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To the RicuT HoNOURABLE the

Lood CARPENTER?*

MY LORD,

= HERE are mapy People in the World

&l who are prepofleffed with an Opinion,

@Il that the Doctrine of Chances has a Ten-

€2\l dency to promote Play ; but they foon
| will be undeceived, if they think fit to
| look into the general Deﬁgn of this
BDUk in the mean time it will not be i improper to in-
form them, that your Lordfhip is pleafed to efpoufe the
Patronage of this fecond Edition ; which your {h-i& Pro-
bity, and the diftinguifhed Charaéter you bear in the
World, would not havc*. permitted, were not their Ap-
pmhcuﬁﬂns altogether groundlefs,

* This Dedication was prefixed to the 2d Edition.

Your
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Your Lordfhip does eafily perceive, that this Do&rine
is fo far from encouraging Play, that it is rather a Guard
againft it, by fetting in a clear Light, the Advantages and
Difadvantages of thofe Games wherein Chance is concerned.

Befides the Endowments of the Mind which you have
in common with Thofe wholfe natural Talents have been
cultivated by the beft Educatinn, you have this particular
Happinefs, that you underftand, in an eminent Degree, the
Principles of Political Anthmenc, the Nature of our Funds,
the National Credit, and its Influence on public Affairs.

As one Branch of this ufeful Knowledge extends to the
Valuation of Annuities founded on the Contingencies of
Life, and that I have made it my particular Care to facili-
tate and improve the Rules I have formerly given on that
Subject ; I flatter myfelