be equal to it. Therefore fwo
Right Lines, which join two unequal and parallel
Right Lines, towards the fame Parts, are alfo equal

and parallel; which was to be demonftrated. =
efin.
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Defin. A Parallelogram is a Quadrilateral Figure, each
of whofe oppofite Sides are parallel.

PROPOSITION XX¥IV;

LHRO B BM

The oppofite Sides and oppofite Angles of any Pa-
rallelogram are equaly and the Diamcter di-
vides the fame into two equal Parts,

LE T ABD C be a Parallelogram, whofe Dismeter

is BC. T fay, the oppolite Sides and oppofite
Angles are equal between themfelves, and the Diame-
ter B C bifecls the Parallelogram.

For, becaufe AB is parallel to CD, and the Right
Line BC falls on them, the alternate Angles ABC,
BCD, are * equal berween themfelves; apain, be-
caufe AC is parallel to BD, and BC falls upon them,
the alternate Angles ACB and CBD are equal to
one another. Wherefore ABC, CBD, are two Tri-
angles, having two Angles ABC, BCA, of the oge,
equal to two Angles BCD, CBD, of the other, each
to each; and likewife one Side of the one equal to one
Side of the other, viz. the Side B C between the equal
Angles, which is common. Therefore the remaining
Sides fhall be 1 equal to the remaining Sides, each to
each, and the remaining Angle to the remaining Angle.
And fo the Side A B is equal to the Side C D, the Side
ACrtoBD, and the Angle BA C to the Angle BD C.
And becaule the Angle ABC is equal to the Angle
BCD, and the Angle CBD ro the Angle ACB;
therefore the whole Englc ABD is equal to the whole
Angle ACD: But it has been proved, that the Angle
B A Cisalfo equal to the Angle BD C.

Wherefore the oppofite Sides and Angles of any
Parallelogram are equal berween themfelves.

I fay, moreover, that the Diameter bife&sit. For
becaufe AB is equal to CD, and BC is common,
the two Sides AB, BC, are each equal to the two
Sides DC, CB; and the Angle ABC is alfo equal
to the Angle BCD. Therefore the Bafe AC is
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equal to the Triangle BCD. Wherefore the Diame-
ter BC bifects the Parallelogram ACDB; whick
awas to be demonftrated.

PROPOSITION XXXV.

THEORE M.

Parallelograms conflituted upon the fame Bafe,
and between the fame Parallels, are equal be-
tween themfelves.

LET ABCD, EBCF, be Parallelograms con-
ftitured upon the fame Bafe BC, and between
the fame Parallels AF and BC. 1 fay, the Paral-
lelogram ABCD, is equal to the Parallclogram
EBCEF.
For becaufe ABCD is a Parallelogram, AD is
* equal to BC; and for the fame Reafon E F is equal
to BC; wherefore AD fhall be fequal o EF; but
DE is common. Therefore the Whole AE is # equal
to the Whole DF. But AB is equal to DC; where-
fore EA, AB, the two Sides of the Triangle ABE,
are equal to the two Sides FD, DC, each to each;
and the Angle FD C * equal to the Angle E AB, the
outward one to the inward one. Therefore the Bafe
E B is + equal to the Bafe CF, and the Triangle EAB
to the Triangle FDC. If the common Triangle
DGE be taken from both, there will remain $the
Trapezium A B G D, equal to the Trapezium FCG E;
and if the Triangle GBC, which is common, be
added, the ParallelﬂEram ABCD will be equal to
the Parallelogram EBCF. Therefore Parallelo-
grams conftituted upon the [ame Bafe, and between
the [ame Parallels, are equal between themfelves,
which was to be demonftrated.

PR O-
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EFEROPOSITION: XTIXVIL

THEORE M,

Parallelograms conftituted upon equal Bafes, and
between the fame Parallels, are equal between
themfelves,

ET the Parallelograms ABCD, EFGH, be
conftituted upon the equal Bafes BC, FG, and

between the fame Parallels AH, BG. I fay, the
Parallelogram ABCD is equal to the Parallelogram
EFG [-Ig

For join BE, CH. Then, becaufe BC is * equal * Hyp
to FG, and FG to EH; BC will be likewife equal
to EH; and they are parallel, and B E, C H, joins them.
But two Right Lines joining Right Lines which are
equal and parallel the fame way, are +equal and pa- + 23 of this,
rallel: Wherefore EBCH is a Parallelogram, and is
+equal to the Parallelogram ABCD; for it has the t 35 of tbiss
fame Bafe BC, and is conftituted berween the fame
Parallels BC, AD. For the fame Reafon. the Pa-
rallelogram EFGH is equal to the fame Parallelo-
gram EBCH. Therefore the Parallelogram ABCD
fhall be equal to the Parallelogram EFGH. And fo
Parallelograms conflituted upon equal Bafes, and be-
taween the fame Parallels, arve equal between thenz-
Jelves; which was to be demonftrated.

BICOFO8T TTON ' XXXVIIL,

THEORE M.

Triangles confhituted upon the fame Bafe, and be-
tween the fame Parallels, are equal between
themfelves,

LET the Triangles ABC, DBC, be conftituted
upon the fame Bafe BC, and between the fame
Parallels AD, BC. 1 fay, the Triangle ABC, is
equal to the Triangle DBC.
For produce AD both ways to the Points E and
F: and through B draw *B parallel to CA; and # 31 of sbis,
through C, CF, parallel to BD,
D Where-
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Wherefore both EBCA, DBCF, are Parallelo-
% 35 of thiv grams;, ‘and the Parallelogram EBCA is * equal to
the Parallelogram DBCEF; for they ftand upon the
fame Bafe BC, and between the {ame Parallels BC,
T 349 tbiss EF.  But the Triangle ABC is + one half of the Pa-
rallelogram EBC A, becaufe the Diameter AB bi-
fecs ity and the Triangle DBC is one half of the
Parallelogram DBCF; for the Diameter D C bifects
it. But Things that are the Halves of equal Things,
t Ax. 7. are $equal between themfelves. Therefore the Tri-
angle ABC is equal to the Triangle DBC.  'Where-
fore, Triangles conflituted upon the [ame Bafe, and
between the [ame Parallels, are equal between them-

[elves; which was to be demonftrated.

PROPOSITION XXXVIIL

THEOR E M,

Triangles conflituted upon equal Bafes, and bes
tween the [ame Parallels, are equal between
themfelves.

E'T the Triangles ABC, DCE, be conftituted
upon the equal Bafes BC, CE, and between the
fame Parallels BE, AD. Ifay, the Triangle ABC

is equal to the Triangle DCE.
For, produce AD both ways to the Points G, H;
# 31 of this, thro’ B draw * BG-parallel to CA; and thro’ E, E I—l’,

parallelto DC.~

Wherefore both GBCA, DCEH, are Paralle-
% 36 of this. Jograms; and the - Parallelogram GBCA is 1 equal
to the Parallelogram DCE H: For they ftand upon
ec}unl Bafes, BC, CE, and between the fame Paral-
134 of this lels BE, GH. But ';l]ﬂ'IC;r;iB le ABC is is $one
half of the Parallelogram GBCA ; for the Diameter
AB bifects it; and the Triangle DCE #is one half
of the Paraliclogram D CEH; for the Diameter D E
bifects it. But Things that are the Halves of equal
# 4v 7. Ibings, are * equal between themfelves. Therefore
the Triangle ABC is equal to the Triangle DCE.,
Wherefore Triangles conftituted upon equal Bafes, and
between the {E:me Parallels, are equal between them-

felves; which was to be demonftrated.
PR O-
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FROPOSIT FONYXXXIX,

THEORE M.

Equal Triangles conflituted upon the fame Bafe,
on the [ame Side, are in the fame Parallels.

LET ABC, DBC, be equal Triangles, cenfti-
tuted upon the fame Bafe BC, on the fame Side.

I fay, they are between the fame Parallels. For, let
A 13, be drawn. [ Y@ TONERNcl o BC.

For, if it be not parailel, draw * the Right Line AE * 31 of ebis,
thro’ the Point A, parallel ro BC, and draw E C.

Then the Triangle ABC + is equal to the Triangle 1 37 of etis.
EBC; for it isupon the fame Bafe BC, and between
the fame Parallels BC, AE. Bur the Triangle ABC
is F equal to the Triangle DBC. Therefore the § From Hyp,
Trangle DBC is alfo equal to the Triangle EBC,
a lefs to a greater, which is impoffible. Wherefore
AE is not parallel to BC: And by the fame way of
Reafoning we prove, that no other Line but AD is
parallel to BC. Therefore AD is parallel to BC.
Wherefore equal Triangles conftiruted upon the [ame
Bafe, on the [ame Side, are in the fame Parallels;
which was to be demonftrated.

EROPOSITION. XL,

THEORE M.

Equal Triangles conflituted upon equal Bafes, on
the jame Side, are between 1he fame Parallels,

LET,.-A.‘B@ riangles, confti-
ruted ‘u E} [ Tay, they
are between the fame Parallels. For, let AD be

drawn. I fay, AD is parallel to BE,

For, if it be not, let AF be drawn * thro’ A, pa- * 31¢f thi.
rallel to BE, and draw FE.

Then the Triangle ABC is +equal to the Trianple t 38  this
FCE; for they are conftituted upon equal Bafes, and
between the fame Parallels BE, AF. ~“But the Tri-
angle ABC is equal to tﬁe Trangle DCE. There-

2 fore
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fore the Trianzle D CE fhall be equal to the Triangle
FCE, the greater to the lefs, which is itnpoffible.
Wherefore AF is not parallel to BE. And in this
manner we demonftrate, that no Right Line can be
parallel to BE, but AD. Therefore AD is pa-
rallel to BE.  And {0 equal Triangles conftiruted upon
equal Bafés, on the [ame Side, are between the [ame
Parallels ; which was to be demonftrated. -

PROPOSITILKN, XLL

THEO NN FEM

If a Parallelogram and a Triangle bave the fame
Bafe, and are between the fame Parallels, the
Parallelogram will be double to the Triangle.

ET the Parallelogram ABCD, and the Trian-

gle EBC, have the fame Bafe, and be between

the fame Paraliels, BC, AE. I fay, the Paralello-
gram A B CD is double the Triangle EBC.

For join AC.

Now the Triangle ABC is * equal to the Triangle
EBC: for they are both conftituted upon the fame
Bafe BC, and between the fame Parallels BC, AE.
Bur the Parallelogram ABCD is 1 double the Tri-
angle A BC, fince the Diameter A C bifects it. Where-
fore likewife it fhall be double to the Triangle EBC.
If, thersfore, a Parallelogram and Triangle hawve both
the [ame Bafe, and are between the fame Parallels,
the Parallelogram awill ‘be double to the Triangle ;
which was to be demonftrated. :

PROPOSITION XLIL
Pro N B1.EM

To confiitute a Parallelogram equal to a given
Triangle, in an Angle equal to a given Right-
lined Angle.

ET the given Triangle be ABC, and the Right-
lind Angle given D. It is required to conflitute
2 Parallclogram equal to the given Triangle ABC,.
in a Right-lin’d Angle equal to D.
Bifect



Beokl. Fuclid's ELEMENTS, 20

Bife * BCin E, join AE, and at the Point E, in % 19 of this.
the Right Line EC, conftiture + an Angle CEF 1 22 of rais
equal to D. Alfo draw + AG thro’ A, parallel to E C, 1 31 of this.
and thro’ C the Right Line CG parallel to FE,

Now FECG is a Paraliclogram: And becaufe
BE is equal to E C, the Trriangle A BE fhall be * equal * 38 of this,
to the Triangle AEC; for they ftand upon equal
Bafes BE, EC, and are berween the fame Paru?leis
BC, AG. Wherefore the Triangle ABC is double
to the Triangle AE-C. But the Parallelogram FE CG
is alfo double to the Triangle AE C; for it has the
{fame Bafe, and is between the fame Parallels. There-
fore the f’arallclﬂgram FECG, is equal to the Tri-
angle ABC, and has the Angle CEF equal to the
Angle D. Wherefore the Parallelogram FECG is
conflituted equal to the given Triangle ABC, in an
Angle CEF equal to a given Angle D; which was
Yo be done,

PROPOSITION XLII.

THEORE M,

In every Parallelogram the Complements of the
Parallelograms that fland about the Diameter,
are equal petween themfelves,

LET ABCD be a Parallelogram, whofe Diame-
teris DB; and let FH, EG, be Parallelograms
ftanding about the Diameter BD.” Now AK, K G,
are called the Complements of them: I fay, the Com-
plement AK is equal to the Complement K C.

For fince ABCD is a Parallelogram, and BD is
the Diametet thereof, the Triangle ABD * is equal * 34 of 244,
to the Trigngle BDC. Again, becaufe HK FD js
a Paralleldprdm, whofe Diameter is DK, the Trian-
gle HD K fhall # be equal to the Triangle D FK; and
for the fame Reafon the Triangle KBG is equal to
the Triangle KEB.  Buc fince the Triangle BEX is
equal to the Trian%]e BGK, and the Triangle H D K
to DFK; the Triangle BEK, rtogether with the
Triangle HD K, is equalto the Trianele BG K, to-
gether with the Triangle DFK. But the whole Tri-
angle ABD is likewife equal to the whole Triangle
o S & D 3 BD C‘



40

# 42 of this,

'T' 11 gf this.

1296 ghis,

i ;fx' I:.t

¥ . Eorhee
‘;JI{-’,- thrs.

+ 44 of thi,

1 15 of this.

Enclids ELEmeENTS. Book L

BDC. Whercfore the Complement remaining, A K,
will be equal to the remaining Complement K C.
Thercfore in every Parallelogram the Complements of
the Parallelograms, that [tand about the Diameter, are
equal berween themfelves ; which was to bedone.

PROPOSITION XLIV.

ProELE M.

To apply a Parallelogram 1o a given Right Line,
equal to a given Triangle, in a given Right-lined
Angle.

LE.T the Right Line given be AB, the given Tri-
angle C, and the given Right-lined Angle D. It
is required, to the given Right Line AB, to apply a
Parallelogram equal to the given Triangle C.

In an Angle equal to D, make the Parallelogram
BEFG equal to * the Triangle C; in the Angle
EBG, equal to D. Place BE in a ftrait Line with
AB, and produce FG to H, and thro” A let AH be
drawn - parallel to cither G B, or F E, and join HB.

Now, becaufe the Right Line H F falls on the Pa-
rallels AH, E F, the Angles AHF, HFE, are # equal
to two Right Angles. And fo BHF, HFE, are
lefs than two Right Angles; but Right Lines making
lefs than two Right Angles, with a third Line being
infinirely produced, will meet * each other. Where-
fore H B, F E, produced, will meet each other; which
let be in K, thro’ which * draw K L parallel to E A, or
F H, and produce AH, G B, to the Points L and M.

Therefore HL K Fis a Parallelogram, whofe Dia-
merer s HK; and AG, ME, are garaﬂclogram
about HK ; whereof LB, BF, are the lements.
Therefore LB is + equal to BF. Bur BF is alfo
equal to the Triangle C. Wherefore likewife L B
fhall be equal to the Triangle C; and becaufe the
Angle GBE is # equal to the Angle ABM, and
alfo equal to the Angle D, the Angle ABM fhall be
equal to the Angle D. Therefore to the given Right
Line A B is applied a Parallelogram, equal to the given
Trianglz C, in the Angle AOEM, equal to the given
Angle D; which was 1o be done.

PRO-
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PROPOSITION XLV,

PROBLEM.

¥o make a Parallelogram equal to a given Right-
liwd Figure, in a given Right-lin*d Angle,

LET ABCD be the given Right-lined Figure,
and E the Right-lined Angle given. It is re-
quired to make a Parallelogram equal to the Righ:-
lined Figure ABCD in an Angle equal to E.
Let DB be joined, and make * the Parallclogram * 42 of ¢his,
F H equal to the Triangle ADB, inan Angle HKF,
equal to the %iw:n Angle E.
- Then to the Right Line GH apply +the Paralle- T 44 of tbis.
logram G M, equal to the Triangle DBC, 'in an
Angle GHM, equal to the Angle E.
Now, becaufe the Angle E is equal to HKF, or
GHM, the Angle HKF fhall be equal ro GH M,
and KHG to both; and the Angles HK F, KHG,
are, together, equal to the Angles KHG, GHM.
But HKF, liHG, are }, together, equal to two Right T 29 of rbis
Angles. Wherefore, likewile, the Angles KHG,
GI%M, fball be equal to two Right Angles: And
{0, at the given Point H in the Right Line G H, two
Right Line; KH, HM, not drawn on the fame Side,
make the adjacent Angles, both together, equal to
two Right Angles; and confequently KH, HM*% 41 o 2241,
make one ftrait Line. And becaule the Right Line
HG falls upon the Parallels KM, FG, the alternare
Angless MHG, HGF, aretequal. And if HGL
be added to both, the Angle; l\‘}'HG HG L, roge-
ther, are equal to the Angles HG F, HG L, togather.
But the Angles MHG, HG L, are * together equal * 29 o 125
to two Right Angles. Wherefore, likewife, the }\:ru
gles HGF; HGL, are together equal to two Right
Angles; and fo FG, GL, make one ftrait Line.
And fince KF is equal and parallel to HG, 25 like-
wife HG to ML, KF fhall be 4 equal and parallel T 30 of dis.
to ML, and the Right Lines K M:,qf L., join them.
Wherefore K M, F L, are 4 equal and parallel. There- ¥ 34 % bes,
fore KF LM is a Parallelogram, ~Bu- {ince the Tri-
angle ABD is equal to ]t__';m Paraliclogram HF, and
' v 4 the
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the Triangle DBC to the Parallelogram G M ; then
the whole Right-lined Figure A BC D will be equal 1o
the whole Parallelogram K F L M. Therefore the Pa-
rallelogram K F L M is made equal to the given Right-
lined Figure ABCD, in an Angle F I{ﬁil, equal to
the given Angle E 5 «wbich was to be done. |

Coroll. Tt is manifeft, from what has been faid, how
to apply a Parallelogram to a given Right Line,
equal to a given Right-lined Figure in a given
Right-lined Angle.

PROPOSITION XLVIL

ProBLEM.
To deferibe a Square upon a given Right Ling,

ET AB be the Right Line given, upon which it
is required to delcribe a Square.

Draw * AC at Right Angles to A B from the Point
A given therein; make ﬂgD equal to A B, and thro’
the Point D draw 4 DE parallel to AB; alfo thro’
B draw BE parallel to AD.

Then ADEB is a Parallelogram; and fo AB * is
equal to DE, and AD to BE. Bur BA isequal to
AD. Thereforethe four SidesBA, AD, DE, EB,
are cqual to each other.

And fo the Parallelogram ADEB is equilateral :
I fay, it is likewife equiangular. For becaufe the Right
Line AD falls upon the Parallels AB, DE, the Aa-
%Ies BAD, ADE, are Jre?ual to two Right Angles.

ut BAD is a Right Angle: Wherefore ADE is
alfo a Right Angle; but the oppofite Sides and oppo-
fite Angles of Parallelograms are # equal. Theretore
each of the oppofite Angles ABE, BED, are Right
Angles; and confequently AD BE is a Recangle:
But it has been proved to be equilateral. Therefore
it is neceffarily a Square, and is defcribed upon the
Right Line AB; avbich was to be done, i '

Coroll. Hence every Parallelogram, that has one Right
Angle, isa Rectangle. gl

PRO-
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PROPOSITION XLVIL

THEOREM.

In any Right-angled Triangle, the Square de-
Jeribed upon the Side fubtending the Right Angle,
25 equal 1o both the Squares defcribed upon the
Sides containing the Right Angle,

LET ABC be a Right-angled Triangle, having
= the Right Angle BAC. [ fay, the Square de-
fcribed l;'I:FOIl the Right Line BC, is equal to both the
Squares defcribed upon the Sides BA, A C.
~ For defcribe * upon BC the Sﬁm’e BDEC, and * 45 of s2is.
on BA, AC, the Squares GB, HC, and thro’ the
Point A draw AL garallel to BD, or CE; and let
AD, FC, be joined.
"Then, becaufe the Angles BAC, BA G, + are Right 1 Def- 0.
ones, two Right Lines AG, AC| at the given Point
A, in the Right Line BA, being on contrary Sides
thereof, make the adjacent Angles equal to two Right
Angles, Therefore CA, AG, make % one ftrair t 14 of siis.
Line; by the fame Reafon AB, AH, make one ftrait
Line. And fince the Angle DBC is equal to the
Angle FBA, for each of them is a Right one, add
ABC, which is common, and the whole Angle
DBA is * equal to the whole Angle FBC. And * 4v. ».
fince the two Sides AB, BD, are equal to the two
Sides FB, BC, each to each, and the Angle DB A
equal to the Angle FBC; the Bafe' AD will be+ + 4 of 5is. -
equal to the Bafe FC, and the Triangle ABD equal
to the Triangle FBC: But the Parallelogram BL
is +double to the Triangle ABD; for they have the 1 41 of this.
fame Bafe DB, and are berween the fame Parallels
BD, AL. The Square GB is $allo double to the
Triangle FBC; for they have the fame Bafe FB,
and are in the {ame Parallels FB, GC. But Things
that are the Doubles of equal Things, are * equal to * .4x. 6.
each other. Therefore the Parallelogram B L is equal
to the Square GB. After the fame manner, AE,
BK, being joined, we prove, that the Parallelogram
CL is equal to the Square HC. Therefore the whole
Square D BE C is equal to the two Squares G B, HC.
But the Square D BE C is defcribed on the Right *L[:in:
1 i i X Lf}
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BC, and the Squares GB, HC,on BA, AC. There-
fore the Square BE, defcribed on the Side BC, is
equal to the Squares defcribed on the Sides BA, AC.
herefore in any Right-angled Triangle, the Square
defiribed upon the Side [ubrending the Right Angle,
is equal to both the Squares defiribed upon the Sides
containing the Right Augle. by i

PROPOSITION XLVIIL

THEOREM.

If a Square deferibed upon one Side of a Triangle be
equal to the Squares defcribed upon the other two
Sides of the [aid Triangle,thenthe Angle contained
by thefe two other Sides Is a Right Angle.

IF the Square delcribed upon the Side BC of the

‘Triangle ABC, be equal to the Squares defcribed
upon the other two Sides of the Triangle BA, AC:
I fay, the Angle BACis a Right one. :

For, let there be drawn A D from the Point A, at
Right Angles, to AC; likewife make AD equal to
BA, and join DC. | ats '

‘Then, becaufe D A is equal to AB, the Square de-
fcribed on D A will be equal to the Square deferibed
on AB. And adding the common Square defcribed
on A C, the Squares defcribed on D A, AC, are equal
to the Squares deferibed on BA, AC. But the Square
defcribed on D C is * equal to the Squares defcribed
onDA, AC; for DAC is a Right Angle: But the
Square on B C is put equal to the Squareson BA, AC.
Therefore the Square defcribed on DC is equal to
the Square defcribed on BC; and fo the Side CD is
equal to the Side CB. And becaufe D A is equal to
AB, and AC is common, the two Sides DA, AC;
are equal to the two Sides BA, AC; and the Bale
DC is equal to the Bale CB. Therefore the Angle
DAC is +equal to the Angle BAC; but DAC 152
Right Angle; and fo BAC will be a Right Angle
allo. If, therefore, a Square defcribed upon one Side
of a Triangle be equal to the Squares defecribed upon the
other two Sides of the [aid Triangle, then the Angle
contained by thefe two other Sides is a Right Augle
which was to be demonftrated. ‘

| EUCLIDs









45

i Uidood - - 1058
ELEMENTS.

BOOK IL

LEEILNITTIONS.

I. T WERY Right-angled Parallelogram is
Jaid to be contained under two Right

Lines, comprebending a Right Angle.

I1. In every Parallelogram, either of ihofe Pa-
rallelograms that are about the Diameter, to-

gether with the Complements, is called a Gno-
mon.
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PROGPOSITEION L

THEOREM.

If there be two Right Lines, and one of them be
divided into any Number of Parts; the Rei-
angle comprebended under the whole, and di-
vided Line, fhall be equal to all the Reftangles
contained under the whole Line, and the feveral
Segments of the divided Line, ' |

ET Aand BC be two Right Lines, where-

of BC is cut or divided any how in the

Points D, E. 1 fay, the Retangle con-

tained under the Right Lines A and BC,

1s equal to the Rectangles contained under A and
BD, Aand DE, and A and EC.

For, let * BF be drawn from the Point B, at Right
Angles, to BC; and make + BG equal to A; and
let +GH be drawn thro’ G parallel to BC: Like-
wife let # there be drawn DK, EL, CH, thro’ D,
E, C, parallel to BG.

Then the Rectangle BH is equal to the Reétan-
gles BK, DL, EH; burthe Rectangle BH is that
contained under A and BC; for it is contained un-
der GB, BC; and GB is equal to A; and the
Rectangle BK is that contained under A and BD;
for it is contained under GD and BD, and GB is
equal to A; and the Rectangle D L is that contained
under A and D E, becaule DK, thatis, BG, is equal
to A: So likewife the Rectangle E H is that contained
under A and EC. Therefore the Rectangle under A
and BC, is equal to the Rectangle under A and B D,
Aand DE, and A and EC. Therefore, if there be
two Right Lines given, and one of them be divided in-
to any Number of Parts, the Rectangle comprebended
wunder the whole, and divided Line, [ball be equal to all
the Reftangles contained under the whole Line, and the
feveral Segments of the divided Line; which was ta
be demonitrated.

PRO.
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PROPOSITION IL

THEORE M.

If a Right Line be any how divided, the ReStangles
contained under the whole Line, and each of the
Segments, or Parts, are equal to the Square of
the whole Line.

L'E T the Right Line AB be any how divided in the

Point C. I fay, the Rectangle contained under
A B, BC, rogether with that contained under A B and
AC, is equal to the Square made on AB.

47

For let the Square ADEB be defcribed * on A B, #46. 1.

and thro’ C let CF be drawn parallel to AD or BE,
Therefore AE is equal to the Rectangles AF and CE,
Bur AE is a Square defcribed upon AB; and AF is
the Rectangle contained under B A, A C; for it is con-
tained under D A and AC, whereof AD is equal to
AB; and the Rettangle CE is contained under AB,
BC, fince BE is equal to AB. Wherefore the Redt-
dngle under A B and A C, together with the Rectangle
under AB and BC, is equal to the Square of AB.
‘Therefore, if a Right Line be any how divided, the
Reltangles contained under the whole Line, and each
of the Segments, or Parts, are equal to the Square of
1ie whole Line, '

PROPOSITION IIL

THEOREM.

If a Right Line be any bow cut, the Retangle
contained under the whole Line, and one of its
Parts, is equal 1o the Reétangle contained under
the two Parts togetber, with the Square of the

~ firfp-mentioned Part,

LET the Right Line AB be any how cur in the

Point C. I fay, the Reftangle under AB and

BC is equal to the Rectangle under AC and BC,
together with the Square defcribed on BC. .

“or



48
* 464 Ta
+ 31 1.

* 46. 1.
+11. 1.

1 20. 1.

T

1 6.1
134.. 1s

Euclid’s ELEMENTs. Bookl.

For defcribe * the Square CDEB upon BC;
produce ED to F; and let AF be drawn + thro’
A, parallel to CD or BE.

Then the Rectangle AE fhall be equal to the two
Rectangles AD, CE: And the Reétangle AE is that
contained under ABand BC; for it is conrained un-
der AB and BE, whereof BE is equalto BC: And
the Rectangle AD is that contained under AC and
CB, fince DC is equal to CB: And DB is a Square
defcribed upon BC. . Wherefore the Rectangle under
ABand BC is equal to the Rectangle under A C and
CB, together with the Square defcribed upon BC.
Therefore, {f a Right Line be any bow cut, the Relt-
angle contained under the whole Line, and one of its
Parts, is equal to the Reffangle contained under the
two Parts together, with the Square of the firft-men=
tigned Parts ; which was to be demonftrated.

PR OPOSITION- IV,

THEORE M.

1f a Right Line be any how cut, the Square which
is made on the whole Line, will be equal to the
Squares made on the Segments thereof, togetber
with twice the Refiangle contained under the
Segments,

LET the Right Line AB be ang how cut in C.

I fay, the Square made on AB is equal to the
Squares of AC, CB, rtogether, with twice the Re&-
angle contained under AC, CB.

For*defcribe the Square AD E Bupon A B,join BD,
and thro’ C draw + CG F parallel to AD or BE ; and
alfo thro” G draw H K parallel to ABor DE.

"Then, becaufe CF is parallel to AD, and BD falls
upon them, the outward Angle BG C fhall be # equal
to the inward and oppofite Angle ADB; but the
Angle ADB is * equal to the Angle ABD, fince the
Side BA is equal to the Side A E)

Angle CGB is equal to the Angle GBC; and fo the
Side BC equal 1 to the Side CG but likewife the
Side CB is $ equal to the Side GK, and the Side CG
to BK. Therefore G K is equal to KB, and CGK B

is

Wherefore the |



Book II. Euclid’s ELEMENTS.

is equilateral. I fay, it is alfo Right-angled ; for, be-
caule CG is parallel to BK, and CB falls on them,
the Angles KBC, GCB, are f equal to two Right
Angles. But KBC is a Right Angle. Wheref%r.:
GéC alfo is a Right Angle, and the oppofite Angles
G CB,CGK, G KB, fhall be Right Angles. There-
fore CG K B is a Rectangle. But it has been proved
to be equilateral. Therefore CG K B is a Square de-
feribed upon BC. For the fame Reafon HF is alfo
a Square made upon HG, that is equal to the Square
of AC. Wherefore HF and CK are the Squares of
AC and CB. And becaule the ReGtangle AG is

49

* equal to the Retangle GE, and AG is that which *43. 1.

is contained under AC and CB; for GC is equal to
CB: GE fhall be equal to the Rectangle under A C,
and CB. Wherefore the Rectangles AG, GE, are

ual to twice the Rectangle contained under AC,
gB; and HF, CK, are the Squares of AC, CB.
Therefore the four Figures HF, CK, AG, GE, are
equal to the Squares of AC and CB, with twice the
Rectangle conrained under AC and CB. But HF,
CK, AG, GE, make up the whole Square of AB,
viz. ADEB. Therefore the Square of AB is equal
to the Squares of AC, CB, l:%gﬂther with twice the
Re&angle contained under AC, CB. Wherefore,
if a Right Line be any how cut, the Square which is
made on the whole Line, will be equal to the Squares
made on the Segments thereof, togetber with twice the

Reltangle contained under the Segments; which was
to be demonftrated.

Coroll. Hence it is manifeft, that the Parallelograms
which ftand about the Diameter of a Square, are
likewife Squares.

PR O-



50

+ 46. 1.

*11. 1.

® Cor. g
of this.

Euclid's ELEMEN TS, Book II.

PROPOSTTION. V;

THEORE M.

If a Right Line be cut into two equal Paris, and
inte two unequal ones 5 the Rectangle under the
unequal Parts, together with the Square that
is made of the intermediate Diftance, is equal

1o the Square made of balf the Line.

LET any Right Line AB be cut into twe equal

Parrs in C, and into two unequal Parts in D. 1
fay, the Reékangle contained under AD, DB, toge-
ther with the Square of CD, is equal to the Square
of BC. :

For + deferibe CEF B, the Square of BC; draw
BE, and thro’ D draw * DHG, parallel to CE, or
BF, and thro’ H draw KL O, parallel to CB, or
EF, and AK thro’ A, parallelto CL, or BO.

Now the Complement CH is 4 equal to the Com-
plement HF. Add DO, which is common to both
of them, and the whole CO, is equal to the whole
DF: But CO is equal to AL, becaufe A C is equal
to CB; therefore AL is equal to DF, and adding
CH, which is common, the whole AH fhall be
equal to F D, DL, tagether, , But AH is the Reti-
angle contained under A D, DB; forDHis* Eq;jiﬂ
to DB, and FD, DL, is the Gnomon MN X.;
therefore MN X is equal to the Rectangle contained
under AD, DB and if LG, being commen, and
* equal to the Square of CD, be added, then the
Gnomon MN}?, and LG, are equal to the Re&-
angle contained under AD, DB, together with the
Square of CD; but the Gnomon MN X, and LG,
make up the whole Square CE F B, wiz. the Square
of CB. Therefore the Re&tangle under AD, DB,
together with the Square of CD, is equal to the
Square of CB. Wherefore, if @ Right Line be cut
into two equal Parts, and into two umequal omes,
the Rectangle under the unequal Parts, together with
the Squave that is made of the intermediate Diftance,
is equal to the Square made of balf the Line; which
was to be demonftrated.

PRO-
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PROPOSITION VL

THEOREM.

If a Right Lineé be divided into two equal Parts, and
another Right Line be added direétly to the [ame,
the Reilangle contained under the Line, com-
pounded of the whole and added Line, (taken as
one Line) and the added Line, together with
the Square of balf the Line, is equal to the
Square of the Line compounded of balf the Line,
and the added Line taken as one Lipe,

LET the Right Line AB be bife@ed in the Point
- C, and BD added directly thereto. I fay, the
Rectangle under AD, and DB, together with the
Square of BC, is equal to the Square of CD.

For, defcribe * CEF D, the Square of CD, and * 46:1-
join DE; draw + BHG thro’ B, parallel to C'é, or t 3% 1.
DF, and KL M thro’ H, parallel to AD, or EF, as
alfo AK thro” A, parallel o CL, or D M,

Then, becaufe A C is equal to CB, the Re(taggle
AL fhall be *equal to the Re&angle CH ; bur CH *36. 1.
is ¥ equal to HF. Therefore AL will be equal to 143 1
HF; and adding CM, which is common to both,
then the whole Reltangle AM is equal to the
Gnomon N X O. But AM is that Rectangle which
is contained under AD, DB; for DM is * equal to * ¢or. 4.
DB; therefore the Gnomon N XO is equal to o rbis.
the he&angle under AD, and DB. And adding
L G, which is common, wiz. tthe Square of CB; + Cor. 4
and then the Reltangle under AD, DB, together o tix
with the Square of BEC, is equal to the Gnomon
N XO with LG. But the Gnomon NXO, and
LG, together, make up the Figure CEFD, that
is, the Square of CD. Therefore the Reétangle un-
der AD, and DB, together with the Square of
BC, is equal to the Square of CD. Therefore, if
& Right Line be divided into two equal Parts, and
.another Right Line be added directly to the fame, the
-Rectangle contained under the Line, compounded of the
whole and added Line, (:‘Ekm as one Line) and if}

-
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added Line, tozether with the Square of half the Line,
is equal 10 the Square of rhe Line compounded of balf
the Lire, and the added Line taken as one Line,
which was to be demonftrated.

"PROPOSITION. VIL
THEOREM:

If ‘a Right Line be any bow cut, ‘the Square of
the whole Line, together with the Square of one
‘of the Segments, is equal to double the Refiangle
contained under the-whole Line, and the faid
Segment, together with the Square, made of the
other Segment. =

LET the Right Line AB be any how cut in the
Point ‘C. I fay, the Squares of AB, BC, to-
gether, are equal to double the Rectangle contained
Técr AB, BC, together with the Square, made of
For let the Square ‘of AB be * defcribed, wviz.
ADEB, and conftruét § the Figure. |
Then, becaufe the Rectangle AG is + equal to
the R’.e&ﬂngleGE; 'if CF, which is common, be
added to both, the whole Rectangle AF fhall be
equal to the whole Rectangle CE; and fo the Re&-
angles AF, CE; are double to the Rectangle AF;
but AF, CE, make up the Gnomon KL M, and
the Square CF. Therefore the Gnomon KL M,
together with the Square CF, fhall be double to the
Rectangle AF.  But double the Rectangle under AB,
BC, is double the Reftangle AF; fﬂf%F is + equal
to BC. Therefore the ént}mnn KLM, and the
Square CF, are equal to twice the Rectangle con-
tained under AB, BC. And if HF, which is com-
mon, being the Square of AC, be added to both;
then the Gnomon K LM, and the Squares CF,
HF, are equal to double the Rettangle contained

§ A Figure is [aid to confraled, avben Lines, drawon in a Paral-
Jelogram parallel to the Sides thereof, cut the Diameter in one Peoint, and
make twvo Parallelsgrams about the Diameter, and two Complements.
So likeawifc a deuble Figure is faid to be confirusled, avben twwo Right
Lines parallel to the Sides, make four Parallelograms about the Dia=

under

LRl
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under AB, BC, %Ether with the Square of AC.
Bur the Gnomon K L M, tozether with the Squares
CF, HF, are equal to ADEB, and CF, wiz. the
S%ares of AB,BC. Therefore the Squares of A B,

» are together equal to double the Rectangle con-
tained under AB, EC, together with the Square of
AC. Therefore, if a Right Line be any bow cut,
the Square of the whole Line, together with the Square
of one of the Segments, is equal to double the Rettangle
contained under the whole Line, and the faid Segment,
zogether with the Square, made of the other Segment
which was to be demonftrated.

PROPOSITION VIIL

THEORE M.

If a Right Line be any how cut into two Parts,
Sfour times the Reitangle contained under the
whole Line, and one of the Parts, together with
the Square of the other Part, is equal to the
Square of the Line, compounded of the whole
Line, and the JSirft Part taken as one Line.

T ET the Right Line AB be cut any how in C.
[ fay, four times the Retangle contained under
AB, Bé, together with the Square of A C, is equal
to the Square of AB, and BC, taken as one Line.,
For, ler the Right Line AB be produced ro D, (o
that BD be equal to B C; defcribe the Square AE F D,
on AD, and conftruét the double Figure,
- Now, fince CB is * equal to BD, and 210 to * my.
1+ GK, and BD is equal to KN; GK fhall be t 34 1.
likewife equal to KN; by the fame Reafoning, PR
is equal 10 RO. And fince CB is equal 1o BD,
and GK to KN, the Retangle CK will # be 1 16. 1.
equal to the Retangle BN, and the Redtangle G R
to the ReGtangle RN. Bur CK is *c:gua] o RN; * 43 1.
for they are the Complements of the arallelogram
- £0. Therefore BN is equal to GR, and the four
Squares BN, KC, GR, RN, are equal to each
ﬂ'ﬂﬂ.‘r; and f{o they are together Quadruple CK.
Again, becaufe CB is equal to BD, and BD 1o
'B%(, that is, equal to Cg; and the faid CB is c%gl
2 lo
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alfo to GK, that is, to GP; therefore CG fhall
be equal o GP. But PR is equal to RO there-
fore the Rectangle AG fhall be equal to the Rect-
angle M P, and the Rectangle PL equal toRF.
But M P is equal to PL; for they are the Comple-
inents of the Parallelogram M L. Wherefore AG
is equal alfo to R¥. Therefore the four Parallelo-
grams AG, MP, PL, RF, are equal to each other,
and accordingly they are together Quadruple of AG,
Bur it has been proved, that the four Squares CK,
BN, GR, RN, are Quadruple of CK. There-
fore the four Reétangles, and the four Squares, make-
ing up the Gnomon ST Y, are together Quadruple
of AK; and becaufe AK is a Rectangle contained
under 'AB, and BC, for BK is equal to BC; four
times the Rectangle under AB, BC, will be Qua-
druple of AK. ‘But the Gnomon ST'Y has been
proved 1o be Quadruple of AK. And fo four times
the Rectangle concained under AB, BC, is equal to
the Gnomon STY. And if X H, being equal to
+the Square of AC, which is common, be added
to both; then four times the Reéangle conrained
under AB, BC, together with the Square of AG, is
equal to the Gnomon S TY, and the Square .
But the Gnomon STY and HX, make AEFD,
the whole Square of AD. Therefore four times the
Redtangle contained under AB, BC, together with
the Square of AC, is equal to the équare of AD,
that is, of AB and BC taken as one Line. Where-
fore, if a Right Line be any bow cut into two Parts,
four times rhe Rellangle contained under the awhole
Line, and one of the Parts, together with the Square
of the other Part, is equal to the Square of the Line,
compounded of the whole Line, and the ffrﬂ Part
taken as one Line;, Which was to be demonftrated.

PR O-
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PROPOSITION IX.

THEOR E M,

If a Right Line be any bow cut into two equal, and
two unequal Parts 5 then the Squares of the un-
equal Parts together, are double to the Square
of the half Line, and the Square of the inter-
mediate Part,

LET any Right Line AB be cut unequally in D,
and equally in C. I fay, the Squares of AD,

DB, together, are double to the Squares of A C and
C D rogether.

For, let * CE be drawn from the Point C ar Right * 1. 1,
Angles to AB, which make equal to AC, or C’PB;
and join EA, EB. Alfothro’ D let 4+ D F be drawn + 3. 1.
parallel to CE, and FG thro’ F paraliel to AB, and
draw AF,

Now, becaufe AC is equal to CE, the Angle EAC
will be # equal to the Angle AEC: and fince the 15 1
Angle ar C is a Right one, the other Angles, AE C,
EAC, together, fhall * make one Right Angle, and * 3. Co».
are equal to eachother: Andfo AEC, EAC, are each 3*
equal to half a Right Angle. For the fame Reafon
are alfo CE B, EBC, each of them half Right Angles.
Therefore the whole Angle AEB is a Righe Angle,
And fince the Angle GEF is half a Right one,
and EGF is a Ri Et Angle; for it is +equal to the 4 29. 1.
inward and oppofite Angle ECB ; the other Angle

F G will be alfo equal to half a Right one. There-
fore the Angle GEF is equal to the Angle EFG.
And {o the Side E G is 4 equal to the Side GF. Again, 16. 1.
becaufe the Angle at B is half a Right one, and FD B
is a2 Right one, becaufe equal to the inward and oppo-
fite Angle E CB, the other Angle BFD will be half
a Right Angle. Therefore the Angle at B is equal
to the Angle BFD; and fo the Side DF is equal
to the Side D B. And becaufe AC is equal to CE, the

uare of AC will be c?ual to the Square of CE.
Therefore the Squares of AC, CE, together, are
double to the Square of AC; but the Squarc of E A
s | equal to the Squares of AC, CE, together, fincet 47 ®

! E 3 ACE
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ACE is a Right Angle. Therefore the Square of
E A is double to the Square of AC. Again, becaule
EG is equal to GF, and the Square of E G is equal
to the Square of G F; therefore the Squares of E G,
G F, together, are double to the Square of GF. But
the Square of E F is + equal to the Squares of EG, G F.
Therefore the Square of EF is double the Square of
GF: But GFisequalto CD; and fothe Squareof
EF double to the Square of CD. Bur the Square
of AE is likewife double to the Square of AC.
Wherefore the Squares of AE, and EF, are double
to the Squares n? ACand CD. Burt the Square of
AF is+equal to the Squares of AE and EF; be-
caufe the Angle AEF 15 a Right Angle, and confe-

"quently the S%mre of AF is double to the Squares

of AC, and CD. But the Squares of AD, DF,
are equal to the Square of AF: For the Angle at D
is a Right Angle. Therefore the Squares of AD,
and DF, together, fhall be double to the Squares of
AC and CD together. But DF is equal to DB.
Therefore the Squares of AD, and DB, together,
will be double to the Squares of AC and CD, to-
gether. Wherefore, if 2 Right Line be any how cut
into two equal, and two unequal Parts; then the
Squares of the umequal Parts together, are double to
the Square of the balf Line, and the Square of the in-
termediate Part , which was ro be demonftrated.

PROPOSLIION" X,

T 5 EORE M.

If a Right Line be cut into two equal Parts, and to
it be direlily added another 5 the Square made on
[the Line compounded of ) the whole Line, and
the added one, together with the Square of the
added Line, fball be double to the Square of the
balf Line, and the Square of [that Line which is
compounded of | the balf, and the added Line.

LE T the Right Line A B be bifected in C, and any

ftrait Line BD added direétly thereto. 1 fay,

the Squares of AD, DB, together, are double to the
Squares of AC, CD, together.

For,
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For, draw * CE from the Point C at Right Angles * 1. 1,
to A B, which make equal to AC, or CB, and draw
AE, EB; likewife thro’ E let E F be +drawn parallel T 3. %
to AD, and thro’ D, DF + parallel to CE.

Then, becaufe the Right Line EF falls upon the
Parallels E C,F D, the Angles CE F, E F D, are # equal 1 29. %
to two Right Angles. Therefore the Angles FE B,

EF D, are together lefs than two Righr Angles. Buc

Right Lines making, with a third Line, Angles to-

gether lefs than two Right Angles, being infinirely
produced, will meert *. herefore EB, FD, pro-* 4x. 12
duced, will meet towards BD. ' Now, let them be -
produced, and meet each other in the Point G, and

let AG be drawn.

And then, becaufe AC is equal to CE, the Angle
AEC will be equal to the Angle EAC+: Bur thet s ™
Angle at C is a Right Angle. Therefore the Angle
CAE, or AEC, is half a Right one, By the fame
way of Reafoning, the Angle CEB,or EBC, is half
a Right one. Therefore AEB is a Right Angle.
And fince E B Cis half a Right Angle; DB G will +alfo § 15. 7
be half a Right. Angle, fince it is vertical to CBE.
BurBDG is a Right'Aréglt: alfo; for it is ®equal to * 29+ 1.
the alternate Angle DCE. Therefore the remaining
Angle DG B is half a Right Angle, and {o equal ro
DEG. Wherefore the %ide BD is +equal to the t 6.
Side DG. = Again, becaufe EGF is half 'a Right
Angle, and the Angle at F is a Right Angle, for it is
equal to the oppofite Angle at C; the remaining
Angle ¥ EG will be alfo half a Right ove, and is equal
to the Angle EGF; and fo the Side GF is + equal
tothe Side EF. And fince EC is equal to CA, and
the Square of E C equal to the Square of CA ; there-
fore the Squares of E.C, CA, together, are double to
the Square of CA,  But the Square of E A is § equal {47 1.
to the Squares of EC, CA. Wherefore the Square
of EA is double to the Square of AC. Again, be-
caufe GF is equal to FE, the Square of GF alfo is
equal to the Square of FE.  Wherefore the Squares
of GF, FE, are double to the Square of FE.” But
the Square of EG is T equal tothe Squaresof G F, FE.
Therefore the Square of EG is double to the Square
of EF: But EF is equal to CD. Wherefore the
Square of EG fhall be %::uble to the Square of CD.

: : 4  Bue
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But the Square of E A has been proved to be double
to the Square of AC. Therefore the Squares of AE,
E G, are double the Squaresof AC, CD. But the
Square of AG is +equal to the Squaresof AE, EG;
and confequently the Square of AG is double to the
Squares of AC, CD. Butthe Squaresof AD, DG,
ave 1 equal o the Square AG. Therefore the Squares
of AD, DG, are double the Squares of AC, CD.
Bur DG is equalto DB.  Wherefore the Squares of
AD, DB, are double to the Squares of A C, CD.
Therefore, if a Right Line be cut into two equal Parts,
and to it be directly added another ; the Square made
o [the Line compounded of | the whole Line, and the
added one, togetber with the Square of the added Line,

Shall be double to th- Square of the balf Line, and the

Square of [that Line which is composnded of | the
balf, and the added Line. f

PROPOSITION XI

ProstLEM.

To cut a given Right Line fo, that the Reiangle
contained under the whole Line, andone Segment,
be equal to the Square of the other Segment,

LET AB be a given Right Line. It is required to

cut the fame fo, that the Re&tangle contained
under the whole, and one Segment thereof, be equal
to the Square of the other Segment.

Defcribe * ABCD the Square of AB; bife&t AC
in £, and draw BE: Alfo produce CA to F, fo
that EF be equal to EB. Defcribe FGHA the
Square of AF, and produce GH o K. Ifay, AB
is cur in H {o, that the Rectangle under AB, BH, is
equal to the Square of AH.

- For, fince the Right Line ACis bife¢ted in E, and
AF is direCtly added thereto, the Reétangle under
CF, FA, together wich the Square of AE, will be
+equal to the Square of EF. Bur EF is equal to
EB. Therefore the Rectangle under CF, FA, to-
gether with the Square of AE, is equal to the Square
of EB. Butthe Squares of BA, AE, are equal to
the Square of EB; for the Angle at A is a Right

W b} Angle,
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Angle. 'Therefore the Retangle under CF, FA, to-
- gether with the Square of AE, is equal to the Squares
of BA, AE. And raking away the S?t.lare of AE,
which is common, the remaining Rectangle under
CF, FA, is equal to the Square of AB. But FK
is the Rectangle under CF, FA; fince AF is equal
to FG; and the Square of ABis AD. Wherefore
the Reétangle FK s equal to the Square AD. And
if AK, which is common, be taken from both, then
the remaining Square FH is equal to the remaining
Reétangle HD.” But HD is the Redangle under
AB, B%—I} fince AB is equal to BD, and FH is
the Square of AH. Therefore the Rectangle under
AB, BH, fhall be equal to the Square of AH. And
{o the given Right Line AB is cuc in H, {o that the
Rectangle under AB, BH, is equal to the Square of
AH; -u,rb:pb was to be done. _

PR OPBOSEERON XII.

THEORE M.

In obtufe-angled Triangles, the Square of the Side
fubtending the obtufe Angle, is greater than the
Squares of the Sides containing the obtufe Angle,
by twice the Reilangle under one of the Sides,
containing the obtufe Angle, viz. that on which,
Produced, the Perpendicular falls, and the Line
taken without, between the perpendicular and

 3pe obiufe Angle.

LET ABC be an obtufe-angled Triangle, havin
the obtufe Angle BAC; and * from the Point B # 12, 4,

draw BD perpendicular to the Side C A produced. I

{ay, the Square of BC is greater than the Squares

of BA and AC, by twice the Reltangle contained

under CA, and AD.

For, becaufe the Right Line CD is any how cut in

the Point A, the Square of CD fhall be +equal-to the + ¢ of this,
Squares of CA, and AD, rogether with twice the
Reftangle under CA, and AD.  And if the Square
of B D, which is common, be added, then the Squares

of C ﬁ, DB, are equal to the Squares of CA, AD,
' ' and
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and DB, and twice the Re&angle contained under
CA and AD. But the Square of CB is * equal to
the Squares of CD, DB; for the Angle at D is a
Right one, fince BD is perpendicular, and the Square
of AB is *equal to the Séplares of AD, and DB:
Therefore the Square of CB is equal to the Squares
of CA and AB, together with twice a Re&angcie un-
der CAand AD. Therefore in obtufe-angled Trian-
gles, the Square of the Side [ubtending the obtufe An-
gle, is greater than the Squares of the Sides containing
the obtufe Angle, by twice the Reffancle under one g
2be Sides containing the obtufe Anzle, viz. that on whic R
preduced, the Perpendicular falls, and the Line taken
witbout, between the perpendicular and the obtufe
Angle ; which was to be demonftrated.

PROPOSITION XIIL

 THEOREM.

In acute-angled Triangles, the Square of the Side
fubtending the acute Angles, is lefs than the
Squares of the Sides containing thé acute Angle,
by twice a Redangle uuder one. of the Sides
about the acute Aygles viz. on which the Per-
pendicular falls, and the Line affumed within
the Triangle, from the perpendicular to the
acute Angle. ~ 0 ¢ VAT

LET ABC be an acute-angled Triangle, having

the acute Angle B: And from A ler there * be
drawn AD perpendicular to BC. 1fay, the Square
of AC is lefs than the Squares of CB and BA, by
twice a Rectangle under CB and BD.

For, becaufe the Right Line CB is cut any how in
D, the Squares of CE and BD will be +equal to
twice a Rectangle under CB and BD, together with
the Square of DC. And if the Square of AD be
added to both, then the Squares of CB, BD, and
D A, are equal to twice the Rectangle contined ur-
der CB and BD, together with the Squares of AD:
and DC. But the Square of AB is +equal to the
Squares of BD and DA; for the Angle at D is 2
Right Angle. And the Square of AC is $equal to'

the




Book II. Euclid’'s ELEMENTS. 61,

the Squares of AD.and,DC. Therefore the Squares,
of CBand BA are equal to the Square of AC,- ro-.
gether, with twice the Rectangle contained under CB.
and BD. Wherefore the Square ofi AC only, is lefs

than the Squares of CB and BA, by twice the Rect-

angle under CB.and BD. Therefore i acute-angled

Triangles, the Square of the Side [ubtending the acute

Angles, s lefs t.g#ﬂ- the Squares of the Sides containing

the acute Augle, by twice a Rectangle under one of the

Sides about the acute Angle, viz. on which the Perpen-

dicular falls, and the Line affumed within the Triangle,
[from the perpendicular to the acute Angle; which was

to be demonitrated. :

FREOPOSITION XIV.

el PR DR R O
T0 make a Square equal to a given Right-lined
Figure,

LET A be the given Right-lined Figure. It is
required to make a Square equal thereto.

Make * the Right-angled Parallelogram BCDE # 4. o,
equal to the Right-lined Figure A. Now if BE be
equal t0 ED, what was propofed will be already
done, fince the Square B D is made equal to the Righr-
lined Figure A: But if it be not, let cither BE or £ D
be the greater: Suppofe B E, which let be produced to
F; {o that EF be equal to ED. This being done,
let BE be 1 bifected in G, about which, asa Centre, + 1c, 1,
with the Diftance G B or G F, defcribe the Semicircle
BHY; andlet DE be produced to H, and draw G H.
Now, becaufe the Right Line BF is divided into two
equal Parts in G, and into two unequal ones in E,
the Rectangle under BE and EF, together with the
Square of GE, fhall be % equal to the §quare of GF. ¢, of this,
But GF is equal to GH. Therefore the Re@angle
under BE, E'¥, together, with the Square of GE,
is equal to_the Square of GH. But the Squares of
HE and EG are * equal to the Square of GH. # - «,
Wherefore the Rectangle under BE, EF, together
with the Square of EG, is equal to the Squares of
HE,EG. And if theSquare of EG, which is com-

mon,
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mon, be taken from both, the remaining Rectangle
contained under BE and EF, is equal to the Square
of EH. But the Rectangle under BE and EF is the
Parallelogram BD, becaufe EF is equal to ED.
Therefore the Parallelogram BD is equal to the
Square of EH; but the Parallelogram BD is equal
to the Rightli’d Figure A. Wherefore the Right-
lined Figure A is equal to the Square of EH. And
fo there is a Square made equal to the given Right-
lined Figure A, viz. the Square of EH; which was
¢0 be done. :

Tbe EnD of the SEcon D Boox,
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DEFINIFIQONS.

1. J T QUAL Circles are fuch whofe Diameters
are equal 5 or from whofe Centres the
Right Lines that are drawn are equal.

1I. A Right Line is faid to touch a Circle, when
touching the [ame, and being produced, does
not cut if.

111. Circles ave faid to touch each other, which
touching do not cut one another.

IV. Right Lines in a Circle are faid to be equally
diftant from the Centre, when Perpendiculars
drawn from the Centre to them be equal.

V. And that Line is faid to be farther from the
Centre,onwhichthe greater Perpendicular falls.

V1. A Segment of a Circle is a Figure contained
under a Right Line, and a Part of the Cir-
cumference of a Circle,

VII. An Angle of a Segment is that which is
contained by a Right Line, and the Circumfe-

rence of a Circle,
VII1. 4d»
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VIIL. A Angle is faid to be in a Segment, when

Jome Point is taken in the Circumference thereof,
and from it Right Lines are drawn to the Ends
of that Right Line, which is the Bafe of the Seg-
ment s then the Angle contained under the Lines
drawn, is [aid to be an Angle in a Segment.

IX. But when the Right Lines containing the An-

gle doveceive any Gircumference of the Circle,
© “then the Angle-is faid to ftand upon-that Cir-
cumference.,

X. A Sector of aCircle,is that Figure comprebended
between the Right Lines drawn from the Centre,
and the Circumference contained between them.

Kl -Similar Segments of Circles are thofe which
include equal Angles, or whereof the Angles in
them are equal.

PROPOSITION L

PRGBLEMa
To find the Centre of a Circle given.

- ET ABC bethe Circle given. It is re-
quired ro find the Céntre thereof.
- Let the Right Line A B be any how drawn
*ro. 1. =i, “which ™ bifeét in the Point D and let
trx DG be +drawn from the Point Doat Righr Angles to
A B, which let be produced to E.,

Then, if EC be * bifected in F, 1 fay, the Point F

15 the Centre of the Circle ABC. ™
For, if it be not, let G be the Centre, and let G A,
GD, GB;bedrawn. Now, becaufe DA is equal to
DB, and DG is common, the rwo Sides A D,DG,
are equal to the two Sides G D, DB, each to each;
t Def.xs. 1. and the Bafe G A is % equal to the Bafe GB; for they
are drawn from the Centre' G, ‘Therefore the Angle
#8.51.  ADG is *equal to the ‘Angle G DB. But when a

Right Line ftanding upon a Right Line, makes the

adjacent Angles equal to one another, each of the

tD¢f r0. 1, equal Angles will + be a Right Angle. Wherefore
the Angle G D B is a Right Angle. But FDBisalfoa

: Right

e
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Right Angle. Therefore the Angle FDB is equal to
the Angle G D B, agreater to alefs, which is abfurd.
Wherefore G is not 'the Centre of the Ciréle ABC.
After the fame manner we prove, that no other Point,

unlefs F, is the Centre. ~ Therefore F is the Centre of
the Circle ABC; which was 2o be found. -

‘€owoll. ‘If in ‘a' Circle, ‘any ‘Right Line curs another

- Right Line into two equal Patts, and at Right An-

_vgles; the Centre of the Circle'will be in that cutting
.ine.

PROPOSITION IL

EHEOREM,

f any two Points be affumed in the Circumference
ga Circle, the Right Line joining thofe two
oints fball fall within the Circle, |

LE T ABCbeaCircle; in the Circumference of
= which ler any two Points A, B, beaflumed. I
fay, a Right Line drawn from the Point A to the Point
‘B, falls within the Circle. i

For let any Point E be taken in the Right Line
‘AB, andlet DA, DE, DB, be joined.

Then, becaufe D A isequal to D B, the Angle DAB
will be *equal to the Angle DBA'; and fince the*s. 1
Side A E of the Triangle D AE is produced, the An-
gle DEB will be 4 greater than the Angle DAE 116 t
‘Bur the Angle D AE is equal to the Angle DBE;
therefore the Angle DEB'is greater than the Angle
‘DBE. Bur the greater Side fubtends the grearer An;;%e.
‘Wherefore DB is greater than DE.  But DB only
‘comes to the Circumference of the Circle; therefore
DE does not reach fo far. And fo the Poinr E falls
‘within the Circle. ‘Therefore, if two Points are af-
Jumed in the Circumference of a Circle, the Right Line
Joining thofe two Points (ball fall within the Circle,
“which was to be demonftrated.

‘Coroll. Hence, if a Right Line touches a Circle, it will
touch it in one Point only,

PRO-
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PROPOSILITI.GN I

THEORE M,

If in a Gircle a Right Line drawn thro® the Cen-
ire, culs any other Right Line not drawn thre®
the Centre, into equal Parts, it fball cut it at
Right Angles s ﬂiﬂ} if it cuts it at Right Angles,
# fball cut it into two equal Parts,

L E'T ABC beaCircle, wherein the Right Line
CD, drawn thro’ the Centre, bifects the Right
Lioe AB not drawn thro’ the Cenwe. 1 fay, it cuts it
at Right Angles.

For, *find E the Centre of the Circle, and let EA,
EB, be joined. :

Then, becaufe A F is equal to FB, and FE is com-
mon, the two Sides AF, FE, are equal to the two
Sides BF, FE, each to each; but the Bafe EA is
equal to the Bate EB. Wherefore the Angle AFE
fhall be +equal to the Angle BFE.  Bur when a Right
Line ftanding upon a Right Line makes the adjacent
Angles equal to one another, cach of the equal Angles
is 12 Right Angle, Wherefore AFE, or BFE, is
a Right Angle. And therefore the Right Line CD
drawn thro’ the Centre, bifecting the Right Line AB
not drawn thro’ the Centre, cuts it at Right Angles.
Now if CD cuts AB at Right Angles, 1 fay, it will
bifect it, thatis, AF will be equal to FB. For the
fame Conftruction remaining, becaufe E A, bein
drawn from the Centre, is equal to E B, the Angle EA
fhall be *equal to the Angle EBF. But the Right Angle
AFE is equal to the R'g%u‘ Angle BFE ; therefore the
two Triangles EAF, EBF, have two Angles of the
one equal to two Angles of the other, and the Side EF
15 common to both. Wherefore the other Sides of
the one fhall be +equal to the other Sides of the other :
And {0 AF will be equal to F B. Therefore, if in a Cir-
cle a Right Line drawn thro' the Centve, cuts any other
Right Line not drawn thro the Centre, into two equal
Parts, it (ball cut it at Right Angles: and if it “cuts
#t at Right Angles, it [ball cut it into two equal Parts;
which was to be demonftrated.

PRO-
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FPROPOSITION IV

THEOREM,

- df in a Circle two Right Lines, not being drazon
- thro® the Centre, cut each other, they will not
&ut each other into two equal Parts,

| LET ABCD be a Circle; wherein two Right
Lines AC, BD, not drawn thro> the Centre,
- cut each other in the Point E. I fay, they do not
. bifect each other.
For, if poffible, let them bife& each other, fo that
AE beequalto EC, and BE w0 ED. Let the Cen-
tre F of the Circle ABCD be * found, and joinEF. *xefthis,
Then, becaufe the Right Line F E, drawn thro’ the
Centre, bifects the Right Line A C, not drawn thro’ 1
 the Centre, it will +cut ACat Right Angles. And T3 975t
o FEA is _a Right Angle. Again, becaufe the
' Right Line FE biﬁ:%.‘ﬁ the Right Line BD not drawn
thro’ the Centre, it will +cut BD at Right Angles.
Therefore FEB is a Right Angle. But FE A has
been fhewn to be alfo a Right Angle. Wherefore
 the Angle FEA will be equal to the Angle FEB,
a lefs to a greater; which is abfurd. Therefore
AC, BD, do not mutually bifect each other. And
fo, if in a Circle two Right Lines, not being drawn
2bro’ the Centre, cut each otber, they will not cut each

other into two equal Parts;, which was to be demon-
- ftrated,

FEREUTOSITION V.

THEORE M.

If rwo Circles cut one another, they fhall not
have the [ame Centre,

LET the two_ Circles ABC, CDG, cut each
other in the Points B, C. § fay, they have not
 the fame Centre.
For if they have, let it be E, and joinEC, and
‘draw EF G at Pleafure.
F Now,
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Now, becaufe E is the Centre of the Circle ABC,
CE will be equal to EF. Again, becaufe.E is the
Centre of the Circle CD'G, CE-is equal to EG,
But CE has been fhewn to be equal to EF. There-
fore EF fhall be c#al' 0 EG, alefs to a greater,
which cannot be. Therefore the Point E is not the
Centre of both the Circles ABC, CDG. Where-
fore, if two Circles cut one another, they [ball not bave
the fame Centre; which wasto bedemonftrated,

PROPOSTT I ON VI

THEORE M.

If two Circles touch one another inwardly, they
will not bave one and the fame Centre,

-

E'T two Circles ABC, CDE, touch one an-
other inwardly in the Point C." I fay, they will

- nor have one and the fame Centre.

For if they have, let it be F, and join FC, and
draw FB any how.

Then, becaufe F is the Centre of the Circle ABC,
CF isequal to FB. And becaufe F is only the Cen-
tre of the Circle CDE, CF thall be equal to EF,
But CF has been thewn to be equal to FB. There-
fore FE isequal to F B, alefs to a greater; which can-
not be. Therefore the Point F is not the Centre
of both the Circles ABC, CDE. Wherefore, if
two Circles touch one another inwardly, they aill
not bave one and the fame Centre;, which was to
be demonftrated. g

PRO- @
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PROPOSITION VIIL

THEOR E M,

If in the Diameter of a Circle fome Point be taken,
which is not the Centre of the Circle, and from
that Point certain Right Lines fall on the Cir-
cumference of the Circle, the greateft of thefe
Lines fball be that wherein the Centre of the
Circle is 5 the leaft, the Remainder of the fame
Line. And of all the other Lines, the neareft to
that which was drawn thro® the Centre, is al-
ways greater than that more remote, and only
two equal Lines fall from the abovefaid Point
upon the Circumference, on each Side of the
Jeaft or greateft Lines,

LET ABCD be a Circle, whofe Diameter is AD,

in which a{lume fome Point F, which is not the
Centre of the Circle. Let the Centre of the Circle
be E; and from the Point F let certain Right Lines
FB,FC, FG, fallon the Circumference : I fay, FA
is the greateft of thefe Lines, and F D the leaft; and
of thbe others FB is greater than FC, and FC
greater than FG,

-For let BE, CE, GE, be joined.

Then, becaufe two Sides of every Triangle are
*%*eater than the third; BE, EF, are grearer than
BF. But AE is equal to BE. Therefore BE and
E.IF;' areequal to AF. And fo AF is greater than

Again, becaufe BE is equal to CE, and FE js
common, the two Sides BE and FE are equal to
the two Sides CE, EF. Buc the Angle BEF is
Ereatﬁr than the Angle CEF. Wherefore the Bafe

LT

F is greater than the Bafe FC+. For the fame + 24. .

Reafon, CF is greater than FG.

ain, becaule GF and FE are * grearer than * 20, 1.

GE, and GE is equal o ED; GF and FE fhall
be greater than ED 5 and if FE, which is common,
be taken away, then the Remainder GF is grearer
than the Remajnder FD. Wherefore FA is the
2 greatefh
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reateft of the Right Lines, and FD the leaft: Alfo
E F is greater than FC, -and F C greater than FG.

I fay, moreover, that there are only. two equal
Right Lines, that can fall from the Point F on
ABCD, the Circumference of the Circle on each Side
the fhorteft Line FD. For at the given Pnint]};'._i-
with the Right Line EF, make 4 the Angle FE
equal to the:]ingl:: GEF, and join FH. Now be-
caufe GE is equal to EH, and EF is common,
the two Sides GE and EF are equal to the two
Sides HE and EF. But the Angle GEF is equal
tothe Angle HEF. Therefore the Bafe F G fhall
betequal to the Bafe FH. I fay, no other Right
Line falling from the Point ¥, on the Circle, can
be equalto FG. For if there can, let this be F K.
Now fince FK is equal to FG, as alfo FH, FK

will be equal to FH, wiz. a Line drawn nigher to

that pa m% thro’ the Centre, equal to one more
remote, which cannot be. If, therefore, in the Di-
ameter of a Circle, fome Point be taken, which is not
the Centre of the Circle, and from that Point certain
Right Lines fall on the Circumiference of the Circle,
the greateft of thefe Lines [ball be that awherein the
Centre of the Circle is; the leaft, the Remainder of the
[ame Line. And of all the other Lines, the nearsft to

that aubich was drasun through the Centre, is always

greater than that more remote; and only two equal
Lines fall from the abam'fﬁij Point upon the Cir-
cumference, on each Side of the !maﬂ or greateft
Lines ; which was to be demonftrated.

PR O-

" B
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PROPOSITION VIIL

THEOREM.

If fome Point be affumed without a Circle, and
from it certain Right Lines be drawn to the Cir-
cle, one of which paffes thro® the Centre, byt
tbe other any bow; the greateft of thefe Lines,
15 that paffing thro’ the Centre, and falling upon
the Concave Part of the Circumference of the
Circle; and of the others, that which is neareft
20 the Line paffing thro theCentreis greater than
?hat more remate. But the leaft of the Lines
that fall upon the Convex Circumference of the
Circle, is that which lies between the Psint and
the Diameter 5 and of the others, that which is
nigher to the leaft, is lefs than that which is Sfur-
ther diftant 5 and from that Point there can be
drawn only 1wo equal Lines, which fball fall on
the Circumference on each Side the Jeaft Line,

T ET ABC be aCircle, our of which rake any

Point D. From this Point let there be drawn
cerain Right Lines DA, DE, DF, DC, to the
Circie, whereof D A paffes thro” the Centre. [ fay
D A, which paffes thro’ the Centre, is rhe greateft
of the Lines falling upon AEFC, the Concave
Circumference of the CFif:Ie; and theleaft is DG,
wiz. the Line drawn from D ro the Diameter G A -
Likewife DE is greaterthen DF, and DF greater
than D C. But of thefe Lines that fall upon HL G K
the Convex Circumference of the Circf: that which
is neareft the leat DG, is always lels than that
more remote; that js, DK is lefs than DL, and
DL lefs than DH.

For, find* M the Centre of the Circle ABC,

and lec ME, MF, MC, MH, ML, be joined.
Now, becaufe AM is equal to ME; if MD,
which is common, be added, AD will be equal to
EM and MD. Bur EM and MD are ¢ greater
than ED; therefore AD ibgaiﬁ} greater than ED.

Again,

7

-
A
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Again, becaufe ME is equal to MF, and MD is
common, théen EM, MD, fhall be equal 0 MF,
MD; and the Angle EM D is greater than the An-
gle FMD. Therefore the Bafe ED will be tgreater
than the Bafe FD. We é:ruve, il the fame manner,
that F D is greater than CD. Wherefore D A is the

reatelt of the Right Lines falling from the Point
%)5 DE is greater than DF, and DF is greatet
than DC.

Moreover, becaufe MK and K D are * greater than
MD, and MG is équal to MK ; then the Remain-
der KD will 4 be greater than the Remainder G D,
And fo G D is lefs than KD, and confe uent‘l{)is the
leat. And becaufe two Right Lines MK, K D, are
drawn from M and D to the Point K, "within the
Triangle MLD, MK, and KD, are % lefs than
ML and LD but MK is equal to ML. Where-
fore the Remainder DK is lefs than the Remainder
DL. In like maoner we demonftrate, that DL is
lefs than DH. Therefore DG is the leaft. And
DK islefs than DL, and DL than DH.

I fay, likewife, that from the Point D odly two
equal ]i{gh: Lines can fall upon the Circle on each
Side the leaft Line. For, make * the Angle D MBat
the Point M, with the Right Line M D, equal to

the Angle KMD, and join DB. Then, . becaufe

MK is equal to MB, and MD is common, the
two Sides KM, MD, are equal to the two Sides
BM, MD, each to each; but the Angle KMD is
equal to the Angle BMD. Therefore the Bafe DK
is + equal to the Bafe DB. Ifay, no other Line can
be drawn from the Point D to the Circle equal to
DK ; for if there can,let DN. Now, fince DK is
equal 10 DN, as alfo to DB, therefore D B fhall be
equal to DN, «is. the Line drawn neareft to the
Jeaft equal to that more remote, which has been thewn
to be impoffible. Therefore, if fome Point be affumed
awithout a Circle, and from it certain Right Lines be
draum te the Cirtle, one of which paffes through the
Centre, but the others any bow; the greateft of thefé
Lines is that paffing through the Centre, and falling
#fm the Concave Part of the Cffﬂﬂf?{efﬁ'ﬂff of the Cir-
eles and of the others, that which is neaveft to the
Line paffing through the Centre, is greater than that
A s NbHg & Kandls wiore




Book 1lI. Euclid’s ELEMENTS. 73

more vemote. But the leaft of the Lines that fall upox
the Convex Circumference of the Circle, is that which
lies betaween the Point and the Diameter, and of the
others, that which is nigher to the leaft, is lefs thas
that awhich is farther diftant; and from that Point
there can be drawn only two equal Lines, which (hall
fall on the Circumference on each Side the leaft Line
which was to be demonftrated.

PROPOSITION IX.

THEOR E M.

If a Point be affumed in a Circle, and from it
more than two equal Right Lines be drawn to
the Circumference; then that Point is the Cen-
tre of the Circle.

ET the Point D be affumed withi the Circle
*~ ABC; and from the Point D, let there fall more
than two equal Right Lines to the Circumference, viz.
the Right Lines DA, DB, DC. Ifay, the aflumed
Point D is the Centre of the Circle ABC. .

For, if it be not, let E be the Centre, if poffible;
and join D E, which produce to G and F.

'Then FG is a Diameter of the Circle ABC; and
fo, becaufe the Point D, not being the Centre of the
Circle, is affumed in the Diameter FG, DG will
* be the greateft Line drawn from D to the Circumfe- *® 7 of tkit
rence, and D C greater than DB, and DBthan D A;
but they are alfo equal, which is abfurd. Therefore
E is not the Centre of the Circle ABC. And in this
manner we prove, that no other Point except D is the
Centre; therefore D is the Centre of the Circle ABC;
awhich was to be demonfirated.

Otherwife:

Let ABC be the Circle, wichin which take the
Point D, from which let more than two equal Right
Lines fall on the Circumference of the Circle, wi=.
the three equal ones DA, DB, DC: Ifay, the Point
D is the Centre of the Circle ABC,

F 4 For,
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For, join AB, BC, which bifec * in the Points
Eand Z; a5 alfo join ED, DZ. ; which produce to
the Points H, K, O, L; then, becaufe AE is equal
to E B, and E D is common, the two Sides AE, ED,
fhall be equal to the two Sides BE, ED. And the
Bafe D A is equal to the Bafe Bafe DB: Therefore the
Angle AED will be * equal to the Angle BED:
and fo [by Def. 10. L:, each of the Angles AED,
BED, is a Right Angle: Therefore HK, bifecting
AB, cuts it at Right Angles. And becaufe a Right
Line in a Circle, bifeting another Right Line, curs
itat Right Angles, and the Centre of the Circle is in
the cutting Line, [by Cor. 1: 3.7 the Centre of the
Circle ABC will be in HK. ~For the fame Rea-
fon, the Centre of the Circle will be' in OL. And
the Right Lines HK, OL, have no other Point
common but D: Therefore I is the Centre of tha
Circle ABC; which was to be demanftrated.

PROPOBITION X

TH:_EDR.EM.

<A Circle cannot cut another Circle in more than
Gusie two Points, |

FOR if it can, let the Circle ABC cut the Circle
DEF in more than two Points, wiz. inB, G,
F; and let K be the Centre of the Circle ABC,
and join KB, KG, KF.
~_Now, becaufe the Point K is affumed within the
Circle DEF, from which more than two equal Right
Lines K B, i{G, KF, fal on the Circumference,
the Point K fhall be 4 the Centre of the Circle DEF.
Bur K is % the Centre of the Circle ABC. Therefore
K will be the Centre of two Circles cutting each other,
which is abfurd. Wherefore a Circle cannot cur 2

Circle in more than two Points; which was to be des
monftrared, :

PRO-

#:""" =
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PROPOSITION XI

THEORE M.

If two Circles touch each other on the Infide, and

* the Centres be found, the Line joining their
Centres, will fall on the [ Point of | Contalt
of thofe Circles.

T ET two Circles ABC, ADE, touch one ano-

A2 ther inwardly in A, and let F be the Centre of
the Circle ABC, and G that of ADE.. [ fay, a
Right Line joining the Centres G and F, being pro-
duced, will fall in the Point A.

If this be denied, let the Right Line, joining F G,

cut the Circle in D and H.

~ Now, becaufe AG, GF, are greater than AF,

7y

¥ that is, than FH; take away F G, which is com- ¥ zo. 1.

mon, and the Remainder AG is greater than the .

Remainder GH. But AG is equal to G D; there-
fore GD is greater than GH, the lefs than the
greater, which is abfurd. ‘Wherefore a Line drawn
thro’ the Points F, G, will not fall out of the Point

of Conta®t A, and fo neceffarily mufi fall in ity

which was to be demonfirated.

PROPOSITION XII

THEOREM.

If two Circles touch one anotber on the Oulfide,
@ Right Line joining their Centres will pafs
thro the [Point of ] Contall,

ET two Circles ABC, ADE, touch one ano-
*~4 ther outwardly in the Point A ; and let F be the
Centre of the Circle ABC, and G that of ADE.
I fay, a Right Line drawn through the Centre F, G,
will pafs thro’ the Point of Contact A.
For, if it does nor, let, if poflible, FCDG fall
without it, and join FA, AG,
* Now, fince F is the Centre of the Circle ABC,AF
will beequal to FC.  And becaufe G is the Centre 1?{:
e the
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the Circle ADE, AG will be equal to GD: But AF
has been fhewn to be equal 1o FC; therefore FA,
AG, are -::leal 0o FC,DG. And fothe Whole FG
is greater than FA, AG; and alfo lefs, * which is
abéird. Therefore a Right Line,drawn from the Point
F to G, will pafs through the Point of Conract Aj
which was to be demonfirated. ' |

PROPOSITION XIIL

THEORE M.

One Circle cannot touch another in more Points
than one, whether it be inwardly or outwardly.

FO R, in the firft Place, if this be denied, let the
Circle ABDC, if poffible, touch the Circle
EBFD inwardly, in more Points than one, viz. in

And let G be the Centre of the Circle ABDC,
and H thar of EBFD.

Then a Right Line, drawn from the Point G to H,
will +fall in the Points B and D. Let this Line be
BGHD. And becaufe G is the Centre of the Circle
ABDC, the Line BG will be equal to GD. There-
fore BG is greater than HD, and BH much greater
than HD. - Again, fince H is the Centre of the Cir- '
cle EBFD, the Line BH is equal to HD. Bur it %
bas been proved to be much greater than it, whichis

abfurd. Therefore one Cirele cannot touch another

Circle inwardly in more Points than one.
Secondly, let the Circle ACK, if ,;E’“mbl"'* touch
the Circle AB D C outwardly in more Points than one,
viz. in Aand C; and ler A, C, be joined. : b4
Now, becaufe two Points A, C, are aflumed in the
Circumference of each of the Circles AB D C,ACK, 3
a Right Line joining thefe two Points, will fall
within either of the Circles. But it falls within the

Gircle ABD C, and without the Circle A CK, which

is abfurd. Therefore one Circle cannot touch ano- ,
ther Circle in more Points than one outwardly. But
it has been proved, thar one Circle cannot touch ano-
ther Circle inwardly [in more Points than one].
Wherefore one Circle cannot touch anotber in morve

Pﬂfﬂf{? i
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Points than one, whether it be inwardly or outwardly,
which was to be demon(trated.

PROPOSITION. XIV.

THEORE M.

Equal Right Lines in a Circle are equally diftant
from the Centres and Right Lines, which are
equally diftant from the Centre, are equal be-
tween themfelves.

ET ABDC be aCircle, wherein are the equal
Right Lines AB, CD. I fay, thefe Lines are
equally diftant from the Centre of the Circle.
For, let E be the Centre of the Circle ABDC;
from which let there be drawn EF, EG, perpendi-
cularto AB, CD; and let AE, EC, be joined.
Then, becaufe a Right Line EF, drawn thro’ the
Centre, cuts the Right Line AB, not drawn thro’
the Centre, at Right %\ngles, it will * bife&t the fame. * 3 of skis,
Wherefore AF is equal to FB, and fo AB is double
to AF. For the fame Reafon CD is double to CG,
but AB is equal to CD. Therefore AF is equalto .
CG; and becaufe AE is equal to EC, the Square of
AE fhall be equal to the Square of EC. ciﬂut the
Sanre:s of AF and FE are Tcﬁual to the Square of { 47. 1.
AE. For the Angle at F is a Right Angle; and the
Squares of EG, and GC, are equal to the Square of
EC, fince the Angle at G is a Right one. There-
fore the nguares of AF and FE, are equal to the
Squares of CG and GE. But the Square of AF
is equal to the Square of CG; for AF is equal o
CG. Therefore the Square of FE is equal to the
Square of EG; and fo FE equal to G. Al
Lines in a Circle are # faid ro be equally diftant from 1 D¢f. 4.
the Centre, when Perpendiculars drawn to them from & £
the Centre are equal. Therefore AB, CD, are equally
diftant from thﬁ:entra
But if AB, CD, are cqually diftant fram the Cen-
tre, that is, if FE be equal to EG; I fay, AB is
equal to Ch.
For the fame Conftruction being {fuppofed, we de-
monftrate as above, that AB is uub?: 1o AF, CmBi
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CDto CG;_ and becaufe AE is equal to EC, the
Square of AE will be equal to the Square of EC.
But the Squares of EF and F A are E equal to the
Square of AE, and the Squares of EG and GC
equal + to the Square of EC. Therefore the Squares
of EF and FA are equal to the Squares of EG
and GC. But the Square of EG is equal to the
Square of EF; for EG is equal to EF, Therefore
the Squgre of AF is equal to the Square of CG;
and fo AF is equal to CG. But AB is double to
.!'!'EF, and CD w0 CG. Thﬁfﬂfﬂrﬂ Efﬂ.ﬂf Rigﬁﬂ Lines
in a Circle are equally diftant from the Centre, and
Right Lines, which are equally diflant from the Cern-
ire, are equal between themfelves ; which was to be
demonftrated. : :

TG RS T SN X

THEORE M.

A Diameter is the greateft Line in aCirele y and of
all the other Lines therein, that which is neareft
to the Centre is greater than that more remote,

LET ABCD be a Circle, whofe Diameter is

AD, and Centre E; and let BC be nearer to
the Diameter than FG. I fay, AD is the greateft
and B C is grearter than F G. :

For, let the Perpendiculars EH, EK, be drawn
from the Centre Eto BC, FG. Now, becaufe BC
is nearer to the Centre than FG, EK will be greater
than EH. Let EL be equal to EH; draw L M
through L at R\iﬁhr Angles to EK, which produce to
N; and let EM, EN, EF, EG, be joined.

Then, becaufe EH is equal to EL, the Line BC
will be equal to MN*. And, fince AE is equal
toEM, and DEtw EN, AD will be equal to ME
and EN. But ME and E N are }greater than MN :
And fo AD is greater than MN; "and N M is equal
to BC. Therefore AD is greater than BC. And
fince the two Sides EM, EN, are equal to the two
Sides FE, EG, and the Angle MEN greater thay
the Angle FEG, the Bafe MN fhall be # greater
than the Bale FG. But MN is equalto BC. 'I_'h;;:re_y

ore

3
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fore BC is greatér than FG. And fo the Diameter
A D isthegreateft, and BCisgreater thanF G. Where-
fore the Diameter is the greateff Line in a Circle
and of all the other Lines therein, that which is neareft
20 the Centre is greater than that more remgte; which
was to be demonftrated.

PROPOSITION XVI.

THEORE M.

A Line drawn from the extreme [ Point] of the
Diameter of a Circle at Right Angles to that
Diameter, fhall fall without the Circle; and
between the [faid Right Line, and the Circum-
ference, no other Line can be drawn; and the
Angle of a Semicircle is greater than any
Right-liwd acute Angle; and the remaining
Angle [without any Circumference) is lefs than
any Right-lined Angle.

LE'IT ABC be a Circle, whofe Centre is D, and
— Diameter AB. Ifay, a Right Line drawn from
the Point A at Right Anglesto AB, falls withour the
Circle.
For if it does not, let it fall, if poffible, within
the Circle, as AC, and joinDC.
- Now, becaufe D A is equalto D C, the Angle DAC
fhall be * equal to the Angle ACD. But DACis#,.
a Right Angle; therefore ACD is 2 Right Angle:
And accordingly the Angles DAC, ACD, are equal
to two Right Angles; which is abfurd. There- 4 17, 1,
fore a Right Line drawh from the Point A at Right
Angles to BA, will not fall within the Circle; and fo
likewife w:i_ﬁmve, that it neither falls in the Circum-
ference. erefore it will neceflarily fall without the
fame; which now let be AE.
: in, berween the Right Line A E, and the Circum-
ference CH A, no other Right Line can be drawn.
For if there can, let itbe FA, and let + DG be t12. 1.
drawn at Right Angles from the Centre D 1o F A.
Now, becaufe AG D isa Right Angle, and DAG
i8 lefs than a Right Angle, D A will be greater than
DG*, ButDAisequalto DH. Therefore DHis * 5q, 1.
greater
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preater than DG, the lefs than the grearer; which is
abfurd. Wherefore no Right Line can be drawn be-
tween A E, and the Circumference AH C. I fay, more-
over, that the Angle of the Semicircle, contained
under the Right Line BA, and the Circumference
CHA, is greater than any Right-lined acure An(%le;
and the remaining Angle conrained under the Cir-
cumference CH A, and the Right Line AE, is lefs
than any Right-lined Angle.

For 1f any Right-lined acute Angle be greater than
the Angle contained under the Right Line BA, and
the Circumference CH A ; or if any Right-lined An-
g(,}e be lefs than that conrained under the Circumference

HA, and the Right Line AE, then a Right Line
may be drawn between the Circumference CHA
and the Right Line AE, making an Angle greater
than that contained under the Right Line B A, and the
Circumference CH A, viz. which is contained under
Right Lines, and lefs than that contained under the
Circumference CH A, and the Right Line AE. But
fuch a Right Line cannot be drawn from what has
been proved. Therefore no Right-lined acute Angle
is greater than the Angle contained under the Right
Line BA, and the Circumference CHA; nor lefs
than the Angle contained under the Circumference
CH A, and the Right Line AE,

Coroll. From hence it is manifeft, that a Right Line
drawn at Right Angles on the End of the Diame-
ter of a Circle, touches the Circle, and that in one
Point only, becaufe, if it thould meet it in two
Points, it would fall within the fame; as bay boesn
demonfirated.

PROPOSITION XVIL

ProrLE M.

To draw a Right Lire from a given Point, that
Jhall touch a given Circle,

LET A be the Point given, and BCD the Circle.
It is required ro draw a Right Linc from the
Point A, that fhall touch the given Circle BC D. e
et
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Let E be the Centre of the Circle, and join AE ;
then about thé Centre E, with the Diftance E A, de-
fcribe the Circle AFG; draw D F *at Right Angles # 11, 1.
to EA, and join EBF, and AB. 1 fay, the Right
Line AB is drawn from the Point A, touching the
Circle BCD.

For, fince E is the Centre of the Circles BCD,
AFG, the Line EA will be equal to EF, and ED
to EB. Therefore the two Sides AE, EB, are equal
to the.two Sides FE, ED, each to each; and they
contain the common Angle E. Wherefore the Bafe
DF is 1 equal to the Bafe AB, and the Trianglet 4 1-
DEF equal to the Triangle EBA, and the remain-
i'r;g Angles of the one equal to the remaining Angles
of the other. And fo the Angle EBA is equal to
the Angle EDF. But ED% is a Right Angle.
Wherefore EBA is allo a Right Angle, and EB is a
Line drawn from the Centre; buta Right Line drawn
from the Extremity of the Diameter of a Circle at
R%ht Angles # to it, touches the Circle. Wherefore £ Cor. 16.
A B touches the Circle; which was to be done. of this,

PROPOSITION XVIIL

THEOREM.

If any Right Line touches a Circle, and from
the Centre to the Point of Contall a Right
Line be drawn that Line will be perpendicu-

. lar to the Tangent.

LET any Right Line DE touch a Circle ABC
in the Point C, and let there be drawn the Right

Line FC from the Centre FC. I fay, FC is per-
pendicular to DE.

For, if it be not, let FG be drawn * from the * 1. 1,
Centre F, perpendicular to DE.

Now, becaufe the Angle FGC is a Right Angle,
the Angle GCF will be +an acute Angle; and ac- + 3z, &,
cordingly the Angle FG C is greater than the Angle
FCG,; bur the greater Side fubtends # the greater t g. 1.
Angle. Therefore FC is greater thanFG. But FC
is equal to FB. Wherefore FB is greater than FG,
a lets than the greater; which is abiurd, Thcreffgg
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FG is not perpendicular to DE. And in the fame
manner we prove, that no other Right Line but FC
is perpendicular to DE. Wherefore F C is perpendi-
cular to DE. Therefore, #f any Right Line touthes
a Circle, and from the Centre to the Point of Contalt
a Right Line be drawn; that Line will be perpendicu=
{ar to the Tangent ; which was to be demonftrated.

PROPOSITION XIX.

THEOREM.

If any Right Line touches a Circle, and from
the Point of Contaél a Right Line be drawn at
Right Angles to the Tangent, the Centre of the
Circle fball be in the faid Line.

LET any Right Line DE touch the Circle ABC
in C, and let CA be drawn from the Point C
at ]fél}t Angles to DE. Ifay, the Circle’s Centreis
in &
For if it be not, let F be the Centre, if poffible; |
and join CF. : _
Then, becaufe the Right Line DE touches the =
Circle ABC, and FC is drawn from the Centre tg
the Poiar of Contact; FC will be perpendicular to
*13o ks DE*. And o the Angle FCE is a Right one,
4 Framthe Burt ACE is alfo a Right Anglét: Therefore the
Hjp. Angle FCE is equal to the Angle ACE, a leG o
a greater; which is abfurd. Therefore F is not the
Centre of the Circle ABC.  After this manner we

prove, that the Centre of the Circle can be in no
other Line, unlefsin AC. Wherefore, if any Right
Line touches a Circle, aud from the Point of Contalt
@ Right Line be drawn at Right Angles to the Targent,
the Centre of the Circle fball be in the faid Line;

which was to be demonftrated.

PRO-
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PROPOSITION. XX:

THEORE M.

The Angle at the Centre of a Circle is double to
. the Angle at the Circumference, when the Jame
Arc is the Bafe of the Angles.

LET ABC be a Circle, at the Centre whereof
| 15 the Angle BEC, and ar the Circumference
- the Angle BAC, both of which ftand upon the fame
 Arc BC. 1 fay, the Angle BEC is double to the

Angle BAC.

_ For join AE, and produce it to F.
Then, becaufe E A is equal to E B, the Angle EAB
fhall be equal to the Angle EBA*. Therefore the * 5. 1.
AnglesE AB, EBA, are double to the Angle EAB;
but the Angle BEF is + equal to the Hng%es EAB, 1321,
EBA; therefore the Angle BEF is double to the
- Angle EAB. " For the fame Reafon, the Angle FEC

is double to EAC. Therefore the whole Angle
 BEC is double to the whole A BAC. Again,
 lec there be another Angle BDC, and join DE;
- Which produce to G. We demonflrate in the fame
- manner, that the Angle GE C is double to the Angle
- GDC; whereof the Part G E B is double to the Part
GDB. And therefore BEC is double to BDC.
- Conlequently, an Augle ar the Centre of a Circle is
 double to the dngle at the Circumference, when the
 fame Arc is the Bafe of the Augles; which was
' to be demonftrated.

PROPOSITION SXXI

THEORE M.

digles that are in the fame Segment in a Circle,
are equal 1o each otbher,

‘ LET ABCDE bea Circle, and lee BAD,BED,
be Angles in the fame Segment BAED. 1 fay,
 thole Angles are equal.

For,
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For, let F be the Centre of the Circle ABCDE,
and join BF, FD. :

Now, becaufe the Angle BFD is at the Centre,
and the Angle BAD at the Circumference, and the
ftand upon the fame Arc BED; the Angle BF
will be * double to the Angle BAD. For the famg
Reafon, thi¢ Angle BFD is alfo double to the Angle
BED. Therefore the Angle BAD will be equal
to the Angle BED. _

If the Angles BAD, BED, are in a Segment lef¢
than a Semiircle, let AE be drawn; and then all
the Angles of the Triangle ABG are +equal to all
the Angles of the Triangle DEG. Bur the Anges
ABE, ADE, are equal, from what has been before
proved, and the Angles AG B, DGE, are alio equal$;
for they are vertical Angles. Wherefore the remain-
ing Angle BAG is equal to the remaining Angle
GED. Therefor, Angles that are in the (zme Seg-
ment in a Circle, are equal to each other ; which was
to be demonftrated.

PROPOSITION XXIL

THEORE M.
The oppofite Angles of any quadrilateral Figure,de-
Jeribed in a Circle, are equal to two Right Angles.

ET ABD C beaCircle, wherein is defcribed the
quadrilateral Figure ABCD. 1 fay, two oppo-
fite Angles thereof are equal to two Right Angles.
For, join AD, BC. :
Then, becaufe the three Angles of any Triangle are
* equal to two Right Angles, the three Angles of the
Triangle ABC, wiz. the Angless CAB, ABC,BCA
are equal to two Right Angles. But the Angle AB C
15+ equal to the Angle ADC; for they are both in
the fame Segment ABDC.  And the Angle ACB is
equal to the Angle AD'B, becaufe they are in the
fame Segment ACDB; therefore the whole Angle
BDC is equal to the Angles ABC, ACB; and if
the common Angle B A C be added, then the Angles
BAC, ABC, ACB, are equal to the Angles BAC,
BDC; bur the Angles BAC, ABC, ACB, 213
equ
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* equal to the two Right Angles. Therefore likewife, * 32. 1.
the Angles BAC, BDC, fhall be equal to two Right
Angles.  And after the fame way we prove, that the
Angles ABD, ACD, are alfo equal to two Righe
Angles. Therefore the oppofite Angles of any quadri=
{ateral Figure, deferibed in a Ciicle, are equal to two

Right Angles; which was to be demonftrated.

PROPOSITION XXIII,

THEORE M.

Tawo fimilar and unequal Segments of two Circles
cannot_be fet upon the [ame Right Line, and
on the [ame Side thereof.

FDR if this be poffible, let rhe two fimilar and un-

equal Segments A CB, A D B, of two Circles ftand
upon the Right Line AB on the fame Side there-
of. Draw ACD, andlet CB, BD, be joined. Now,
becaufe the Segment ACB is fimilar to the Segment
A DB, and fimilar Segments of Circles are * fuch * Def. 1,
which receive equal Angles; the Angle ACB will &
be equal to the Angle A DB, the ourward one to the
wward one; which is +abfurd. Therefore fimilar t 16. 1,
and #ﬂe:j#r.rj Segments of two Circles, cannot be fet
upon the [ame Right Line, and on the [ame Side there-
¢ ; which was to be demanftrared.

PROPOSITION XXI1V.

THEOREM.

SimilarSegments of Circles, being upon equal Right
Lines, are equal to one another,

LET AEB, CFD,be n]:guﬂ Segments of Circles
ftanding upon the equal Right Lines AB,CD. 1
fay, the Segment A EB is equal to the Segment CF D.

For the Segment AEB being applied to the Seé-
ment CF D, fo that the Point A coincides with €,
and the Line AB wich CD, then the Point B will
coincide with the Poinr D, fince AB and CD are
equal. And fince the Riéht Line AB coincides Egl

2
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CD, the Seement AEB will coincide with the
Segment CFD. For if at the fame time that AB
coingides with CD, the Segment AE B fhould not
coincide with the Segment CF D, but be otherwife,
as CG D; then a Circle would cut a Circle in more.
Points than two, wiz. in the Points C,G,D; which
is * impoffible. Wherefore, if the Right Line AB
coincides with CD, the Segment AEB will coin-
cide with, and be equal to, the Segment CF D. There-
fore fimilar Segments of Circles, being upon bqual Right
Lines, are equal to one anotber; which was to be de-
monftrated.

PROPOSITION XXV.

PRrROBLEM.

A Segment of a Circle being given, to defcribe the
Circle whereof it is the Segment.

LET ABC be aSegment of a Circle given, It
=~ is required to delcribe a Circle, whereof ABC
is a Segment.

Bifect * AC in D, and let DB be drawn + from
the Point D at Right Angles to AC, and join AB.
Now the Angle A BD is either greater, equal, orlefs
than the Angle BAD. And firft let it be greater, and
make £ the Angle BAE at the given Point A, with*
the Right Line BA, equal to the Angle ABD; pro-
duce DBto E, and join E C. 70

Then, becaule the Angle ABE is equal to the An-
gle BAE, the Right Line BE will be * equal to E A.
And becaufe AD is equal to DC, and D E common,
the two Sides AD, DE, are each equal to the two
Sides CD, DE; and the Angle ADE is equal to the
Angle CDE; for each is 2 Right one. Therefore
the Bafe AE is equal to the Bale EC. But AE has
been proved to be equal to EB. Wherefore BE is
alfo equal to EC. 1114:1 accordingly the three Right
Lines AE, E B, EC, are equal to each other. There-
fore a Circle defcribed about the Centre E, with ei--
ther of the Diftances AE, EB, EC, fhall pafs thro’
the other Points, and be that required to be defcribed.
But it is, manifeft, that the Segment ABC is lei"ss than

- a ocmi-
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a Semicircle, becaufe the Centre thereof is without
the fame.

But if the Angle AB D be equal to the Angle B A D,
then if AD be made equal to BD, or DC, the three
Right Lines AD, D%, DC, are equal between
themlelves, and D will be the Centre of the Circle
to b;: defcribed ; and the Segment ABC is a Semi-
Circle.

But if the Angle ABD is lefs than the Angle BAD,
let the Angle BAE be made, ar the given Pqint A
with the Right Line B A, within the Segment ABC,
€qual to the Angle ABD.

Then the Point E, in the Right Line DB, will be
the Centre, and ABC a Segment greater than a Semi-
circle. Therefore 2 Circle is delcribed, whereof a

ent is given ; which was to be done.

PROPOSITION XXVL

THEORE M.

In equal Circles, equal Angles fand upon equal
Circumferences,whether theybe at their Centres,
or at their Gircumfercnces,

_LET ABC, DEF, be equal Circles, and let BG C,

< EHF, be equal Angles at their Ceatres, and,

BAC, EDF, equal Ang%es at their Circumferen-

ces. I fay, the Circumference BKC is equal to

the Circumference EL F.

For,let BC, EF, be joined. Becaufe ABC, DEF,

are equal Circles, the Lines drawn from their Centres

will be equal. Therefore the two Sides BG, GC,

are equal to the two Sides EH, HF; and the Angle

G is equal to the Angle at H.  Wherefore the Bafe

BC is* equal to the Bafe EF. Again, becaufe the ¥4 5.
Angle at A is equal ro thatat D, the Segment BAC
will be f fimilar to the Segment ED F; and they are T D¢ 1.
upon equal Right Lines BC, EF. Bur thofe fimilar
Segments of Circles, that are %Pon equal Right Lines, .

are + equal to each other. herefore the Segment T .24 of this,
BAC will be t equal to the Segment EDF.” But + Def 11
the whole Circle ABC is equal to the whole Circle

DEF. Therefore the rcrEliningCircmnfcmncc B If Cl;'

3 1ha
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fhall be equal to the remaining Circumference EL F.
Therefore in equal Cireles, equal Angles fand upos
equal Circumferences, awhether they be at their Centres,
or at their Circumfereuces; which was tq be demon-
ftrated.

PROPOSITION XXVIIL

THEORE M.

Angles that fand ﬂﬁa;: equal Circumferences in
equal Circles, are equal to each other, whether
they be at their Centres or C ircumferences.

3

of the equal Circles ABC, DEF, and the An-
gles BAC, EDF, at their Circumferences, ftand
upon the equal Circumferences BC,EF. "I fay, the
Angle BGC is equal to the Angle EHF, and the
Anzle BACto the Angle EDF.

For if the Angle BGC be equal to the Angle

ET the Angles BGC, EHF, at the Centres

- EHF, it is manifeft that the Angle BAC is alfo

LETIE 2

4 26 of this.

equal to the Angle ED F: Bur if not, let one of
them be the greater, asBG C, and make * the Angle
BGK, at the Point G, with the Line BG, equal to
the Angle EHF. But equal Angles ftand + upon equgl
Circumferences, when they are ar the Centres, Where

fore the Circumference BK is equal to the Circum-

ference EF. But the Circumference E F is equal to
the Circumference BC. ' Therefore BK is equal to
BC, a lefs to a grearer; which is abfurd. Where-
fore thé Angle BGC is not unequal fo the ‘Angle
EHF; and {o it muft be equal toit. Bur the Angle
&t A isone half of the Angle BGC; and the Angle at
D one half of the Angle EHF. ~Thetefore the An-
gle at A is equal to the Angle at D, Wherefore
Angles that ﬁam’ upon equal Circuniferences in e&uf
Circles, are equal to each other, whether they be at

their Centres o7 Circumferences, which was to be des
monftrated. : | B

i

== -:xL'.";L“_p‘q—.‘,-ﬁ".r-::‘- o By
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PROPOSITION XXVIII

-
THEOREM,

In equal Circles, equal Right Lines cut off equal
Parts of the Circumferencess the greater equal
20 the greater, and the leffer equal to the leffer,

LET ABC, DEF, be equal Circles, in which

are the equal Right Lines BC, EF, which cut

off the greater Circumferences BAC, i‘.‘.DF, and

the leffer Circumferences BGC, EHF. I fay, the

%'eater Circumference BAC is equal to the greater

ircumference EDF, and the leffer Circumference
BG C to the leffer Circumference EHF.

For, affume the Centres K and L of the Circles,
and join BK, KC, EL, LF,

Becaufe the Circles are equal, the Lines drawn
from their Centres are * alfo equal. Therefore the * D¢/. 1
two Sides BK, KC, are equal to the two Sides
EL,LF; and the' Bafe BC is equal to the Bafe EF.
Therefore the Angle BKC is + ejual to the Angle 4 8. r.
ELF. Burequal Angles ftand # upon equal Circum- 1 26 of ¢bis,
ferences, waen they are at the Centres.  Wherefore
the Circumference BG C is equal to the Circumfe-
rence EHF, and the whole Circle ABC equal to
the whole Circle DEF; and fo the remaining Cir-
cumference BAC fhall be equal to the remaining
‘Circumference EDF. Therefore in equal Circles,
equal Right Lines cyt off equal Parts of the Circumfe-
rences;, which was 2o be demonfirated.

YREOPOSITION XXX

THEOREM,
In equal Circles, equal Right Lines fubtend equal
Circumferences.

LET there be two equal Circles, ABC, DEF,;
*~4 and let the equal Circumferences BG C,EHF,
be affumed in them, and BC, EF, joined.” I fay,
the Right Line BC is equal to the Right Line E F.

G 4 For,
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For, find * the Centres of the Circles K, L ; and
join BK, KC, EL, LF.

Then, becaufe the Circumference BG Cis equal to
the Circumference EHF ; theAngle BK C fhall be
tequal to the Angle ELE.  And becaufe the Circles
AEC, DEF, are equal, the Lines drawn from their

Centres fhall ‘be + equal.  Therefore the two Sides -

BK, KC, are equal to the two SidesEL, LF: and
they contain equal Angles: Wherefore the Bafe BC is
+equal to the Bafe EF. And fo, in equal Circles, equal
Circumferences fubtend equal Rigqht Lines; wbhich
was 2o be demonfirated.

FPROPOSITION XXX

ProBLEm.
To cut a given Circumference into two equal Parts.

LET the given Circumference be ADB. It is re-
quired to cut the fame into two equal Parts.

Join AB, which bife& *in C; and let the Right
Line CD be drawn from the Point C at Right AEU-
glesto AB; and join AD, DB. .

Now, becaufe AC is equal to CB, and CD is
common, the two Sides AC, CD, are equal to the
two Sides BC, CD; but the Angle ACD is equal
to the Angle BCD; for each of them is a Right
Angle: Therefore the Bafe AD is + equal to the

Bafe BD. But equal Rti'ght Lines cut £ off equal _-:
0 |

Circumferences. Wherefore the Circumference AD
fhall be equal to the Circumference BD. There-
fore a given Circumference is cut into two equal
Parts; which awas to be dore. : :

PRO-
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PROPOSITION XXXL

THEOREM.

In a Circle, theAngle that is in a Semicircle, is a
Right Angles but the Anglein a greater Segment,
5 lefs than a Right Angle s and the Angle in a
leffer Segment, greater than a Right Angle :
Moreover, the Angle of q greater Segment is
greater than a Right Angle; and the dngle of

a leffer Segment is lefs than a Right 3. Ang'le.

ET there be a Circle ABCD, whofe Diame-
+— meter is BC, and Centre E; and join BA,
AC, AD, DC. 1 fay, the Angle which is in the
Semicircle BAC is a Right Angle; that which is in
the Segment ABC being greater than a Semicircle,
viz. the Angle ABC, is lefs than a Right Angle;
and that which is in the Segment ADC, being lefs
than 2 Semicircle, that is, the Angle AD C, is greater
than a Right Anﬁla. ;

For, join AE, and produce BA to F.

Then, becaufe BE is equal to E A, the Angle E AB
fhall be * equal to the Angle EBA. And becaufe # 5. .
AE isequal to EC, the Angle ACE will be * equal '
to the jmgle CAE. Therefore the whole Angle
BAC is equal to the two Angles ABC, ACB;
but! the Angle FAC, being without the Triangle
ABC, is +equal to the two Angles ABC, ACB: 3. n,
Therefore the Angle BAC is equal to the Angle
FAC; and fo each of them is 4 a Right Angle.  Def. 10. 1
Wherefore the Angle B A C in a Semicircle isa Right
Angle. And becaufe the two Angles ABC, BAC,
of the Triangle ABC *, are lefs than two Right® 7. 1.
Angles, and BAC is a Right Angle; then ABCis
lefs than a Right Angle, and is in the Segment ABC
greater than a Semicircle.
 And fince ABCD is a quadrilateral Figure in a
Circle, and the oppofite Angles of any quadrilateral
Figure defcribed in a Circle, are { equal to two Right 1 22 of this.
Angles; the Angles ABC, ADC, are equal totwo

ight Angles, and the Angle ABC is lefs than a
Right Angle: Therefore the remaining Angle AD CI:I
E2rLL wi




92

Euclid’s ELEMENTS. Book 111

will be greater than a Right Angle, and is in the Seg-
ment AD C, which is lefs than a Semicircle.

I fay, moreover, the Angle of the greater Segment
contained under the Circumference ABC, and the
Right Line AC, is greater than a Right Angle; and
the Angle of the leffer Segment contained under the
Circumference AD C, and the ﬁight Line AC, is lefs
than a Right Angle. This manifeftly appears; for, be-
caufe the Angle contained under the ight Lines BA,
AC, isa Right Angle, the Angle contamed under the
Circumference ABC, and the Riﬁht Line AC, will
be greater than a Right Angle. Again, becaufe the
Angle cemgined under the Right Line CA, AF, is

1%’ t Angle, therefore the Angle which is con-
ta under the Right Line AC, and the Circum-
ference ADC, is lefs than a Right Angle. There-.
fore, in a Cir:!:-} the Angle that is in a Semicirele, is
@ Right Angle; but the Angle jn a greater Segment is
lefs than a Right Angle; and the Augle in a leffer Sez-
ment greater than a Right Angle: Moreover, the An-
gle of a greater Segment is greater than a Right Angle,
and the Augle of a leffer Segment is lefs than a Righg
Angle, which was to be demonftrated.

PROPOSITION XXXII

THEORE M.

If any Right Line touckes a Circle, and a Right
Line be drawn from the Point of Contaét cut-
ting the Circles the Angles it makes with the
Tangent Line, will be equal to thofe which aye
made in the alternate Segments of the Circle,

LE T any Right Line EF touch the Circle ABCD

in the Point B, and let the Right Line BD be
any how drawn from the Point B cutring the Circle,
I fay, the Angles which BD makes with the Tangent
Line EF, are equal 1o thofe in the alternate Segments
of the Circle; thatis, the Angle FBD is equal to an
Angle made in the Segment D A B, wiz. to the Angle
DAB; and the Angle DBE equal to the Angle
D CB, made in the Segment D CE. For, :

Draw

=

Fh P A e e g =iy o 7
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Draw * BA from the Point B at Right Angles to * 11 5

EF; and take any Point C in the Circumference
BD, and join AD, DC, CB.
. Then, becaufe the Right Line E F rouches the Cir-

cle ABCD in the Point B; and the Right Line BA
is drawn from the Point of Conraét B ar Right Angles
to the Tangent Line; the Centre of the Circle

ABCD will +be in the Right Line BA; and fo t 19. 3.
B A is a Diameter of the Circle, and the Angle ADB, i
in a Semicircle, is + a Right Anfie. " Therefore the 3t of this
other Angles BAD, AB D, are equal to one Right * 32 i
Angle. But the Angle ABF is alfo a Right Angle:
Therefore the Angle ABF is equal ro the Angles
BAD,ABD; andif ABD, which is common, be
taken away, then the Angle DBF remaining, will
be equal to that which is in the alternate Segment of
the Circle, viz. equal to the Angle BAD. And be-
caufe ABCD is a quadrilateral Figure in a Circle,
and the oppofite Angles thereof are+ equal to two 1 22 of t&ir.
Right Angles; the Angles DBF, DBE, will be
equal to the Angles BAD, BCD. But BAD has
been proved to be equal to DBF; therefore the An-
gle DBE is equal to the Angle madein D CB, the
alternate Segment of the Circle, viz. equal to the
Angle DCE Therefore, if any Right Line touches
& Circle, and a Right Line be drawn from the Point
of Contalf cutting the Circle, the Angles it makes

with the Tangent Line, will be equal to thofe which

are miade in the alternate Segments of the Cir#f&;
which was to be demonitrated.

PROPOSITION XXXIIL

ProeLEM.

90 deferibe, upon a given Right Line, a Segment
""of a Circle, which fball contain an Angle
¢qual to & given Right-lined Angle.

LE T the given Riﬁht Line be AB, and C thegiven

™ Right-lmed Angle. [t is required to defcribe the
Segment of a Circle upon the given Ré%h': Line AB,
gontaining an Angle equal to the Angle C.

Ar
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At the Point A, with the Right Line AB, make
the Angle BAD equal to the Angle C, and draw
* AE from the Point A, at Right Anélés to AD.
Likewife bifect + AB in F, and let FG be drawn
from the Point ¥, at Right Angles, to AB, and
join GB. '

Then, becaufe AF is equal to FB, and FG is com-
mon, the two Sides AF, FG, are equal to the two
Sides BF, FG; and the Angle AF G is equal to the
Angle BFG. Therefore the Bafe AG is # equal
to the Bafe GB. And fo, if a Circle be defcribed
about the Centre G, with the Diftance A G, this fhall

fs through the Point B. Defcribe the Circle, which
et be ABE, and join EB. Now, becaufe AD is
drawn from the Point A, the Extremity of the Diame-
ter AE, at Right Angles to AE, the faid A D will *
touch the Circle. And fince the Right Line AD
touches the Circle ABE, and the Right Line AB is
drawn in the Circle from the Point of Contac& A,
the Angle D AB is tequal to the Angle made in the
alternate Segment, wiz. equal to the Angle AEB.
But the Angle D AB is equal to the Angle C. There-
fore the Angle C will be equal to the Angle A E B.
Wherefore the Segment of a Circle AE B is defcribed
upon the given Right Line AB, containing an Angle
A EB, equal to a given Angle C; which was to be dore.

PROPOSITION XXXIWV.

THEORE M.

Do cut off a Segment from a given Circle, that
Joall contain an Angle equal 10 a given Right-
lin'd Angle. |

LET the given Circle bet ABC, and the Right-
-~ lined Angle given D. It is required to cut off a
Segment from the Circle ABC, containing an An-
gle equal to the Angle D. |
Draw # the Right Line E F, touching the Circle in
the Point B, and make * the Angle F B C at the Point
B equal to the Angle D. '
hen, becaufe the Right Line E F touches the Cir-
cle ABC in the Point B, and BC is drawn from
' the
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the Point of Contaét B ; theAngle F B C will be *equal * 3z ¢f ¢his
to that in the alternate §eg;m:nt of the Circle; but the

Angle FBC is equal to the Angle D. Therefore the

Angle in the Segment BAC will be equal to the

Angle D. Therefore the Segment BAC is cut off

from the given Circle ABC, containing an Angle

equal to the given Right-lined Angle D; wbhick

awas to be done.

PROPOSITION XXXV.

THEOREM.

¥ two Right Lines in a Circle mutually eut each
other, the Reflangle contained under the Seg-
ments of the one, is equal 10 the Reflangle un-
der the Segments of the other. i

I N the Circle ABCD, let two Right Lines mutu-
ally cut each other in the Point E. I fay, the
Rectangle contained under AE, and EC, isequal to
the Re&.%angle contained under D E, EB.
If AC and DB pafs through the Centre, fo that E
 be the Centre of the Circle ABCD; it is manifeft,
fince AE, EC, DE, EB, are equal; that the Re&t-
angle under AE, EG, is equal to the Retangle un-
der DE, EB.
. But if AC, DB, do not pals through the Centre,
affume the Centre of the Circle F ; from which draw
FG, FH,Pperpendicuiar to the Right Lines AC, DB;
and jom FB, FC, FE.
Then, becaufe the Right Line G F, drawn through
the Centre, cutsthe Right Line A C, not drawn thro’
the Centre, at Right Angles, it will alfo bifect * the * 4 of fbin
fame. Wherefore AG is equal to GC: And be-
caufe the Right Line A C is cut into two equal Parts
in the Point G, and into two unequal Parts in E, the
Rectangle under AE, EC, rogether with the Square
of EG, is t+ equal to the Square of GC. And if 4 . 2.
the common Square of G F be added, then the Reét-
le under AE, EC, together with the Squares of
EG,GF, isequal to the§quares of CG, GF. But
Square of FE is | equal to the Squares of EG,
F, and the Square of FQ equal fto the Square; t47. 10
o
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of CG, GF. Therefore the Rectangle under AE,
E C, together with the Square of FE, is equal to the
Square of FC, but CF is equal to FB. Therefore
the Re&angle undet AE, EC, together with the
Square of EF, is equal to the Square of FB. For
the fame Reafon, the Rectangle under DE, EB, to-
gether with the Square of FE, is equal to the Square
of FB. But it has been proved, that the Reétangle
under AE, EC, together with the Square of FE, is
alfo equal to the Square of ¥ B: Therefore the Rect-
angleamder AE, EC, together with the Square of
FE, is equal to the Rectangle under DE, E B, toge-
ther wich the Square of FE. And if the common

Square of FE be taken away, then there will remair,

the Re&tangle under AE, E C, equal to the Retangle
under DE, EB. Wherefore, ?ﬂua‘ Right Lines in
a Circle mutually cut each other, the Reffangle con-
zained under the Segments of the one, is equal to the

Relfangle under the Segments of the other; which
was to be demonftrated.

PROPOSITION XXXV

THEOREM.

If fome Point be taken without a Circle, and from
that Point two Right Lf?ff.!;[dﬂ to the Circle,one |
of which cuts the Circle, and the other touches it
the Reftangle contained under the whole Secant
Line, and its Part between the Convexity of the
Circle and the affumed Point, will be equal to
the Square of the Tangent Line. |

LET any Point D be affumed without the Circle
ABC, and let two Right Lines DCA, DB,
fall from the faid Point to the %Iirclc; whereof DCA
cuts the Circle, and DB touches it. 1 fay, the Rect-
angle under A D, D C,is equal to the Square of DB.
Now, D C A either pafles thro’ the Centre, or not.
In the firlt Place, let it pafs thro’ the Centre of the
Circle ABC, which let be E, and join EB. Then =
the Angle EBD is * a Right Angle. And fo, fince
the Right Line A C is bifected in E, and CD is added
thereto, the Rectangle under AD, DC, mget}_tﬁ;

wit
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with the Square of E C, fhall * be equal to the Square # 6. 2.
of ED. Ebm EC is equal to EB; wherefore the
Rectangle under A D, D C, together with the Square
of EB, is equal to the Sguare of ED. But the Square
of E D is t+ equal to the Square of EB, and BD.  For 4 43. 1.
the Angle EBD is a Right Angle:” Therefore the
Rectangle under AD, D C, together with the Square
of EB, is equal to the Squares of EBand BD; and
if the common SqBare of EB be taken away, the
Reftangleunder AD, DC, rermini%, will be equal
to the Square of the Tangent Line BD.

Now, let D C A not pafs through the Centre of the
Circle ABC; and find #the Centre E thereof, and t 1 of thin
draw EF perpendicular to AC, and join EB, EC,
ED. Therefore EFD is a Right Angle. And be-
caule a Right Line EF, drawn through the Centre,
cuts a Right Line AC at Right Angles, not drawn
through the Centre, it will * bife@ the fame at Right s 5.of rsie.
Angles; and fo AF is equal to FC. Again, fince
the Right Line A C is bife¢ted in F, and C%) is added
thereto, the Retangle under Af), DC, together
with the Square of F'C, will be * equal to the Square
of FD. And if the common Square of E F be added,
then the Rectangle under AD, DC, together with
the Squares of FC and FE, is equal to the Squares
of DF and FE. But the Square of DE is equal
to the Squares of DF and FE ; for the Angle EFDis
a Right one: And the Square of CE is + equal to the
Square of CF and FE. -Therefore th:qRe&an le
under AD, DC, rtogether with the Square of C%,
is equal to the §quare of ED; but CE is equal to
EB. Wherefore the Rectangle under A D, D C, to-

ether with the Square of EB, is equal to the Square
£ ED. Burt the Squares of EB and B D are 1 equal
othe Swrlﬂre of ED; fince the Angle EB D isa Right
e. erefore the Rectangle under AD and DC,
ether with the Square of EB, is equal to the
uares of E B and Bcb. And if the common Square
E B be taken away, the Rectangle under AD and
C, remaining, will be equal to the Square of D B.
‘herefore, if any Point be taken without a Circle, and
om that Point two Right Lines fall to the Circle, one
which cuts the Circle, and the other touches it ; the
Fangle contained under the whole Secant Line, and

i’y
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its Part between the Convexity of the Circle and the
affumed Point, will be equal to the Square of the Tan-
gent Line; which was to be demonftrated.

PROPOSITION XXXVII.

THEORE M,

If fome Point be taken without a Circle, and two
Right Lines be drawn from it to the Circle, fo

~ that one cuts it, and the other falls upon its
and if theRetlangle under the whole Secant Line,
and the Part thereof, without the Circle, be
equal to the Square of the Line falling upon the
Circle, then this laft Line will touch the Circle.

LET fome Point D be aflumed withotic the Circle
ABC, and from it draw two Right Lines D CA,
DB, to the Circle, in fuch manner that DCA curs
the Circle; and D B falls upon it: And ler the Rect-
an%e under AD, DC, be equal to the S%marc of
DB. Ifay, the Right Line D B touches the Circle.

For, let the Right Line DE be drawn * touching
the Circle ABC, and find F the Centre of the Circle,
and join EF, FB, FD.

Then, the Angle FED is +a Right Angle. And
becaule DE touches the Circle ABC, and DCA
cuts it, the Reftangle under AD, and DC, will be
equal to the Square of DE. But the Rectangle un-
der AD and DC is # equal to the Square of DB.
Wherefore the Square of DE fhall be equal to the
Square of DB. And fo the Line DE will be equal
to the LineDB. ButEF is equal to FB: There-
fore the two Sides DE, EF, are equal to the two
Sides DB, BF; and the Bafe FD is common.
Wherefore the Angle DEF is equal to the Angle
DBF; but DEF isa Right Angle ; wherefore DBEF
is alfo 2 Right Angle, and FB produced is a2 Dia~
meter. Bur a Right Line drawn at Right Angles, on
the End of the Diameter of a Circle, touches the

Circle; therefore BD neceffarily touches the Circle.

We prove this in the fame manner, if the Centre
of the Circle be in the Right Line CA. If therefore
any Point be affumed without a Circle, and two Right

Lines
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DEEFINITIONS

in a Right-lined Figure, when every
one of the Angles of the infcribed Fi-
gure, touches every one of the Sides of the Fi-
gure, wherein it is deferibed. |

. Inlike manner a Figure is faid 1o be defcribed
about a Figure, when every one of the Sides of
the Figure, circumfiribed, touches every one
of the Angles of the Figure, about which it is
circumfcribed.

II1. A Right-lined Figure is faid to be inferibed
in a Circle, when cvery one of the Angles of
that Figure which is inferibed, touches the Cir-
cumference of the Circle.

IV. A4 Right-lined Figure is faid to be deferibed
about a Circle, when every one of the Sides of
the circumfcribed Figure, touches the Circum-
Serence of the Circle,

L 3 Right-lined Figure is faid to be infcribed |

Y. &0









Book 1V. Euclid’s ELEMENTS. 101

V. So likewife a Circle is faid to be inferibed in a
Right-lined Figure, when the Cirumference of
the Circle touches all the Sides of the Figure in
which. it is infcribed.

V1. 4 Circle is faid to be deferibed about a Figure,
when the Circumference of the Circle touches all
the Angles of the Figure which it circumferibes.

VII. A Right Line is faid to be applied in a Circle,
when its Extremes are in the Circumference of
the Circle,

EROPOSITION: L

ProBL E M.

Z0 apply a Right Line in a given Circle, .equal to
a given Right Line, whofe Length does not
exceed the Diameter of the Circle.

- ET the Circle given be ABC, and the given

Right Line not greater than the Diameter be D.

It is required to apply a Right Line in the Circle
ABC, equal to the g’\ight Line D.

Draw B C the Diameter of the Circle ; then, if BC
be equal to D, what was required is done: For in the
Circle ABC there is applied the Right Line BC, equal
to the Right Line D: But if not, the Diamerer BC
is greater than' D, and put * CE equal to D; and *3. =
about the Centre C, with the Diftance CE, let the
Circle AEF be defcribed ; and join C A.

Then, becaufe the Point C is the Centre of the
Circle AEF, CA will be equal to CE; but D is
equal to CE. Wherefore ACis equal to D. And
fo in the Circle ABC, there is applied a Right Line
AC, equal to the given Right Line D, not greater
than the Diameter; wbhich was 2o be done.

H 2 PR O-
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PROPOSITION IL

ProseLEM.

In a given Circle, to defiribe a Triangle equian:
gular to a given Triangle,

LE-T ABC be a Circle given, and DEF a gived

Triangle. It is required to defcribe a Triangle
in the Circle A BC, equiangular to the Triangle DEF.
Draw the Right Line GAH touching * the Circle
ABC in the Point A, and with the Right Angle AH
at the Point A make {an Angle HA C, equal to the
Angle DEF.  Likewife at the fame Point A, with
the Line AG, make the Angle GAB equal to the
Angle DFE, and join BC.

Then, becaufe the Right Line HAG touches the
Circle ABC, and AC is drawn from the Point of
Contact in the Circle; the Angle HAC fhall be
¥ equal to ABC, the Angle in the alternate Segment
of the Circle. But the'Angle HAC is equal to the
Angle DET'; therefore alfo the Angle ABC is equal
to the Angle DEF:  For the fame Reafon, the Angle
ACB is likewile equal to the Angle DFE. WHhere-
fore' the other Angle BAC ﬂmﬁ be + equal to the
other Angle EDF.  And confequently, the Triangle
ABC is equiangular to the Triangle DE F, and is
defcribed in the Circle ABC; which was 14 be dene.

PROPOSITION III

PrortrEwm.

About a given Circle to deferibe a Triangle, equi-
angular to a Triangle given.

LET ABC be the given Circle, and DEF the
given Triangle.  Fr is required to deferibe 2 Tri-
angle about the” Circle ABC, equiangular to the
Triangle DEF,
Produce the Side EF both ways to the Points G
and H, and find the Centre of the Circle K, and any-
how draw the Line K B. « Then at the Point K, ';-EEB]I

e

-
- g
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KB make * the Angle BK A equal to the Angle * =3 &

DEG; and the Angle BKC at the fame Point K
on the other Side the Line K B, equal to the Angle
DFH; and thro’ the Points A, B, C, let the Right
Lines LAM, MBN, NCL, be drawn touching
the Circle ABC.

Then, becaufe the Lines LM, MN, N L, touch
the Circle ABC in the Points A, B, C, and the Lines
K A, KB, KC, are drawn from the Centre K to the
Points A, B, C; the Angles at the Points A, B G,

will be + Right Angles. And becaufe the four An- 1 18- 3.

%lcs of the quadrilateral Figure AMBXK are equal to
our Right Angles, (for it may be divided into two
Triangles) and the Angles K AM, KBM, are each
Right Angles; therefore the other Angles A K B,
AMB, are equal to two Right Angles. Bur DEG,
DEF, are equal ro two Right Angles; therefore the
Angles AKB, AMB, are equal to the Angles DE G,
DE F, whereof AKB is equal to DEG. Where-
fore the other Angle AMB is equal to the other An-
le DEF. In like manner we gemﬂnﬂ:rate, that the
iqgle LNB is equal to the Angle DFE. 'Therefore

the other Angle ML N is % equal to the other Angle § ¢ 2,
EDF. Whérefore the Triangle LN M is equian- 32 1-

gular to the Triangle DEF, and is defcribed about
the Circle ABC; which was to be done.

PROPOSITION IV.

, PrRosLEM.
To inferibe a Circle in a given Triangle.

LET ABC be a Triangle given. It is required
to infcribe a Circle in the fame.

Cut * the Angles ABC, BCA, into two equal #s. s,

Parts by the Right Lines iZD, DC, meeting each
other in the Point D. And fram this Point draw

DE, DE, DG, { perpendicular to the Sides AB, t1z 1.

BC, AC. s
Now, becaufe the Angle EBD is equal to the An-
e FBD, and the Right Angle BED is equal to the
ight Angle BFD; then the two Triangles EBD,
DBF, have tyo Angles of the one, equal to two
4 : : 5 & Angles
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Angles of the other,and one Side DB common to both,
wiz, that which fubtends the equal Angles; therefore
the other Sides of the one Triangle fhall be 4 equal to
the other Sides of the other ; and fo D E fhall be equal
to DF. And forthe fame Reafon, DG isequalto D F:
Therefore DE is alfo equal to DG. And fo the
three Right Lines D E, DF, DG, are equal between
themfelves. Wherefore a Circle defcribed about the
Centre D, with either of the Diftances DE, DF, D G,
will alfo pafs thro’ the other Points. And the Sides
AB, BC, AC, will touch it; becaufe the Angles at
E, F, and G, are Right Angles. For if it fhould cut
them, a Right Line drawn on the Extremity of the
Diameter of a Circle at Right Angles; will fall with-
in the Circle; which is * abfurd. Therefore a Circle
defcribed about the Centre D, with either of the Di-
ftances DE, DF, DG, will not cut the Sides AB,
BC, CA; "wherefore it will touch them, and will
be a Circle defcribed in the Triangle AB C. There-
fore the Circle EF G is defcribed in the given Trian-
gle ABC; which was to be done. .

PROPOSITION Y,

ProsB L EM.
To defiribe a Circle about a given Triangle,

ET ABC be a giver Triangle. It is required te
defcribe a Circle abour the fame. ; -
Bifect * the Sides AB, AC, in the Points D, E;
from which Points let DF, EF, be drawn+ at Right
Anglesto AB, AC, which will meer either within the
%riang}e ABC, or in the Side BC, or without the
riangle. -
Firft, let them meet in the Point F within the Tri-
angle, and join BF, FC,FA. Then, becaufe AD is
equal to DB, and DF is common, and at Right An-
%ies to AB; the Bafe AF will be +equal to the Bafe
B. And after the fame manner we prove, that the
Bafe CF is equal to the Bafe F A. herefore alfo is
BF cqualto CF: And fo the three Right Lines F A,
FB, F'C, are equal to each other. Wherefore a Cir-

cle defcribed about the Centre F, with either of the
R bl e Diftances
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Diftances F A, FB, FC, will pa§ alfo thro’ the other
Points, and will be a Circle defcribed about the Tri-
angle ABC. Therefore defcribe the Circle ABC.

econdly, let DF, EF, meet each other in the
Point F, in the Side BC, as in the fecond Figure,
and join AF. Then we prove, as before, that the
Point F is the Centre of a Circle defcribed about the
Triangle ABC.

Laé’l}r, let the Right Lines DF, EF, meet one
another again in th’egPoin: F, withour the Triangle,
as in the third Figure; and join AF, FB, FC And
becaufe AD is equai to DB, and DF is common,
and at Right Angles, the Bafe A F fhall be e(q'ual to the
Bafe BF. So likewife we prove, that CF is alfo
equal to AF. Wherefore BF is equal to CF.  And
fo again, if a Circle be defcribed on the Centre F,
with either of the Diftances FA, FB, FC, it will
i1"'b:a{'s through the other Points, and will’ be defcribed
about the Triangle ABC; awhich awas to be done.

Coroll. If a Triangle be Right-angled, the Centre of

* the Circle falls in the Side oppofite to the Right
Angle; if acute-anzled, it falls wichin the Triangle;
and if obtufe-angled, it falls without the Triangle.

PRQPQSITION VI

ProBLEM.
To inferibe a Square in a given Circle,

ET ABCD be a Circle given. Itis required to
*— infcribe a Square within the {fame.

Draw AC, BD, two Diameters of the Circle cut-
ting. one another at Right Angles, and join AB, BC,
LD, DA,

Then, becaufe BE is equal to ED, (for E is the
Centre) and E A is comman, and at Right Angles to
BD, the Bafe BA fhall be * equal to the Bale AD;

‘and for the fame Reafon BC,CD, asallo BA, AD,
are all equal to each other. Therefore the quadri-
lateral Ficure ABCD isequilateral. I fay, itis alfo
teCtangular. For, becaufe the Right Line DB is a
Pial‘ﬂﬂtﬂr of the Circle ABCD, BAD will be a Se-

H 4 micircle.

104
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micircle. Wherefore the Angle BAD is * a Right
Angle. And for the fame Reafon every one of the An-
ales ABC, BCD,CDA, isa Right Angle. There-
fore ABCD is a retangular quadrilateral Figure:
But it has allo been proved to be equilateral. Where-
fore ir fhall necef{arily be a Square, and is-defcribed in
the Circle ABCD ; which was to be done. -

PROPBOS]T 110NN VIT

ProBLEM.
To defcribe a Square about a given Circle.

ET ABCD be a Circle ﬁiven. It is required
to defcribe a Square about the fame.

Draw AC, BD, two Diameters of the Circle
cutting each other at Right Angles; and through the
Points A, B, C, D, draw *FG, GH, HK, KF,
Tangents to the Circle ABCD. . R

Then, becaufe F G touches the Circle ABCD, and
E A is drawn from the Centre E to the Point of Con-
tact A, the Angles at A will be + Ri%’lt Angles. ‘ For
the fame Reafon, the Angles at the ﬂints%, i ¢ -
are Right Angles. And fince the Angle AEB is a
Right Angle, a5 alfo EBG, GH fhiil be % parallel
to AC; and for the fame Reafon, ACto KF. In
this manner we prove likewife, that GF and HK
are parallel to BED: and fo GF is parallel to HK.
Therefore GK, GC, AK, FB, BK; are Parallelo-
%mms; and fo G F is * equal to Hlé, and GH to
"K. And fince AC isequal to BD, and A C * equal
to either GH, or FK; and BD equal to either G F}
orHK; G H,or FK, is equalto G F, or H K. There-
fore FGHK is an- equilateral quadrilateral Figure:
I fay it is alfo equiangular. For, becaufe GBE A is
a Parallelogram, and AEB is a Right Angle, then
AGB fhall be alfo a Right Angle. In like manner
we demonttrate, that the Angles at thePaines H, K, F,
are Right Angles. 'Theréfore the quadrilateral Figure
FGHK is retangular; but it has been proved to be

uilateral likewife. Wherefore it muft neceffarily be

-
& Square, and is defcribed about the Circle ABCD;
awbich was to be done. :

-

PR O-
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PROPOSITION -VIIIL

ProBLEM.
To deferibe a Circle in a given Square.

LET the given Square be ABCD. It is required
= to defcribe a Circle within the fame.

Bifect * the Sides AB, A'D, in the Points F, E;*1o. .
and draw + E H thro’ E, parallelto AB,or D C; aan 31. Ie
FK thio” F, parallel +t0BC, or AD. Then AK,
KB,AH,HD, AG, GC,BG, G D, areall Parallelo-
grams, and their oppofite Sides are + equal. = And be- § 14. 1.
caufe D A is'equal'to AB, and AE is"half of AD,’
and AF half of AB, AE fhall be equal to AF; but

the oppofite Sides are alfo equal. Therefore FG is
- equalto GE. In like manner we demonftrate, that
G H, or GK, is equal to either FG, or GE. There-
fore GE, GF, GH, GK, are equal to each other:
And (o a Circle being defcribed about the Centre G,
with either of the Daftances GE, GF, GH, GK,
will alfo pafs thro’ the other Points, and hall touch
the Sides %.B, BC, CD, DA, becaufé the Angles at
E, F, H, K, arejRight Angles. For if the Circle
fhould cut the Sides of the Square, a Right Line,
drawn from the End of the Diameter of a Circle at
RElit Angles, will fall within: the Circles which
is * ablurd. Wherefore a Circle defcribed about the * 16. 3¢
Centre G, with either of the Diftances GE, GF, :
GH, GK, will not cut AB, BC, CD, DA, the
Sides of the Square. Wherefore it fhall’ neceffarily
touch them, and will be defcribed in the Square
ABCD; which was ta be dowe. '

PROPOSITION IX,

ProBLEM
To deferibe a Circle about a Sguare given.

ET ABCD be a Square given. It is required to
e circumf{cribe a Circle about the fame.
" Join AC, BD, mutually cutting one another in
the Point E. . g o
. n
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And fince DA is equal to AB, and AC is com-
mon, the two Sides DA, AC, are equal to the two
Sides BA, AC; but the Bafe DCis equal to the Bafe
BC. Therefort the Angle DAC will * be equal to
the Angle BAC: And confequently the Angle D AB
is bifected by the Right Line AC. 'In the fame man-
ner we prove, that each of the Angles ABC, BCD,
CDA, are bifected by the Right Lines AC,DB.

Then, becaufe the Angle D AB is equal to the An-

le ABC, and the Angle E AB is half of the Hn(g-:ﬁ':
D A B, and the Angle E B A half of the Angle ABC;
the Angle E AB fhall be equal to the Angle EBA:
And fo the Side E A is 1 equal to the Side EB. ‘In like
manner we demonftrate, that each of the Right Lines,
EC, ED, is equal to each of the Right Lines E A,
EB. ' Therefore the four Right Lines E A,EB; EC,
ED, are equal between themfelves.© Wherefore a
Circle being defcribed about the Centre E; with either
of the Diftances EA, EB, EC, E D, will alfo pafs
thro® the other Points, and will be defcribed about the
Square ABCD; awbhich was to be doue, -

PROPOSITION X

ProBLEM.

To make an Ifofceles Triangle, baving each of the
Angles at the Bafe double to the other Angle,

UT * any given Right Line AB in the Point C,

{o thar the Retangle contained under AB, BC,

be equal to the Square of A C; then abour the Cen-
tre A, with the Diftance AB, let the Circle BDE
be defcribed; and +in the Circle BDE apply the
Right Line BD equal to AC; ‘which is not greater
than the Diameter. = This being done, join D A, D C,
T(E} %cl’cribe + a Circle ﬁCtb_ about the Triangle
‘Then, becaufe the Reftangle ABC is equal to the
Square of A C, and AC is equal to BD, the Rectan-
le under AB, BC, fhall be equal to the Square of
D. And becaufe fome Point, B, is taken without
the Circle ACD; and from that Point there fall two
Right Lines, BCA, BD, to the Circle, one of whick
2 | - curs
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cuts the Circle, and the other falls on ir; and fince
the Rectangle under AB, BC, is equal to the Square
of BD, the Right Line BD fhall * touch the éircle > 37 30
ACD. And fince BD touchesit, and D C is drawn
from the Point of Contact D, the Angle BDC is
”Ec[uai to the Angle in the alternate Segment of the
Circle, wiz. equal +to the Angle DAC. And fince ¥ 323
the Angle BDC is equal to the Angle DAC; if
CD A; which is common, be added, the whole An-

le BD A is equal to the two Angles CDA, DAC.

ut the outward Angle BCD is # equal to CD A, 13
DAC. Therefore BDA i equal to BCD. But
the Angle BD A * is equal to the Angle CBD, be-" 57
caufe the Side A D is equal to the Side A B. . Where- -
fore DB A fhall be equal o BCD: And fo the three

lessBDA, DBA, BCD, are equal to each other.

And fince the Angle DBC is equal to rhe Angle
BCD, the Side BD is+equal to the Side DC. Buct4-*
BDis put equal o CA: -.ql'hercfure CA is‘equal to-
CD. And fo the Angle CD A is fﬂﬂ:fi to the Angle
D AC. " Therefore the Angles CD A, D AC, taken
together, are double to the Angle DAC." .But the
Angle BCD is equal to the Angles CDA, DAC.
Therefore the Angle BCD i3 double to the Angle
DAC. Bur BCD is equal to BDA, or DBA.
Wherefore BD A, or DBA, is double to BDA.
Therefore the Ifofceles Triangle ABD is made, hav-
ing one of the Angles at the Bale, double to the other
Angle; which was to be done. kL -

PROPOSITION XI,

ProeLEM.

To deferibe an equilateral and equiangular Penta-
~ gon in a given Circle. -

ET ABCDE be a Circle given. It is required
A4 1o defcribe an equilateral and equiangular Penta-
gon in the fame. :
Make an Ifofceles Triangle F G H, having * each ® 10 ¢/ ¢&ia
of the Angles at the Bafe G H, double to the other '
Angle F; and defcribe the Triangle AD Cin the Circle :
ABCDE, equiangular 1 to the Triangle F G H; fo 1297

that
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that the Angle CA D be equal to that at F,and ACD,
CD A, each equal to the Angles G or H.  Wherefore
the Angles ACD, CD A, are each double to the An-
ole CAD. This being done, bife¢c * ACD, CD A,
by the Right Lines CE, DB, and join AB, BC;
DE, EA.

Then, becaufe each of the Angles ACD,CDA, is
double to CAD, and they are bifected by the Right
Lines CE, D B; the five Angles DAC, A SE, ECD;
CDB, BDA, are equal to each other. But equal
Angles {tand * upon equal Circumferences. There-
fore the five Circumferences AB,BC,CD,DE, EA,
are equal to each other. But equal Circumferences
fubtend 1 equal Right Lines. Therefore the five
Right Lines AB, BC, CD, DE, E A, are equal to
each other. Wherefore ABCDE is an equilateral
Pentagon. [ fay, it is alfo equiangular; for becaufe
the Circumference AB is equal to the Circumference
DE, by adding the Circumference BCD, which is
common, the whole Circumference ABCD is equal
to the whole Circumference ED CB; but the Angle
AED ftands on the Circumference ABCD, and
B AE on the Circumference EDCB: Therefore the
Angle BAE is equal to the Angle AED. For the
{fame Reafon, each of the Angles ABC,BCD,CDE,
isequal o BAE, or AED. Wherefore the Penta-
gon ABCDE is equiangular; but it has been proved
to be allo equilateral. And confequently there is an
equilateral and equiangular Pentagon infcribed in g

given Circle ; awhich was to be done.

PROPOSITION XII,

PrortLE m.

To deferibe an egﬁ!a;eraﬂ and equiangular Pentas
gon about a Circle given, '

] [EE ABCDE bethe givenCircle. It is required

to defcribe an equilateral and equiangular Penta-
gon about the fame.

Let A, B, C,D, E, be the angtilar Points of a Pen-
tagon {uppofed to be infcribed * in the Circle ; {o that
the Circumferences AB, BC, CD, DE, EA, F_:iﬂ.

equal ;



Book 1V. Eﬂdfﬁ'ﬂELﬁMENTSE 111

"ﬁual;, and let the Right Lines GH,HK, KL, LM,

‘MG, be drawn touching + the Circle in the Points t 17« 3.

A,B,C,D,E: Let F be the Centre of the Circle

ABCDE, and joinFB,FK,FC,FL,FD. |
Then, becaufe the Right Line K L touches the Cir-

cle ABCDE in the Point C, and the Right Line FC

is drawn from the Centre F to C, the Point of Con-

tact; FC will be % perpendicular to KL: And fo 118 3

both the Angles at C are Right Angles. For the fame

Reafon, the Angles at the Points B, D, are Right

Angles. And becatfe FCK is a Right Angle, %he

Square of FK will be * equal to the Squares of FC, * 47 1.

CK: And for the fame Reafon, the Square of FK

is equal to the Squaresof FB, BK. Therefore the

Squares of FC, CK, are equal to the Squares of FB,

BK. Bur the Square of FC is equal to the Square

of FB. Wherefore the Square of CK thall be equal

to the Square BK ; and fo BK isequal o CK. And

becaufe FB is equal to FC, and FK is common

the two Sides BF, FK, are equal to the two CF,

FK, and the Bafe BK is equal to the Bale KC; and

fo the'Angle BFK fhall be t equal to the Angle 1 8. =

KFC, and the Angle BKF to (tlhﬂ Angle FKC.

Therefore the Angle BFC is double to the Angle

KFC, and the Angle BK C double to the Angle

FK.C: For the fame Reafon, the Angle CED is

double to the Angle CFL, and the lTéngle cCLD

double to the Angle CLF. And becaufe the Cir-

cumference BC is equal to the Circumference CD;

gm Angle BF C fhall be # equal to the Angle CFD. 127 3.
ut the Angle BF C is double to the Angle KFC,

and the Angle DFC double to LFC. Therefore

the Angle KFC is equal to the Angle CFL. And

fo FKC, FLC, are two Triangles, having two An-

gles of the one equal to two Angles of the other,

each to each, and one Side of the one equal to one

Side of the other, wiz. the common Side F C; where-

fore they fhall have + the other Sides of the one equal f 26, r.

to the other Sides of the other; and the other Angle

of the one equal to the other Angle of the other.

Therefore the Right Line K C is equal to the Right

Line CI., and the Angle FK C tothe Angle FL.C.

And fince KC is equal to CL, KL fhall be double

to KC. And by the fame Reafon, we prove Iflh?{t
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HK is double to BK. Again, becaufe B K has been
proved equal to K C, and KL the double o KC, as
alfo HK the double of BK, HK fhall be equal to
KL. So likewife we prove that GH, GM, and
ML, are each equal to HK, or KL. Therefore
the i’enmgon GHKLM is equilateral. I fay alio,
it is equiangular ; for becaufe the Angle FK C is equal
to the Angle FLC; and the Angle H K L has been
roved to be double to the Angle FKC; andalfo
L M double to FL.C: Therefore the Angle HK L
fhall be equal to the Angle KLM. By the fame
Reafon we demonftrate, that every one of the ﬂnkgles
KHG,HGM, G ML, is equal to the Angle HK' L,
or K L M. Therefore the five Angles, GHK, HK L,
KLM, LMG, MGH, are equal between them-
{felves. And fo the Pentagon GHK LM is equian-
gular, and it has been proved likewife to be equilateral,
and delcribed about the Circle ABCDE; which was
to be dowe.

PROPOSITION XIIL

ProEBLE M.

Yo defcribe a Circle in an equilateral and equian-
gular Pentagon,

LET ABCDE be an equilateral and equiangular
Pentagon. It is required to infcribe a Circle in
the fame.

Bifect * the Angles BCD, CDE, by the Right
Lines CF, DF; and from the Point F, wherein CF,
DF, meet each other, let the Right Lines FB, FA,
FE, bedrawn. Now, becaufe BC is equal to CD,
and CF is common, the two Sides BC, CF, are
equal to the two Sides DC, CF; and the Angle
BCF is equal to the Angle DCF. Therefore the
Bafe BF is + equal to the Bafe F D ; and the Triangle
BFC equal to the Triangle DCF, and the other
Angles of the one equal to the other Angles of the
other, which are fubrended by the equal Sides: There-
fore the Angle CBF fhall be equal to the Angle
CDF. And becaufe the Angle CDE is double to
the Angle CDF, and the Angle CDE is equal to the

; Angle
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Angle ABC, asalfo CDF equal to CBF; the A 1e
CBA will be double to the 3\n gle CBF, and fo ¢
Angle ABF equal to the An le CBF. Wherefore
the .Fm le A B(% bifected by the Right Line BF.
After the fame manner we prove, that either of the
Angles BAE or AED is bifected 1:?’ the Right Lines
AF,FE. From the Point F draw
F L F M, perpendicular to the Right Lines AB, BC
CD DE, EA. Then, fince the Angle HCF is
equal 1o the Angle K CF and the R:ghr Angle FHC
ua] to the Right Ang le FK C; the two Triangles
C,FKC, ﬂ%ﬂll have two Anﬂrles of the one equal
m two Angles of the other, and one Side of the one
. equal to one Side of the ather, viz. the Side F C com-
mon to each of them. And fo the other Sides of the
one will be + equal to the other Sides of the other,
and the Perpendicular F H equal to the Perpendicular
FK. Inthe fame manner we demonftrate, that FL,
FM, or FG, is equal to FH, or FK.. "Therefore
the ﬁvc R:ght Lines FG, FH, FK FL FM, are
ual to each other. And foa Circle deferibed on the
entre F, with either of the Diftances FG, FH, FK,
FiL, FM will pafs thro’ the other Points, and fhall
touch the Right Lines AB, BC, CD, DE, EA;
fince the Angles at G, H, K L M are Rwht An’
les: For if it does not touch rhem but cuts [hem a
ight Line drawn from the Extremlty of the Diame-
ter of a Circle at Right Angles to the Diameter, will
fall wichin the Circle; which is #abfurd. Therefore
a Circle defcribed on the Centre F, with the Diftance
of any one of the Points G, H, K L, M, will not
cut the Right Lines AB, BC, CD, D E EA, and
{o will neceffarily touch them ; : awhich was to be done.

Coroll. If two of the neareft Angles of an equ:Iareral
and equiangular Figure be bifected, and from the
Point in which the Lines bifecting the Angles meet,
there be drawn Right Linesto the other Angles of
the Figure, all the Angles of the Figure will be
bifeted.

PRO-

Irg

FG, FH,FK, %12 1,

'l‘ 26. Ie

{ 16. 3.
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PROPOSITION XIV.
o PROBLE M.
To deferibe a Circle about a given equilateral and
equiangular Pentagon.

LET ABCDE be an equilateral and equiangular
*~ Pentagon. It is required to defcribe a Circle
about the Fﬁme.

Bifect both the Angles BCD, CDE, by the Right
Lines CF, FD, and draw FB, FA, FE, from the
Point F, in which they meet. Then each of the An-
gles CBA, BAE, AED, fhall be bifected * by the
Right Lines BF, FA, FE.  And fince the Angle
BCD is equal to the Angle CDE; and the Angle
FCD is half the Angle BCD, as likewife CDF,
hatf CDE; the Angle FCD will be equal to the
Angle FD C; and fo the Side CF +, equal to the Side
FD. We demonftrate in like manner, that FB,
FA orFE, isequal o FC, or FD. Therefore the
five Right Lines FA; FB, FC, FD, FE, are equal
to each other. And fo a Circle being defcribed on
the Centre F, with any of the Diftances F A, FB,
F C,F D, F E, will pafs through the other Points, and
will be defcribed about the equilateral and equiangular
Pentagon ABCDE ; which was 2o be dove.

PROPOSITION XV.
I;RDBLEM.

To inferibe an equilateral and equiangular Hexagon
in a given Circle.

LET ABCDEF bea Circle given. It is required
to infcribe an equilateral and equiangular Hexagon
therein.- :

Draw AD a Diameter of the Circle ABCDEF,
and let G be the Centre ; and about the Point D, as
a Centre, with the Diftance D G, let a Circle EG CH,
be defcribed; join EG, G C, which produce to the
Points B,F:  Likewife join AB,BC, CD, DEJEE, .
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FA. 1fay, ABCDEF is an equilateral and equi-
angular Hexagon.

For, {ince the Point G is the Centre of the Circle
ABCDEF, GE will be equal to GD. Again,
becaufe the Point D is the Centre of the Circle
EGCH, DE fhall be equal o DG: But GE has
been proved equal to GD. Therefore GE is equal
- o ED. And E:- E G D is an equilateral Triangle ; and
confequently the three Angles thereof, EG D, GDE,
DEG, are * equal between themfelves: But the * 6. 5.1,
three Angles of ?Triangle are + equal to two Right + z2. 1.
Angles. Therefore the Angle EGD is a third Parc
of two Right Angles. In the fame manner we de-
monftrate, that DG C is one third Part of two Right
Angles: And fince the Right Line CG, ftanding upon
the Right Line .EB, makes + the adjacent Angles 13- 1.
EGC, CGB; the other Angle, CG B, is alfo one
third Part of two Right Angles. Therefore the An-
gles EGD, DGC, CGB, are equal between them-
felves: And the Angles that are verrical to them, wviz.
the Angles BGA, AGF, FGE, are * equal to the® 1s: 1
Angles EGD, DGC, CGB. W herefore the fix
Angles EGD, DGC, CGB, BGA,AGF,FGE,
are equal to one another. But equal Angles ftand 4 on t 26. 3.
equal Circumferences. Therefore the fix Circumfe-
rences, AB, BC, CD, DE, EF, FA, are equal to
each other. But equal Right Lines fubtend # equal f29- 3
Circumferences. Therefore the fix Right Lines are
equal between themfelves; and accordingly the Hexa-
gon ABCDEF is equilateral : I fay, it is allo equian-
gular. For, becaule the Circumference AF is equal
to the Circumference E D, add the common Circum-
ference ABCD, and the whole Circumference
FABCD, is equal to the whole Circumference
EDCBA. Bur the Angle FE D ftands on the Cir-
cumference FABCD; and the Angle AFE, onthe
Circumference EDCBA. Therefore the Angle
AFE is *equal to the Angle DEF. In the famg®* 27. 3
manner we prove, that the other Angles of the Hexa-

- ponABCDEF,are feveralllg EE[IIEI]. toAFE,or FED.

%ﬂhﬂrﬁf‘ﬂr{: the Hexagon A CDEF is equiangular.

Bu: it has been proved to be allo equilateral, and is
inicribed in the Circle ABCDEF; awhick was 7o be
 dong,

I Corall.
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Coroll. From hence it is manifeft, that the Side of the
Hexagon is equal to the Semidiamerer of the Circle.
And if we draw thro’ the Points A, B, C, D, E, F,
Tangents to the Circle, an equilateral and eauianb
gular Hexagon will be defcribed about the Circle,
as is manifeft from what has been faid concerning
the Penragon. And fo likewife may a Circle be
infcribed and circumicribed about a given Hexa-
gon; awhich was to be done.

PROROSLT IO N X5,

ProBLEM.

Do deferibe an equilateral and equiangular Quins
decagon in a given Circle.

LET ABCD be a Circle given. It is required
to defcribe an equilateral and equiangular Quinde-
cagon in the fame.

%’et A C be the Side of an equilateral Triangle in=
fcribed in the Circle ABCD, and AB the Side of 4
Penragon. Now, if the whole Circumference of the
Circle ABCD be divided into fifteen equal Parts,
the Circumfcrence ABC, one Third of the whole,
fhall be five of the faid fifteen equal Parts; and the
Circumference A B, one Fifth of the Whole, will be
three of the faid Parts. Wherefore the remaining
Circumference BC will be two of the faid Parts.
And if BC be bifected in the Point E, BE, or EC,
will be one fifteenth Part of the whole Circumference
ABCD. Andfo,if BE, EC, be joined, and either
I C, or E B, be continually applied in the Circle, there
thall be an equilateral and ﬂc}giangular Quindecagon de-
fcribed in the Circle ABC Dy which was to be done.

If, according to what has been faid of the Pentagon,
Right Lines are drawn thro’ the Divifions of the
Circle touching the fame, there will be defcribed
about the Circle an equilateral and equiangular
Quindecagon. And, moreover, a Circle may be
inicribed, or circumfcribed, about a given equilate-
ral and equiangular Quindecagon.

EUCLID’s
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&Y ,.

1. PART is a Magnitude of @ Magnitude, X *“‘5// £ 7 uol”
the Lefs of the Greater, when the Lef-
Jer meafures the Greater.

11. But a Multiple is a Magnitude of a Maghi-
tude, the Greater of the Leffer, when the
Leffer meafures the Greater.

111. Ratiois a certain mutual Habitude of Magni-
tudes of the Jame Kind, according to Quantity.

IV. Magnitudes are faid to bave Proportion to
each other, which being multiplied can exceed
one another.

V. Magnitudes are faid to be in the Jame Ratio,
the firft to the fecond, and the third to the
fourth, when the Equimultiples of the firft and
third, compared with the Equimultiples of the
fecond and fourth, according to any Multipli-
cation whatfoever, are eitber both together
greater, equaly or lefs than the Equimultiples
of the fecond and fourth, if thofe be taken that
anfwer each other.

ls That
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That is, if there be four Magnitudes, and you take
any Equimultiples of the firft and third, and alfo any
Equimultiples of the fecond fand fourth; and if the
Muliiple of the firft be greater than the Multiple of
the fecond, and alfo the Multiple of the third greater
than the Multiple of the fourth: Or, if the Multiple of
the firft be equal to the Multiple of the fecond ; and alfo
the Multiple of the third equal to the Multiple of the
fourth: Or, laftly, if the Multiple of the firft be lefs
than the Multiple of the fecond; and alfo that of the
third lefs than that of the fourth, and thefe Things |

ing to every Mulriplication whatfoever ;

happen accord ];/]g
then the four Magnitudes are in the fame Ratio, the

-
i
=}

firft to the fecond, as the third to the fourth.

VI. Magnitudes that bave the fame Proportion

are called Proportionals,

Expounders ufually lay down here that Definition
which Ewc/id has given for Numbers only, in his
feventh Book ; wiz. That

Magnitydes are [aid to be Proportionals, awhen the

firft isthe fame Equimultiple of the [econd, as the third

is of the f &:‘:rrﬂﬂ? or the fame Part or Parts,

Bur this Definition appertains only to Numbers, and
commenfurable Quantities; and {o, fince it is not uni-
verlal, Ewclid did well to reject it in this Element,
which treats of the Properties of all Proportionals;
and to {ubftitute another general one, agreeing to all
Kinds of Magnitudes. In the mean tifne, Expounders
very much endeavour to demonftrate the Defnition
here laid down by Ewclid, by the ufual received Defi-
nition of propornional Numbers ; bur this much eafier
Hows from that, than that from this; which may be
thus demonttrared ;

Firft, Let A, B, C, D, be four Magnitudes, which

‘are in the fame Ratio, according to the Conditions

that Magpitudes in the fame Rario muft have laid
down in the fifth Definition. And let the firft be 3
Multiple of the fecond. T fay, the third is alfo the
fame Multiple of the fourth, ~ For Example: Let A

be
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be equal to sB. Then C fhall be equal to §D. Take
any Number; for Example, 2, by which let § be
multiplied, and the Produ& will i B e D
Ebe m:l And let e T B T el vy '
quimultiples of the firft and

third Mag?:irudes A and C: 3?8 108, 2C, 10D
Alfo, let 10B and 10D be Equimultiples of the fe-
cond and fourth Magnimdes% and . Then (by
Def. 5.) if 2A be equal to 10B, 2C fhall be equal
to. 10D. But fince A (from the Hyporhefis) is hve
times B, 2A fhall be equal 1o 10B; and fo 2C equal
to 10D, and C equal to §D; thatis, C will be five
times D. W.W.D.

Secondly, Let A be any Part of B; then C will be
the fame Part of D. For, becaufe A is to B, as Cis
to D and fince A is fome Part of B then B will be
a Multiple of A: And fo (by Cafe 1.) D will be the
fame Multiple of C, and accordingly C fhall be the
fame Part of the Magnitude D,as Aisof B. W.W.D,

Thirdly, Let A be equal to any Number of what-
foever Parts of B. [ fay, C is equal to the fame
Number of the like Parts of D. For Example: Let
A be a fourth Part of five times B; thar is, let A
be equal to £B. I fay, C is alfo equal to £D. For,
becaufe A is equal to £B; each of them being multi-
plied by 4, then 4A will be equal to §B. And o,
if the Ey uimultiples of the firft Joh @B tuditeny
?nd ;gi . Viz. ﬁi.%:, 4C, be al- # 3

umed; as alfo theEquimultiples

of the fecond and t%urth, ff:sr. 44 5B, 4C, 5D
5B, 5D, and (by the Definition) if 4A is equal to
5B then 41.3{] is equal to §D. Bur 4A has been Srﬂvcd
equal to 5B, and fo 3(73 {hall be equal to 5§D, and
Cequalwo £D. W.W.D. 3

And univerfally, if A be equal to = B, C will be

equal to ZD. Forlet AandC
i, R R |

be multiplied by 2, and B and

D by ». And becaufe A is equal

to -;:B; mé fhall be equal to mA, #8, mC, »D

#B; wherefore (by Def. 5.) mC will be equal to #D

and C equal to ?ED W.W.D.
I 3 VII. When
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VIL. When of Equimultiples, the Multiple of the
firft exceeds the Multiple of the fecond; but the
Multiple of the third does not exceed the Mul~
tiple of the fourth; then the firft to the fecond
is faid to bave a greater Proportion, than the
third to the fourth.

VIIL. Analogy is a Similitude of Proportions.,

IX. Analogy at leaft confifts of three Terms.

X X. When three Magnitudes are Proportionals, the
Jirft is faid to bave, to the third, a Duplicate
Ratio to what it bas to the f(econd.
X1. But when four Magnitudes are Proportionals,
* the firf} fball bave a triplicate Ratio to the
Jourth of what it bas to the fecondy and fo al-
ways one more in Order, as the Proportionals
fhall be extended.
K11, Homologous Magnitudes, or Magnitudes of
XK a like Ratio, are faid to be fuch whofe Ante-

cedents are 1o the Antecedents, and Confequents
70 the Confequents.

XIIL. Alternate Ratio is the comparing of the
Antecedent with the Antecedent, and the Con-
Jequent with the Confequent.

XIV. Inverfe Ratio is when the Confequent is
taken as the Antecedent, and [o compared with
the Antecedent as a Confequent. L

XV. Compounded Ratio is when the Antecedent
and Confequent taken both as one, is compared
to the Confequent itfelf.

X V1. Divided Ratio is when the Excefs, where-
in the Antecedent exceeds the Confequent, is
compared with the Confequent,

XVIL. Converfe Ratio is when the Antecedent is

- Lompared with the Excefs, by which the Ante-
cedent exceeds the Confequent, J

X VL. Ratio of Equality is where there are taken

wore than two Magnitudes in one Order, #ﬂid;
‘ ike

8 |
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like Number of Magnitudes in another Order,
comparing two to two being in the [ame Pro-
portions and it fball be in the firft Order of
Magnitude, as the firft is to the laft, foin the
Jfecond Order of Magnitudes is the firft to thg
laft: Or otherwife, it is the Comparifon of the
Extremes together, the Means being omitted.

XIX. Ordinate Proportion is when, as the Ante-
cent is to the Confequent, [0 is the Antecedent 1o
the Confequent 5 and as the Confequent is 1o any
other, Jo is the Confequent to any other.

XX. Perturbate Proportion is when there are
three Magnitudes,and others aljo, that are equal
to thefe in Multitude, as in the firft Magnitudes
the Antecedent is to the Confequent 5 Jo in the
fecond Magnitude is the Antecedent to the Con-
fequent: And asin the firft Magnitudes the Con-
fequent is to fome other, fo inthe fecond Mag-
nitudes, is fome otber to the Antecedent.

AXTOMS

1. T)QUIMULTIPLES of the fame, or
of equal Magnitudes, are equal to each
otber.

11. Thofe Magnitudes that bave the fame Equi-

multiple, or whofe Equimultiples are equal, are
equal to each other.

I 4 PR Q-

121



122

‘the fame Multiple A

Euclid’s ELEMENTSs. Book V.

PROPOSITION L

THEOR £ M.

If there be any Number of Magnitudes Equimul-
viples of a like Number of Magnitudes, each
10 eachs whatfoever Multiple any one of the
Sormer Magnitudes is of its corre[pondent one,
the fame Multiple is all the former Magni-
tudes of, all the latter.

W  ET there be any’ Number of Magnitudes
A B, CD, Equimultiples of a like Number
; of Magnitudes E, F, each of each. [fay,

what fﬂuitiﬁie the Magnitude AB is of E,
, and CD, together, is of E
and F together.

For, becaufe AB and CD are Equimultiples of E
and F, as many Magnitudes equal to
E, that are in AB, fo many fhall be A
equal to Fin CD. Now, divide AB T
into Parts equal to E, which letbe AG, G
G B; and C D into Parts equal to F, wiz. + :
CH, HD. Then the Multitude of
Parts, CH, HD, fhall beequal tothe B | E
Multitude of Parts AG, GB. And
fince AGisequal e E, and CHto F; C
AG and CH, together, fhall be equal
to E and F together. By the fame }?ea—
fon, becaufe GB is equal toE, and H
HD to F, GB and HD will be equal -
to E and F together. Therefore, as
Gitent as E is contained in AB, fo often
15 E and ¥ conrained in AB and CD. D F
And fo, as often as E is contained in - :
AB, fo often are E and F, together, contained in
ABand CD together. Therefore, if there are any
Number of Maznitudes Equimultiples of a like Num-~
ber of Magnitudes, éach to each; whatfoever Multiple
any one of the former Magnitudes is of its Correfpon-
dent one, the fame Multiple is all the former Magmi-
udes of, all the laster 5 which was to be demonftrated.

PR O.
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PROPOSITION 1II.

THEOR E M.

If the firft be the fame Multiple of the fecond,
as the third is of the fourth; and if the
fifth be the fame Multiple of the [econd, as
the fixth is of the fourths then fhall the firft,
added to the fifth, be the fame Multiple of the
fecond, as the third, added to ihe fixth, is of
ihe .ﬁmr 15,

ET the firft AB be the fame Multiple of the fe-
cond C, asthe third DE is of the fourth F; and

let the fifth BG be the fame
Multiple of the fecond G, as A D
the fixth EH is of thefourth
F. I fay, the firft added to
the fifth, viz. A G, is the fame E
Multiple of the fecond C, as . Y
the third added to the fixth, £ ;
wiz. D H, is of the fourth F.

For, becaufe A B is the fame G
Multiple of C, as DE is of F, there are as many
Magnitudes equal to C in A B, as there are Magnitudes
equalto Fin DE. And for the fame Reafon, there
are as many Magoitudes equal to C in BG, asthere
are Magnitudes equal to ¥ in EH. Therefore there
are as many Magnitudes equal to C, in the whole A G,
as there are Magnitudes equalto F in DH. Where-
fore AG is the fame Multiple of C, as DH isof F.
And fo the firft added to the fifth AG, is the fame
Multiple of the fecond C, as the third, added to the
fixth DH, is of the fourth F. ‘Therefore, if zhe firf?
be the fame Multiple of the fecond, as the third is of
the fourth; awnd if the fifth be the [ame Mkfr:;a!eaf
2he [econd, as the [ixth is of the fourth; then [ball
the firft, added to the fifth, be the fame Multiple of
zhe [econd, as the third, added to r!a[;dﬁxzb, is of the
Joursh, which was to be demonitrated.

PRO-
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PROPOSITION III

THEORE M.

If the firft be the fame Multiple of the fecond, as
the third is of the fourth, and there be taken
Equimultiples of the firft and third then will
each of the Magnitudes taken be Equimultiples
of the fecond and fourth.

LE'I‘ the firft A be the fame Multiple of the fe-
cond B, as theithird C ‘is'of the fourth D ; and
let EF, G H, be Equi- F
multiples of A and C. H
I fay, EF is the fame
Multiple of B, asGH
is of D.
For, becaufe EF is K
the fame Multiple of A, L
as GH is of C, there

are as many Magni-
tudes equal tIﬁi Ain *dF, I
as there are Magnirudes :

equal 16 C G H v B AB, . GICHD
ﬁnw, divide E F into the Magnitudes E K, K F, equal
to A, and G H into the Magnitudes G L, L H, equal
to C. Then the Number of the Magnitudes EK,
K F, will be equal to the Number of the Magnitudes
GL, LH. And becaufe A is the fame Multiple of
B,as Cis of D, and EK isequalto A, and GL to
C; EK will be the fame Multiple of B, as G L is of
D. For the fame Reafon, KF fhall be the fame
Multiple of B, as LH is of D. Therefore, becaufe
the firlt EK is the fame Multiple of the fecond B, as
the third GL is of the fourth D, and KF, L H, are
Equimultiples of the fecond B and fourthD’; the firft
added to the fifth EF, fhall be * the fame Multiple
of the {econd B, asthe third added to the fisth GH
is of the fourth D. If; therefore, zhe ? be the fame
Multiple of the [econd) as the third is of the fourth, and
there be taken Equimultiples of the firft and third; then
awill each of the Magnitudes taken be Equimultiples e?“
the fecond and fourth; which was to be demonftrated.

PR O-
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PROPOSITION IV,

THEOREM.

If the firft have the fameProportion to the [econd,
as the third tothe fourths; then alfo fhall the Equi-
aultiples of the firft and third bave the [ame
Proportion to the Equimultiples of the fecond and
fourth, according to any Multiplication whatfo-
ever, if they be fo taken as toanfwer each other.

ET the firft A have the fame Proportion to the

fecond B, as the thitd C hath to the fourth Dj
and let E and F, the Equi-
multiples of A and C, be
any-how taken; as alfo G,
H, the Equimultiples of B
and D. lfay,E istoGas
Fisto H.

For take K and L, any
Equimultiples of E and F;
and alfe M and N of G
and H.

Then, becaufe E is the
fame Multiple of A, as F
is of C, and K, L,-are
taken Equimulriples of E,
F, K will be * the fame
Multiple of A, as L is of
C. Forthe fame Realon,
M is the fame Multiple of
B, asNisof D. And fince
AistwB, asCistwo D, °
and K andL are Equimul-
tiplesof A and C; and alfo
l\g and N Equimultiples of
Band D; if K exceeds
M, then+ L will exceed N ;
if equal, equal; or lefs, lefs.
ﬂﬁﬂ K,L,are Equimultiples
of E, F, and M, N a[r_11y
other Equimultiplesof GH.
Thergfore, as Eisto G, {0

L3 : fhall
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fhall £ F be to H.  Wherefore, if the firft have the
Jame Proportion to the [econd, as the third to the
Jfourth; then alfo (ball the Equimultiples of the firft
and third have the [ame Proportion to the Equimultiples
of the fecond and fourth, according to any Multipl;-
cation whatfoever, if they be [0 taken as 1o anfwer
each; which was to be demonitrated.

Becaufe it is demonftrated, if K exceeds M, then L
will exceed N'; and if it be equal to it, it will be

ual 5 and if lefs, leffer. Tt is manifeft likewife, if

exceeds K, that N fhall exceed L; 1% equal,equal;
but if lefs, lefs. And therefore as G is‘\so E, fo is
*HwF. '

Coroll. From hence it is manifeft, if four Magnitudes
be proportional, that they will be alfo inverfely

yuportional.

PROPOSITION Y

THEORE M,

Af one Magnitude be the fame Multiple of another
“Magnitude, as a Part taken from the one is of @

Part taken from the other; then the Refidue of
the one fhall be the fame Multiple of the Refidue
of the other, as the Whole is of the Whole.

LET the Magnitude AB be the fame Multiple
of the Magnitude CD, as the Part taken away
AE is of the Part taken away CF. 1 |
fay, that the Refidue EB is the fame B
Multiple of the Refidue FD, 2s the 2
whole A B is of the whole CD. |
For, let EB be;fuch a Multiple of

CG,asAE isof CF. w. 'E 3 Sigs

Then, becaufe A E is the ime Mul- o
tiple of CF, as EB is of CG, AE c
will be * the fame Multiple of CF, F

as'AB is of GF. But AE and AB

are put Equimultiples of CF and CD. A D
Therefore AB is the fame Multiple of GF as of
CD; andfoGF is+ equalto CD, Now, let CF,
which is common, be taken away; and the Reféilg
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GCis eiual to the Refidue DF. And then, becaufe

AE is {fame Mulriple of CF, as EB is ﬂfCG
and CG i :{l to DF AE fhall be the fame Mul-
tiple of CF, a§ EB is of FD. But AE is put the

fame Multtplc of CF,as ABis of CD. Therefore
EB is the fame Multiple of FD, as ABis of CD:
and {o the Reldue EE is the fame Multiple of the
Reflidue FD, as the whole AB is of the whole CD,
Wherefore, :f one Magnitude be the [ame Multiple

another Magnitude, as a Part taken from the one
is of a Part taken ﬁ‘m the other 5 then theRefidue of
the one [ball be the fame Multiple of the Refidue” of the
other, as the whole is of ﬂ:re «whole 5 which was to be
demonftrated.

PROPOSITION VL

THEORE M.

If two Magnitudes be Equimultiples of two Mag-
witudes, and fome Magnitudes, Equimultiples of

. the fame, be taken away 5 then theRefidues are

- either equal 10 thofe Magnitudes, or elfe Equi-
multiples of them,

LET two Magnitudes AB, CD, be Equzmulu—-
ples of two Ma mtudesE ¥, and let the M

nitudes AG, CH, qunmulu les of the fame E,
be taken from AB CD. , the Refidues GB
HD, are either t:qual to E, F or are Equlmulnples
of them.

For firft, let GB be ual toE. I fay, HD is

alfo equal to F. For let C A

equal to F. Then, becauieﬂG _
is the fame MuinpeoFE as CH K
isof F; and GB is equal to E;
and CK to F; ABwulbe*the 'rgfri
fame MulnﬁleafE .as K Hisof C
F. Bur AB and CD are puc G
Equimultiples of E and F. H
Therefore KH is the fame Mul- I
‘tipleof F, as CD isof F. B F

And becaufe KHand CD are
Equimultiples of F; KH will be equal to %E
. ake
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Take away CH, which is com-
mon; then the "Refidue K C is
equal to the Refidue HD. Bur I
C is equal to F. Therefore
HD is cqual to F; andfo GB
fhall be equal to E, "and HD to
F.

o
In like manner we demon-

ftrate, if G B was a Multiple of T
E, that HD isthe like Multiple T
of F. Therefore, if two Mag- L L
unitudes be Equimultiples of tawo L AR R
Magnitudes, and fome Magni-
tudes, Egﬂ:m#t’:@fﬁ of the fame, be taken away; then
the Reﬁdﬂfr are either equal to r;’aaﬁ Magnitudes,or elfe
Equimultiples of them ; which was to be demonftrated.

ERQPOSKT IO N, VII,

PROBLE M.

Equal Magnitudes have the fame Proportiontothe
JSame Magnitude 5 and one and the fame Magni-
tude bas the fame Proportionto equal Magnitudes.

LET A, B, be equal Magnitudes, and let C be
any other Magnitude. I fay, A and B have
the iame Proportion to C; and
likewife C has the fame Pmpor- 1
tion to A as to B.
For take D, E, Equimultiples
of A and B and let F be any
other Multiple of C. _
Now, becaufe D is the {ame ]
I‘r"ulttpie of A, asE is of B, and g
A is equal to B, D fhall be alfo
equal to E; but Fisa Magnitude I
taken at Pleafure. Theretore, if 4. =
D exceeds F, then Ewillexceed E B € F
F; if D be e qual to F, E will be |
equal toF; and if cfs, lefs. Bur D, E, are Equimul-
tiples of A,B; and F is any Mult:pte of C. Therefore
it will be ¥as A is to C, foisB o C.

I fay,
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. Ifay, moreover, that C has the fame Proportion to
A as o B. For the fame Conftru&tion remaining, we
gove, in like manner, that D isequal to E. There-
re, if F exceeds D, it will alfo exceed E; if it be

ual to D, it will be equal to E; and if it be lefs than
, itwill be lefs than E. But if F is Multiple of C;

fore as Cisto A, fo fhall *C be to B. Wherefore
ual Magnitudes have the fame Proportion to thefame

agnitude, and the fame Magnitude to equal ones;
ashich was o be demonflrated. 3

PROPOSEFTION VI
, THEORE M.
The greater of any two unequal Magnitudes bas

a greater Proportion to fome third Magnitude,
than the les bas; and that third Magnitude
bath a greater Proportion to the leffer of the
two Magnitudes, than it bas to the grealer.

ET AB and Cbe two unequal Magnitudes, where-
of AB is the greater: anquet D be any third Mag-
nitude. I fay, AB has a greater Proportion to D,
than C has to 15; and D has a greater Proportion to
C, thanithasto AB.
Becaufe AB is greater than C, make BE equal to
C, thatis, let AB exceed C
by AE; then AE multiplied F
fome Number of Times, will |
be greater than D. Now let G

AE be multiplied until it ex- A
ceeds D, and let that Multiple +

of AE, greater than D, be FG. E
Make GH the fame Muliiple &

of EB, and K of C, as FG H B

is of AE. Alfo, affume L
double to D, P triple, and fo
on, untl fuch a Multiple of
D is had, as is the neareft
greater than K ; ler this be N,
and let M be a Multiple of D
the neareft lefs than N.

- Now, becaufe N is the
neareft ﬁdultiple of D greater

i s e
5 Ot
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than K, M will not be greater than K ; that is, K
will not be lefs then M. And fince FG is the fame
Muliiple of AE, as GH is of EB; FG fhall be
® 1ofthis. * the fame Multiple of AE, as FH is of AB; but
FG is the fame Multiple of AE, as K is of C;
wherefore F H is the fame Multiple of AB, as K is
of C; thatis, FH, K, are Equimultiplesof AB and
C. Again, becaufe GH is the fame Multiple of
EB, asKisof C, and EB is equal toC; GH fhall
t+42 1. be 1 equalto K. But K is not lefs than M.  There-
fore G H fhall not be lefs than M ; but FG is greater
r than D. Therefore the whole FH will be greater
than Mrand D; but M and D together, are cﬁual tQ
N; becaufe M js a Multiple of D, the nearelt leffer
than N : Wherefore FH is greater than N. And fo,
fince FH exceeds N, and K does not,. and FH ..anci
K are Equimultiples of AB and C, and N is another
$D 7, Multiple of D therefore AB will have + a greater
Ratio to D, than Chas to ' D. I fay, moreover, that
D has a greater Ratio to C, than it has to A B.; for the
fame Conftruétion remaining, wedemonfirate, asbe-
fore, that N exceeds K, butnot FH. And Nisa
Multiple of D, and FH, K, are Equimulrilgles of
AB and C. Therefore D has 4 a greater Propor-
tion to C, than D hathtoB. Wherefore zbe greater
of any two umequal Magnitudes has a greater Pro-
portion to [ome third Magnitude, than the lefs bas;
and that thivd Magnitude bath a greater Proportion
2o the leffer of the two Magnitudes, thamit bas to the
greater.

PROGQPOSITION IX,

. THEOR E M.

Mbenitudes which bave the Sfame Proportion ta
ene and the fame Magnitude, are equal to one
another s and if @ Magnitude bas the fame Pro-
Dportion.to other Magnitudes, thefe Magnitudes
are equal to one another, |

i

ET the Magnitudes A and B bave the fame Pro-
portion to C. I fay, A isequal to B.
FYor
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For if it was not, A and B would not * have the *8 ¢ ¢bis,
fame Proportion to the fame Magni-
tude C; but they havé. Therefore A T
is equal to B. B

Again, let C have the fame Propor-

tin% to Aas to B. I fay, A is equal |
to b.
For if it be not, C will not baye the T IC
fame Proportion to A as to B; but it
hath: Therefore A is neceffarily cqbual A
to B. Therefore, Magnitudes that _‘_
bave the [ame Proportion to one and the
fameée Magnitude, are equal to one another; and if &
Magnitude has the [ame Proportion to other Magni
tudes, thefe Magnitudes are equal to one another,
which was to be demonftrated.

PROPOSITION X,

THEOR E M.

©f Magnitudes having Proportion to the [ame
Magnitude, that which bas tbe greater Pro-
portion, is the greater Magnitude: And the
Magnitude to which the fame bears a greater
Proportion, is the leffer Magnitude.

LET A have a greater Proportion to G, than
Bhasto C. I fay, A is greater than B.
For if it be not greater, it will either be equal or
lels. But Ais not equal to B, becaufe
then both A and B would have * the * 7 of this,
fame Proportion to the fame Ma%i- A
tude C; butthey have not. Therefore
A is not equal to B: Neither is it lels
than B; for then A would bave 1 a lefs IC + 8 of this,
Pioportion to C, than B would have;
but it hathnot a lefs Proportion : There- B
fore A is not lefs than B. But it has
been proved likewife not to be equal to
it Tli'lerei"nrc A fhall be greater than B.
Again, let C have a greater Proportion to B than to
A. Ifay, Bisle(sthan A.

K For
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For if it be not lels, it is greater or equal. Now
*7¢/tbis. B is not equal to A; for then C would have * the
fame Proportion to A as to B; burt this it_has not.
Therefore A is not equal to B; neither is B greater
than A ; for if it was, C would bave a lefs Propor-
tion to B than to A; but it has not: Therefore B is
not greater than A.  Bur it has alfo been proved not
to be equal to it. Wherefore B fhall be lefs than
A. 'Therefore of Magnitudes baving Proportion to
the fame Magnitude, that which bas the greater
Proportion, is the greater Magnitude: And that Mag-
nitude to which the [ame bears a greater Proportion,
is the leffer Magnitude;, which was to be demon-
{trated.

P RO OSEFTY0OMN"R],

THEOREM.

Proportions that are one and the fame.to any third,
are alfo the fame to one another,

LET AbetoB,asCisto D; and C to D, as E
o F. Ifay, Aisto B, asEisto F.

For take G, H, K, Equimalcdples of A,C,E; and

Gi— i 4 H : 1 K| +—
Apreeened - Cl——a - G TR
B o D Fp—-

Lttt My —die=t. - ey

L, M, N, other Equimultiples of B, D, F. Then,

becaufe A isto B, as Cis to D, and there are taken

G, H, the Equimultiples of A and C, and L., M, any

¢ Def. o Equimultiples of B, D it G exceeds t, * then Hwil
rhis, exceed M andif G beequal to L, H will be equal
to M; and if lefs, lefler. Again, becaufe as C is to

D, fois EtoF; and H and K are taken Equimul-

tiple of Cand E ; as likewife M, N, any Equimulri-

plesof D, F; if H exceeds M#*, then K will exceed

N ; and if H be equal to M, K will be equal to N;
and if lefs, leffer. But if H exceeds M, G will alfo

exceed L if equal, equal; andif lefs, lefs. Where-

fore if G exceeds I, K will alfo exceed N 5 and if

G be



BookV. Euclid’s ELEMENTS. 333

G be equal to L, K will be equal to N; and if lefs,

lefs. Bur G, K, are Equimultiples of A,E; and L, N,

are Equimultiples of g_., F. Confequently, as A is to

B, fo*is E to F. Therefore, Proportions that are *s Def of
~one and the [ame to an y third, are alfo the [ame to one b5
another ; which was to be demonftraced.

PR-OPOSITION XII

THEORE M.

1f any Number of Magnitudes be proportional, as
one of the Antecedents is to oneof the Confequents,
Jo are al} the Antecedents to all the Conjequents,

ET there be any Number of proportional Mag
nitudes, A,B,C, D, E, F; whercof as A is maE

G ot Hf—tfy K i
Ap——rt - Cp——f - Ep——m—f -
g

3

F—rt -

DF—
M N oo

foCistoD, and foEtoF. Ifay, asAistoB, fo
g,e ]‘:El;l i:}']e Antecedents A, C, E, to all the Confequents
S .

For let G, H, K, be Equimultiples of A, C, E;
and L, M, N, any Equimultiples of B, D, F.

Then, becaufeas A is to B, fo is C to D, and
fo E to F; and G, H, K, are Equimultiples of A,
C, E; and L, M, N, Equimultiples of B, D, F:
if G exceeds L, H* will alfo exceed M, and K ';.D*Eﬂ sq
will exceed N ; if G be equal to L, H will be equal **
to M, and K to N; and if lefs, lefs. Wherefore
alfo, if G exceeds L., then G, H, K, together, will
likewife exceed L, M, N, together; and if G be
equal o L, then G, H, I{, togecher, will be equal
to L, M, N, together ; and if lefs, lefs: But G, and
G, I:-I, K, are Equimulriples of A ; and A, C E;
becaufe, if thereareany Numberof Magnimd:'es E?qui..
multiples to a like Number of Magnitudes, each
to the other, the fame Multiple thar one Magnitude
#s of one, fo fhall § all the Magnitudes be of all. 4 of riis,
And for the fame Realon, L, and L, M, N, are

K? 2 équi-
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Equimultiples of B, and B, D, F. Therefore, as
+sDefof Aisto B, fo +is A, G, E, o B, D, F. Where-
ehis. fore, if there be any Number of Magnitudes propor-

tional, as one of the Autecedents is to one of the Confe-

quents, [0 are all the Antecedents to all the Confequents;
which was to be demonftrated.

PROPOSITION XIH.

THEOR E M.

If the firft bas the fame Proportion to the fecond,
as the third to the fourth; and if the third bas
a greater Proportion tothe fourth, than the fifth
to the fixth; then alfo fhall the firft bave a
greater Proportion o the fecond, than the fifth
bas to the fixth.

LET the fitk A have the fame Proportion to the

fecond B, as the thitd C has to the fourth D
and let the third C have a.greater Proportion to the
fourth D, than the fifth E to the fixth F. I fay,

M G H
B D F
N : -, r———— L '

Likewife, that the firlt A to the fecond B has a greater
Proportion, than the fifth E to the fixth F.
For, becaufe C has a greater Proportion to D, than
* 7 Def. of E hasto F; there are * certain Equimultiples of C and
Wiz, E,and others of D and F, {uch that the Multiple of C
may excecd the Multiple of D ; but the Multiple of E
not that of F.  Now let thefe Equimultiples of C and
E, beGand H; and Kand L, thofeof Dand F; fo
that G exceeds K, and H pot L: Make M the fame
Mulriple of A, as G isof C; and N the fame of B, as
Kisof D.
Then, becaufe AistoB,as Cis to D: and M and
G are Equimultiples of A, C; and N, I,{, of B, D:
+:per. I Mexceeds N, then + G will exceed K ; and if M
be equal to N, G wiil be equal to K ; and if lefs,
lefs. Bur G does exceed K. Therefore M will al-
fo
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fo exceed N. But H does not exceed L. And M,
H, are Equimultiples of A, E; and N, L, any others
ﬂF’B, F. Therefore A has a * greater Proportion ro

I3

*1Defof

B, than E has to F. Wherefore, if rhe firft bas the tbis,

fame Proportion to the [ecand, as the third to the
Sourth 5 and if the third has a greater Proportion to
the fourth, thanthe fifth tothe fixth; then alfo (ball the
firft bave a greater Proportion to the [econd, than the

_ﬁﬁé has tothe fixth ; which was to be demonftrared.

PREOPOSITION X1V,

THEORE M.

iF the firft bas the fame Proportion 1o the fecond,
as the third bas to the fourth s and if the firf be
greater than the third ; then will the [econd be
greater thanthe fourth,  Butif the firft beequal
to the third, then the fecond fball be equal to the
fourth 5 and if the firft be lefs than the third,
then the fecond will be lefs than the fourth.

ET the firft A have the fame Proportion to the

fecond B, as the third C has to_the fourth D:
And let A be greater than C. I fay, B is alio greater
than D.

For, becaufe A is greater than G,
and B is any other Magnitude : A will
have * greater Proportion to B, than
Chasto B; but as Ais to B, fo isC
to D ; therefore, alfo, C fhall 4 have
a greater Proportion to D, than C
hath to B. Bur that Magnitude to
which the fame bears a %rearf:r Pro-
wnion, is + the lefler Magnirude : *

herefore D is lefs than B; and con- 1
fequently Bwill be greater thanD. in A B C D
like manner we demonttrate, if A be
equal to C, that B willbe equal to D and if A be
lefs than C, that B will be lefsthan D. ‘Therefore,
if the firft bas the [ame Proportion to the fecond, as
the ghivd bas to the fourth; and if the firfl be greater
ghan the third ; then wih;gﬂe [econd be greater rb.?z:

» 3 e

#3 of this,

1 13 of this,

I I0 l'f tEis,
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the fourth. But if the firft be equal to thé third, then
Ib:ﬁ:md (ball be ';;wf :&Jfbe fourth;, and if the firft

be lefs than the thitd, then the fecond will be lefs ibart

the fourth ; which was to be demontftrated.

PROPOSITION XV.

THEOREM.

Parts bave the [ame Proportion as their like Ml
tiples, if iaken correfpondently.

LET AB be the {ame Multiple of C, as DE is
of F. 1fay,asCistoF, fois ABwoDE.
For, becaufe AB and DE are
Equimultiplesof C and Fthere A
fhall be as many Magnitudes
equal to C in AB, as there are
l&agnil:udes equltoFin DE. @
Now, let AB be divided into l
the Magpitudes AG,GH,HB, : K
each equal to C; and ED into ¢ '
the Magpitudes DK, K L, LE, L
eachequalto F. Thenthe Num-
ber of the Magnitudes AG, GH, k
H B, will be equal to the Num- I
ber of the Magnitudes DK, KL,
LE. Now, becaufe AG,GH, HB, are equal, as
© 7 of #his. likewife DK, KL, LE, it fhall be * as AG is to
DK, fois GHwKL, andfoisHBro LE. But
~as one of the Antecedents is to one of the Confe-
T 1zof this. quents, fo + all the Antecedents to all the Confe-
quents. Therefore, as AG isto DK, fois AB to
DE. ButAGisequaltoC,and DK to F. Whence,
as Cis to F, {o {hall AB be to DE. Therefore,
Parts bave the fame Proportion as their like Multi-

ples, if taken correfpondently; which was tobe demon-

firated.

PRO-

=
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PROPOSITION XVI.

THEOREM,

If four Magnitudes of the fame Kind are propor-
tional, they fhall alfo be alternately proportional,

LET four Magnitudes ABCD, be proportional ;

whereof A is to B, as Cisto D. I fay likewife,
that they will be alternately proporrional, viz. as A
"isto C, fois B to D, for rake E, F, Equimultiples
of AandB; and G,

H, any Equimult- E G--—
ples of C, D. A .

Then, becaufeEis B D—
the fame Multiple of F H —

A, as F is of B, and

Parts have the fame Proportion * to their like Mul- # 15¢f réis.
tiples, if taken correfpondently ; it fhall be as A is
toB,fois Eto F. ButasAistoB, foisC toD. .
Therefore alfo,as Cisto D, fo +is Eto F. Again, T 11 #b
becaufe G, H, are Equimultiples of C and D, and

Parts have the fame Proportion with their like Mul-

tiples, if taken correfpondently, it will be as C is to
D,foisGroH; butasCistoD, fois EtoF.
Therefore alfo, as Eisto F, fois G to H ;and if four
Magnitudes be proportional, and the firft greater than

the third, then the fecond will be % greater than the 1 14 of tbise
fourth; and if the firft be equal to the third, the

fecond will be equal to the fourth; and if lefs,

lefs. Therefore, it E exceeds G, F will exceed H

and if E be equal to G, F will be equal to H;

and if lefs, les. But E, F, are any Equimultiples

of A, B; and G, H, any Eqéiimulripl{:s of €. D.
Whence, as A isto C, fothall B be L toD. There- § Def 5.
fore, if four Magnitudes of the fame Kind are pro-
portional, they fball alfo be alsernately proportional.

K 4 | PR O-
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PROPOSITION XVII

THEORE M.

If Magnitudes compounded are proporiional, they
Jhall alfo be proportional when divided,

LE T the compounded Magpitudes AB, BE, CD,
~/ DF, be proportional ; that is, let AB be to BE,
asCDistoDF. Ifay, thefe Magnitudes divided are
proportional, viz. as AEisto EB,{fois CFtoFD,
For ler GH, HEK, LM, % "¢
MN, be Equimultiples of ¥
AE, EB, CF,FD; and KX,
N I;, any Equimultiples of EB,
FD. K
Becaufe GH is the fame
Multiple of AE, as HK is of
EB; therefore GH * is the
fame Multiple of AE, asGK H D
is of AB. But GH is the E M
fame Multiple of AE, as LM ] FJ: -
is of CF. Wherefore GK & A
is the fame Multiple of AB, :
as LM is'of CF. Again, becaufe LM is the fame
Multiple of CF, as MN is of FD,, LM will be
* the fame Multiple of C F, as % is of CD.
Therefore GK is the {ame Multiple of AB, as LN
is of CD. 'And fo GK, LN, will be Equimulti-
ples of AB, CD. Again, becaufe HK is the fame
Multiple' of EB, as MN is of FD; aslikewife KX
the fame Multple of EB, as NP is of FD, the
compounded Magnitude HX is + alfo the fame Mul-
tiple of EB, as MP is of FD. Wherefore, fince it
is asABis oBE, foisCDtoDF; and GK, LN,
are Equimultiples of AB, CD; and alfo HX, MP,
any Equimultiples of EB, FD: If GK exceeds HX,
then LN will £ exceed MP: and if GK be equal to
HX, then LN will be equal to MP; if lefs, lefs:
Now let GK exceed HX; then if HK, which is
common, be taken away, GH fhall exceed K X.
But when G K exceeds H X, then L N exceeds M P ;
ther¢fore LN does exceed MP. If MN, which ig
Ca P - common,

=

N

p
|
¥
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common, be taken away, then LM will exceed N P.
‘And fo, if GH exceeds KX, then LM will exceed
NP. in like manner we demonftrate, if GH be
ual to KX, that L M will be equal to NP and if
lefs, lefs. But G H, LM, are Equimultiples of AE,
CF; and KX, NP, are any Equimultiples of EB,
FD. Whence, * as AE is to %B, foCF toFD, * Def. 5.
Therefore, if Magnitudes compounded dre propor-
zional, they [ball alfo be proportional when divided;
which was to be demonftrated.

PRQPOSITION XVIIL

THEOR E M.

If Magnitudes divided be proportional, the fame
alfo being compounded, fhall be proportional.

LET the divided proportional hiagnitu*ﬂ E,
EB, CF, FD; that is, as AE is to EEj fo is
CF o FD. I fay, they are alfo pro-

portional when compounded ; viz. as A
ABistoBE, fois CDwDEF. C
For if AB be not to BE, asCD is I |
to DF, AB fhall be to BE,as CD is to l]
F I

%%agnimde,'eizher greater or lefthan E

Firft, let it be to aleffer, viz. to G D. G | :
Then,becaufe ABistoBE,as CDis to ' ¢
D G, compounded Magnitudes are pro- My I
portional ; and confequently * they will * 17 of thi,
be proportional when divided. Therefore AE is to
EB,asCGisto GD. But (bythe Hyp.) as AE isto
EB, fo is CFto FD. Wherefore allo, as CG isto
G ].z.J, fo+isCFroI'D. But the firlt CG is greater 4 rrof this.
than the third CF ; therefore the fecond DG fhall be
+ greater than the fourth DF.  Bur it is lefs, which is 1 14 o/ ckiss
ablurd. Therefore AB is not to BE, as CD is to
D G. We demonftrate in the fame manner, that ABto
B E is not as C D to a greater than DF. Therefore AB
to BE, muft neceflarily beas CD isto DF. And fo,
if Magnitudes divided be proportional, they will alfo
be proportional when compounded ; which was 20 be
dfmamﬁmd. T T :

I

PR O-
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PROPOSITION XIX,

THEORE M.

If the Whole be to the Whole, as a Part taken away
is to a Part taken away; then fball the Refidue
be to the Refidue, as the Whole is to the Whale.

ET the Whole A B be to the Whole CD, as the
Part taken away A E 1s to the Part taken away
CF. 1 fay, the Refidue EB is to the Refidue FD,
as the Whole A B is to theWhole CD,
For, becaufe the Whole AB is to the Whole CD,
* 16 ofthis. a5 AE is to CF; it fhall be * alternately as AB isto
AE, fois CDto CF. Then, becaufe compounded
_ M:LFnimf;les, being proportional, will be
T 179fthis. + alfo proportional when divided; as A
BE isto EA, fo is DF to FC: And
again, it will be by Alternation, as BE ta C
FloisEAtoFC. ButasEAtoFC
fo (by the Hyp.) is AB o CD. And E
therefore the Refidue EB fhall be to the Re- F
{idue ¥ D, as the Whole A Bro the Whole !
CD. Wherefore, if the Whole betothe B D
Whole, as a Part taken away is to a Part
taken away ; then [hall the Refidue be to the Refidue, as
thel¥hole is to thel¥bole ;which was to be demonftrated.
Coroll. If four Magnitudes be proportional, they will
- be likewife converfly ]gopbrticrnal. For let AB
beto BE,asCDto DF; then (by Alternation) it
thallbeas ABistoCD, foisBEto DF., Where-"
fore, fince the Whole AB: is to the Whole CD, as
the Part taken away BE is to the Part taken away
DF; the Refidue AE to the Refidue CF, fhall be
as the Whole AB to the Whole CD. And again,
(by Inverfion and Alternation) as AB isto AE, {o;
isCDto CF. 'Which is by converfe Ratio. :
The Demonfiration ?f converfe Ratio, laid down in
2bis Corollary, is only particular. For Alternation
(which is ufed berein) cannot be applied but when the
Jour proportional Magnitudes ave all of the fame Kind,
as will appear from the 4th and 17th Definitions of this
Book, But converfe Ratio may be ufedwhen the Terms
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of the firft Ratioare not of the [ame Kindwith the Terms
of rhe latter. Therefore,inflead of that, it may not be im-
proper toaddthis Demm;{!mrim following : If four Mag-
they will be fo converfl

let ABbetoBE, as CD 0 DF. And then d;y
it is, as AE is to BE, fois CF to DF : And this inverfly
s, as BE is to AE, fois DF 20 CF ; awbhich by componnd-
ing becomes, as AB is to AE, fo is CD ro CF ; awbhich by
2he 17th Definition is converfe Ratio: By S. Cunn.

mitudes are proportionn

PROPOSITION

THEORE M.

If there be three Magnitudes, and others equal fo
them in Number, which being taken two and two

 in eachOrder, are in the fame Ratio s andif the
firft Magnitude begreater thanthethird, then the
fourth will be greater than the fixth: But if the
firJt be equal to the third, then the fourth will be
equal 1o the fixth y and if the firfi be lefs than ihe
third, the fourth will be lefs than the fixth.

LE T A,B,C, be three Magnitudes,
and D, ﬁ, F), others equal to them
in Number, taken twoand two in each
Order, are in the fame Proportion ; viz.
let AbetoB,asDistoE, and BtoC, as
E toF ; and let the firft Magpitude A be
gﬁﬁr&r than the third C. [ fay, the fourth
is alfo greater thanthe fixth F. Andif
A beequalto C, Disequal toF. But
if A be lefs than C, D is lefs than F.
For, becaufe A is greater thanC,and B
isany otherMagnitude ; and finceagreat-
er Magnitude hath # a greater Proporti-
on to the fame Magnitude, than a leffer
hath, A will have agreater Proportion to
B,than CtoB. Butas AistoB,foisDto
E; and inverlly,asCistoB,fois Fro E.

Therefore alfo D will have a greater Proportion to E,
than F hasto E. Burt of Magnitudeshaving Propor-
tion to the fame Magnitude, that which has

XX,

: For

viding

¥

the greater
» Proportion

14X
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Proportion is * the greater Magnitude. Therefore D
is greater than F. In the fame manner we demonftrare,
if A be equal to C, then D will be alfo equal to F;
and if A be lefs than C, then D will be lefs than F.
Therefore, if there be three Magnitudes, and others
equal to them in Number, which being taken two and
two in each Order, are in the [ame Ratio, if the firfp
Magnitude be greater than the third, then the fourth .
will be greater than the fixth : But if the [ﬁrﬁ be equal
2o the third, then the fourth «will be equal to the fixth
and if the fir[t be lefs than the third, the fourth will be
lefs than tbe fixth; which was to be demonftrated.

PROPOSITION XXI

THEORE M.

If there be three Magnitudes, and others equal to
them in Number, which takei two and two, are
in the Jame Proportion, and the Proportion be
perturbate s if the firft Magnitude be greater than
the third, then the fourth will be greater thanthe
fixths but if the firft be equal to the third, then
is the fourth equal to the fixth s if lefs, lefs,
ET three Magnitudes, A,B, C, be proportional ;

L and others D%E, Fﬁ;qual to Ehempin PI‘?Tumber.'

Let their Analogy likewife be pertur-

bate,viz. asAisto B, o isE to F;and as

BistoC, foisDtoE; if the firft Magni-

tude A begreater thanthe third C, I fay,

the fourth D is alfo greater than the fixth l

F. Andif A be equal to C, then D is
equal to F ; bur if A be lefs than C, then
D is lefs than F. :
For fince A is greater than C,and B is
fome other Magnitude, A willhave *a |
%reater Proportion to B, than C hasto B.
utas Ais toB, fo is E to F; and in-
verlly,asCisto B, foisE to D.” Where-
fore alfo E fhall have a greater Proporti- |
onto F,than Eto D. But that Magnitude |
towhichthefame Magnitude hasagreat- D E F

¥ 10 of eis. er Proportion, is 1 the leffer Magnitude.

by, Thereforg
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Therefore F is lefs than D; and {o D fhall be greater
than F. After the fame manner we demonftrate, if
A be equal to C, D will be alfo equal to F 5 and if A
be lefs than C, D will alfo be lefs than F. If; there-
fore, there are three Magnitudes, and others equal to
them in Number, which taken two and two, are in the
fame Proportion, and the Proportion be perturbate; g
the firft Magnitude be greater than the third, then t

fourth will be greater than the [ixth; but if the ﬁrg:
be equal to the third, then is the fourth equal to t

fixth; if lefs, lefs ; which was to be demonftrated.

PROPOSITION XXIL

THEOREM.

If there be any Number of Magnitudes, and others

"~ equal to them in Number, which taken two and
2wo, are in the fame Proportion; then they
Jhall be in the fame Proportion by Equality.

LET there be any Number of Magnirudes, A, B, C,
and others, D, E, F, equal to them in Number,
which taken two and two, are in the fame Proportion,
that is, as AistoB, fois D to E, andasB is to C,
fois E to F. I fay, they
are alfo proportional béEt}ua-
lity, viz. as A is to C, {ois
to F. :

For let G, H, be Equimul-
tiples ofA',b;, and K, L, any
Equimultiples of B, t; and
likewife M, N, any Equi- A
multiples of C, F. Then, be-
caufeAistoB, asDistoE; GK M H LN
and G, H, are Equimultiples
of A, D; and K, L, Equi-
multiples of B, E; it Hmll
be*asG is o K, fo is H
to L. For the fame Reafon
alfo it will be, as K is to M,
fo is L toN. And fince - |.
there are three Magnitudes
G, K, M, and others H, L, N, equal to rhr:}-n in

Num-

m—
'Tl__

=
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Number, which bﬁ“ﬁ, taken two and two in each
Order, are in the fame Proportion ; if G exceeds M,

# 20 of this. * H will exceed N ; if G be equal to M, then H fhall

be equal to N5 and if G be le than M, H thall be lef
than N. But G, H, are Equimaltiplesof A, D; and
M, N, any other Equimultiples of C and F. Whence,
1095 as Aisto C, {o fhall+ D be to F. Therefore, if
Vi shiveky any Number of Magnitudes, and others equal
2o them in Number, which, taken tavo and twoe, are in
zhe fame Proportion; then they [ball be in the fame Pro-
portion by Equality ; which wasto be demonftrated.

PROPOSITION XXIHT

THEOR E M,

If there be three Magnitudes, and others equal 1o
them in Number, which, taken two and two, -
are in the fame Proportion s and if their Analo-

£y be perturbate, then fhall they be alfo in the
Jame Proportion by Equality,

LET there be three Mag-
nitudes A, B, C, and o- |
thers equal to them in Num- |
ber, D, E, F, which, taken
two and two, arein the fame
Proportion, and their Analo-
gy be perturbare, that is, as A
istoB, fois EtoF: andas A ]
BistoC,foisDtoFE. I fay, .
asAistoC,foisDwoF. CriiEE BT

Forlet G, H, L., be Equi-
muitiples of A, B, D, and ] :
K, M, N, any Equimulti- '

Plesof C'E, F.

Then, becaufe G, H, are
Equimultiples of A and B,
and fince Parts have the fame
Proportion as their like Mulriples, when taken corre-

® 15 oftbis, {pondently, it fhall be*as Aisto B. fo is G o Hj
and by the fame Reafon, as E is to ﬁ, fois M toN.

T ngfrbirBut Ais toB, asE isto F, Therefore, + as G is to
H; fois MmN, Again, begaufe B is to C, as D

is

C

o
B [
7 A
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isto E; and H, L, are Equimultiples of Band D ; as
likewife K, M, any Equimultiples of C, E; it fhall be
'asHwo K, fo is L to M. But it bas been alfo proved,
thatasG isto H, fois Mto N. Therefore, becaufe
' three Magnitudes, G, H, K, and others, L, M, N,
\equal to %em in I‘j umber, which taken two and
two are in the fame Proportion, and their Analogy is

rbate ; then if G exceeds K, alfo L* will exceed * 21 of tbiss
; ‘and if G be equalto K, then L will be equal to
N; and if G be lefs than K, L will likewife be lefs
than N. ButG, L, are Eguimultiples of A,D;and K,
N, Equimultiples of C, F. Therefore,as A is to C, fo
fhall D be to ¥. Wherefore, if there be three Magni-
tudes, and others equal to them in Number, which taken
two and two are in the bj&me Proportion: and if their
Analogy be perturbaze,then (ballthey be aZﬁ in the [ame
Proportion by Equality; which was to be demonftrated.

PROPOSITION XXIV.

THEOREM.

If the firft Magnitude bas the fame Proportion to
the fecond, as the third to the fourth s and if the
fifth bas the fame Proportion to the fecond, as the
Jixth bas to the fourth, then fball the firft, com=
pounded with the fifth,
bave the fame Proportion G
to the fecond, as the third,
compoundedwith the fixth, H
bas to the fourth,

LE T the firft Magnitude A B
have the fame Proportion ro
the fecond C, asthethird DE has B
to the fourth F. Letalfo the fifth E
BG have the fame Proportion to
the fecond C, asthe fixth EH has
to the fourth F. Ifay, AG the
firlt compounded with the fifth,
has the fame Proportion to the
fecond C, as DH the third com-
pounded with the fixih, basto A
the fourth F.

e
<
o

For,
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For, becaufe BG isto C, asEH isto F, it fhall be

(inverlly) as Cisto BG, foisF to EH. Then, fince
ABistoC, as DEistoF; andas €isto BG, foisF

* 2z of this. to E H; it fhall be* by Ecﬁality as ABisto BG,fois
DE to EH. And becaufe agnitudes, being divid

+ 18 of rbis. are proportional, they fhall alfo be { proportional when
compounded. Therefore,as AGistoGB, fois DH

1B toHE: But as GBistto C, fo alfo is HE w F,
Wherefore, by Equality*, it fhallbeas AG is to C,
fois DH to ¥. Therefore, if the firft Magnitude bas
the fame Proportion to the [econd, as the third to the
fourth  and if the fifth bas the [ame Proportion to the
fecond, as the fixth bas to the fourth; then (ball the firft,
compounded with Ibelgfrb, have the fame Proportion to
the [econd, as the third, compounded with rf:;fxr.b, bhas
2o the fourth ; which was to be demonftrated.

PROQPOSITION XXV,

THEORE M.

If four Magnitudes be proportional, the greateft and
the leaft of them willbe greater thanthe other twa.

LET four Magnitudes AB, CD, EF, be proopor-

tional, whereof ABisto CD, asE is to F; ket
AB be the greateft of them,
and F theleatt. 1 fa ,AB,and B
F, are greater than CD and E.

For let AG be equal o E,
and CHtoF. Then, becaufe
ABistoCD,asEistoF; and G
fince AG, and CH, are each
equal to E and F, it fhall be as D
AB is to DC, fo s AG o |
CH. And becaufe the Whole
AB is, to the Whole CD, as the H
Part taken away AG, is 1o the *
Part taken away CH; it fhall

® 1g of this. alf0 be * as the Refidue G B to '
the Refidue HD, fo is the A7 0B TR
Whole AB to the whole CD.
Bur A B is greater than CD; therefore alfo GB fhalt
be greater than HD. Andfince AG is equal to E.
an
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and CH to F, AG and F will be equal to CH and
E. Bur if equal things are added to une%al things,
the Wholes fhall be unequal. Therefore GB, HD,
being unequal, for GB is the greater: If AG,and
F,are added to GB; and CH, and E, toHD; AB
and F will neceffarily be greater than CD and E.
Wherefore, ):’f four Magnitudes be proportional, the
greateft and the leaft of them will be greater than the
oher two; which was to be demonttrated.

Th Enp of the FirTn Boog,

L EUCLID’s
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9 IMIL AR Right-lined Figures are fuch
as bave each of their (everalAngles equal
to one another, and the 8ides about the

equal Angles proportional to each other.

1. Figures are faid to be reciprocal, when the

antecedent and confequent Terms of the Ratios
are in each Figure,

tII. A Right Line is faid to be cut into mean and
extreme Proportion, when the Whole is to the
greater Segment, as the greater Segment is bo
the leffer.

IV. The Altitude of any Figure is g perpendicu-
lar Line drawn from the Top, or Vertex, ta
the Bafe,

V. A Ratio is faid to be compounded of Ratic’s,
when the Quantities of the Ratio’s, being multi-
plied into one another, do produce a Ratio.

PRQO-
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PROPOSITION L

THEORE M,

Triangles and Parallelograms, that bave the famg
: .z?'f!i;ﬂdf, are to each other as their Baﬁ;; &

- ET the Triangles ABC, ACD, and the
Parallelograms, EC, CF, have the fame
Alticude, wiz. the Perpendicular drawn
—wo—® from the Point A to BD. I fay, as the
Bafe BC is to the Bafe CD, fo is the Triangle ABC,
to theyTriangle ACD; and fo is the Parallelogram
E C to the Parallelogram CF. '

For, produce B D both ways to the PointsH and L;
and take G B, G H, any Number of Times equal to
the Bale BC ; and DK, KL, any Number nfgfimr:'s
equal to the Bafe CD ; and join AG,AH,AK,A L.

“'Then, becaufe CB, BG, GH, are equal o one
another, the Triangles AHJG, AGB, ABC, alfo
will be * equal to one another: Therefore the fame « 43, 5,
Moultiple that the Bafe H Cis of BC, fhall the Trian- ~*
gle AHC be of the Triangle ABC. By the fame
Reafon, the fame Multiple that the Bafe LC is of
the Bafe CD, fhall the Triangle AL C be of the T'ri-
angle ACD. And if HC be equal to the Bafe CL,
the Triangle AHC is alfo * equal to the Triangle
‘ALC: Andif the Bafe HC exceeds the Bafe CL,
then the Triangle AHC will exceed the Triangle
ALC. Andif HC belefs, then the Triangle AHC
will be lefs. Therefore fince there are four Magni-
tudes, wiz. the two Bales BC, CD, and the two
Triangles ABC, ACD; and fince the Bafe HC,
and the Trisngle AHC, are Equimulriples of the

ale BC, and the Triangle ABC:" And the Bafe

5L, and the Triangle ALC, are Equimultiples of
the Bafe CD, and the Triangle ADC: And it has

been proved, that if the Bale HC exceeds the Bafe
CL, the Triangle AHC will exceed the Triangle
ALC; and if equal, equal; if lefs, lefs : Then, as

the Baie BC is tothe Bafe CD, fo+ is the Triangle 4 Def s. <,
'fﬁ BC, rto the Triangle ACD. .

- 3 L ﬂ. flnd
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And becaufe the Parallelozram EC is + double to
the Triangle ABC; and the Parallelogram FC dou-
ble + to the Triangle ACD; and Parts have the fame
Proportion as their like Multiples : Therefore as the
Triangle ABC is to the Triangle ACD, fo is the
Parallelogram EC to the Parallelogram CF. And
fo, fince it has been proved, that the Bafe BC is to
the Bafe CD, as the Triangle ABC is to the Tri-
angle ACD; and the Triangle ABC is to the Tri-
angle ACD, as the Parallelogram EC is to the
Parallelogram CF; it fhall be # as the Bale BC is
to the Bafe CD, fo is the Paraliclogtam E C to the
Parallelogram FC. Wherefore Triangles and Pa-
rallelograms, that bave the fame Altitude, are to each
other as thewr Bafes; which was to be demonftrated.

PROPOSETION 1L

THEORE M.

If a Right Line be drawn parallel to one of the
Sides of a Triangle, it fhall cut the Sides of the
Triangle proportionallys and if the Sides of the
Triangle be cut proportionally, then a Right
Line joining the Points of Section, Jhall be pa-
rallel 1o the other Side of the Triangle.

' LET DE be drawn parallel to BC, a Side of

+.37: s

T 75

I 1 qfl'ﬁ."!.

the Triangle ABC. I fay, DB is to DA, as
CE is to EA.

For, let BE, CD, be joined.

"Then the Triangle BDE is * equal to the Triangle
CDE; for they ffand upon the fame Bafe DE, and
are between the¢ fame Parallels DE and BC; and
ADE is fome other Triangle. But equal Magni-
tudes have { the fame Proportion to one and the
fame Magnirude. Therefore, as the Triangle BDE
is to the Triangle ADE, fo is the Triangle CDE
to the Triangle ADE.

But as the Triangle BDE is to the Triangle
ADE, fo+isBDto DA, for fince they have the
fame Aldtude, viz. a Perpendicular drawn from the
Point E to A B, they are 1o each other as their Bafes.
And for the fame Reafon, asthe Triangle CDE is

to
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to the Triangle ADE, fo is CE to EA: And
therefore, as BD is to DA, fo*is CE to EA. *rg
And if the Sides AB, AC, of the Triangle ABC,
be cut proportionally, that is, fo that BD beto D A,
as CEisto EA; and if DE be joined, Ifay, DE is
parallel to BC,
For th= fame Conftrution remaining, becaufe BD
is to DA, asCEistoEA; and BDis+t0 DA, as 1 of ehi
the Triangle BDE is to the Triancle AD E; and
CEisto EA, as the Triangle CDE is to the Tri-
angle ADE: It fhall be as the Triangle BDE is to
the Triangle ADE, fo is * the Triangle CDE to
the Triangle ADE. And fince the Triangles BD E,
CDE, have the fame Proportion to the Triangle
ADE, the Triangle BDE fhall be}equal to the t 3. ¢
Triangle CDE ; and they have the fame Bafe DE -
But equal Triangles b:in% upon the fame Bafe, are t 39. 1.
between the fame Paralle s; therefore DE is parallel
to BC. Wherefore, ifa Right Line be drawwn paral-
lel to one of the Sides of a Triangle, it fball cut the Sides
of the Triangle Prap&rnﬂ:rmf;y; and if the Sides of the
Triangle be cut proportionally, then a Right Line, join-
ing the Points of Seltion, [hall be parallel ro the other
Side of the Triangle; which was to be demnnﬂrattd;

PROPOSITION JII

THEORE M.

If one Angle of a Triangle be bifeited, and the
Right Line that bifets the Angle, cuts the Bafe
alfos then the Segments of the Bafe will bave
the [ame Proportion, as the other Sides of the
Triangle. And if the Segments of the Bafe
bave the fame Proportion that the other Sides
of the Triangle bave; then a Right Line
drawn from the Vertex, to the Point of SecFion
of the Bafe, will bifect the Angle of the Tri-
angle, ;

ET there bea Triangle ABC, and let irs Angle
“{ BAC be * bifected by the Right Line AD, 1*o0.1
fay, asBDistoDC, foisBA to AC.
: L 3 For,
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For, thro’ Cdraw * CE parallel to D A, and pro-
duce B A till it meets CE in the Point E.

Then, becaufe the Right Line AC falls on the
Parallels AD, EC, the Angle ACE will be 1 equal
to the Angle CAD: But the Angle CAD (by the
Hypothefis). is equal to the Angle BAD.. Therefore
the Angle BAD will be equal to_the Angle ACE,
Again, becaufe the Right Line BAE falls on the
Parallels AD, EC, the outward Angle BAD is
4 equal to the inward Angle AEC; but the Angle
ACE has been proved equal to the Angle BAD
Therefore A CE fhall be equal to AEC; and fo the
Side AE is equal # to the Side AC. And becaufe the
Line AD is drawn parallel to CE, the Side of the
Triangle BCE, it fhall be*as BD is to DC, fo is
BA to AE; but AE isequal to AC. Therefore, as
BDistoDC, foist BAw AC.
~ And if BDbe toDC, as BAisto AC; and the
Right Line AD be joined, then, I fay, the Angle
BAC is bifected by the Right Line AD. .

For the fame Conftrution remaining, becaufe BD
istoDC, asBAisto AC; and as B[%is toDC, o
ist BA to AE; for AD is drawn parallel to one
Side EC of the Triangle BCE ; it fhall beas BA is
to AC, fo is BAto AE. Therefore AC is equal
to AE: and accordingly the Angle AEC is equal
to the Angle ECA: But the Angle AEC is equal
* to the ourward Angle BAD and the Angle ACE,
equal * to the alternate Angle CAD. Wherefore
the Angle BAD is alfo equal to the Angle CAD;
and {o the Angle B A C is bife¢ted by the Right Line
AD. Therefore, if the Angle of a Triangle be bi-
felted, andthe Right Line that bifells the Angle, cuts
the Bafe alfo; then the Segments of the Bafe will bave
the [ame Proportion, as the other Sides of the Triangle.
Andif the Segments of rthe B.df bawe the f:me Propor-
tion. that the other Sides of the Triangle have, then 2
Right Line drawn from the Vertex, to the Point of
Section of the Bafe, will bifel the Angle of the Tri-
angle; which wasto be demonftrated. .

PRO-
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PFPROPOSITION 1IV.

THEOREM.

The Sides about the equal Angles of equiangular Tri-
angles, are proportional 5 and the Sides which
are [ubtended under the equal Angles, are bo-
malogous, or of like Ratio,

LET ABC, DCE, be equiangular Triangles,
havinﬁrhe Angle ABC equal to the Angle DCE,

the Angle ACB equal to the Angle DEC, and the
Angle B AC equal to the Angle CDE. 1 {ay, the
Sides that are abourt the equal Angles of the Triangles
ABC, DCE, are proportional ; and the Sides that
are fubtended under the equal Angles, arc homologous,
‘or of like Ratio.

Set the Side BC in the fame Right Line with the
Side CE; and becaufe the Angles ABC, ACB, are
% lefs than two Right A:glcs, and the Angle ACB #* 17, 1,
is equal to the Angle DEC, the Angles ABC, DE G,
are lefs than two Right Angles. And foBA, ED,
produced, will meet +each other; let them be pro- i x. 1z,
duced, and meet in the Point F. "Then, becaufe the
Angle DCE is equal to the Angle ABC, BF thall
be # parallel to DC. Again, becaufe the Angle ACB %28 1
is equal to the Angle DEC, the Side A C will be
parallel to the Side FE; therefore FACD is a Pa-
rallelogram ; and confequently F A is * equal to D C,* 34 1
and AC to FD; and becaufe AC is drawn parallel
to FE, the Side of the Triangle FBE, it fhall { bet 2 of this,
as BA'isto AF, foisBCto CE; and (by Alterna-
tion) as BA is to BC, fo is CD to CE. it ;
becaufe CD is parallel to BF, it fhall be +asBCis
to CE, fo isFIg toDE; bur FD is equal to AC.
Therefore as BC is to Cﬁ, fois$ ACioDE: Andt7 s
fo (by Alternation) as BC 1sto CA, fois CEto ED.
Wherefore,_. becaufe it is demonftrated, that AB is to
BC, asDCis to CE; and as BC is o CA, o is
CE 1o ED; it fhall be * by Equality, as BA is to * 21. §.
AC, fo is CDto DE. Therefore the Sides about
the equal Angles of equiangular Triangles, are propor-
Sional, and the Sides which are fubtended iunder 1he

L 4 fgua‘!
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équal Angles, are bomologous, or of like Ratio; which
was to be demonftrated.

PROPOSITION V.

THEORE M.

If the Sides of two Triangles are proportional,
the Triangles fhall be equiangular 3 and their
Angles, under which the bomologous Sides are

Jubiended, are equal.

ET there be two Triangles, ABC, DEF, hav-
ing their Sides %npmtmnal, that is, let AB be
o BC, as DE is to EF; and as BC o CA, fo is
EFtoFD. AndalfoasBAtwCA, oEDwDF,
I fay, the Triangle ABC is equiangular. to the Tri-
angle DEF; a?&ﬁ the Angles equal, under which the
homologous- Sides are fubtended, wiz. the Angle
ABC equal to the Angle DEFP; and the Angle
BCA equal to the Angle EFD; and the Angle

BAC equal to the Angle EDF.
. For, at the Points E and F, with the Line E F, make
%211  *the ;Lngle FE G, equal to the Angle ABC; and the
Angle EF G, equal to the Angle BCA: Then the re-
T Core 32 3. maining Angle BAT is 1 equal to the remaining

Angle EGF.

End fo the Triangle ABC is equiangular to the
Triangle EGF; and confequently the Sides that are
fubtended under the equal Angles, are proportional,
$ 4o this. Therefore, as AB is 0 BC, fois+ GEto EF; but
as ABistoBC, fois DE to EF: Therefore,as DE
®11.5. istoEF, 0 is*GE to EF. And fince DE, EG,
t9.5.  have the fame Proportion to E F, DE fhall be + equal
to EG. For the fame Reafon, DF is equal to FG;
but EF is common. Then, 'Elecaufc the two Sides
DE,EF, are equal to the two Sides GE, EF, and
the iiiai'e DF is equal to the Bafe F G, the Angle
{81,  DEF is 3 equal tothe Angle GEF; and the Trian-
gle DEF equal to the Triangle GEF; and the
other Angles of the one, equal to the other Angles of
the other, which are fubtended by the equal Sides,
Therefore the Angle DEF is equal to the Angle
GEF, and the Angle EDF equal to the éagfl‘ﬂ

i
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EGF. And becaufe the Angle DE F is equal to the
Angle GEF; and the Angle GEF equal to the
Angle ABC; therefore the Angle ABC fhall be
alfo equal to the Angle FED: For the fame Reafon,
the Angle A CB fhall be equal to the Angle DFE;
as alfo the Angle A equal to the Angle D; there-
fore the Triangle ABC will be equiangular to the
Triangle DEF. Wherefore, if the Sides of two Tri-
angles are proportional, the Triangles [ball be equian-
gular; and their Angles, under which the bomologous
Sides are [ubtended, ave equal; which was to be de-
monftrated.

PROPOSITION VL

"FREEORE M.

if twoTriangles bavve onedngle of the one, equal to
one Angle of the other 5 and if the Sides about the
ggual Angles be proportional, then the Triangles
are equiangular, and bave thfe Angles equal,
under which are fubtended the bomologous Sides.

ET there be two Triangles ABC, DEF, having
one Angle BAC of the one equal to the Angle

E DF of the other; and let: the Sides about the equal
Angles be proportional, pis. let AB be to AC, as
ED is o DF. [ fay, the Triangle ABC is equian-
gular to the Triangle DEF; and the Angle ABC
equal to the Angle DEF; and the Angle ACB
equal to the Angle DFE.

For at the Points D and F, with the Right Line*23. r.
DF, make * the Angle FDG equal to either of the
Angles BAC, EDF; and the Angle DFG equal
to the Angle ACB. i

Then the other Angle B is 1 equal to the otherf Cer. 32. T-
Angle G ; and fo the Triangle ABC' is equiangular
to the Triangle DGF; and confequently, as BA is
to AC, fo is3GD o DF: Buc (by the Hyp.) ast4of biv
BA is to AC, foisEDtw DF. Therefore, as ED
is* o DF, foisGDto DF; whence ED is + equal T 11 5+
to DG, and D F is common; therefore the two Sides T 9" 5*
ED, DF, are equal to the two'Sides GD, DF;
and the .P:ngle EDF, equal to the Angle GDF:

n-ll.
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Confequently the Bafe EF is * equal to the Bale FG, |

and the Triangle DE F equal to the Triangle GD F:
and the other Angles of the one equal to the other An-
gles of the other, each to each; under which the

equal Sides are {ubtended. Therefore the Arigle DFG
is equal to the Angle DFE, and the Angle G, equal
to the Angle E; but the Angle DF G is equal to'the
Angle ACB: Wherefore the Angle ACB is equal to

the Angle DFE ; and the Angle BAC is # alfo equal
to the Angle EDF: Therefore the other Angle at
B is equal to the other Angleat E; and {o the '%rian—
gle A B C is equiangular to the Trianfle DEF. There-
fore, if two Triangles bave one Angle of the one, equal
20 one Angle of the other; and if the Sides about the
equal Angles be prﬂﬁarrfmmf, then the Triangles are
equiangular, and bave thofe Angles equal, under
which are fubtended the homologous Sides; which was
to be demonftrated.

PROPOSITION VIL

THEOR E M.

df there are twoTriangles, baving one Eﬂglé of the |

one equal to one Angle of the other, and the Sides
about other Angles proportionaly and if the re-
mawning third Angles are either both lefs, or both
not lefs, than Right Angles, then fhall the Trian-
Zles be equiangular, and bave thofe Angles equal,
about which are the proportional Sides. |

LET two Triangles ABC, DEF, have one An-
gle of the one equal to one Angle of the other,
@viz. the Angle BA C equal to the Angle EDF; and
let the Sides about the other Angles ABC, DEF,
be proportional; wiz. asDE is to EF, fo let AB
be to BC; and let the other Angles at C and F, he
both lefs, or both not lefs, than Right Angles. I fay,
the Triangle ABC is equiangular to the Triangle
DEF; and the Angle ABC is equal to the Angle
DEF; as alfo the other Angle at C equal to the
other ﬁmgle at F.
__ For, if the Angle ABC be not equal to the Angle
DEF, one of them will be the greater, WhiChAEBt 3&
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ABC. Then at the Point B, with the Right Line
%BﬁFmake * the Angle ABG ecqual to the Angle*23 1.

i Now, becaufe the Angle A is equal to the-An%]e

D, and the Angle ABG, equal to the Angle DEF; ,
the remaining Angle AGB is 1 equal to the remain- Cor. 32. 1.
ing Angle DFE: And therefore the Triangle ABG

1s equiangular to_the Triangle DEF; and fo,as AB ,
isto BG, o is+DE to EF; but as DE isto EF, 1 49 this
fo is* AB to BC. Therefore as ABisto BC, fo is * By Hyp.
AB to BG; and fince AB has the fame Proportion

to BC that it has to BG, BC fhall be { equal to tg. 5
BG; and confequently the Angle at C equal to the

Angle BGC. herefore each of the Angles BCG,

or BGC, is lefs than a Right Angle; and confe-
ﬂt};ent]}f, AGRB is greater than a Right Angle. But

the Angle AGB has been proved equal to the Angle

at F; therefore the Angle at F, is greater than a

Right Angle: Bur (by the Hyp.) it is not greater,

fince C is not greater than a Right Angle, which is

abfurd. Wherefore the Angle ABC is not unequal

to the Angle DEF; and fo it muft be equal to the

fame; buc the Angle at A is equal to that at Dj;
wherefore the Angle remaining at C is equal to the
remaining Angle at F; and confequently the Triangle

ABC is equiangular to the Triangle DEF. There-

fore, if there are two Triangles having one Anugle of

the one equal to ome Angle of the other, and the Sides

about other Angles proportional; and if the remaining

third Angles are either both lefs, or both not lefs,than

Right Angles, then [ball the Triangles be equiangular,

and bave thofe Angles equal, about which are the pro-
portional Sides;, which was to be demonftrated.

PRO-
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PROPOSITION VIIL :

THEOREM. Angled

If a Perpendicular be drawn, in a Right-Husd- |

- Tria#gfe,q‘frﬂm the Right Angle to the Bafe,
then the Triangles on each Side of the Perpen-
dicular are fimilar both to the Whole, and alfo

to one another,

LET ABC be a Right-angled Triangle, whofe
Right Angle is B.F'.-.CE; and let the Perpendicular
AD be drawn from the Point A to the Balfe BC. I
fay,.the Triangles ABD, ADC, are fimilar to one
another, and to the whole Triangle ABC. '
For, becaule the Angle BAC is equal to the Angle
A DB, for each of them is a Right Angle; and the
. Angle at B is common to the two Triangles ABC,
® Cor. 32, 1. ABD, the remainin An le ACB fhail be * equal to
the remaining Angle BAD. Therefore the Triangle
ABC is equiangular to the Triangle ABD; and fo
+ 4 of this. as + BC, which fubrends the Right Angle of the Tri-
angle ABC, is to BA, fubtending the Right Angle
of the Triangle ABD, fo is AB, Fubtending the An-
18315 C of the Triangle ABC, to DB, fubtending an
ngle equal to the Angle C, wiz. the Angle BAD,
of the Triangle ABD.  And fo morcover is AC to
AD, fubtenging the Angle B, which is common to
the two Triangles. Therefore the Triangle ABC
1 Def. 1 of i3 # equiangular to the Triangle ABD; and the Sides
vhis, about the equal Angles are proportional. “Wherefore
the Triangle ABC is # {imilar to the Triangle ABD.
By the fame way we demonftrate, that the Triangle
ADC is alfo fimilar to the Triangle ABC. Where-
fore each of the Triangles ABD, ADC, is fimilar to
the whole Triangle.
hI fay, the faid Triangles are al{o {imilar to one ano-
ther.
For, becaufe the Right Angle BD A is equal to the
Right Angle ADC, and the Angle BAD has been
proved equal to the Angle C; it follows, that the re-
maining Angle at B fhall be equal to the remaining
Angle DAC. And fo the Triangle ABD is equi-
angular
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angular to the Triangle AD C. Wherefore, as + BD, +4 of this
fubtending the Angle BAD of the Triangle ABD,
isto DA, fubtending the Angle at Cof the Triangle
ADC, which is equal to theAngle BAD; fois AD,
fubtending the Angle B of the Triangle ABD, to
D%.fubtending the Angle D AC, equal to the An-
gleB. And mareove;s ois BA to AC, fubtending

the Right Angles at D; and confequently the Tri-

e E B D is fimilar to the Triangle ADC. Where-
fore, if a Perpendicular be drawn, in a Right-angled
Triangle, from the Right Apngle to the Bafe, then the
Triangles on each Side of the Perpendicular are fimilar
both to the Whole, and alfo to one another;, which was
to bé demonftrated.

Coroll. From hence it is manifeft, that the Perpendi- %4. B AD AL
cular drawn in a Right-angled Triangle from the ;.. 8@ 34..44.30
Right Angle to the Bale, is a mean Proportional Tl A
between the Segments of the Bafe. Moreover, ei- a7 3¢ ACAC DL

ther of the Sides containing the Right Angle, is a
mean Proportional between the whole Bafe, and that
Segment thereof which is next to the Side.

PROPOSITION IX

ProBLEM.

To cut off any Part required from a given Right
' Line. -

LET AB be a Right Line given; from which muft
be cur off any required Part; fuppofe 2 third.
Draw anK Right Line AC from_ the Point A,
making an Angle at Pleafure wich the Line AB.  Af-
fume any Part D in the Line AC; make* DE, EC, * 3. 1.
each equal to AD; join BC; and draw  DF thro’ t31. 1.
D, parallel to BC.
hen, becaufe FD is drawn parallel to the Side
BC of the Triangle ABC, it fhall be + as CD is{ z of chisy
to DA, fo is BF to FA. But CD is double to
DA. Therefore BF fhall be double to FA; and
fo BA is triple to AF. Wherefore there is cut off
AF, a third Part required of the given Right Line
AB; which was to be done.
PRO-
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PROPOSITION X

Pz nigie g
To divide a given undivided Right Line, as ang- i
 other given Right Line is divided, o

[ET AB be a given undivided Right Line, and

AC adivided Line. It is required to divide AB, Rt

as A C is divided. :
Let A C be divided in the Points Dand E, and fo
laced, as to contain any Angle with AB. Jointhe =
E’oints_ Cand B; thro’ Dand E let DF, EG, be =
drawn * parallel to BC; and through D draw DHK, =
parallel to AB. : i
‘Then FH, HB, are each of them Parallelograms;

and foDHis + equal o FG,and HK to GB.  And =

becaufe HE is drawn parallel to the Side KC, of the =

Triangle DKC, it fhallbe$asCE is toED, fo is

KHto HD. But KH is equal to BG, and HD to
GF. Therefore, as CEistoED, foisBG toGF. =
Again, becaufe FD is drawn parallel to the Side EG,
of the Triangle AGE, asE]B is to DA, fothall§ =

GFbeto FA. Butit has been proved, that CE s

to ED as BG is to GF. Thercfore, as CE is to |

ED, fois BGtoGF; and as ED is to DA, fo
1sGF to FA. Wherefore the given undivided Line
AB is divided as the given Line ACis; awhich was
20 be dowe. ' ' & |

PROPOSITION XL

ProRLEM.

Two Right Lines being given, to find a third
Proportional to them. = "

LET AB, AC, be two given Right Lines, fa
~ placed, 25 to make any Angle with each other.
It is required to find a third Proportional to A B, AC.
Produce AB, AC, to the Points D and E; make
BD eﬁual to AC; join the Points B, C; and draw
* the Right Line DE thro’ D paraliel o BC. -
| Then,
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Then, becaufe BC is drawn parallel to the Side
DE, of the Triangle ADE, it thall be*as ABis to * 2 o téins
BD, fois ACto CE. But BD is equal to AC.
Hence, as ABisto AGC, fo is AC to CE. There-
fore a third Proportional CE is found to two given
Right Lines AB, AC; which was to be done.

PROPDSITION “XII

ProBL E M.

Fhree Right Lines being given, to find a fourth
Proportional to them.

ET A, B, C, bethree Right Lines given. It is
* required to find a fourth Proportional to them.

Let DE and DF be two Right Lines, making any
Angle E D F with each other. Now make D G equal
0 A, GE equal to B, DH equal to C ; and draw the
Line GH, asalfo+ E F thro’ E, parallel to G H. T3k 1

Then, becaufe GH is drawn parallel to EF, the
Side of the Triangle DEF, it thall be as DG is to
GE, foisDHtwoHF. But DG is equal o A, GE
toB, and DH o C. Cnni'equentlz, as Aisto B: fois
Cto HF. Therefore the Right Line HF, a fourth
Proportional to the three given Right Lines A, B, C,
is found ; which was to be done. A

PROPOSITION XIIL

ProBLEM.

90 find a mean Proportional between two given
Right Lines. '

ET the two given Right Linesbe AB, BC. It
4 s required to find a mean Proportional between
them. Place AB, BC, in a direct Line, and on the
Whole A C defcribe the Semicircle AD C, and * draw # 11. 1
BD ar Right Anglesto AC from the Point B, and
let AD, DC, be joined.
Then, becaufe the Angle ADC, in a Semicircle,
js + aRight Angle ; and fince the Perpendicular DB is f 31. 3
drawn t%{_}m the Right Angle to the Bafe; I:hercFDnré:
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DB is*a mean Proportional between the Seg-
ments of the Bafe AB, BC. Wherefore, a mean
Proportional between the two given Lines AB, BC,
is found ; awhich twas to be done.

PROPOSITION XIV,

THEOREM.

Equal Parallelograms, baving one Angle of the one
equal 1o one Angle of the other, have the Sides
about the equal Angles reciprocal 5 and thofe
Parallelograms that have one Angle of the one
equal to one Angle of the other, and the Sides
that are about the equal Angles reciprocal, are
equal between themfelves.

ET AB, BC, be equal Parallelograms, having the
Angles at B equal; and let the Sides DB, BE, be
in one firait Line; then alfo will * the Sides F B, EG,
be in one ftrait Line. 1{ay, the Sides of the Parallelo-
grams AB, BC, that are about the equal Angles, are
reciprocal ; that is;as DBisto BE, fois GBto BF.
or, let the Parallelogram FE be completed.

Then, becaule the Parallelogram AB is equal to
the Parallelogram BC, and FE is fome oth;qparal-
lelogram ; it fhallbeas AB is to FE, fo istBC 1o
FE: butas AB isto FE, fois$ DBro BE; and
as BC is to FE, fo is GB to BF. Therefore, as
DBisto BE,fois GB to BF. Wherefore theSides
of the Parallelograms AB, BC, that are about the
equal Angles, are reciprocally proportional.

‘And if the Sides that are about the equal Angles, are
reciprocally proportional, wiz. if BD be to BE, as
GBisto BF; I fay, the Parallelogram AB is equal
to the Parallelogram BC.

For, fince DBisto BE,asGBisto BF; and DB
to BE, as the Parallelogram AB # to the Parallelo-

ram FE; and GB # to BF, as the Parallelogram

C to the Parallelogram FE; it fhallbe as AB isto
FE, fo is BC to FE. Therefore the Parallelogram
AB is equal ro the Parallelogram BC. And fo equal
Parallelozrars, having one Angle of the one equalto one
Angle of the orber, have the Sides about the equal An-

gles
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gles reciprocal; and thofe Parallelograms that bawve one
Angle of the one equal to one Angle of the other, and the
Sides that are about the equal Anglereciprocal, are equal
between themfelves ; Which was to be dgmﬂnftratﬂ -

PRQPQSITION XV,

THEOR E M.

Eqgual Triangles, baving oneAngle of the one equal
to one Angle of the other, bave their Sides about
the equal Angles reciprocal’y and thofe Friangles
that bave one Angle of the one equal to one An-
gle of the other, and bave alfo the Sides about

the equal Angles reciprocal, are equal beiwween
themfelves. jorgl

ET the equal Triangles ABC, ADE, have one
Angle of the one equal to one Angle of the other,
viz. the Angle B ACequalto the Angle D AE. I fay,
the Sides about the equal Angles are reciprocal ; that is,
as CAisto AD, fois EAt AB.
For, place CA and AD in one ftrait Line, then
E A and A B fhall be*alfo in one ftrait Line, and let * 14- -
BD be joined. Then, becaufe the Triangle ABC is
equal to the Triangle ADE, and ABD is fome other
Triangle, the Triangle CAB fhall be +to the Tri- 17 5
angle BAD, as the Triang}e ADE is to the Tri-
angle BAD. Bur, as the Triangle CAB is to the ,
Triangle BAD, foisCAtto Af)-, and as the Tri- ¥ 1 & i
angle EAD is to the Triangle BAD, fot+is EAto
A E Therefore, as CA isto AD, fois EA 1o AB.
Wherefore the Sides of the Triangles ABC, ADE,
about the equal Angles, are reciprocal. e
. And, if the Sides about the'equal Angles of the
Triangles ABC, ADE, be re::ilpmczil, viz. if CA
be to AD asEAis to AB; 1 fay, the Triangle
ABC is equal to the Triangle ADE. = '
For, again let BD bejoined. Then, becaufe C A
" isto AD, asEA is to AB; and CAto AD4, as the
Triangle ABC to the Triangle BAD; and E A 1o
AB%, as the Triangle EAD to the Triangle BAD,
therefore, as the Triangle ABC is to the Triangle
BAD, {0 thall the Triangle EAD be to the Triangle
e M BAD.
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BAD. Whence the Triangles ABC, ADE, have
the {ame Proportion to the Triangle BAD: And {o
the Triangle ABC is equal to the Triangle A DE.
'Therefore fqu Triangles, baving one Angle of the
one equal to ome Angle of the other, bave their Sides
about the equal Augles recipracal 5 and thofe Triangles
that bave ene Angle y the one equal to one Angle of
the other, and bave alfv the Sides about the equal An-

gles recipracal, are equal between themfelves ; which

was to be demonftrated.

PROPOSITION XVIL

THEOR EM.

If four Right Lines be proportional, the Reftangle
contained under the Extremes is.equal to the
Rettangle containedunder the Means s andif the
Reétangle contained under the Extremes be equal
to the Reflangle contained under the Means,
then are the four Right Lines proportional.

LET four Right Lines AB, CD, E, F, be pro- -

portional, fo that AB be toCD, as E is to F.
I fay, the Reftangle contained under the Right Lines
ABand F, is equal to the Reétangle contained under
the Right Lines CD and E.

For, draw AG, CH, from the Points A, C, at
Right Angles to AB and CD ; and make AG equal
to F, and CH equal to E; and let the Parallelograms
BG, DH, be completed.

Then, becaufe AB isto CD, asE is to F,and fince
CHisequal o E, and AG toF, itfhall beas AB
isto CD, fois CH to AG. Therefore, the Sides that
are abour the equal Angles of the Parallelograms BG,
DH, are reciprocal ; au%i fince thofe Paiallelograms are

® 34 of this, equal®, that have the Sides about the equal Angles
reciprocal, therefore the Parallelogram BG is equel

to the Parallelogram DH. But the Parallelogram

BG is equal to that contained under AB and F; for

- AG isequal to F, and the Parallelogram DH equal

& 1o that contained under C D and E, fince CH is equal

:j toF.. Therefore the Rectangle contained under A B
and F, is equal to that contained under C D and% :

¢
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And if the Rectangle contained under AB and F,
be equal to the Rectangle contained under CD and
E; I fay, the four Right Lines are Proportionals, wiz.
asABistoCD, foisEto F. :

For the fame Conftruétion remaining, the Rectan-
gle contained under AB and F, is equal to that con-
tained under CD and E; but the Reétangle con-
tained under ABand F, is the Rectangle BG; for
AG is equal to F: And the Rectangle contained un-
der CDand E, is the Rectangle DH; for CH is
equal to E. Therefore the Paral!elogram BG fhall
be equal to the Parallelogram D H, and they are equi-

ular; but the Sides of equal and equiangular Pa-

rallelograms, which are about the equal Angles, are , B
* reciprocal. Wherefore, as ABisto CD, fo is CH * ™ ¢ 1.
to AG; but CH is equalto E,and AG to F; there- |
fore, as AB is to CD, fo isEto F, Wherefore, if
four Right Lines be proportional, the Rectangle contain-
ed under the Extremes, is Eﬁlmf to the Reétangle contain-
ed under the Means , and if the Rectangle contained un-
der the Extremes be equal to the Rectangle contained un~
der the Means, then arve the four Right Lines propors
tional ; which was to be demonttrated.

PROPOSITION XVIL

THEORE M.

¥ three Right Lines be proportional, the Reflangle
contained under the Extremes, is equal to the
Squareof the Mean s and if the ReClangle under
the Extremes be equal to the Squareof the Mean,
then the three Right Lines are proportional.

ET there be three Right Lines A, B, C, pro-
portional ; andlet Abero B, as B is to C. 1
fay, the Rectangle contained under A and C, is equal
to the Square of B. ER)

For, make D equal to B.

Then, becaufe A is to B, as B is to C, and B is
equal to D, itfhallbe*as Aisto B, fo is D 0 C. ¢4 4
But, if four Right Lin>s be Proportionals, the Re&tan- =
ﬁe conrained under the Exiremes is + equal to the | 16 of ehise
ectangle under the Means. Therefore the Rectan-

Mz gle
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gle contained under A and G, is equal to the Reétan-
gle under Band D; bur the Rectangle under B and D
15 equal to the Square of D; for B is equal te D. W here-
fore the Redtangle contained under A, C, is equal to
the Square of B. ;

And, if the Rectangle contained under A, C, be equal
to the Square of B; [fay, as AistoB, fois Bro C.

For the fame Conftruétion remaining, the Rectan-
El-:"comained under A and C, isequal to the Square of

5 but the Square of B is the Reétangle contained un-

der B, D; for B is equal to D; and the Recangle con-
tained under A, C, fhall be equal to the Rectangle
contained under B, D.  But if the Rectangle contain-
ed under the Exiremes, be equal to the Rectangle
contained under the Means, the four Right Lines
fhall be + Proportionals. Therefore A is to B, as D
isto C; but B is equal to D.  Wherefore A is to B,
asBisto C. Therefore, if three Right Lines be pro-
partional, the Reftangle contained under the Extremes,
is equal 1o the Square of the Mean ; and if the Re&an-
gle wnder the Extremes, bs equal to the Square of the
Mean, thew the three Right Lines are proportional,
which was to be demonitrated.

PROPOSITION XVIIL

PrRoBLEM,

Upon a given Right Line, to defiribe a Right-
lined Figure, fimilar, and fimilarly fituate, to a
Right-lined Figure given,

JET AB be the Right Line given, and CE the

Right-lined Figure. It is réquired to defcribe
upon the Right Line AB a Figure fimilar, and fimi-
larly fituate, to the Right-lined Figure CE.

Join DF, and make*at the Poinis A and B, with
the Line AB, the Angles G A B, ABG, each equal
to the Angles C and CDF. Whence the other in—
gle CFD istequal to the other Angle AGB; and
{o the Triangle FCD is equiangular to the T'riangle

GAB; and confequently, as FD is B, fo is
£FCt0 G A; and o js %‘D ta?"ﬁﬁggin:mak:
the Angles BGH, GBH, at the Poings B and G,

' with
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with the Right Line BG, each equal to the Angles
EFD, E [SF; then the remaining Angle at E, 15+ 1 Core32.7.
agual to the remaining Angle at H. Therefore the

riangle ¥ DE is equiangular to the Triangle GBH;
and confequently, asFD is to GB, fo is+ FE to {4 o b
GH; and fo ED ro HB. Bur it has been proved,
that FD is to GB, as FCisto G A, andas CD to
AB. And therefore, as FCisto AG, fois*CD to# 115
AB; and fo FEtw GH; and o EDto HB. And
'hecalﬁf:: the Angle CF D is equal to the Angle AG B;
and the Angle DFE equal to the Angle BGH; the
whuie Angle CFE fhall be equal to the whole Angle
AGH. ﬁ}r the fame Reafon, the Angle CDE is
equal to the Angle ABH ; and the Angle at C equal
to the Angle A ;and the Angle E equal to the Angle H.
Therefore the Figure A C is equiangular to the E‘igurﬁ
CE; and they have the Sides abour the equal Angles
prc{:_]forriﬂnal. Confequently, the Right-lined Figure
AH will be + fimilar to the Right-lined Figure CE. ‘F;’_:::'*-'ﬁ Y
Therefore there is defcribed upon the given Right'™"
Line A B, the Right-lined Figure AH, fimilar, and
fimilarly fituate, to the given Right-lined Figure CE ;
wwhich was to be done, |

PROPOSITION XIX

THEOREM,

Similar Triangles are in the duplicate Proportion
of their bomologous Sides.

: LET ABC, DEF, be fimilar Triangles, ‘having
A4 the Angle B equal to the Angle E; and let AB
~ be to BC, a8 DE is to EF, (o that BC be the Side
homologous to EF. I fay, the Triangle ABC, to
the Triangle DEF, has a duplicate Proportion to
that of the Side BC to the Side EF.
.~ For, take* BG a third Proportion to BCand E F; * 11 of e
. thatis, let BC be to EF, as EF is to BG; and join GA.
' Then, becaufe ABis to BC, as DEis o EF; it
* fhall be (by Alternation) as AB is to DE, fo is BC
- 40EF; butasBC istoEF, {ois EFtoBG. There-
. fore, as AB is to DE, fo is+ EF to BG; confe- 1 1%- &
~ quently, the Sides that are about the cqual Angles of
e M 3 the
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the T'riangles A BG, D EF fare reciprocal : But thofe

Triangles that have one Angle of the one equal to one

Angle of the other, and the Sides abour the equal An-

} 15 of 1274 ples reciprocal, are # equal.. ‘Therefore the Triangle
ABG is equal to the Triangle DEF; and becaufe BC

~ isto EF, asEF is to BG, and if three Right Lines

Dif 10, 5. be proportional, the firft has * a duplicate Proportion to
the third, of what it has to the fecond, BC to BG

fhall have a duplicare Proportion of that which BC

hasto EF; and as BC is to BG, fo is the Trian le

ABC tothe Triangle ABG ; whence the Triangle ABC

bears to the Triangle ABG 4 duplicate Proportion to

what BC dothto EF . but the Triangle ABG is equal

to the Triangle DEF. Therefore the Triangle ABC,

to theTrian%}c DEF,(hall bein the duplicate Proportion

of that which the Side B C hasrothe Side EF. Where-

fore [imilar Triangles are in the duplicate Proportion of |

their homologous Sides 5 which was to be demonitrared.

Coroll. From henceit is manifeft, if three Right Lines
be proportional, then, as the firft is to the third, fo
is a Triangle made upon the firft to a fimilar, and
{imilarly defcribed Triangle upon the fecond: Be-
caufe it has been proved, as CB is to BG, foisthe
Triangle ABC to the Triangle ABG, that is, to
the Triangle D EF ; which was to be demonfirated.

PROPOSITION XX,
i THEORE M. |
Similar Polygons are divided into fimilar Trian-
gles, equal in Number, and ham logous to the
Wholes; and Polygon to Polygon, is in the du~ |
plicate Proportion of that which gne bomologous |
Side bas to tbe other. ) o

LE T ABCDE, FGHKL, be fimilar Polygons;and §
let the Side A B be homologous to the Side ¥ G. |
I fay, the Polygons ABCDE, F¥GHKL, are divided
into equal Numbers of fimilar T'riangles, and homolo-+
Tg::&s to the Wholes ; and the Polygon ABCDE, to the:
Polygon FGHKL, is in the duplicate Proportion ofl
ghat which the Side AB has to the Side FG.

¥or, It BE,EC,GL, LH, be joined. _

| Then,)
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Then, becaufe the Polygon ABCD E is fimilar to
the Polygon FGHKL, the Angle BAE is equal
to the Angle GFL; and BA isto AEas GFis
to FL. Now, fince ABE, FG L, are two Triangles,
having one Angle of the one equal to one Angle of the
other, and the Sides abnur:e::]he equal Angles pro-
portional ; the Triangle ABE will be * equiangular ¥ 6 of rbis.
to the Triangle FGL; and alfo fimilar ro it
Therefore the Angle ABE is equal to the Angle FGL ;
but the whole Angle ABCis + equal to the whole T.0¢ %
Angle F GH, becaufe of the Similarity of the Poly- gl
gons. Therefore the remaining Angle EBC is
equal to the remaining Angle LGH: And fince,
( by the Similarity of the Triangles ABE, FG L) as
EBistwBA, foisLG to GF: And fince alfo, by
the Similarity of the Polygons, ABis o BC, asFG
is to G H it fhall be 4 by Equality of Proportion, as faa 5y
"EB istoBC, fois LG to G[g: that is, the Sides
about the equal Angles EBC, LG H, are propor-
tional. Wherefore the Triangle EBC is equiangular
to the Triangle LG H; and confequently alfo fimilar
to it. For the fame Reafon, the Triangle ECD is
likewife fimilar to the Triangle LHK ; therefore the
fimilar Polygons ABCDE, FGHK L, are divided
into equal Numbers of fimilar Triangles.
I fay, they are alfo homologous to the Wholes,
that is, That the Triangles are proportional ; and the
Antecedentsare ABE, EBC, ECD; andtheir Con-
fc%uents FGL, LGH, LHK. And the Polygon
ABCDE, to the Polygon FGHLK, is in the dupli-
cate Proportion of an homologous Side of theone, to
an homologous Sideof the other, thatis, A BtoF G
For, becaufe the Triangle ABE is fimilar to the
Triangle FG L, the Triangle ABE fhall be* to the * 29 of thiss
Trianole FG L, in the duplicate Proportion of BE
to G L: For the fame Reafon, the Triangle BEC,
to the T'riangle G L H, is*ina duplicate Proportion
of BE to Gi: Therefore the Triangle ABE istto T 1r 5
the Trianéle FGL, as the Triangle BECis to the
Triangle GLH. Again, becaufe the Triangle EBC
is fimilar to the Triangle LG H; the Triangle EB C,
to the Triangle L. G H, fhall be in the du]f{licate Pro-
Elartinn of the Right Line CE ro the Right Line
1L and fo likewife the Tﬁmglﬂ ECD, to the Tri-
: 4

angle
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angle LHK, fhall bein the duplicate Proportion of
'Cni ro HL. Therefore the Triangle BEC is ro
the Triangle LG H, as the Triangle CED is to the
Triangle LHK. Bur it has, been proved, that the
Triangle EBC is to the Triangle LGH, as the
Triangle ABE is to the Triangle FGL: There-
fore, asthe Triangle ABE is to the Triangle FGL,
{ois the Triangle BEC to the Triangle GHL ; and
fo is the Triangle ECD tothe Triangle LHK. But
as one of the Antecedents is to one of the Confe-
quetits, fo are4all the Antecedents to all the Confe-
%I:IEHI'S. Wherefore, as the Triangle ABE is to the
Iriangle FG L, {o is the Polygon ABCDE to the
Polygon FGHK L: But the Triangle ABE, to the
Triangle FG L, is in the duplicate Proportion of the
homologous Side AB to the homologous Side FG 5
for fimilar Triangles are in the duplicate Proportion
of the homologous Sides. Wherefore the Polygon:
ABCDE, to the Polygon FGHKL, is in the du-
plicate Proportion of the homologous Side AB tg
the homologous Side FG. Therefore fimilar Poly-
gons are divided into fimilar Triangles, equal in Num-
ber, and homologous to the Wholes; and Polygon to
Polygon, is in the duplicate Pr:gearrim;_ of that which
one bamologous Side bas to he other ; which was to be
demonftrated. e A

It may be demonftrated after the fame manner, that
fimilar quadrilateral Figures are to each other in the
duplicate Proportion of their homologous Sides; and
this has been already proved in Trriangles. ;

Coroll. 1. Therefore univerfally fimilar Right-lin'd Fi-
glires are to one another in the duplicate Propor-
tion of their homologous Sides; and if X be taken
a third Proportional to AB and FG, then AB will
have to X aduplicate Proportion of that which AB
has to F G; and a Polygon to a Polygon, andaqua-
drilateral Figure to a quadrilateral Figure, will be in
the duplicate Proportien of thar which one homo-
logous Side has to the other; thatis, AB to FG;
bur this has been proved in Triangles.

2. Therefore univerfally it is maniféft, if three Right
Linies be proportional, asthe firft is to the third, fo
is & Figure defcribed upon the firft, to a fimilarand
’ ' fimilarly



Book V1. Euclid’'s ELEMENTS. 171

fimilatly defcribed Figure on the fecond ; which
‘was to be demonftrated.

PROPOSITION XXI.
THEORE M.

' ,Flz'gﬂrﬂ that are fimilar to the fame R.{g&:.‘[jmg
Figure, are alfo fimilar to one another,

J ET cach of the Right-lined Figures B, be fi-
milar to the Right-lined Figure C. fay, the

_ igh:-lﬁne:d Figure A 1s alfo fimilar to the Right-lin’d

Figure B.

. For, becaufe the Right-lined Figure A is fimilar to
she Right-lined Figure C, it fhall be * equiangular * 1 D &
thereto; and the Sides about the equal Angles pro-
portional. Again, becaufe the Right-lined Ficure B *
s fimilar to the Right-lined Figure C, it -fhall * be
gquiangular thereto; and the Sides about the equal

Angles will be proportional. Therefore each of the
Righe-lined Figures A, B, are equiangular o C, and
they have the Sides about the equal Angles propor-

tional. Wherefore the Right-lin’d Figure A s equian-

gular to the Right-lin’d Figure B; and the Sides about \
the equal Angles are proportional ; wherefore A is fi-

milar to B; which was 10 be demonftrated.

PROPOSITION XXII

THEOREM,.

If four Right Lines be proportional, the Right-
linedFigures, fimilar and fimilarly defiribed up-
on them, fhall be proportional 5 and if the fimi-
lar Right-fin’d Figures fimilarly defiribed upoy,
the Lines, be proportional, then the Right
Lines fhall be alfo proportional,

J ET four Right Lines AB, CD, EF, GH, be

" proportional; and as AB isto CD, folet EF

be toGH. .

. Now, let the {imilar Figures KAB, L'C D, be fi-

gnilarly defcribed * upon AB, CD; and the Fﬁmit:ar ¥ 13 of thiv.

; : igures
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Figures MF, N H, fimilarly defcribed upon the Right
Lines EF, GH. 1 fay, as the Right-lined Figure
K AB is to the Right-lin’d Figure LCD, fo is the
Right-lin'd Figure MF to the Right-lined Figure NH.
® 11ofebis.  For, take * X a third Proportional to AB, CD; and
O a third Proportional to EF, G H.
Then, becaufe AB isto CD,as EF isto GH, and
tz25 asCD s X, fo is GH toQj; it fhall be+ by
Equaiiarﬂf Proportion, as AB isto X, 0is EF 10 O.
1 Cor. 0. But ABisto X, as the Right-lin’d Figure KABis+to |
o i the Right-lin’d Figure LCD; and as EFisto O, o
is + the Right-lind Figure MF, to the Right-lin’d
Figure N'H. "Therefore, as the Right-lin'd Figure
#1.5.  KABistothe Righe-lind Figure LCD, fois * the Right-
- lin’d Figure M F ro the Rig%l[-liﬂ!d Figure N H.
And, if the Right-lind Figure K AB be to the
Right-lin’d Figure LCD, as the Right-lin’d Figure
M istothe Right-lin'd Figure NH; I fay, as AB is
* wCD, fois EFioGH. - A
+ 12¢fthis,  For, make+ EF to PR, as ABisto CD, and de-
fcribe upon PR a Right-lin’d Figure SR fimilar, and
alike fituate, to either of the Figures M F and NH.
Then, becaufe ABisto CD, as EF isto PR, and
there are defcribed upon A B, CD, fimilar and alike
fituate Righr-lined Figures KAB, LCD, and u&nﬂ
EF, PR, fimilar and alike firuate Figures MF, SR ;
it fhall be ( by what has been already proved ) as the
Righr-lin'd Figure K AB is to the Right-lin’d Figure
LCD, f{o is the Right-lined Figure M F to the Right-
lin'd Figure R S: But (by the Hyp.) as the Right-lin’d
Figure KAB is to the {’\i he-lin'd Fi%mz LCD, fo
is the Right-lin'd Figure MF to the Right-lin’d Fi-
gure NH. Therefore, as the Right-lin’d Figure MF
15 to the Right-lin’d Figure N H, fo is the Right-lin’d
Figure Mﬁgtu the Right-lin’d Figure SR : And fince
the Right-lind Figure MF has the fame Proportion
to NH, asithath to SR, the Right-lin'd Figél-reN H
fhail be tequal to the Right-lin'd Figure SR ; it is
£95-  allofimilar toit, and alike defcribed ; therefore GH
: isequal to PR, And, becaufe ABis to CD, asE F
1510 PR and PR is equal ta GH, itfhallbeas AB is
0 CD, (ois EF to GH. "Therefore, if four Righz
Lises be proportional, the Right-lin'd Figures, ﬁmif.:zr
and ﬁmﬁa’ar{y a’eyf?:ri&m’, #por them, fball be proportional }
ik
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" and if the fimilar Right-lined Figures, fimilarly deferibed
wpon the Lines, be proportional, then the Right Lines

all a{ﬁr be Pfﬂpﬂrtiﬂﬂﬂlf; which was to be demon-

LEMM A.

Any three Right Lines A, B, and C, being given,
the Ratio of the firft A, to the third C, is equal
20 the Ratio compounded of the Ratio of the firft
A to the fecond B, and of the Ratio of the f¢
cond B to the third C. |

FD R Example, let the Number 3 be the Exponent,
or Denominator of the Ratio of A to B that is,
let A be three times B, and let the Number 4 be the
Exponent of the Ratio of B vo C; then the Number
12 produced by the Multiplication of 4 and 3, is the
compounded Exponent of the Ratio of A 2o C: For,
fince A contains B thrice, and B contains C four
times, A «will contain C thrice four times, that is, 12
times. This is alf true of other Multiples, or Sub-
multiples ; but this Theorem may be univerfally de-
monftrated thus: The Quantity of the Ratio of A to
B, is the N#m&er%
fequent, produces the Anrecedent. Srg likewife the Quan-

tity of the Ratio of B 2o C, s C And thefe two

Quantities multiplied by each other, produce the Num-
ber *G‘B—E:B! awhich is the Quantity of the Ratio, that
the Rettangle comprebended under the Right Lines A
and B, bas ro the Reftangle comprebended under the
Right Lines B and C ., and [o the faid Ratio of the
Reftangle under A and B, 7o the Relfangle uuder
B and C, is that which, in the Senfe of Def. 5. of
this Book, is compounded of the Ratio’s of A to B, and
B o C; but (by1.6.) the Reffangle contained under
A and B, is to the Reffangle contained under B
and C, as A is to C; zherefore the Ratio of A 20 C
is equal to the Ratio compounded of the Ratio's of A to
B, and of B 1o C. -

viz. which multiplying the Con-

i
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If any four Right Lines A, B, C, and D, be pro-
pofed, the Ratio of the firft A to the fourth D, is e ual
2o the Ratio compounded of the Ratio of the firft A to
the [econd B, and of the Ratio of the é&;ude to the
third C, and of the Ratio of the third C ro the fourth

D.
I For, in three Right Lines A, T, and D, the Ratio of

A to D, iséqual to the Ratio’s compounded ef the Re-

tio's of A fﬂ%, andof C to Dy and it has been alread
demonftrated, thar the Ratioof A to Cis equal to the
. Ratio compounded of the Ratio's g A to B, and B to
C. Therefore the Ratio of A toD is equal to the Ra-
tio compounded of the Ratio’s of A toB, of B 20.C, and
of C to D. After the fame manner we demonfirate, in
any Number of Right Lines, that the Ratio of the firft
A B C D 70ke laft is equal to the Ratio compounded of the Ra-
PUE T gisef the _ﬁrﬁ to the fecond, of the fecond to the third,

of the third to the fourth, and [oon te the laft. '

This is true of any other Quantities befides Right
Lines, which will be manifeft, if the fame Number of

Right Lines A, B, C, &c. as there are Magnitudes, be

affumed in the [ame Ratio, ViL. [o that the Right Line

A is to the Right Line B, as the firft Magnitude is to

the fecond, and the Right Line B to the Right Line C,

as the [econd Magnitude is 2o the third, andfo on. It

is manifeft (by 22.5.) by Equality of Praportion, that

zhe firft Right Line A is to the laft Right Line, as the

{firft Magnitude is to the laft; but the Ratio of the Right

Line A to the laft Right Line, is e ual to the Ratio
compounded of the Ratio’s of Avo B, B20C, and foon
2o the laft Right Line : But (bythe Hyp.) the Ratio of

any one of the Right Lines to that neareft to it, is the

fame as the Ratio of a Magnitudeof the fame Order to

that nem;’eﬂ it. And therefore the Ratio of the ﬁ;ﬁ
Magnitude to the laft, is equal to the Ratio compou ed
of the Ratio’s o{ the firft Magnitude to the [¢cond, f

the fecond to the third, and [0 on to the laft; whic
was to be demonftrated.

PRO-
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- PROPOSITION XXIIIL

THEORE M,

Equiangular Parallelograms bave the Proportion
to one another that is compounded of their Sides,

LET AC, CF, be equiangular Parallelograms,

having the Angle BCD equal tothe Angle ECG.
I fay, the Parallelogram AC, to the Parallelogram
CF, is inthe Proportion compounded of their Sides,
wiz. compounded of the Proportion of BC to CG, and
of DC to CE.

For, let BC be placed in the fame Right Line
with CG.

Then DC fhall be * in a ftrait Line with CE,* 145
and complete the Parallelogram DG ; and thent, as T 12 &/ ¢4
BC is to CG, fo is fome Right Line K to L. ; and as
DC is to CE, fo let L be to M.

Then the Proportions of K ta L, and of L to M,
| are the fame as the Proportions of the Sides, viz. of
' BC to CG, and DCto CE; but the Proportion of
K o M is % compounded of the Proportion of K 1 L2
to L, and of the Proportion of L to M. Wherefore” "
alfo K to M hath a Proportign compounded of the
Sides. Then, becaufe BCisto CG as the Parallelo- .

am AC is*to the Parallelogram CH: And fince ™ * o o

Cisto CG,asKisto L, itfhallbetas K is to L, T 11 5
fo is the Parallelogram AC, rto the Parallelogram
CH. Again, becaufe DCisto CE, as the Parallelo-

ram CH is, to the Parallelogram éF; and fince as

Cis to CE, fo isLtoM. Therefore, as L isto
M, fo fhall + the Parallelogram CH be to the Paralle-
logram CF ; and confequently, fince it has been prov’d
that K is to L, as the Parallelogram AC is to the
Parallelogram CH, and asL isto M, {o is the Pa-
rallelogram CH to the Parallelogram CF; it fhall
be + by Equality of Proportion, as K is to }VI, fo ist 22 s,
the Parallelogram A C to the Paralh:h}fram CF; but
K to M hath a Proportion compounded of the Sides :
Therefore alfo the Parallelogram AC, to the Paral-
lelogram CF, hath a Proporton compounded of the
Sides. Wherefore equiangular Parallelograms have

' : the
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2heir Sides which was to be demonftrated. :

PROPOSITION XXIV,

THEOREM,
Tnevery Parallelogram, the Parallelograms that

are about the Diameter, are [fimilar to the

Whole, and ag@ to one another.

ET ABCD bea Parallelogram, whofe Diame-

ter is AC; and EG, HK, be Parallelograms

about the Diameter AC. I fay, the Parallelograms

EG, HK, are fimilar to the Whole ABC D, and alfa
to each other.

For, becaufe E F is drawn parallel to BC, the Side

of the Triangle ABC, it fhall be*as BE to E A,

bisCFtoFA. A in, becaufe FG is drawn pa- |

i

Euclid’s ELEMENTS. Book VI,
the Proportion to ome another that is compounded qf?p}

rallel to CD, the Side of the Triangle ACD, it fhall

beasCF toFA, fois* DG 1o GA. But CFisto
F A, (ashas been proved) as BE isto EA. There-
fore, as BE is to EA, fo is+ DG to GA; and by
compounding, as BAisto AE, fois DA to AG;
and by Alternation, asBA is o AD, fois EA to
AG. Therefore the Sides of the i?aralle]ﬂgrzms
ABCD, EG, which are about the common Angle
BAD, are proportional. And becaufe G F is paral-
lel to DC, the Angle AGF is* equal to the Angle
ADC, and the Angle GFA equal to the Angle DCA;
and the Angle DAC is common to the two Trian-
gles ADC, AGF. Wherefore the Triangle ADC
will be equiangular to the Triangle AGF. For the
{fame Reafon, the Triangle A CB is equiangular to the
Triangle AFE. Therefore the whole Parallelogram
ABCD is equiangular to the Parallelogram EG
and fo ADisto DC, as AGistto GF. But DC
istoCA, asGFistoFA; and ACistoCB,asAF
isto FE ; and moreover, CB isto BA, asFE is to
EA. Wherefore, fince it has been proved, that DC
istoCA,as GFisto FA; andﬂCisméB:ESﬁF
isto FE; i fhall be, by Equality of Proportion, as
DC istoCB,fois GF to FE. Therefore the Sides
that are about the equal Angles of the Parallelograms

' ABCD,
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ABCD, EG,are Smporti:ﬂnal; and accordingly the
Parallelogram ABC D is fimilar to the Parallelogram

EG. For the fame Reafon the Parallelogram ECD

is fimilar to the Parallelogram KH. Therefore both

the Parallelograms E G, HK, are fimilar to the Pa-
rallelogram ABCD. But Right-lind Figures that :
are fimilar ro the fame Right-lind Figure, are fimi- *2* &
lar to one another. Therefore the Parallelogram E G

is fimilar to the Parallelogram HK. And {o i» every
Parallelogram, the Parallelograms that are about the
Diameter are fimilar to the Whole, and alfo to one an-

other; which was to be demonitrated.

PROPOSITION XXV,

ProeLEM,

Do defiribe a Right-lind Figure fimilar to0 a
Right-lind Figure which fball be given, and
equal to another Right-lin’d Figure given,

ET ABC be a given Right-lined Figure, to which
it is required to defcribe another fimilar and equal
to D.
On the Side B C of the given Figure AB C, * make # 44. »,
the Parallelogram BE equal to the Right-lin'd Figure
ABC; andeon the Side CE make * the Parallelo-
gram CM equal to the Right-lin’d Figure D, in the
Angle FCE, equal to the Angle CBL. Then BC,
CF, asalfo LE,EM, will betin two ftrait Lines. 4 14. 1,
Find 4 GH a mean Proportional between BC, CF, t 14 of this,
and on G H let there be defcribed * the Right-lined » ;g of this,
Figure K G H, fimilar, and alike fituate, to the Riglt-
lined Figure ABC.
And then, becaufe BCis to GH,asGHisto CF,
and fince, when three Right Lines are proportional, the
firft is to the third as the Figure dcfcribecﬁ:m the firft
is +to a fimilar and alike firuate Figure defcribed on 1 Cor. 20, of
the fecond, it fhall be as BC is to CF, {o is the Right- réis.
lined Figure ABC to the Right-lined Figure K G H.
Buc as BC isto CF, o is § the Parallelogram BE to 1 1 of chif.
the Parallelogram E¥. Therefore, as the Right-lined
Figure ABC is to the Right-lin'd Figure KGH, fo
is the Parallelogram BE to the Parallelogram EF.
Wherg-
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Wherefore, (by Alternation) as the Right-lined Figure
ABC is to the Parallelogram BE, {o isthe Right-lined
Figure KGH ro the Para]lelmgram EF. But the
Right-lined Figyre A BC is equal to the Parallelogram
BE. Therefore the Ri ht-lmed Figure K G H is alfo
equal to the Parallelogram EF. But the Parallelogram
EF is equal to the Right-lined Figure D. Therefore
the Right-lind Figure K GH is equal to D. But
KGH is fimilar to ABC Con{'ec{}ent]}r, there is de-
feribed the Rl%hr-hn‘d Figure KGH fimilar to the
given Figure A and equal to the given Figure D
awhich was o be done.

PROPPSITION XXV
THEORE M,

If from a Parallelogram be taken away anothey
Similar to the Whole, and in like manner fitu-
ate, baving alfo an Angle common with it, then
is that Parallelogram about the fame Diame-
ter with the Whole.

ET the Parallelogram AF be taken away from

the Parallelogram' ABC D, fimilar to ABCD,

and in like manner fituate, havmg the Angle DAB

cowmmon. I fay, the Paralielu ram ABCD is about
the fame Diamerer with the Parallelugramﬂ F.

For, if it be not, let AHC be the Diameter of the
Paraliclogram BD and let GF be produced to H;
alfo let HK be drawn parallel to AD, or BC.

Then, becaufe the Parallelogram ABCD s about
the fame Diameter 25 the Paral elogram K G, the Pa-

# 24 of this rallelogram ABCD fhall be * fimilar to the Paralle-
1~ Def. 1. oflogramK G ; and fo,as D Aisto AB, foist GA to

this,

Tor.s.
495

A But becaufe of the Similarity of the Parallelo-
grams ABCD,EG, as DAis 10 AB, foisGA w0
AE. And thueﬁ}rf:, as GAistro AE o isGA
to AK. And fince GA has the fame Prnporu-:m o
AKas o AE, AE is4equal to AK, the lefs to a
greater, which is abfurd. Therefore the Parallelo-
%’ram ABCD is notabour the fame Diameter as the
arallelogram AH. And therefore it will be about the
fame Diameter with the Parallelogram AF. Therefore,
if j vom a Parallelogram be saken away another fimi itar
Ia
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20 the Whole, and in like manner fituate, having alfo
an Angle common with it, then is that Parallelogram
about the [ame Diameter with the Whole ; which was
to be demonftrated.

PROPOSITION XXVIi

TuHEOREM.

Of all Parallelograms appliéd to the fame Right
Line, and wanting in Figure by Parallelograms
Sfimilar and alike fituate, defcribed on the balf
Line, the greateft is that which is applied to the
balf Line, being fimilar to the Defei?,

ET AB be aRightLine, bilected in the Point C,
and let rhe Parallelogitam AD be applied 1o the
Right Line A B, wanting in Figure the Parallelogram
C%, fimilar and alike {ituate to thar defcribed on half
of the Right Line AB. Ifay, AD is the greateft of
all Parallelograms applied to the Right Line AB, want-
ing in Figure by Parallelograms fimilar and alike fitu=
are to C%.. For, lerthe Parallelogram AF be applied
to the Right Line AB, wanting in Figure the Paralle-
logram HK, fimilar and alike {ituate to the Parallelo-
gram CE. T fay, the Parallelogram AD is greater
than the Parallelogram AF.

For, becaufethe Parallelogram CE is {imilar to the ,
Parallelogram H K, they {tand * about the fame Dia- * 26 of b
meter; let DB their Diameter be drawn, and the Fi-
gure defcribed. Then, fince the Parallelogfam CF ist +43.1,

ual o FE, let HK, whichis common, be added;
and the Whole CH is egual tothe Whole KE. But
CH is#equal to CG, becaule the Right Line AC is 1 46, 1
equal to CB. Thercfore the Whole AF is equal to
the Gnomon LN M and fo CE, thac is, the Paral-
lelogram A D, is greater than the Parallelogram AF.
Therefore, of all Parallelograms applied to the fame
Right Line, and wanting in Figure by Parallelograms
fimilar and alike fitnate, defiribed on the balf Line,
the grfnrj{! is that wwhich is applied to the balf Liue,
being [imilar to ke Defeéi; which was to be demons

ftrated.
N PR O-
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PROPOSITION XXVIIL

Pros L E M.

To a Right Line given to apply a Parallelogram
equtal toa Right-lined Figure given, deficient bya
Parallelogram, whichis fimilar to another given
Parallelograms but it isnecelfary, that the Right -
lined Figure given, to whichthe Parallelogram:
to be applied muft be equal, benot greater thanthe
Parallelogramwbichisapplied to the balf Line,
JSince the Defecismaft be fimilar, viz. the Defefl
of the Parallelopiram appliedtotbe half Lineyand
the Defet of the Parallelogram to be applied.

LET A B be a given Right Line, and let the given
Right-lin'd Figure, to which the Patrallelogram
to be applied to the Right Line AB muft be equal, be
C, which muft not be greater than the Parallelogram
applied to the half Line, the Defectsbeing fimilar ; and
let D be the Parallelogram, to which the Defeét of the
Parallelogram to be applied is fimilar. Now it is re-
uird to apply a Parallelogram equal to the given
%\ight-lined Figure Cto the given Right Line AB, de--
ficient by a Parallelogram fimilar to D,

Ler AB be bifected in E, and on E B defcribe * the
Parallelogram EBF G, fimilar and alike fituate to D,
and complete the Parallelogram A G,

Now A G is either equal to C, or greater than it,
becaufe of the Determination. 1f AG be equal to
C, whar was propofed will be done; for the Paralle-
logram A G isapplied to the Right Line AB, equal to
the given Right-lined Figure C, deficient by the Pa-
rallelogram EF, fimilar to the Parallelogram D. But
if it be not equal, then HE is greater than C; but
EF is equal to HE. Therefore EF fhall alio be
greater than C. Now make + the Parallelogram
KLMN fimilar and alike fituate to D, and equal to
the Excefs, by which E F exceeds{C. But D is fimilar
to EF: Wherefore K M fhall alfo be fimilar to EF.
Therefore ler the Right Line K L be homologous to -
GE, and LMo GF. Then, becaule E F is equal to
€ and K M together, EF will be greater thanck M J
- an
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and {o the Right Line GE is greater than KL, and
GF than LM. Make GX equal to KL, and GO
ual to LM, and complete the Parallelogram
GOP. Therefore XO is equal and fimilar to .
KM; but K Mis fimilar to EF; therefore X O is* * 21 of thi
fimilar to EF, add fo X O is + about the fame Dia- T 26 & tis.
meter with FE : Let GPB be their Diameter, and
the Figure be defcribed. :
Then, fince EF is equal to Cand KM together,
and X O isequal to K 131, the Gnomon Té¥ remain-=
ing is equal to the remaining Figure C; and becaufe
OR isequal to XS, let SR, which is common, be
added ; then the Whole OB is equal to the Whole
X B; but XB is equal to TE, fince the Side AE is
equal to the Side EB. Wherefore TE is equal to
OB. Add XS, which is is common, and then the
whole T'S is equal to the whole Gnomon T#¥ ; but
the Gnomon T¢¥ has been proved equal to C; and
T S fhall be equal to C; and fo the Parallelogtam T S
isapplied to the Right Line AB, equal to the given
Rlightﬁlin’d Figure C, and deficient by a Parallelogram
SR, fimilar to the Parallelogram D, becaufe SR is
fimilar to FE ; which was to be dore.

PROPOSITION XXIX,

THEORE M.

9o a Right Line given, 1o apply a Parallelogram
equal to a Right-lin'd Figure given, exceeding
by a Parallelogram, whith fhall be fimilar to
another given Parallelogram.

LET A B be a given Right Line, and let C be the
given Right-lin’d Figure, to which that to be ap-
plied to AB muft be equal. Likewife let Dbe t
arailelogram, to which the exceeding Parallelogram
is to be fimilar; it is re%ui.r’d to apply a Parallelogram
to the Right Line A , equal to the given Right-
linefl) Figure C, exceeding by a Parallelogram fimilar
o L.
Bifect ABin E, and lét the Parallelogram E L be
defcribed * upon the Right Line E B, fimilar and alike # :¢, =.
ficuate to D ; and that tth%{ Parallelogram G H equal 1 25 ¢ s
a to
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to EL and C together, but fimilar to D, and alike

firvate. Therefore GH is fimilar to EL; let KH
be a Side homﬂlo%ous to FL,and KG to FE. Then,
becaufe the Patallelogram G H is greater than the Pa-
rallelogram E L, the Right Line KH will be greater
than F L, and KG greater than FE. Let FL, F
be produced, and let FL M beequalto KH, FE
equal to K G, and complete the Parallel MN.,

erefore M N is equal and fimilar to GH; but GH
is fimilar to EL, and fo MN fhall be# fimilar to
EL; and accﬂrdingli E L is* about the fame Dia-
metef with MN. Let FX be their Diameter, and
delcribe the Figure. ik

Then, fince GH is equal to EL and C together, as
likewile to MN ; therefore M N fhall be equal to EL
and C. Let E L, which is common, be taken away
then the Gnomon ¥&¥ remaining is equal toC; and
fince AE is equal to EB, the Parallelogram AN wil
be alfo equal to the Parallelogram E P, that is, to L. Oy
and if EX, which is common, be added, then the
whole Parallelogram AX is equal to the Gnomon
To¥ 3 but the Gnomon T4¥ is equal to C. There-
fore AX fhall be alfo equal to C. Wherefore the Pa-
rallelogram AX is applied to the given Right Line
AB, equal to the given Right-lin’d Figure C, and
exceeding by the Parallelogram PO, fimilar :o0 the
Parallelogram D 3 awhich was 2o be done.

v P R.OP OSETT O NCXXX,

ProBLEM.

To cut a given terminate Right Line according te
extreme and mean Ratio,

ET AB be a given terminate Line; it is requird
5 to cuc the fame according to extreme and meart

atio.

Defcribe * BC the Square of AB, and apply the
Parallelogram CD to AC, equal to the Square BC,
exceeding + by the Figure AD fimilar to BC; buc
BCis a Square; therefore A D fhall alfo be 2 Square.

Now, becaufe BC is equal to CD, take away CE,
which is common ; then g Ft_remaining ihall be equal

to
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to AD remaining; but BF is equiangular to AD;
therefore the Sides that are abour the equal Angles
are % reciprocally proportional; and fo, as FE is to 4 14 of e,
ED,fois AE to EB; but FE is * equal to AC,thatw . ;.
| is,t0 AB, and ED 10 AE. Whergtl::re as BA isto
| AE, foisAE to EB; buc AB js greater than AE
 therefore AE is | greater than EB; and fo the Right 4 14. s,
| Line AB is cur according to the extreme and mean
' Ratio in the Point E ; and AE is the greater Segment
thereof ; which was to be done.
Otherwife thus: Let AB be the Right Line given;
it is required to cut the fame into extreme and mean
Ratio. .
Divide + AB fo in C, that the Re&angle contained t 11. 2.
under AB, BC, be equal to the Square of A C,
Then, becaufe the Rectangle under AB, BC, is
equal to the Squsre of AC, it fhall be*as BA is* 17¢f #bis,
to AC, fo is AC to CB; and fo the Right Line
AB is cut into mean and extreme Ratio; which was
20 be done.

PROPOSITION XXXI.

THEOR EM.

Any Figure deferibed upon the Side of a Right-.
angled Triangle fubtending the Right Angle, is
equal to the Figures defcribed upon the Sides con-
taiming the Right Angle, being fimilar and alike
Jituate to the former Figure, .

ET ABC be a reftangular Triagle, having the
¢ Right Angle BAC. 1fay, the Figure defcribed
on BC, is equal to the two Figures m%ethar defcribed
on BA, A a which are fimilar and alike fituate to the
Eicure defcribed on BC. ' '
or, draw the Perpendicular A D.

Then, becaufe the Right-line AD is drawn in the
Right-angled Triangle A CB, from the Right Angle A,
perpendicular to the Bafe BC; the Triangles ABD,

ADC, which are about the Perpendicular A D, will
be * fimilar to the whole Triangle ABC, and alfo to * g of 147,
each other. Then, becaufe the Triangle A B C is fimi-
far to the Triangle ABD, i[I\{ThaH be*asCBisto BA,

; ©
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fo is BA to BD: And fince when three Right Lines are
proportional, the firft thall be + to the third, as a Fi-
gure defcribed on the firft, to a fimilar and alike fitu-
ate Figure defcribed on the fecond ; therefore, as
CB isto BD, fo is a Figure defcribed on CB to a
fimilar and alike fituate Figure defcribed on BA. For
the fame Reafon as BCis to CD, {o isa Figure de-
{cribed on BC to onedefcribedon CA.  Wherefore
alfo, as BC is to BD and DC together, {ois# the
Ficure defcribed on BC, to thofe two together, that are
defcribed fimilar and alike fituate on E,’sjﬂ., AC; but
BC is equal to BD and DC mglerher: Therefore
the Figure defcribed on BC is equdl to thofe together
defcribed on BA, AC, fimilar and alike fituate
to that on BC. Wherefore amy Figure defcribed
upor the Side of a Right-angled Triangle (ubtending the
Right Angle, is equal to the Figures defcribed upon the
Sides comtaining the Right Angle, being [imilar and
alike fituate to the former Figure; which was to be
demonftrated.

PROPOSITION XXXIL

TuHEORE M.

If two Triangles baving two Sides proportional fo
two Sides, be [o compounded, or fet together at
one Angle, that their bomologous Sides be paral-
lely then the other Sides of thefe Triangles will
be in one frait Line, $

LET there be two Triangles ABC, D CE, having

two Sides BA, AC, of the one, propertional to
two Sides CD,DE, of the other; wiz. Let BA be
12AC, asCD isto DE; alfo let AB be parallel to
DC, and ACto DE. I fay, BC,CE, are bothin
one firait Line.

For, becaufe A B is parallel to DC, and the Right
Line AC falls on them, the alteynate Angles BAC,
ACD, will be * equal to each other. And by the
fame Reafon, the Angle CDE is equal to the n%fe
ACD; wherefore the Angle BAC is equal to the
Angle CDE. Then, becaufe ABC, DCE, are
two Triangles, having-one Angle A equal to ope An%e

2
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D, and the Sides abour the equal Angles proportional,

wiz. BA to AC,as CE to DE; the Triangle ABC :
will be * equiangular to the Triangle DCE; where- * 6 o ehin
fore the Angle ABC is equal to the Angle DCE

but the Angle ACD has been proved to be equal o

the Angle BAC; therefore the whole Angle ACE

is equal to thetwo Angles ABC, BAC; andif ACB,
which is common, be added, then the Angles A CE,
ACB, are equal to the nglcs BAC, ACB, CBA;
but the AnglesBAC, ACB, CB A, arc equal to two

Right Angles. Therefore the Angles ACE, ACB,
will alfo be equal to two Ri%&t Angles ; and fo at the
. Point C in the Right Line AC, two Right Lines BC,

CE, tending contrary ways, make the adjacent An-

gles ACE, ACB, equal to two Right Angles; there-

fore BC fhall be+in the fame Right Line wich CE, T ™ *
Wherefore, if two Triangles baviug two Sides propor-
<tional to two Sides, be [o componnded, or fet together

at one Anugle, that their homologous Sides be parallel,

then the other Sides of thefe Triangles awill be in oze

ftrait Line; which was to be demonttrated.

PROPQOSITION XXXIII

THEOR'E M.

In equal Circles the Angles bave the fame Propors
tion with their Gircumferences on which they
frand, whetber the Angles be at the Centres,
or at the Circumferences 5 and fo likewife are
the Setors, as being at the Centres.

LET ABC, DEF, be equal Circles; and let the

Angles B G C, E 1 F, be at their Centres G, H
and the Angles BAC, E DF, at their Circumferences.
Ifay, as the Circumference B C is to the Circumfe-
rence EF, foisthe Angle BG Cto the Angle EHF ;
and fo is the Angle BAC to the Angle EDF'; and
fo is the Seor BG C to the Sector EHF.

For, affume anv Number of continuous Circumfe- f
rences CK, KL, eachequal to BC; and alfo any
Number FM, MN, each equal to EF; and join
QK, GL, HM, HN.

N 4 "Then,
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Then, becaufe the Circumferences BC, CK, KL,
are equal to each other, the Angles BGC, CG K,
KG L, will be*alfa equal to one another; and fo
the Circumference BL 1s the fame Multiple of the
Circumference BC, as the Angle BG L is of the An-

le BGC. For the fame Reafon, the Circumference
%\" E is the fame Multiple of the Gircumference EF,
as the Angle EH N is of the Angle EHF; but if the
Circumference BL. be equal to the Circumference
EN, then the Angle BGL fhall be equal to the An-
gle EHN ; and if the Circumference B L be greater
than the Circumference EN, the Angle BG L will
be greater than the Angle EHN ; and if lefs, lefs.
Therefore here are four nitudes, wiz. the two
Circumferences BC, E F, and the two Angles BG C,
EHF; and fince there are taken Equimultiples of the
Circumference BC, and the Angle BG C; to wit,
the Circumference BL, and the Angle BG L ; asalfo
Equimultiples of the Circumference EF, and the
Angle EHF, wiz. the Circumference EN, and the
Angle EHN ; and becaufe it is proved, if the Cir-
cumterence BL exceeds the Circumference E N, the
Angle BG L will likewife exceed the Angle EHN ;
and if equal, equal ; if lefs, lefs; it fhall be as the
Circumference BC is to the Circumference EF, fo
is + the Anagle BGC to the Angle EHF ; but as the
Angle BGC is ro the Andle EH F, fo is%the An-
gle BAC to the Angle EDF; for the former are®*
double to the latter. Therefore, as the Circumference
BC is to the Circumference EF, fo is the Angle
BGC to the Angle EHF; and {o the Angle BAC
to the Angle ED'F, b

Wherefore, in equal Circles, Angles have the fame
Proportion as the Circumferences they ftand on, whe-
toer they beat the Centres, or at the Circumferences. |

I fay, moreover, that as the Circumference BC is
to the Circumference EF, fo i$ the Se¢tor GBC to
the Se¢tor HFE, = A GLL a4
_ For, join BC,CK; and affume the Points X, O,
in the Circumferences BC, CK ; and join BX, X C,
CO, OK. ‘

Then, becaufe the two Sides BG,GC, are egnal
to the two Sides CG, GK, and they conrain equal
Angles, the Bale BC fhall be 1 equal to thec Eﬁ:

)
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CK; as likewile the Triangle GBC to the Triangle
GCK. And, becaufe the Circumference BC is equal
to the Circumference CK, and the Circumference
remaining, which makes up the whole Circle ABC,
is equal to the remaining Circumference, which makes
up the fame Circle, the Angle BX C is equal to the
Angle COX ; and fo the Segmen: BX C is fimilar
to the Segment COK ; and they are upon equal Right
Lines BC, CK ; but fimilar Segments of Circles :iat

18y

ftand upon equal Right Lines, are * equal to each * 24 3
other : I’:’l‘i'hne:r‘:;}t:)

: re the ent BX C is equal to the
Segment COK. Bur ¢ Trim}gle BGC is alfo
equal to the Triangle CG K ; and {o the whole Secor
BG C will be equal to the whole Sector CG K.
the fame Reafon the Setor GK L will be equal to
the Se&tor GBC, or GCK; therefore the three Sec-
tors BGC,CGK,KGL, are cgual to one another ;
fo likewife are the Se&tors HEF, HFM, HMN.
Wherefore the Circumference LB is the fame Mul-
tiple of the Circumference BC, asthe Setor GBL
is of the Se¢tor GBC. For the fame Reafon, the
Circumference NE is the fame Multiple of the Cir-
cumference E F, asthe Se¢tor HE N is of the Seétor
HEF; butif the Circumference BL be equal to the
Circumference EN, then the Se¢tor BG L will be
qual to the Se_{tan, HN,; and if the Circumference
BL exceeds'the Circumference E N, then the Sector
BGL willalfo exceed the Se¢tor EHN ; and if lefs,
lefs. Therefore, fince there are four Magnitudes, to
wit, the two Circumferences BC, EF, and the two
Sectors GBC, EHF; and there are raken of the Cir-
cumference B L, and the Sector G B L, Equimultiples
of the Circumference CB, and the Sector CG B as
alfo of the Circumference E N, and the Se¢tor HE N,
Equimultiples of the Circumference E F, and the Sec-
tor HEF; and becaufe it is proved, that if the Cir-
cumference BL exceeds the Circumference E N, the
Sector BG L will alfo exceed the SeGtor EHN ; and
if :Efual’ equal ; if lefs, lefs; therefore, as the Cir-
cumference BC is to the Circumference E F, o is the

eétor GBC to the Setor HEF ; which was 20 be
onfirated. :

Cersll. 1.
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Coroll. 1. An Angle at the Centre of a Circle is to

four Right Angles, as an Arc on which it ftands
is to the whole Circumference; for as the Angle
BAC is to a Right Angle, fo is the Arc BC to
a Quadrant of the Circle : Wherefore, if the Con-
fequents be quadrupled, the Angle BAC fhall be
to four Right Angles, as the Arc BC is to the
whole Circumference.

. The Arcs IL, BC, of unequal Circles, which

{ubtend equal Angles, whether at their Centres, or
Circumferences, are {imilar; for I L is to the whole
Circumference ILE, asthe Angle IA L is to four
Right Angles; but as AL, or BAC, is to fous
Right Angles, £0 is the Arc BC to the whole Cit-
cumference BCF. Therefore, as 1 L isto the whole
Circumference ILE, fo is BC to the whole Cit-
Fun}ﬁﬁﬂrmce BCF; and fo the Arcs IL, BC, are
imilar.

3. Two Semi-diameters AB, AC, cut off fimilar

Arcs 1L, BC, from concentric Circumferences.

Tb¢ END of the Six1h Boox,
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EUCLID’s
ELEMENTS.

BOOK XL

DEFINITIONS.

and Thicknefs.

I1. The Term of a Solid is a Superficies.
I11. A4 Right Line is perpendicular to a Plane,
when it makes Right Angles with all the
Lines that touch it, and are drawn in the faid

Plane,
IV. A Planeis perpendicular to a Plane, when
the Right Lines in one Plane, drason at Right

L. -A Solid is that which bas Length, Breadth,

Angles to the common Section of the two Planes,

are at Right Angles to the other Plane.,

* V. The Inclination of a Right Line to a Plane, is
the acute Angle contained under that Line, and
gnother Right one drawn in the Plane from
that End of the inclining Line, which is in the
Plane, to the Point where a Right Line falls
from the other End of the inclining Line per-
pendicular to the Plane,

V1. The Inclination of a Plaie to a Plane, is the

* @eute Angle eontained under the Right Lines
% | arawn

189
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drawn in both the Planes to the fame Point
of their common Interfecion, and making
Right Angles withit. % 3 :
VII. Planes are faid to be inclined fimilarly,
when the [aid Angles of Inclination are equal.
VIIL. Parallel Planes are fuch, wbhich being
produced never meef.
IX. Similar folid Figures ave fuch that are con-
tained under equal Numbers of fimilar Planes.

X. Equal and fimilar folid Figures are thofe that

“are contained under equal Numbers of fimilay
and equal Planes. :

KI. A folid Angle is the Inclination of more than
two Right Linesthat touch one another, and are
70 17 Ube fame Superficies: Or, a folid Angle
is that wiich is contained under morve than iwo

plane Angles, which ave not in the fame Super-

Jicies, but being all at one Point, -

XIL. A4 Pyramid is a folid Figure comprebended

under divers Planes fet upon one Plane, and
put together at one }!Jﬂfﬁf. sy

XIII. 4 Prifin is a folid Figure contained under
Planes, whereaf the two oppofite are equal, Simi-
lar, and parallel, and the others Parallelograms.

XIV. A Spbere is a folid Figure, made when the
Diameter of a Semicircle remaining at Reft, the
Semicircle is turned about till it returns to the
Jame Place from whence it began to move,

XV. The Axis of a Sphere ‘is that fixed Line, .

about which the Semicircle is turned. :
XVI. The Gentre of a Sphere is the fame with
that of the Semicircle. = ¢ '
XVIL. The Diameter of g Sphere is a Right Line
drawn thre the Centre, and lerminated on ei-
ther Side by the Superficies of 1he Sphere.
XVIIIL. 4Coneis a Figure defcribed, when one of
the Sides of a Right-angled Triangle, containin
e R e

. ey ia
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the Right Angle, remaining fixed, the Triangle
is turned about till it returns to the Place from
whence it firt began to move. And if the fixed
Right Line be equal to the other that contains
the Right Angle, then the Cone is a reftangular
« Cones but if it be lefs, it is an obtufe-angled
- Gones if greater, an acute-angled Cone.
- XIX. Tbe Axis of a Cone is that fixed Right
Line, about which the Triangle is moved.

XX. The Bafe of a Cone is the Circle defcribed by

~ the Right Line moved about.

XXI. A Cylinder is a Figure defcribed by the Mo-
tion of a Right-angled Parallelogram, one of the
Sides containing the Right Angle, remaining fix-
edwbilethe Parallelogram is turned about totbe
fame Place from whence it began to be moved.

XXI11. The Asxis of a Cylinder is that fixed Right
Line, about which the Parallelogram is turned.

XXI111. And the Bafes of a Cylinder are the Cir-
cles that be defcribed by the Motion of the two
oppofite Sides of the Parallelogram.

XX1V. Similar Cones and Cylinders are [uch,

- whofe Axes and Diameters of their Bafes are
proportional.

XXV. A Cube is a [olid Figure contained under
Jix equal Squares.

XXVI. A Tetrabedron is a folid Figure contained
under four equal equilateral Triangles.

XXVII. An Oftabedron is a Jfolid Figure con-
tained under eight equal equilateral Triangles.

XXVIII. A Dodecabedron is a folid Figure con-
tained under twelve equal equilateral and
equiangular Pentagons.

XXIX. An Icofabedron is a folid Figure contain-
ed under twenty equal equilateral Triangles.
XXX. A Parallelopipedon is a Figure contained
under [ix quadrilateral Figures, whereof thofe

which are oppofite are parallel,

PR O-
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PROPOSITION I

TuEORE M.

One Part of a Right Line cannot be in a ;:-Mc‘
Superficies, and another Part above i,

OR, if poffible, letthe Part AB of the Right
F Line ABC, be in a plane Superficies, and

the Part BC above the fame.
There will be fome Right Line in the
aforefaid Plane, which with AB will be but one
ftrait Line. Let this Line be DB.

— L G b e B e B ot

Then the two given Right Lines ABC, ABD,

have one common Segment AB, which is impoffis
ble; for one Right Line will not meet another in
more Points than one. Wherefore one Part of a Right
Line cannot be in a plane Superficies, and another
Part above it ; which was to be demonftrated.

PROPOSITION IL

THEORE M.

if two Right Lines cut each other, they are both

in one Plane, and every Triangle is in one
Plane,

LET two Right Lines AB, CD, cut each other
in the Point E. [ fay, they are both in one Plane,
and every Triangle is in one Plane.

For, take any Points, F and G, in the Right Lines
AB,CD; and join CB, FG; and let there be drawn
FH, GK. In the firft Place, I fay, the Triangle
EBC is in one Plane.

For, if one Part FHC, or GBK, of the Trian-
gle EBC, be in one Plane, and the other Part in an<
other Plane ; then one Part of each of the Lines E C,
EB, fhall be in one Plane, and the other Part in another
Plane; which we have proved * to be abfurd. There-
fore the Triangle EBC is one Plane; but both thé
Right Lines EC, EB, are in the fame Plane as the

Triangle
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Triangle BCE is; and AB, CD, are both in the
fame slane as EC, EB, are. Wherefore the Right
Lines AB, CD, are both in one Plane, and every
Triangle is in one Plane; which was to be demon-

[irated.
PROPOSITION IIL

THEOREM.

If two Planes cut each other, their common Section
will be a Right Line,

LET two Planes AB, CB, cut each other, whofe
common Secion is the Line DB. I fay, DB is
a Right Line.

For if it be not, draw the Right Line DEB in the
Plane AB, from the Point D to the Point B, and the
Right Line DFB in the Plane BC.

hen two Right Lines DEB, DFB, have the
fame Terms, ancF include a Space, which is * abfurd. « ... 1o,
Therefore DEB, DFB, are not Right Lines. In
the fame manner we demonftrate, that no other Line
drawn from the Point D to the Point B, is a Right
Line, befides DB, the common Section of the Planes
AB, BC. If, therefore, two Planes cut each other,
their common Seltion will be a Right Line ; which was
to be demonftrated.

PROPOSITION IV,

THEORE M.

JIf to two Right Lines, cutting one another, a
third ftands at Right Angles in the common
Section, it fball be alfo at Right dngles to the
Plane drawn thrd the faid Lines.

LE T the Right Line EF ftand at Right Angles to
the two Right Lines AB, CD, in the common
Se&ion E. I fay, EF isalfo at Right Angles to the
Plans drawn thro” AB, CD.

For,
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For, take the Right Lines EA, EB, CE, DE,
equal; and thro’ E any-how draw the Right Line
GEH,; and join AD, CB; and from the Point F
let there be drawn FA,FG, FD, FC, FH, FB:
Then, becaufe two Right Lines AE, ED, are equal
to two Right Lines CE, EB, and tﬁey contain * the
equal Angles AED ChB;_ the Bafe AD fhall be}
equal to the Bafe Cﬁ, and the Triangle AED equal
to the Triangle CEB; and o likewife is the
D AE equal to the Angle EBC; but the Angle AEG
is* equal to the Angle BEH, therefore AGE,
BEH, ar¢ two Triangles, having two Angles of the
one equal to the two Angles of the other, each to each,
and one Side AE equal to one Side EB, wviz. thofe
that are at the equal Angles; and fo the other Sides
of the one will be % equal to the other Sides of the
other. Therefore GE isequal o EH, and AG to
BH; 4nd fince AE is equal to EB, and FE is com-
mon, and at Right An?ﬁ, the Bafe AF fhall be
equal to the Bafe FB: For the fame Reafon likewife,
{hall CF be equal to FD. Again, becaufe AD is
equal to CB, and AF to FB, the two Sides FA,
AD, will be equal to the two Sides FB, BC, each
to each; but the Bafe DF has been proved equal to
the Bafe FC. Therefore the Angle F A D is§ equal
to the Angle FBC: Moreover, AG has been proved
equal to BH; but FB alfo isequalto AF. There-
fore the two Sides FA, AG, are equal to the two
Sides FB, BH; and the Angle FA G is equal to the
Angle FBH, as has been demonftrared ; wherefore
the Bafe GF is§ equal to the Bafe FH. ~Again, be-
caufe GE has been proved equal to EH, and éF is
common, the two Sides GE, EF, are equal to the
two Sides HE, EF; but the Bafe HF is equal to the
Bafe FG ; therefore the Angle GEF isgcqual to
the Angle HEF, and fo both the Anglés GEF,
HEF, are Right Angles: Therefore F E makes Right-
Angles with GH, which is any-how drawn thro’ E.
After the fame manner we demonftrate, that FE is
at Right Angles to all Right Lines that are drawn in

» Dif. 3. ofthe Planeto ir; bura Right Line is * at Right Angles

rhiie

to a Plane, when it is at Right ‘Angles to all Right
Lines drawn to it in the Plane. Therefore FE isat
Right Angles to a Plane drawn thro’ the Right [ﬁ:ﬁg

b
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AB, CD. Wherefore, if to twe Right Lines cutting
one another, a third flands at Right Angles in the
common Section, it [ball be alfo at Right Augles to the
Plane drawn thro’ the faid Lines; which was to be
demonftrated. :

PROPOSITION: V.

THEORE M.

If to three Right Lines, touching one another, a
third flands at Right Angles in their common
Section, thofe three Right Lines fhall be in one
and the fame Plane,

LET the Right Line AB ftand at Right Ang{;\es in
the Point of Conta&t B, to the three Right
Lines BC, BD, BE. I fay, BC, BD, BE, are in
one and the fame Plane.
For, if they arenot, let BD, BE, be in one Plane,
and B C above it; and let the Plane paffing thro’ AB,
BC, be produced, and it will * make the common * 3 ¢f i,
Section, with the other Plane, a ftraic Line, which
let be BF. Then three Right Lines AB, BC, BF,
are in oné Plane drawn thro’ AB,BC; and fince AB
ftands at Right ﬁngles to BD and BE, it fhall be+at t 4 ofréiz.
Right Angles to a Plane drawn thro’BE, D B; and fo
AB fhall ‘make £ Right Angles with all Right Lines § 2¢% 3.
touching, it that are in the fame Plane ; but BF being
in the faid Plane, touches it. Wherefore the Angle
ABF isaRight Angle, bur the Angle ABC (by the
H__E.} is alfo a Right Angle. Therefore the Angle
A BF is equal to the Angle ABC, and they are both in
the fameeglane, which cannot be; and fo the Right
Line B Cis not above the Plane paffing thro’ BE and
BD. Wherefore the thtee Lines BC, BD, BE, are
in one and the fame Plane. Therefore, ‘}f to three
Right Lines, touching one andther, a third fands at
Right Angles in their common Selion, thofe three Right
Lines [ball be in one and the fame Plane; which was to
be demonitrated.

Q PR Q-
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PROPOSITION VL

THEOREM:

If two Right Lines be perpendicular to one and
the fame Plane; thofe Right Lines are parallel

to one anotber,

LE.T two Right Lines AB, CD, be perpendicular :

to one and the fame Plane. 1fay, AB is parallel
toCD. . : By
For, let them meet the Pline in the Points B, D,
2nd join the Right Line BD, to which lez DE. be
drawn in the fame Plane at Right Angles; make
DE equal to AB, and join BE, AE, AD.
Then, becaufe AB is at Right Angles to the afore-

& Def 3. of frid Plane, it fhall be*at Right Angles to all Right

thrs,

1‘4.‘ T
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Lines, touching it, drawn in the Plane ; but AB touches
B D, BE, whichare in the faid Plane. Therefore each
of the Angles ABD, ABE, is a Right Angle. So, for
the fame Reafon likewife, is cach of the Angles
CDB, CDE, a Right Angle. Then, becaufe AB
is equal to DE, and BD is common, the two Sides
AB, BD, fhall be equal to the two Sides ED, D B;

‘bur they contain Right Angles. Therefore the Bale

AD is+equal to the Bafe BE. Again, becaufe AB

is equal to DE, and AD to BE, the two Sides AB,

BE, are equal to the two Sides ED, DA; but AE
their Bafe, is common. Wherefore the Angle AB E
is £ equal to the Angle ED A; but ABE is a Righe
Angle. Therefore ED A is alfo a Right Angle ; and
fo E D it perpendicular.to D A ; bur it is alfo perpen-
dicular to BD and D C. Therefore ED is at Righe
Angles in the Point. of Contaét to three Right Lines
BD, DA, DC:. = Wherefore .thefe three]%aﬁ Right
Lines are*in one Plane: But BD, DA, are in the
fame Plane 2s AB is; for. every Triangle istin the
fame Plane. Therefore it is neccflary, that AB, BD,
D C, be in one Plane; but both the Angles ABD;
BDC, are Right Angles. Wherelore A is £ paral-
lel to CD. Therefore, if tawo Right Lines be perpen<
dicular toone and the fame Plane, thofe Right Lines are
parallelzo one anotizer 5 which was to be demonftrated.

PRO-

&
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PROPOSITION VIL

THEORE M.

If there be two parallel Lines, and any Point be
taken in both of them, the Right Lines joining
thofe Points fball be in the fame Planes as the
Parallels are.

LET A B, CD, be two parallel Right Lines, in
which are taken any Poincs, E, F. 1 fay, aRight

Line joining the Points E, F, are in the fame Plane as
the Parallels are.

For if it be not, let it be elevated above the fame;
if poffible, as EG F ; thro® which let fome Plane be
drawn, whofe Section, with the Plane in which the
Parallels are, let * be the Right Line EF ; then the * 3 of #in
two Right Lines EGF, EF, will include a S ace, :
which is + abfurd. Therefore a Right Line drawn I‘if”’
from the Point E to the Point F, is not elevated
above the Plane, and conft uenﬂ{)ir muit be in that
paffing thro” the Parallels AB, CD. Wherefore, if
there be two parallel Lines, and any Points be taken
in both of them, the Right Line joining thefe Points
fball be in the (ame Plane as the Parallels are; which
was to be demontftrated.

PROPOSITION VIIL

THEOREM.

If there be two parallel Right Lines; one of which
is perpendicular 1o fome Plane, then fhall the
otber be perpendicular to the fame Plane,

LET AB, CD, be two parallel Right Lines, one Se :b;mf?
of which, as A B, is perpendiculas to fome Plane. & Fre¢- VA
I fay, the other CD is alfo perpendicular to the fame
Plane. !

For, let AB, CD, meet the Plane in the Points B,
D, and let BD be joined ; then AB, CD, BD, are
% in one Plane. Let DE be drawn in the Plane at * 7 of téi,
Right Angles to BD, andornake DE equal to AE&

o3 a
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and join BE, AE, AD. Then, fince AB is perpen-
dicular to the Plane, it will * be perpendicular” ro all
Right Lines, tmchini ity drawn in the fame Plane;
therefore each of the n%ges ABD, ABE, isaRight
Angle. And fince the Right Line BD falls on the
Right Lines AB, CD, the Angles ABD, CDB,
fhall be t equal to two P,.ight Angles. Therefore the
Angle CDB is alfo a Right Angle, and fo CD is
perpendicular to DB. And fince AB is equal to DE,
and BD is common, the two Sides AB, BD, are
equal to the two Sides ED, DB. But the Angle
ABD is equal to the Angle EDB; for each of them
isa Right Angle. Therefore the Bafe A D is# equal to
the Bale BE.. Again, fince AB is equalto DE, and
BE to AD, the two Sides AB, BE, fhall be equal
to the two Sides ED, D A, each to each; but the
Bafe AE is common, Wherefore the Angle ABE
is* equal to the' A‘nﬁfe EDA.: but the ﬁi.nl%[e ABE
is a Right Angle. Therefore E D A is alfo 2 Right An-«
gle, and ED is perpendicular to D A; But it is like-
wife perpendicular to D'B; Therefore ED fhall alfo
be + perpendicular to the Plane pafling thro’ BD, D A,
and likewife fhall befat Right Angles to all Right
Lings, drawn in the faid Plane, that touch it. Buc
DC isin the Plane paffing thro' BD, D A, becaufe
AB, BD, are * in that Plane; and DC s+ in the
fame Plane that AB and BD are in. Wherefore ED
is at Right Angles to DC, and fo CD is at Right An-
lesto DE, asalloto DB. Therefore CD ftands at
f{ight An&lcs in the common Section D, ro two Right
Lines DE, DB, mutually cutting one another; and
accordingly is at Right Anglesto the Plane paffing thro’
DE, DB whichk was t¢ ke demonfirated.

PRO-



Book XI. Ewcid's ELEMENTS. 190

PROPOSITION IX.

THEORE M.

Right Lines that are parallel to the [ame Right
Line, not being in the fame Plane with it, are
alfo parallel to each other,

LE T both the Righ Lines AB, CD, be parallel to
the Right Line E F, not being in the fame Plane
withit. [fay, AB is parallel ro CD:

For, aflume any Point G in E F, from which Point
G, let G H be drawn ar Right,Angles to EF, inthe
Plane paffing thro’ EF, A B : Alfo, let G K be drawnat
Right Anglesto E F in the Plane paffing thro’ E F, C D:

Then, becaufe E F is perpendicular to G H,and GK, =
the Line E F fhall alfo be ¥ at Right Anglesto a Plane * 4 ¢ '/
iffing thro’ GH, GK; but EF is parallel to A B. &

herefore AB is+ alfo at Right Angles to the Plane T8 ¢
paffing thro’ HG K. For the fame Reafon, CD isallo
at Right Angles to the Plane paffing thro’ HGK ; and
therefore AB,and CD, will be both at Right Angles
to the Plane paifing thro’ HG K. Buc if two Right
Lines be at Right Angles to the fame Plane, they fhall |
be £ parallel to each other. Theréfore AB is parallel 6 of thise
to CD; awhich was to be demonfirated.

PRQPOSITION X,

THEOREM,

If two Right Lines, touching one another, be pa-
rallel to two other Right Lines, touching one
another, but not in the fame Plane, thofe Right
Lines contain equal Angles, ST

LE T two Right Lines AB, BC, touching one an-
other, be parallel to two Right Lines DE, E F,
touching one another, but not in the fame Plane. I
fay, the Angle ABC is equal to the Angle DEF.
For, rake BA, BC, ED, EF, equal to one an-
other, and join A b, CF, BE, AC, DF: Then,be-
caule BA is eqaal and parallel to E D, the Right Line
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A D fhall alfo be * equal and parallelto BE. For the
fame Reafon, CF will be equal and parallel to BE§
therefore ﬁb} CF, are both equal and parallel to
BE. But Right Lines that are parallel to the {fame
Right Line, not being in the fame Plane with it, will
be+ patallel to each other. Therefore AD: is paral-
Jel and equsl to CF; but AC, DF, joins them;
wherefore AC is+equal and parallel to DF. And
becaufe two Right Lines AB, BC, are equal to two
Right Lines DE, EF, and the Bafe AC equal to
the Bafe DF, the Angle ABC will be * equal to the
Angle DEF. Therefore, if two Right Lines touch=
ing one another, be parallel to two other Right Lines
touching one anotber, but not in the fame Plane, thofe
Right Lines contain equal Angles ; which was to be
demonitrated.

PROPOSITION XL

PrROBLEM.

From a Point given above a Plane, to draw &

Right Line perpendicular to that Plaje,

ET A be a Point given above the given Plane
BH. It is required to draw a Right Line from
the Point A, perpendicular to the Plane BH.

Let a Right Line BC be any-how drawn in the
Planc BH, and let AD be drawn * from the Point A
perpendicular to BC ; then, if AD be perpendicular
to the Plane BH, the thing required is already done.
But if not, lec DE be drawn in the Plane from the
Point D at Right Angles to BC; and let AF be
drawn * from the Point A perpendicular to DE.
Laftly, thro’ F draw GH parallel to BC.

Then, becaufe BC is perpendicular to both D A and
DE, BC will alfo be} perpendicular to a Plane ga -
fing thro' ED, DA. But GH is parallel to BC
And if there are two Right Lines parallel, one of
which is at Right Angles to fome Plane, then fhall
the other bear Right Angles to the fame Plane,
Wherefore GH is ar I%ighr, Angles to the Plane paffing
thre ED, DA, and {o is * perpendicular to all the
Right Lines in the fame Plane that touch it, But i;Fl‘:

whic
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which is in the Plane paffing thro’ ED and D A, doth

touch it. Therefore GH is perpendicular o AF,

and fo AF is perpendicular to GH; bur AF likewile

is perpendicular to DE ; therefore A T is perpendicu-

lar to both HG, DE. But if a Right Ling ftands

at Right Angles to two Right Lines, in their commonr _
Section, that Line will be +at Right Angles to the T 14 ¢ ¢bis
Plane paffing thro’ thefe Lines. Therefore AF is per-
pendicular to the Plane drawn thro’ ED, G H; that

s, to the given Plane BH. . Therefore AF is drawn

from the given Point A, above the given Plane B H,
perpendicular to the faid Plane;, which was to be dowe.

PROPOSFTTO N X

PrRoBLEM.

9o ereit a Right Line perpendicular to a grvm
Plane, from a Point given therein,

LE T A beagiven Point in a given Plane M N.

It is required to draw a R?ht Line from the
Point A, at Right Angles, to the Plane M N.

Let fome Point B be fuppofed above the given
Plane, from which let BC be drawn * perpendicular * 1 ¢f ebis.
to the faid Plane; and let A D be drawn t from A pa-t 3% %
rallel to BC. & 0]

Then, becaufe AD, CB, are two parallel Right
Lines, one of which, viz. BC, is-perpendicular to o . .
the Plane MN ; the other A D fhall bealfo perpen- 18 ¢ e
dicular to the fame Plane. Therefore & Right Line is
ereited perpendicular to a given Plane, from a Poins
given therein ; which was to be done. I

O 4 PRO-



oz

® q of ehis.

¢ D 3.

Euclid’s ELEMENTS. Book XL

PROPOSITION XIIL

THEOREM.

Two Right Linescannot be ereited at Right Angles,
to a given Plane, from a Point therein given. -

F OR, ifit is poffible, let two Right Lines AB,AC,
+ be erefted perpendicular to 4 given Plane on the
fame Side, ata given Point A, ina given Plane. -
Then let a Plane be drawn thro’ %A, AC, curting
the given Plane thro’ A in the Right Line* DAE;
therefore the Right Lines AB, AC, D AE, are inone
Plane. And becaufe CA is perpendicular to the
given Plane, it fhall alfo be { perpendicular to all
Right Lines drawn in that Plane, and touching it;
bur D AE, being in the given Plane, touches it,
Therefore the Anggle CAE isaRight Angle. For the
fame Reafon, BAE is alfo a Right Angle; wherefore
the Angle CAE is equal to BAE, and they are both
in one Plane, which isabfurd. Therefore zwo Right
Lines cannot be ereffed at Right Angles, to a given
Plane, l{mm a Point therein given ; which was to be
demonitrated. ol

PROPOSITION XVL

"THEOREM.

Thofe Planes, to which the fame Right Line is pere
 pendicular, are pargﬂfi to each other,

ET the Right Line AB be perpendicular to each
?f the Planes CD, EF. 1 fay, thefe Planes are
arallel.

For if they be not, let them be produced till they
meet each other, and let the Right Line GH be the
common Section, in :which take any Point K, and
join AK, BK. Then, becaufe AB is perpendicular
to the Plane E'F, it fhall alfo be perpendicular to the
Right Line BK, being in the Plane EF produced.
Wherefere the Angle ABK is aRight Angle. And
for'the fame Realon, ‘BAK is alfo a Right ﬁtflii

' ¢ . n

. |
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' And fo the two Angles ABK, BAK, of the Triangle
- ABK, are equal to two Right Angfes, which is * im- * 17- t-
flible. Therefore the Planes CD, E'F, being pro-
ced, will not meer each other, and {0 are neceffa-
rily parallel. ‘Therefore* thofe Planes, ta‘which the
fame Right Line is perpendicular, are parallel to each
other.; which was tobe demonftrated. R

PROPOSITION XV.

THEOREM.

If two Right Lines, touching one another, be pa-
rallel to two Right Lines, touching one anothar,
and not being in the fame Plane with them, the
Planes drawn thro® thofe Right Lines are pa-
rallel to each other,

LET two Right Lines AB, BC, touching one
another, be parallel to two Right Lines DE, EF,
totiching one anather, but not in the {ame Plane with
them; % fay, - the Planes paffing thro’ AB, BC, -and
DE EF, geing produced, will not meet each other.
“ For, let BG be drawn from the Point B, perpendi-
cular to the Plane paffing thro’ DE, EF, meeting
the fame in the Point G; and thro’ G let GH be
drawn parallel to ED, and G K parallel to EF; then,
becaufe BG is perpendicular to the Plane pafling
thro' DE, EF, it fhall alfo make * Right Angles * Def 3.
with all Right Lines that touch it, and are in the
fame Plane ; but G H and G K, which are both in the
fame Plane, touch it. Therefore each of the Angles
BGH,BGK, is a Right Angle. And fince BA is
parallel to GH, the Angles GBA, GBH, aret 1z 7
c?qal to the Right Angles: But B G H is a Right An-
F e; wherefore GB A fhall alfo be a Right Angle, and
o BG is perpendicular to BA.  For the fame Reafon,
G B is alfo perpendicular to BC. Therefore, fince a
Right Line BG ftands ar Right Angles to two Right
Lines BA, BC, murtually cutting each other; BG
fhall alfo be#at Right Angles to the Plane drawn § 4o ¢hise
thro’ BA, BC. But it is perpendicular to the Plane
dtaginthro’ DE, EF; therefore BG is perpendicu-
Jar to both the Planes drawn thro’ AB, BC, I;r.‘]E.d
. 2
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DE, EF. But thofe Planes to which the fame Right

# 14 of this, Line is perpendicular, are * parallel. Therefore the

Plane drawn thro” A B, BC, is parallel to the Plane
drawn thro’ DE, EF. Wherefore, ?‘ two Right
Lines, touching ome another, be parallel to two Right
Lines, touching one another, and not being iz the [ame
Plane with them, the Planes drawn thro’ thefe Rjg}f‘
Lines are parallel to each other.

PROPOSITION XVIL

THEORE M.

If two pavallel Planes are cut by any other Plane,
their commaon Sections will be parallel.

ET two Eparallcl Planes, A B, CD, be cut by any
Plane EFHG, and let their common Sections
be EF, GH. 1fay, EF is parallel to GH.

For, if it is not parallel, EF, G H, bein produced,
will meet each other either on the Side FH, or EG.
Firft, let them be produced on theSide F H, and meet
in K; then, “becaufe EF K is in the Plane AB, all
Points taking in E F K will be in the fame Plane. But
K is one of the Points that is in EFK. Therefore
K is in the fame Plane AB. ' For the fame Reafon K
is alfoin the Plane CD." Wherefore the Planes AB,
CD, will meet each other.” But they do not meet,
fince they are fuppofed parallel.” .“Therefore the Right
Lines EF, GH, will not meet on the Side FH. Af-
ter the fame manner it is proved, that they will not
meet, if produced, on the Side EG. ' Buc Right
Lines, that will neither way meet each other, are
parallel ; therefore E F is parallel to G H. 1;‘, therefore,
#wo parallel Planes are cut by any other Plane, their
common Seltions will be p:zrglg;f 5 which was to be de-~
monftrated, . '

k5O
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PROPOSITIQN T AYIE

THEORE M,

| If two Right Lines are cut by parallel Planes, they
Jball be cut in the fame Proportion, '

LET two Right Lines AB, CD, be cut by pa-
&4 rallel Planes GH, KL, MN, in the Points A,
E, B, C, F, D. Ifay, asthe Right Line AE is to
the Right Line EB, foisCFwo FD.

For, let AC, BD, A D, be joined: Let AD meet
the Plane K L in the Point X, and join EX, XF.
Then, becaufe two parallel Planes KL, M N, are
cut by the Plane EBD X, their common Seltions
E X,BD, are * parallel. For the fame Reafon, becaufe # 16 o7 155,
two parallel Planes GH, KL, are cut by the Plane
AXFC, their common Sections AC, F X, are pa-
rallel ; and becaufe E X is drawn parallel to the Side
BD of the Triangle ABD, it fhall be as AE is to
EB, fo st AX to XD. Again, becaufe XF istz2.6s
drawn parallel to the Side ACof the Triangle ADC,
it hall be+as AX to XD, fois CFwoFD. But
it has been proved, as AX isto XD, fois AE to
EB. Theretore, as AEisto EB, fois $ CF tot 15
FD. Wherefore, if two Right Lines are cut by pa-
rallel Planes, they [ball be cut in the fame Proportion ;
which was to be demonftrated.

PROPOSITION XVIIL

THEOREM,

If a Right Line be perpendicular to fome Plane,
then all Planes paffing thro' that Line will be
perpendicular to the fame Plane,

ET the Right Line AB be perpendicular to the
Plane CL. 1 fay, all Planes that pafs thro’ AB,
are likewife perpendicular to the Plane CL.

For, let a Plane DE pafs thro’ the Right Line AB,
whofe common Section, with the Plane CL, is the
Right Line CE; and take fome Point Fin CE ; f?:‘l}.’l

, which
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which let FG be drawn in the Plane DE, perpendi-
cular to the Right Line CE: -Then, becaufe AB is
perpendicular to the Plane CL, ic fhall alfo be* per-
pendicular to the Righr Lines which touch i, and
are in the fame Plane. Wherefore, it is perpendicu-
lar to CE; and confequently, the Angle ABF js a
Right Angle; but GFB is likewife a Right Angle.
Therefore AB is parallel to FG. But ABis at Right
Angles to the Plane CL. Therefore, ¥ G will be+
at Right Angles to thar fame Plane. hu_t one Plane js
perpendicular to another, when the Right Lines,drawn
in one of the Planes perpendicular to the common
Section of the Planes, are  perpendicular to the other
Plane. But FG is drawn in one'Pline DE, perpen--
dicular to the common Sefion CE of the Planes.
And it has been proved to be perpendicular to the
Plane CL. Therefore the Plane DE is at Right
“Angles to the Plane CL. After the fame manner it
is demonftrated, that all Planes, paffing thro’ the
Right Line ‘AB, are perpendicular to the Plane CL.
Thercfore, if a Right Line be perpendicular to fome
Plane, then all Planes paffing Ib{:‘?’ that Line will be

. perpendicular to the [ame Plane; Which was to be dé-

monftrated.

PROPOSITION XIX,

THEOREM.

If two Planes cutting each other, be perpendicu-
lar to fome Plane, then their common Seltion
will be perpendicular to that fame Plain,

LET two Planes AB, BC, cuttin% each other,
‘ be pérpendicular to fome third Plane, and let
théir common Section be BD. Ifay, BDis gr
dicular to the faid third Plane, which let be A gm'
For, if poffible, let BD not be perpendicular to
the third Plane ; and from: the Point D, let DE be
drawn in the Plane A B, perpendicularto AD ; and
let DY be drawn in the Plane BC, perpendicular to
CD; then, becaufe the Plane A B is perpendicular to
the third Plane, and D E is drawn in the Plane A B,

perpendicular to their common Section AD, Eaﬁ
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' fhall be * perpendicular to the third Plane. In like » p.f 4.
manner we prove, that DF alfo is perpendicular to

the faid Plane. Wherefore two Right Lines ftand

at Right Angles, to this third Plane, on the fame Side,

at the fame Point D ; which is + abfurd. Therefore, 1 13 of tbis.

to this third Plane cannot be erected any Right Lines
erpendicular at D, and on the fame Side, except

ﬁD, the common Section of the Planes JiB, BC.
Wherefore DB is perpendicular to the third Plane,

If, therefore, zawo jgfdm's, cutting each other, be per-

pendicular to [ome Plane, then their common Seltion

will be perpendicular to that fame Plane; which was

to be demonftrated.

PROPOSITION XX.

THEOREM.

If a [olid Angle be contained under three plian
Angles, any two of them, bowfoever laken,
are greater than the third.

LET the folid Angle A be contained under three
plain Angles BAC, CAD, DAB.- I fay, any

two of the Angles BAC, CAD, DAB, are greater
than the third, howfoever taken.

For, if the Angles BAC, CAD, DAB, be equal,
it is evident, that any rwo, howlfoever taken, are
greater than the third. But if not, let BAC be the
greater; and make * the Angle BAE, at the Point A, *23. 1.
with the Right Line AB, in a Plane paffing thro’BA,
A C, equal to the Angle DAB; make AE equal to
AD; thro’ E draw BEC, cutting the Right Lines
AB, AC, in the Points B, C, and join DB, DC,
Then, becaufe D A is equal to AE, and AB is com-
mon, the two Sides DA, AB, are equal tothe two
Sides AE, AB,; butthe Angle DAB is equal to the
Angle BAE. Therefore the Bafe DB ist equal to +4. 14
thcgEafe BE., And fince the two Sides DB, D
are greater than BC, and DB has been prowv ua
to BE, the remaining Side D C fhall be greatere&nn
the remaining Side EC; and fince D A is equal to
AE, and AC is common, and the Bafe D C greater
than the Bafe EC, the Angle D AC fhall be grea;: t 252,

L



368

Euclid’'s ELEMENTS. Book VI,

than the Angle EAC.  But from Conflruction, the
Angle D AB is equal to the Angle BAE. Wherefore
the Angles DAB, D AC, are greater than the Angle
BAC. After this manner we demontftrate, if any
two other Articles be taken, that they are 5greater than
the third. Therefore, if z [olid Angle be contained
under three plain Angles, any two of them, bowfoever

_ taken, are greater than the third; which was to be

.ﬂﬂ ﬂ‘f -f-!'-‘..'..'fl

demontftrated.

PROPOSITION XXI.

TMEORE M.

Every 'ﬁrﬁd .A::Igf& is" contained wider plain An-
gles together, lefs than four Right ones.

LE T A be a folid Angle, contdined under plin-
Angles BAC, CAD, DAB. Ifay, the Angles
BAC, CAD, DAB, are lefs than four Right An-
les. | : |
£ For, take any Points B, C, D, in each of the Lines.
AB,fAC, AD; and join BC, CD, DB. Then,
becaufe the*folid Angle at B is contained under three
plain Angles CBA, ABD, CBD, any two of thefe
are * greater than the third.: Therefore the Angles
CBA, ABD, are greater than the Angle CBD, For.
the fame Reafon, the Angles BCA, ACD, are
greater than the Angle BCD; and the Angle CD A,
ADB, greater than the Angle CDB, herefore
the fix Angles CBA, ABD, BCA, ACD, ADC,
A DB, are greater than the three AnglesCBD,BC D,
CDB.  But the three Angles CBD, BCD, CD B,
are T equal to two Right Angles. 'Wherefore the fix-
Angles CBA, ABD,BCA, ACD, ADC, ADB,
are greater than two Righr Angles. And fince the .
three Angles of each of the Triangles ABC, ACD,
DB, are equal to two Right Angles, the nine -
Angles of thofe TrianglesC B A, B Cﬁ,gﬂ AC,ACD,
CAD, ADC, ADB, ABD, DAB, are equal to
fix Right Angles.  Six of which Angles CBA, BCA,
ACD, ADC, AD B, ABD, are greater than two
Right Angles. Therefore, the three other Angles
BAC, CAD, DA B, which ‘contzin the folid I‘i-
=1 EiCy
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gle, will be lefs than four Right Angles. Wherefore
‘every [olid Angle is contained under Angles together,

Jefs than four plain right ones; which was to be de-
monftrated.

PROPOSITION XXIIL

THEOREM.

If there be three plain Angles, whereof two, any
bow taken, are greater than the third, and the
Right Lines that contain them be equal 5 then it
is poffible to make a Triangle of the Right Lines

~ joining the equal Right Lines, which form the
Angles.

LET ABC, DEF, GHK, be given plain An-
gles, any two whereof are greater than the third ;
and let the equal Right Lines AB, BC, DE, EF,
GH, HK, conuin them; and let AC, DF, GK,
be joined. [ fay, itis poffible to make a Triangle
of AC, DF, GK; that is, any two of them, how-
{oever taken, are greater than the third.
For if the Anglesat B, E, H, are equal, then AC, :
DF, GK, will be*equal, and any two of them * 4. 1
eater than the third; but if nor, letthe Angles at
, E; H, be uneqm]:i'l and let the Angle B be greater
than either of the othersat E or H. Then the Right :
Line A C will be + greater, than either DF or GK; 1 24. 1.
and it is manifeft, that A C, together with either DF,
or G K, isgreater than the other. 1 fay likewife, that
D F, G K, together, are greater than A C, For maEe# atf 29, 1.
the Point B, with the Right Line AB, the Angle
ABL equal to the Angle G HK ; and make B L equal
to either AB, BC, DE, EF, GH, HK, and join
AL, CL. ZI'htn, becaufe the two Sides AB, BL,
arc equal to the two Sides GH, HK, each to each,
and they contain equal Angles, the Bafe AL fhall be
ual to the Bafe GK. And {ince the Angles E and
are greater than the Angle AB C, ‘whereof the An-
gle G%—IK is equal to the Angle ABL, the other
Angle at E fhall be. %reatﬂr than the Angle LBC.
And fince the two Sides LB, BC, are equal to the
_two Sides DE, EF, each to eacf], and the Angle

DEF
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D EF is greater than the Angle LBC, the Bafe DF

» fhall be*greater than the Bafe LC. But GK has

been proved equal to A L. gTherefore DF, G K, are
greater then AL, L.C; but AL, LC, are greater
thain AC. Wherefore DF, GK, fhall be much

reater than AC. Therefore any two of thé Right
%ines AC, DF, GK, howloever taken, are greater
than the other: And foa Trianzle may be made of
AC, DF, GK, which awas to be demonfPrated.

PROPOSITION XXIII.

ProBLE M.

Tomake a folid Angle of three plain Angles, where-
of any two, bowfoever taken, aregreater than
the third 5 but thefe three Angles muft be lefs

- han four Right Angles.

LET ABC, DEF, G HK, be three plain An-
gles given, whereof any two, howloever taken,
are %reater than the other, and let the faid three An-
gles be lefs than four Right Angles. It is required to
make a folid Angle of three plain Angles equal to
ABC, DEF, GHK.

LettheRight LinesAB,BC,DE, EF, GH, HK,
be cut off equal, and join AC, DF, GK; thenit is
poffible to make * a Triangle of three Right Lines
equal to AC, DF, GK: And fo let { the Triangle
L MN be made, fo that AC be equalto L M, and
DF to MN, and GKto LN ; and let the Circle
LMN be defcribed + about the Triangle, whofe
Centre let be X, which will be either within the T'ri-
angle LMN, or on one Side thereof, or without
the fame.

Firft, let it be within, and join LX, MX, N'X,
Ifay, ABis greater than L. X. For if this be not {o,
A B fhall beeither equal to L. X, or lefs. Firft, letit
be equal; then, becaufe AB is equal to L X, and alfo
to BC, LX fhall be equal to BC; but L X is equal
to XM. Therefore the two Sides AB, BC, are

ual to the two Sides L. X, X M, each to each; but
the Bafe AC is put equal to the Bafe LM. Where-

fore the Angle ABC fhall be*equal to the Angle
LXM.
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LXM. For the fame Reafon, the Angle DEF is
equal to the Angle M XN, and the Angle G HK to
the Angle NXL. Therefore the three Angles ABC,
DEF, GHK, are equal to the three Angles LXM,
MXN, NXL. But the three Angles LXM, :
MXN, NXL, are * equal to four Right Angles: *Eor 15 T
And {o the three Angles ABC, DEF, GHK, fhall
alfo be equal to ﬁ)urgRighl: Angles ; but they are put
lefs than four Right Angles, which is abfurd. There-
fore AB is not equal to LX, [Ifay alfo, it is neither
les than L X ; for if this be poffible, make X O equal
to AB, and XPto BC, and joinOP. Then, be-
caufe AB is equal to BC, X O fhall be equal to X P
and the remaining Part OL equal to the remainin
Part PM: And fo L M is% parallel to OP, and the t 2. 6
Triangle L M X is equiangular to the Triangle OP X,
Wherefore XL istro LM, as XO isto OP; and 14 6
(by Alrernation) as XL isto X O, fois LM to
OP. ButL X isgreater than X O. Therefore L M
thall alfo be greater than OP. But LM is put equal
to AC. Wherefore AC fhall be greater than OP.
And fo, becaufe the two Right Lines AB, BC, are
equal to the two Right Lines OX, XP, ana the
Bafe AC greater than the Bafe O P, the Angle ABC
will be * greater than the Angle OXP. In like * 25 %
manner, we demonftrate that the Angle DEF is
ereater than the Angle M X N, and the Angle GHK,
than the Angle N X L. Therefore the three Angles
ABC, DEF, GHK, are greater than the three An-
esLXM,MXN,NXL. Butthe Angles ABC,
EF, GHK, are put les than four Right Angles.
Therefore the Angles LXM, MX N, N XL, thall
be lefs by much than four Right Angles, and alfo
equal + to four Right Angles; which is abfurd. f6er 151,
Wherefore AB is not lefs than LX. It has alfo
been prov’d not to be equal toit. Therefore it muft _
neceffarily be greater. On the Point X raife$ X R, Tr2¢f¢bis.
perpendicular to the Plane of the Circle LM N
whofe Length let be fuch, that the Square thereof be
equal to the Excefs, by which the Square of A B ex-
ceeds the Square of LX; andlee RL, RM, RN,
be joined. Becaufe R X is perpendicular to the Plane ,
of the Circle LMN, it fhall alfo be* perpendicular * Def. 3
o LX, MX, NX. Hli;i becaufe L X is equal to

A M,
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XM, and XR is common, and at Right Angles ro
them, the Bafe LR fhall be* equal to the Bafe R M.
For the fame Reafori, R N isequal toR L, or R M.
"Therefore three Right Lines, RL; RM, RN, are
equal to each other. And becaule the Square of X R
is equal to the Excels, by which the Square of AB
exceeds the Square of L X ; the Squareof A B will be
equal to the Squares of L X, X R together: But the
Square of R L is 1 equal to the Squares of LX, XR :
For L X RisaRight Angle. Thereforethe Square of
AB will be equal to the Square of RL; and fo AB
is equal to RL. BurBC, DE, EF, GH, HK,
are every of them equal to AB; and RN, or R M,
equal to R L, Wherefore AB, BC, DE, EF, GH

K, are each equal to RL, RM, or RN: And
fince thetwo Sides RL, R M, are equal to the two
Sides AB, BC, and the Bafe L. M is put equal to the
Bafe AC, the Angle LR M fhall be#equal to the
Angle ABC. Forthe fame Reafon the Angle MR N
is equal to the Angle DEF, and the Angle LRN
equal to the Angle GHK. Therefore a {olid Angle
is made at R of three plain Angles LR M, MRN,
LR N, equal to three plain Angles given, ABC,
DEF, GHK.

Now let the Centre of the Circle X be in one Side’
of the Triangle, viz. in the Side M N, and join
X L. 1fayagain, that AB is gteater than L X. For,
if it be not fo, A B will be either equal, or lefs than
LX. Firft, letit be equal; then the two Sides AB,
BC, are equal to the two Sides MX, LX, that is
they are equal to MN 5 but M N is put equal to DF
Therefore DE, EF, aréequal to DE, which is * im-
poffible. Thefefore AB is not equal to LX, In
like manner, we prove that it is neither leffer; for
the Abfurdity will much more evidently follow.
Therefore AB is greater than LX. And if in like
manner, as before, the Square of R X be made equal
to the Excefs, by which the Square of AB exceeds
the Square of L X, and R X be raifed at Right An-
Elcs to the Plane of the Circle, the Problem will be

one.

Laftly, let the Centre X of the Circle be without
the Triangle LMN; and join LX, MX, N X,
I fay, AB is greater than L.X. For if it be not, E‘:

mu
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muft either be eﬂual, or lefs. Firft, let it be equal;
then the two Sides AB, BC, are equal to the two
~ Sides M X, XL, each to each; and the Bafe AC is
equal to the Bafe ML ; therefore the Angle ABC &
equal to the Angle MXL. For the fame Reafon
the Angle G Hl% is equal to the Angle LXN and
fo the whole Angle MXN is equal to the two An-
gles ABC, GHK; butthe Angles ABC, GHK,
are greater than the Angle DEF. Therefore the
ﬁng%e M XN is greater than DEF ; but becaufe the
two Sides DE, EF, are equal to the two Sides M X,
XN and the Bafe D F is equal to the Bafe M N, the
Angle MXN fhall be equal to the Angle DEF; but
it has been proved greater, which is abfurd. There-
fore AB is not equal to LX. Moreover we wiil
prove, thar it is not lefs; wherefore it fhall be necef-
farily greater. And if, again, X R be raifedat Right
Angles to the Plane of the Circle, and made equal to
the Side of that Square, )I:%)' which the Square of AB
exceeds the ﬁuare of LX, the Problem will be de-
termined. Now, I fay, AB is not lefs than LX;
for if it is poffible, that it can be lefs, make X O equal
to AB, and X P equal to BC, and join OP. Then,
becaufe AB is equal to BC, X O fhall be equal to
X P, and the remaining Part OL equal to the

213

remaining Part P M; Therefore L M is* parallel to * 2. 6

PO, and the Triangle LMX equiangular to the

is XOtww OP: And (by Alternation) as L X is to
X0O,foisLMto OP;but L Xis greater than X O ;
therefore L M is greater than QO P; but LM is equal
to AC; wherefore AC fhall be greater than O P.
And fo, becaufe the two Sides AB, BC, are equal to
the two Sides O X, X P, eachto each; and the Bafe
AC is greater than the Bafe OP; the Angle ABC
fhall be# greater than the Angle O X P.  So likewife,
if X R be taken equal to XQ or X P, and OR be
joined, we prove that the Angle GHK is greater
than the Angle OXR. At the Point X, with the
Right Line L X, make the Angle LX S equal o the
Angle AB C, and the Angle L i equal to the An-
gle GHK, and XS, XT, each equalto XO; and
join OS, OT, ST. Then, becaufe the two Sides
AB, BC, are equal to theI;wu Sides OX, XS, and

£ 3 the

Triatg\e PXO. Wherefore,ast X Listo LM, fo t 4 6

t 151 Is
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the Angle ABC is equal to the Angle OXS, the
Bafe AC; thatis, L M fhall be equal to the Bale
OS. For the fame Reafon, LN is alfo equal to
OT. And fince the two Sides ML, LN, are equal
to the two Sides OS, OT, and the Angle ML N
reater than the Angle SOT ; the Bafe MN fhall

e greater than theBafe ST ; but MN is equal to
D I'; therefore D F thall be greater than ST. Where-
fore, becaule the two Sides DE, EF, are equal to
the two Sides SX, X T, and the Bafe DF is greater
than the Bafe ST, the Angle DE F fhall be greater
than the Angle SXT but the Angle SX'T is equal
to the Angles ABC, GHK. Therefore the Angle
DEF is greater than the Angles ABC, GHK,; but
it is alfo lels, which isabfurd ; awhich was to be de-
wonfirated.

PROPOSITION XXIV.

THEORE M,

If a Solid be contained under fix parallel Planes,
the oppofite Planes thereof, are equal Parallelo-
grams.

E'T the Solid CD G H be contained under parallel
Planes AC, GF, BG, CE, FB, AE. Ifay,
the oppofite Planes thereof are equal Parallelograms.

For, becaufe the parallel Planes BG, CE, are cut

# 16 ¢f tiis, by the Plane AC, their common Sections are* paral=
lel 5 wherefore AB is parallel to CD. Again, be-
caufe the two parallel Planes BF, AE, are cut by
the Plane A C, their common Sections are parallel;
therefore AD is parallel to BC; but AB has been
proved to be parallel to CD ; wherefore A C fhall be
a Parallclogram.  After the fame manner, we de-
monftrate that CE, FG, GB, BF, or AE, isa Pa-
rallelogram,

Let AH, DF, bejoined. Then, becaule A Bis };:}—
rallel to DC, and BH to CF, the Lines AB, BH,
touching each other, fhall be parallel to the Lines
DC, CF; touching each other, and not being in the

F 10 of thir. fame Plane; wherefore they fhall + contain equal An-
ales. And fo the Angle ABH is equalto thwi) Aegg‘e
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DCF. And fince the two Sides AB, BH, are + equal ¥ 34+ =

to the twoSides D C, CF, and the Angle ABH equal
to the Angle DCF, the Bafe AH fhall be * equal to
the Bale D F, and the Triangle ABH equal to the
Triangle DCF. And fince the Parallelogram BG is

¥4, 1.

1+ double to the Triangle A BH, and the Parallelogram + 41. =

LCE, to the Triangle DCF, the Parallelogram BG
Thall be equal to the Parallelogram CE. In like man-
ner, we demonftrate that the Paralleloeram AC is
equal to the Parailelogram G F, and the Is’aralleiugram
AE equal to the Parallelogram BF. If; theretore,
& Solid be contained under /zg:s parallel Planes, the op-
pofite Planes thereof are equal Parallelograms ; which
was to be demonftrated. .

Coroll. Tt follows from what has been now demon-
ftrated, that if a Selid be contained under fix paral-
lel Planes, the oppofite Planes thereof are fimilar
and equal, becaufe each of the Angles are equal, and
the Sides about the equal Angles are proportional.

FROPOSITION XXV.

T HEGE EM.

¥ a folid Parallelopipedon be cut by a Plane,
parallel to oppofite Planesy then as Bafe is t¢
Bafe, fo fball Solid be to Solid.

ET the folid Parallelopipedon ABCD be cur

‘ by a Plane YE, parallel to the oppofite Planes
RA, DH. 1 fay, as theBafe EF® A is to the Bafe
EHCF,0 is the SolidA BF Y to the Solid EGCD.

For, let AH be both ways produced, and make
HM, MN, . equalto EH, and AK, KL, ¢e.
equal to &E?; and let the Parallelograms L. O, K&,
HX, MS, as likewife the Solids LP, KR, HQ,
M T, be completed. Then, becaufe the Right Lines
LK, KA, AE, are equal, the Parallelograms L. O,
Ka, AF, fhall be *al ne%:al; as likewife the Pa-
rallelograms K2, KB, AG: And moreover $ the
Parallelograms L ¥, K.i?, AR ; for they are oppofire.
- For the fame Reafon, the Parallelograms EC, HX,
MS, alfo are equal to each other; as alfo the Paral-
i )2 lelograms

¥ 1, 4.
% 24 of this
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lelograms HG, HI, IN; and fo are the Parallelo-
grams DH, Mg, NT. Therefore three Planes of
the Solid L P are equal to three Planes of the Solid
KR, or AY, each to each; and the Planes oppofite to
thefe, are equal to them. Therefore the three Solids
j;f_'ﬂﬁ - [LP, KR, AY, will be equal § to each other. For the
fame Reafon, the three Solids ED, HQ, M T, are
equal to each other. Therefore the Bafe LF is the fame
ultiplé of the Bafe AF, as the Solid LY is of the
Solid AY. For the fame Reafon, the Bafe N F is
the fame Multiple of the Bafe HF, as the Solid N'Y
is of the Solid ED: And if the Bafe LF be equal to
the Bale N'F, the Solid LY fhall be equal to the
Solid NY; and if the Bafe LF exceeds the Bafe
NF, the Solid LY fhall exceed the Solid NY; and
if it be lefs, les. Wherefore, becaufe there are four
Magnitudes, wiz. the two Bafes AF, FH, and the
two Solids AY, ED, whofe Equimultiples are ta-
ken, to wit, the Bafe LF, and the Solid LY ; and
the Bafe N'F, and the Solid NY: And fince it is
proved, if the Bale LF exceeds the Bale N F, then
the Solid LY will exceed the Solid NY; if equal,
equal; and lefs, lefs: Therefore, as the Bafe AF is
® Def. 6 5. to0 the Bafe FH, fo is * the Solid AY to the Solid
ED. Wherefore, if a folid Parallelopipedon be cut
by a Plane, parallel to oppofite Planes; then as Bafe
is to Bafe, fo [ball Solid be zo Solid; which was to be
demonftrated.

PROPOSITION XXVI,

THEORE M.

At a Right Line given, and at a Point given
in ity to make a folid Angle equal to a folid
Angle given.

LET AB be a Right Line given, A a given Point
in it, and D a given folid Angle contained under
the plain Angles EDC, EDF, FDC; itis required
to make a {olid Angle at the given Point A, in the given
Right Line A B, equal to the given folid I-J\l’! le D.
" : A\flume any Point F in the Right Line DF, from
11 of wbity which let F G be drawn * perpengicular to the Plane

pafling
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fing thro’ E D, D C, meeting the faid Plane in the
oint G ; and join DG ; make T the Angles BA L, 237
BAK, at the Eivcn Point A, with the Right Line AB,
eqﬁal to the Angless EDC, EDG. :
aftly, make AK equalto DG and at the Point
K erect £+ HK at Right Angles to the Plane paffing 1 12 of sbit,
thro> BAL; and make KH equal to GF, and join
HA. TIfay, the folid Angle at A, which is contained
under the three plain Angles BAL, BAH, HAL,
is equal to the folid Angle at D, which is contained
under the plain Angles EDC, EDF, FDC: For
let the equal Right Lines AB, DE, be taken; and
join HB, KB, FE,GE. Then, becaule FG is pet-
pendicular to the Plane paffing through E D, DG, it
fhall be * perpendicular to all the Right Lines touch- * Def- 3. of
ing it, that are in the faid Plane. Wherefore both the “**
Angles F G D, FG E, are Right Angles. For the fame
Reafon, both the Angles HK A, HKB, are Right
Angles; and becaufe the two Sides KA, A B, are equal
to the two Sides G D, DE, each to each, and contain
equal Angles, the Bafe BK fhall be # equal to the T4 %
Bafe EG; but KH is alfo equal to GF, and they
contain Right Angles; therefore HB fhall be +equal
to FE. Egain, becaule the two Sides-AK, IEHji
are equal to the two Sides DG G F, and they con-
tain Right Angles, the Bafe A H fhall be equal to the
Bafe DF; but AB is equal ro DE. Therefore the
two Sides HA, AB, are equal to the two Sides F D,
DE; burt the Bafe HB is equal to the Bafe FE, and
fo the Angle BAH will befequal to the Angle $%- "
EDF. For the fame Reafon, the Angle HAL is
equal to the Angle FD C; for fince, if AL be taken
equal to DC, and KL, HL, GC, FC, be joined,
the whole Angle BAL is equal to the whole Angle
EDC; and the Angle B AC, a Part of the one, is
put equal to the Angle EDG, a Part of the other;,
the Angle K A L remaining, will be equal to the An-
le GDC remaining. And becaufe the two Sides
A, AL, are equal to the two SidesG D, D C, and
they contain equal Angles, the Bafe KL will be
equal to the Bafe GC; but KH is equal to GF;
wherefore the two Sides LK, K H, are equal to the
two Sides CG, G F ; but they contain Right An%}es;
therefore the Bafe H L will be equal to the E:'_-zd'l:!:HIL L C.
A 4 gain,
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Again, becaufe the two Sides HA, AL, are equal
to the two Sides FD, D C, and the Bafe HL is equal
to the Bale FC, the Angle H A L. will be equal to the
Angle FIDC; but the Angle BAL is equal to the
Angle E D C; which was to be done.

PROPOSITION XXVIIL

PROBL EM.

Upon a Right Line given, to deferibe a Parallelo-
pipedon fimilar, and in like manner fituate té
a folid Parallelopipedon given.

I ET AB be a Right Line, and CD a given folid
Parallelopipedon. It is required to defcribe a fo-
lid Parallelopipedon upon the given Right Line AB,
fimilar and alike firuare to the given folid Parallelepi-
pedon CD. _
Make a folid Angle at the given Point A, in the
® 26 of this. Right Line AB, which * is contained under the An-
gles BAH, HAK, KAB; f{othatthe Angle BAH
be equal to the Angle ECF, the Angle BAK to the
Angle ECG, and the Angle HAK t6 the An&l&
% 13: 6 GCF; and makeas ECisto CG, foBA 0 AK;
and GC to CF, as KA to AH. " Then (by Equa-
licy of Proportion) as EC is to CF, fo fhall BA be
to AH; complete the Parallelogram BH, and the
Solid AL. Then, becaufeitis as EC isto CG, {0
is BA to AK, wviz. the Sides about the equal Angles
ECG, BAK, proportional; the Parallelogram %(B
fhall be fimilar to the Parailclo%mm GE. Alfo, for
the fame Reafon, the Parallelogram KH fhall be
fimilar ro the Parallelogram GF, and the Parallelos
%mm HB to the Parallelogram FE. Therefore threa
arallelograms of the Solid AL are fimilar to threg
Parallelograms of the Solid CD; but thefe three Pa-
% &34 rallelograms are 4 equal and fimilar to their three oppo-~
¥ i fire ones. Therefore the whole Solid A I will be fimi-
lar to'the whole Solid CD: and fo a folid Parallelopi-
edon AL is defcribed upon the given Right Line

B, fimilar and alike fituate to tha given folid Paralle-
lopipedon CD; avbich was 1o be done,

PR O-
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PROPOSITION XXVIII.

THEORE M.

If a folid Parallelopipedon be cut by a Plane paf-
Jing thro® the Diagonals of two oppofite Planes,
that Solid will be bifected by the Plane,

ET the folid Parallelopipedon AB be cur by the
* Plane CDEF, paffing thro’ the Diagonals CF;
DE, of rwo oppofite Planes. I fay, the Solid AB
is bifected by the Plane CDEF.

For, becaule the Triangle CGF is * equal to the * 34 v.

Triangle CBF, and the "lgriangle ADE to the Tri-
angle DEH, and the Parallelogram CA rto +the 249 thit.
Parallelogram BE, for it is oppolite to it; and the
Parallelogram G E to the Parallelogram CH; the
Prifm conrained by the two Triangles CG F, ADE,
and the three Parallelograms GE, AC, CE, is e%uﬂ
to the Prifm contained under the two Triangles CF B,
D EH, and the three Parallelograms CH, BE, CE;
for they are contained under Planes equal in Num.
ber and Magnitude. Therefore the whole Solid AB
is bifected by the Plane CDEF; which avas to be
demonfirated.

PROPOSITION XXIX.

THEOREM.

Solid Pavallelepipedons, being confbituted upon the
Jame Bafe, and baving the fame Altitude, and
whofe infiffent Lines are in the [ame Right
Lines, are equal to one gnother,

LET the folid Parallelopipedons CM, CN, be
= conftituted upon the fame Bafe AB, with the
fame Altirude, whofe infiftent Lines AF, AG, L M,
LN, CD, CE, BH, BK, are in the fame Right
Lines FN, DK. I fay, the Solid CM is equal to
the Solid CN. ‘
For, becaufe CH, CK, are both Parallelograms,
C B fhall be * equal to DH, or EK ; wherefoge D H * 34 1o

15
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is equal to EK. Let EH, which is common, be
taken away, then the Remainder D E will be equal
to the Remainder HK; and {o the Triangle DEC is
equal to the Triangle HK B, and the Parallelogram
G equal to the Parallelogram HN. For the?%amc
Realon, the Triangle AFG is equal to the Triangle
LMN; and the Parallelogram CF # to the Paralle-
logram BM, and the Parallelogram CG to the Pa-
rallelogram ﬁN; for they are oppofite. Therefore
the Prifm contained under the two Triangles AF G,
D E C, and the three Parallelograms AD, DG, GC,
is equal to the Prifm contained under the two Trian-
les LMN, HBK, and the three Parallelograms
M, NH, BN. Let the common Solid, whofe
Bafe isthe Parallelogram AB, oppofite to the Paral-
lelogram GEHM, be added ; then the whole folid
Parallelopipedon CM is equal to the whole {olid
Parallelopipedon CN. Therefore (0/id Parallelopipe-
dons, being conflituted upon the fame Bafé, and baving
the [ame Altitude, and wibofe infiftent Liwes are in the
fame Right Lines, are equal te one another; which

was to be demonftrated. -

PROPOSITION XXX,

THEORE M.

Solid Parallelopipedons, being conftituted upon the
fanie Bafe, and baving ibe fame Altifude, whofe
infiftent Lines are not placed in the fame Right
Lines, are equal to one another.

LET there be folid Parallelopipedons CM, CN,
~ having equal Altitudes, and ftanding on the fame
Bafe AB, and whofe infiftent Lines AF, AG,
LM, LN, CD, CE, BH, BK, are not in the
fame Right Lines. I fay, theSolid CM is equal to
the Solid CN.

For, let. NK, DH, and GE, F M, be produced,
meeting cach other in the Points R, X ; let alfo FM,
GE, be produced to the Points O, P, and join A X
L O, CP, BR. TheSolid CM, whofe Bafe is the
Parallelogram ACBL, being oppofite to the Paral-
lclogram FDHM, is * equal to the Salid ?D[‘é

- g 117
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whofe Bafe is the Parallelogram ACBL, being op-
pofite to XPR O ; for they ftand upon the fame Bafe
ACBL: and the infiftent Lines AF, AX, LM,
1.O, CD, CP, BH, BR, are in the fame Right
Lines, FO, DR ; but the Solid CO, whofe Bafe is
the Parallelogram A CB L, being oppofiteto X PR O,
is * equal to the Solid CN, whofe Bafe is the Paral- * 29 of thin,
lelogram ACBL, being oppofite to GEKN; for
they ftand upon the fame Bafe ACBL, and their
infiftent Lines AG, AX,CE, CP, LN, L.O, BK,
BR, are in the fame Right Lines GP, NR ; where-
fore the Solid CM fhall be equal to the Solid CN.
Therefore folid Parallelopipedons, being conftituted
upon the [ame Bafe, and having the [ame Altitude,
awhofe infiffent Lines are net placed in the {ame Right
Lines, are equal to one another ; which was to be de-
monftrated. '

PROPOSITION XXXIL

THEORE M.

Solid Parallelopipedons, being conftituted upon
equal Bafes, and baving the fame Altitude, are
equal 1o one another.

LET AE, CF, be folid Parallelﬁpi% ohs confti-
tuted upon the equal Bafes AB, CD, and having
the fame Altitude. I fay, the Solid AE is equal to
the Solid CF.

Firt, let HK, BE, AG, LM, OP, DF, C=,
RS, be at Right Angles to the Bafes AB, CD; let
the Angle AL B rot be equal to the Angle CR D,
and producée CR to T, fo that R'T be equalto AL:
Then make lthe Angle TRY, at the Point R, in the
Right Line R'T, equal * to the Angle ALB; make #:3.7.
RY equal to LB; draw XY thro’ the Point Y pa-
rallel to R'T, and complete the Parallelogram R X,
and the Solid ¥ Y. Therefore, bécaufe the two Sides
TR, RY, areequal to therwo Sides AL, LB, and
they contain equal Angles, the Parallelogram R X
fhall be equal and fimilar to the Parallelogram HL.
And again, becaufe AL is equal to RT, and LM
to RS, and they contain equal Angles, the Paral-

lelogram
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lelogram R ¥ fhall be equal and fimilar to the Paral-
lelogram AM. For the fame Reafon, the Parallelo-
gram L E is equal and fimilar to the Parallelogram
SY. Therefore three Parallelograms of the %olid
AE are equal and fimilar to three Parallelograms of
the Solid ¥ Y ; and fo the three oppofite ones of one
Solid are t allo equal and fimilar to the three op-
fite ones of the other. Therefore the whole folid
Bgralieloppednn AE is equal to the whole folid Pa-
rallelopipidon ¥ Y. Let DR, XY, be produced,
and meet each other in the Point 2, and let T Q be
drawn thro’ T parallel to D, and produce T Q,
OD, till they meet in V, and complete the Solid
Q¥ R1I: Then the Solid ¥ @, whofe Bafe is the Pa-
rallelogram R¥, and QT is that oppofite to it, is §
equal to the Solid ¥'Y, whofe Bafe is the Parallelogram
R, and Y @ is that oppofite to it; for they ftand
upon the fame Bale R, have the fame Altitude,
and their infiftent Lines RQ, RY, TQ, TX,
SZ, SN, ¥T, ¥o, are in the fame Right Lines
QX, Z&: Byt the Solid ¥Y is équal to the Solid
AE; and fo AE is equal to the Solid ¥ Q. Again,
becaufe the Parallelogram RY XT is equal to the
Parollelogram Q'T, for it ftands on the fame Bafe
R'T, and between the fame Parallels R T, 2 X ; and
the Parallelogram RY X'T is equal to the Parallelo-
gram CD, becaufe it isalfo equal to AB; the Paral-
lelogram @ T isequal to the Parallelogram CD, and
DT is fome other Parallelogram. Therefore, as the
BafeCD istothe Bafe DT, fois 2T to TD; and
becaufe the {olid Parallelopipedon CI is cut by the
Plane R F, being parallel to two oppofite Planes, it
fhall be * as the Bafe CD is to the Bafe DT, fo is
the Solid CF to the Solid RI. For the fame Res-
fon, becaufe the folid Parallelopipedon Q1 is cut by
the Plane R¥ parallel to two oppofite Planes; as
the Bafe QT is to the Bafe DT, {o fhall * the Solid
¥ be o the Solid R1; but as the Bafe CD is to the
Bafe DT, fois the Bale @T to TD. Therefore, as
the Solid CF is to the Solid R, fo is the Solid & ¥
to the Solid RI; and fince each of the Solids CF,
¥, has the fame Proportion to the Solid R, the
Solid CF is equal to the Solid ©¥; but the énlid_
£%" has been proved equal to the Sﬂiid AE; thgev
' re
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fore the Solid AE fhall be { equal to the Solid CF.. 19 s
" But, now let the infiftent Lines AG, HK, BE,
LM, CN, OP, DF, RS, nor be at Right Angles
to the Bafes AB, CD. 1 fay, %ﬂiﬂ, that the Solid
AE is equal to the Solid CF." Let there be drawn
from the Points K, E, G, M, P, F, N, S, to the Plane-
wherein are the Bafes AB, Cb, the Perpendiculars
K=z, ET, GY, M¢, SI, F¥,N Q, P X, meeting
the flane Jin the Peine ¥, T, Y, @, 1%, 91X
andjoin 2T, Yo, £Y, Te, X¥, X2, 0L, ¥I;
ther the Solid K & 1s equal to the Solid P [ ; for they
ftand on equal Bafes K M, PS, have the fame Altitude,
and the infiftent Lines are at Right Angles to the Bafes
but the Solid K @ is equal to the Solid AE, and the
Solid P1 to +the Solid CF, fince they ftand upon the § 29 of it
fame Bafe, have the fame Alritude, and their infiftent
Lines are in the fame Right Lines. Therefore the
Solid A E fhall be equal to the Solid CF. Wherefore
folid Parallelopipedons, being conftituted upon equal
Bafes, and baving the [ame Altitude, are equal to one
anorber 5 which was to be demonftrated.

PROPOSITION XXXIL

THEOREM,

Solid Parallelopipedons, that bave the fame Alti-
tude, are to each other as their Bafes,

ET AB, CD, be folid Parallelopipedons, that
4 have the fame Altitude. I fay, they are to one
another as their Bafes; thatis, as the Bafe AE is
Eu Sle Bafe CF, fo is the Solid AB to the Solid
For, apply a Parallelogram FH to the Right Line
FG, equal to the Parallelogram AE, and complete
the folid Parallelopipedon G K upon the Bafe FH,
having the fame Altiude as CD has. Then the
Solid AB is * equal to the Solid G K ; for they ftand * 31 of #bic,
upon equal Bafes A E, FH, and have the fame Ald-
tude ; and fo, becaufe the {olid Parallelopipedon CK
is cut by the Plane DG, parallel to two oppofite
Planes, it thall be+as the Bafe HF is to the Bafe t 254 v
FC, t is the Salid HD to the Solid DC; but he
Bafe
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Bafe F H is equal to the Bafe AE, and the Solid AB
to the Solid FK. Therefore, as the Bafe AE is to
the Bafe CF, fo is the Solid AB to the Solid CD.
Wherefore [olid Parallelopipedons, that have the
fame Altitude, are to each other as rﬁefr Bafes ; which
was to be demonftrated.

PROPOSITION XXXIII.

THEORE M.

Stmilar folid Parallelopipedons are to one another

in the triplicate Proportion of their bomologous
Sides.

ET AB, CD, be folid Parallelopipedons, and
#-~4 let the Side AE be homologous to the Side CF.
I fay, the Solid AB, to the Solid CD, hath a Propor-
tion triplicate of that which the Side AE has to the
Side CF.

For, produce AE, GE, HE, o EK,EL, EM;
and make E K equal to éF, and EL to FN, an
EM to FR; and let the Parallelogram KL, and
likewife the Solid K O, be completed. Then, becaufe
the two Sides KE, E L, are equal to the two Sides
CF, FN, and the Angle KEL equal to the Angle
CF7N5 fince the Angle AE G is alfo equal to the
Angle CFN, becaufe of the Similarity of the Solids
AB, CD, the Parallelogram K L fhall be fimilar and
equal to the Parallelogram CN. For the fame Rea,
{on, the Parallelogram KM is equal and fimilar to
the Parallelogram CR, and the Parallelogram OE
to DF. Therefore three Parallelograms of the Solid
K O are equal and fimilar to three Parallelograms of

® 24 of tbis, the Solid 8]3: But thofe three Parallelograms are *
ual and f{imilar to the three oppofite Parallelograms.
Therefore the whole Solid KO is equal and fimilar
to the whole Solid CD. Let the Parallelogram GK
be completed, as alfo the Solids EX, L P, upon
the Bafes G K, K L, having the fame Altitude as AB:
And fince, becaufe of the Similarity of the Solids
ABand CD, itisas AEisto CF, foisEGto FN;
and fo EHto FR; and FCisequal to EK, and FN
to EL, and FR 10 EM; iteﬂmll beas AE IE.I?
2
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EK, fo ist the Parallelogram AG to the Parallelo- f 1. 6.
gram GK; butasGEistoEL, fois GKtoKL;

and asHE is+to EM, fo is PE to KM. There-

fore, as the Parallelogram A G is to the Parallelogram
GK, 0isGK to KL, and PE wKM. Butas

AG is to G K, fo is the Solid AB to the Solid E X; 1 32 of 5
and as G K is to K L, fo is the Solid E X to the Solid

PL: and as PE isto KM, fo is the Solid PL to

the Solid K O. Therefore, as the Solid AB is to the

Solid EX, fois*EXto PL, and PL to KO. But#xx.s.
if four Magnitudes be continually prc}g:orriuna], the

firt to the fourth hath 4 a triplicate Proportion of T D¢/ 11:5
that which it has to the fecond. Therefore allo the

Solid A B, to the Solid KO, hath a triplicate Propor-

tion of that which AB basto EX: But as AB is to

E X, fo is the Paralielogram AG to the Paralielogram
GK; and fo is the Right Line AE to the Right

Line EK. Wherefore the Solid AB, to the Solid

K Q, hath a Proportion triplicate of that which A E

has to EK ; but the Solid KO is equal to the Solid

C D, and the Right Line E K equal to the Right Line

CF. Therefore the Solid AB, to the Solid CD, has

a Proportion triplicate of that which the homologous

Side AE has to the homologous Side CF; awhich

awas to be demonfirated.

Coroll. From hence it is manifeft, if four Right Lines
be proportional, as the firft is to the fourth, {0 is
a folid Parallelﬂcf)igedun defcribed upon the firft,
to a fimilar folid Parallelopidon, alike fituate, de-
fcribed upon the fecond; becaufe the firlt to
the fourth, has a Proportion triplicate of that
which it has to the fecond.

PRO-
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PROPOSITION XXXIV,

THEOR E M,
The Bafes and Altitudes of equal folid Parallelopi-

pedons, are reciprocally proportional 5 and thofé
folid Parallelopepidons, whaofe Bafes and Alti-
tudes are reciprocally propertional, are equal,

ET AB, CD, be equal folid Parallelopipedons,
I fay, their Bales and Altitudes are reciprocall
roportional ; thar is, as the Bafe EH is to the Bale

P, fo is the Alrirude of the Solid CD to the Alti~
tude of the Solid A B,

Firft, let the infiftent Lines AG,EF, L B, HK,
CM, NX, OD, PR, bearRight Angles to their
Bafes. I fay, as the Bale EH istotheBafe N P, fo
is CMto AG. For, if, the Bafe EH e equal
to the Bafe*N P, and the Solid AB is equal to the
Solid CD, the Altitude CM fhall alfo be equal to
the Alritude AG: For, if when the Bafes EH, NP,
are equal, the Altitudes AG, CM, are not{o; then
rhe Solid AB will not be equal to the Solid CD, but
itis put equal toit, Therefore the Altitude CM ig
not unequal to the Altitude AG, and fo they are ne-
ceflarily equal to one another; and confequently, as
the Bafe EH is to theBale N P, {o thall CM be to
AG. Butr, now let the Bafe EH be unequal to the
Bafe NP, and let EH bethe greater: Then, fince
the Solid A B is equal to the Solid CD, CM isgreater
than AG; for otherwife it would follow, that the
Solids AB, CD, are not equal, which are put {uch.
Therefore make CT EC}HE] to AG, and complete the
folid Parallelopipedon V C upon the Bafe N P, having
the Altitude CT. Then, becaufe the Solid AB is
equal to the Solid CD, and V C is fome other Solid ;

*7.5+  and fince equal Magnitudes have * the fame Propor-
tion to the fame Magpnitude, it fhall be as the Solid

AB is to the Solid CV, fo is the Solid CD to the

Solid CV'; but as the Solid AB is to the Seolid CV,

+ 32 of this, 0 is + the Bafe EH to the Bale NP for AB, CV,
are Solids having equal Altitudes. And as the Solid

Tasof chiz. CD is to the Solid CV, fo is#the Bafe MP mBrhf:
Aalg -
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Bafe PT, andfois MCto CT. Therefore,as the
Bafe EHisto the Bafe NP, fois M Cto CT'; but
CT is cquil to AG. Wherefore,as the Bafe EHis
tothe Bafe NP, fois MCto AG. Thereforethe
Bafes and Altitudes of the equal folid Parallelepipedons
AB, CD, are reciprocally proportional.

Now, let the Bafes and gﬁtimdes of the folid Pa-
rallelepipedons AB, CD, be reciprocally proporti-
onal; that is, let the Bafe EH be to the Bafe NP,
as the Altitude of the Solid CD s tothe Alritude of
the Solid AB. Ifay, the Solid AB is equal to the.
Solid CD.

For, ler again the infiftent Lines be at Right Angles,
to the Bafes ; then, if the Bafe EH be equal to the
Bafe NP, and EH is to NP, asthe Alrirude of the
Solid CD is to the Altitude of the Solid AB; the
Altitude of the Solid CD fhall be equal to the Alti-
tude of the Solid AB. But {olid Parallelepipedons,
that ftand upon equal Bafes, and have the fame Ali- ,
tude, are* equal to each other. Therefore the Solid *3t & s
AB is equal to the Solid CD.

But now let the Bafe EH not be equal to the Bafe
NP, and let EH be the greater; then the Altitude of
the Solid C D is greater than the Altitude of the So-
lid AB; that is, CM is greater than AG. Again
put CT equal to AG, and complete the Solid CcV
as before: And then, becaufe the Bafe EH is to the
Bafe NP, as MC is to AG, and AG is equal
to CT; it fhall be as the Bafe EH is to the
Bafe NP, {fo isM C to CT; but asthe Bafe EH
is to the Bafe NP, {0 is the Solid AB to the Solid
VC; for the Solids AB, CV, have equal Alritudes:
And as MC is to CT, fo is the Bafe MP to the
Bafe PT, and fo the Solid CD to the Solid CV.
Therefore, as the Solid AB is to the Solid CV, fo is
the Solid CD to the Solid CV: Bur fince each of
the Solids AB, CD, has the fame Proportion to
CV, theSolid AB fhall be equal to the Solid CD
which was to be dewmonflrated.

Now let the infiftent Lines FE, BL; G A, KH,
XN, DO, MC, RP, not be at Right Angles to the
Bafes; and from the Points F, G, B, K, X, M, D,
R, let there be drawn Perpendiculars to the Planes
of the Bafes EH, NP, meeting the fame in the
: Q ' Poinrsg
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Points S, T, Y, V, Q, Z, 2, ¢, and complete the
Solids FV, X Q. Then, I fay, if the Solids AB,
CD, be equal, their Bafes and Altitudes are recipro-
cally proportional 5 wiz. as the Bale EH is to the Ea{e
N P, fo is the Alritude of the Solid CD to the Al-
titude of the Solid AB.

For, becaufe the Solid AB is equal to the Solid
CD, and the Solid ABis* equal to the Solid BT ;
for they {tand upon the fame Bafe, have the fame Al-
ticude, and their infiftent Lines are not in the fame
Right Lines, and the Solid D Cis* equal to the So-
lid DZ, fince they ftand upon the fame Bafe XR,
have the fame Alritude, and their infiftent Lines are
not in the fame Right Lines; the Solid BT fhall be
equal to the Solid D'Z; but the Bafes and Alttudes
of thofe equal Solids, whofe Altitudes are at Right
Angles to their Bafes, are+ reciprocally pro ortional.
Therefore, as the Bafe F K is to the Bale XR, fo is
the Altitude of the Solid DZ, to the Altitude of the
Solid BT ; but the Bafe FK is equal to the Bafe

" EH, and the Bafe X R o the Bafe N P. - Wherefore,

as the Bafe EH is to the Bafe N P, fo is the Altitude
of the Solid D7 to the Altitude of the Solid BT
bur the Solids D Z, D C, have the fame Altitude, and
{o have the Solids BT, BA. Thereforethe Bafe EH
is to the Bafe N P, as the Altitude of the Solid DC
isto the Alritude of the Solid AB; and fo the Bales
and Alritudes of equal Solids are reciprocally propor-
rional.

Again, let the Bafes and Altirudes of the folid
Paralielepipedons A B, CD, be reciprocally proporti-
onal ; wiz. asthe Bafe EH s to the Bafe N P, {o let
the Altirude of the Solid CD be to the Alritude of
the Solid AB. I fay, the Solid AB is equal to the
Solid CD.

For the fame Conftruétion remaining, becaufe the
Bafe EH is to the Bafe NP, as the Altitude of the
Selid CD is to the Aliitude of the Solid AB; and
fince the Bafe EH is equal to the Bafe FK, and N P
to X R, it fhall be as the Bafe FK isto the Bale X I,
lo is the Altirude of the Solid CD to the Alritude of
the Solid AB; but the Aliirudes of the Solids AB,
BT, are the fame; as alfo of the Solids CD, DZ.
Jherefore the Bale FK is to the Bafe X R, as the

: Altityde



- Book XI. Euclid’s ELEMENTS,

~ Altitude of the Solid DZ is to the Altitude of the
Solid BT'; wherefore the Bafes and Altitudes of the
{olid Parallelepipedons BT, DZ, are reciprocally
proportional ; but thofe {olid Parallelepipedons, whofe
Alritudes are at Right Angles to their Bafes, and the
Bafes and Altitudes are reciprocall c}jmmrtiunal, are
equal to each other. Bnr the Solid BT is equal to
the Solid BA; for they ftand upon the fame Bafe
F K, have the fame Altitude, and their infiftent Lines
are not in the fame Right Lines; and the Solid D Z
1s al(o equal ro the Solid D C, fincethey ftand upon
the fame Bafe X R, have the fame Alitude, and their
infiftent Lines are not in the fame Right Lines.
Therefore the Solid AB is equal to the Solid CD;
nwbich was to be demonflrated.

PROPOSITION XXXV,

THEOREM.

If there be two plain Angles equal, and from the¥er-
~ tices of thofe Angles two Right Lines be elevated
above the Planes,inwhich theAngles are, contain-
ing equal Angles withthe Lines firft given, each to
ils correfpondent ones andifin thofe elevated Lines
anyPoints be taken, fromwhich Lines be drawwn
perpendicular to the Planes in which the Angles
Jirft givenare, and Right Lines bedrawn to the
“Angles firft given from the Points made by the

Perpendiculars in the Planes, thofe Right Lines

will containequal Angles withthe elevated Lines.

ET BAC, EDF, be two equal Right-lined
“Angles; and from A, D, the Vertices of thofe
Angles, let two Right Lines, A G, DM, bz eleva:
above the Planes of the faid Angles, making equa
Angles with the Lines firft given, each to its corre-
fpondent one; wiz. the Angle MDE equal to the
ngle GAB, and the Angle MDF to the Arble
G AC,; and rake any Points G and M in the Ri&ﬁz‘rﬁ
Lines AG, DM, from which lee GL, MN, b
drawn perpendicular to the Planes pafling thro’ BA C,
EDF, meeting the fame in the Points L, N ; and
) i Q 2 el juin
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join LA, ND. Ifay, the Angle GAL is equal to
the Angle MDN. _ 1

Make AH equal to DM, and thro’ Hlet H K be
drawn patallel to G L3 but G L is perpendicular to
the Plane paffing thro” BAC. Therefore HK fhall
be *alfo perpendicular to the Plane paffing thro’ BAC.
Draw from the Points K; N, to the Right Lines A B,
AC, DE, DF, the Perpendiculars KB, KC, NE,
NF; and join HC, CB, MF, FE. Then,becaufe
the Squarc of HA is+ equal to the Squares of HK,
K A, and the Squares of KC, CA, aretequal to
the §{|uare of K A; the Square of HA fhall be equal
to the Squares of HK, K C, CA; but the Square of
H C is equal o the Squares of HK, K C.  Therefore
the Square of H A will be equal to_the Squares of
FIC and CA, and fo the Angle HCA ista Righe
Angle, For the fame Reafon, the Angle DFM is
alfo a Right Angle. Therefore the Arigle ACH is
equal to %FM; but the Angle HAC isalfo equal
to the Anele MDF. Therefore the two Triangles
MDF, HA C, have two Angles of the one equal to
two Angles of the other, cach to each, and one Side
of the one equal to one Side of the other, wiz. that
which is fubtended by one of the equal An%es, that
is, the Side H A, equal to DM; and fo the other
Sides of the one fhall be* equal to the other Sides
of the other, each to each. herefore A Cis equal
to DF. In like manner we demonftrate, that AB
is equal to DE ; for let HB, ME, be joined. Then,
becaufe the Square of AH is equal to the Squares of
AK and KH; and the Squares of AB, BK, are

" equal to the Square of A K ; the Squares of AB, BK,

K't, will be equal tothe Square of AH, but the
Square of BH is equal to the Squares of BK, KH;
for the Angle HK B is a Right Angle, becaufe HK
is perpendicular to the Plane pafling timrough BAC.
Therefore the Square of A H is equal to the Squares
of AB,BH. Wherefore the Angle A BH ista Right
Angle.” For the fame Reafon, the Angle DEM
is alfo a Right Angle. And the Angle BAH is

ual to the Angle i‘.D M, for fo it is put; and AH
is equal to DM. Therefore AB is-l'sifﬂ equal to
PDE. Andfo, fince AC is equal to F, and AB
;0 DE, the two Sides CA, AB; fhall be equal to

the
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the two Sides FD, DE; but the Angle BAC is
equal to the Angle FDE. ‘Therefore the Bafe BC
is* equal to the Bafe EF, the Triangle to the Tri-
i%e, and the other Angles to the other Angles.

ercfore the Angle ACB is equal to the ﬂn%}e
DFE; bur the Right Angle ACK is equal to the
Right Angle DF N; and therefore the remaining An-
gle BCK is equal to the remaining Angle EFN.
For the fame Reafon, the Angle CBK is equal to
the Angle FEN ; and fo, becaufe BCK,EFN, are
two Triangles, having two Angles equal to two An-
gles each to each, and one Side equal to one Side,
which is ar the equal Angles, viz. BCequalto EF;

therefore they fhall have the other Sides equal to the

other Sides. Therefore CKisequalto FN; but AC
isequal to DF. Therefore the two Sides AC, CK,
are equal to the two Sides DF, FN, and they con-
tain Right' Angles; confequently the Bafe AK is
equal to the Bale DN. And fince AH is equal to
D M, the Square of AH fhall be equal fo the Square
of DM; bur the Squares of A K, KH, are equal to
the Square of AH; for the Angle AKHisa Right
Angle, and the Squares DN, N'M, are equal to the
Square of DM, fince the Angle DN'M is a Right
Angle. Therefore the Squares of AK, KH, are
equal to the Squares of DN, N M; of which the
Square of AK is equal to the Square of DN. Where-
fore the Square of KH remaining, is equal to the re-
maining Square of N M and {o the Right Line HK
is equal to M N. And fince the two Sides H A, AK,
are equal to the two Sides MD, DN, each to each,
and the Bafe HK has been proved equal to the Bafe
N M, the Angle HAK fhall be+ equal to the Angle
MD N ; awhich was to be demonftrated.

Coroll. From hence it is manifef, that if there be two
Right-lined plain' Angles equal, from whofe Points
equal Right Lines be elevated on the Planes of the
Angles, containin ECE'MJ Angles with the Lines fir(t
given, each to each ; Perpendiculars drawn from the
extreme Points of thofe elevated Linesto the Planes
of the Angles firlt given, are equal to one another.

Q3 PR Q-
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PROPOSITION XXXVL

THE'C'REP-‘II".

}jr' three Right Lines be proportional, the folid Pa-
rallelepipedon made of them, is equal to the folid
Parallelepipedon made of the middle Line, if
it be an equilateral one, and equiangular to the
aforefaid Parallelepipedon.

LET three Rioht Lines A, B, C, be proportional ;
viz. Let A be to B, as Bisto C. I fay, the So-
lid made of A, B, C, is equal to the equilareral Solid
made of B, equiangular to that made on A, B, C.

Ler E be a folid Angle contained under the three
plzin Angles DEG, GEF, FED; and make DE,
GE, EF, each f:qlga‘t to B, and complete the folid
Parallelepipedon EK. Again, put L M equal 10 A,

and at the Point L, at the Right Line LM, make*a

folid Angle contained under the plain Angles N L X,
X LM, MLN, equal to the {olid Angle E ; and make
LN equal to B, and LX to C. Then, becaufe A is
toB, asBisto C, and Aisequal to LM, and B to
LN, EF, EG, orED, and C to L X it fhall be
as .Misto EF, foisGE toLX. Andfothe Sides
about the equal Angles ML X, GEF, are recipro-
cally proportional. Wherefore the Parallelogram
M X istequal to the Parallelogram G F, And fince
the two plain Angles G E F; %{ LM, are equal, and
the Right Lines L N, E D, being equal, are erected at
the angular Points containing equal Angles with the
Lines firlt given, each to each; the Perpendiculars
drawn 4 from the Points'IN D, to the Planes drawn
thro’ X LM, G EF, are equal one to another. There-
fore the Solids L H, E K, have the fame Altitude; but
folid Parallelepipedons that have equal Bafes, and the
fame Alritude, are® equal to each other. Therefore
the Solid H L isequal to the Solid EK. But the So-
lid H L is that made of three Right Angles A, B, C,
and the Solid EK thar made of the Right Line B.
Therefore, if three Right Lines be proportional, the fo-
¥id Parallelepipedon made of them, is equal to the folid
Parallelepipedon made of the middle Line, if it be ax

equt=

9
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equilateral one, and equiangular to the aforefaid Pa-
vallelepipedon ; which was to be demonttrated.

PROPOSITION XXXVIIL

THROREM.

If four Right Linesbe proportional, the folid Parai-
lelepipedons fimilar, andin like manner defcribed
[from them, fhall be proportional. And if the fo-
lid Parallelepipedons, being fimilar, and alike
defcribed, be proportional, then the Right Lines
they are defcribed from, fhall be proportional.

ET thefour Right Lines AB, CD, EF, GH,

be proportional ; viz. let ABbeto CD, as EF

is to GH; and let the fimilar and alike fituate Paralle-

. lepipedons KA, LC, ME, NG, be deferibed from
them. Ifay, KAisto LC, as MEisto NG.

For, becaufe the folid Parallelepipedon K A is fimi- '
lar to L.C, therefore KA to L'C fhall have*a Pro- * 334/ 5t
portion triplicate of that which AB hasto CD.  For
the fame Reafon, the Solid ME to NG will have a
triplicate Proportion of that which EF has to GH.

But ABistoCD, as EF isto GH. Therefore AK
is to LC, as ME isto N G. And if the Solid AK be to
the Solid LC, asthe Solid ME is to the Solid NG,
I fay, asthe Right Line AB is to the Right Line CD,
fo is the Right EF to the Right Line GH. For,
becaufe AK to L C has +a Proportion triplicate of { 35 ¢/ és,
that which AB hasto CD, and }VlE to NG has a
Proportion triplicate of that which EF has to GH,
and fince AK is o LC, as ME is to NG, it fhall
beasABisto CD, fois EF to GH. Therefore,
if four Right Lines be proportional, the folid Parallele-
pipedons fimilary and in like manner deftribed from
them, fball be proportional. And if the foiid Parallele-
pipedons, being fimilar and alike defiribed, be propor-
tiomal, then the Right Lines they ave deftvibed from
[hall be proportional’; which was to be demonftrated.

Q 4 PR O-
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PROPOSTITION XXXVHI.

THEORE M.

If @ Plane be perpendicular to a Plane, and a
Line be drawn from a Point in one of the
Planes perpendicular to the other Plane, that
Perpendicular fhall fall in the common Seétion
of the Planes. '

ET the Plane CD be perpendicular to the Plane
AB, let their common Seion be AD, and let
fome Point E be taken in the Plane CD. 1 fay, a
Perpendicular, drawn from the Point E, to the Plane
AB, fallson AD.

For if it does not, let it fall without the fame, as
E F meeting the Plane AB in the Point F ; and from
the Point F% let FG be drawn in the Plane AB per-
pendicular to AD; this fhall be * perpendicular to
thePlane CD; and join EG. Then, becaufe FG is

erpendicular to the Plane CD, and the Right Line
E({JF in the Plane of CD touches it: The Angle

t+ Def 3.of FGE fhall beta Right Angle. But EF is alfo

tbis,

117.1.

at Right Angles to the Plane AB; therefore the
Angle EFG is a Right Angle. And o two Angles
of the Triangle EFG are equal to two Right An-
gles; which is fabfurd. Wherefore a Right Line,
drawn from the Point E, perpendicular to the Plane
AB, does not fall without the Right Line AD: And
fo it muft neceflarily fall on it. Therefore, if 2 Plane
be perpendicular to a Plane, and a Line be drawn from
@ Point in one of the Planes perpendicular to the other
Plane, that Perpendicular [ball fall in the common Ses
éion of the Planes ; which was to be demonftrated.

PR O-
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PROPOSITION XXXIX,

THEOR EM,.

If the Sides of the oppofite Planes of a folid Paral-
lelepipedon be divided into two equal Paris, and
Planes be drawn thro® their Sections; the com-
mon Setion of the Planes, and the Diameter of
the folid Parallelepipedon, fball divide each

other into two equal Parls.

LE T the Sides of CF, AH, the oppofite Planes of
the folid Parallelepipedon A F, be cut in half in
the Points K, L, M, N, X, O, P, R and let the
Planes KN, XR, be drawn thro’ the Sections:
Alfolet YS be the common Section of the Planes,
and DG the Diameter of the folid Parallelepipedon.
I fay, YS, DG, bifect each other; thatis, YT is
equalto TS, and DT 10 T G.

For, join DY, YE, BS,SG. Then, becayfe D X
is parallel to OE, the alternate Angles DX Y, Y OE,
are * equal to one another. And becaufe DX is equal * #9- *-
to OF, and YX to YO, and they contain equal
Angles, the Bafe DY fhall be + equal to the Bafe Y E; T4
and the Triangle D XY to the Triangle Y OFE, and
the other ﬁngfes equal to the other Angles: There-
fore the Angle XY D is equal to the Angle OYE;
and fo DY E isa Right Line. For the {fame Rea- IR TR E
fon BSG is alfo a Right Line, and BS is equal to
SG. Then, becaufe C A is equal and parallel to D B,
as alfo to EG, DB fhall be equal and parallel to EG
and the Righr Lines DE, G B, join them: Therefore
DE is*parallelto BG, and D, Y, G, S, are Points * 53t
taken in each of them; and DG, Y S, are joined, :
Therefore DG, YS, are +in one Plane. And fince DE 179 ¢4
is parallel toBG, the Angle EDT fhall be* equal to * 29+ *-
the Angle BG T ; for they are alternate. But the Angle
DTY is#equal to the Angle GTS. Therefore ¥ 15 &
DTY, GTS, are two Triangles having two An-
gles of the one equal to two Angles of the other, as
likewife one Side of the one equal to one Side of the
other, wiz. the Side DY equal to the Side GS: For
they are Halves of DE, BG: Therefore they fhall

have
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have the other Sides of one equal to the other Sides o'
the other; and fo DT is equal t0 TG, and YT 10
TS. Wherefore, if the Sides of the oppofite Planes
of a folid Parallelepipedon be divided into” two equal
Parts, and Planes be drawn thro their Seitions ; the
common Seltion of the Planes, and the Diameter of the
[olid Parallelepipedon, [ball dividz each other into twe
equal Parts; which was to be demonftrated. &

PROPOSIT IO N XL,

e

THEORE M,

Ifof twotriangular Prifims, one fianding on a Bafe,
which is a Parallelogram, and the other on 4
Tﬁia#gfa;j’ their Altitudes from thefe Bafes are
squal, and the Parallelogram double to the Tri-
engle s then thofe Prifms are equal io each other.

LET ABCDEF,GHKLMN, be two Prifms -
of equal Altitude, the Bafe of one of which is the
Parallelogram A F, and that of the other, the Triangle -
G HK; and let the Parallelnlg,ram AF be doubletothe
Triangle GHK. [ fay, the Prifm ABCDEF is
equal to the Priim GHK LMN, A
For, complete the Solids A X, G O. Then, becaule
the Parallelogram AF is double to the Triangle
GHK, and fince the Parallelogram HK is * double
to the Triangle G H K, the Parallelogram AF fhall be =
equal to the Parallelogram HK..  But folid Parallelopi-
pedons, thar ftand upon equal Bafes, and have the fame
Alritude, are +equal to one another. Therefore the
Solid AX is equal to the Solid G O. But the Prifm |
ABCDEF is half the Solid AX, and the Prifm
GHKLMN isthalf the Solid GO. Therefore
the Prifin ABCDEF isequal to the Prim GHKLMN,
Wherefore, i there be two Prifns baving equal Altis
tudes, the Bafe of one of whichis a Parallelogram, and
that of the other a Triangle, and if the Parallelogram
be double vo the Triangle, the [aid Prifins fball be equal

to each other,

4
rg
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PROPOSIIETION: I

THEOREM.
Similar Polygons, inferibed in Circles, are tooue

another as the Squares of the Diameters of

the Circles.

ET ABEDE, FGHKL, be Circles,
- wherein are infcribed the fimilar Polygons
ABCDE,FGHKL;andler BM, GN,
be Diameters of the Circles. [ fay, asthe
Square of B M is to the Square of G N, fo is the Po-
Iygon ABC DE to the Polygon F G BEL
For join BE, AM, G E, FN. Then, becaufe
the PDI?%?“ ABCDE is fimilar to the Polygon
FGHKL, the Angle BAE is equal to the Angle
GFL; and BAisto AE, asGFisto FL. There-
fore the two Triangles BAE, GF L, have one Angle
~ of the one equal to one Angle of the other, viz. the
Angle BAE equal to the Angle GF L, and the Sides
about the equal Angles proportional. Wherefore the

237

Triangle A BE is * equiangular to the Triangle FGL; # 6. 6.

and
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and fo the Angle AE B is equal to the Angle FLG;
But the Angle AEB istequal to the Angle AMB;
for they ftand on the fame Circumference; and the

Angle FL G is t equal to the Apgle FING. There-

fore the Angle AMBis equal to the Angle FNG.
But the Right Angle BAM is#equal to the Right
Angle GFN. Wherefore the other Angle fhall be
equal to the other Angle. And {o the Triangle AMB
is equiangular to the Triangle FGN ; and conle-

uentdy *as BM is to GN, fois BA to GF. But
the Proportion of the Square of BM to the Square
of GN, is duplicate of the Proportion of BM to
GN; and the Brnporriﬁn of the Polygon ABCDE
to the Polygon FGHKL, is+ duplicate of the Pro-
Eortifm of BAto GF. Wherefore, as the Square of

M is to the Square of GN, fo is the Polygon
ABCDE to the Polygon FGHKL. Therefore,

fimilar Polygons, inferibed in Circles, are to one an-
other as the Squares of the Diameters of the Circles
which was to be demonftrated.

LEMM A,

If there be two unequal Mag-

nitudes propos’d, and from D
the greater be taken a Part A A
greater thanits Halfy and K F K
if from what remains
there be again taken a Part 4
greater than balf this Re-
maindery and again from G
this laft Remainder a Part :
greater than its Half 3 and
if this be done continually,
there will remain at laft a |
Magnitude that fhall be B G R
lefs than the leffer of the ’
propos’d Magnitudes.

LET AB and C be two unequal Magnitudes,
whereof AB is the greater. I fay, if from A

be taken a greater Part than half; and from the Part
'  remaining

il
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remdining there be again taken a Part greater than its
Half, and this be done continually, there will remain
a Ma%nitude at laft, that fhall be lefs than the Magni-
tude C.

For C being fome Number of Times mulriplied,
will become greater than the Magnitude AB.  Let
it be multplied, andlet DE be a Multiple of C
%’&'ﬂter than AB., Divide DE into PartsDF, FG,
GE, each equal to C; and take BH, a Part greater than
half of AB, from A B,and again from AH the Part
HK greater than half AH, and from AK a Part
E_Il‘eaﬁ:r than half AK, and o on, until the Divifions,

at are in A B are equal in Number to the Divifions
in DE. Therefore let the Divifions AK, KH, HB,
be equal in Number to the Divifions DF, FG, G E.
. Then, becaufe DE is greater than AB, and the Part
EG is taken from E D, being lefs than half thereof,
and the Parr BH greater than half of AB is taken
from ir, the Part remaining GD fhall be greater
than the Part remaining HA. Again, becaufe GD
is greater than H A ; and G F, being half of G D, is
taken from the fame; and HK, being greater than
half HA, is taken from this likewife; the Part re-
maining FD fhall be greater than the Part remain-
ing AK ; but FD is equal to C. Therefore C is

reater thin AK; and fo the Magpitude AK is
ﬁﬂ'ﬂr than C. Therefore the Magnitude AK, being
the Part remaining of the Magnitude AB, is lefs
than the leffer propos’d Magnitude C; awbich was to
be demonflrated. If the algl*ad'.rizs of the Magnitudes
fhould have been raken, we demonftrate this after the
{fame manner, This is the firft Propofition of the tenth
Book.

PROPOSITION IL

THEORE M.

Circles are to each other as the Squares of their
Diameter s,

LE T ABCD, EFGH, be Circles, whofe Dia-
A4 meters are BD, FH. Ifay, as the Square of
BD istothe Square of FH, fo the Circle ABCD
to the Circle EF G H. 5
‘or

139
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For if it be not fo, the Sc(limre of BD fhall be to
the Square of FH, as the Circle ABCD is to fome
Space either lefs or greater than the Circle EFG H.
Firft, let it be to a Space S, lefs than the Circle EF G I—l:,y
and let the Square E F G H be defcribed therein. |
This Square EF G H will be greater than half the
Circle E% G H; becaufe, if we drawn Tangents to the |
Circle thro’ the Points E, F,G, H, the Square EF G H
will be half that defcribed abour the Circle; but the |
Circle is lefs than the Stﬁ:are defcribed about it. There=
fore the Square EF G H is greater than half the Circle
EFGH. Let, the Circumferences EF, FG, GH,
HE, be bifeéted in the Points K, L, M, N ; and join
EK,KF,FL,LG,GM, MH, HN,NE. Then
cach of the Triangles EKF, FLG,GMH, HNE,
will be * greater than one half of the Segment of the
Circle it ftands in : Becaule, if Tangents at the Circle
be drawn thro’ the Points K, L, M, N, and the Paral- |
lelograms that are on the Right Lines EF, FG, GH,
HE, be completed, each of the Triangles EK F,F LG,
GMH, HNE, is half of each of thecorrefponding
Parallelograms; but the Segment is lefs than the Pa-
rallelogram. W herefore each of the Triangles EK F,
FLG,GMH,HNE, is greater than one half of thé
Segment of the Circle in which it ftands. Therefore,
if thefe Circumferences be again bifected, and Right:"
Lines be drawn joining the Points of Bifection, and.
you do thus continually, there will at laft remain
Segments of the Circle, that fhall be lefs than the Ex-
cefs, by which the Circle EFGH exceeds the Space
8. "For it is demonftrated in the foregoing Lemmd,
that if there be two unequal Magnitudes propofed,
and if from the greater a Part greater than half be
taken from it, and again from the Part remaininga Part
greater than half be taken, and you do this contiaually;
there will at Jaft remain a Magnitude that will be lefs
than the leffer propofed Magnitude. Let the Seg-
ments of the Circle' E ¥ G H onthe Right Lines EK,
KF, FL, LG, GM, MH, HN, NE, be thofe
which are lefs than the Excefs, whereby the Circle
EFGH exceeds the Space S; and then the re-
maining Polygon EKFLGMHN fhall begreater
than the Space S. Alfo defcrive the Folygom
AXBOCPDR in the Circle ABCD, fimilarto the

Polygon
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Polygon EK F L GMHN. Wherefore, as the Square
of BZE’ is to the Square of FH, o is the Polyeon AX
BOCPDR to*the Polygon EKFLGMHN. But # 1 of wis,
as the Square of BD is to the Square of FH, {0 is the
'Circle ABCD 1o the Space S. Wherefore, as the .
Circle ABCD is to the Space S, {ois{ the Polygon ¢ 1. 5.
AXBOCPDR tothePalygon EKFDG MHN.

But the Circle ABCD is greater than the Polygon in

it. Wherefore the Space S fhall be Ealfn greater

than the Polygon EKFLGMHN : But it is lefs £ § From the
likewife ; whichisabfurd. Therefore the Square of Hye

B D to the Square of F H, is not as the Circle ABCD

to fome Space lefs than the Circle EFGH. After

the {ame manner we likewife demonftrate, that the

Square of FH to the qur‘iare of B D is not as the Cir-

cle EFGH, to fome ce lefs than the Circle
ABCD. Laftly,Ifay, theguare of BD to the Square

of FH is not as the Circle ABCD, to fome Space

cater than the Circle EF GH; for if it be poflible,

t it be fo, and let the Space S be greater than the
Circle EFGH ; then fhall it be ( b]%r)lnverﬁnns) as the
Square of FH is to the Square of BD, {0 is the Space
S to the Circle ABCD. But becaule S is greater than
the Circle EF G H, the Space thall be to the Circle
ABCD, as the Circle EF G H is to fome Space lefs
than the Circle ABCD. Therefore, as the Square
of FH is to the Square of BD, fo is * the Circle® x 5.
E F G H to fome Space lefs than the Circle ABCD;
which has been demonftrated to be impoflible. Where-
fore the Square of BD to the Square of FH, is not
as the Circle ABCD to fome Space greater than the
Circle EFGH. But this alfo has been proved, that
the Square of BD to the Square of FH, isnor as the
Circle ABCD to fome Space lefs than the Circle
EFGH. Wherefore, as the Square of BD'is to the
Square of FH, fo fhall the Circle ABCD be to the
Circle EF GH. Wherefore Circles are to each other
as the Squares of their Diameters; which was to be
Aemanflrared.

PR Q-
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PROPOSITION NI

THEOREM.
Every Pyramid baving a triangular Baje may be

divided into two Pyramids, equal and fimilar

1o one another, baving triangular Bafes, and
fimilar to the whole Pyramid, and into two
equal Prifins, which two Prifms are grealer
than the Half of the whole Pyramid.

LET there be a Pyramid, whofe Bafe is the Trian-
gle ABC; and Vertex the Point D. T fay, the
Pyramid AB CD may be divided into two Pyramids
equal and {imilar to one another, having triangular
Bafes, and fimilar to_the Whole; and into two equal
Prifms, whichitwo Prifms are greater than the Half of
the whole Pyramid.

For, bifet AB, BC,CA, AD,DB,DC, in the
Poins E, F, G, H, K, L; and join EH, EG, GH

HK.KL,LH EK,KF,FG. Then, becaufe AE

isequal toEB, and AH to HD, EH fhall be * pa-
rallel to DB. For the fame Reafon, HK alfo is pa-
rallel to A B. Therefore HE BK is a Parallelogram ;

1. - andfo HK istequalto EB; but EB is equal to AE.

Therefore AE fhall be alfo equal to HK ; but AH is
equalto HD. Wherefore the two Sides AE, AH,
are equal to the two Sides K H, H D, each to each, and
the Angle EAH is#equal to the Angle KHD:
Wherefore the Bafe E H is * equal to the Bale KD:
And fo the Triangle AEH is equal and fimilar to the
Triangle HKD. Forthe fameql{r:afon, the Triangle
AHG fhall alfo be equal and fimilar to the Triangle
HILD. And becaufe the two Right Lines EH, HG,
touching each other, are parali¢l tothe two Right Lines
K D, D L, touching each other, and not in the fame
Plane with them, they fhall contain 4 equal Angles.
Therefore the Angle EHG is equal to the Angle
KDL. Again, becaufe thetwo Siﬂes EH, HG,are
equal to the two Sides KD, DL, each to each, and
the Angle EHG is equal to the Angle KDL, the
Bafe EG fhall be* equal to the Bafe KL: And
therefore the Triangle EHG is equal and fimilar to
the Trianele KD L. For the fame Realon, the Tri-

angle
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angle AEG is alfo equal and fimilar to the Triangle
HK L Wherefore the Pyramid whofe Bafe is the
Triangle AE G, and Vertex the Point H, isequaland
fimilar to the i’}rramid whole Bafe is the Triangle
HKL, and Vertex the Point D. And bs_eca%[ I—Hf

e :
is drawn parallel to the Side. AB of the ‘Triangle
A D B, the Triangle A D B fhall be equiangular to' the
Triangle D KH, and they have their Sides propore
tional. Therefore the Triangle. ADBis fimilar to
the Triangle DHK. And for the fame Reafon, the
Triangle D B C is fimilar to the Triangle DK L ; and
the Triangle AHG to the Triangle DHL. And
fince the two Right Lines B A, Héétﬂuching each
other, are parallel to thetwo Lines K H, H L, rouch~
ing each other, not being in the fame Plane with them,
thefe {hall contain equal Angles. Therefore the An-
gle BAC is equal to the Angle KHL. AndBA s
1o AC, as KHisto HL. Wherefore the Triangle
ABC s fimilar to the T'riangle HK L ; and {o the Py-
ramid, whole Bafeis the Triangle ABC, and Vertex

the Point 1D, is fimilar ro the Pyramid, whofe Bafe is
the Triangle HK L, and Vertex the Point D. But
the Pyramid, whofe Bafe is the Triangle HK L, and
Vertex the Point 1), has been proved fimilar to the
Pyramid whofe Bafe is the Triangle A EG, and Ver-
tex the Point H. Therefore the Pyramid whofe Bafe
is the Triangle A BC, and Vertex the Point D, isfi-
milar to the Pyramid whofe Bafe is the Triangle A E G,
and Vertex the Point H.  Wherefore both the Pyra-
mids AEGH, HK L D, are fimilar to the whole Py-
ramid ABCD. And becaufe BF is equal to FC,
the Parallelogram EBF G will be double to the Tri-
angle GFC.  And fince there are two Prifms of equal
Alticude, one of which has that Parallelogram for a
Bafe, and the other the Triangle, and’ the Parallelo-
gram is double to the Trjangle; thofe Prifms will be
+equal to one another. Therefore the Prifm con-
tained under the two Triangles BK F, EHG. and
the three Parallelograms EB} G, EB fH, KHG F,
is equal to the Prifm contained under the two Triangles
GFC, HKL, and the three Parallelograms K FC L

LCGH, HKFG. And it is manifet, that each of
thofe Priims, the Bafe of one of which is the Parallelo-
gram E BG I, and oppolite Bafe to that the Right Line
| R KH,

243
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KH, and the Bafe of the other Triangle GFC,
and the oppofite Bafe to this, the Triangle K LH, are
greater than either of the Pyramids, whofe Bafes are
the Triangles AE G; HK L, and Vertices the Points
H and D. For fince, if the Right Lines EF, EH,
be joined, thePrifm, wholfe Bafe is the Parallelogram
EBFG, and op ofite Bafe to that the Right Line
K-H, 'is greater than the Pyramid, whofe Bafe is the
Triangle EBF, and Vertex the Point K. But the
Pyramid whofe Bafe is the Triangle EBF, and Ver-
tex the Poinr K, is equal to the Pyramid whofe Bafe
is the Triangle A E G, and Vertex the Point H.  For
they are conrained under equal and fimilar Planes.
Wherefore the Prifm whofe Bale is the Parallelogram
EBF G, and oppofite Bale toit the Ri%ht Line HK,
is greater than the Pyramid whofe Bale is the Tri-
angle AE G, and Vertex the Point H. But the Prifm
whofe Bafe is the Parallelogram EBF G, and oppo-
fite Bafe to it the Right Line HK, is equal to the
Prifm whofe Bafe is the Triangle GF C, and oppo-
fite Bafe to this the Triangle HKL: And the Pyra-
mid whofe Bafe isthe Triangle AEG, and Vertex
the Point H, is equal to the Pyramid whofe Bafe is
the Triangle HK L, and Vertex the Point D. There-
fore the two Prilms aforefaid are greater than the
faid two Pyramids, whole Bafes are the Triangles
AEG, HK L, ard Vertices the PoimtisH, D. And
fo-the whole i’yramid whofe Bafe is the Triangle
ABC, and Vertex the Point D, is divided into two
equal Pyramids, fimilar to each other, and to the
hole: And into two equal Prifms; which two
Prifms together are greater-than half of the whole
Pyramid. Therefore, Every Pyramid baving a tri-
angular Bafe may be divided into two Pyramids, equal
and fimilar to ome another, baving triangular Bafes,
and [imilar to the whole Pyramid, andinto tawo equal
Prifins, avhich two Prifms are greater than the H:?{ of
the whole Pyramid; which was to be demonftrated.

1

PRO-
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FROPOSELTON" IV,

THEOREM.

- If thereare twoPyramidsof the fame Altitude, bav-
ing triangular Bafes, and each of them be divided
into two Pyramids, equal to one another, and fi-
milar tothe Whole , as alfointotwo egual Prifms ;
and if in like manner each of the two Pyramids,
made by the former Divifion, be divided, and this
be done continually 5 then, asthe Bafe of one Pyra-
mid 15 to the Bafe of the other Pyramid, foare all
the Prifms that are in one Pyramid, to all the
Prifms that are in the other Pyramid, being
equal in Multitude,

LET there be two Pyramids of the fame Altitude,

" having the triangular Bafes ABC, DE F, whole
Ver:ices are the Points G, H ; and ler each of them be
divided jato two Pyramids, equal to one another, and
fimilar to the Whole, and into two equal Prifms; and
if in like manner each of the Pyramids made by the
former Divifion be conceived to be divided, and this
be done continually, I fay, asthe Bafe ABC is to
the Bafe DEF, {o are all the Prifms that are in the
Pyramid ABCG to all the Prifms that are in the
Pyramid DE F H, being equal in Multitude.

For, fince BX isequal to XC, and AL o LC

X L fhall be* parallel co A B, and the Triangle A BC *2 6
fimilar to the Triangle L X C. For the fime Reafon
the Triangle D EF fhall be alfo imilar to the Trian-

le RQF. And becaule BC isdouble to C X, and
%Fmb Q, it thallbe asBCis o CX, fo is EFto
¥Q. And fince there are defcribed upon BC, CX|
Right-lined Figures ABC, LXC, fimilar and alike
fituate, and upon E F, F Q, Right-lined Figures DEF,
R QF, fimilar and alike fityate; therefore, as the
Triangle BAC is to the Triangle LXC, fo istthe § 22.6,
Triangle DEF to the Triangle R QF; and (by Al-
ternation) as the Triangle ABC is to the Triangle
D EF, fois the Triangle L X Ctothe Triangle R QF.
But as the Triangle L X C is to the Triangle R QF,
fo 154 the Prifm, whofe Bafe is the Triangle L X C, { 28. and
apd oppoiite Bafe ro that the Triagle OMN, to the 32-11

R 2 Prifm,
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Prifim, whofe Bafe is the Triangle R QF, and oppo=
{ire Bafe to that the Triangle ST Y. Therefore, as the
Triangle ABC is to the Triangle DEF, {o is*the
Prifm whole Bafe is the Triangle L X C, and oppofite
Baf to that the Triangle O M N, rto the Prifm whofe
Bafe is the Triangle R QF, and oppofite Bafe to that
the Triang[lje SEY ; and becaufe the two Prifms that
are in the Pyramid A BC G are equal to one another,
a; alfo thofe two that are in the Pyramid DEFH; it
thall be as the Prilm whofe Bafe is the Parallelogram
K LXB, and oppofite Bafe to that the Right Line
MO, is to the Prifm whofe Bafe is the Triangle
L X C, and oppofire Bale to that the Triangle O M N,
{o is the Prifm whofe Bafe is the Parallelogram EPRQ,
and oppofite Bafe to that the Righr Line ol b
the Prifin whole Bafe is the Tﬁﬂ%gle RQF, and
oppofite Bafe to that the Triangle ST Y. Therefore
( l% compounding ) as the Prifms KEXLMO,
LXCMNO, to the Prifm LXCMNQ, fo the
Prifms PEQRST, RQFSTY, to the Prifm
RQFSTY. And (by Alternation) as the Prilms
KBXLMO, LXCMNO, to the Prifms PEQRST,,
RQFSTY, fo the Prilm LXCMNO, to the
Pritm RQFST Y ; butas the Prim LXCMNO
is to the Prifm RQFSTY, fo has the Bale LXC
been proved to be to the Bafe R FQ; and fo the Bafe
ABC to the Bale DEF. ‘Therefore alfo as the T'ri-
angle ABC isto the Triangle DEF, fo are the two
Prifms that are in the Pyramid ABCG, to the two
Prifms that are #1 the Pyramid DEFH. If in
the fame manner each of the Pyramids O MNG,
ST Y H, made by the former Divifion, bedivided, it
fhall be as the Bale OMN is to theBafe STY, fo
the two Prifims that are in the Pyramid OMNG, to
the two Prifms thatare in the Pyramid STY H. But
as the Bafe OMN is to the Bafe STY, fo is the Bafe
ABC o the Bale DEF. Therefore as the Bafe
ABC istothe Bafe DEF, fo are the two Prifms that
are in the Pyramid ABCG, to the two Prifms that
are in the Pyramid DEFH; and fo the two Prifms-
that zre in the Pyramid OMN G, to the two Prifms
that are in the Pyramid ST Y H, and fo the four to
the four. We demonftrate the fame of Prifms made
by the Divifion of the Pyramids AKLO, DPRS,

and
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and of all other Prifms, being equal in Multitudes
which was to be demonftrated.

PREOPOSTT OGN

T ador t M

Pyramids of the fame Altitude, and baving trian-
Sular Bafes, are to one another as their Bafes.

LET there be two Pyramids of the famre Altitude,
having the triangular Bafes ABC, DEF, whofe
Vertices are the Points G, H. I fay, asthe Bife ABC
is to the Bafe DE F, fo is the Pyramid AB CG to the
Pyramid DE FH. :
For, if it be not {o, then it fhall be as the Bafe
ABCis tothe Bafe DEF, fo is the Pyramid ABCG
to fome Solid, greater or lefs than the Pyramid
D EFH. Firft, let itbe to a Solid lefs, which let be Z,,
and divide the Pyramid DEFH into two Pyramids
equal to each other, and fimilar to the Whole, and
into two equal Prifms; then thefe two Prifms are
greater than the Half of the whole Pyramid. And
again, let the Pyramids made by the former Divifion,
be diyided after the fame manner, and let this be done
continually, until the Pyramids in the Pyramid
D EFH, are le(s than the Excefs by which the Pyra.
mid D E FH exceeds the Solid Z.. Let thefe, for Ex-
ample, bethe Pyramids DPRS; ST Y H ; then the
Prifms remaining in the Pyramid DEF H, are greater
than the Solid Z. Alfo, let the Pyramid ABCG .
be divided into the fame Number of {imilar Parts, as
the Pyramid DE F H is; and then, asthe Bale ABC
is to the Bafe DEF, {o * the Prifms that are in the «, of 1hit,
Pyramid ABCG, to the Prifms that are in the Pyra-
mid DEFH. But as the Bafe ABC is to the Bafe
DEF, fo is the Pyramid ABCG to the Solid Z,
And therefore, as the Pyramid ABCG is to the Solid
Z, fo are the Prifms that are in the Pyramid ABCG,
to the Prifms that are in the Pyramid DEFH; buc
the Pyramid ABCG is grearer than the Prifms that
are in it. Wherefore allo the Solid Z is greater
than the Prifms that are in the Pyramid DE FH; bur

R 3 it
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% From qobat it is lefs ¥ alfo, which is abfurd. Therefore the Bafe
bas been al- ABC 10 the Bafe DEF, is not as the Pyramid
ready demon- A B C G to fome Solid lefs than the Pyramid DE FH.

fFratad,

After the fame manner we demonftrate, that the Bafe
DEF to the Bafe ABC, is not as the Pyramid
D E FH to fome Solid lefsthan the Pyramid ABCG.
Therefore, I fay, neither is the Balfe ABC to the
Bafe DEF, as the Pyramid ABCG to fome Solid

reater than the Pyramid DEFH. For if this is pof-

ible, let it be to the Solid I, greater than the Pyra-
mid DEFH. Then (by Inverfion) the Bale DEF
fhall be to the Bale ABC, as the Solid I to the Pyra-
mid ABCG: Burt {ince the Solid I is greater than the
Pyramid E D F H, it thall be as the Solid [ is to the Py-
ramid ABCG, {o is the Pyramid DEFH, to fome
Solid lefs than the Pyramid A BCG, as juft now has
been proved. And {o, asthe Bafe DEF is to the Bafe
ABC, foisthe Pyramid DEF H, to {fome Solid lefs
than the Pyramid ABCG, which isabfurd. There-
fore the Bale A BC to the Bafe DEF, is not as the
Pyramid ABCG to fome Solid greater than the Pyra-
mid D E FH. But it has been alfo proved, that the Eafc
A BCotheBafe DEF,isnot as the Pyramid ABCG
to fome Solid lefs than the Pyramid DEF H. Where-
fore, as the Bafe ABC is to the Bafe DEF, fo is the
Pyramid ABCG to the Pyramid DEFH. There-
fore, Pyramids of the [ame Altitude, and having tri-
angulgr Bafes, are to one amotber as their Bafes,
which was to be demonftrated.

PRQFEGSIT LN VL

THEOREM.

Pyramids of the fame Altitude, and baving polygo-
nous Bafes, are to one another as their Bafes.

ET there be Pyramids of the fame Altitude, which

! have the polygonous Bafess ABCD E,FGHKL,
and let their Vertices be the Points M, N. [ fay, as the
Bale ABCD E isto the Bale FGH K L, foisthe Py-
ramid A BCD E M o the Pyramid FGHKLN.

Yor,
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For, let the Bafe ABC D E be divided into the T'ri-
angles ABC, ACD, ADE ;and the Bale FGHK L,
into the Triangles FGH, FHK, FKL: and let
Pyramids be conceived upon every one of thofe Tri-

angles of the famé Altitude with the Pyramids ABC,
DEM, FGHKLN. Then, becaufé the Triarigle

ABC is to the Triangle ACD, as * the Pyramid 3

ABCM istothe g_yramid ACDM: And (by com-
pounding) as the Trapezium ABCD is to the Tri-
angle ACD, fo is the Pyramid ABCDM ro the
Pyramid ACD M but as the Triangle ACD is to
the Triangle ADE, fo is * the Pyramid ACDM to
the Pyramid ADE M. Wherefore, (by Equality of
Proportion) as the Bafe ABC D isto the Bafe ADE,
{o is the Pyramid ABCD M to the Pyramid ADE M.
And again ( by Compofition of Proportion) as the
Bafe EggCD is to the Bafe AD E, fo is the Pyra-
mid ABCDEM to the Pyramid ADE M. For the
fame Reafon, as the Bafe FGHKL is to the Bafe
FKL, foisthe Pyramid FGHKLN to the Pyra-
mid FKLN. And fince there are two Pyramids
ADEM, FKLN, having triangular Bafes, - and the
{fame Altitude, the Bafe ADE fhall be * to the Bale
FKL, as the Pyramid ADEM ‘to the Pyramid
FKLN. And fincetheBafe ABCDE isto the Bafe
ADE, as the Pyramid ABCDEM is to the Pyra-
mid ADEM; and as the Bafe ADE is to the Bafe
FKL, fo is the Pyramid ADEM to the Pyramid
FKLN; it fhall be (ng uality of Proportion)
as the Bafe ABCDE to the Bafe FKL, {o is the
Pyramid ABCDE M to the Pyramid FK LN but
as the Bafe FK L is to the Bafe FGHK L, fo was
the Pyramid FK LN to the Pyramid FGHKLN,
Wherefore, again, (by Equality of Proportion) as the
Bale ABCDE is to the Bafe FGHKL, {o is the
Pyramid ABCDEM tothe Pyramid FGHK L N.
"Thercfore, Pyramids of the {ame Altitude, and baving
polygonous Bafes, are to one another as their Bafes;
which was to be demonftrated.

R 4 ‘ PRO-
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PROPOSITION VIL

THEOR E M,

EveryPrifin, baving a triangular Bafe, may be di-
vided into three Pyramids equal to one anothets
and baving triangular Bafes.

E'T there be a Prifm whofe Bafe is the Triangle

A + ABC, and oppofité Bafe to that the Triangle

D EF. I fay,the Prifm ABCDEF may be divided into
the three equal Pyramids; that have triangular Bafes.

For, join BD,EC, CD. Then, becaufe ABED

‘is.a Parallelogram, whofe Diameter is BD, the Tri-

angle ABD fhall be * equal to the Triangle EBD.
Therefore the Pyramid whofe Bafe is the Triangle
ABD, and Vertex the Point C, is+equal to the Py-
ramid whofe Bafe is the Triangle EDC‘?S, and Vertex
the Point C. But the Pyramid whofe Bafe is the
Triangle EDB, and Vertex the Point C, is the
fame as the Pyramid whofe Bafe is the Triangle
EBC, and Vertex the Point D ; for they are con-
tained under the fameé Plabes. Therefore the Pyra-
mid, whofe Bafe is the Triangle ABD, and Vertex
the Point C, is equal to the Pyramid whofe Bafe is
the Triangle EBC, 'and Vertex the Point D. . Again,
becaule F CBE is a. Parallelogram, whofe Diamerer
is CE; the Triangle'E CF fhall be * equal to the Tri-
angle CBE.. And fo' the Pyramid whofe Bafe is the
Triangle BE C; and Vertex the Point D, is+ equal to
the Pyramid, whofe Bafe is the Triangle ECF, and

Vertex the Point D : But the Pyramid whofe Bafe is

the T'riangle BCE, and Vertéx the Point D, thas been
proved equal to the Pyramid whofe Bafe is the Tri-
angle ABD, and Vertex the Point C.© Wherefore
alio the Pyramid, whole Bafe is the Triangle CEF,
and Vertex the Point D, is equal to the Pyramid,
whofe Bafe is the Triangle ABD, and Vertex the
Point C. Therefore the Prifm ABC DEF is divided
into three Pyramids equal to one another, and havin
triangular Bafes. Azﬂ becaufe the Pyramid, wholfe
Baf¢ is the Triangle AB and Vertex the Point
C, is the fame with the Pyramid whofe Bafe is
the Triangle CAB, and Vertex the Point D; hﬁ:-r
they
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they are contained under the fame Planes; and the Py-
ramid, whofe Bafe is the Triangle ABD, and Ver-
“tex the Point C, has been proved to be a third Part
of the Prifin, whofe Bafe is the Triangle ABC, and
oppofite Bafe to that the Triangle D E F 5 .therefore
alfo the Pyramid, whofe Bafe is the Triangle ABC,
and Vertex the Point D, is a third Part of the Prifm
haring the fame Bafe, viz. the Triangle ABC, and
the oppofite Bafe thi¢ Triangle DEF ; which was to
be demonftrated.

Coroll. 1. It is manifelt from hénce, that every Pyra-

- 1oid is a third Parc of a Prifm, having the fame Bale,
and an equal Altitude ; becaule, if the Bale of a
Prifih, as alfo the oppofite Bafe, be of any other
Figure, it may bedivided into Prilms having trian-
Eu ar Bafes.

2. Prifms of the fame Altitude are to one another 2s
their Bafes.

PROPOSITION VIIIL

THEORE M,

Similar Pyramids, baving triangular Bafes, are i
 a triplicate Proportion of their homologous Sides.

E'T there be two Pyramids fimilar and alike fituate,
# having the triangular Bafes ABC,DEF, and let
their Vertices be the Points G, H. If{ay, the Pyramid
ABCG to the Pyramid D EFH has 2 Proportion tri-
plicate of that which BC has to EF.
For, complete the folid Parallelepipedons BG M L,
EHPO; then Becaule the Pyramid ABCG is {imi-
lar to the Pyramid DE FH, thé Angle ABC fhall
be*equal to the Angle DEF, the Angle GBC *Def 9. 11,
equal to the Angle HE F, and the Angle ABG
equal to the Angle DEH. And AB is to DE as
' BCis to EF; and fo is BG to EH. Therefore
becaufe ABis to DE, as BCisto EF; and the
Sides about the equal Angles are proportional, the
Parallelogram BM fhall + be fimilar to the Parallelo- 6. &,
ame E P.  For the fame Reafon, the Parallelogram
N'is fimilar to the Parallelogram ER, and the Pa-
rallelogram
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rallelogram BK to the Parallelogram EX. There-
fore three Parallelograms BM, KB, BN, are fimi-
lar to three Parallelograms EP, EX, ER; but the
three MB, BK, BN, are equal and fimilar to the
three oppofite ones; as allo the three E P, EX, ER.
Therefore the Solids BGML, EHPO, are con-
rained under equal Numbers of fimilar and equal
Planes; and confequently, the Solid BGML is fi-
milar to the Solid EHP.(}S. But fimilar folid Paral-

# ;3. 11, lelepipedons are ¥ to each other in a triplicate Pro-
portion of their homologous Sides. Therefore the
Solid BGML to the Solid EHPO, hasangnr-
tion triplicate of that which the homologous Side
BC has to the homologous Side EF. Bur as the

155  Solid BCML is to the Solid EHPO, fo istthe
Pyramid ABCG to the Pyramid DEFH; for the
Pyramid is the one fixth Part of that Solid, fince the
Prifm, which isthe Half of the Solid Paral]e%ipedon
is triple of the Pyramid. Wherefore the Pyramid~
ABCG to the Pyramid DEFH, fthall have a tri-
plicate Proportion to that which BC has to EF;
which was to be demonftrated.

Coroll. From hence it is manifeft, that fimilar Pyra-
mids, baving polygonous Bafes, are to one another
in a triplicate Proportion of their homologous Sides.
For, if they be divided into Pyramids having trian-
gular Bafes; becaule their {fimilar polygonous Bafes
are divided into fimilar T'riangles equal in Number,
and homologous to the Wholes, it fhall be as one
Pyramid having a triangular Bafe in one of the Py-
ramids, is to ai’ymmidﬁving a triangular Bafe in
the other Pyramid, {o are all the Pyramids havitgg
triangular Bafes in one Pyramid, to all the Pyramids
having triangular Bafes in the other Pyramid; that
is, (0 is oneof the Pyramids havilr:jg the polygonous
Bafe, to the other; but a Pyramid having a triangu-
lar Bafe to a Pyramid having a triangular Bafe, is
in a triplicate Proportion of the homologous Sides.
Thr:rcf%r:: one Pyramid having a polygonous Bafe to
another Pyramid having a fimilar Bafe, isina tripli-
cate Proportion of their homologous Sides.

PR G-
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PFROPOSTEFHPON X

THEORE M.

The Bafes and Altitudes of equal Pyramids, baving
triangular Bafes, are reciprocally proportional ;
and thofe Pyramids, having triangular Bafes,
whofe Bajes and Altitudes are reciprocally pro-
portional, are equal,

E'T there be equal Pyramids, having the triangu-

lar Bafes ABC, DEF, and Vertices the Points

G, H. I fay, the Bafes and Altitudes of the Pyramids

ABCG,D EFH. are reciprocally proportional; that

is, as the Bafe ABC is to the Bafe DEF, fo is the

Altitude of the Pyramid DE FH to the Altizude of the
Pyramid ABCG.

For, complete the folid Parallelepipedons BGML,
EHPO. Then, becaufe the Pyramid ABCG is equal
to the Pyramid DEFH, and the Solid BGML is
{extuple, thePyramid ABCG, and the Solid EHP O,
fextuple of the Solid DEFH, the Solid BGML

fhall be* equal to the Solid EHP Q. Buyt the Bafes »

and Altitudes of equal folid Parallelepipedons are re-
ciprocally ézmportionaI. Therefore, as the Bafe BM

is to the
EHPO to the Aliitude of the Solid BGML. But
as the Bale BM is to the Baft EP, {0 is + the Trian-
le ABC to the Triangle DEF. Therefore, as the
%'rian le ABC is to the Triangle DEF, {o is the
Altitude of the Solid E H PO to the Altitude of the
Solid BGML. Bucthe Altitude of the Solid EHPO
is the fame as the Altitude of the Pyramid DEFH ;
and the Aldrude of the Solid BG ML the fame as
- the Altitude of the Pyramid ABCG. Therefore, as
the Bafe ABC is to the Bafe DEF, fo is the Alti-
tude of the Pyramid DEFH to the Altirude of the
Pyramid ABCG. Wherefore the Bafes and Ali-
tudes of the equal Pyramids ABCG, DEFH, are
reciprocally proportional; and if the Bafes and Alti-
tudes of the Pyramids ABCG, DEFH, are reci-
procally proportional, that is, if the Bafe ABC to
the Bafe DEYF, be as the Altitude of the Pyramid
' T HEFER
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afe EP, fo istthe Altitude of the Solid + 34. 1=,
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DEFH to the Altitude of the Pyramid ABCG ;
1 fay, the Pyramid ABCG is equal to the PyramicI
DEFH: For, the fame Conftruction remaining, be-
caufe the Bafe ABC to the Bafe DEF, is as the Al-
titude of the Pyramid DEFH to the Altirude of the
Pyramid ABC G ; and as the Bafe ABC is to the
Bafe DEF, fo is the Parallelogram BM to the Paral-
lelogtam EP; the Parallelogram BM to the Paral-
lelogram E P fhall be alfo as the Altitude of the Py-
ramid DEFH is to the Altitude of the Pyramid
ABCG. But asthe Altitude of the Pyramid DEFH
is the fame as the Altirude of the folid Parallelepgbe-
don E H P O, and the Alritude of the Pyramid A B

the fame as the Alricude of the folid Parallelfpipedog
BGML ; therefore the Bafe BM to the Bale E
will be as the Altitude of the folid Parallelepipedon
E HPO to the Altitude of the folid Parallelepipedon
BGML. Bur thofe folid Parallelepipedons, whofe
Bafes and Altitudes are reciprocally proportional,
are+ cqual to each other. Therefore the folid Paral-
lelepipedon BG M L is equal to the folid Parallelepi-
pedon EHP O; and the Pyramid ABCG is a fixth
Part of the Solid BGML. And in like manner the
Pyramid DEF H is a fixth Part of the Solid EH P O.
Therefore the Pyramid ABCG is equal to the Pyra-
mid DE FH. Wherefore the Bafes and Altitudes of
equal Pyramids, baving triangular Bafes, are reci-
procally proportional, and thofe Pyramids, having tri-
angilar Bafes, whofe Bafes and Altitudes are recipro-
cally proportional, are equal;, which was to bedemons

ftrated.
PROPOSEERION. X

THEOREM.

Every Cone s a third Part of a Cylinder, baving
the fame Bafe, and an equal Altitude.

LET a Cone have the fame Bafe as a Cylinder, 27z.

the Circle ABCD, and an Altitude equal to it.
I fay, the Cone is a third Part of the Cylinder;
that is, the Cylinder is triple to the Cone.

For,
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For, if the Cylinder be not triple to the Cone, it
fhall be greater or lefsthan triple thereof. Firft, let it
be greater than triple to the Cone, and let the Square
ABCD be defcribed in the Circle ABCD ; then the
Square ABC D is greater than one half of the Circle
&qﬁ CD. Now let a Prifm be erected upon the Square
ABCD, having the fame Altitude as the Cylinder,
and this Prifm will be greater than one Half of the
Cylinder; becaufe, if agrl:-]uarﬂ be circumicribed about
the Circle ABCD, the infcribed Square will be one
half of the circumfcribed Square; and if a Prifm be
erected upon the circumfcribed Square of the fame
Altitude as the Cylinder, fince Prifms are * to one * 2 €. 7,
another as their Bafes, the Prifm ereced upon the ¥ 5
Square A BCD is one Half of the Prifm erected u%m
the Square defcribed about the Circle ABCD. But
the Cylinder is leffer than the Prifm erected on the
Square defcribed about the Circle ABCD. There-
fore the Prifm erected on the Square ABCD, baving
the fame Height as the Cylinder, is greater than one
Half of the Cylinder. Let the Circumferences A B,
BC, CD, DA, be bife@ed in the Points E, F, G, H;
and join AE, EB, BF, FC, CG, GD,DH, HA.
Then each of the Triangles ﬁEh, BFC CGDy
DH A, is +greater than the Half of each of the Seg- Do -5
ments in Which they ftand. Let Prifms be erected J—Tﬂ;fm"
from each of the "lzriang‘ies AEB, BFC, CGD,
DHA, of the fame Altitude as the Cylinder ; then
every one of thefe Priftns erected is greater than its
correfpondent Segment of the Cylinder. For, becaufe,
if Parallels be drawn through the Points E, F, G, H,
to AB,BC,CD, DA, and Parallelograms be com-
pleted on the faid AB, BC, CD, DA, on which
are erected folid Parallelepipedons of the fame Alri-
tude as the Cylinder; then each of thofe Prifms thar
are on the Triangles AEB, BFC, CGD, DHA,
are Halves + of each of the folid Parallelepipedons;
and the Segments of the Cylinder are lefs than the
erected folid Parallelepipedons; and confequently the
Pri{ms that are on the Triangles AE B, B E‘E, CGD,
DHA, are greater than the Halves of the Segments
of the Cylinger,; and fo bifecting the other Circum-
ferences, joining Right Lines, and on every one of the
T'riangles erecting Prifins of the fame Height asd the

ylinder &
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Cylinder; and doing this continually, we fhall at laft
have certain Portions of the Cylinder left, that are
lefs than the Excefs by which the Cylinder exceeds
triple the Cone. _
Now let thefe Portions remaining be AE, EB,
BF, FC, CG, GD, DH, HA. Then the Prifm
remaining, whofe Bafe is the Polygon AEBFCGDH,
and Alritude equal to that of the Cylinders, is
greater than the Triple of the Cone. But the Prifm
whofe Bafe is the Polygon AEBFCGDH, and
Alritude the fame as that of the Cylinder’s, is*
triple of the Pyramid whofe Bafe is the Polygon
AEBFCGD I-{, and Vertex the {fame as that of the
Cone. And therefore the Pyramid whofe Bafe is the
Polygon AEBFCG DH, and Vertex the fame as that
of the Cone, is greater than the Cone whofe Bafe is
the Circle ABCD; but it is leffer alfo (for it is
comprehended by it); which is abfurd. Therefore
the Cylinder is not greater than triple the Cone. I
fay, it is neither leffer than triple the Cone: For if it
be poffible, let the Cylinder be lefs than triple the
Cone: Then (by Inverfion) the Cone fhall be greater
than a third Part of the Cylinder. Let the Square
ABCD be defcribed in the Circle ABCD ; then the
Sqélam ABCD is greater than half of the Circle
ABCD. Andlera E;rramid be ereted on the Square
ABCD having the {fame Vertex as the Cone, then
the Pyramid erected is greater than one Half of the
Cone; becaufe, as has been already demonitrated,
if a Square be defcribed about the Circle, the Square
ABCD fhall be haif thereof. And if folid Paralle-
lepipedons be erected upon the Squares of the fame
Altitude as the Cones, which are alfo called Prifms ;
then the Prifm erected on the Square ABCD is one
Half of thar erected on the Square defcribed about the
Circle; for they are to each other as their Bafes, and
{o likewife are theii third Parts. Therefore I:h?i’)rra- |
mid whofe Bafe is the Square ABCD, is one Half
of that Pyramid erected ypon the Square defcribed
abour the Circle: But the Pyramid erected upon the
Square defcribed about the Circle, is greater than the
Cone; for it comprehends it. Therefore the Pyra-
mid whofe Bafe is the Square ABCD, and Vertex
the fame as that of the Cone, is greater than one Ha]?
o
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of the Cone. Bifect the Circumferences AB, BC,
CD, DA, in the Points E, F, G, H; and join AE,
£B, BF, FC,CG,GD, b[—i, HA and then each
of the Triangles AEB,BFC,CGD, bH A, is greater
‘than one Half of each of the Segments they are in.
Let Pyramids be erected upon each of the Triangles
AEB, BFC, CGD, DHA, having the fame Vertex as
the Cone: then each of thefe Pyramids thus erected,
is greater than one Half of the S?cgment of the Cone
n which it is: And fo bifecting the remaining Cir-
cumferences, joining the Right Lines, and ereéting
Pyramids upon every of the Triangles having the
fame Hitirucﬁe as the Cone, and doing this continually,
we fhall at laft have Segments of the Cone lefr,
that will be lefs than the Excefs by which the Cone ex-
ceeds the one third Part of the Cylinder. Let
thefe Segments be thofe that are on AE, EB, BF,
FC, CG, GD, DH, HA; and then the remainin
Pyramid, whofe Bafe is the Polygon AEBFCGD [‘E
and Vertex the fame as that of the Cone, is greater
than a third Part of the Cylinder; but the Pyramid
whofe Bae is the Polygon AEBFCG D H, and Ver-
tex the fame as that of the Cone, is one third Part of
the Prifm whofe Bafe is the Polygon AEBFCGDH,
and Altitude the fame as that of the Cylinder.
Therefore the Prilm, whofe Bafe is the Polygon
AEBFCGDH, and Altitude the fame as that of the
Cylinder, is greater than the Cylinder, whofe Bafe is the
Circle ABCD; but it islefs alfo, (as being compre-
hended thereby) which is abfurd ; therefore the Cy-
linder is not lefs than wiple of the Cone; but it has
been proved alfo not to be greater than triple of the
Cone; therefore the Cylinder is neceflarily triple of

the Cone. Wherefore, Every Cone is a third Part of

@ Cylinder, kaving the fame Bafe, and an equal Alti-
#ude ; which was to be demonftrated.

PR O-
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PROPOSITION XL

THEORE M.

Cones and Cylinders of the fame Altitude are to
one another as their Bafes.

LET there be Cones and Cylinders of the fame Al-
tirude, whofe Bafes are the Circles ABCD,
EFGH, Axes KL, M N, and Diametersof the Bafes
AC, EG. I fay,as the Citcle A BCD is to the Circle
EFGUH, fois the Cone AL to the Cone EN.
For if it be nor fo, it fhall be as the Circle ABCD
i to the Circle EFG H, fo is the Cone AL to fome
Solid either lefs or grearer than the Cone EN.  Firft,
Yer it be to the Solid X lefs than the Cone; and let
the Solid I be equal to the Exctfs of the Cone EN
above the Solid X. Then the Cone EN is equal to
the Solids X, [; ler the Square EF GH be delcribed
in the Circle EFG H, which Square is greater than
one Half of the Circle, and erect a Pyramid upon the
Square EFGH of the fame Altitude as the Cone.
Therefore the Pyramid erected is greater than one Half
of the Cone: For if we defcribe a Square about the
Circle, and a Pyramid be erected thereon of the fame
Alrirude as the Cone, the Pyramid infcribed will be
one Half of the Pyramid circumfcribed ; for they are
% 10 one another as their Bales, and the Cone is lefs
than the circumf{cribed Pyramid. Therefore the Py-
ramid whofe Bafe is the Square EF G H, and Vertex
the fame as that of the Cone, is greater than one Half
of the Cone. Bife¢t the Circumferences EF, ¥G,
GH, HE, in the Points P, R, §, 0, and join HO,
OE, EP, PF, FR, RG, GS, SH; then each of
the Triancles HOE,EP¥, FR G, GHS, is greater
than one half of the Segment of the Circle wherein
it is. Let a Pyramid be raifed upon every one of the
Triangles HOE, EPF, FRG, GHS, of the
fame Altitude as the Cone. Then each of thofe erect-
ed Pyramids is greater than one Half of its corre-
fpondent Sepment of the Cone : And fo bifecting the
remaining Circumferences, joining the Right Lines,
and ereéting Pyramids upon each of the Triangles :n'.-'
the
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the fame Altitude as that of the Cone; and doing this
conrinually, there will at laft be lef Segments of the
Cone, that willtogether be lefs than the Solid . Let
thofe be the Segments that are on H O, OE, EP
PE, FRi RG,'GS, SH. Therefore the Pyramid
remaining, whofe Bafe is the Polygon HOEPFRGS,
. and Altitude the fame as that of the Cone, is greater
than the Solid X. Let the Polygon DTAYBQCYV be
defcribed in the Circle ABC , fimilar and alike firy-
ate to the Polygon HOEPFR GS; and let a Pyra-
mid be ereted thereon of the fame Aliitude as the
Cone AL. Then, becaufe the Square of A C 1o the
Square of EG, is¥as the Pag%on DTAYBQCYV
to the Polygon HOEPFR GS; and the Square of
Cis E::u the Square of EG, as the Circle i
to the Circle E F G H;; it fhll beas the Circle ABCD
to the Circle EFOH, fois the Poly%::-n DTAYB-
QCV to the Polygpon HOEPFR G S: Bucas the
Circle ABCD isto the Circle EFG H, {o is the
Cone AL to the Solid X ; and as the PEIPi}' on DT A-
YBQCYV is to the Polygon HOEP GS, fo is
the Pyramid whofe Bafe isthe Polygon DT AYRB Q-
CV, and Vertex the Point L, to the Pyramid whofe
Bafe is the Pol HOEPFRGS, and Vertex the
Point N, erefore, as the Cone AL to the Solid
X13 fo the Pyramid whole Bale is the Polygon DT A-
YBQCV, ‘and Vertex the Point L, tothe Pyramid
whole Bafe is the Polygon HOEPFR G S, and Ver-
tex the Point N ; but the Cone A L is greater than the
Pyramid that§sin it. Therefore the Solid X is greater

than the Pyramid that is in the Cone EN'; bur it was_

put lefs, which isabfurd. Therefore the Circle ABC D
to the Circle EFGH, is not as the Cone AL to
fome Solid lefs than the Cone EN. In like manner,
it is demonitrated, that the Circle EFGH to the
Circle ABCD, is not the Cone EN to fome So-
lid lefs than the Cone AL. I fay, moreover, that
the Circle ABCD to the Circle EFGH, is nor as
the Cone AL to fome Solid greater than the Cone
EN: For, if it be poffible, Ict it be to the Solid 7

reater than the Cone; then, (by Inverfion) as the
E?ircle EFGH isto the Circle ABCD, 1o fhall the
Solid Z be to the Cone AL. But fince the Solid Z,
is greater than the Cone ESN, it fhall be as the Sﬂl’i{"‘.’.i

299
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7. isto the Cone AL, fo is the Cone EN to fome
Solid lefs than the Cone AL. And therefore, as the
Circle EFGH is to the Circle ABCD, f{o is the
Cone EN to fome Solid lefs than the Cone AL ;
which has been proved to be impo(fible, Therefore
the Circle ABCD to the Circle EFGH, is not as
the Cone AL to fome Solid greater than the Cone
E N. It has alfo been proved, that the Circle ABCD
to the Circle EF G H, is not as the Cone AL to
fome Solid lefs than the Cone EN.  Therefore as thie
Circle ABC Distothe Circle EF G H, fo is the Cone
AL to the Cone EN: But as Cone is to Cone, fo
is* Cylinder to Cylinder ; for each Cylinder is triple
of each Cone; and therefore, as the Circle ABCD is
to the Circle EFGH, f{o are Cylinders and Cones
ftanding on them, of the fime Alritude. Wherefore
Cones and Cylinders of the f[ame Altitude, are to one
another as theirBafes ; which was to bedemonttrated.

PROPOSITION XIL

THEOR E_@L_:'P_I." '

Similar Cones and Cylinders are to'one another in

a triplicate Propertion of the Diameters of their
Bayes, i

ET therebe fimilar Cones and Cy i;ldérs,'whnf'e--

~4 Bafes are the Circles ABCD, EFGH, and

Diameters of the Bales BD, FH, and Axes of the
Cones or Cylinders KL, MN. I %y, the Cone whofe
e

Bafe is the Circle ABCD, and
to the Cone whole Bafe is the Circle EFGH, and

rtex the Point L,

Vertex the Point N, hath a triplicate Proportion of -

that whichBD has to FH.,

For if the Cone ABC DL to the Cone EFGHN,

has not atriplicate Proportion of that which BD has
to FH, the Cone ABCDL fhall have that tripli-
cate Proportion to fome Solid, ecither lefs or greater
than the Cone EFGHN.  Firft, let it have that tri

EEE:EEIEIG ortion to the Solid X, lefs than the Cone

int the Circle EF GH, which will be greater than orie
kil of the Circle EFGH; and ere& ajPyramid on

the

; and let the Square E F G H be defcribed
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the Square EFGH of the fame Altitude with the
Cone, then that Pyramid is greater than one Half of
the Cone. And o let the Circumferences EF, FG
GH, HE, be bifected in the Points O, P, R, S; and
joinEO, OF, FP,PG, GR,RH,HS,SE ; then
each of the Triangles EOF, FPG, GRH, HSE,
is greater than one Half of the Segment of the Circle
EFGH, in which it is; and erect a P]{ramidu on
cach of the Triangles EOF, EPG, GRH, HSE,
having the fame Altitude as the Cone: Then each of
the Pyramids thus erefted, is greater than half its cor-
refponding Segment of the Cone. Wherefore, bifect-
ing the remainingCircumterences, joining Right Lines,
and erecting Pyramids upon each of the Triangles,
having the fame Vertex as the Cone; and doing this
continually, we fhall leave at laft certain Segments of
the Cone, thar fhall belefs than the Excels by which
the Cone E F G HN exceeds the Solid X.  Let thefe
be the Segments that ftand on EQ, OF, FP, PG,
GR, RH, HS, SE; then the remaining Pyramid,
whofe Bafe is the Polygon EOFPGRHS, and Ver-
tex the Point N, is greater than the Solid X. Alfo
let the Polygon ATBYCVDQ be delcribed in
the Circle ABCD, {imilar and alike fituate to the

n EOFPGRHS; upon which ereét a Pyra-

Pc-l}f%‘c)
mid having the fame Alritude as the Cone; and let

LBT be one of the Triangles cnntainh‘? the Pyra-
mid, whofe Bafe is the Polygon ATBYCVDQ,
and Vertex the Point L ; as likewife N FO one of
the T'riangles containing the Pyramid EOFPGRHS,
and Vertex the Point N ; and let KT, M O, be join’d.
Then, becaufe the Cone ABC DL is fimilar to the
Cone EFGHN, it fhall be as BD isto FH, fois

the Axis KL to the Axis MN; burasBD isto FH,

261

fo is* BK to FM; and asBK is to FM, confe- *13. 5,

uenty fois KLto MN; and (by Alternation) as
KistoKL, fois FMto MN. And fince each
is perpendicular, and the Sides about the equal Angles
BK L, FMN, are proportional, the Triangle BK'L,

fhall be + fimilar to the Trriangle FMN.  Again, be-1t 6.6.

caufe BK isto KT, as FMis to MO, the Sides are
proportional about equal Angles BKT, FMO; for
whe Angle BK'T is the fame T’art of the four Right
Angles atthe Centre K, asthe Angle FM O s of the

S 3 foup
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four Right Angles at the Centre M: the Triangle
BK'T, fhall be * fimilar to the Triangle FMO; and
becaufe it has been proved, that BK isto K L, as FMis
to MN,and BK isequal to KT, and FM«o MO
itfthallbeas TK isto KL, fois OMto MN: an

the proportional Sides are about equal Angles TK L,
OM N ; for they are Right Angles. Therefore the
Triangie LKT fhall be fimilar to the Triangle MNO,
And {ince, by the Similarity of the Triangles BK L,
FMN, itisas LBisto BK, foisNFto F M; and,
by the %imilaril}r of the Triangles BK T, FM O, it
isas KBisto BT, fois MF to FO; it fhall be (bg
Equality of Proportion) as LBisto BT, fo is N

to FO. Again, fince by the Similarity of the Tri-
afgles LTK, NOM, itisas LT isto TK, fo is
NOtoOM; and, bythe Similarirgnf the Triangles
KBT, OMEF, itisas KT istoTB, fois MO to
OF. Tt fhall be (by Equality of Proportion) as L'T
istoTB, fois N O to OF: Butit has been proved,
that TB is to BL, as OF is to FN. Wherefore,
again, (by Equality of Proportion) as T L isto L B,
1'5 is ON mt}\TF 5 and therefore the Sides of the Tri-
angles LT B, NOF, are proportional ; and fo the
Triangles L'TB, NOF, are cquiangf;ular and fimilar
10 cach other. And confequently the Pyramid, whofe
Bafe is the Triangle BK T, and Vertex the ]aoint Ly
is fimilar to the Pyramid whofe Bafe is the Triangle
FMO, and Vertex the Point N ; for they are con-
tained under fimilar Planes equal in Multitude : Bue
fimilar Pyramids, that bave triangular Bafes, are + 1o
one another in the triplicate Proportion of their homo-
logous Sides. Therefore the Pyramid BK TL to the
Pyramid F M O N has a triplicate Proportion of that
which BK has to FM. In like manner, drawirig
Right Linesfrom the Points A, Q, D,V, C, X, to K,
as alfo others, from the Points E, S, H,R, G, P, to
M, and erecting Pyramids on the Triangit:s having the
fame Verrices as the Cones, we demonftrate that
every Pyramid of one Cone, to every one of the other
Cone, has a riplicate Proportion of that which the
Side BK has to the homologous Side M F, rthat is,
which BD has to FH. Bur as one of the Antece-
dents is to one of the Confequents, fo are # all the
Antecedents to sall the Confequents  Therefore, as

the
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the Pyramid BK'T L is to the Pyramid FMON, fo
is the whole Pyramid whofe Bafe is the Polygon
ATBYCVDQ, and Vertex the Point L, to the whole
Pyramid, whole Bafe is the P%Eun EOFPGRHS,
and Vertex the Point N. erefore rhe Pyramid,
whofe Bafe is the Polygon ATBYCVDQ, and
Vertex the Point L, to the Pyramid whofe Bafe is the
Polygon EOFPGRHS, and Vertex the Point N,
has a triplicate Proportion of that which B D hath to
FH. But the Cone whofe Bafe is the Circle ABCD,
and Vertex the Point L, is fuppoled to have to the
Solid X a triplicate Proportion of that which BD
has to FH. Therefore, as the Cone, whofe Bale is
the Circle ABC D, and Vertex the Point L, is to the
Solid X, fo is the lg}*ramid whofe Bafe is the Polygon
ATBYCVDG®, and Vertex the Point L, to the
Pyramid whofe Bafe is the Polygon EOFPGR HS,
and Vertex the Point N.  Bur the faid Cone is greater
than the Pyramid thar is in it ; for it comprehends
it. ‘Therefore the Solid X ald is Ereater than the
Pyramid, whole Bafe is the Polygon EOFPG R HS,
and Vertex the Point N; but it is alfo le(s, which is
abfurd. Therefore, the Cone, whofe Bafe is the Circle
ABCD, and Vertex the Point L, to fome Solid lefs
than the Cone, whofe Bafe is the Circle EFGH,
and Vertex the Point N, has not a trileicare Propor-
tion of that which BD has to FH. In like manner,
we demonftrate that the Cone EFGHN, to fome
Solid lefs than the Cone ABCD L, hasnat a tripli-
cate Proportion of that which FH hasto BD. Lait-
ly, [fay, the Cone ABC D L, to a Solid greater than
the Cone EFGHN, hasnot a triplicate Proportion
of that which B D has to FH: For, if this be poffible,
let it be fo to fome folid Z greater than the Cone
EFGHN. Then {bE Inverfion) the Solid Z, te
the Cone ABCDL, has a rriplicate Proportion of
that which FH hasto BD. Bur {ince the Solid 7. is
reater than the Cone EFGHN, the Solid Z fhali
%e tothe Cone ABCDL, as the Cone EFGHN
is to fome Solid lefs than the Cone ABCDL; and
therefore the Cone EFGHN, to fome Solid lefs
than the Cene A B C DL, hath a triplicate Proportion
of that which F H has to B D, which has been proved
to be impoffible, Therefore the@onc ABCDL, to
S 3 fome
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fome Solid greater than the Cone EF GHN, has not
a triplicate Proportion of that which B has to F H.
It has been alfo demonftrated, that the Cone ABCDL,
to fome Solid lefs than the Cone EF G HN, hath not
a triplicate Proportion of that which BD bas to ¥ H.
‘Wherefore the Cone ABCDL, to the Cone EFGHN,
has a triplicate Proportion of that which BD has to
« 15. 5. FH. But as Cone is to Cone, fo is * Cylinder to
 Cylinder. For a Cylinder having the fame Bale asa
T 10 o this.Cone, and the fame Altitude, is § triple of the Cone,
fince it is demonftrated, that every Cone is one third
Part of a Cylinder, having the fame Bafe, and equal
Altitude. Therefore alfo a Cylinder to Cylinder
has a triplicare Proportion of that which BD has
to FH. Therefore fimilar Cones and Cylinders
are to ome ancther in a triplicate Proportion of the
.Diamg:er: of their Bafes; which was to be demon-
ftrated.

PROPOSITION. XHIL

THEOREM.

If a Cylinder be divided by a Plane parallel to the
oppofite Planes, then as one Cylinder is to the
otber Cylinder, [o is the Axis to the Axis.

LET the Cylinder AD be divided by the Plahe

L4 G H, parallel to the oppofite Planes AB, CD,
and meeting the Axis EF in the Poinr K. I fay, As the
Cylinder BG is to the Cylinder G D, fo is the Axis
EK to the Axis K F.

For, let the Axis EF be both ways produced to L
and M, and put any Number of EN,N L, ¢. each
equal to the Axis EK; and any Number of FX,
X M, ¢be. each equal to FK. And thro’ the Points
L, N, X, M, let Planes parallel to AB, CD, pafs. And
in thofe Planes from L, N, X, M, as Centres, defcribe
the Circles, OP, RS, TY, VQ, each equal to
AB, CD; and conccive the Cylinders PR, R B,
DT, TQ, 1o be completed. ben, becaufe the
Axes LN, NE, EK, are equal to each other, the

& 11¢f this. Cylinders PR, R B, BG, will be * to one another as
; their Bafes. 'And therefore the Cylinders PR, R B,
BG, areequil. And fince the Axes LN, NE,EK,

: - arg
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are equal to each other, 23 alfo the Cylinders PR,
RB, BG; and the Number of LN, NE, EK, is

ual to the Number of PR, RB, BG: The Axis

L fhall be the fame Multiple of the Axis EK, as
the Cylinder PG is of the Cylinder GB. TFor the
fame Reafon, the Axis MK is the fame Mulriple of
the Axis KF, asthe Cylinder G Q is of the Cylinder
GD. Now, if the Axis KL be equal to the Axis
KM, the Cylinder PG fhall be equal to the Cylin-
der GQ; if the Axis LK be greater than the Axis
KM, the Cylinder PG fhall be likewife greater than
the Cz}'linqier G Q; andif lefs, lefs. Therefore, be-
caufe there are four Magnitudes, viz. the Axes EK,
K F, and the Cylinders EG, G D ; and there are taken
their Equimultiples, namely, the Axis KL, and the
Cylinder PG, the Equimultiples of the Axis EK,
and the Cylinder BG ; and the Axis KM, and the
Cylinder G Q, the Equimultiples of the Agis KF,
and the Cylinder GD: And it is demonftrated, that
if the Axis LK exceeds the Axis KM, the Cylinder
P G will exceed the Cylinder GQ 3 and if it be equal,
equal ; and lefs, lefs. Therefore, as the Axis EK
is to the Axis KF, {o * is the Cylinder BG to the
Cylinder GD. Wherefore, if a Cylinder be divided
by a Plane parqllel to the oppofite Planes, then as one
Cylinder is to the other Cylinder, (o is the Axis to the
Azxis; which was to be demonftrated

PROPOSITION XIV,

THEOREM,

Cones and Cylinders, being upon equal Bafes, are
to one another as their Altitudes,

LET the Cylinders EB, FD, ftand upon equat
Bafes AB, CD. 1 fay, as the Cylinder EB is
to the Cylinder FD, fo is the Axis GH 1o the Axis

L.

For produce the Axis KL to the Point N; and
put LN, equal to the Axis GH; and let a Cylinder
CM be conceived about the Axis LN. Then, be-
caufe the Cylinders EB, CM, have the fame Alti-
tude, they are®to one a;s‘lmher as their Bafes, fqt

4 their
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their Bafes are equal. ‘Therefore the Cylinders EB,
CM, will be alfo equal. And becaule the Cylinder
FM is cut by a Plane CD, parallel to the oppofite
Planes, it fhall be as the Cylinder CM is to the Cy-
linder FD, fo is the Axis LN to the Axis K L.
But the Cylinder CM is equal to the Cylinder EB ;
and the Axis LN to the AxisGH. Therefore the
Cylinder E B is to the Cylinder F D, as the Axis GH
15 to_the Axis KL, And as the Cylinder EB is to
the Cylinder FD, fo is  the Cone ABG to the Core
CDK ; for the Cylinders are* triple of the Cones.
Therefore, as the Axis GH is tothe Axis KL, fo
is the Cone ABG to the Cone CDK, and fo the
Cylinder EB to the Cylinder FD. Wherefore Comes
and Cylinders, being upon equal Bafes, are to one anathes
as their Altitudes; which was to be demonftrated.

PROPOSITION XV.
THEORE M.

The Bafes and Altitudes of equal Cones and Cylin-
ders are reciprocally proportional s and Cones,
and Cylinders, whofe Bafes and Altitudes are
reciprocally proportional, are equal to one an-
other,

LET the Bales of the equal Cones and Cylinders

be the Circles ABCD, E¥FGH, and their Di-
ameters AC, EG; and Axes KL, M N ; which are
alfo the Altitudes of the Cones and Cylinders: And
let the Cylinders AX, EQ, be completed. I fay,
the Bafes and Altitudes of the Cylinders AX, EO,

are reciprocally proportional; that 1s, the Bafe ABCD

1s 10 the Bafe EFGH, as the Altitude MN 1is to the
Altitude K L.

For the Altitude KL is either equal to the Alri-
tude MN, or not equal. Firft, let it be equal; and
the Cylinder AX is equal to the Cylinder EO.
But Cylinders and Cones a:m bave the fame Altitude,
are * to one another as their Bafes. Therefore the
Bafe ABCD is equal to the Bafe EFGH. And
confequently, as the Bafe ABCD is to the Bafe

EXG 1-1? {0 is the Altitude M N to the Altitude K L.

e
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But if the Altitude KL be not equal to the Altitude
MN, let MN be the ﬁr&wer And take P M equal
to LK from MN; and let the Cylinder EO be cur
thro’ P by the Phine TYS, parallel to the oppofite
Planes of the Circles EFGH, RO: and conceive
ES to be a Cylinder, whofe Bafe is the Circle
EFGH, and Altitude PM. Then, becaufe the
Cylinder AX is equal to the Cylinder EO, and ES
is fome other Cylinder, the Cylinder AX to the
Cylinder ES, fhall be as the Cylinder EO is to the
linder ES. Bur as the Cylinder AX is to the :
ylinder ES, fo is * the Bafe ABCD to the Bafe * 1! & this
EFGH; for the Cylinders A X, ES, have the fame
Altitude.  Andasthe Cylinder EO is to the Cylinder
ES, {o is + the Alitude M N to the Altitude M Pt 13 of tbic.
for the Cylinder E O is cut b)} the Plane TYS pa-
rallel to the oppofite Planes. ‘Therefore, as the Bale
ABCD is to the Bafe EFGH, fo is the Altirude
MN 1o the Altitude MP. Bur the Altitude MP is
equal to the Alritude KL. Wherefore, as the Bafe
ABCD is to the Bafe EFGH, {o is the Altitude
MN to the Altitude KL. And therefore the Bafes
and Alritudes of the eﬁual Cylinders AX, EO, are
reciprocally proportional.

And if the Bafes and Altitudes of the Cylinders
AX, EO, are reciprocally proportional, that is, if
the Bafe ABCD be to the Bafe EFGH, as the
Altitude M N is to the Altitude KL ; I fay, the
Cylinder AX is equal to the Cylinder EO. For, the
fame Conftruction remaining ; becaufe the Bafe ABCD
is to the Bafe EFGH, as the Altitude M N is to
the Altitude K L; and the Altitude KL is equal to
the Altitude MP; it fhall be asthe Bafe ABCD is
to the Bafe EFdH, fo is the Altitude M N to the
Altitude MP. Bur as the Bafe ABCD is to the
Bafe EF G H, fo s the Cylinder AX to the Cylinder
ES; for they have the fame Altitude. And asthe Alti-
tude MN is to the Altitude M P, {0 is % the Cylinder I 11 of ¢ebis.
EO to the Cylinder ES. Therefore, as the Cylinder
AX isto the Cylinder ES, fo is the Cylinder EO ro
the Cylinder ES. 'Wherefore the Cylinder AX is
equal to the Cylinder EO.  Inlike manner we prove
this in Cones 3 awhich was to be demonfirated.

PRO-
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PROPOSITION XVI,

ProsLEM.

Two Circles being about the fame Centre, to in-
feribe in the greater a Polygon of equal Sides
even in Number, that fhall not touch the leffer
Circle,

LET ABCD, EFGH, be two given Circles

about the Centre K. It is required to infcribe 2
Polyzon of equal Sides even in Number in the Circle
A BCD, not touching the leffer Circle EFGH. :

Draw the Right Line BD through the Centre K,

as alflo AG from the Point G at Right Angles to
B D, which produce to C; this Line will * touch
the Circle EF GH. Then bifecting the Circumnfe-
rence B A D, and again bifeéting the Half thereof, and
doing this continually, we fhall bave a Circumference
left at laft fefs than AD. Let this Circumference be
LD, and draw L M from the Point L. perpendicular
to BD, which produce to N ; and join LD, DN.
And then LD ist+ equal to DN. And fince LN is
parallel 10 AC, and A@ touches the Circle EFGH,
L N will not touch the Circle EFGH. And much
lefs do the Right Lines L. D, DN, touch the Circle.
And if Righr Lines, each equal to L. D, be applied
round the Circle ABCD, we fhall have a Polygon
infcribed therein of equal Sides, even in Number, that
does not touch the leffer Circle EF G 3 which was to
be demonfirated.

PROPOSITION XVII

ProBL E M.

Todeferibe a folid Polybedron, in the greater of two
Spheres, baving the fame Centre, which fhall noi
touch the Super ficies of the leffer Sphere.

I ,ET two Spheres be fuppofed about the fame
~ Centre A, Itis required to deferibe a folid Poly-
hedron in the greatar Sphere, not touching the Super-
ficies of the leffer Sphere. !

b Leg
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.+ Let the Spheres be cut by fome Plane paffing thro’
the Centre. Then the Seétions will be Circles ; for
“becaufe a Sphere is * made by the turning of a Semi- * Def. 14,
circle about the Diameter, which is at Reft : In what- 1
- {oever Polirion the Semicircle is conceived ro be, the
Plane in which it is thall make a Circle in the Super-
- ficies of the Sphere. It is alfo manifeft, that this Cir- -
_cle is a great Circle, fince the Diameter of the Sphere,
which is likewife the Diameter of the Semicircle, is
.Egreatﬁr than all RiTght Lines that are drawn in the 1 15 3.
ircle or Sphere. Now, let BCDE be that Circle
of the greater Sphere, and F G H of the leffer Sphere;;
and let BD, CE, be two of their Diameters drawn at
Right Angles to one another. Let BD meet the lef-
{er- Circle in the Point G, frem which to AG let G L
be drawn at Right Angles, and AL joined. Then,
bilecting the Cgircum etence EB, as alfo the Half
thereof, and doing thus continually, we fhall have
left ar laft a certain Circumference lefs than that Part
of the Circumference of the Circle BCD, which is
fubtended by a Right Line equal to GL. Ler this
be the Circumference BK. Then the Right Line
BK is lefs than G L ; and BK fhall be the Side of a
Polygon of equal Sides, even in Number, not touch-
ing the leffer Circle. Now, let the Sides of the Po-
lygon in the Quadrant of the Circle BE, be the Right
ines BK, KL, LM, ME; and produce the Line
joining the Points K, A, to N: And raife § AXf 1z rr,
from the Point A, perpendicular to the Plane of the
Circle BCD E, meeting the Superficies of the Sphere
in the Point X ; and let Planes be drawn thro” A X, and
BD, and thru; AX,and KN, which, from what has
been faid, will make great Circles in the Superficies of
the Sphere. And let BX D, KX N, be Semicircles
on the Diameters BD,KN. Then, becaufe X A is per-
pendicular to the Plane of the Circle BC D E, all Planes
that pafs thro’ X A fhall alfo * be perpendicular to * 13, 11,
that {fame Plane. Therefore the Semicircles BX D,
K X N, are perpendicular to that fame Plane. And
becaufe the Semicircles BED, BXD, K XN, are
equal ; for they ftand upon equal Diameters i3D:,

N ; their Quadrants BE, BX, KX, fhall be alfo
equal. And therefore, as many Sides as the Polygon
in the Quadrant BE has, fo many Sides may thf;l;,e
] 3 - L - c
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be in the Quadrants BX, KX, equal to the Sides
BK, KL, LM, ME. Let thofe Sides be BO,
OP, PR, RK, KS, ST, TY, YX: And join
SQ, TP, T R; and let. erpendiculars be drawn
from O, S, to the Plane of the Circle BCDE.
Thefe will + fall on BD, KN, the common Seétions
of the Planes; becaufe the Planes of the Semicircles
BXD, KXI\}, are perpendicular to the Plane of the
Circle BCDE. Let the faid Perpendiculars be OV,
SQ,and join VQ. Then,fince the equal Circumfe-
rences BO, SK, are taken in rhe equal Semicircles
BXD, KXN, and OV, SQ, are Perpendiculars,
OV fhall be equal to SQ, and BV to KQ. But
the Whole B A is equal to the Whole KA. There-
fore the Part remaining V A is equal to the Part re-
maining QA. Therefore,asBV isto VA, foisKQ
to QA: Andfo V Q.is f parallel to BK. And fince
OV and SQ are both perpendicular to the Plane of
the Circle BCDE, OV fhall be * parallel to SQ.
But it has alfo been proved equal to it. Wherefore
QV, S0, are + equal and parallel. And becaufeQV is
parallel to SO, and alfo parallel to KB, SQ fhall be
alfo # parallel to KB: But BO, K S, join them.
Therefore KBOSis * a quadrilateral Figure in one
Plane: For if two Right Lines be parallel, and
Points be taken in both of them, a Right Line join-
ing the faid Points is in the fame Plane as the Paral-
lels are. And for the fame Reafon, each of the qua-
drilareral Figures SOPT, TPRY, are in one Plane,
And the Triangle Y RX is + in one Plane. There-
fore, if Right Lines be fuppofed to be drawn from
the Points (%_, S, P, T, R,Y, to the Point A, there
will be conftituted a certain {folid polyhedrous Figure
within the Circumferences B X, K X, compofed of
Pyramids, whofe Bafes are the quadrilateral Figures
BOS,SOPT, TPRY,and the Triangle YR X ;
and Vertices the Point A. And if there be made
the fame Conftruction on each of the Sides K L, L M,
ME, like as we have done on the Side KB, and
alfo in the other three Quadrants, and the other He-
mifphere, there will be conftituted a polyhedrous Fi-
gure delcribed in the Sphere, compofed of I;yramids
whofe Bafes are the aforefaid quadrilateral Figures,
and the Triangle YR X, being of the fame orde:-
. ana
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and Vertices as the Point A; I fay, thefaid Polyhe-
dron does not touch the Superficies of the Sphere,
wherein the Circle FGH is. Let AZ be drawn# § 1511,
from the Point A, perpendicular to the Plane of the
uadrilateral Figure KB SO, meeting it in the Point
; andjoin BZ, Z K. Then, fince AZis i
cular to the Plane of the quadrilateral Figure KBS O,
it fhall alfo be * perpendicular to all Right Lines that $D¢f 3. 11
touch it, and are in the fame Plane, erefore AZ
is perpendicular to BZ and ZK. And becaufe A B is
equal to AK, the Square of AB fhall be alfo f.Eual
to the Square of AK: And the Squares of AZ,Z B,
are + equal to the Square of AB. For the Angle at $ 47. «.
Z is a Right Angle. And the Squaresof AZ, ZK,
are equal to the Square of AK. Therefore the
Squares of A Z,7 B,are equal to the Squares of AZ,
Z K. Let the common Square of AZ be taken away.
And then the Square of BZ remaining is equal to
the Square of ZK remaining: And fo the Right
Line BZ is equal to the Right Line ZK. After the
fame manner we demonftrare, that Right Lines drawn
from the Point Z to the Points O, S, are each equal
to BZ, ZK. Therefore a Circle defcribed about
the Centre Z, with either of the Diftances ZB,
Z K, will alfo pafs thro’ the Points O, S. And be-
caufe BK SO is a quadrilateral Figure in a Circle, and
OB, BK, K8, are equal, and.OS is lefs than BK ;
the Angle BZ K fhall be obtufe;, and fo BK greatet
than BZ. But GL alfo is much greater than BK.
Therefore G L is greater than BZ. ~ And the Square
of G L is greater than the Square of BZ. And tince
A L is equal to A B, the Square of AL fhall be equa!
to the Square of AB. But the Squaresof AG,GL,
together, are equal to the Square of AL, and the
uares of BZ, 'Z A, together, equal to the Square
of AB: Therefore the Squares of AG, G L, toge-
ther, are equal to the Squares of BZ, Z A, together :
But the Square of BZ is lefs than the Square of G L:
Therefore the Square of Z A is Err:ater than the
Square of AG; and fo the Right Line Z A will be
greater than the Réght Line AG. BurAZ is per-
pendicular to one Bafe of the Polyhedron, and AG
to the Supeificies. Wherefore the Polyhedron does
not touch the Superficies of the leffer Sphere. There-
fore

.
L
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fore there is defiribed a (olid Polybedron in the greater,
of tawo Spheres baving the [ame Centre, which doth not
zouch the Superficies of the leffer Sphere ; which was to
be demonftrated. 4

Coroll. Alfo if a folid Polyhedron be defcribed in fome
other Sphere, fimilar to that which is defcribed
in the Sphere BCDE; the folid Polyhedron de-
{cribed in the Sphere BCDE, to the folid Poly- -
hedron defcrih::{F in that other Sphere, thall have
a triplicate Proportion of that which the Diame-
ter of the Sphere BCD E bath to the Diameter of
that other Sphere. For the Solids being divided -
into Pyramids, equalin Number, and of the fame
Order, the fame Pyramids fhall be fimilar. Bur
fimilar Pyramids are to each other in a triplicate |

Pmﬁg’mtion of their homologous Sides. Therefore

‘the Pyramid whofe Bafe is the quadrilateral Figure

KBOS, and Vertex the Poinr(}l-’s, to the Pyramid

of the fame Order into the other Sphere, hasa tri-

z!icate Proportion of that which the homologous *
ide of one has to the homologous Side of the

other; that is, which AB, drawn from the Cen-

tre. A of the §pher:‘:, to that [Line which is drawn
from the Centre of the other Sphere. In like man-
ner, every one of the Pyramids, that are in the*

Sphere whofe Centre is A, to every one of the

Pyramids of the fame Order in the other Sphere, '

hath a triplicate Proportion of that which AB has

to that Line drawn from the Centre of the other

Sphere. And as one of the Antecedents is to one

of the Confequents, fo are all the Antecedents to

all the Confequents. Wherefore the whole folid

Polyhedron, which is in the Sphere delcribed about © |

the Centre A, to the whole folid Polyhedron that ™ |
is in the other S;EhEIE’ hath a triplicate Proportion
of that which AB bath to the Line drawn from '
the Centre of the other Sphere; thatis, which the
Diameter BD has to the Diameter of the other
Sphere.

PRO-
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BROPOSLITION XVII:

THEOR E M.

Spheres are to one another in a triplicate Propoy-
twn of their Diamefers.

SUIEpufe ABC, DEF, are two Spheres, whofe
tameters are BC, EF. I fay, the Sphere ABC
to the Sphere DE F has a triplicate Proportion of that
which BC has to EF. IR
For if it be not {o, the Sphere ABC 10 a Sphere
either lefler or greater than DEF, will have a trinii-
cate Proportion of that which BC hasto E F. Firft,
let it be toa lefler as G HK. And fuppofe the Sphere
DEF to bedelcribed about the Sphere G H K: and
let there be defcribed * a folid Polyhedron in the 17 of this,
greater Sphere D E F,not touching theSuperficies of the
leffer Sphere GHK ; alfo let a folid Polyhedron be
defcribed in the Sphere AB C, fimilar to that which is
| defcribed in the Sphere DEF, Then the folid Poly-
. hedron in the Sphere ABC, to the folid Polyhedron
in the Sphere DEF, will have + a triplicate Propor- 1 Cor.to the
tion of that which éC has to EF: But the Sphere 5 Lo
ABC to the Sphere G HK, hath a triplicate Propor-
tion of that which BC hath to EF. Therefore, as the
Sphere AB C s to the Sphere G HK, fo is the folid
Polyhedron in the Sphere ABC to the folid Polyhe-
dron in the Sphere DEF ; and (by Inverfion) as the
-Sphere ABC is to the folid Polyhedron that is in ir,
fo is the Sphere G HK to the folid Polyhedron that is
in the Sphere DE F, buc the Sphere A BC is oreater
than the folid Polyhedron that is in it. Therefore the
Sphere G HK is alfo greater than the folid Polyhedron
that is in the Sphere DEF, and alfo lefs than it, as
being comprehended thereby, which is abfurd. There.
fore the Sphere ABC to a Sphere lefs than the Sphere
DEF, hath not a triplicate Proportion of that which
BC has to EF. After the fame manner it is demon.
ftrated that the Sphere DEF to a Sphere lefs than
ABC, has not a triplicate Proportion of that which
EF has to BC. I fay, moreover, that the Sphere
ABC toa Sphere greater than DEF, hath pot a tri-

plicate
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plicate Proportion of that which BC hasto EF; for,
if it be %}fﬁble, let it have to the Sphere L M N greater
than DEF. Then (by Inverfion) the Sphere LM N
to the Sphere A BC, fhall have a triplicate Proportion
of that which the Diameter E F has to the Diameter
BC; but as the Sphere L MN is to the Sphere ABC,
{o is the Sphere D E T to fome Sphere lefs than ABC,
becaufe the Sphere L MN is greater than DEF.
Therefore the Sphere DEF 1o a Sphere lefs than
ABC, hath atriplicate Proportion to that which EF
has to B C, which is abfurd, and has been before proved.
Therefore the Sphere AB C to a Sphere greater than
DEF, has not a wriplicate Proportion of that which
BC has to EF. Bur it has alio been demonftrated,
that the Sphere ABC toa Sphere lefs than D EF, has
not a triplicate Proportion of thar which BC has to
EF. Thereforethe Sphere A B Crothe Sphere DEF;
has a triplicate Proportion of that which B C hasto
EF; awhich was to be demonftrated.

N T e ST









ELEMENTS

THE

Of Plain and Spherical

TRIGONOMETRY,

DPEFINITIT I QNS

H E Bufinefs of Trigonometry is to find the

Angles when the Sides are given, and the

Sides. or the Ratio’s ;f the Sides, when the

..e{?igif.l' are given, and to find Sides and An-
gles, when Sides and Angles are given: In order to
awbich, it is neceffary, that not only the Peripheries of
Circles, but alfo certain Right Lines in and about Cir-
eles, be fuppofed divided into fome determined Number of
Parts.

And [0 the ancient Mathematicians thought fir to
divide the Peripbery of a Circle into 360 Parts, awhich
they call Degrees ; and every Degree into 6o Minutes,
and every Minute into 6o Seconds; and again, every
Second into Go Thirds, and [o on. And every Angle
is [aid to be of [uch a Number of Degrees and Minutes,

" as there ave in the Are meafuring that Angle.

There are [ome that would have a Degree divided
anto centefimal Parts, rather than [exagefimal ones :

- And it would perbaps be move ufeful to divide, mot only

@ Degree, but even the whole Circle, in a decuple Ratio ;

- awhich Divifion may fome time or ether gain Place.

%

Now, if a Circle contains 360 Degrees, a Quadrant
thereof, which is the Meafure of a Right Augle, r:.f
8 S O ; ¢

MR75
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be 9o of thofe Parts: And if it contains 100 Parts, &

Cuadrant awill be 25 of thefe Parts.
e Complement of an Arc is the Difference thereof
rom a Cuadrant.
A Chord, or Subtenfe, is 4 Right Line drawn from
one End of the Arc to the other. '
The Right Sine of any Arc, awhich alfo is commonly
called MIE a Sine, is a Perpendicular {aﬁiwg from one

Eud of an Arc, to the Radius drawn through the other -

Endof the faid Arc. Andis therefore the Semifubtenfe
of double the Arc, viz. DE=} DO, and the Ar¢ DO
15 dowble of the Arc DB. Hence, the Sine of an Are
30 Degrees is equal to the one half of the Radius. For
(by 15. EL 4.) the Side of an Hexagon infcrib’d in a
Circle, that is, the Subtenfe of 6o Degrees, is equal to :
the Radius, A Sine divides the Radius into tawo Seg-
ments CE, EB; owe of which, CE, avhich is iuter-
cepted betaween the Centre and the Right Sine, is the
Sine Complement of the Arc DB to a Quadrant, (for
CE=FD, which is the Sine of the Arc DH) and is
called the Coline. The other Segment BE, which is
intercepted between the Right Sine and the Periphery,
is called a verled Sine, and fometimes a Sagiua.

Azd if the Right Line CG be produced from the
Centre C, thro’ ewe End D of the Are, until it meets

the Right Line B G, which is perpendicular to the Dia~ |

meter drawn thro the other End B of the Arc, then

CG is called the Secant, and BG the Tangent of zhe
Are DB, ;

The Cofecant and Cotangent r.g‘ an Arc is the Secant |

or Tangent of that Are, which is the Complement of

the former Arc to a Quadrant. Note, As the Chord |

of an Are, and of its Comiplement to a Circle, is the

i - - - - I
fame  [o likewife is the Sine, Tangent, and Secant of

an Are, the fame as the Sine, Tangent, and Secant of
its Corzplement to a Semicircle.

The Sinus Totus is the greateft Sine, or the Sine

of 9o Degrees, which is equal 1o the Radius of the

Circle.

A Trigonometrical Canon is @ Table, which, be~ |
Einning from one Minute, orderly expreffes the Lengths |
that every Sine, Tangent, and Secant, bawe in refpelf

of the Radius, which is fuppofed Unity ; and is conceived
#0 be divided 10,000,000, 07 more decimal Parts. wnd

A



PrAIN TRIGONOMETRY.

0 the Sine, Tangent, or Secant of any Arc, may be

bad by Help of this Table, and mnzmr}?, a Sine,

Tangent, or Secant, being given, we may find the Are

it MP?EFL Take Notice, That in the following
Tralt, R. fignifies the Radius, S. a Sine, Col. a Cofine,

T, a Tangent, and Cot. a Cotangeut.

The ConsTrRUGCTION of the
Tﬁ;ganametriml Canon.

PROPOSITION L

TeEEORE M,

The two Sides of any Right-angled Triangle being
given, the other Side is alfo given.

FD R (by 47. of the fitft Element) ACq=ABq
. % 4-BCq and ﬁCq—BCEzﬂﬁqﬂ and In-
terchangeably ACq— ABq==8Cq. Whence, by
the Extraction of the fquare Root, there is given

AC=y'ABq4-Cqand AB=y ACq—BCq.
And BC=y'ACq—ABgq.

e R POS]TTON. 1,

PrRoBLEM,

The Sine DE of the Arc BD, and the Radius
CD, being given, to find the Cofine DF,

H E Radius CD, and the Sine D E, being given
in the Right-angled Triangle C D E. there will bg

given (by the laft Prop.) ¥ CDq—DEq=DF.

T 2 PR O-
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PROPOELTIO NS

ProsLEM.

The Sine DE of any drc DB being given, to find
DM or BM the Sine of balf the Are.

DE being given, CE (by the laft Pra%} will be
given, and accordingly E B, which is the Difference
berween the Cofine and Radius. Therefore DE, EB,
being given in the Right-angled Triangle D B E, there
will be given DB, whofe Half D M is the Sine of the
Arc DL =1 the Asc BD. '

PROPOSILT ION. 1V,

ProsL EM.

Tbe Sine BM of the Arc BL being given, to find
the Sine of double that Arc.

TH E Sine BM being given, there will be given
(by Prop. 2.) the Cofine CM. But the Trian=
gles CBM, DBE, are equiangular, becaufe the An-
gles at E and M are Right Angles, and the Angleat B |
common, Wherefore (by 4.6.) wehave CB: CM |
.+ BD, or2 BM : DE. Whence, fince the threg |
firft Terms of this Analogy are given, the fourth alfo, |
which is the Sine of the Arc D B, will be known. |

Coroli. Hence, CB: 2CM : : BD : 2 DE; that s, |
the Radius is to double the Cofine of one Half of |
the Arc DB, as the Subtenfe of the Arc DB is |
to the Subtenfe of double that Arc. Alfo CB:
2CM:: (2BM:2DE ::)BM:DE:: %
CB : CM. Wherefore the Sine of any Arc, and |
the Sine of its Double, being given, the Cofine of
the Arc itfelf is given. '

PR Q-



PrLAIN TRIGONOMETRY.

PROPOSITION V.

The Sines of two Arcs BD, ¥ D, being given, to
Jind F1 the Sine of the Sum, as lLikewife EL,
tbe Sine of their Difference.

LET the Radius CD be drawn, and then CO is
the Cofine of the Arc F D, which accordingly is

given, and draw OP thro’ O parallel o DK. Allp |,

let OM, GE, be drawn parallelto CB. Then, be-
caufe the Triangles CDK, COP, CHIL, FOH,
FOM, are equiangular. In the firft Place, CD :
DK :: CO: OP, which confequently is known.
Allowehave CD : CK : : FO : FM, and fo like-
wife this fhall be known. But becaufe FO =
EO. then wil FM=MG=O0ON. And fo OP
~ FM = FI = Sine of the Sum of the Arcs: And
OP—FM; thatis, OP —=ON=EL == Sine of
the Difference of the Arcs. W.W.D,

€oroll. Becaufe the Differences of the Arcs BE,BD,
BF, are equal, the Arc BD fhall be an Arithme-
tical Mean between the Arcs BE; BF. '

R0 PO R s

The fame Things being fuppofed, Radius is to
double the Cofine of the mean Arc, as the Sine

of the Difference to the Difference of the Sines
of the Extremes.

OR wehave CD: CK :: FO : FM; whence

by doubling the Confequents CD : 2 CK ::
FO : 2 FM, or to FG; which is the Difference of
the Sines EL,FI. W.W.D.

Coroll. If the Arc BD be 6o Dearees, the Difference
of the Sines FI, EL, fhall be equal to the Sine

F O, ofthe Diftance. For in this Cafe, CK is the

" Sine of 30 Degrees; double thereof being equal
" to Radius: And fo,fince CD =2 CK, we fhall
have FO=FG. And coplequently, if the two
Arcs BE, BF, are equidiftant from the Arc of 60

' ¥ Da

AR
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Degrees, the Difference of the Sines fhall be equal
to the Sine of the Diftance F D. '

Coroll. 2. Hence, if the Sines of all Arcs be given
diffant from one anothef by a giveén Interval, from"
the Beginning of a Quadrant to 6o Degrees, the
other Sines may be found by one Addition only.
For the Sine of 61 Degrees = Sine of 59 Degrees
-} Sine of 1 Degree. And the Sine of 62 Degrees

~ ==Sine of §8 Degrees - Sine of 2 Degress. Alfo
the Sine of 63 Degrees = Sine of §7 Degrees 4~
Sine of 3 Degrees, and fo on. : !

Coroll. 3. If the Sines of all Arcs, from the Begin-
ning of a Quadrant to any Part of the Quadrant,
diftant from each other, by a given Interval, be
given, thence we may find the Sines of all Arcs
to the Double of that Part. For Example, Let
all the Sines to 15 Degrees be given ; then, by the
precedent Analogy, all the Sines to 30 f)egrees,
may be found. For Radius is to double the Co-
fine of 15 Degrees, as the Sine of 1 Degree is ¢
the Difference of the Sines of 14 Degrees, and :g
Degrees; fo alfo is the Sine of 3 Degrees, to the
Difference between the Sines of 12 and 18 Degrees ;
and {o on continually, until you come to the %ne of
30 Degrees. : A

After the fame manner, as Radius is to double the
Cofine of {0 Degrees, or to doublg the Sine of 65 |
Degrees, fo is the Sine of 1 Degree to the Diffe- |
rence of the Sines of 29 and 31 Degrees: : Sine |
2 Degrees, to the Difference of the Sines of 28 |
and 32 Degrees : : Sine 3 Degrees, to the Diffe- |
rence of the Sines of 27 and 33 Degrees. Bur in |
this Cale, Radius is to double the Cofine of 30 |
Degrees, as 1 toy/ 3%. And accordingly, if the |

Fre. forthe DEFINITIONS,
¥ Let BD bean Arch of 30
Rad. Tun. Co-fine Sine

ThenasCB: BG:: FD: DE. DO=CB ergo DE=1%
¢/CBe —DE¢=CE=y/ 1 _1=¢3 CB:CE:1:¢/%
CD:2GE::1:2¢y5=y2y3 Q.ED

Sines
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Sines of the Diftances from the Arc of 30 Degrees,
be multiplied by v/ 3, the Differences of the Sines
will be had.

So likewife may the Sines of the Minutes jn the Be-
inning of the Quadrant be found, by having the
ines and Colines of one and two Minutes given.

For, as the Radius is to double the Cofine of 2::

Sine 1: Difference of the Sines of 1” and 27 :: Sine
3 :

2" : Difference of the Sines of 0" and 4/, that is,
to the Sine of 4. And fo the Sines of the four
firt Minutes being given, we may thereby find the
Sines of the others to §, and from thence to 167,
and {o on.

EROPOSITION VII

THEOREM.

In finall Arcs, the Sines and Tangents of the [ame
Arcs are nearly to one another, in a Ratio of

Equality.

O R, becaufe the Triangles CED, CBG, are
equiangular, CE : CB :: ED :: BG. But

as the Point E approaches B, EB will vanith in
refpect of the Arc BD: Whence CE will become
nearly equal to CB. And fo ED will be alfo nearly

equal to BG. If EB be lefs than the — 1

10,000,000
Part of the Radius,then the Difference between theSine

and the Tangent will be alfo lefs than the - :

10,000,000

—— o —r

Part of the Tangent.

Coroll. Since any Arc is lefs than the Tangent, and
greater than its Sine, and the Sine and Tangent
of a very fmall Arc are nearly equal; it follows
that the Arc fhall be nearly equal to its Sine; and
fo in very fmall Arcs it fhall be, as Arc isto Arg,
fo is Sine to Sine,

T PRO-
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PROPOSITION "Vill.

To find'the Sine of the Arc of one Minute,

T HE Side of a Hexagon infcribd in a Circle, that

is, the Subrenfe of 6o Degrees, is egmi to the
Radius, (by 152h of the 42b) and fo the Half of the
Radius fhail be the Sine of theArc 30 Degrees. Where-
fore the Sine of the Arc of 30 Degrees being given,
the Sine of the Arc bf 15 Degrees may be found (by
Prop. 3.). Alfo the Sine of the Arc of 15 Degraes be-
ing given, (by the ﬁm& Prop.) we may have the Sine
of 7 Degrees 30 Minures: So likewife can we find
the Sine of the Half of this, wiz. 3 Degrees 45; and
fo on, until twelve Bifections being made, we come
to an Arc of §2% 44% 034, 4.{53 whofe Colfine is
nearly equal to thé Radits, in which Cafe (as is ma-
?zafﬁ/fv from Prop. 7.) Arcs are proporrional to their
Sines: And fo, as th: Arc of 5:2, 443, 24 45f,
is to an Ar¢ of one Minute, {o fhall the §ina— before
found, be to the Sine of in Arc of one Minute,
which therefore will be given. And when the Sine of
one Minute is found, then (by Prop.2. and 4.) the
Sine and Cofine of two Minutes will be had.

PROPOSETION I

THEOR E M.

I the Angle BAC, being in the Periphery of @
Circle, be bifecled by the Right Line A D, and
if A C be produced until DE=AD meets i#
in E :then fhall CE=AB.

IN the quacrilateral Figure ABDC (by 22, 3.)

the Angles Band ACD are equal to two Right
Angles=t DCE-+DCA (& 13. 1.) Whence thé
Angle B=DCE. Bur likewife the Angle E=
DAC (by5.1.)=DAB, and DC =DB. Where-
fore the Triangles BAD and CED are congruous,
and CE isequalto AB. W.W. D,

PR O-
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PROPOSITION X,

THEORE M.

Let the Ares AB,BC, CD, DE, EF, &c. e
equaly and let the Subtenfes of the Arcs AB,
AC,AD,AE,&c. be drawn; then will AB
+:AC::AC:AB+AD::AD:AC+AE
::AE:AD+-AFu:AF;AELAG,

LET AD be producedtoH, AEto I, AFto K,
- and AG to L, that the Triangles ACH, ADI,

AEK, AFL, be Ifofceles ones; then, becaufe the
Angle BAD is bifected, we fhall have DH=AD
(by the laft Prop.); fo likewife fhall EI=A C,FK=
AD, alfo GL=AE.

But the Ifofceles Triangles ABC, CHA, DAI,
EAK, FAL, becaufe of the equal Angles at the
Bafes, are equiangular.  Wherefore it thall beas AB:
AC:AC:AH=AB4+AD::AD:AI=AC-}
AE::AE:AK=AD-AF::AF:AL=AE-}-
AG, W.W.D.

Coroll. 1. Becaufe ABis to AC, as Radius is to dou-
ble the Cofine of % the Arc A B, it {hall alfo be (by
Coroll. Prop. 4.) as Radius is to double the Cofine
of £ the Arc AB, fois § AB:2AC:: $ AC::
¢AB41AD::}AD :$ACHIAE::2AEH-£
AD-4-:AF,&e. Now let each of the Arcs AB,
BC, CD, ¢ be2’; thenwill ¥ AB be the Sine
of one Minute, £ A C the Sine of 2" Minutes, 2AD
the Sine of 3’ Minutes; % AE the Sine of 4/, ¢e.
Whence, if the Sines of one and two Minutes be
given, we may ealily find all the other Sines in the
following manner,

Let the Cofine of the Arc of one Minute, that is, the
Sine of the Arc of 89 Deg. 59/, be called Q, and
make the following Analogies; R:2Q_ ::Sin. 2/
:S. 1’ 8. 3'. Wherefore the Sine of 3 Minutes
will be given. AlfoR:2Q ::8.3:8.2"S5.4".
Wherefore the S. 4/ isgiven; and R.2Q::S. ¢
S. 3/ 4-S.5; and fo the Sine of 57 will be had.

Likes
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Likewile R:2 Q::S. 57:8. 4’4 S.6’; and fo we
{hall have the Sine of 6”. And in like manner, the
Sines of every Minute of the Quadrant will be
given. And becaufe the Radius, or the firft Term
of the Analogy, is Unity, the Operations will be
wirh great Eafe and Expedition calculated by Mul-
tiplication, and contradted by Addition. When
the Sines are found to 6o Degrees, all the other
Sines may be had by Addition only (by Cer. 1.
Prop.6.).

The Sines being given, the Tangents and Secants may
be found from the following Analogies (in the Fi-

ure for the Definitions) ; becaufe the T'riangles
ED, CBG, CHI, are equiangular, we have

CE:ED::CB:BG; thatis,Cof.: S::R: T
GB:BC::CH:HI; thatis, T:R::R: Cor.
CE:CD:;:CB: CG; thatis, Cof.: R :: R : Secant
DE:CD::CH:CI; thatis, S: R:: R : Cofec.

$CHOL I.UM,

That great Geometrician and incomparable Philofo-
pher, Sir lfaac Newton, was the firft that laid down
2 Series converging, ininfinitumy from which, baving
the Avres given, their Sines may be found. Thus, if
an Arc be called A, and the Radius be an Unit, the
Sine thereof will be found to be

As As Ar Ag
A— -L - 3
1,2.3+1.z.3.4.5 o T L 1;3.3‘4.-;.6.?.8.9&:
And the Cofine, 2
A2 As A A8
- : sou W14 |
f 1.2.3 -1_1_2.3.4. 1.2.3.4.5.6 ' 1.2.3.4.5.6.7.8 o

Thefe Series in the Beginning of the Quadrant, avhben
the Arc Ais but [mall, foon converge. For in the Se-
ries for the Sine, if A dots not exceed 10 Minutes, the
two firft Terms thereof, viz. A—% A3 zives the Sine
20 15 Places of Figures. If the Arc A be not greater
than one Degree, the three firft Terms will exhibit the
Sine to 15 Places of Figures; and fo the [aid Series are
very ufeful for finding the firff and laft Sines of the
Quadrant.  But the greater the Arc A is, the more

are
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are the Terms of the Series required to bave the Sine
in Numbers true to a given Place of Figures. And
then, when the Are is nearly equal to the Radius, the
Series converges very flow. And therefore, to remedy
this, I bave dw{ﬁ'! otherSeties, fimilar to the Newto-
nian one, wheretn, I [uppofe, the Arc, whofe Sine is
Jought, is the Sum and Difference of two Arcs, Viz.
A4z, or A—z: And let the Sine of the Arc A
be called a, and the Cofine b. Then the Sine of the
Arec A4z will be expreffed thus :

u +b'r.. sa3 Wby (N gudtie B
.4 : —_—— .
s e S h2.1.Ar 12,3048
And the Cofine is,
ez b o dR g bt azs b1

ab =220

e,

i 1.2 123" L2834 12345 1234506
.
I like manner the Sine of the Arc A—u is, ;
b 7% | a1} ;. b7 a?
. | ———E—-ﬂ—- _Il_ 2 b - : G @"c
I 1.2 @ L23 L2.3.4 82345 L2345
Aund the Cofine is, : )
az bz a7} 74 a7
Eb e et : -
T N U o W e T W S
The Arc Ais an Arithmetical Mean bet-ween theAre
A—7 and AY-z. Andthe Difference of the Sines are,
bz az* b1 S a4 i bus 218 di

S S i a LA L2 Ah 123450
bz ,az* bz} g2f. o o D28 4 a6
‘T Vi3 123 1234 L2345 1.2:3.450
Whence the Difference of the Differences ot [econd
Difference.

e,

227 2a74 22728
. Produc [ ‘.
! 5 Lias ik Hinie el
s/ 74" 26
Or 2 ax —-4 &re.
Yo X239 523450

IWhich Series is equal to double the Sine of the Mean
Are, drawn into the ver(ed Sine of the Arc'L, and con-
werges wery foon. So that if 1. be the firft Minute of
‘the Quadrant, the firft Term of the Series gives the
fecond Difference to 15 Places of Figmres, and the [e-
sond Term to 25 Places, '

Frons
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From bence, if the Sines of the Arcs diftant one Mi-
nute from each other be given, the Sines of all the Ares
that are in the [ame Progreffion may be found by an ex-
ceeding eafy Operation.

Inthe firft and [econd Series, if A==0; then [ball
a==0, and b its Cofine, will become Radius, or 1.
And bence, if the Terms wherein a is, are taken
away, and 1 to be put inftead of b, the Series will
become the Newtonian. Fu the third and fourth Series,
if A be 9o Degrees, we [ball have b==0, anda=1.
Whence again, taking away all the Terms wherein b
is, and putting 1 inftead of a, we [ball have the New~

tonian Series arife.

Note, A/l the faid Series eafily flow from the New-
tonian ozes. By the fifth Prn";oﬁ:inn.

PROPOSITI0O N IL

In a Right-angled Triangle, if the Hypotbenufe
be made the Radius, then are the Sides the Sines
of their oppofite’ Angles; and if either of the
Legs be made the Radius, then the other Leg is
the Tangent of its oppofite Angle, and the Hy-
pothenufe is the Secant of that dAngle,

IT is manifeft, that CB is the Sine of the Arc CD,
and A Bthe Cofinethereof , bur the Arc CD is the
Meafure of the Angle A, and the Complement of the
Meafure of the Angle C. Moreover, if AB, in the Fi-
gure to this Propofition, be fuppofed Radius, then BC
is the Tanzent, and AC the Secant of the Arc BD,
which is the Meafure of the Angle A.  So alfo, if BC
be made the Radius, then is B A the Tangent, and A G
the Secant of the Arc BE, or Angle C. W.W. D.
Therefore, as AC being taken as fome given Mealure,
is to BC taken in the fame Meafure; {o fhall the
Number 10,000,000 Parts, in which the Radius is fup-
pofed to be divided, be to 2 Number exprefling in
the fame Parts the Length of the Sine of the Angle A;
that is, it will be '

as
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asAC:BC:R: S, A.

by the fame Reafon, as AC: BA: R : S, C.
alfo asAB: BC:R: T, A,

and BC:BA:R:T,C.

And {o, if any three of thefe Proportionals be given,
the fourth may be found by the Rule of Three.

PROPOSIT ION: XII

The Sides of plain Triangles are as the Sines of
their oppofite Angles.

F the Sides of a Triangle, infcribed in a Circle, be

bifected by perpendicular Radii, then fhall the half
Sides be the gines of the Angles at the Periphery; for
the Angle BD C at the Centre, is double of the Angle
B A C at the Periphery ; (by 20 EL /ib. 3.) and fo the
Half of every of them, wiz. BDE=BAC, and
BE is the Sine thereof. For the fame Reafon, BF
thall be the Sine of the Angle BCA, and AG the
Sine of the Angle ABC.

In a Right-angled Triangle we have BD={BC
-==Radius (by 31. Ewcl. 3.) but Radius is the Sine
of a R‘rght Angle: Whence £ BC is the Sine of the
Angle

n an Obtufe-angled Triangle, let BI, CI, be
drawn, and then the Angle L fhall be the Comple-
ment of the Angle A to two Right Angles, (by 22
El 3.) and fo they fhall both have the fame Sine.
But the Angle BDE, (whofe Sine is BE) = Angle
L. Therefore BE fhall be the Sine of the Angle
BAC. And{oinevery Triangle, the Halves of the
Sides are the Sines of the oppofite Angles; but it is

manifeft, that the Sides are to one another as their
Halves. W.W.D.

PRO.-
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PROPOSITION XIIL

In & plain Triangle, the Sum of the Legs, the Dif- 3

ference of the Legs, the Tangent of the balf Sum
of the Angles at the Bafe, and the Tangent of
one balf their Difference, are proportional,

LET there be a Triangle ABC, whofe Legs are

AB, BC, and Bafe AC. Produce AB 1o H,
fothat BH s C; then fhall AH be thé Sam of the
Legs; and if you make BI==B A, then IH will be
the Difference of the Legs. Allo the Angle HBC
=Angles A-}ACB, (by 32. El.1.) and o EBC
the Half thereof = half the S%um of the Angles A and
ACB, and its T'angent (putting the Radius = E B) is
EC. Apain, let ﬁﬂ be drawn parallel to AC, and
inake HF=CD. Then, fince HB=CB, we fhall
have (by 4. El. 1.) the Angle HBF=CBD=BCA.
(by 29. E/. 1.) Alfo the Angle HBD=Angle A,
whence FB D fhall be the Difference of the Angles
A and ACB; and EBD, whofe Tangent is EgD,
half their Difference. Let IG be drawn thrd’l pa-
rallel to AC or BD, and then éb} 2. El.6.) AB:
BI:: CD:DG: But AB= BI; whence we fhall
bave CD=DG : But CD=HF,and fo HF=DG,
and confequently, HG=DF, and § HG=4{DF
=DE; and becaufe the Trfa[_:_qlglcs AHC,IHG, are
equiangular, it {hail be as AH:IH :: HC: HG::
tHC:4HG::EC: ED. Thatis, AH the Sum
of the Legs, to IH the Difference of the Legs, fhall
be as E C the Tangent of one half the Sum of the An-
%l)es at the Bale, to ED the Tangent of one half their

ifference. W.W. D, |

PROPOSITION-XIV,

In a plain Triangle, the Bafz, the Sum of the Sfd&f,
the Difference of the Sides, and the Difference
of the Segments of the Bafe, are proportional,

LET DC be the Bafe of the Triangle BCD.
About the Centre B, with the Radius BC, leta
Cisele be defcribed.  Produce DBto G, and t'r:::rm1 B
i
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let fall BE perpendicular to the Bafe; then fhall
DG=DB-}BC=Sum of the Sides, and DH=
Difference of the Sides; and DE, CE, are the Seg-
ments of the Bafe whofe Differenceis DF; hecaﬁe
(by Cor. Prop. 38. El 3.) the Reftangle under DC
and DF, is equal tothe Rectangle under DG, DH,
it fhall be (by 16. EL6.)asDC: DG ::DH: DF.

PROBLEM.

The Sum and Difference of any two Quantities be-
ing given, to find the Quantities themfelves.

I F one Half of the Sum be added to one Half of the
Difference, the Aggregate fhall be equal to the
greater of the Quantities ; and if from one Half of
the Sum be taken one Half of the Difference, the Re-
fidue fhall be equal to the lefler of the Quantities,
For, let there be two Quantities AB, BC, and let
there be taken A D=B C; then D B will be their Dif-
ference, and AC their Sum; which, bifected in
ives AE or EC the half Sum, and DE or EB the
%a‘.lf Difference. Hence AB=AE -} EB=the
half Sum —-the half Difference, and BC=CE —
E B ==the half Sum — the half Difference.

In any plain Triangle, if two Angles be given, the
third Angle is alfo given, becaufe it is their Comple-
ment to two Right Angles.

If one of the acute Angles of a Right-angled Trian-
gle be given, the other acute Angle will be given, be-
caufe it is the Complement of the given Angle toa
Right Angle.

And if two Bides of a Right-angled Triangle be

given, the other Side may be found by the firft Propos
tion without a Canon.

G o RS A SR e
Sonmrk s 55
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a Right-

angled Triangle, may be a5 follow. Vid.

Flg. A.
(| Given | Sought | Make as 34
i A T e AB:BC:: R: T of the
1|Leos AB Angles. Angle A; whofe Comple-
and BC. ment is the Anele C. _
W L.he The Al P AL el ‘._l‘:i, e
Leg AE,|Angles. whofe Complement is the
, |0 the Angle A,
Hypo-
thenufe
AC. ; e
™ "The The R o (R B ;
L A.BJ other S, C R AB: AC.
and the |Side BC,
3 |Angle A. |and the
Hypo-
thenufe
e JAC, |
The The B o8 - AT AR
Hypo- |Leg AB.
d ‘henufe
+1AC, and
:_Qe Angle
-l

The Trigonometrical Solutions of Oblique-angled
Triangles. Vid. Fig. to Prop. 12.

| Given
The
Angles
A, B, C,
and the

Side AB,

Soughi

Make as

The
Sides
BC and
ACT

S}

C:SA:: AB: BC. Alfo,

8, C:iS,B::AB:AC: Bur
when two Angles are given, the
third is alfo given; whence the
Cafe wherein two Angles and
a Side are given, to find the
|reft, fallsinto this Cafe.

Given
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= Given | Soueht | Make a %
All the |all the [S'C:S,A::AB: BC. And
Angles  |Sides AB,IS.CG:S.B:: AB: AC: Whence,
A, B, C. |AC,BClifthe E{ngles are given, the Pro-
2 : :
rtions of the Sides may be
ound, but not the Sides them-
felves, unlefs one of them he
N A fir(t known.
Thetwo | The [AB:BC::5,C:9,A, which
Sides  |Angles [therefore may befound.  When
AB, BC[AandB. [AB the Side oppofite to C, the
mnd C, given Angle, is longer than CB
the Angle Ithe Side oppofite to the fought
joppofite Angle, the fought Angle is lefs
3jco one of than a right one. But when it
them. is thorter, becaufe the Sine of an
Angle, and that of its Comple-
ment to two Right Angles, is
e fame, the Species of the An-
lg;e A muft be firft known, or
the Solution will be ambiguous.
|Llhe two| The |Fid. Fig. 1o Prop. 13. BCH-AB:
Sides Angles BC—AB:: T J'H—CI. A-C
Gl B LU S et e M Tt ™
and the Whence isknown theDifference
{|interja- fof the Angles A and C, whofe
cent An- Sum is given; and fo (by the
gle B. Prob. following Prop. 14.) the
Anglesthemfelves will begiven.
All 'the | The [Vid. Fig. B. Let the Perpendi-
SidesA B.|Angles, |cular be drawn from the Vertex
BC,AC - o the Bafe, and find the Seg-
ments of the Bafe by Prop. 14,
viz. MakeasBC: AC4-AB : :
AC—AB: DC—DB. And
5| fo BD, DC, are given from
this Analogy; and thence the
Angles ABD, ADC, will ke
given by the Relolution of
Right-angled Triangles.

=

U THE
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ELEMENTS

Spherical ' Trigonometry.

DEFINITION S.

I.. - HE Poles of a Sphere are two
Points in theSuperficies of theSphere,

that are the Extremes of the Axis.

1I. The Pole of a Circle in a Sphere is a Point
in the Superficies of the Sphere, from which
all Right Lines that are drawn to the Cir-
cumference of the Gircle, are equal to one an-
other.

III. A4 great Circle in a Sphere, is that whofe
Plane paﬁ's thro® the Centre of the Sphere, |
and whofe Centre is the fame of that of fbc':
Sphere. |

IV. A fpberical Triangle is a Figure compre-
bended under the Arcs of three great Circles in|
a Sphere. |

V. A4 [pherical Angle is that which, in the Su-|
perficies of the Sphere, is contained under iwo
Ares of great Circles 5 and this Angle is equal|

to the Inclination of the Planes of the faid|
Circles.

PR O-
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PROPOSITION:IL

Greﬂ Circles ACB, .% FB, mutually bife&t each
' % other, :

| OR fince the Circles have the fame Centre,
J their common Section' fhall be a Diameter of
| each Circle, and fo will cut them into two
>+ equal Parts.
Coroll. Hence the Arcs of two great Circles in the
Superficies of the Sphere, being lefs than Semi-
circles, do not comprehend a Space; for they can-

nor, unlefs they meet each other in two oppofite
Points in a Semicircle. :

e OO 5 TR ey NI

If from the Pole C of any Circle AFB, be drawn

 a Right Line CD 10 the Centre thereof, the
Jaid Line will be perpendicular to the Plane of
that Circle, Vid, Fig. to Prop. 1,

LET there be drawn any Diameter EF, GH, in
the Circle AFB; then, becaufe the Triangles
CDF¥, CDE, the Sides C » DF, are equal to the
Sides CD, DE, and the Bafe CF equal to the Bafe
CE (by Def. 2.); then (by 4. El 1.) fhall the Angle
CDF == Angle CDE . and fo each of them will be
2 Right Angle. After the fame manner we demon-
“ftrate, that the Angles CD G, C DH, are Right An-
gles; and {o (by 4. EL 11,) C D fhall be peT)em:iicuhr
to the Plane og the Circle AFE. W.W.D.

Coroll. 1. A great Circle is diftant from its Pole by
the Interval of a Quadranc; for fince the Angles
CDG, CDF, are Right Angles, the Meafures of

. them, viz. the Arcs C(f? C F, will be Quadrants,
"2, Great Circles, that pafs thro’ the Pole of fome other
Circle, make Right Angles with ir; and contrari-
wife, if great Circles make Right Angles with fome
~ other Circle, they fhall pafs thro’ the Poles of that
i other Circle;; for they muft neceffarily pas thro’ the

Right Line DC. |

: 2 PR Q-
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PROPOSITION IIL

If a great Circle ECF be deferibed about the
Pole A 5 then the Arc CF intercepted between:
AC, AF, is the Meafure of the Angle CAF,
or CDF. Vid. Fig. to Prop. 1.

HE Arcs AC, AF, (by Cor. 1. Prop. 2.) ate

Quadrants; and confequently the Angles AD G,
ADF, are Right Angles. Wherefore (by Def. 6.
El 11.) the Angle CDF (whofe Meafure is the Arc
CF) is equal to the Inclination of the Planes ACB,
A¥B, and allo equal to the fpherical Angle CAF,
or CBF. W.W.D.

Coroll. 1. If the Arcs AC, AF, are Quadrants, then
{hall A be the Pole of the Circle paffing thro’ the
Points C and F; for AD isat Right Angles to the
Plane FDC (by 14. EL 11.). ,

2. The vertical Angles are equal, for each of them is
¢qual 1o the Inclination of the Circles; alfo the ads
joining Angles are equal to two Right Angles.

PROPOSIT IONAIN:

Triangles fball be equal and congruous, if they
bave two Sides equal to two Sides, and the
Aigles comprebending the two Sides alfo equal.

PROPOSITIO NN,

Alfo Triangles fball be equal and congruous, if one
Side, together with the adjacent Angles in one
Triangle, be equal to one Side, and the adjacent
Angles of the other Triangle.

PROPOSITION VI

Triangles mutually Equilateral, are alfo mutually
Equiangular,

PROPOSITION VIL

In Tfofeceles Triangles, the Angles at the Bafe are

equal.
PR O+
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PROPOSITION ; VIII.

And if the Angles at the Bafe be equal, then the
Triangle fball be Ifofceles.

Thefe four laft Propofitions are demonftrated in
the {ame manner, ds in plain Triangles.

PROPOSITION IX.

Any two Sides of a Triangle are grealer than
the third.

F OR the Arc of a great Circle is the fhorteft
*  Way, between any two Points in the Superficies

of the Sphere.

PROPOSITION X
A Side of a [pherical Triangle is lefs than &

Semicircle.
L ET AC, AB, the Sides of the Triangle ABC>
be praduced till they meet in D; then fhall the
' Arc ACD, whichis greater than the Arc AC, be a
Semicircle.

PROPOSITION Xl

Tbe three Sides,of a fpherical Triangle are lefs
than a whole Circle.

F OR BD4-DC is greater than BC (4y Prop. 9.)

1" and adding on each Side BA4-AC, DBA -

DCA,; that is, a whole Circle will be greater than

ABJ-BC-}-AC, which are the three Sides of the

fpherical Triangle ABC.

PROPOSITION XIL

In any [pherical Triangle AB C, the greater du-

gle A is fubtended by the greater Side.

AKE the Angle BAD==Angle B; then fhall
A D==BD (by 8 of this) ; and fo BDC=DA
4D C, and thefe Arcs are greater than A C. Where-
fare the Side BC, that fubtendsthe Angle BAC, is
sn.‘_.arf:; than the Side A C, that {fubtends the Anale B, *

20%
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PROPOSI TTON I

In any fpherical Triangle ABC, if the Sum of the
Legs ABand BC begreater, equal, or lefs, than
aSemicircle, then the internal Angle at the Bafé |
A C fhall be greater, equal, or lefs, than the |
external and oppofite Angle BCD 5 and fo the
Sum of the Angles A and ACB fhall alfo be
greater, equal, or lefs, than twe Right Angles,

FIRST, let AB+BC = Semicircle = AD,
then fhall BC = BD, and the Angles BCD =

and D equal, (by 8 of this) and therefore the An- '
gle BCD fhall be == Angle A.

Secondly, Let AB-4~ BC be greater than ABD 3
then fhall BC begreater than BD; and fo the Angle = |
D (that is, the Angle A, by 12 of this) fhall be grearer
than the Angle BCD. In like manner we demon-
ftrate, if AB-- BC be together lefs than a Semicir-
cle, that the Angle A will be lefs than the Angle
BCD: And becaufe the Angles BCD and BC A are
= two Right Angles; if the Angle A be greater than
the Angle BCD, then fhall Aand BC A be greater
than two Right Angles; if the Angle A=BCD,
then fhall A and BC'A be equal to two Right Angles.
Andif A belefs.than BCD, then will A and BCA"
be lefs than two Right Angles. WsW .D. |

PROPOSITION.XIN.

In any fpherical Triangle GH D, the Poles of the |
Sides, being joined by great Circles,do conflitute
another Triangle XM N, which is the Supple- |
ment of the Triangle GHD 3 viz. the Sides |
N X, XM, and N M, fball be Supplements of |
the Ares that are the Meafures of the Angles
D, G, H, to the Semicirclesy and the Arcs that
are the Meafures of the AnglesM, X, N, will
be the Supplements of the Sides G Hy GD, and
HD, to Semicircles. v 4

ROM the Poles G, H, D, let the great Circles
® XCAM, TMNO, XKBN, be defcribed i; the?, |
ccaule

-y
W
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becaufe G is the Pole of the Circle X C A M, we fhall
have G M=Quadrant; (4y Cor. 1. Prop 2.) and fince
H s the Pole of the Circle TMO, thenwill HM be
~'alfo a Quadrant ; and{o (&y Cor. 1. Prop. 3.) M fhall
be the Pole of the Circle GH. In like manner, be-
caufe D is the Pole of the Circle XBN, and H the
Pole of the Circle TMN, the Arcs D N, HN, will
be Quadrants ; and fo (by Cor. 1. Prop.3.) N fhall
be the Pole of the Circle HD. And becaufe G X,
DX, are Quadrants, X will be the Pole of the Circle
G D. Thefe Things premifed,
Becaufe N K=Quadrant, by Cor, 1. Prop. 2.) then
. will NKJ-XB, that is, NX4-KB=two Qua-
drants, or a Semicircle; and fo N X is the Supple-
ment of the Arc KB, or of the Meafure of the
Angle HD G ro a Semicircle. In like manner, becaufe
M C=Quadrant, and X A=Quadrant, then wil
MC-XA; that is, X M+~ A C=two Quadrants
or Semicircle; and confequently X M is the Supple-
ment of the Arc AC, which is the Meafure of the
Angle HGD. Likewile, fince MO N T, are Qua-
drants, we fhall have MD-—[-.nN'I‘):OT-{-N M
— Semicircle. And therefore NM is the Supple-
ment of the Arc O T, or of the Meafure of the An-
gle GHD, to aSemicircle. W.W. D.
Moreover, becaufe DK, HT, are Quadrants,
DK4-HT, or KT -4-HD, are equal to two Qua-
drants, or a Semicircle. Therefore K'T', or the Mea-
fure of the Angle X N' M, is the Supplement of the
Side H D to a Semicircle.  After the fame manner it
is demonftrated, that O C, the Meafure of the Angle
X M N, is the Supplement of the Side GH ; and BA
the Meafure of the Angle X, is the Supplement
of the Side GD. W.W.D.

PROPOSITION XV.
Equiangular [pherical Triangles are alfoequilateral

ks FOR their Supplementals (by 14 of this) are equi-
g lateral, and therefore equiangularalfo; and fo
themfelves are likewife equilateral. (6y Parz 2. Prop.

14.)
U4 PRO-
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PROPOSITION XVI

The threé Angles of a [pherical Triangle are greatey
than two Right Angles, and léfs than fix.

OR the three Meafures of the AnglesG, H, D,
togethér With the three Sides of the Triangle
XN M, make three Semicircles (by 14 of this) ; but
the three Sides of the Triangle XN M dre lefs than
two Semicircles (by 11 of this). Wherefore the three
Meafures of the Angles G, H, D, are greater than a

Semicircle; and fo the Angles G, H, D, are greater

than two Right Angles.

~ The fecond Part of the Propofition is manifeft
for in every fpherical Triangle, the external and in-
ternal Angles together; only make fix Right Angles;
wherefore the internal Angles are lefs than fix Right
Angles.

PROPOSITION XVII

If from the Point R, not being the Pole of the Gir-
cle AFBE, there fall the Ares RA, RB,
RGy RV, of great Circles to the Circumfe-
rence of that Circles then the greateft of thofe
Ares is RA, which paffes thro® the Pole C
thereof s and the Remainder of it is the leaft s
and thofe that are mnore diftant from the greateft

are lefs than thofe which are nearer to it, and

they make an obtufe Angle with the former Cir-
cle AFB, on the Side next ifo the greateft
Are. Vid. Fig,. to Prop. 1.

Ecaufe C is the Pble of the Circle AFB, then
fhall CD and R S, which is parallel thereto, be
perpendicular to the Plane AFB. ~ And if SA, SG,
SV, bedrawn, thenfhall SA (by 4. EL 3.) be greater
than SG,and SG greater than SV. Whence in the
Right-angled plain Triangles RSA, RSG, RSV,
we {liall have KSq<-SAq, or R ﬁq; greater than
RSq +SG§, or RSq; and fo R A will be greater
than R G, and the Arc R A greater than the Arc R G.
dn like manner,R S q}-S.G g,0r R G q fhall be gre&ter
e - than
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than R § q1-SVq, or RVq; and fo R G fhall begreater
than RV, andthe Arc R G greater than the Ar'c%l V.
~_adly. The Angle RG A is greater than the Angle

CG A, which is'a Right Ang%e, (by Cor. Prop. 3.)
and the Angle R V A is greater than the Angle CVA,
which allo is a Right Angle. Therefore the An-
gles RGA; RVA, are obtufe Angles. '

PROPOSITION XVIIL

Ina [pbericalTriangle righs-angled at A, the Legs
containing the Right Angle, areof the fame Affec-
tionwith the oppofite Angles s that is,if the Legs
be greater or lefs than Quadrants, then accor-
dingly will the Augles oppofite to them be greater
or lefs than Right Angles. Vid. Fig.to Prop. 1.

F OR if AC bea Quadrant, then will C be the Pole
of the Circle AFB, and the Angles AGC, or
AVC, will be R.l;%h[ Angles. If the Leg AR be
preater than a Quadrant, then fhall the Angle AGR
be greater than a Right Angle (by 17 of this); and
if the Leg AX be %efs than 2 Quadrant, the Angle
A G X fhall beJefs than a Right Angle.

PROPOSITION XIX.
If two Legs of a right-angled [pherical Triangle be
~ of the fame Affection, (and confequently the An-
gles) that is, if they are both lefs or both greater
than a Quadrant, then will the Hypotbenufe be
lefs than a Quadrant. Vid. Fig, to Prop. 1.
N the Triangle ARV, or BRV, let F be the Pole

£ of the Leg AR ; then will RF be a Quadrant,
which is'greatet that R V (by 17 of this).

PROPOSITION XX
If they be of a different Affection, then Jhall the

> Hypothenufe be greater than ¢ Quadyrant.
Vid Fig. to Prop. 1.
| FOR in the Triangle ARG, the Hypothenufc

. 4 RG isgreater than RF, which is a Quadrant.
_ PR O-
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PROPOSITION XXI.

3
If the Hypothennfe be greater than a Quadrant,
then the Legsof the Right Angle, and [otbe Angles |
oppofite to them, areof adifferent Affection; butif
le[fer, of the fame Affection, Vid .Fig, to Prop, 1,

H IS Propofition being the Converfe of the for-
mer ones, eafily follow from them. :

PROPOSITION XXII i

In any [pherical Triangle ABC, if the Angles at
' the Bafe B and C, be of the [ame Affetion, then
the Perpendicular falls within the Triangle; and

if they be of a different Affection, the Perpen-
dicular falls without the Triangle. |

N the firft Cafe, if the Perpendicular does not fall -

within, let it fall without the Triangle, (as in Fig. 2.)
then in the Triangle AB P, the Side A P is of the fame
Affeétion with the Angle B. And in like manner,
in the Triangle ACP, AP is of the fame Affection -
with the Angle ACP. Therefore, fince ABC, and
ACP, are of the fame Affection, the Angles ABC,
ACB, fhall beof a different Affection ; which is con-
wrary to the Hypothefis. 2

In the fecond Cafe, if the Perpendicular does not
fall wichout, let it fall within. (asin Fiz. 1.) Thenin
the Triangle ABP, the Angle Bis of the fame Affec-
tion with the Leg AP. So likewife, in the Triangle
ACP, the Angle C is of the fame Affetion with |
AP and therefore the Angles B and C are of the
fame Affection ; which is contrary to the Hypothefis.

PROPOSITION XXIIL

Infpherical TrianglesBAC,BHE, right-angledat
AandH, if the fame acute AngleBbe at the Bafe |
BA.0rBH, thentheSinesof theHypothenufesfball
be proportional to the Sines of the perpendicular
Ares., | | by |

F OR the Right Lines CD, EF, being ‘Eerper:di-

> cular to the fame Plane, are parallel. Allo FR, |
| DP,
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DP, perpendicular to the Radius OB, are likewife
;éaraflel; wherefore the Planes of the Triangles EF R,

DP, are alflo parallel. (4y 15. EL 11.) Wherefore
CP,ER, the common Sections of thofe Planes, with
the Plane paffing thro’ BE, CO, . will be parallel.
(by 16. El. 11.) Therefore the Triangles CDP,
EFR, fhall be equiangular, Wherefore CP the Sine
of the Hypothenufe BC, is to CD the Sine of the
ﬂerpendicular Arc CA, as ER the Sine of the

ypothenufe BE, to E F the Sine of the perpendicu-
lar Arc EH. W.W.D.

PROPOSITION XXIV.

The Jame Things being fuppofed, A Q, HK, the
Sines of the Bafes, are proportional to 1A,
GH, the Tangents of the perpendicular Arcs.

FOR after the fame manner, as in the laft Pro-
pofition, we demonftrate that the Tri.an%les

QAL KHG, are equiangular ; whence QA : Al::

KH:HG. .

PROPOSITION XXV.

In a [pherical Triangle ABC, right-angled at A, as
the Cofine of the Angle B, at the Bafe BA, is to
the Sine of the vertical Angle A CB, Jo is the
Cofine of the Perpendicular to the Radius,

PREPARATION.

LE'.T the Sides AB, BC, CA, be produced, fo
= that BE, BF,CI, CH, be Quadrants; and from
the Poles Band C, draw the grear Circles EFDG,
IHG ; then will the Angles at E, F, T, H, be Right
Angles. And {o D is the Pole of BAE, (by Cor. 2.
Prop. 2. of this) and' G the Pole of IFCB; alfo AE
will be = Complement of the Arc BA, and FE the
Meafure of the Angle B=G D, and DF their Com-
plement: Alfo BC fhall be = FI= Meafure of the
Angle G, and CF their Complement. Likewife
CA=HD, and DC their Complement. Thele
Things premifed in the Triangles HIC, DCF, right-
angled at I and F, and having the fame acute Angle
C, fince BA is lefs than a Quadrant, it will be E P?

301
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DY ScHE: 2 S DC:S, HC; that is, the Cofine
of the Angle B is to the Sine of the vertical Angle
B C A, as the Cofine of CA is to Radius. W.W.D.

PROPOSITION XXVIL

The Cofine of the Bafe: Cofine of the Hypothenue ::
R : Cof. of the Perpendicular.

F OR in the Triangles AED, CF D, right-angled
at E, F, having the fame acute Angle D ; becaufe
AFE is lefs than a Quadrant, we have S,EA:S,CF

::5,DA:S,DC. W.W.D.

PROPOSITION XXVIL
S, of the Bafe : R :: T, of the Perpendicular : T,
of the Angle at the Bafe.
FDR in the Triangles BAC, BEF, right-angled
" at A ahd E, and having the fame acute Angle B,

becaufe A C is lefs than a Quadrant, we have S,BA:
S, BE:: T, AC:T, EF.. W.W.D,

PROPOSITION XXVIIL

Cof. of the vertical Angle : R ::'T, of the Perpen-
dicular : T, of the Hypothenufe.

IN the Triangles GIF, GHD, right-angled at I
and H, and ‘having the fame acure Angle G, be-
caufe HD is les than HC, or a Quadrant, it is as
S, GH:S, GI:: T, HD: T, 1F. ;

PROPOSITION XXIX,

S, of the Hypothenufe : R :: S, of the Perpendi-
cular = S, of the Angle at the Bafe,

IN the aforefaid Triangles, we have S, I1F:S, GF
*::5, HD:§, GD.

PRO-
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PROPOSITION XXX.

R: Cof. of the Hypothenufe :: T, of the vertical
Augle : Cot. of the Angle at the Bafe,

N the Triangles HIC, DFC, right-angled at I

and F, and haviog the fame acute Angle C, be-
caufe D F is lefs than a Quadrant, we have S, CI: S,
CF.: T, HI: T, DF; thatis, R: Cof. BC:: T,
C: Cot. B.

The latt fix Propofitions are fufficient for folving

all the fixteen Cafes of Right-angled {pherical Trian-

les. Thefe fixteen Cafes, with their Analogies de-
uc’d from the faid Propofitions, are as follow.

|Given [Soughi| Vid. Fig. to Prep. 25, 26, 27, 28,
befides 29, 30.
Righ
t
Ar11gﬂle,
AC | B. [R:Cof. CA::S, C: Cof.Bof|[By the
I land C. the fame Kind with CA. [nverfe
of Prop
125,
AC C. |Cof. CA: R :: Col. B: 5, Cyby Prop.
2 land B. this is ambiguous. 23.
I [Band AC. IS, C: Col.B:: R : Cof. CA, of [by Prop. |
3 1C. the fame Kind with the Angle B. |25, and
v ¢ 18.
BA, | BC.|R: CoL BA:: Cof. AC : Cof,|by Prop.
CA. BC. If BA, AC, be of the fame|26, 19,
Affection, and not Quadrants, thenfand 20.
4 B C will be lefs than a Quadrant,
If they be of a different Affection
B C fhall be greater than a Qua-
drant,
Py

Given



then C A and B A, and confequent-
ly the Angles, fhall be of the fame
A fleCtion; if greater, of adifferent,
but the Species of CA is given.
Therefore the Species of the An-
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{ |Given [Sought
befides
the
Right
Angle. e AR
BA, |[AC. [Cofl BA: R :: Cof. BC : Cof.|By Prop.
BC. CA. If BC belefs than a Qua-|26, an
‘ drant, then fhall BA and CA bel21.
of the fame Affection, if greater,
) of a different; but BA is given
and therefore the Species thereof.
Wherefore the Species of AC
L is alfo given.
B A, B. |S,BA:R:: T, CA:T, B of by Prop:
6l C A the fame Affection with the oppo-27, and
{ite Side CA. 18.
BA,B| AC. [RTSBA:: 1, B: 1, AC of|by Prop.
7 the fame Kind with B. ?-%, an
r 18.
{ |ACGB.| BA. 'T, B:R:: T, CA:S, BAam-{by Prop. ' .
8 biguous. 27.
BGC| ACHR=CRLIE s ESBERT sUX by nga |
1 If BC be lefs than a Quadrant,|23, an
| the Angles C and B are of the fame21.
9 Affection; if greater, of adifferent.
‘ Therefore, if the épecif:s of the
Angle B be given, then will AC
i be given.
ACCC|BC. |Cof. C: R::T;, CA: T, BC.|by Prop. ..
And fo, if the Angle C,and C A,/23, 20,
{10 be of the fameAffection, then BC|21.
fhall be lefler than a Quadrant; if
of a different, greater.
BC, C..|T, . BC:iR:TaEAL Col Eiiby ij).-
AC, If BC be lefs than a Quadrant,|28, and

21.

ale C will be alfo given.




therefore the Species of the Angle
B will be given alfo.
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Given [>ought
befide:
téle
ight
|Angle.
B(.,,B AC. IR :S,BC:: S, B: S, AC of By l’rc}g,
12 the fame E)pet:ies With B. 29, an
£8.
AC,BI'BC. [S,B:S, AC::R:5, BC ambiby Prop.
13 ZUOLS. 29.
BC, B. ISSBC:R::8 AC:S, B of|py Prop.
14{A C. the fame Species with CA.” 2 ; :
B,C. | BC. [T, C:R:: Cort. B: Cof. BC.|by Prop.
And fo, if the Angles B and C are|30, 19,
15 : of the fame Affection, then fhallland 20.
: BC be lefs than a Quadrant ; if
of a different, greater.
BC,C| B. |R: Cof. BC:: T, C: Cor B.by Prop.
And fo if BC be lefler than aj30, ang
Quadrant, the Angles C and Bj31.
(hall be of the fame Affection;
16 it greater, of a different. But the
Species of the Angle C is given ;
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Of theSolutionof Right-angled [pherical
Triangles, by the _ﬁve circular ‘Parts.

T HE Lord Napier, (the noble Inventor of Loga-

rithms) by a due Confideration of the Anaio%ies
by which right-angled fpherical Triangles are fo v’d,,
found our two Rules, eafy to be remembered, by
means of which, all the fixteen Cafes may be folv’d;
for fince in thefe Triangles, befides the Right Angle,
there are three Sides, and two Angles; the two Sides
comprehending the Right Angle;and the Complements
of the Hypothenufe, and the two other Angles, were
called by Napier, Circular Parts. And then there
are given any two of the faid Parts, and a third is
fought; one of thefe three, which is called the Middle
Part, either lies between the other two Parts, which
are called Adjacent Extremes, or is {eparated from
them, and then are called Oppofize Extremes; fo it the
Complement of the Angle B (Fig. zo Prop. 25.) be fup-
pofed the middle Part, then the LE%A B, and the
Complement of the Hypothenufe BC, are adjacent
extreme Parts; but the Complement of theAngle C,and
the Side A C, are oppofite Extremes. Alfo, if the Com-
plement of the Hypothenufe B Cbe fuppofed the mid-
die Part, then the Complements of the Angles B and
C are adjacent Extremes, and the Legs AB, AC, are
oppofite Extremes. In like manner, fuppofing the
Leg AB the middle Part, the Complement of the
Angle B and AC are adjacent Extremes; for the
Right Angle A does not interrupt the Adjacence, be-
caufe it is not a circalar Part. But the Complement
of the Angle C, and the Complement of the Hypo-
thenufe B E‘,, are oppofite Extremes to the {aid middle
Part. Thefe Things premifed,

R:ILL.E: L

In any right-angled [pherical Triangle, the Reii-
angle under the Radius, and the Sine of the
middle Part, is equal to the Reflangle under
the Tangents of the adjacent Parts.

RULE |
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B Ul -1

The Reliangle under the Radius, and the Sine of

the middle Part, is equal to the Reilangle under
~ 8he Cofines of the oppofite Parts.

Each of the Rules have three Cafes. For the mid-
dle Part may be the Complement of the Angle B, or
C, or the Complement of the Hypothenufe BC or
one of the Legs, AB, AC,

Cafe 1. Let the Complement of the Angle C be
the middle Part. Then fhall AC, and the Comple-
ment of the Hypothenufe BC, be adjacent Extremes.
By Prop. 28. the Cofine of the Vertical Angle C is to
Radius, as the Tangent of CA is to the Tangent of
the Hypothenufe BC. Then (by Alternation) we
thall have Cof. C: T, CA:: R :ZI‘:, BC. Bu:R:
T,BC :: Cot. BC: R (as has been before fhewn).
" Wherefore Cof. C; T,AC:: Cot. BC: R ; whetice
BXCoL C—=T, ACXCot. BC.

And the Complement of the Angle B,and AB, are
oppolite Extremes, to the fame middie Part, the Com-
plement of the Angle C; and, (by Prop. 25.) as the
Cofine of the Angle C, to the Sine of the Angle
.CDF, fo is the Cofine of DF to Radiys. But the
Sine of CDF=, AE=Cof. BA, and Cof. DF=
S,EF =S, Angle B. Whence it will be as Cof. C :
Cof. BA:: 8, B:R. AndR x Cof. C==Cof. BA
XS, B; that is, Radius drawn into the Sine of the
middle Part, is equal to the Re&angle under the Co-
$ines of the oppofite Extremes.

Csife 2. Let the Complement of the Hypothenufe
BC be the middle Part; then the Complements of
the Angles B and C will be adjacent Extremes. In the
Triaqg%: DCF (by Prop.27.) itisas S, CF: R :: iy
Bl 3G, hence (by Alternation) S, CF : T
DF: :(ER s dskiise) Clori - B ButS,éFﬁCUf.
BC and T, DF = Cot. B. Wherefore R x Cof;
BC=Cot. CxCor.B; that is, Radius drawn into
the Sine of the middle f’arr, is equal ro the Produt of
the Tangents of the adjacent extreme Parts.

X and

e
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And BA, AC, are the oppofite Extremes to the
faid middle Part, viz. the Complement of BC; and
(by Prop. 26.) Cof. BA : Cof. BC::R:Cof. AC
"Jv’hercﬁgn: we fhall have R X Cof. BC==Cof. BA x
Cof. AC.

Café 3. Laftly, let AB be the middle Part; and
then the Complement of the Angle B, and AC will
be adjacent Extremes, and (by Prop. 27.) S, AB:
R::T,CA:: TB.. Whence, S, AB: T, CA =:
(R: T,B::) Cot. B.: K. And fo R%5, AB=
‘T, CAxCot. B.

Moreover, the Complement of BC, and the An-
gle C, are oppofite Extremes ro the fame middle Part
AB; and in the Triangles GHD (by Prop. 25.) we
have Cof. D: S, DGH :: Cof. GH: R. ButCof.
D=Cof. AE=S§,AB,and §,G =S, IF=S$, BC.
Alfo Cof. GH=S, HI=S, C. Wherefore it will
beas S,AB:S5,BC::5,C:R. And hence R xS,
AB=S,BCxS, C.

And {o in every cafe the Reangle under the Ra-
dius, and the Sine of the middle Part, thall be equal
to the Rectangle under the Cofines of the ﬂppnﬁte%x-
tremes, and to the Re&angle under the Tangents of
the adjacent Extremes. And confequently, if the afore-
faid Equations be refolved into Analogies, (by 16 EL
6.) the unknown Parts may be found by the Rule of
Proportion,  And if the Part fought be the middle
one ; then fhall the firft Term of the Aanlogy be Ra-
dius, and the fecond and third, the Tangents or Co-
fines of the extreme Parts. If one of the Extremes
be fought, the Analogy maft begin with the other :
and the Radius, and the Sine of the middle Part, mufl

be put in the middle Places, that fo the Part fought
may be in the fourth Place.

IN nh]igue-angled {pherical Triangles (Fig. to Prop.

31.) BCD, if a perpendicular Arc A C be let fall
from the Angle C to the Bafe, continued, if need be,
{o as to make two Right-angled fpherical Triangles
BAC, DAC; then by thofe Right-angled Triangles

may moft of the Cafes of oblique-angled ones be
folved.

PR O-
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FROPOSETION XXXI.

The Cofines of the Angles B and D, at the Baye
BD, are proportional to the Sines of the Ver
tical Angles BCA, DCA, ,

FDR Cof Angle B:S,BCA:: (Cof.CA:R::)
Cof. D:S,DCA (by 25. of 2his).

PROPOSITION XXXII

The Cofines of the Sides BC, DC, are propors
tional to the Cofines of the Bafes BA, D A.

OR Cof BC: Cof. BA :: (Cof. CA:R £ )
Cof. DC: Cof. DA (by 26. of 1bis).

PROPOSITION X2OXIL,

The Sines of the Bafes BA, DA, arein a recipro-
cal Proportion of the Tangents of the Angles B
and D at the Bafe BD,

Ecaufe g:)r 27. of this) S, BA:R:: T, AC: T,

of the Angle B. And by the fame inverfely, R :
S,DA::T,oftheAngle D: T, AC. Then will it be
(by the Equalily of perturbate Ratio, according to Pm}g.
23.EL5.)S,BA:5,DA:: T, Angle D : T, Angle B.

PROPOSITION XXXIV.

The i"&ﬂgem.s of the Sides BC, DC, are in areci.
procal Proportion of the Cofines of the Vertical
Angles BCA,DCA,

Ecaufe by alternating the 28th Propofition, we

have
T,BC: R :: T, CA : Cof BCA,
and by the fame R : Cof. DCA: : T,DC:T,CA.
Wherefore by Equality of perturbate Proportion,
,BC:Col. DCA:: T, DC: Cof. BCA,

X:I- PR Q.
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PROPOSITION XXXV,

The Sines of the Sides BC, DC, are proportional
20 the Sines of the oppofite Angles D and B.

Ecaufe by the 29th of his, S, BC:R :: §, CA:
'S, of the Angle B. And by the fame, inverting
R:S,DC::8, Angle D : S, of CA; whence, by
Equslity of perturbate Ratio, §,BC: §,DC::§, D:
B.

2

PROPOSITION XXXVI

In any [pherical Triangle ABC, the Reétangle CF
x AE, or FM x AE, contained under the Sings
of the Legs, BC, BA, is to theSquare of the Ra-
dius, as1Lor |A—L AtbeDifferenceof the ver/-
ed Sines of the Bafe CA yandibe Difference of the
Legs AM, toGN, theverfed Sineof theAngle B,

ET a great Circle PN be defcribed from the
Pole B; and let BP, BN, be Quadrants; and
then PN is the Meafure of the Angle B; alfo defcribe
from the {ame Pole B a leffer Circle CFM thro’ C;
the Planes of thefe Circles thall be perpendicular to
the Plain BON (by the 2d of this). And PG, CH,
being perpendicular in the fame Plain, fall on the
common Seftions ON, FM; fuppole in G, H.
Again draw HI, perpendicularto AO ; and then the
Phliin draw thro’ CH, HI, fhall be perpendicular
to the Plain AOB. Whence A1, which is perpendicu-
far to H I, will be perpendicular to the Right Line C1
{by Def 4 El 11.); andfo Al is the verfed Sine of
the Arc AC, and AL the verfed Sine of the Arc
AM=BM —-BA=BC—BA. The lHofceles T'ri-
angles CFM, PON, are equiangular, fince MF,
NO, asallo CF, PO, (éy 16. EL 11.) are parallel.
Wherefore, if Perpendiculars CH, P G, be drawnto
the Sides ' M, ON, the Triangles will be divided
{imilarly, and we fhallhave FM: ON:: MH: GN,
Alfo, becaufe the Triangles AOE, DIH, DL M,
are equiangular, we (hall have AE: AO:: IL: MH,

But
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But it has been proved,that FM ; ON :: MH: GN,
Wherefore ir fhall be as AEXFM:AOXON ::
ILXxMHXxMHXGN, or as [L to GN, thatis,
the Rectangle, under the Sines of the Legs, s to the
S?uare of Radius, as the Difference of the verfed Sines
of the Bafe, and the Difference of the Legs BC, B A,
15 to the verfed Sine of the Angle B. 'W. W, D.

PROPOSITION XXXVH

The Difference of the verfed Sines of two Ares
drawn into balf the Radius, is equal to ihe
Reétangle under the Sine of balf the Sam and
the Sine of balf the Difference of thofe Arcs.

LET there be two Arcs, BE, BF, who'e Differ-
ence EF, let be bifected in D; then fhall BD
be the half Sum, and FD the half Difference of thofe
Arcs. GE=IL is the Difference of the verfed Sines
of the Arcs BE,BF; alfo FO is the Sine of the haif
Differences of the Arcs. And becaufle the Trimgies
CDK, FEG, are equiangular, we have DK : GE : :
(CD:FE ::) § CD:{FE. Whence DK x:FE,
orDKXFO=GEx;CD=ILx:CD. W.W.D.

PROPOSIT I.ON XXXVIIE

The werfed Sine of any drc, drawn into balf the
Radius, is equal to the Square of the Sine of
one Half of the faid Are.

THE Triangless CBM, DEB, are equiangular,
fince the Angles at M and E are Right Angles,
and the Angle at B is common. Wherefore EB: B %) o
BM : BC. And thenwill EBXBC=BMxBD;
and EBX; BC=BMxiBD=BMq. W W.D.

X3 PR &-
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PROPOSITION XXXIX.

T any [pherical Triangle ABC,whofe Legs coniain-
ing the Angle B are BC, AB, and Bafe fubtend-
ing that Angle AC: If the Arc AM be taken—
Difference of the Legs=B C—AB. Then fhall
the Reftangle under the Sines of the Legs BC,
B A, be to the Square of the Radius, as the Reét-

: AC+AM
angle under the Sine of the Arc .

AC—AM
2

and the Sine of the Are is to the

Square of the Sine of one Half of the Angle B,
Vid. Fig. to Prop. 3 6.

Ecaufe the Reltangle under the Sines of the
Legs AB, BC, is to the Square of Radius, as
1L is to the verfed Sine of the Angle B, or asR %
IL to} R drawn in the verfed Sine of the Angle B
(ky Prop. 36. of this). And fince ; R X I Le=Re&an-

gle under the Sines of the Arcs AEael M, and
AC=AM ) XN ¢

2 (by Prop. 37. of this). And alfo £ R
drawn into the verfed Sineof the Angle B is equal to the
Square of the Sine one Half of the Eng]e B. Therefore
the Rectangle under the Sines of the Sides to the
Square of Radius, fhall be as the Rectangle under the

Sines of the Arcs AC_!;‘&M il :‘:\C:AM’ .

15 O

the Square of the Sine of one Half the Angle B.
W.W.D. -

The
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Tbe Twelve Cafes of oblique-angled  fpherical

Triangles are as follow.

__lGiven Sought] Make as ) igﬂﬁ' If:"
Angles|Angle |R : Col. BC :: T, B: Cot. BUA Progortion
B,D, |C.” |(by Prop. 30. of this): AlfoCof. B et
and : S, ' BCA :: Col. D : S, DCA|R’.. TB:
BC. (by 31. ﬂ{ this). Wherefore the|Cot. BCA,

Sum of the Angles BCA, DCA,
if the Perpendicular falls within the

I T'riangle, or the Difference, if it falls

withour, will be==BCD. Whe-|
ther the Perpendicular falls within|
or without the Triangle, may be
known from the Affection of the|
Angles B and D (by 22. of this) ;
which Admonition ought to be ob-

2 lerved in the following Solutions.

" |AnglesjAngle IR : Cof. BC :: T, B: Cot. BCA| 7%is Pre-
B, |D. [(Prop. 30. of this). AndS, BCA i|portion in
BCD S, DCA % Col.B: ColiiDy (by) ' x -
nd Prop. 31.). If BCA be lefs than| iy b fore-

2 the BCD; the Ang'te D fhall be of the g‘sfﬂg. Tke
Side fame Affection with the Angle B. *"fi;“i{r
BC. [f BCA be greater than the Angle|5cas

BCD, then the Angles B and D|may 2
(hall be of a different Affetion, by]*newn by
'zhe Converfe of Prop. 22. f;;";g’:ﬂ'

FHEs |Lhe % ek o 1, RO - 1, BA

Sides [Side |(6y 28. of this), And Col. BC ::
BC, [BD. |Cof. BA:: Col. DC :Cof. DA
CD (by 32. of this). The Sum or Differ-

and nce of BA and DA, according

3 kthe as the Perpendiculdr falls within
Angle r without the Triangle, is equal
B. to BD; which cannot be known,)

unles the Species of the Angle D
be firft known. _

- S TAT

X 4 Givea
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CGiven  Sought| Make as

~| The The iIR:<Col.. b~ I,EZf:i,EA
|Sidﬂ5 Side by 28. of thi,s]. And Cof. BA :

4[BC,DB, \ICD. |Cof.BC::Cof.DA:Cof.DC
and the (byProp. 32. of this.) According
Angle B. as D A is fimilar or diffimilar tn

CA, or to the Angle BDC, fo
(hali DC be leffer o greater than
a Quadrant (by 19. and 20. of

B T e L ”

). Angle [T The IR:Col.B:: T, BC: T, BA
B, D, Side (b]r 28. of this). And T, D:T,

5 and the BD. |B::S,BA:S DA (by 33. of
Side this). The Sum or Difference of

> ABIE. . |whichBA and D Ais=BD.

| The JAngleD|R:Cof.B::T, BC: T, BA
Sides (by Prap 28. of this. )And S, DA:
BC,BD, 8,BA::T,B:T D{h}rg; of

6 [and the th:«} Accc-rdmg as BD is greater

Angle B. or lefler than B A, the Angle D
(hall be fimilar or diffimilar to the

g i _-__|Angle B (by 22. of this).

}__' The |AngleC.|CollBC:R¢:: Cot.B: T, BCA,
Sides (by 30. nfthls] And T, DC T
B, DIe B(.. : Cof. BCA : Cof. DCA
and the (by 34. of this). TheSum ot Dif-

¥ Angle B. ference of the Angles BCA
, D C A, according as the Per-

pendlcular falls within or with-
out the Triangle, is equal to the

. Angle BCD.

The [ The |[CoLBC::R:: Cot. E BC
Angles |Side {(by 30. of th:s} ﬁll‘n Cof.
BCD, 1DEC. DCA Col. BCA :: 1T, BLC:-
andB T, DE (by 24. DF thl.ﬁ) If
ind the the Angle DCA be fimilar to
Side BC. the Angle B, (that s, if AD

8] be fimilar to CA) then DC

thall be lefs than a Quadrant.
‘ If the Angles DCA and B be
diffimilar, Iht‘:n DC fhall be
greater than a Quadrant, which
follows (from Prop. 18, 19, and
1 o | ]25 of this).

_Girt:n
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Given | Sought | Make as
“|I'he Ihe 5,CD:5,B::5BC:S§,D:
' {Sides Angle |which is ambzguﬁus The Ana-
9 BC, DC,|D. llogy follows from Prap. 35. of
indthe this.
Anol= R.
L he Lhe. s Eross BG: 8B5S, LG
Angles [Side  |which Side is ambiguous.
to|B, D, and|D C. '
the Side
—— BC- . .
Alithe {The  [AstheReltangle undertheSines
Sides  |Angle B |of the Legs AB, BC : the Square
AB, BC; of Radius : : the Rectangle under
”E d. Fig. {the Sines of the Arcsﬁ-c:l_ﬂi
| [Erop- 3‘5 dw :the Squart of the
Sme of 3 the Angle B (by Prop.
AR the . | khe: In rhe Triangle XNM, the Arc
lAngles [Side  [MN is the Complement of the
G,H,D.|[GD. |Angle GHD to aSemicircle.
Vid F:g XM is the Complement of the
12| Prop. 14. Angle G, and X . the Com-
: : plement of the Angle D. And
the Angle X, the Cnm lement
of the Side GD toa Semicit-
|cle. Wherefore, if the Angles be
changed into Sides, and the Sides
into Angles, the Operation will
u'ﬂe the fame, as in Cafe 11. of
|this, fince Arcs and their Com-
plements to Semicircles have
i ll:he: {ame Sines.

e

The
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The following REMARK by
SAMUEL CUNN.

THAT this is trye but in a particular Cafe, wiz.
*  when two of the Angles of the Triangle are
Right ones, and two of the Sides Quadrants, may be
thus demonftrated. For if poffible, let {fome T'rian-
leRST, Fig. to Prop. 14th, be fuch, that its Sides

S, ST, TR, be equal to the Meafures of GHD,
HGD, GDH, the Angles of a Triangle GHD,
and alfo, that the Meafures of RST, STR, TRS
the Angles of the Triangle RST, be equal to cﬁ;
GD, HD, the Sides of the Trian{gle GHD.
Rzoduce MX, MN, two Sides of the fupplemental

riangle, to Semicircles, and they will meet fome-
where; fuppofe at E ; and there will be conftruéted
thereby the Triangle NEX, of which XE (the
Supplement of X M, which, by the 142b Prop. was
the Supplement of the Meafure of the Anigle HGD)
is equal to the Meafure itfelf of the fame Angle
HGD: And inlike manner, N E, the Supplement
of N M, which, by the 14zh Prop. was the Supple-
ment of the Meafure of the Angle GHD, is equal to
the Meafure itfelf of the fame Angle GHD. But
the third Side X N is not the Meafure of the third
Angle GDH, but its Supplement, by the 142h Prop.
Moreover, of the Angle E X N, (whofe Supplement
is N X M) the Meafure, by the 14¢5 Prop. is equal to
G D ; and of the Angle XN E, (whofe Supplement
is MNX) the Mcaﬁlre, ﬁy_’ the 142h Prop. is equal
to HD. But of the third NEX, (which is equal to
N M X) the Meafure is not equal to G H, but its Sup-
plement. _

Now make N V=RT=BK, the Meafure of
the Angle GDH, and draw the great Circle E V.
And fince RS, by Suppofition, is equal to the Mea-
fure of the Angle GHD, which is equal to EN;
and fince the Meafure of the Angle SR'T is, by Sup-

fition, cqual to DH, which is alfo equal to the

cafure of the Angle XNE; the Angle XNE is
equal to the Angle R. Then confequently, by the

4th
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4th Prop. the Triangles SR'T, ENV, will have the
Bafe ST, equal to the Bafe E V; the Angle T, to the
Angle NVE, and the Angle S, to the Angle NEV.
But ST, (which is equalto EV) by Suppofition, is

ual to the Meafure of the Angle HG D; to which

eafure XE is alfo equal. Therefore E V' is equal
to X E ; and confequently, by the 7£b Prap. the Angle
EV X is equal to the Angle EXV; and the Angle
E XV (whofe Meafure, as hath been fhewn above, is
equal to G D) isequal to the Angle T, (or NVE)
fince, by Suppofition, the Meafure of this is alfo equal
to GD. Therefore the Angle EV X is equal to the
Ange E V' N, and fo both right ones ; and confequent-
ly EXV a right one alfo. Therefore, by the 2d Cor.
to the 2d Prop. EV and E X are both Quadrants.

Butif EV be a Quadrant, and at Right Angles to
N X, then E, by 2d Prop. and its Coroll. is the Pole
of N X ; and fo EN a Quadrant alfo, and the Angle
ENV aright one. Therefore, if the Sides of a Tri-
angle (NEV, or its Equal) RST are equal to the
Meafures of the Anglesof fome other T'riangle G H D,
and the Meafures of the Angles of the former, equal
to the Sides of the latter; two Sides of fuch a Triangle
RST, or GHD, muft be Quadrants, and two An-
gles of each Right ones.

Therefore, if a Triangle RST be conftructed,
whofe Sides are equal to the Meafure of the Angles
of another Triangle GHD ; the Meafures of the An-

les of the Triangle R ST fhall not be equal to the
Eides of the Triangle GHD, unlefs in the one Cafle be-
fore-mentioned. Therefore the Meafures of the Angles
of the Triangle G H D, ufed as the Sides of a Triangle
in the 112 Cafe, will not give us a Side of GH D, but
the Meafure of an Angle of the Triangle RST, un-
lefs in the one afore-mention’d Cafe; which was to be
demonftrated,

But to find a Side GD of a fpherical T'riangle GHD,
whofe Angles are all' given, produce MN, that
Side of the fupplemental Triangle, which is equal to
the Supplement of the Meafure of G HD, the Angle
oppofite to the Side fought, and M X, either of the
other Sides till they meet asin E. And there, as hath
been before thewn, the Sides E X, EN, of the Tr}i-
. o angle

317
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angle £ XN, are exaltly equal to the Meafures of the
Angles HG D, GHD, of the Triangle GHD; and
of the Angles EX N, EN X, ofthe Triangle E XN,
the Meafures are equal to GD, HD. But the Side
K N isequal to th:g'upplcment of the Meafure of the
Angle GDH. And of the Angle XEN, the Mea-
fure is equal to the Supplement of GH.

Therefore the SoLuTIoN is thus:

Change one of the Angles G D H, adjacent to the Side
fought, into its Supplement; and then work with the

Meafures of the Angles as tho’ they were Sides, and
the Refult will be G D, the Side fought.

The preceding Fault, as well as the Omiffions here-
after mentioned, are not peculiar to our Author; but
may be found in Dr. Harris, Mr. Cafawell, Mr. Heynes;
and many other Trigonometrical Writers.

In the Solution of our 8th and gth Cafes, they have
told us, that the Quefiza are ambiguous; which fome-
times, indeed, is true, but fometimes alfo falfe : There-
fore, as I conceive it, they ought to have laid down
Rules, by Help of which we might difcover when the
Qf.%ﬁm are ambiguous, and when not.

his Overfight may be corrected by the followin

Directions: Wherein, becaufe every Sine correfponds
to two Arches, to one lefs than a2 Quadrant, and 1o
gnother, which is the Supplement of the former to a
Semicircle, (a true Diftin¢tion of which of thefe are
to be ufed, being neceflary to be known, before a
proper Solution can be given to fuch Problems as thefe
are) [ fhall beg Leave, for Brevity-fake, to call the
leffer Arch the Acute Value,and the greater the Obrufe ;
whether the Sine be of an Angle or a Side.

In the tenth Cafe, theve are given two AnglesB, D,
andBC, a Side oppofite to one of thofe Angles
D, to find D C the Side oppofite to the other.

O the acute Value of DC, and alfo to its ob-
tufe one, add BC ; and if each of thefe Sums are
greater
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g %:Eam %rhan a Semicircle, when the Sum of the

Angles B, D, is < ﬂ'{?teri than two Right Angles ;

both the Values of D C may be admitted, and then is
ambiguous: But when only one of thofe Sums is

-E lgﬂrgater ; than a Semicircle, only one Value of

: obtufe ;
D C can be true, viz. theg Yoy g one; and then

1s not ambiguous.

In the ninth Cafe, there are given two Sides BC,

DC, and one Angle B, oppofite to D C one of

thofe Sides, to find D the Angle oppofite to the
other,

O the acute Value of D, and alfo to its obtafe
Value, add B; and if each of thefe Sums is

ﬁ;ﬂerg than two Right Angles, when the Sum

of the Sides is ; lg;{%ﬂtﬂr than a Semicircle,both the

Values of D may be admitted, and confequently D is
ambiguous: But when only one of thole Sums is

5 lg;r?ter than two P\ight Anglcs, nn]}? one Va].u.:
of D is true, viz. the %:3;?5 } one; and then not
ambiguous.

Nor are we better ufed in the firft Propofition ;
for tho’ it is determined by the given Angles, whether
the Perpendicular falls within or without the Triangles,
yet in each of thofe Varieties, the Quefira will be
fometimes ambiguous, and fometimes nor.

319
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Tn this firft Propofition there are given two Angles
B, D, and BC, a Side oppofite to Dy one of
them, to find C the third Angle,

1. Let the Perpendicular fall within ; that is, let the
given Angles be of the fame Species.

TO the acute Value of DC A, and alfo to its ob-

tufe one, add the Angle BCA; and if each of
thefe Sums is lefs than two Right Angles, then either
the acute Value of D CA, or its obtule one added to
BCA, gives a Value of BCD; which, therefore, is
ambiguous. And when only one of thele Sums is lefs
than two Right Angles, the acute Value of DCA,
added to BCA, gives the only Value of BCD ; which
then is not ambiguous, though in both Varieties the
Perpendicular fell within.

2. Let the Perpendicular fall without; that is, let
the given Angles be of different Species.

WHEN the obtufe Value of the Angle DCA is
lefs than the Angle BCA, the Angle BCD may be
had by fubtracting either Valueof DCA fromBCA;4
and then BCD is ambiguous. Burt when the obtufe
Value of DCA isnot lefs thin BCA, the acute Value
of DCA, taken from BC A, gives the fingle Value of
BCD; which, therefore, is not ambiguous; tho’in
both Varieties the Perpendicular fell without.

I the fifth Cafe we lie under the fame Misforiune,
where there are given, asin the firft, the Angles
B, D, aund the Side BC, to find BD the Side
lying between thofe given Angles.

1. When the Perpendicular falls within; that is,
when the given Angles are of the fame Species.

O the acute Value of DA, and fo alfo to its
obtufe one, add B A; and if each of thefe Sums
is lefs than a Semicircle, then either the acute Value

of DA, or its obtule one, added to BA, gives the
Value
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Value of BD; which thence is ambiguous. And
when only one of thefe Sums is lefs than a Semicircle,
the acure Value of D A, added to BA, gives the only
Value of BD; which then is not ambiguous, tho’ in
both Varieties the Perpendicular fell within.

2. When the Perpendicular falls without; that is,
when the given Angles are of different Species.

WHEN the obtufe Value of DA is lefs than
BA, BD will be had by fubtratting either Value
of DA from BA; and then BD is ambiguous.
But when the obtufe Value of D A is not lefs than
BA, the acuteValue of D A, taken from B A, leaves
the only Value of BD; which, therefore, is not am-
biguous, tho’ in both Varieties the Perpendicular fell
without.

In the third, we bave the fame Omiffion  where
there are given two Sides BC, CD, and B

an Angle oppofite to CD one of them, to find
the third Side BD.,

IRST, we may obferve, that the Species of DA

is always known; for it is of {;ﬁ%ﬁit z- Af-

‘ " . Slefs
feCtion with the Angle B, when DC is { ereater
than a Quadrant. And,

If AD be lefs than AB, and alfo the Sum of AD
and A B lefs than a Semicircle; then A D, either added
to, or fubtracted from AB, will give the Value of
BD; which, therefore, is ambigtous.

But if AD be not lefs than AB, or if their Sum be
not lefs than a Semicircle; then their Sum in the for-
mer, and their Difference in the latter Variety, fhall
give one fingle Value of BD; and then is not ambi-
guous.

The
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The feventh Cafe much refembles the third; for
there are given two Sides BC, CD, and B an
Angle, oppofite to CD one of them 5 to find the
Angle BCD, lying between thofe two Sides.

N D here we may obferve, that the Species of the

Angle D CA is known; for it is of § ;1:1’-: ﬂ[ztl}i;t

Kind with the Angle B, when DC is § ;fam}
than a Quadrant. Anrd,

If DCA be lefs thain BC A, and theSum of DCA
and BC A lefs than two Right Angles; then, DCA
either added to, or fubtracted from B CA,will give the
Angle BCD; which, therefore, is ambiguous.

If DCA be nat lefs than BC A, or the Sum of
DCA and BC A nor lefs than two right Angles; then
their Sum in the former, and rheir%iﬂ:crence in the
latter Variety fhall give the fingle Value of BCD;
which, then, is not ambiguous.

N. B. If any one will be at the Trouble to make 4
double Calculation for the Side D C, or the Angle
D, as taught in the Remarkson the 925 and 104
Cafes, they will find the feveral Varieties in the
1%, 3d, 5th, and 7¢b, 10 beg as here laid down in
thefe eafy Rules.

The Truth of thefe Rules may be eafily deduced from
the 10th, 132h, 18th, and 22d Prop. of this, and
the 2d, 8¢b, and 132h Examples, following Prop.
30. of this,

In cur third Cafe of oblique-plain Triangles, our Au-
thor fhould have added this :

If AB belefs than BC, the Angle A is ambiguous
otherwife not.
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A SHORT
T REATESE
&:.F T HE
Nature and Arithm.etic
OF

LOGARITHMS.

The PREFACE.

HE Mathematics formerly received confi-
derable Advantagesy firfl, by the Intro-
duttion of the Indian Charaéiers, and af-
terwards by the Invention of Decimal Frattionss
yet pas it fince veaped at leaft as much from the
Invention of Logaritbms, as from both the other
two. The Ule of thefe, every ong knows, is of
the greateft Extent, and runs through all Parts
of Mathematics. By their Means it is that Num-
bers almoft infinite, and fuch as are otherwife im-
prailicable, are managed with Eafe and Expedi-
tion. By their Affiftance the Mariner fteers bis
Ve/fel, the Geometrician inveftigates the Nature of
the bigher Curves, the Aftronomer determines the
Places of the Stars, the Philofopher gecounts fort
4 other
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otber Phanomena of Nature s and lafily, the Ufurer
computes the Intereft of bis Money.

The Subjett of the following Treatife bas been
cultivated by Mathematicians of the fir/t Rank 3
Jome of whom, taking in the whole DoSrine, bave
indeed written learnedly, but fearcely intelligible to
any but Mafters. Otbers, again, accommodating
themfelves to the Apprebenfion of Novices, bave
feleéted out fome of the moft eafy and obvious Pro-
perties of Logarithms, but bave left their Nature
and more intimate Properties untouch’d. My De-
Jign therefore in the following Traét, is to fupply
what feem’d flill wanting, viz. to difcover and
explain the Doilrine of Logarithms, to thofe who
are not yet got beyond the Elements of Algebra
and Geometry.

The wonderful Invention of Logarithms we owe
to the Lord Napier, who was the firft that con-
Sirutied and publifhed a Canon thereof, at Edin-
burgh, in the Year 1614. This was very gra-
cioufly received by all Mathematicians, who were
smmediately fenfible of the extreme Ulefulnefs there-
of. Andtho it is ufual to bave various Nations
contending for the Glory of any notable Invention,

yet Napier is univerfally allowed the Inventor of

Logarithms, and enjoys the whole Honour there-
of without any Rival.

The fame Lord Napier aftertvards invented ane
otber and more commodious Form of Logarithms,
which be communicated to Mr. Henry Briggs,
Profe/for of Geometry at Oxford, who was bereby
witroduced as a Sharer in the completing thereof :
But the Lord Napier dying ,the whole Bufine/s re-
maining, was devolved upon M. Briggs, who,
with prodigions Application, and an uncommon

Dexterity, |
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Desterity, compos’d a Logarithmic Canon, agree-
able to that new Form for the firft twenty Chi-
liads of Numbers, (or mem I %0 20000) and
for eleven other Chiliads, viz. from 9oooo fo
101000.  For all which Numbers be calculated
the Logarithms to fourteen Places of Figures.
Tbis Canon was publifbed at London in the Year
1624,

Adrian Vlatq publifbed again this Canon at
Gouda iz Holland, in the Yzar 1628. with the
antermediate Chiliads before omitted, filled up ac-
cording to Briggs’s Preferiptions; but thefeTables
are not [o ufeful as Briggs’s, becaufe the Loga-
vitoms are continued but to 10 Places of Figures,

M. Briggs alfo bas calculated the Logarithms
of the Sines and Tangents of every Depree, and
the bundredth Parts of Degrees to 15 Places of
Figures 5 and bas fubjoined to them the natural
Sines, Tangents, and Secants, to 15 Places of Fi-

gures. The Logarithms of the Sines and Tangents

are called artificial Sines and Tangents. Thefe
Dables, together with their Conftruftion and U,
were publifb’d after Briggs’s Death, at London,
 the Year 1633, by Henry Gillibrand, and by
bim called Trigonometria Britannica,

Since then there bave been publifbed, in fi-
veral Places, compendious Tables, wherein the
Sines and Tangents, and their Logarithms, confift
of but feven Places of Figures, and wherein
are only the Logarithms of the Numbers from 1 o
100000, Which may be [ufficient for moft Ufes.

The beft Difpofition of thefe Tables, in my Opi-
nion, 15 that firft thought of by Nathanael Roe,
of Suffolk; and with fome Alterations for the

2 betier,
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better, followed by Sherwin in bis Mathematical
Tables, publifhed ai London in 17055 wherein
are the Logaritbms from 1 to 101000, confifi-
ing of feven Places of Figures. To which are fub-
soined the Differences, and proportional Parts, by
means of which may be found eafily the Loga-
vitbins of Numbers to 10000000, objerving at
the fame time, that thefeLogarithms confift only of
feven Places of Figures. Here are alfo the Sines,
Tangents, and Secants, with the Logaritbms and
Differences for every Degree and Minute of the
Quadrant, with fome other Tables of Ule in prac-

ical M athemgtics. -

O.F:
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Nature and Arithmetic

LOGARITHMS.
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Of the ORIGIN and NATURE of
» LOGARITHMS.

- S in Geometry, the Magnitudes of Lines are
often defined by Numbers; {o likewife,on the
other hand, it is fometimes expedient to ex-

- und Numbers by Lines, @iz. by afluming
fome Line which may reprefent Uniry, and the Double
thereof ; the Number 2, the Triple 3, the one half,
the Fraction 4, and fo on. And thus the Genefis an
Prgperties of fome certain Numbers are better con-
ceived, and more clearly confidered, than can be done
by abftra¢t Numbers.

Hence, if any Line 4*be drawn into itfelf, the Quan-
tity «* produced thereby, is not to be raken as one of
two Dimenfions, or asa Geomeirical Square, whole
Side is the Line 4, but as a Line that is a third Pro-

rtional to fome Line taken for Unity, and the Line
2. So likewife, if a2 be multiplied by 2, the Produé:
4%, will not be a Quantity of three Dimenfions, ora
- Geometrical Cube, buta Line that is the fourth Term
~ in a Geometrical Progreflion, whofe firlt T'erm is 1,

a £ - = ] 1
~ and fecond «; for the Terms 1, 4, 4%, a3, a4, 45, ac,

* a?, ¢rc. are in the continual Ratio of 1 to 4. And
- the Indices afhxed to rh;:;' Terms, thew the Place or
3 Di-

2

L 7



328

Of LOGARITHMS.

Diftance rthat every Term is from Unity. For Ex-
atmple, 2* is in the fifth Place from Unity, 46 is the
fixth, or fix times more diftant from Unity than 4, or
&*. which immediately follows Unity.

If, between theTerms 1 and 4, there be put 2 fhean
Proporrional,which is ¥/ 2, the Index of this will be§s
for its Diftance from Unity will be one Half of the
Diftance of 4 from Unity; and fo 2} may be writ-
ten ¢/ 2. And if a mean lz;opﬁrtiunal be put berween
a and a?, the Index thereof will be § or %, for its
Diftance will be fefquialteral of the Diftance « from
Unity. :

If there be two mean Proportionals put between 1
and «; the firft of them is the Cube Root of «, whofe
Index muft be &, for that Term is diftant from Unity
only by a third Part of the Diftance of « from Unity;
and fo the Cube Root muft be expreffed by 43.
Hence, the Index of Unity is o ; for Unity is not ai-
ftant from itlelf. )

The fame Series of Quantities,geometrically propos-
tional, may be both ways continued, as well defcend-
ing towards the left Hand, as afcending towards the

: B T

Right; for the Terms s —=— — — I, 4, 4%
a'y, a*, a’,a% a4,

4%, a*, 2%, ¢re. arc all in the fame Geometrical Pro-

greffion. And fince the Diftance of & from Unity is

towards the right Hand, and pofitive or -1, the

Diftance equal to that on the contrary Side, viz. the
Diftance of the Term i- will be Negative or — 1,
which fhall be the Index of the Term 5’ for which
may be written 2 . So likewife in the Terma

the Index —2 fhews, that that Term ftands in the
fecond Place from Unity towards the Left Hand, and

the Terms s ° and fi are of the fame Value, Alfo

a * is the fame as ;13 For thefe negative Indices

fhew, that the Terms belonging to them, go from
Unit the contrary Way to that by which the Terms,
whole Indices are pofitive, do. Thefe Things premifed,

If
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If on the Line AN, both Ways indefinitely exten-
ded, be wken, AC, CE, EG, G, IL, on the
right Hand ; and alfo AT, TII, ¢ on the left
all equal to one another; and if at the Points, II, T,
A, C, E, G, I, L, be erected to the Right Line AN,
the Perpendiculars 1, Ta, AB, CD, EF, GH,
1K, LM, which let be continually proportional,
and reprefent Numbers, whereof AB is Unity:
The Lines AC, AE, AG, Al, AL—Ar,—All,
refpeively exprefs the Diftances of the Numbers from

nity, or the Place and Order that every Number
obtains in the Series of Geometrical Proportionals,
according as it és diftant from Unity. Sofince AG
is triple of the Right Line AC, the Number GH
thall be in the third Place from Unity, if CD be in
the firft: So likewife fhall LM be in the fifth Place,
fince AL=¢ AC. If the Extremities of the Propor-
tionals, £, 4, B, D, F, H, K, M, be joined by Right
Lines, the Figure =11 LM will become a Polygon
confifting of more or lels Sides, according as there
are more or lefs Terms in the Prc-éreﬂion.

If the Parts AC, CE, EG, GI, I L, be bifelted
in the Points, ¢, e, i, g, J, and there be again raifed
the Perpendicular ¢d, ef, g b, ik, [m, which are mean
Provortionals between AB,CD; CD, EF; EF,GH;
GH,IK; IK, L M; then there will arife a new Series
of Proportionals, whofe Terms, beginning from that
which immediately follows Unity, are double of
thofe in the firft Series, and the Difference of the
Terms are become lefs, and approach nearer to a Ra-
tio of Equality than before. Likewile in this new
Series, the Right Lines AL, AC, exprels the Diftan-
ces of the Terms L M, CD, from Unity ; viz. Since
AL isten times greater than A¢, LM fhall be the
tenth Term of the Series from Unity: And becaule
A e is three times greater than A, ef will be the third
Term of the Series, if ¢4 be the firlt; and there thall
be twa mean Proportionals berween AB and ef ; and
between AB, and L M, there will be nine mean Pro-

ortionals.

And if the Extremites of the Lines B4, Df, Fb,
H, ¢r¢. bejoined by Right Lines, there will be a new
Rolygon made, canfifting of more, but fhorter Sides
than the lait. ' :

Y4 I,
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If, again, the DiftancesA¢, ¢C, Ce, eE, . be
fuppofed to be bifeted, and mean Proportionals be-
tween every two of the Terms, be conceived to be
put at thofe middle Diftances; then there will arife
another Series of Proportionals, containing double
the Number of Terms from Unity than the former
does ; but the Differences of the Terms will be lefs,
and if the Extremities of the Terms be joined, the
Number of the Sides of the Polygon will be augment-
ed according to the Number of Terms; and the Sides
thereof will be lefler, becaufe of the Diminution of
the Diftances of the Terms from each other. Yes

Now, in this new Series, the Diftances AL, AC,
¢re. will determine the Orders or Places of the
Terms; wiz. If AL be five times greater than A C,
and CD be the fourth Term of the Series from Unity,
then LM will be the twentieth Term from Unity.

If in this manner mean Proportionals be continu-
ally placed between every two Terms, the Number
of Terms at laft will be made fo great, as alfo the
Number of the Sides of the Polygon, as to be greater
than any given Number, or to be infinite; and ever
Side of the Polygon fo leffened, 4s to become le
than any given Right Line; and confequently the Po-
lygon will be changed into a curve-lined Figure; for
any curve-lin'd Figure may be conceiv'd as a 130]}?-
gon, whofe Sides are infinitely fmall, and infinite in
Number.

A Curve defcribed after this manner, is called Lo-
garithmical 5 in which, if Numbers be reprefented by
Right Lines (tanding at Right Angles to the Axis A N}:
the Portion of the Axis intercepted between any Num-«
ber and Unity, thews the Place or Order that that
Number obtains in the Series of Geometrical Propor-
tionals, diftant from each other by equal Intervals.
For Example; if AL be five times greater than A C,
and there are a thoufand Terms in continual Propor-
tion from Unity to LM; then will there be two
hundred Terms of the fame Series from Unity to
CD, or CD fhall be the two hundredth Term of the
Series from Uniry; and let the Number of Terms
from AB to . M'be fuppoled whar it will, then the
Number of Terms from AB to €D, will be one
filth Parc of thar Number. .

- The
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The Logarithmical Curve may alfo be conceived
to be defcribed by two Motions, one of which is
equable, and the other accelerated, or retarded, ac-
cording to a given Ratio. For Example, if the Right
Line AB moves uniformly along the Line AN, fo
that the End thereof defcribes equal Spaces in equal
Times; and, in the mean time, the faid Line AB
fo increafes, that the Increments thereof, generated
in e?ual Times, be proportional to the whole in=
creafing Line; thatis, if AB, in going forward to ¢4,
be increafed by the Increment o4, and in an equal
T'ime when it is come to CD, the Increment there-
of is Dp,and Dp to dc is as do is to AB, that is, if
the Increments generated in equal times are a}waés
proportional to %hc Wholes ; or, if the Line AB,
moving the contrary Way, diminithes in a conftant
Ratio, fo that while it goes thro’ the equal Spaces,
the Decrements AB—TA TA, —0=, are Pro-
portionals to AB, TA; then the End of the Line,
increafing or decreafing in the faid manner, defcribes
the Logarithmical Curve: For fince AB : do ::
de:Dp :: DC : fg, it fhall be (by Compolition
of Ratio) as AB: de::de: DC::DC:fe, and
fo on. *

By thefe two Motions, viz. the one equable, and
the other proportionally accelerated or retarded, the
Lord Napier laid down the Origin of Logarithms,
and called the Logarithm of the Sine of any Arc, That
Number which neareft defines a Line that equally in-
creafes, while, in the mean time, the Line expreffing
the whole Sine prapertionally decreafes to that Sine.

It is manifeft from this d::['criptiﬁn of the Logarith-
mic Curve, that all Numbers at equal Diftances are
continually proportional. It isalfo plain, thatif there be
four Numbers A B, C D, 1K, L. M, fuch, that the Dif~
ftance between the firft and fecond be equal to the
Diftance berween the third and the fourth : Let the
Diftance from the fecond to the third be what it will,
thefe Numbers will be proportional. For, becaufe
the Diftances AC,IL, are equal, AB fhall be to the
- Increment Ds, as 1K is to the Increment MT.
" Wherefore (by Compofition) AB: DC:: 1K : ML.
~ And contrariwife, if four Numbers be proportional,
the Diftance between the firft and the {econd mﬁll

; e
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be equal to the Diftance between the third and the
fourth. :

The Diftance between any two Numbers is called
the Logarithm of the Ratio of thofe Numbers, and
indeed doth not meafure the Ratio itfelf, but the Num-
ber of Terms in a given Series of Geometrical Propor-
tionals proceeding from one Number to another, and
defines the Number of equal Ratio’s by the Compofi-

tion whereof the Ratio’s of Numbers are known.

If the Diftance between any two Numbers be dou-
ble to the Diftance between two other Numbers, then
the Rario of the two former Numbers fhall be the
Duplicate of the Ratio of the two latter. For let the
Diftance 1L between the Numbers IK, LM, be
double to the Diftance A¢, between the Numbers
AB, ¢d; and fince IL is bife¢ted in Z, we have A¢
=I/=/L; and the Ratio of IK to/m is equal to
the Ratioof ABto ¢4; and fo the Ratio of 1K to
L M, the Duplicate of the Ratio of 1K to I, (by
Bg. 10. El. 5.) fhall be the Duplicate of the Ratio of
ABtocd '

In like manner, if the Diftance EL be triple of the
Diftance A C, then will the Rartio of EF to L M, be
triplicate of the Ratio of AB to CD: For, becaufe
the Diftance is triple, there fhall be three times more
Proportionals from E F to L. M, than there are Terms
of the fame Ratio from AB to CD; and the Ratio
of EFto LM, asalfoof ABto CD, is compounded
of the equal intermediate Ratio’s ]\F_y Def. 5. ELG.).
And fo the Ratio of EF to LL M, ‘compounded of
three times a greater Number of Ratio’s, fhall be tri-
gicare of the Ratio of ABto CD. So likewife, if the

iftance G L be quadruple of the Diftance A ¢, then
fhall the Rario c:quH to L M, be quadruplicate of
the Ratioof AB to ¢d. 55 g h

The Logarithm of any Number is the Logarithm
of the Ratio of Unity to that Number, or it is the
Diftance between Unity and that Number. And fo
Logarithms exprefs the Power, Place, or Order which
every Number, in a Series of Geometrical Progrefli-
onals, obrains from Unity. For Example, if there be

100c0000 proportional Numbers from Unity to the
Number 10, that is, if the Number 10 be in the
1coocoooth Place from Unity; then it will be fﬂimflf;,

" : by
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by Compurtation, thatin the fame Series from Unity,
to 2, there are 3010300 proportional Terms ; that is,
the Number 2 will ftand in the 3010300t™* Place. In
like manner, from Unity to 3, there will be found
E}r?m:g, proportional Terms, which Number de-

nes the Place of the Number 3. The Numbers
10000000, 3010300, 4771213, thall be the Logarithms
of the Numbers 10, 2, and 3.

If the firft Term of the Series from Unity be called
7, the fecond Term will be y2, the third 3, ¢+c. And
fince the Number 10 is the 10,000,000 Term of the
Series, then will y*°°°°°°°=10. Alfo y?°!°3%%°==2,
Alfo y#7713%3=23. and {o on. '

herefore all Numbers fhall be fome Powers of
that Number which is the firft from Unity; and the
Indicesof the Powers are the Logarithms of the Num-
bers.

Since Logarithms are the Diftances of Numbers
from Unity, as has been thewn, the Logarithm of
Unity fhall be o; for Uni[d{ is not diftant from itfelf,
but the Logarithms of Fractions are negative, or de-
fcending below nothing ; for they go on the contrary
Way. And fo if Numbers increafing proportionally
from Unity, have pofitive Logarithms, or {uch as are
affeCted with the Sine -}~ then Fractions or Num-
bers in like manner decreafing, will have negative Lo-
garithms, or fuch as are affeted with the Sign—;
which is true when rithms are confidered as the
Diftances of Numbers from Unity.

But if Logarithms take their Beginning not from an
integral Unit, but from a Unit that is in {fome Place
of decimal Fractions ; l[-'%r Eé}{ample, from Eh& lft':'aftior;

=sssssrses s thenall Fradtions greater than this, wil

ave pofitive Logarithms; and thofe that are lefs, will
have negative Logarithms. Butmore fhall be faid of
this hereafter. 1 #

Since in the Numbers continually proportional,
DC,EF, GH, IK, ¢&«. the Diftances CE, EG,
G, &c. are equal, the Logarithms AC, AE, AG,
AL ¢vc. of thofe Numbers, fhall be equidifterent, or
the Differences of them fhall be equal: And fo the
Logarithms of proportional Numbers are all in an
Arithmetical Progreffion; and from hence proceeds
that common Definition of Logarithms, that L?]ga-

e rithms
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rithms are Numbers which, being adjoined to Propor-
tions, have equal Differences.

In the firft Kind of Logarithms that Napier pub-
lithed, the firft Term of the continudl Proportionals
was placed only fo far diftant from Unity, as that
Term exceeded Unity. For Example, if vz bethe
firlt Term of the Series from Unity AB, the Loga-
rithm thereof, or the Diftance A#», or By, was, ac-
cording to him, equal to vy, or the Increment of the
Number above Unity. As fuppofe v# be 1,0000001
he placed o,0000001 for ifs Logarithm A#; an
from hence, by Computation, the Number 10 fhall
be the 23025850™ Term of the Series, which Num-
ber therefore is the Logarithm of 10 m this Form of
Logarithms, and exprefles its Diftance from Unity in
fuch Parts whereof vy or A# isone. .

But this Pofition is intirely at Pleafure ; for the
Diftance of the firft T'erm may have any given Ratio
to the Excefs thereof above Unity, and according to
that various Ratio, (which may be fuppofed at Plea-
fure) thar is between vy and By, the Increment of
the firft Term above Unity, and ‘the Diftance of the
fame from Unity, there will be produced different
Forms of Logarithms. '

This firft Kind of Logarithms was afterwards
changed by Napier, into another more convenient one,
wherein he put the Number 10 not as the 23025850
Term of the Series, but the 1000,0000t"; and in this
Form of Logarithms, the firft Increment vy fhall be
to the Diftance By, or A#, as Unity, or AB, iste
the Decimal Fra&ion 0,4342994, which therefore ex-
prefles the Length of the Subtangent AT, Fig. 4.

After Napier's Death, the excellent Mr. HenryBriggs,
by great Pains, made and publifhed Tables of Loga-
rithms according to this Form. Now fince in thefe
Tables the Logarithm of 10, or the Diftance thereof
from Uniry, is 1,0000000, and 1, 1o, 100, 1000,
10000, ¢r¢. are continual Proportionals, they fhall be
equidiftant, Wherefore the Logarithm of the Num-
ber 100 fhall be 2,0000000; of 1000, 3,0000000;
and the Logarithm of 10000 fhall be 400000003
and fo on. N

Hence the Logarithms of all Numbers betiyeen t
and 10, muft begin with ¢, or o muft fland in glme
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firft Place to the left Hand; for they are leffer than
the Logarithm of the Number 10, whofe Begining
is Unity; and rhe Logarithms of the Numbers be-
tween 10 and 100 begin with Unity; for they are
greater than 1,0000000, and lefs than 2,0000000.
Alfo the Logarithms berween 1oo and 1000, begin
with 2; for they are greater than the Logarithm of
100, which begins with 2, and lefs than the Loga-
rithm of 1000, that begins with 3. In the fame man-
ner it is demonftrated, chat the firlt Figure to the left
Hand of the Logarithms between 1000 and 1oocco
muft be 3; and the firft Figure to the left Hand of
the Logarithms between 10000 and 100000, will be
4; and fo on. .

The firft Ficure of every Logarithm to the left
Hand, is called the Characteriftic or Index, becaufe
it fhews the higheft or moft remote Place of the Num-
ber from the Place of Units. For Example, if the
Index of 2 Logarithm be 1, then the higheft or moft
remote Place from Unity of the correfpondent Num-
ber to the left Hand; will be the Place of Tens. If
the Index be 2, the moft remote Figure of the corre-
{pondent Number fhall be in the fecond Place from
Unity ; that is, it fhall be in the Place of Hundredths ;
and if the Index of a Logarithm be 3, the laft Figure
of the Number an{werinE to it, fhall be in the Place
of Thoufandths. The Logarithms of all Numbers
that are in decuple or fubdecuple Progreffion, only
differ in their Chara&teriftics, or Indices, they being
written in all other Places with the fame Figures. For
Example, the Logarithms of the Numbers 17, 170,
1700, 17000, are the fame, unlefs in their Indices; for
fince 1 isto 17, as Yo to 170, and a5 100 to 1700,
and as 1000 to 17000; therefore the Diftances be-
tween I and 17, berween 10and 170, between 100
and 1700, and between 1c00 and 17000, fhall be all
equal. Andfo, fince the Diftance between 1 and 17,
or the Logarithm of the Number 17, is 1. 2304489,
the Logarithm of theNumber 170 will be=z.:zgo4.1.39,
and the Logarithm of the Number 1700 fhall be
3.2304489, becaufe the Logarithm of thc Number
100==2.0000000. In like manner, fince the Loga-
rithm of the Number 1oco==3. 0000000, the Loga-
rithm of the Number 17000 fhall 4.2304489.

33§
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So alfo the Numbers, 6748. 674, 8. 67, 48. 6, 748.
o, 6748. 0,06748, are continual Proportionals in the
Ratio of 10 t0 1 ; and fo
their Diftances from each 6748 13,820917s51

other fhall beequal tothe 6 7 4,8 2,8291751
Diftance or Logarithm of 6 7,4 8] 1,8291751
the Number 10, orequal 6,7 4 8] 0,8291751

to 1,0000000.And fo,fince 0,6 7 4 8[—1,8292751
theLogarithmofthe Num- 0,06 7 4 8—2,829175%
ber6748 is 3,8291751, the

Logarithms of the other Numbers fhall be as in the
Margin ; where you may obferve, that the Indices of
the laft two Logarithms are only negative, and the
other Figures pofitive; and fo, when thofe other Fi-
gures are to be added, the Indices muft be fubtracted,
and contrariwife.

C HA B3I

Of the Arithmetic of Logarithms in
whole Numbers, ar whole Numbers
adjoined to ‘Decimal Frattions. Fig. 2.

Ecaufe, in Multiplication, Unity is to the Multi-
B plier, asthe Multiplicand is to the Produé, the
Diftance betweenUnity and theMultiplier, (hall
be equal to the Diftance between the Multiplicand and
the Ic’lrodué]:. If therefore the Number G H beto bz
multiplied by the Number E F, the Diftance between
GH and the Produ&t muft be equal to the Diftance
AE, or to the Logarithm of the Multiplier; and fo,
if G L be taken equal to AE, the Number L. M (hall
be the Produdt; ﬂur is, if the Logarithm of the Mul-
tiplicand A G be added to the Logarithm of the Mul-
tiplier AE, the Sum fhall be the Logarithm of the
Product.

In Divifion, the Divifor is to Unity, as the Divi-
dend is to the Quotient; and fo the Diftance between
the Divifor and Unity fhall be equal to the Diftance
between the Dividend and the Quotient. So if LM
be to be divided by EF, the Diftance EA fhall be
equal to the Diftance between L M and the Quotient &

an
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and fo, if LG be taken equal to E A, the Quotient
will be at G; thatis, if from AL, the Logarithm of
the Dividend, be raken GL, or AE, theolg:)garithm
of the Divifor, there will remiain A G, the Logarithm
of the Quotient.

And from hence it appears, that whatfoever O
rations in common Arithmetic are performed by
multiplying or dividing of great Numbers, may be
much eafier, and more expediently, done by the Ad-
dition or Subtraction of Logarithms.

For Example, Letthe Number 7589 be to be mul-
tiplied by 6757. Now if the Lo-
garithms of thofe Numbers be Log. 3. 8801846
added together, as in the Mar%‘in, Log. 3. 8297539
their Sum will be the Logarithm Log 7. 7099385
of the Produét, whofe Index 7
{hews, that there are feven Places of Figures, befides
Unity, in the Produ&; and in feeking this Loga-
rithm in T'ables, or the neareft equal to it, | find that the
Number anfwering thereto, which is lefTer than the
Produ, is 512780003 and the Number greater than
the Product is §1279000 ; and if the adjoined Differ-
ences, and proportional Parts, be taken, the Numbers
that muft besadded to the Place of Hundredsand Tens
in the Produdt are 87 ; and that which muft be added
in the Place of Unity, will neceflarily be 3, fince
{even times Fﬁa; and fo the true Prodult fhall
be §1278873. If the Index of the Logarithm had been
8 or g, then the Numbers to be added in the Place of
Hundredrths or Tenths could nor be had from thofe
Tables of Logarithms which confift but of 7 Places of
Figures, befides the Characteriftic; and foin this Cafe
the Vfafuim; or Briegian Tables fhould be ufed; in
the former of which, the Logarithms are all to ten
Places of Figures, and in the latter to fourteen.

If the Number 78956 be to be
divided by 278, by fubtractingthe Log. 4. 8954004
Logarithm of the Divifor trom Log. 2. 4440448
the Logarithm of the Dividend, Log. 2. 4513556
the Logarithm of the Quotient
will be had. And to this Logarithm, the Number 282,
719 an{wers; which therefore fhal] be the Quotient.

%ecaufc Unity, any aflumed Number, the Square
thercof, the Cube, the Biguadrate, ¢r. are all Cm]ai

tinu
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tinual Proportionals, their Diftances from each other
fhall be equal to, one another. And fo it is manifeft,
that the Diltance of the Square from Unity, is double
of the Diftance of its Root from the {fame: Alfo the
Diftance of the Cube is triple of the Diftance of its
Root ; and the Diftance of the Biquadrate, is quadru-
ple of the Diftance of its Root from Unity, ¢¢. And
{o, if the Logarithm of any Number be doubled, we
fhall have the Logarithm of its Square ; if it be tripled,
we fhall have the Logarithm of its Cube ; and if itbe
quadrupled, the Logarithm of its Bic%admte. And
contrariwife, if the Logarithm of any Number be bi-
fected, we fhall have the Logarithm of the fquare Root
thereof : Moreover, a third Part of the faid Loga-
rithm will be the Logarithm of the Cube Root of the
Number ; and a fourth Part, the Logarithm of the Bi-
quadrateﬁ.nutof that Number.

Hence, the Extractions of all Roots are eafily per-
formed, by dividing a Logarithm into as many
Parts as there are Units in the Index of the Power.
So if you want the Square Roor of 5, the half of
0,6989700 muft be taken, and then that halfo.3494850
will be the Logarithm of the Square Root ﬂ? 5, or
the Logarithm of ¥/ §, to which the Number 2.23606
nearly anfwers.

CH T I

Of the Arithmetic of Logarithms, whess
the Numbers are Fractions. Fig. 3.

H EN Frattions areto be worked by Loga-

rithms, it is neceflary, for avoiding theTrou-

ble of adding one Part of a Logarithm, and
fubtrating the other, that Logarithms do not begin
from an integral Unit, but from fome Unit that is the
tenth or hundredrh Place of Decimal Fraé&ions: For
Example, let P O be —=s5=5sw555, and from this .
let the Logarithm begin. Now this Fradtion is
ten times more diftanr from Unity o the left Hand,
than the Number 10 is diftant therefrom to the right;
for there are 10 proportional Terms in the Ratio of
toto1, from Unity to PO. And fo,if ABbe Unith}*:-
the
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the Logarithm thereof, according to this Suppofition,
will nucﬁ be o, but OA will be==10.0000000; for
the Diftance of any Tenth from Unity is 1.0000000
whence the Diftance of the Number 10 from P O will
be 11.0000000. Alfo the Diftance of the Number
100 from P O, or its Logarithm, beginning from P O,
fhall be 12.0000000 ; and the Logarithm of 1000, or
the Diftance from P é, will be 13.0000000. And thus,
the Indices of all Logarithms are augmented by the
Number 10, and thofe Fractions whofe Indices are
“—1, Or =2, Or —3,¢%¢. are now made 9, 8, or 7,¢%c.

But if Lo%githms begin from the Place of a Frac-
tion, whofe Numerator is Unity, and Denominator
Unity with 100Cyphers added to it, (which they muft
do when Fracions occur that are lefs than PO) then
that Fraétion will be 100 times more diftant from
Unity, than 10 is diftant from it; and fo the Loga-
rithm of Unity will have 100 for the Index thereof.
And the Logarithm of any Tens will bave 101 for the
Index, that of any Hundreds 102, and fo on; all the
Indices being augmented by the Number 100,

The Logarithms of all Fractions that are greater
than PO (whereat they begin) will be pofitive. And
fince the Numbers 10, I, 35, 133, 1595, @ are in
a continued Geometrical Progreflion, thzy will be
equally diftant from each other; and accordingly their
Logarithms will be equidifferent: And fo, when the
Logarithm of 10 is I1.0000000, and the :Lﬂgarithm
of Unity is 10.0000000, and the Logarithm of the
Fradtion & will be 9.0000000, and the Logarithm
of the Fraction %= will be 8.00000c0; and in like
manner, the Index of the Logarithm of 15ss will
be 7. Alfo for the fame Reafon, if the [ndex of the

arithm of Unity be 100, and of 10 be 101, rhen
will the Index of the Logarithm of the Fraction 7% be
99, and the Index of the Logarithm of 35 will be 98,
and the Index of the Logarithm of the Fraltion 4555
fhall be 97, &¢. And thefe Indices thew in what Place
from Unity, the firft Figure of the Fraction, not be-
ing a Cypher, muft be put. Fpr Example, if the Inde;t
be 4, the Diftance thereof from the Index of Uni-
ty, (which is 10) wiz. 6, fhews that the firlt Significa-
tive Figure of the Decimal, is in the fixth Place from

Unity; and therefore five Cyphersare to be prefixed
L thereto
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thereto towards the left Hand. So alfo, if the Index
of Unity be oo, and the Index of the Fraction be 8o
the firft Figure thereof fhall be in the 20th Place from
Unity, and 19 Cyphers are to be prefixed thereto.

Now, let it be required to multiply the Fraction
G H by the Fraction DC. Becaufe Unity is to the
Multiplier, as the Multiplicand is to the Product; the
Diftance between Unity and the Multiplier fhall be
equal to the Diftance between the Multiplicand and the
Produ&. Therefore, if there be taken GI=AC
the Product IK fhall be at I. And accordingly, i
from O G, the Logarithm of the Multiplicand, there
be raken Gl or AC: there will remain O1, the Loga-
rithm of the Produét. But AC=0A— O C, which
taken from OG, there will remain OG 40 C—
O A==01; that 1s; if the Logarithm of the Multiplier
and Multiplicand be added together, and from the
Sum be taken the Logarithm of Unity, (which is
always expre(fed by 10 or 1oo with Cyphers) the Lo=

arithm of the Produét will be bad. For Example
Fet the Decimal Fration 0,00734 be to be multipli
by the Fraction 0,000876. Set down 100 for the
Index of the Logarithm of Unity, and then the Lo-
garithms of the Fraftions will be as in the Margin;
which being added together, and the
Logarithm of Unity being taken away 97, 8656961
from the Sum, the Remainder is the 06, 9425041
Logariihm of the Product, whofe In- |
dex 94 thews,that the firft Figure of the
Product is in the fixth Place from Unity ; and fo there
muft be five Cyphers prefixed, and then the Product
will be, 00000642984.

In Divifion, the Divifor is to Unity, as the Divi-
dend is to the Quotient;, and {o the Diftance between
the Divifor and Unity fhall be equal to the Diftance
berween the Dividend and the Quotient. And fo, if
the Fraction [ K be to be divided by DC, you muft
take [G=CA, and the Place of the Quotient {hall
be G. But CA=0A—OC, which being added
to Ol, we have OA4-OI—=0C=0G; thatis,
if the Logarithm of Unity be added to the Logarithm
of the Dividend, and from the Sum be taken the Lo-
garithm of the Divifor, there will remain the Loga-
rithm of the Quotient ; fo if the Number CD be to

; be

y4. 3082002
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be divided by IK, you muft take the Diftance CS=
IA, and then ST will be the Quotient, whofe Loga-
rihm s OA4-OC—OI LetCD==0.2347, [K
=f=ci.-:]m4.;-8_ 'lI'he:n add tll;e agthm
of Unity to the arithm of CD; 19. 54032
that is, put 1 or Il_g%)eﬂ:lrc the Index ?} éﬁgizg;
thereﬂ%, and from that fubtraét the Lo- 1T 8609016
ithm of the Divifor, and the Remain-

er will be the Logarithm of the Quotient, whofe In-
dex 11. thews, that the Quotient is between the Num-
bers 10 and 100, and I feek the Number an{wering
the Logarithm, which I find to be 72, 542. If the
Logarithm of a Vulgar Fraction, for Example, %, be
required, the LoEzrichm of Unity muft
be added to the Logarithm of the Nu- 10. 8450980
merator 7; or,which isall one,youmuft 0. 9o3ogoo
put 10 or 100 before the Index thereof, 9. 9420080
and fubduct from it the Logarithm of
the Denominator 8, and there will remain the Loga-
risthm of the Vulgar Frattion §, or the Decimal
375.

If the Powers of any Fra&tion D C be required, you
muft affume EC, EG, GI, IL, each equal to AC;
and then EF will be the Square, G H the Cube, and
IK the Biquadrate of the Number DC; for they are
continually proportional from Unity. Befides, A E=
2AC=2A0—20C; whence OE=0A—AE
=20C—0A; thatis, the Logarithm of the Square
is the Double of the Logarithm of the Root, lefs the
Logarithm of Unity. In like manner, fince AG =
3AC=30 A—-%O C, we (hall have OG=0 A—
AG=30C—20 A ==the Logarithm of the Cube
== triple the Logarithm of the Root, — the Double
of the Logarithm of Unity. For the fame Reafon,
becaufe ﬁ%:q. AC=40A—410C, we have O]
=40C—30A, which is the Logarithm of the Bi-
quadrate. And univerfally, if the Power of a Frac-
tion be #, and the Logarithm L, then fhall the Loga-
rithm of the Power »=#2L—2O A4 OA; thatis,
if the Logarithm of a Fraction be multiplied by », and
from the Product be taken the Logarithm of Unity,
multiplied by »==1, the Logarithm of the Power »
of that Fraction will be had.

Z 2 , For
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For Example, if itis required to find the 6th Power
of the Fraéion #;==, o5 the Logarithm of this Frac-
tion is 8.6989700, which béing multiplied by 6, gives
the Number 52. 19382003 and if from §2 the Num-
ber 50, which is the Index of the Lcﬁgarithm of Unity
drawn into 5, be taken away, the Remainder will be
the Logarithm of the 6th Power, viz. 2.1938200, to
which the Number ,oc00co0 15625 anfwers. For
the Index 2 fhews, that 7 Cyphers muft be put before
the firft Figure.

If the 8th Power of the Fralion ,05 be required,
by multplying the Logarithm by 8, there will be
produced 69.5917600; and fince 70, which is feven
times the Index of the Logarithm of Unity, cannot be
taken from 69, unlefs we run into negative Numbers
the Index of the Logarithm of Unit}:muﬂ: be fuppﬁl‘eJ

osarithm of the
Fration will be 8. Now this Lc:garil%m; drawn into
8, gives 789. 59176003 and if 700, which is 7 times
the Index of the Logarithm of Unity, be taken from
<89, there will remain 89.5917600, the Logarithm
of the 8cth Power of the Fraétion +5, whofe correfpon-
dentNumber is ;0000000000 39062 : For fince the In-
dex is 89, and the Difference thereof from 100 s 11 ;
the firft tignificative F%ure of the Fraction fhall be in
the 11th Place from Unity; and fo there muft be
10 Cyphers placed before it.

If the Roots of the Powers of Fractions be defired,
for Example, the Square Root of the Fraction EF, be~
caufe the Root is 2 mean Proportional between the
Fraction and Unity, you muft bifect AE in C, and
then CD will be the Square Root of the Fraction EF.

But AC=={AE= &:P_E; and fo "the Logs-

OA--OE

rithm of the Root=0 A—A C= . And

2
if the Cube Root of the Fra&ion G H be fought, this

fhall be the firft of two mean Proportionals between
Unity and GH; and fo, if AG be divided into three
equal Parts, the firft of which is AC, then CD fhall
be the Root fought, and becaufe AC=1AG=

OA—0G :
; if this be taken from O A, there will

remain
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remain 20RO G:-_O C=Logarithm of the Cube

Root of the 3Ft'su“:’i:it:ln GH. So likewife the biqua-
drate Root of the Fra&tion [K will be had, by di-
viding AT into four equal Parts; for the Roor is the
firt of three mean Proportionals between Uniry
and the Fradion; and confequently, if AC=%
A1, then will CD be the biquadrare Roor of the

A :
Fra&tionIK, ButiAl= -—'{'1“—-{:—}-!-J andfo OC=

oA oA A FOL

4

And univerfally, if the Root of any Power # of the
Fra&ion L M be required, the Lﬂg[al':[thm of the Root
OA—OA-4-OL

thereof will be -

7

Number #—1 be prefix'd to the Index of the Loga-
rithm, and the Logarithm thus augmented be divided
by #, the Quotient will give the Logarithm of the
Root fought. Soif the Cube Root of the Frattion { or
.§ be fought, you muft place 2=»—1 (fince the Cube
Root is required) before the Logarithm thereof, and
there will be had 29,6989700, a third Part of which is
9,3996566, which is equal to the Logarithm of the
Cube Root of the Fraction }, and theNumber »7937,
anfwering to this Logarithm, is the Root fought.

; that is, if the

G HAR I
Of the Rule of Proportion by Loga-

rithms.

THE Rule of Proportion thews how, by having

three Numbers given, a fourthProportional to

them may be found;viz. il the {fecond and third

Terms be multiplied by one another, and the Product
divided by the firlt Term, then will the Quotient be the
fourth proportional Term fought. Bur this fourthTerm
is much eafier found by Logarithms; for if the Loga-
rithm of the firft Term be taken from the Sum of the
Logarithms of the fecond and third Term, the Num-
: Loy ber
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ber remaining will be the Logarithm of the fourth
fought. {36

(%r this may be done fomething eafier yet, if inftead
of the Logarithm of the firft Term be taken its Com-
plement Arithmetical, or the Difference of that Lo-
garithm, and the Number 10. 0000000, Which is
done by fetting down the Difference between each
Figure of the Logarithm, and the Figure g; for then, if
that ArithmeticaFCompIemem be added to the Sum
of the other two Logarithms, and if Unity, which is.
the firft Figure to the left Hand, be taken from the
Sum, the E]emaindtr will be the Logarithm of the
fourth Term fought ; and fo by this Way, Logarithms
of the fourth T'erm are found by only one Addition of
three Numbers. The Reafon of this will be manife(t
from hence: Let there be three Numbers A, B, C,
from which the firft is to be taken from the Sum of the
fecond and third. Now this may not only be done
by the common Way, but likewife, if there be any
other third Number E taken, and from this there be
taken A, there will remain E—A, and if the Num-
bers B, C, and E—A be all added together, and from
their Sum be taken E, there will remain ﬁ-[-c-A.
So, if the Number 15 be to be taken from 23,
take the Complement of the Number 15 to 100, 85
which is 85, and add thisNumberto 23, and 23
the Sum will be 108, from which 100 being 103
taken, there remains the Number 8.

Hence follow fome Trigonometrical Examples of
the Rule of Proportion folv’d by Logarithms.

Let ABC be a Right-angled T'riangle, wherein are
given, the Angle A 36 Degrees 46, the Angle B 98
Degrees 32', and the Side BC 3478, the Side AC is
required. Say (by Cafe 1. of plain Trig) asthe Sine
of the Angle A is
to the Sine of the  Arith. Comp. S, A.  0.2228933

AngleB,foisBC Log. Sin. B. 9.9951656
to AC. And be- Log.BC. 3.9413296
caufe the Loga- Log. AC. %X3.7593890

rithm Sine of the

ﬁn%_l:gﬁ is the firft Term of the Analogy, I fubftitute

its Complement Arithmetical for the fame, and add

the Lt_::farithm of BC, the Logarithm of é, B, and

the fai Cﬂmplemﬂnt, all three together, aﬂddﬂjf’&
nity,
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Unity, which is in the firft Place to the left Hand;
and then the Logarithm of the Side AC will be given
and the Number anfwering thereto is §706,306 equa
to the Side fought AC.

Let there be a {pherical Trianglﬂ ABC, in which
are given all the Sides, wiz. BC= 30 Degrees,
AB=124 Degrees 4/, and AC==42 Degrees 8, the
- Angle B is required. Let BA be produced to M, fo
that BM=B C; then will AM, the Difference of the
Sides BC, BA, be equal to § Degrees 56’. Now
(by Cafe 11. in oblique-angled fpherical Triangles)
fay, As the Rectangle under the Sines of the Legs, is
to the Square of Radius, fo is the Rectangle under the

Sines of theArcsHC—tAM, A i N to the

b
Square of the Sine of one half the Angle B.

AM —
But AC_’; =z4.Degreesz":.and&C 4L

— 18 Degrees 6'; and becaufe the firft Term of the
Analogy is the Rectangle under the Sines of AB, BC,
and fecond Term is the Square of Radius, the Sum
of the Logarithm Sine of A %, B C, muft be taken from
double the Loparithm of Radius, and what remains
muft be added to the Sum of the Logarithm S, of

ACHAM _ AC—AM

; which is the fame asif

2 2

the Logarithm Sines of each of the Arcs AB, BC,
. were {ub-

Log. S, BC Comp. Arith. ©.3010299 tracted from

Lﬂg. S, AB Com& Arith. 0339335+ thﬂ L,Og_ of

AC + A s 1
Log.S, : 9.6098803 Eidé“c‘;;] ?; c‘f
AC—AM ments Arith-
Log. S, % 94923083 meical  of
——— . thele Sings
2 Log. S, Angle B. 19.7930549 0 =

the Complements and the faid Sines be all added toge-
ther, then fhall the Sum be the Lc?rithm of the
Square of the Sine of half the Angle B. And {o the
Half of the Logarithm 9.8965274 is the Logarichm
Sine of half the Angle B==§1 Degrees 59’ 56", and
the Double of this Angle {hall be 103 ees 59
52" ==B, which was R

. 4 CHAP,
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CH-APr =Y.

Of the continual Increments of propor-
tional Quantities, and how to find by
Logarithms, any Term in a Series of
Proportionals, either increafing or de-

creafing. Fig. 3.

F any-where in the Axis of the Logarithmetical
Curve, there be taken any Number of equal Parts
SV, VY, YQ, ¢bc. and at the Points S, V, Y,

Q. ¢>c. be raifed the Perpendiculars ST, VX, Y Z,
QI1, ¢ic. then from the I\?ature of the Curve fhall all
thefe Perpendiculars be continually proportional ; and
therefore alfo the continual Increments X x, Z z, 7
fhall be proportional to their Wholes: For fince ST
VH::VX:YZ:;YZ; QII, it {hall be (‘EE'Diviﬁ-
on of Proportion) ST : Xx:VX:Zz:: YZI7;
and (by Compolition of Proportion) VX: X x: Y Z:
Zz::QII:1Iw. Hence, if X x be any Part of any
Right Line ST, then will Z z be the fame Part of the
Right Line VX, and alfo ITa the fame Part of the .
Right Line YZ. For Example; if Xx be the 7§
Partof ST, then will Z z2=4z V X, and T 7=35 Y L
or, which comes to the fame, we fhall have VX =
STH ST, YZ=VX4+4i:VX. AlfoQll=
YZ435YZ.

Now make, as ST isto VX, fo is Unity AB ro
NR; then fhall AN=SV; and fo each of the
Right Lines SV, VY, YQ, ¢v. fhall be equal to
the Logarithm of RN'; and AV, the Logarithm of

~ the Term V X, fhall be equal to AS}H-A N= Loga-

rithm of ST 4 Logarithm of NR.  Alfo AY, the
Logarithm of the Term Y 7, fhall be equal to AS -~
2 AN = Logarithm ST -}-2 Logarithm NR ; and
A Q. the Logarithm of theTerm QII, fhall be equal to
AS-3 AN == Logarithm ST 43 iogarithm NR.
And univerfally, if the Logarithm of the Number NR
be mulriplied by a Number exprefling the Diftance
of any Term from the firft, and the Product be added

1o
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to the Logarithm of the firft Term, then will the
Logarithm of that T'erm be had: But if a Series of
Proportionals be decreafing, that is, if the Terms
diminifh in a continual Ratio, and QIT be the firft
Term ; then the Logarithm of any other will be had,
in multiplying the Logarithm of the Number NR,
by a Number that exprefies the Diftance of its Term
from the firft, and fubtracting the Product from the
Logarithm of the firft. And if the faid Product be
greater than the Logarithm of the firft Term, then
the Logarithms muft begin from a Unit in {fome Place
of Decimal Fractions, as from OP, and then the Lo~
garithm of the Number QU will be O Q.

Now, lec L M reprefent any Mnnei', or Sum of
Money, put out to Intereft, {o that the [ntereft there-
of be accounted bur at the End of every Year, and
let K £ be the Gain or Intereft thereof ar the End of
the firft Year ; then will IK be the Sum of the In-
tereft and Princiﬁal. And again, IK becoming the
Principal at the End of the firft Year, H b, which is
guportiunal to I K, or in a conftant Ratio, will be the

4in at the End of the fecond Year; and fo HG, at
the End of the fecond Year, will become the Princi-
pal; and at the End of the third Year ¥ f, proportional
10 6[—1, will be the Gain, Now, let us {fuppole the
Principal be augmented every Year 2o Part thereof, {o
that IK=LM- & LM, GA=IK 4 4 IK,
EF—GH- 4 GH, and foon. And accordingly
the Terms L M, [K, GH,EF, ve. continual Pro-

rtionals, it is required to find the Amount of the
ﬁnney ar the End of any Number of Y ears.

Let L M be a Farthing, Becaufe L Mis to IK as
110 14 4%, oras1to 1.05. as AB is to N R, then
will N R=1.05, whole Logarithm AN is 0.0211893,
or more accurarely 0.0211892991, it is required to
find the Amount of a Farthing put our at compound
Intereft, at the End of oo Years. Multiply AN by
600, and the Product will be 12.7135794, and to this
Product add the Lu%grithm of the Fraction 555. wiz.
97.0177288, (for a Farthing is 960 Part of a Pound )
and the Sum 109.7313082 fhall be the Logarithm of
the Number fought ; and fince the Index 109 exceeds
the Index of Unity by 9, there fhall be nine Places
of Figures above Unity in the correfpondent INum-

ber;
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ber; and that Number, being foughtin the Tables,
will be found greater than §386500000, and lefs
than 53866000c0. And therefore a Farthing put out
at Intereft upon Intereft, at § per Cens. per Annum,
at the End of 600 Years will amount to above
§386500000 Pounds ; which Sum could hardly be
made up by all the Gold and Silver that has been du
out of the Bowels of the Earth from the Beginning
the World to this Time. ' '

Let QIT expound any Sum of Meney due to fome
Perfon at the End of a full Year. Now itis certain,
that if the Debtor fhould an down prefent the whole
Sum of Money, he would lofe the yearly Ufury or In-
tereft that his Money would gain him ; and fo a leffer
Sum, beinghput out to Intereft, will at the End of one
Year,together with the Intereft thereof, be equal to the
Sum of Money QY. Now this prefent Sum of Money,
which, together with the reft thereof, is equal to :ge
Sum of Monchqn, is called the prefent Worth of the
Money QIT. Let AN be the Logarithm of the Ratia

which the Principal has to the Sum of the Principaland’

Intereft, that is, if the Principal be twenty times the
early Intereft, let AN be the Logarithm of the Num-
r1-:% or 1. 05, and take QY equal to AN
then will AY be the Logarithm of the prelent Worth
of the Money QII. For it is manifeft, that the Mo-
ney Y Z put out to Intereft, will ar the End of one
Year amount to the Money QI1; and {o to have the
Logarithm of the prefent Worth thereof, or Y Z,
the Logarithm AN muft be taken from the Loga-
rithm A Q, and there will remain the Logarithm AY
of the prelent Worth, or Y Z.. But if theSum QI
be not due till the End of two Years, then the LoEa-.
rithm 2 AN muft be fubtracted from the Logarithm
AQ, and there will remain AV, the Logarithm of
the prefent Worth, or of the Sum that muft be paid
down prefent for the Money Q1 due at the End of
two Years. Forit is manifeft, that the Money V X
being put out to Intereft, will, at the End of two
Years, amount to the Sum of Money Q¥1. By the
fame Reafon, if the Sum QI be not due until the
End of three Years, the Logarithm 3 AN muft be fub-
tracted from the Logarithm of QITand the Remainder
AS fhall be the Logarithm of the Number ST;.S 9{5
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ST fhall be the prefent Worth of the Sum QIT due
at the three Years End. And univerfally, if the Lo-
garithm AN be multiplied by the Number of Years,
at the End of which the Sum QIT is due, and the
Number produced be taken from the Logarithm A Q,
then will the Logarithm of the prefent Worth of the
Sum QII be had. And from hence it is manifeft, if
Egﬂﬁgamou Pounds be due to fome Society ar the
nd of 6oo Years, then would the prefent €rVV0rth of
that vaft Sum of Money be fcarcely a Farthing, - M
If the proportional Right Line HG, EF, AB,CD,
Fig. 4. are Ordinates to the Axis of the Logarithmical
Curve, and if their Ends F H, D B, be joined by Right
Lines, which, produced, meet the Axis in the Points
~ Pand K, then the Right Lines G P, A K, will be always
ual. For fince GH: EF:: AB: CD,it will be as
H:Fs::AB: DR. Butbecaufeof the equiangular
Triangles PG H,HsF, asalfo KAB,BR D,Weﬁvc
PG:Hs:: (Gﬁ:F:::AB »DR::) KA : BR.
And fince the Confequents Hs, BR, are equal, the An-
tecedents P G, K A, {hall be alfo equal. . W.D.
If the Right Lines CD, EF, equallyaccede to AB,
G H, {o that the Point D at laft may coincide with B,
and the Point F with H, then the Right Lines DBK,
F H P, which did cut the Curve before, will be changed
into the Tangents BT, HV. And the Right Lines
AT, GV, will be always equal to each other; that
is, the Portion of the Axis AT, or GV, intercepted
between the Ordinate and the Tangent, which is
called the Subtangent, will every-where be a conftant
and given Length. And this is one of the chief Pro-
rties of the Logarithmical Curve; for the different
pecies or Forms of thofe Curves are determined by
the Subtangents.
* The Logarithms, or the Diftances from Unity of
the fame Number, in two Logarithmical Curves of
different Species, will be proportional to the Subtan-
gents of theirCurves. Forlee HBD,SNY, Fig. 4,5.
be Curves, whofe Subtangents are AT, ME’C, and let
AB=MN=Unity; alfo DC=QY; then fhall
AC the Logarithm of the Number C D, in the Loga-
rithmical C%lawc HD, beto M Q, the Logarithm of
the Number QY, (or of the faid CD) in the Curve
SY, as the Subtangent AT is to the Suhmi%e}?
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MX. For let there be {uppofed an infinite Numbet
of mean goporticmal Terms between AB, CD, or
NM, QY, in the Ratio of AB to b, or MN to
mn; and fince AB=MN, then will 2bz==ma=, as
alfo bc=wno, And becaufe the Number of propor-
tional Terms in each Figure are e%al, they do divide
the Lines AC, MQ, into equal Numbers of Parts,
the firft of which A 2, M, and {o the faid Parts fhall
be Xrnportiunal to their Wholes ; that is, it will be
as Ae:Mm:: AC: MQ. And becaufe the Trian-
gles TAB, Beb, are fimilar, (for the Part of the
Curve B nearly coincides with the Portion of the
Tangent) as alfo the Triangles XMN, Noz, we
have Aa,or Be: be:: TA: AB.

Alfo as zo, or bc: No:: MN, or AB: MX.

Where (by Equality of Proportion) it will be B¢ :
Nﬂ::Tﬂ:MX::Xa:Mﬂ::AC:MQ; awhich
was to be demonftrated. If AT be called 4, fince

I
A AT 5B thén sl B¢=":B".

Hence, if the Logarithm of a Number extremely
near Unity, or but a fimall matter exceeding it, be
%:Even, then will the Subtangent of the Logarithmical

urve be had. For the Excefs é¢ is to theingarithm
Be¢, as Unity AB is to the Subtangent AT. Or even
if there are any two Numbers near}y equal, their Dif-
ference fhall be to the Difference of their Logarithms,
as one of the Numbers is to the Subrangent. For
Example, if the Increment be be 00000 coooo
00001 02255 31945 60259,and B¢ or Az the Loga-
rithm of the Number 24 be ,00000 coooo coooo
44408 92098 50062. Now if a fourth Proportional
be found to the faid two Numbers and Unity, viz.
43429 4481903251, this Number will give the Length
of the Subtangent AT, which is the Subtangent of
the Curve exprefling Briggs’s Logarithms,

If a Sum of Money be put out to Intereft on this
Condition, that a proportional Part of the yearly Rate
of Intereft thereof be accounted every Moment of
Time, viz. fo, that at the End of the firt Moment
of Time, or indefinitely fmall Particle of a Year, the
Intf;re{’c gotten thereby be proportional to that Time ;
which being added to the Principal, again begets In-
tereft at the End of the fecond Moment of Ti.mcd,

SR an
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and then the Principal and this Intereft become 2
Principal, and fo on ; it is requird to find the Amount
of that Sum at the Years End. Let « be nearly the
Intereft of Unity, or of one Pound. Then, if one
whole Year, or 1, gives the Intereft 4, the indefinitel
dmall Particle of a Year M m will give the Inter
M m X a, proportional to M=; and accordingly, if
Unity be expounded by MN, the firft Increment
thereof fhall be zo==Mmxa. This being granted,
let a Logarithmical Curve be fuppos’d to be defcribed
through the Points Nz, whole Axis is OMQ.
Then in this Curve, if the Portion of the Axis
MQ exprefles the Time, the Ordinate Q.y will
reprefent the Money proportionally increafing every

oment, to that Time. For if there be taken m /, &c.
==Mm, the Ordinates /p, &c. fhall be in a Series of
continual Proportionals in the Ratio of MN to m 3
that is, they increafe in the fame Ratio as the Mo-
ney doth.

Again, let the Right Line NX touch the Loga-
rithmical Curve in N, and the Subtangent thereof
M X fhall be conftant and invariable, and the fmall
"Triangle N ez fhall be fimilar to the Triangle X M N.
But it has been prov’d, that the Increment % o0=— M
Xa=Noxa; andforo: No::Noxa:No::a:
1. But as mo is to No, fo thall NM be to MX.
Wherefore it fhall be as « is to 1, fo isNM, or 1,

to M X =7 =Subtangent.

Now if the nearly Rate of Intereft be £, Part of the
Principal, or if 2= % ==.05, then will MX:-'E
==20,

Becaufe of different Forms of Logarithms, the
Logarithms of the fame Number are proportional to
the Subtangents of their Curves: If R/[Q_ exprefles
the Time of a whole Year, or Unity, then fhall Q Y
be the Amount of the Money at the Year’s End. And
to find QY, fay, As MX, or [, isto 0.4342944,
iwhic:h Number expounds the Subtangent of the

ogarithmical Curve exprefling Briggs’s Logarithms)
fo is one Year or Unity to a Briggian Logarithm,
anfwering to the Number QY. This Logarirghm will
be found ©.0217147, and the Number an{wering to
the ame is 1.05127=QY, whofe Increment above

Unity,
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Unity, or the Principal, exceeds the yearly Intereft
,05 but a {mall Matter. And fo if the yearly In-
tereft of 100 Pounds be § Pounds, the proportional
yearly Intereft, which is added to the Principal 100
at the End of each Particle of the Year, will amount
only at the Year’s Erd to § Pounds 2 Shillings and
6 ; Pence.

And if fuch a Rate of Intereft be requir'd, that
every Moment a Part of it continually proportional
to the increafing Principal be added to the Principal,
fo that at the Year's End an Increment be produc’d
that fhall be any given Part of the Principal ; for

Example, the g% Part; fay, As the Logarithm of the
Number 1. 05 is to 1; that is, as 0 0211893 isto1;
fo is the Subtangent o. 432944 t0 <=20. 49, and

[

then will ‘?='?E>-I'?}'§"2 .0488. For if fuch a Part of
the Rate of Interelt .0488 be fuppofed, as anfwers to
a Moment, that is, having the fame Ratio to .0488 as
a Moment has to a Year, and it be made as Unity
is to that Part of the Rate of Intereft, fo is the Prin-
cipal to the momentaneous Increment thereof; then
will the Money, continually increafing in that man-
ner, be augmented at the Year’s End the 3 Part
thereof.

i AP YL

Of the Method by which Mr. Briggs
computed his Logarithms, and the De-
monfiration thereof.

Lthough Mr. Brizgs has no-where defcrib'd the
Logarithmical Curve, yet it is very certain, that
from the Ufe and Contemplation thereof, the

Manner and R eafon of his Calculations will appear, In
any Logarithmical Curve HBD, let there be three
Ordinates AB, 26, 45, nearly equal to one another;
that is, let their Differences have a very fmall Ratio
to the faid Ordinates; and then the Differences of
their Logarithms will be proportional to the Diffe-
rences of the Ordinates. For fince the Ordinates are

nearly equal to one another, they will be very nigh

to
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to each other, and fo the Part of the Curve Bs, in-
tercepted by them, will almoft coincide with a ftrait
Line; for it is certain, that the Ordinates may be fo
near to each other, that the Difference between the
Part of the Curve, and the Right Line {ubtending it,
may have to that Subtenfe, a Ratio lefs than any
given Ratio. Therefore the Triangles Beb, Brs,
may be taken for Right-lin'd, and will be equiangu-
lar. Wherefore,assr:bc::Br:Bec:: Ag: Aa;
that is, the Excefles of the Ordinates or Lines above
the leaft, fhall be proportional to the Differences of
their chjarirhms. And from hence appears the Rea-
fon of the Corre&tion of Numbers and Logarithms
by Differences and proportional Parts. Bur if AB
be Unity, the Logarithms of Numbers fhall be pro-
pnruong to the Differences of the Numbers.

If a mean Proportional be found between 1 and 1o,
or, which is the fame thing, if the Square Roor of 16
be extracted, this Root or Number will be in the mid-
dle Place between Unity and the Number 10, and the
[ﬁarithm thereof fhall be £ of the Logarithm of 10,
and {0 will be given. Ifagain, between the Number be-
fore fodind, and Unity, there be found 2 mean Propor-
tional,r which may be done in exwacting the Square
Root of the faid Number, this Number, or Roor, will
be twice nearer to Unity than the former, and its Lo-
garithm will be one Half of the Logarithm of that, o¢
one Fourth of the Logarithm of 10. And if in this
manner the Square Root be continually extracted, and
the Logarithms bifected, you will at laft get a Num-
ber, whofe Diftance from Unity fhall be lefs than the
s Part of the Logarithm of 10. And
arter Mr. Briggs had made 54 Extrattions of the Square
Root, he found the Number 1. 0ocoo 00060 oocon
12781 91493 20032 3442, and its Logarithm was
©. 00000 00000 00000, 0555T T1512 31257 82702.
Suppofe this Logarithm to be equalto Ag or Br, and
ler g5 be the Number found by extradting the Square
Roor; then will the Excefs of this Number above
Unity, viz. r5==,00000 000006 00000, 12731 91493
20032 34.

ow, by means of thefe Numbers, the Logarithms

of all other Numbers may be found in the following
manner : Between the given Number (whofe Luﬁa—
rithm
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rithm is to be found) and Unity, find fo many meant
Proportionals, (as above) till at laft a Number be
gotten fo little exceeding Unity, that there be 15 Cy-

hers next after it, and a like Number of fignificative
ll'j"igur::s after thofe. Let this Number be 25, and let
the fignificative Figures with the pherEIPreﬁ:{ed be-
fore them, denote the Difference &¢. Then fay, As
the Difference 75 is to the Difference b¢, fo is Br a
%}ven Logarithm, to B ¢, or Az, the Logarithm of the

umber 25 ; which therefore is given. And if this
Logarithm be continually doubled, the fame Number
of Times as there were Extrattions of the Square
Root, you will at laft have the Logarithm of the
Number fought. Alfo by this way may the Subtan-
gent of the Logarithmical Curve be found, viz. in fay-
in%j As 7s ¢ Br:: AB,or Unity : AT, the Subtangent,
which therefore will be found to be 0.4342944819
©3251; by which may be found the Logarithms of
other Numbers ; to wit, if any Number N M be given
afterwards, as alfo its Logarithm, and the Logarithm of
another Number fufficiently near to N M be fought,
fay, As N M is to the Subtangent X M, {o is 2 o the Di-
ftance of the Numbers to N the Diftance of the Lo-
garichms. Now, if N M be Unity=AB, the Lo-
garithms will be had by multiplying the {mall Diffe-
rences b¢ by the conftant Subtangent AT

By this way may be found the Logarithms of 2, 3,
and 7, and by thefe the Logarithms of 4, 8, 16, 52,
64, ¢re. 9, 27, 81, 243, &e. as allo 7, 49, 343,
&c. Andif from the Logarithm of 10 be taken the
Logarithm of 2, there will remain the Logarithm of
5 ; fo there will be given the Logarithms of 25, 125,
625, coe. %

The Logarithms of Numbers compounded of the
aforefaid Numbers, viz. 6, 12, 14, 1§, 18, 20, 21,
24, 28, . are eafily had by adding together the Lo-
garithms of the component Numbers.

But fince it was very tedious and laborious to
find the Logarithms of the prime Numbers, and
not ealy to compute Logarithms by Interpolation,
by firft, fecond and third, ¢&¢. Differences, therefore
the great Men, Sir Ifaac Newton, Mercator, Gregory,
Wallis, and laitly, Dr. Halley, have publifhed infinite
converging Series, by which the Logarithms of

Numbers

W



0f LOGARITHMS.

Numbers to any Number of Places may be had more
expediently and truer: Concerning which Series
Dr. Halley has written a learned Tradt, in the Philofo-
pbical Tranfaltions, wherein he has demonftrated
thofe Series after a new Way, and fhews how to
compute the Logarithms by them. But I think it
may be more proper here to add a new Series, By
means of which may be found €afily and expeditioufly
the Logarithms of large Numbers.

Let z be an odd Number, whofe Logarithm is
fought; then fhall the Numbers z—=1 and z-- 1 be
even, and accordingly their Logarithms, and the
Difference of the Logarithms, will be had, which let
be called y: Therefore allo the Logarithm of a
Number, which is a Geometrical Mean between
z—1 and :;?—I, will be given, wiz. equal to the
half Sum the Logarithms. Now the Series

I 2 5 e i :
e +z+z.:|.z3 | ;Eaz+1:51mz ' 2520027 .
fhall be equal to the Logarithm of the Ratio, which
the Geometrical Mean between the Numbers z—1
and z-}-1, has to the Arithmetical Mean, wviz. tothe
Number z.
If the Number exceeds 1000, the firft Term of the

Series 2~ is fufficient for producing the Logarithm to

13 or 14 Places of Figures, and the fecond Term
will give thé Logarithm to 20 Places of Figures,
But i% z be greater than 10000, the firft Term will
exhibit the Logarithm to 18 Places of Figures; and
fo this Series is of great Ufe in filling up the Logas
rithms of the Chiliads omitted by Briggs. For Ex-
ample; It is required to find the Logarithm of 20001,
The Logarithm of 20000 is the fame as the Loga-
rithm of 2 with the Index 4 prefix'd to it; and
the Difference of the Logarithms of 20000 and
20002, is the fame as the Difference of the
Logarithms of the Numbers 10000 and 10007,
wiz. 0.00004 34272 7687. And if this Diffe-

rence be divided by 4 z, or 8oaoy4, the Quotient i
4%
Aa fhall
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fhallbe - - - = = .= 0.00000 00005 42813
éﬂd if rh_e hﬁmﬁagﬁhﬁ " 4. 39105 17093 02416
eometrical Mean be added . 4 20105 170 :
to the Q_uotigrir,th.cS‘um_ will 4”3. Is .? 9}.5 A=A
be the Logarithm of 20001. Wherefore it is mani-
feft, thar to bave the Logarithm to 14 Places of Fi-
gures, there is no Neceflity of continuing out the Quo-
tient beyond Gx Places of Figures. But if you have
a Mind to have the Logarithm to-10 Places of Fi-
%_urgs only, as they ar¢ in Plag’s Table, the two firft
Figures of the Qnotient are enough. And if the Lo-

rithms of the Numbers above 20000 are to be
%;und by this Way, the Labour of doing them will
moftly confift in fetting down the Numbers.

" Note, This Serics is eafily deduced from that found
out by Dr. Halley; and thofe who bave a Mind
to be inform’d more in this Matter, let them con-

. {ult his above-nam’d T'reatife.

THE
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APPENDIX.

2 IS needlefs here to write a prefatory Dif-
courfe, fetting forth the Ufe and Invention
of Logarithms, fince the Author has {up-
plied that in his Preface to the Treatife of

the Nature and Arithmeric of Logarithms annex’d to

thefeElements: *T'is enough to inform the Reader, that
my chief Defign in writing this Appendix Wwas, toren-
der their Conftruction Eﬂf(}’, by inveftigating various

Theorems for that Purpofe, and illuftrating them by

proper Examrples; all which is perform’d in the a¢tual

Operation of making the Logarithms of the fitft 10

umbers, and.of the prime Number 101, which is
more than {ufficient to inform the meaneft Capacity,

how to examine or conftru& the whole Table. I

have alfo {hewn how, from the Logarithms given,.to

find its correfponding Number; and the Inveftiga-

tion.of the Series omitted b{t_.he Author in Page 355,

for expeditioufly finding the Logarithms of large Num-

ber. Asto thofe Series exhibited by himin his Trigo-
nometrical Treatife, Page 287, for making the Sines.
and Cofines; I muft declare, that I bave exceeded my
firft Intentions, which were to give their Inveftigation
only; but confidering, that as they depended upon the
Newronian Series, without the Inveftigation of which,
our Author’s Series could never be thoroughly under-.
ftood; I thought it would therefore prove acceprable,
if I fhew’d their Inveftigations too, from which thofe
of ‘our Author’s eafily flow. Inorderto which, and te
keep the Reader no longer in Sufpente; let # be puc
for the Radius of the Circle ABCD; a, for the Arch
BE, whofe Length-is to be inveftigated ; §,equalto.
the Sine ; and v, the verfed Sine of that Arch; theén iy
- FEs=a, | F==s, and I[IE==GH=w.

Aaz Whencg_
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L

Whence 2 a==s s-f-vw; but from the Equation of the
LIVe, viz. 2 r v—ur=ss We have rm.:r-—fr Y

55 : o
Therefore v===—— & and v v == ; which
7 r—s5 rr—ss

Being {ubftituted ﬂ::r vvinthe firft Equation,we have a==

2.. -
- Tl o + . f?'f f rs :
s g gt == 25X o
T rr—ss  Tr—jsk Fr=—=5%

But 77—ss & by Sir Ifaac Newton’s Binomical Theo-

remisr —'4-istrT 41 ‘Fr"i+1i 607, e
e 55 545
Wherefore 75X 7 7—s s 5‘=:+ ;+3‘ -

g rd

‘3
15; : , ¢r¢.and the Fluent thereof, viz. :—i—
4876

A 157 MITRRRTIE s
4or? ! 33:5:*"&: +23r +:45r‘
p. 359 335 ?
2.4.6.7 2.3.4-.57
3.3.5-5 r" . is equal to the Arch of a Circle

whofe
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whofe Radius is 7, and Sines. But if » be put equal to

Unity, thensf —s3p 23— o4 3359 _ g7 oh.
£ +z.3 +z.3..:|..5 '+z.3.4..5.6.~; i L
will exprefs the Length of the Arch 4.

EXAMPLE,

Let it be required to find the Length of the Arch ﬂ["-

30D rees, to 6 Places of Decimals, the Radius be-
ing Uniry.

ere s==f, and ss==§ whence the Operation may

be as follows :

s S == ,5000000

$ = >
S5 == Tata000 | 43} = 208333
S§ = 312500 | &5 = 23437
S7 = 78129 TS = 3487
$2 = | 19531 7S = 593
Sl 4882 £ 81 == 109
S:i: 1220 %L S =21
§''= 308 - 14 =4
»523598.4

Hence the Length of the Arch of 30 Degrees is
,513&98 . Now if this Arch be multiplied by 6,
we fhall have the Lcn%{h of the Arch of the Semicir=

cleinfuch Parts as the Radius is 1, orefthe whole Cir-

cumference in fuch Parts as the Diameter is 1, wis, -

141 ¢
3,B+utsr9ti;e is no Series fo ealy to be retain’d in the
Memory, and fo readily putin Prattice, for obtaining
the Ratio of the Diameter of the Circle to its Circum-
ference, as that which is deriv’d from the Tangent
firft given. For if # be put equal to the Tangent of
any Arch, then a==t3 ¢’ ?% t ' —3 17312, &,

‘Now the Radius being Unity, the Sine of 20 De-
grees=x ¥, and confequently the Cofine=y/%; and
becaufe the Cofine is to the right Sine, as the Radius to
- the Tangent, it will be ¥/ 2:v/ % : : 1 : /2 the
Tangent of 30° oo’=¢, whence 7 /=1% ; wherefore,
i the Root of ¥ be divided continually by 3, and the
feveral Quotients by all the odd Powers {ucceflively,

! _ woiidh aR Vi,
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wiz. the firlt by three, the fecond by 5, &¢. theSum
of the effirmative Quotients made lefs by all the nega=
tive ones, will bethe Arch of 30 Degrees.

And becaufe the Arch of 30 Degrees is ¢ part of the
Semi-circumference, if inftead of 4% be taken 6
y'1=19/ 12. we fhall have the Semi-circumference
in fuch Parts as the Radius is Unity ;- or the whole Cirs
cumference, the Diameter beingUnity.

The OPERATION ftands thus: -

V 12=3,404161 == 3464101

3) 1154700 ( = ,384900
5) 384900 (- 76980 %

7) 128360 e 3 ( — 18328
9) 42766 - . (- 475¢ %

11) 14255 . - DPELE 1209
1305 \ohe 43 S8t { |- 365 =,
15) ¥§83 o ( = 105
17) i (= 3%

19) Y75 iTre ‘ (— o

- 73,546228 — ;404637

Whence 3,546228 = ,404637 =13,14159,1 the fame
as before.?”i['he Irn‘p-r;’mi'ﬁl:uilirj;;Tf of e?’xpre{ﬁng the exalt
Proportion of the Diameter of a Circle to its Circum-
ference' by any receiv'd way of Noration, has put the
moft celebrated Men in all Ages upon a&&rﬂximating
the T'ruth asnear as pofiible ; there being a Necefliry of a
near Quadrarure, inafmuch as it is the Bafis upon which
the moft ufeful Branches of the Mathematics are built.
And after the famous Van Ceulen, who carried it to 36
Places of Decimals, which he order’d to be engravenon
his ‘Tomb-ftone, thinking he had fet Bounds to far-
ther Improvements, the firft that artempted it with
Succefs was the moft indefatigable Mr. Abrabam Sharp,
who by a double Computation, wiz. from the Sine of
6 Degrees one way, and from the Sine and Cofine of
12 Degrees another way, carried it to twice the Num-
ber of Placesthat VanCeulen had done, wik. 7z.
And {ince that Time Mr. Machin, the prelentProfel-
for of Aftronomy in Grefbam-Colleze, and Secretary to
the Royal Society, by a different Method of Compu- -
tation, has carried it to 1eo Places, almoft triple the
Number
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Number that ¥an Ceulen had done; which not only con-
firms Mr. Sharp’s Quadrature, but thews us, that if the
Diameter be: 100000, ¢¢. the Circumferénce will be
3514159. 26535. 89797, 23846. 26433. 83279. 50288,
41 ggl, 69399. 37510. §8209. 74044 §9230. 78164.
05286. zﬂﬁyp.‘_sﬁzSc. 34825, 34211. 706 79% of the
fame Parts, ." ., _ 8
Which is a Degree of Exaftnefs far furpaffing all-
Imagination, being byEftimation more than {ufficient to.
calculate the Number of Grains of Sand that may be
comprehended within the Sphere of the fixed Stars,
The late Mr.Cuna’s Series for determining-the Peri-,
hery of an Ellipfis (who was my Predecetior in the,
athematical ‘Sc%ua! crected by Frederic Slare, M. D..
and eftablifh’d by a Decree of the High Court of Chan-
ce g{y for qualifying Boys for the Sea-Service) being new
an L curious,. this Opportunity is taken of making 1t
public. L |
Let A be equal to a Quadrant of the Circle circum-
fcribing theEllipfis, whotePeriphery is requir’d. Then 4X.

1 -—Lle"-—-—LL 'Igr‘l.r_..L‘?" i Iei” i B—jfi{ 2%
222 3223 2.4.6.16 2.4.6.8.128 . 4

T 3. J5 07 3elo B 570 B T 2L Aok
2.4.6.8.16.256 . 2. 4. 6. 8.'10. 12. iazq.e ,@»r

is. the Periphery of a Quadrant of the Ellipfis where
=i s ks & -
ee '-"—‘.“-‘: - : . ¢ being the Semi-tranfver(e Diameter, and

¢ the Semi-conjugate. ! e TR S i
When this Series cameto hand, it was imperfect, in-
almuch as there were only the firft five Terms without
the Law of Continuation: Bur being defirous of ren="
dring it complete, after fome Confideration I found the
Law to beas follows: It is plain by Infpection, that
the Nlumerators and Denominaters of each Term are
compos’d of Numbers that run inArichmetical Progref= -
fion, exceptthelaft ineach Term, wiz 4, §, %, vim
. and thofe being found by the conrinual Multiplica~
tion of thefe Fractions, + x¥ X1 x2 x X #o X &y,
the Law of continuing the whole Scries asabove, 1s
evident. Whence, by a well known Method of {ub-
ftituting Capital Letters foreach Term refpeively, the

following Series is deduc'd, viz. AX 1=3¢ e~ H,:

Aial. B
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0T Yy L% R e DAL
B 66 . D g3’ Io.10 " E m._me F#
¢oc. where the Law of Continuation is evident alfo,
fince each Capiral Letter is equal to its precedent Terms

giz. Bt ee, c=—.i-'—ie= B, ¢ve. and without Doubs

in Practice is preferable to the former Series: But the
Inve&ifatinn of thar, on which this laft depends, is
omirted ; purely on account of its being foreign to the
prefent ?Subje&.

But to return; if the Series exprefling the Length of
the Arch, wviz. 5=} §53 157, e be revers'd, we
thall have the Value of s in the Terms of 4, and con-
{equently a dire€t Method for finding the Sine of any
Arch from its Length given. Thus, g 3

If a=stds3d st - 1, 57 G

Thens =a—$a3 4,2t — 7547, &

a2l a’

’Dr.r:.g._ = 234 s--.---- _ 5 6},@“#.
. - 345 asaare '
For pur;:'ﬁ-{-ﬁai—]—(:a‘, éqlas‘i-
Then s = 3 Al ui-l--&ﬂ‘,B;z’, e, =a,
And & 53 = & Alyat, o

c.

And conf; uently A 2 = 2, and ﬁ: 1, alio B4~ %
A =U,E§:td B =, ﬁ}azﬂ £ ali‘g C—]—-i—ﬁ:
B*{-;‘:} Al — o,and Cz=—4 A* B— *{-, A =— 3%
et — i =ty —d=135. Wherefore A=1,B==

=

63 = 1‘;'6; E{?'-‘:. and cunfeque:nﬂ]r, f=a ..._§

120

at ;
“——1 ¢he. From which three Terms the Law of
Continuation is eaﬁl}' difcover'd, maﬁng S g —— ;3..

: a’ a’ a?
" 2.3.4.5  2.3.45.67. + 2.3.4.5.6.7.8.9° &
WAI;EHCE fu?qﬂs“mmg A for @, and we fhall have A —
——— . A i

123" 1.2.3.4.8 1.;.;.4.5.6.?+ 1.2.3.4.5.6.7.8.

<. for the Newtonian Series, according tggu rAufhnrgé
Form, for finding the Sine of any Arch, its Length
being given. Q. E, I

Agéin;
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in, becaufe the Square of the Radius made lefs by
the Square of the Sine, is equal to the Square of the Co-
ne,by the fecond Propofition of ourAuthor’s Elements
of plain Trigonometry; it follows, that if from the
Square of the Radius==1" be taken the Square of the
Sine ==a—% 234135 4%, ¢. the Square Root of the
Remainder, will be the Cofinc=s1--42" 44 at--, 354
erc. thus,

S=ma—% ‘:+f"'i'34;1 are.
S—a—4%a3} 354, &<

.ﬂ?-“-gﬂ*—""i-i?ﬁ'ﬂ é‘#.
—sa*4- 1 % &
+ 170 ab, e
Ss==a®—1a54- 2 a5, cc. which being
taken from the Square of the Radius 1, leaves

1—aa-}a’—2 4% cre. the Square Root of which
will be the Cofine.

_.‘l I- L]
1—za~f-tat— & a5 o (I L 7

a*—yrma’ e
3 , i
2-—=aa) —aa-t}%at
—aa-tta

2—aa,grc) that—Fab, e
: ' f"‘z*_ilnl-‘:ﬁ) é"f-
2—=aa, ¢c.) —;E:i, g:-
[*] 3 3
-3—-1——-'3 ;

Wherefore putting A for 2, we fhall have for the Cofine
o A:J_A‘ Aﬁt 2 A* k
N A 24 720° i 1-_2+I.2.3.4..

RS g A8

523 48 6 ;.3.E5.G.?.3. &+. according 10 thc
Author’s Form. Q. E. L

Butbecaufe thofe Series, as our Author obferves, con-
verge very {lowly, efpecially when the Arch is nearl
equal to the Racﬁus, E:ctherefore devifed (Page 287
ether Serfes, whofe Inveftigation may be as follows :

Lat
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Let the Arc, whofe Sine is fought, be the Sum or
Difference of two Arcs, wviz. A<z, or A~z : And
let the Sine of the Arc A be called 2 ahd the Cofine 4.

Now, if the Arc DF = E)li Prop. rbo’r'the
El:mﬂntmengommetrybeml[’d x.,thm mSmeFD

3
=
: L33,

Zi = :
R 1.;_3,1_“,'?: f"t and its Cofine CO
z* Z7 3 :
..—-1--' 13 1234 12.3.‘1";‘63 ‘E&"F and becaufe
CD:DK :: CO : OP. Therefore OP = a —

2 s 6
az a? a
I I é‘f

1.2 " 1.2.3.4 1.2.3.4.56

will by the Newtonian Series be e

Hgam becaufe the Triangles CDK, FOM, are {imi-
lar, it will be as CD : CK:: FO" FM whence

bz b=3 bz’ e
TN en r 1*1--3+I-1-3-4-'5' 1:2.3.4.5:6.7 s
But OP4-FM=IF, the Sine DF the Arc BF,
iz, A»-}-z-. mnfequent]}r the Sum of thofe St:nﬁ,

z* bz3 a =t bzl

viz, #-—{—— i ] ] éwf."

t:30712.3 T1.2.3.4.T1.2.3.4.5’
1s the Sine nf the Arc A~~z. And bccaul'e FM=

bz az® bzl

MG, therefore theerﬁferen-::e P - s
o Bk EZR
axt . Baledyst Lol ey
+133-’!- e ¢. is the Sine of the Arc
Az, o, B L

And ‘again, becaufe CD ; CK :: CO : CP

bz? bz“‘ b=z ﬁ
—— e r
therefore CP = b 12 11234 1,3.3.4“5.6"-'

I o~ 6. 365"‘ Andb}'fﬂafﬂnﬂfthﬂﬁmmt'Tn.
2.3.4.5.6.7.
angles CDK,FMO, it will beas CD: DK :: FO .
3 :
0. st gree az azt 44
M Whaneo Ot .23 " 1.2.34.§
“ax’
, e,
1.2.3.4.5_6-

But CP—MO== CI the Cofine of the Arc A—{-z:_
Where-

!H
S
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The APPEND X,
Wherefore the Cofine of the Arc Ad-z is b—

az bt ; az? g b 24 a2’ P 5%

T 12'123 0 1234 12345 1.2.3.4.5.6

c. _
And becaufe MO =P L, therefore CP-}- M O==
C L, and confequently the Cofine of the Arc A—z—
£+¢ﬂ e R vy vl - R e BN
Q; ok L2 B2 (8523 12:G.4e57
Now the Arc A is an Arithmetical Mean between
the Arcs A—z and A-}-z, and the Difference of their

, BE sy KA. a5 D%
Sines are —_— e |
T 1.2 B 2,340 Ly

2 20 4

"--r

az’ bz, az az’
i.:.._g'.#.s.ﬁ’é‘;' L s 2.3 1.1.3.4.'-{7
'——E"——--—]-*- == y &¢. Whence theDifference of

1.2.3.4.5. | £:2.3.4.5.6°

: ; 22z  2azt
theDifferences,or fecondDifference is

B2 ___1.2.34
2428 s rIZdez R e
1.2.3.4.,5.5? PR Dy Y.2.34 " 1.2.3.4.4:6
¢r¢. Which Series is equal to double the Sine of the
mean Arc, drawn into the verfed Sine of the Arc z

and converges very foon; fo that if z be the Arch of

the firft Minute of the Quadrant; our Author fays the -

firft ‘Term of the Series gives the fecond Difference to
1§ Places of Figures, and the fecond Term to 25

aces.
Whence, the following Rule is deriv’d for finding
the Sine of the Arc A~{- 5%, or A==,

R ULE.

From double the Sine of the mean or middle Arc,
{ubtract the fecond Difference found I::§ the Theorem
and from the Remainder, fubtract the Sine of the given
Extreme, whether it be the greater or leaft, and the
Remainder will be the Sine of the other Extreme.

EXAMPLE

Let it be required to find the Sine of 30° o1’, the
Sines of 30° 00’; and 29° 59" being both given.

Here
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Here 30° oo’ is the mean Ar&o whofe Sine is
500000 00000, and the Sine of 29° 59/, the given
Extreme, is 4,9974806226,"and the Length of the Arc
=, viz. one Minute, is ,000 29 0888208; which {quard
and multiplied by the Sine of the mean Arc, §o000, ¢-¢.

according to the Direction of the Theorem, the Produét

will be the fecondDifference, equal to ,000000042307;

which fubtracted from double the Sine of the mean Arc, -

equal to 1, the Remainder will be 1’999999%:;?693 5
from which fubtract the Sine of the given Extreme
(which in this Cafe is the leaft) and there will remain ;
5002518943 for the Sine of 30% 01, the greater Ex-
treme. ' | vih 2k 2 -
This Method of making the Sines, however it may
appear at firft Sight, is fo far from being tedious or
tfoublefome, that [ look upon it to be the moft eligible
of any other whatloever; for the Square of z being
ance determined, and the {everal Multiples of it by the
nine Digits made, and fet down in a Table orderly, all
the Sines may be made by Addition and Subtraction on-
ly; as indeed our Author hints they may by the Me-
t{xod demonttrated in the 1oth Propofition of the Ele-
mentsof Trigonometry ; but this is evidently preferas
ble to that, tho’ a god Method too; and by which,
all the Sines of the Quadrant, I prefume, were wont to
be made, at leaft as far as 30, or 6o Degrees; for af-
ter the Sines as far as 6o Degrees are obtained, 2ll the
others may be had by Addition only; and notwith-
ftanding there are other excellent Theorems, which
contribute very much towards finifhing and confirm-
ing the Truth of the wholé Canon’; yet this deduced
from our Author’s Series, I deem the moft elegant and
fir for Praétice; becaufe the Difference of the Diffe-
rences of the Sines being what is always required to be
found, there will be feven Cyphers at leaft before the
fignificant Figures 6f the faid Difference; which is the
Produét made by the Square of =z, into the Sine of the
mean Arc: So that to have the Sine true to ten Places;
there will not be occafion to find above four or five Fi-

gures in the Produét, which, according to the com-

mon Method of contraéted Multiplication, may be ob-
tained with very few Figures. Thus, for Inftance, the
Sine of 30° 02’ may be had to ten Places by a wonder-
full eafy Operation, the Sines of 30° 01” and 30° 00"
being both given. 58 D8 Gt o PR
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EXAMPLE

The Sine of 30° o1’ is 50025189543
The Square of z inverted 16480000000
40020
2001
300

42326

Whetice the Produd is ,000000042326 true to eleven
Placesat lealt. Wherefore if,according to the Rule,from
double the Sine of the middle Are = 1,00050379084

we fubtract the faid Product, 00000004232
And from the Remainder 1,000503 74854
thé Sine of 30° 0o’ the given Extreme ,50000000000
be fubtracted ,§0050374854

Therewill remain ,50050374854 for the Sine of 36° 62"
the other Extreme; than which, nothing of this Na-
ture can be defired more eafy.

SCHOLIUM

Becaufe the Difference of the Differences of the
Sines, or fecond Difference, hasalways 7 Cyphers be-
fore the fignificant Figures; it follows, that the whole
Canon, wlﬁgrc the Sines confift but of 6 Places, which
is as far as our Tables for common Practice need ex-
tend, may be perform’d chiefly by Addition and Sub-
traction only, without forming Multiples of the Square
of z by the nine Digits; tho’ perhaps it may be ne-
ceffary to ufe the Method of contracted Multiplication
every sth Minute to confirm the Truth, left in conti-
nual doubling and fubtracting, an Error thould arife in
the right-hand Figure: however, as it may be fafely
ufed for § Minutes together, and fometimes more, it
will render the whole very eafy.

Note, The Square of z in this Cafe, viz. the Arch
of 5§ Minutes, is ;00000211,

‘Thus
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Thus having inve ftigated the Newtonian and our
Author’s Series, and exemplified the laster, by making
the Sines of 30° o1’ and 30° o2/, and withal thewn
how, from the Sine of an Arc given, to find the Length
of that Arc, and confequenty the Circumference of
the whole Cirele I fhall beg l&ave, before I treat of the
Conftruction of Logarithms, t¢ thew how, from the
known Ratio of the Diameter to the Circumference,
or any other Rario whatfoever, that a Set of integral
Numbers may be found, whofe Ratio’s fhall be the
neareft poffible to the Ratio given ; for which I ho
to be excus’d, and the rather, becaufe I believe this Me-
thod of determining them, was never before publifh’d.

R ULE:

Divide the Confequent by the Antecedent, and the
Divifor by the Remainder, and the laft Divifor by the
laft Remainder, and {o on till nothing remains.

Then for the Terms of the firft Ratio, Unity will
always be the Antecedent, and the firft Quotient the-
firft Confequent. :

For thl:TE RMS of the feccnd' RaTr1o:
Muliply thelaft § ontecedent 3 1,y the 24 Quotieat,

and to the Produétadd § {7 i § and o will the Res

fult be the fecond %%‘é‘;&iﬂeﬁ‘

For all the following RaT10’s:

Multiply the lai’c{ %E:lﬁ?nii by the next Quotient,

and to theProdudt add the laft { %ﬁeﬁlﬂi % but one , ‘

and fo will the Sum be the prefent 1 gﬁf&ﬁ; .

£ X AM.
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EXAMPLE.

Let it be required to find a Rank of Ratio’s, whofe
Terms are integral, and the neareft poffible to the fol-
lowing Ratio, wiz. of tecoo to 31416, which ex-
prefles nearly the Proportion of [Eeqbiamcter of the
Circle, toits Circumfg'?:nce.
- But becaule the Terms of the Ratio are not prime
to each other, they muft therefore be reduc'd to their
leaft Terms.

Whence mmg= 2259, and then- 3927 divided by
et i b '
1250 and 1250 by the Remainder, ¢c. will be as
follows :

1250 ) 3927 (3
177) 1250 (7
¥1 ) 277 (16
1) 11 ( 11
o

Sothe firlt Antecedent is 1, and the firft Eon{'equent 3.
Anteced. ¢ ok gt~ o= ¥ the feeond Anteced,
3;'u:mmq. ,g""—fu § E g:::': x==2a thefecond Conleg.

" "Which 7and 22 is Aﬂ“bimiﬂ's Proportion.

S;:ﬁwm&-r x;__ n:- §H=il=-uuli_udam.:
Confegu2z § © 352 3 3§37~ 3==3¢7 the 3d ConRq,

*"Which Terms 113 and 355 is Metius’s Proportion.
w  Anteceds 113 }xu_: g !14:} 1 E”‘“‘l"r == 1150

- ZUNE‘I 1131 190¢ igoy + 21 = 31y
Producing the fame Antecedent and Confequent as at
firft ; which, as it is ever the Property of the Rule fo
‘to do, proves at the fame time, that no Error has been
committed thro’ the whole Operation.

¥y Forthe( 179 .

Whence,as1250:3927: :g 75 ¥ %Term: 253
113:355 yofthe (3 &
But it muft be obferv’d, that 1 to 3 does not exprefs the

Ratio fo near as 7 to 22, nor 7 to 22 {o near as 113
to
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to 355 5 thatis, the larger the Terms of the Ratio are,
the nearer they approach the Ratio given.

Mr. Molyneux, in his Treatife of Dioptrics, informs
us, that when Sir Ifaac Newton fet about, by Experi-
ments, to determine the Ratio of the Angle of El-
dence, to the refracted Angle, by the means of their
refpective Sines ; he found it to be from Air to Glas,as
300 O 1 5;%, or in the leaft round Numbers, as Idi)tﬂ 9.
Now,if it be as 300 to 193, it will readily appear by the
Rule, whether they are fuch integral Numbers, whofe
Ratio is the neareft poffible to the given Ratio.

193 ) 300 ( 1
107 ) 193 (

86 ) 107 (1
21 ) 88 ( 4

2. ) 21.{ 10
Y18

o

f

For dividing the greater Number by the lefs, and
the lefs by the Remainder, ¢¢c. the Operation will
fhew, that the Numbers 193 and 300 are prime to each
other ; and that the firft Antecedent is 1, as alfo the firft
Conquefl. - -

X 1 | o=—=1 the fecond Antecedents
Whence Ky= And
1 1 I L] 1==3 the fecond Confequent.

' ——3 the third Antecedent
i a | ¥ g g 4 E;I 1=12 .
e {1§ ’ %1 And z a==3 the third Coglequent

e P e S

L -l—;=-.“ 14 the fourth Coafequent.

Hence, the fourth Antecedent and Confequent make

the Ratio to be as g to 14, or inverily as 1410 9; which
not only agrees with Mr. Molymeux, but at the {ame
time difcovers, that they are nearer to the given Ratio,
than any other integral Numbers leis than 92 and 1433
which are the neareft of all to the given Ratio, as will
appear by repeating the Procefs, according to the Di-
rection of the Rule. . . et

Sir Ifzac Neawton himfelf determines the Ratio out
of Air into Glafs to be as 17 to 11 ; bur then he {peaks
of the Red Light. For that great Philofopher, 10 his

.
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Differtations concerning Liéht and Colours, publith’d
in the Philofophical Tranfactions, has at large demon-
ftrated, as alfo in his Optics, thar the Rays of Light
are not all homogeneous, or of the fame fort, but of
different Forms and Figures, fo that fome are more re-
frated than others, tho’ they have the fame or equal
Inclinations on the Glafs: Whence there can be no
conftant Proportion fetrdled berween the Sines of the
Incidence, and of the refracted Angles.

Bur the Proportion that comes neareft Truth, for
the middle and ftrong Rays of Light, it {eems, is nearly
as 300 to 193, 0r 14t0 9. In Light of other Colours
the Sines have other Proportions.  But the Difference
is fo little, that it need feldom to be regarded, and either
of thofe mention’d for the moft part is fufficient for
Pra&ice. However, I muft obferve, that the Notice
here taken either of the one or the other, is more to
illuftrate the Rule, and fhew, as Occafion requires
how to exprefls any given Ratio in fmaller Terms, an
the neareft poflible, with more Eafeand Certainty, than
any Defign in the leaft of touching upon Optics.

%Vherefﬂre, left this fmall Digreflion from the Sub-
jeét in hand, and indeed even from my firft Intentions,
fhould tire the Readerls Patience, 1 fhall not prefume
more, but immediately proceed to the Conftruction of

Logarithms.

Of the Confiruction of Logarithms,

H E Nature of which tho’ our Author has fuf-

ficiently explain’d in the Defcription of the Lo-

arithmical Curve; yet before we attempt their Con-
%tru&ion, it will be neceffary to premife :

That the Logarithm of any Number is the Expo-
nent or Value of the Ratio of Unity to thar Number ;
wherein we confider Ratio, quite different from that
laid down in the fifth Definition of the 5th Book of
thefe Elements; for beginning with the Ratio of Equa-
lity, we fay 1to 1==0, whereas, according to the faid
Definition, the Ratio of 1 to 1==1; and confequently
the Ratio here mention'd is of a peculiar ‘ﬁatme,
being affirmative when increafing, as of Unity ro a
greater Number ; but nega%v% when decreafing. And

as
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as the Value of the Ratio of Unity to any Number, is
the Logarithm of the Rario of Unity to that Number,
{o each Ratio is {uppos'd to be meafur’d by the Num-
ber of equal Ratiunculz contain’d between the two
Terms thereof ; whence, if in a continued Scale of
mean Proportionals, infinite in Number, there be af-
fum’d an infinite Number of fuch Rariuncule, be-
tween any two Terms in the faid Scale; then that in-
finite Number of Ratiuncul® is to another infinite
Number of the like and equal Ratiuncule between
eny other two Terms, as the Logarithm of the one
Ratio is to the Logarithm of the other.

Bur if, inftead of fuppofing the Logarithms com-
pos’d of a Number of equal Ratiuncule propor-
tionable to each Ratio, we fhall take the Ratio of
Unity to any Number to confift always of the fame
infinite Number of Ratiuncule, their Magnitudes in
this Cafe will be as their Number in the former.
Wherefore, if between Unit{, and any two Numbers
proposd, there be taken any Infinity of mean Propor-
tionals, the infinitely linle Augments or Decrements
of the firlt of thofe {/leans in each from Unity will be
Ratiuncule ; thatis, they will be the Fluxions of the
Ratio of Unity to the faid Numbers ; and becaufe
the Number of Ratiuncule in both are equal, their
relpective Sums,or whole Ratio’s, will be to each other
as their Moments or Fluxions ; that is, the Logarithms
of each Ratio will be as the Fluxion thereof, Con-
fequently, if the Root of any infinite Power be ex-
tracted out of any Number, the Difference of the
faid Root from Unity fhall be as the Logarithm of
that Number. So that Logarithms thus produc’d may
be of as many Forms as we pleafe to affume infinite
Indices of the Power whole Root we feck. As, if the
Index be fuppos’d 100000, c. we fhall have the Lo-
garithms invented by Napier; but if the faid Index
g'ﬂ %30253, ¢re. thofe of Mr. Briggs’s will be pro-

uc’d.

Wherefore,if 1——x be any Number whatfoever.and

- ﬁ . e E 5 3 SRR
% Infinite, then its Logarichm will be as 1~-x 7 — ==

i
> :ﬂ:x._..-._._f_.._._.._.. 1 — E’ﬁ'l‘r‘- Fﬂr the infinite
2 3 ‘i‘ 3

Root of 1~}~x without its Unciz,or prefist Numbers,

13
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is 1d=x-xx—-xxx--xxx%, rc. and the celebrated
binomial Theorem invented by Sir Ifaac Newton for
&

- L
iy . I T tteed 71—

determining them is 1 X— X——X——=X 1: &re. or
w2 3 4

- . 2 “3 --4

in this Cafe rather 1 X ;x——ix—gx—x—: &re. for 2

4

1
being an infinitefimal is rejected ; whence the infi-
L

a——

n 3 &
nite Root of I+x=1-|—x=l+£~—-ﬂ':+f___ f_..}..

x 28'3n 48

X
;;' , &¢. and the Excefs thereof aboveUnity, viz. -—-: —

xn , x3 xt .
;;+3n = &re. is the Augment of the firft of the

mean Proportionals between Unity and 14 x, which
therefore will be as the Logarithm of the Ratio of 1 to
i

1 -}~ x, or asthe Logarithm of 1—}-x. But as 1—{-x—1
is aRatiuncula, it muft be multiplied by 10000, ¢¢. in-
finitely, which will reduce it to Terms fit for Pratice,
making the Logarithm of the Ratioof 1to 1 - x==
1000, ¢re. X% x x4

x . x3
— — - SN — - h n 1 h
= X3 =~-i—3 ++,ércwecmftc
Index 7 be taken 10c0, ¢éc. as in Napier’s Form, the

2 3 +
Logarithms will be fimply x_fl.h'_%—%_[-?’ &,

But as» may be taken at Pleafure the feverg Scales of
1009, 5.
Logarithms to fuch Indices will be as—, or recipro-

cally as their Indices.
gain, if the Logarithm of a decreafing Ratio be
A

n

{ought, the infinite Root of 1 —x=1—x will bt

i 5
found by the like Method 0 be 1 xmm —= x7mm —
g 27 In

ﬁ’-*l—”x‘ 3 &¢. which fubtradk from Unity, and the
Decrement of the firft of the infinite Number of Pro-
portionals will appear to be £ xx -4 x* -4 2344

Bb 2 x+

2
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%, @e. which exprefles the Logarithm of the Ratio
of 110 1—x, or the Logarithm of 1—x according to
Napier’s Form, if the Index # be put= 10000, ¢-.
as before.

__And to find the Logarithm of the Ratio of any two
Terms, a theleaft, and & the greater, it willbeas 2 : b::
i A =j'-""1=£ 4, or the Differencé di-

vided by the leffer Term when ’tisan increafing Ratio,
‘I -
and Twhen “tis decreafing.

Wherefore putting d=Difference between the two
Terms 4 and b, the Logarithms of the fame Ratio

may be doubly exprefled,and accordingly is either 2 X
d &f?- d']'- d'if- 1 d d: d3 +
Elza T ot %y Xphptip
%, &re. both producing the fame Thing,

But if the Ratio of 4 to & be fuppofed to be divided
into two Parts, @iz, into the Ratio of # to the arith-
metical Mean between the two Terms, and the Ratio
of the faid arithmetical Mean to the other Term 4,
then will the Sum of the Logarithms of thofe two Ra-
tio’s be the Logarithm of the Rartio of 4 to . Where-
fore {ubftituting § s for ¥ a=~2 b, and it will be %s:

3 -
=—. Andagain,as
45 $
b—ts d
zsibiin:1-dx s whence x= =—. Therefore

s s

fubflituting—for x, and we (hall have for both Ratio’s
: _

4::1:1+x; whencex=

B e Gy s

w}‘?+z;*+3_ff+‘+,*:€5"ﬂ‘- 3 %etpl oe
a* s 1 d

‘:I::, &re. And their Sum, wiz, — X 2% T
d> _ di Y ,

' F-I—;;-I—;ﬁ, &e. is the Logurithm of the

Rra'fin of 210 4, whofe Difference is d, and Sum s
Which Series without the Index #, is, by-rhe-bye, the
) Fluent

!
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Fluent of the Flaxion of the Logarithm of ;_-I:f, al-
T

fuming 4 the flowing Quantity, for the Fluxion of the

s+d . 2sd d ,d*d d'd, dod
Log. of —) is ——-—_zx?—}-—-. +—

P B
ds _d1,
o

& " - d’
is Napier’s Logarithm of E and the fame as above,

bating the Index . This Series either way obtained
converges twice as {wift asthe former, and confequently
is more proper for the Practice of making Logarithms;
thus, put #==1, and & any Number at Pleafure ; then

i=§’___'_1., which affume==e¢, and then Er_—...-l——-l- and

s b+1 —

3
-+, &c. whofe Fluent 2 xé—]_i_ o

l;:et:aufe-{= e, therefore we have for
j 5

THEOREM 1L

e~f-1 1
The Log.of b (==——) =—X2Xe-%e3 4=
=gl 11w :

el +‘}1 &e.

To illuftrate this Theorem : Let it be required to

' find the Logarithm of 2 true to 7 Places.
Note, That the Index muft beaffumed of a Figure
or two more than the intended Logarithm is to have,

EXAMPLE.

e+1
Here b= —=2 ey ¢~—]—1=2-—1e cj3e=1;
1—
whencee=1}, and ee=3.

Bbj The
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The OPERATION ftands thus:

$=e= ,333333%3 €= ,33333333
= 3703704 38= 1234568
= 411523 -%H: 82304
[ o 45725 4 = 6532
8= 5080 5 0= 564

g 564 P 5K
gl 63 He'i= ]
234057357

2

Whence Napier’s Logarithm of 2 is ,60314714
Bur ,69314.714 multiplied by 3 will give, 207944142
for the Logarithm of 8, inaimuch as 8 is the Cube or
third Power of 2,and the Logarithm of § plus the Log.
of 1 % is equal to the Logarithm of 10, becaufe 3
XIi=10; wh:z;_efnre to find the Logarithm of 1
£ I
we have b=——=%— %; whence e=4§ and
1—e

coe= ..

The OperATION ftands thus:

B =i S IITI NI =, ILII11]1}
e 137172 Y 45724
ei=—= 1693 i 338
el z1 3 e1— " 3

11157176
2

Whence Napier’s Logarithm of 1 £is ,22314352

To which add the Logarithm of 8 2,07944142
The Sum, wiz. 2,30258404

is Napier’s Logarithm of 10.  But if the Logarithm of

Io be made 1,000000, . asitis moft conveniently

2302585

done in moft of our Tables extant, then =%
i

1,000, &vc. Whence #=2302485, . is the Index

for Briggs’s Scale of Logarithms; and if the above

Work had been carried on to Placesfi ufficient, the Index

% would have been 2,30248, 50929, 94045, 68401,

79914,

g
s e ey O i
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79914, ¢c. and its Reciprocal, wiz. :; =0,43429,

44819, 03251, 82765, 11289, @-¢. which, by theway,
is the Subtangent of the Curve expre(ling Briggs's
Logarithms ; from the Double of which the faid Loga-

rithms may be had directly.
For, becaufe i- = 0,4342944, &¢. " . % =,363588
9638, ¢¢. which put =, and then the Logarithm

me3 me’  we” . me?

ek _
e i S R s
EXAMPLE.
Let it be required to find ﬁrigg}’s Logarithm of =z.
e+-1

Hereé-..-—_'—-—e — 2 . ve=tandee=3.
I—-

The OPERrRATION ftands thusi

m — ,868588963

me —,2895290655% me — 289529655
me 3— 32169962 tme 3— 10723321
ole A=~ 3574440 (| AMDECC g14BES
me T— 397160 e 56737
me ?— 44120 '&ﬂ# P 4902
m[ I:. 4903 T-}Mﬂt I: .1.4.5
me’ 3— 545 pime' P = 42

Whence Briggs's Logarithm of 2 is 0,30102999.

AGAIN:

Let it be requird to find Briggs's Logarithm of 3;
now becaufe the Logarithm of 3 is eqlual to the Loga-
rithm of 2 plus the Logarithm of 13 (for2X 13==
3) therefore find the Logarithm of 1§, and add it t0
the Logarithm of 2 already found, the Sum will be the
Logarithm of 3, which is better than finding the Lo-
garithm of 3 by the Theorem directly, inafmuch as
= will not converge fo faft as the Logarithm of 1 1; for
the {fmaller the Pgraftinn reprefented by e, which is

Bb'g i deduc’d
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deduc’d from the No. whofe Lﬂgarirhni is {fought, the
{wifter doesthe Series converge. :

e—-1

Here f?::% =% 2ef2=3—3e . gt

and ee=;%.
The OPERATION is as follows:

m=—_,868588963

me—_ ,173717792 . B el TRTLTIO

me 3= 6948711 ime 3= 2316237

me '= 277948 pme = 55589

e T— 11117 gme T — 1588

me F— 447 e = 49

mell— 17 el 1— : I
Briggs’s Logarithm of 13 = 5176091256

To which add the Logarithm of 2= »3010299¢0
The Sum js the Logarithm of 3 = 0.477121246

Again, to find the Logarithm of 4, becaute 2X2e=q
thereforetheLogarithm of 2 added to itfelf,or mUI[iFIiEd
+t

by 2, the Product 0,60205998 is the Logarithm o

To find the Logarithm of 5, becaufe g = et
therefore from the fngrithm of 10  1,000000000
fubtract the Logarithm of 2 -201020990
There remains the Logarithm of .5 == 1698970010
And becaufe 2% 3==6. Therefore

T'o find the Logarithm of 6

To the Logarithm of 3 477121246
Add the Logarithm of 2 ,301029990
The Sum will be the Logarithm of 6= 778151236

Which being known, the Logarithm of 7, the next
Frime Number, may be eafily found by the Theorem;;
or becaule 6 X 2 =7, therefore to the Logarithm of

6 add the Logarithm of £, and the Sum will be the Lo-
garithm of 7. ' % i '

EXAMPLE.

Here b6 = s:-_{—_l a2 s

M I 1
=%'."e=2 and er=x1s.
1 e [ .I.j IE*

n=
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m — ,368588¢63

me — 06681 me =,000814535
med— 39;_5,2’2 i’-’":_—'? -~ 131784
sne’ — 2339 I = 407
me’ = I yme — z
Briges's Logarithm of ¢ 066946788
To which add the Log. of 6 778151226
 The Sum isthe Log. of 7= 845098024
Again, becaufe 4 X 2 =38. Therefore
To the Logarithm of 4 . 500205998
Add the Logarithm of 2 »30102999
‘Tht: Sum is the Logarithmof 8 - ,90308997
And becaufe 3 x 3 = 9. Thérefore
To the Logarithm of 3 - 77121246
Add the Logarithm of 3 477121246
The Sum is the _Lugarithm of 9 5954242492

And the Logarithm of 1o having been determined to
be 1,0000000, We have therefore obtained the Loga-
rithms of the firft ten Numbers.
_ After the fame manner the whole Table may be
conftruéted, and as the prime Numbers increafe, fo
fewer Termsof the T'heorem are required to form rheir
rithms ; for in the commonTables, which extend
but to feven Places, the firft Term is fufficient to pro-
duce the Logarithm of 101, Which is compos’d of the
Sum of the Eogarlr‘nms of 100and 183, becaufe 100
X 484 = 101, in which Cafe é-_-.i-_l-—z == 3L vpr=
2%+, whence in making of Logarithms according to
the preceding Method, it may be obferv’d, that the Sum
and Difference of the Numerator and Denominator of
the Fraction whofe Logarithm is fought, is ever equal
to the Numerator and Denominator of the Fraction
reprefented by e; that is, the Sum is the Denominator,
and the Difference, which is always Unity, is the Nu-
merator; confequently the Logarithm of any prime
Number may be readily had by the Theorem, having
the Logarithm either next above or below given.
Tho’, if the Logarithms next above and below that
Brime are both given, then its Logarithm will be ob-
tained fomething eafier. For half the Difference of the
; ; Ratio’s
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Ratio’s which conftitute the 1ft Theorem, viz. (v==)
PO G aers’ wth T ,

X ;;;‘!‘ ;’i'-"'ﬁ"‘g’;‘&: ¢e. is the Logarithm of
the Ratio of the arithmetical Mean to the geometrical
Mean, which being added to the half Sum of the Lo-
garithms next above and below the Prime foughe, will

ive the Logarithm of that prime Number, ":‘lﬁ'li{:h for
%iﬁiﬂ&inn’s fake may be called Theorem the fecond,
and is of good Difpatch, as will appear hereafter by an
Example.

Bur the beft for this Purpofe is the following one,
which is likewife deriv’d from the fame Ratio’s as Theo-
rem the firft. For the Difference of the Terms be-
tween ab and Jssordaa-tfab 1606, st aa

—% abt5 bb—=1% a—3% = + dd=, 1, and the Sum
of the Terms 2b and } ss being put =y, therefore
(fince y in this Cafe =75 and d=1) it follows that

K, 2o e o ; :
;x}“l';s‘f‘?‘l'?, ¢¢c. is the Logarithm of the
I 1
Ratio of @« & to & z =, whence .I_.;{._j.:. i
aiin Xyt

i , &vc. is the Logarithm of “the Ratio of Lstoy ab

i
which converges exceeding quick,and is of excellentUfe

for finding the Logarithm of prime Numbers, having
the Logarithms of the Numbers next above and below
given, as in Theorem the fecond.

EXAMPLE,

Let it be required to find the Logarithms of the prima
Number 101 ; then 4= 100 and b =101 ; Whence

J==20401, put;% = m = ,4342944319, &¢. then

mlmlﬂ;éﬂt.

the Series will ftand thus; —-}
o A LR

And




The APPENDIX

And m= 43429, . divided by
H y== mq.m,hquutess ¥
herefore to the half Sum of the '
Logarithms of 100 and 102 = } B ey S
Add the faid Quorte " oy20000212870014
And the Sum, wviz. 2,0043213737823

is the Logarithm of 1o1 true to 12 Places of Figures,
and obrained by the firft Term of the Series only;
whence ’tis eafy to perceive what a vaft Advantage the
fecondT'erm would have, were it put inPractice,fince 7
is 0 be divided by 3 multiplied into the Cube of 20401.

. 'T'his Theorem which we'll call Theorem the third,
was firft found out by Dr. Halley,and a notable Inftance
of its Ufe given by him inthe Philofophical Tranfactions
for making the Logarithm of z%m 32 Places, by five
Divifions performed with {mall Divilors; which could
not be obrained according to the Methods firft made ufe
of, without indefatigable Pains and Labour, if at all;
on account of the great Difficulty that would attend
the managing fuch large Numbers.

Our Author’s Series for this Purpofeis (Page 363)
By B g i
j’xq.z,_‘ 2423 | 3602
as he was pleas’d to conceal, induc’d me to inquire into
it, as well to know the Truth of the Series, as to know
whether this or that had the Advanrage, becaufe Dr.
Halley informs us, when his was firft publifhed, that it
canverﬁed quicker than any Theorem then made pub-
lic, and inall Probability does {o ftill; howeverthat be,
’tis certain our Author’s converges no fafter than the fe-
cond Theorem, as I found by the Inveftigation thereof,

which may be as follows : :
From the foregoing Dorine the Difference of the
2

Logarithms of z—1 and 2}~ 1 ism X . -+ ‘3“1_5 -1~

g- ;0000212879014

¢oe. thelnveftigation of which

2 2 2
5 5s+? = i 5 z,,e‘,’rr. which put equal to y, and the
Logarithm of the Ratio of the Arithmetical Mean 2>

W . I
to the Geometrical Mean ¢/ z 2—1L is mx ——

2zZ%

I I 1
'+' 4 o JT_G .6 { g g8’ & per ThEDI‘Em the fe::ﬂnd,

for
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dd |
for z equal to F 53 whence ——=~—

255 2zz
Let Aand B be ﬂI_I;: rithms of z—1 and z-l-1
. 7 I I |
ly - Sl L o
refpettively ; thenis. = - % Im..}...‘} - rhg =

"‘s"‘lz_&’ d-c. the Logarithm of z,and if the latter Part

of the Series exprefling the faid Logarithm of z be di-
vided by the Series reprefenting the Difference of the
Logarithms of z—1 and z-1, the Quorient will exhi-

: : : g 1 7
bit the Series required, viz. > z_I s ; = zﬁ#c.

as appears by the following Operation:

2 2

3%?

I I I I 1 7
i) mtms(ptgotma

%7

I I X
[ { e,
22 ' 62+ V 1029
1 I
i &
l ] 3 fﬁ
13z* " 15%°

I I

— —. .
1224 " 2629
I
———— 'Fu
180 292 &

Now,becaufe the Dividend is ever equal to the Divi-
{for drawn into the Quotient of the Divifion, it follows

I I T ot I
that yx ¢. 1s'equal to m X ——
24 4.:.r.+2.q.z.5+36oz.i’ bl 255

I I T A~}-B 1 I
""—"i.? (E?: Qé'ﬁ'. BUtT +mx ﬁ; E‘I

A-LB

2

+153;zs: @c. isthe Logarithm of z. Wherefore

+ y x ——— gﬁjzj,é'c.is the Logarithm

z 24 23
of z. ‘IQE I.+
Note, 1 make the Author’s 5th Term - 5
25200%
e
E_zz{iﬁnbi’?-

Tq

b




The ;AR RENIY N

To illuftrate this Theorem by an Example:
Leet it be required to find the Logarithm of 101.
To the half Sum of the Logarithms of 101 and 102 =

A1) e Difference of the BE Loy s 0t

the Difterence of the faid Loga-

rithms divided by 4z equal to % 0,0000212875
And the gum, Vig. 2,0043213733

is the Logarithm of 101 true to g Places of F igures ;
whence it appears, that our Author’s Series falls fhort of
Dr."Halley’s in finding the Logarithm of the prime
Number 101, three Placesof Figures, by ufing only the
firft Terms of the Series; whereas, if two Terms in
cach were ufed, perhaps the Difference would have
‘been confiderably greater.

Notze, This Series of our Author, deduced from The-
orem the Second, isin Effect Dr. Halley’s too, bur veil’d
over by being thrown intoa differentForm: which how-
ever hasits Ufe, asbeing very ready in Practice.

Having thus inveftigated feveral Theorems, where-
by the Tables of Logarithms, according to any Form,
may be conftructed, it remains to thew how from the

arithm given to find what Ratio it expreffes,

The Logarithm of the Ratio of 1 to 194-x has been

A

- L
prov’d tobeas 1+~ x —= 1==uXx—2 x,J-4 x3—1 x4

¢¢. » being any infinite Index whatioever ; whence if
A

L be put for the faid Series, then 1 -~ x — 1=L; con-
A

e

" Tz
uently 14-x=1-4-L,and 14 x=14-L=1
E‘;l.l..'-i—%?l: L: +§#3Lg+il+ﬂ4]-..4, @},ﬁ.’ +

A< Tl T

The Logarithm of the Ratio of 1 to 1—x hys Jike.

I-.J

n
A
wile been prov’d to be as I—I1— x = X x4-1 x3 -
- X
$xdatde. =L ; wherefore s —x=1—1,
and
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—n ;
and 1 —x=1— L= 1—n L+i#*L>—123 L34~
f‘_l_?ﬁ"l.lz; é"ﬂ.

Whence 1 i‘x= I—I:# L —[—-% n* L*t% 23 L3

-+ & 2% L#* ¢c. is a general Theorem for finding the
Number from the Logarithm given of any Species or
Form whatfoever ; but in the Application of it to
Practice we labour under a great Inconveniency, efpe-
cially if the Numbers are large ; that is to fay, it con-
verges fo very flow, that it were much to be withed it
could be contracted.

However, if L be the Logarithm of the Ratio of 2
the leffer T'erm, to & the greater, and either of them
are given ; then the other will be eafily had and expe-
ditioufly enough too :

For ca
- =§ é Xitnld-3n? L24-2 43 L3, e,
and a b o o

Wherefore it follows by the Help of a Table of
Logarithms, that the correfponding Number to any
Logarithm may be found to as many Places of Figures
as thofe Logarithms confift of ; for putting 4 equal
to the Difference between the given Logarithm and
the next lefs in the Table, then will the Number
fought, wiz. N=axid-nd4iz*d*4-143 453
&c. But if 4 be putequal to the Difference betweenthe
given Logarithm, azgl the next greater, then N =4 X 1
—ndtLn*d*—3 a3 d3, ¢ec. Both of which Series
converge fafter,as d is fmaller. :

But the firft three T'erms in each may be contracted
into two, which is very ufeful, inafmuch as it faves
the Trouble of raifing #and 4 in the third Term to
the fecond Power; for letting the firlt T'erm remain as
it is, the other two are reduced to one ; thus, make the
fecond Term the Numerator of a Fraction, and Uni-
ty minus the third Term divided by the Second is the
Denominator.

Whence N=ax 1+ 2d 4 i d=,}

ad bd
f':gjiand N=k xdz—wd—i— la*=b—
. 3 t
d b A
Wherefore 4 -}~ 2 or b = _—- will be the
it mi~t=td
Num-
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Number anfwering to the given Logarithm, which tho’
it differs a little from the "IEruth, isoli%mcient to find the
Numbers exact to as many Places as Brizgs's -
rithms confift of, viz. 14, which are the largeft Ta-
bles extant. Much after the fame Method may the
whole Series be contratted, by which means each al-
ternate Power of 4 will be exterminated, or, which is
the {ame thing, every two Terms in the Series will be
reduc’d to one, making the whole as fhort again.

To illuftrate thefe Contrations by an Example :

Let it be required to find the Number anfwering to
the Logarithm 7,5713740282 in Briggs’s Form.

From the given Logarithm 7,5 713740282

Subtraét the Log. of 37271000 the? 9 o
nese nEﬂrﬂ& 5 ?) T‘?I 3 ? 104'53

the Remainder is equal to d= »0000029829

And becaufe the Number 37271000 is lels than
the Number fought, call it @, which, multiplied by
,0000029829, and the Prodult 1,11175 6659, ¢ve. di-
vided by m—2d= 434299, éﬂ. quotes ,255,992,
which, added to 37271000, gives 37271255,992 for the
Number fought.

Thus, 1 prefume, the Doctrine of Logarithms has
been fufficiently exemplified, whether we confider the
Conftruction of them for any given Numbers, or on
the contrary the finding of the Numbers from the Lo-
garithms given.

But betore [ conclude, I fhall give an Inftance or two
of the great Ufe of Logarithms in Arithmetical Cal-
culations, and firft in the purchafing of Annuities.

If a be put for any Annuity, p for the prefént Va-
lue, » the Amount of one Pound for one Year at any

Rate of Intereft, and # for the Time or Number of

a—p
Y ears the Annuity is to continue, then, p=

the

r—1I
Value of the Annuity.

EXAMPLE.

Let it be required to find the prefent Value of an
Annuity of 6o/ per Awunum to continue 75 Years at
she Rate of 4 per Cent. per Annum.

Here
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Here 4= 60, t=="75, and r==1,04. Now, in order
to obtain the Anfwer we muft find the feventy-fifth
Power of r,or of 1,04 ; that is, we muft multiply 1,04
feventy-five times into itfelf, whichis exceeding tedi-
ous by the common way, as any one may judge; but by
the Logarithms tis done with the greateft Eafe ; forif
0,017033 the Logarithm of 1,04 be muliplied by 75,
the Produc 1,277475 will be the Logarithm of the

feventy-fifth Power of 1,04 ﬂ which being fubtracted

from 1,778151, the Logarithm of 4 equal to 6o, will
leave 0,500676 the Logarithm of 3,16719, which be-
ing fubtracted from 6o, and the Remainder divided by
7—1=04 will give 1421,820equalto 1421 L. 15 5.44.%
for the Value of the Annuity ; and if Itﬂ.l,glt} be di-
vided by 6o, the Quorient will exhibit the Number of
Years Purchafe requilite to be given for any Annuity to
continue 75 Years upon a good Security free of all In-
cumbrances, the Purchafe being made at 4 per Cez?.
Hence we fee the Reafon why the long Annuities
purchafed in the Year 1708, haviné about 75 Years to
come, are now valued in Caftair’s Bill of Exchanges at
24 % or 25 Years Purchafe; for tho’, according to this
Calculation, they are worth but a little more than 23
Years and a haif, yet becaufe in the public Funds 4

per Cent. is fcarcely ever made of Money, and the

Contingencies it is there fubject to, which thofe An-
nuities and other Government Securities are not,
makes them very juftly worth 24 % or 2§ Years Pur-
chale.

Likewife Queftions relating to Annuities upon Lives,
whether for one, two, or three, ¢ are almoft as eafily
eftimated. For Inftance, it may readily be found by Lo-
oarithms, that an Annuity for a Man of Thirty to con-
tinue during his Life is worth 11,61 Years Purchafe, In-
tereft 6 per Cent. but at 4 per Cent. 14,68. And as
the Probabilities of Life’s Continuance, and the Value
thereof are determined by anAlgebraical Procefs ground-
ed upon the Rudiments of the Doétrine of Chances, and
five Years Obfervations upon the Bills of Mortality of
Breflaw, the Capital of Silefia; fo there refults that
Truth and Equity from the Operartions,as ought to pre-
fide in all Conrracts of this Nature. Whence it follows,
that all other Methods, whofe Refolution differs from
this, (efpecially if the Difference be much) may jl:i tly hg

ecm’
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deem’d erroneous, confequently prejudicial to one of
the Parties concerned. erefore, to prevent Impo-
fitions thro’ Ignorance, great Care thould be taken;

which Precaution, however unnece(Tary it may appear,

’tis prefum’d, will be regarded,inalmuch as no one is
willing to pay more Y ears Purchafe than he hasChances
for living, as on the contrary the Seller to receive lefs
than his Due, which may poffibly be by following the
common Methods, where, for the moft pari, regard is
had neither to Age nor Intereft, but founded upon Ca-
price,Humour, or, if you pleafe, Cuftom, the Contraét

ing made, as they can agree, right or wrong ; ‘which
Method of Procedure Du%-l'g to be exploded, fince fo
liable to Error, and the Confequences drawn there-
~ from, {o often wide of the Truth. |

The other Inftance which 1 {hall give of the great
Ufe of Logarithms is in the Cafe of Seffz, as related
by Dr. Wallis in his Opus Arithmeticum from Alfe~
phad (an Arabian Writer) in his Commentaries upon
Tograius’s Verfes, namely that one Seffz an Indian hav-
ing firft found out the Game at Chejfe, and thewed it
to his Prince Shebram, the King, who was highly
pleas’d with it, bid him ask what be would for the Re-
ward of his Invention ; whereupon heask’d, That for
the firft little Square of the Cbl.yj'f Board, be might have
one Grain of \c&lihﬂt given, for the fecond two, and
{o on,doubling continually,according to the Number of
the Squares in the Cheffe Board, whichwas 64. And
when the King, who intended to give a very noble
Reward, was much difpleas’d, that he had ask’d fo tri-
fling a one, Seffz declar’d, that he would be conrented
with this fmall one. So the Reward he had fix’d upon
wasorder’d to begiven him : But the King was quickly
aftonith’d, when he found, that this would rife to {0 vaft
a Quantity, that the whole Earth itfelf could not fur-
nifh out fo much Wheat. But how great the Number
of thefe Grains is, may be found by doubling onz con-
tinually 63 times, {0 that we may get the Number that

comes in the laft Place, and then one rime more to have

the Sum of all : For the Double of the [:ft Term lefs
by one is the Sum of all. Now this will be more ex-
peditiou(ly done by Logarithms, and accurately enough
too for this Purpofe. For if to the Logarithm of 1,
which is o, we add the Logarithm of 2, which is

c 0,3910309
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‘o,3010300 multiplied by 64, that is, 19,2659200, the

abloluce Number agreeing to this - will be greater than
18466, 00000, 00000, 00000, and lefs than 18447,
00000, 00000, 00000, . :

As I have had the revifing of thefe Sheets, fo it may
be expected, that [ fhould give my Opinion concerning
Mr. Cunre and our Author, in regard to fpherical Tri-
gonometry ; wherein the former accufes the latter, and
feveral other eminent Authors, of having committed
many Faults, and in fome Cafes of being miftaken,
elpecially in the Solation of the 12#h Cafe of Oblique
Spherics ; in which Mr. Cunz has intirely miftook the
Author’s Meaning, as plainly appears bg his Remark,
where he conftitutes a T'riangle, whofe Sides are equal
to the given Angles; whereas the Aurhor means, that
each Angle fhould firft be chang’d into its Supplement,
and then with the faid Supplement another Triangle
conftituted, whofe Angles by the very Text of the
142h Propofition of his own Spherical Trigonometry,
will be the Supplements of the é’ides fought in the given
Triangle; to which Propofition I refer the Reader.
"That this is the Senfe of the Author, is very evident, if
impartially attended to, and which [ think could pof~
fibly have no other Meaning; and accordingly aver
what is here advanc’d to be univerfally true; but be-
caufe I would not be mifunderftood, fhall illuftrace the
Truth thereof by a numerical Operation ; which, to
thofe who care not to trouble themfelves with the De-

monftration, may be fufficient, and to others, fome Sa-
tisfaction.

EXAMPLE.

Suppofe, in the Oblique-angled Spherical Triangle
ADE, there are given the Angles A, D, E, as pér Fi-
gure, and the Side D E required.

Note, Write down the Supplements of the two An-
gles next the Side required firlk; and then the Opera-
tion may ftand thus; .. '

The
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The Supple- CE = 50° Sine Co. A 7.——0,115746
ment of theZD =150 Sine Co. Ar.——o0,301030
Angle. CA=140 Sine120° =—9,937530
Sum :.-rl- 340 Sine 20  =——g,535052
o e
#Sum =170 I19,884358
e z
4 Sum, minus ¢ E =120
the Supple- —_—
ment of the } D= 20 9,944179

Angle.

l'\Lifhi::h laft Figures, 9,9441%9, give the Sine of
61¢ 34”;and the Double thereof, viz. 123° o8/, {ubtract-
ed from 180 Degrees,leaves forthe Supplement 56° 527,
which is the Side D E required.

The Rule which Mr. Cuzz {ubftitutes in the room
of our Author’s, is alfo univerfal (but not new); and
confequently, when he fays, Change one of the Angles
adjacent to the Side foughr into its Supplement, itis
very juft: tho’ by the way I affirm, it is equally
true, if the Angle oppofite to the Side fought were
changed into its Supplement (which perhaps is what
has not yet been taken Notice of ) ; only then,inftead of
having the Side fought directly, we thould have its
Complement to 180 Degrees, as in the precedent Ex-
ample ; but there is a Necefiity of changing either one
or all of the Angles into their Supplements, tho’ it is
beft to change only one ; which let be either of thofe
next the Side fought, nomatter which ; and the Side
will be had directly without any Subduction, as will ap-
pear by the {fubfequent Operation,

EXAMPLE

Let the Angle E be changed into its Supplement, and
she Side DE fought; which Supplement, and the

e | other
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other Angle adjacent to the Side fought, being written
down ﬁrl% . the Operation may be as follows :

Sup. of the Angle F=50=——Sine Co. Ar—o,1157
P The s D=30——=Sine Co. Ar—-—u:;om;g
Ang}e  A=340 Sine 100 -——.9,2396?0

Surn| 120 Sine 30 9,698970

= e

$Sum 6o Sum 19,355416
Sup. An lEE==10I

: Sum o & — £ Sum 9,677708

minus Angle D== 10

Which half Sum 9,677708 gives the Sine of 28° 56,
and the Double thereof 56° 527 is the Side D E foughr,
the fame as before, when all the Angles were chang’d
into their Supplements.

Whence it is abundantly manifeft, that thofe two
-Methods of Operartion, notwithftanding their Manner
is lo different, agree precifely in Practice; and confe-
quently we may conclude our Author’s Rule to be
right.  Wherefore I wender Mr. Cunz did not attend
berter to the Words of our Author’s Rule, before he
ventur'd to atrack the Charalters of fo many famous
‘Trigonometrical Writers. But to remove the Impu-
zation of his Charge againit thofe Authors who have
deferv'd fo well of the Mathematics, and to juftify
them to the World, (for Julftice ought to have place)
it is, that I have venwurd to give my Opinion, and
point out where Mr. Cuun was miftaken: The Reafon
of which is not ealily afflign’d, fince, to give him his
Due,it could not be for want of Knowledge, though in
this Cafe I can’t think it intirely owing to Inadver-
tency, inafmuch as it was a premeditated Thing ; and
I am loth to impute it to any contentious Inclinations of
his, in difputing the Veracity of our Author’s Rule,
becaule it did not appear with all that Plainnefs requi-
fite to prevent carping by the Litigious ; wherefore, as
I am in Sufpenfe how to determine, fhall leave the
Decifion thereof to better Judgments.

Indeed, Mr. Heywes's Rule, which direcs with the
three Angles given to projeét a Triangle, as if they
were Sides, is deficient, were it only on that very
account; for with the given Angles in the preceding

Example,
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Example, it will be impoffible to conftruct a Triangle,
becaufe ’tis requifite, that two Sides together, however
taken, be greater than the third, whereas in this Cafe
they will be lefs: Butthe Rule is not only deficient in
that refpect, but really wrong; for though what Mr.
Heynes aflerts it juft, viz. that the greateft Side in the
fupplemental T'riangleis the Supplement of thegreateft
Angle in the other Triangle ; yet, notwithftanding thar,

the Confequence drawn therefrom is falfe, and {o the'

Solution only imaginary: For with Submiffion, neither
the Sides, nor their Supplements, in Mr. Heywes’s fup-

plemental Triangle, are the Meafures of the Sides”

Jought.” *T'is true, when one of the Angles is a right
one, and the others both acure, then the faid Supple-
mental T'riangle is that wanted to be conftrulted, as
conraining ail the given Angles; and confequently the
Sides appertaining thereto, are the very Sides required :
But then this is only one Inftance out of the infinite
Number of other Triangles that may be conftructed ;

and which is not folved direétly by the Triangle firft
projected neither ; for the greateft Angle thereof muft

be changed into its Supplement, when the Side op
fite to,the right Angle 1s required ; and if the right An-
gle ftill remains, an:}either one or both of the other gi-
ven Angles are obtu
perplex’d: Wherefore there can be no general Solution
iven to any Triangle, by conftituting a I'riangle, whofe
Eides are equal to thegiven Angles ; except to that parti-
cular one whichMr. Cuzn takesNotice of in his Remark,
where each given Angle is the Meafure of its oppofite
Side fought,and which therefore needs no Operation.
This | thought myfelf obliged to obferve, out of
Jultice to Mr. Cunn, who we fee is not intirely to
lame; as having juft Reafon to object againft the
"?femcity of Mr. Heymes’s Rule, tho’ not againft the
Rules of the other Authors by him nﬂminaterﬁ
And here I can’t but take Notice of fome Gentle-
men, who are {0 very fond of finding Faulr, that ra-
ther than you fhall not be in the wrong, they will wreft
our own Meaning from you, and will not fuffer an
rror,tho” ever {o minute, to pafs, withour preclaiming
it to the Public, under Pretence of preventing ther
being impofed upon; whereas,if the Truth were known,
I fear it would appear to be the Vanity of their Hearts,

Cc3 an

e, the Solution is rendered more
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an Over-fondnels of being thought wifer and more
knowing than the reft of Mankind; nay, I think it
appears plainly fo, by their oppofing the Works of Men

reater than themfelves: Bur if, initead of compari

ow far their finite Knowledge extended or exceedlzs
another Perfon’s, they confider'd how much there was
they knew nothing of; as it would conduce to make
them humble, fo I am of Opinion it would contribute
very much toward their leaving off that manner of Wri~
ting. Befides, as I take it, the Bufinefs of WritingFis not
{o much to difcover who hascommitted the moft Faults,
as to avoid them, and make greater Improvements.

But what is the moft to be wonder’d at, ‘thofe wha
are {o very ready in finding fault, not without great
Sufpicion, receive the beft part of their Knowledge
from the Works of thofe very Authors againft 'whom
they exclaim, The Reafon that induces me to think fo,
is this: Whilft they are ftudying anAuthor in order to
underftand him, then it is perhaps, they difcover fome-
thing which he was pleas’d to omit, or thought fit to
conceal, for which’tis more than lgmbable they take care
not to omit pa}rin%a profound Refpect to their vainly
imagin’d fuperior Genius's: And if by Accident an
Error fhould creep in, (whichis very poflible, none be-
ing infallible) then to be fure he muft be egregioufly
miftaken, and not underftand what he wasabout: Bur,
I fay, this Difquifition into the Demerits of an Au-
thor would never have been made, had they underftood
the Subject beforehand; for if otherwile, they muft
be of a fad Cynical Temper, as well as have little elfe to
do,to make it their Bufinefsto difcover Faults;and at the
fame time acknowledge not one fingle Beauty ; a very
ingrareful Return for the Advantage they receive in the
Perufal.

Nor dothey do the Public that Service they pretend
to; for thofe that are capable, and will be at the T'rou-
ble, of reading a Treatife upon a Subjet without a
Mafter, are as well able as themfelves to re&ify what
1s amifs; and as for thofe who will not be ar that
Trouble, there is no Danger of their being led aftray;
fince it is the fame thing to them, whether there be
anhMif’cukes or not.

owever, if, after all, there fhould be aNeceflity for
an Admonition, why can’t it be done with Candour and
- Humanity 2
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Humanity? And then without Doubt, anAuthor, out of
regard to T'ruth, which of all things ought to be pre-
ferr'd,would be thankful : And to reprove otherwile, is
to be ungenerous; becaufe wheneyer thofle Mittakes
hﬁﬁwn, as they are for the moit part owing more to

vertency, than want of Knowledge; fo they
thould therefore be attributed to the Frailty of human
Nature, (to which we are all more or lefs fubjet) no-
thing being more common amongft all Profeffions,
than the writing of one thing for another.

. Ifany think, by my interfering between our Author
and Mr. Cunn, that T have run into the fame Error,
of which I accufe others in general of being guilry, let
them pleafe to confider, that I have only writin theVin-
dication of Gentlemen, who were firlt wrongfully ac-
cus'd; and in one Particular juftify’d Mr Cunn; for

fuch an Occafion as this offering, I thought the
Difference between them lay upon me to decide ; left
I fhould be taxed with Partiality for not doi% Juftice,
or with Ignorance in not determining an Affair which

_held fome in Sufpenfe to know who was in the right or

wrong; for there could be no Poflibility of making a

Merit, in adjufting a thing of {o eafy a Nature; tho’

perhaps, to conceive thoroughly the Reafon of all the

different Methods of Solution, may not be {o eal;

neither, '
But to proceed, as for the Omiffions our Author has

made in not determining accurately, when fome of the

Cafes are ambiguous, and when not, I fhall not quarrel

with thofe who think him to blame; but if I may be

allowed to give my Opinion, I think they are deter-
mined for the moft part as well, orar leait with more

Eafe, from the Conitruction of the T'riangles, becaufe

it fixes an Idea of what one is about, by exhibiting a

kind of anocular Demonftration; and con{'cquenIT E,

prevents the laying of thatStrefsupon theMemory, as all

thofe are obliged to,who dependintirely uponMr. Cuzw’s

Rules; which to Beginners ignot very agreeable: Hence
who knows, but that what our Author wrote relating to
the ambiguous Cafes, he thought futficient ? that is, that
the Reader would not ftop, for want of farcher Expli-
cations, but with more Eale fupply himfelf with what
was wanting, when he came to the Practice thereof, 1
mean, the Conftruction of Triangles (for after all,
without the Knowledge of that, a Perfon wiil have
| Cecy buz
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but a mean Notion of this ufeful Branch of the Mathe-
matics) ; and if fo, he ought in fome meafure to be ex-
cufed, efpecially if to this we join the following Confi-
deration, wiz. that few or none ever learn Spherical
T'rigonometry, purely for the fake of calculating Sides
and Angles, to determine their Ambiguities; befides,
what is ambiguous in Trigonometry, is very often nor
fo in Geography and Aftronomy, ¢e. for which the
other is chiefly learnt.

For Inftance ; If we know the Latitude of London,
and the Diftance and Difference of Longitude between
the faid Place and Rome, notwithitanding there are two
Sides and an Angle oppofite to one of them given, the
Cafe is nordoubtful when we undertake to find the La-
titude of Rome ; unlefs it be not known whether it lies
to the Northward or Southward of London; which
however could not be derermined by any Principles of
Trigonometry, Likewife in Aftronomy, if the Lati-
tude of the Place, the Sun’s Declination and Azimuth
were given, the Quiefitum is not doubtful neither, un-
lefs the Sun’s Declination exceeds the Latitude of the
Place, and both of the fame Denomination, that is,
both Nor¢h,or both South; in which Cafes becaufe it is
poffible for the Sun to be upon the fame Azimurh Cir-
cle, twice in the Forenoon; and upon another Azi-
muth Circle, twice in the Afternoon ; 1t is doubtful, if
by Circumftancesduring the Obfervation, we can’t dif-
cover which of the Times, whether the firft or laft ; but
if thofe Times fall near each other, it will be quite im-
pofiible ro diftinguifh which,and therefore ambiguous,
Other Inftances might be produced, but I believe thefe
are fufficient, to evince thar thofe nice Diftin&ions
are not fo neceflary in Practice; if there be thofe who

?’r’hall not difpute it, bur leave them
to their Opinion without Interruption.

However, what with Mr. Cuma’s Rules for determin-
g the ambigucus Cafes,(which are judicioully drawn
up, as including all the V)arieties poflible) and the Cor-
reCtions now made by reftoring what was loft and cor-
rupted, our Author’s %‘rcatiﬁ: of Trigonometry, in re-
fpect to Theory, may perhaps appear complete, even
to the moft {crupulous. And

Here I thought to conclude; but for the fake of
Novyelty,and to illuftrate the various Methods for folv-

g
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ing the 12¢7h Cafe of Oblique Spherics, where the
three Angles are given to find eitEer of the Sides, I
fhall begrieave to give one Inftance more, in order to
thew how it may be perform’d after a new manner, by
the Help of the natural and logarithmical verfed Sines
which if not intirely new, is not fo publicly known
as the preceding Methods; at leaft I never faw any-
where the Method of Operation, and therefore fhall
deliver a Rule for that Purpofe in the following Words:

REVLE.

Having,according to the former Direions, chang’d
one of the Angles next the Side fought into its Supple-
ment ; take the natural verfed Sine of the DifTerence
of the faid Supplement and the other adjacent Angle,
and fubtract it from the natural verfed Sine of the An-
gle oppofite to the Side fought, and to the Logarithm
of the Remainder add the Square of the Radius; then
" from the Sum fubtrat the logarithmical Sines of the
above Supplement,and the fame adjacent Angle ; and
+he Remainder is the Logarithm of a Number, which
will be the verfed Sine of the Side fought.

EXAMPLE.

Supplement <E —50°
Angle D
Narural {Dii{—'_:-.._c—-pﬁogu
V. Sine < A—j0—.23395
The Log. of which DifF. ’lgm
e Log.o iff. 177

with tht;gSquare 47 pre il 5%*9”'396?‘*

Sine of the Sup. of the < E §0°— 9,554254

Add the Sine of the <D 30 — 9,698970

~ Sum fubtract T10.582224

Remains -__.—ngﬁﬁm

Which Remainder 9,656450 gives the Logarihm

—-'lﬂ

verfed Sine of DE 56° 52°, agreeing exally with

the former Compurations.

Noze, If the faid Remainder exceeds 10,000000, it
implies that the Side fouzht is greater than a Quadrant ;
wherefore cancelling the Charatteriftic 10, look out

for the Number anfwering the remaining Logari_thm,
: rom
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from which cut off the left-hand Figure, or, which is
the fame thing, abate the Radius (viz. Unity); and
the Remainder will be the natural Sine of the Excels
of the Side {fought above a Quadrant.

As the natural and logarithmical verfed Sines are not
fo frequently met with in Books, as the artificial Sines,
’tis poflible, on that account, this Rule may meet with
fome Objection ; for which Reafon, and not knowing
whether it may be thought preferable to the foregoi
Methods, (tho’ undoubtedly very ealy in Pra&ice}n%
have omitted its Demontftration; but have publifh’d
the Rule, with fome View of introducing the Ufe of
the former Sines, which fometimes are preferable to
the latter : For by the Help of the faid verfed Sines,
and the Realoning us’d in obtaining this Rule, we ne-
ceffarily come to the Knowledge of {olving that Pro-
blem, where two Sides and the contained Angle are
given, and the third Side x;i?uired, at one Operation,
very ufeful in Aftronomy and Geography, e{d‘pecialt}? in
the latter ; when the Latitudes and Longitudes of two
Places are given to find their Diftance afunder: But
the Rule for performing i, and the Demonftration
thereof, is alfo omitted for the fake of Brevity.

However, ’tis ealy to perceive, fince Angles may
be turned into Sides, that the prefent Rule inré%udes the
Solution of that ufeful Problem in Aftronomy, for
finding the Sun’s Azimuth, having the Latitude of the
Place, the Sun’s Alticude and Diﬁance from the ele-
vated Pole given; by which means the Variation of the
Compafs of fuch Importance to Nawamrs} may be
readily determined in any Part of the World.

An Example of which, comprehending the latter
Part of the Rule, wiz. (when the Remainder exceeds
10,000000) is exhibited.

. &=EX/AMP LE
Suppoié on Fuze the 30tk 1732. at Londen in the
Latitude of §1° 32’ No. it were required to find the

Sun’s true Azimuth, when his Altitude was 50° oo’ in

the Afternoon,  Firft,

Frony

Pl



The ARP EN DREX,

From the Com. of the Altitude 4co 0o’
Sub. the Com. of the Latitude 38128 1,

Natural § of the Difference I:32--,0003§

V. Sine ¢ of theSun’s dift. fromthePole67: §4--,623 77

St Wy 02342
The Lo%l of which Difference 62342

with the Square of the Radius is } 29.704780

Latitude §1° 32/ —— 9¢.793331
Cofine of the { v raloh 930302,?

Sum fubtrad 19 601890
Remains 10.192882

_ Here the Remainder exceeds 10,000000; wherefore
cancel the Charateriftic 10, and the Number an-
fwering the remaining Logarithm is 1,5591; the Ex-
cefs of which above [ﬁnit}', viz. ,§591, gives the natu-
ral Sine of 34*00’; whence the Sun’s true Azimuth is
North 124® oo’ Weft. At which time, if the Sun’s
Magnetical Azimuth were North 110° 30° Weft, the

Variation of the Compafs would be 13° 30" Weift, as

appears by the following Subtraction.

True Azimuth, North 124° : 0o’ Weft
Mag, Azimuth, North 110 30  Weft

Variation 13:30 Weft

.

N. B. If the Sun’s Declination had been South, then-

the verfed Sine of the Sun’s Diftance from the elevated
Pole, would have been equal to Unity plus the natural
Sine of the Sun’s Declination; which in [graﬂ:ite credtes
no more Trouble than when the Declination is North,
_ if fomuch; fince it is at leaft as eafy to take the natu-
ral Sine of an Arc, as to take the verfed Sine of its
Complement to 90 Degrees; which Sines, and others
with their refpective Logarithms, ¢b-¢c. may readily be
had out of Sherwin’s Mathematical Tables.

FI1INIS
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ments; being an Introduction to Sir Ifaac Newson’s Philofophy.
By Dr. William Fames Grave[ande, Profeflor of Mathematics
and Aftronomy in the Univerlity of Leyden, and Fellow of the
Royal Society of London. Made Euglifb, and illuftrated with
%3 Cogpenplates. Revifed and CorreCted by Dr. Fobn Keill,

. R. S. Profeffor of Aftronomy in Oxford.

IV. An Appendix to the Englsfb Tranflation of Commandize’s
Euclid; wherein the 11th and 12th Books of the Elements are
made eafy to the meaneft Capacity, by exhibiting the Solids
themf{elves to the Eye, inftead of their feveral Pictures or Pro-
jections laid down by the feveral Writers of Elements of Geo-
metry. A Trac ufeful and neceflary for Painters, Builders,
Gardeners, and all Perfons who would inform themfelves de-
monitratively in Perfpective, Menfuration, Spherics, ¢. or

ualify them{elves to read the Works of thofe who have written
arther on folid Geometry With an Introduction exphining
the Projection ufed by the Ancients, and fthewing its Excellency
to any other for this Purpole. By Samue! Cunn.

I. A new Syftem of Agriculture: Being aicomplete Body of
Husbandry and Gardening, inall the Parts of them ; wiz. Huf-
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bandry in the Field, and its Improvements. Of Foreft and
Timber-Trees, great and {mall ; with Ever-Greens, and Flower-
ing-Shrubs, ¢ve. Of the Fruit-Garden. Of the f(itchen-Gar-
den. Of the Flower-Garden. In Five Books. Containing
all the beft and lateft, as well as many new Improvements; ufe-
ful to the Husbandman, Grafier, Planter, Gardener and Florift.
W herein are inrerfperfed many curious Obfervations on Vegeta-
tion; on the Difeafes of Trees, and the general Annoyances 1o
Vegerables, and their probable Cures. As alfo, A %articular
Account of the famous Sr"tgbiﬁ#m of the Ancients. Fobn
Laurence, M. A. ReGor of Bifbops-Weremouth, in the Bifhop-
rick of Durbam, and Prebendary of the Church of Sarum.

1I. The Practical Fruit Gardener, being the beft and newelt
Method of raifing and planting all {orts of Fruit-Trees; agree-
able to the Experience and Practice of the moft eminent Gar-
deners and Nurfery-men. By Stephen Switzer; revifed and
recommended by the Reverend Mr, Laurence, and Mr. Bradley.
Adorned with Plans. :

III. A general Treatife of Husbandry and Gardening ; con-
taining {uch Oblervations and Experiments, as are new and ufe-
ful for the Improvement of Land; with an Account of fuch
extraordinary Inventions, and natural Productions, as may help
the Ingenious in their Studies, and promote univerfal Learnin%
In Two Volumes, 8vo. with Variety of curious Cuts. By Rich.
Bradley, F. R.S.

IV. Vegetable Statics, or an Account of fome Statical Expe-
riments on the Sap in Vegetables; being an Effay towards a
Natural Hiftory of Vegetation. Alfo a Specimen of an Atuempt
to analyfe the Air by a great Variety of Chymio-ftatical Experi-
ments, which were read at feveral Meetings before the Royal
Society. By Stzephen Hales,B.D.F.R. 8. Reltor of Farring-
don, Hampfhire, and Minifter of Teddington, Middlefex.

V. Starical Effays, containing Haemaltatics, or an Account
of fome Hydraulic and Hydroftarical Experiments made on the
Blood-veflels of Animals.  Alfo an Account of fome Experi-
ments on Stones in the Kidneys and Bladder; with An Inquiry
into thofe anomalous Concretions. To which is added, an Ap-
pendix, containing Obfervations and Experitnents relating to {g-
veral Subjeéts in the Firlt Volume. The %reareﬁ: Part of which
were read at {everal Meetings before the Royal Society.  With
an Index to both Volumes. By Stepben Hales, B. D. F.R. S,
Rector of Farringdon, Hamp/bire, and Minilter of Teddington,

Middlefpx.
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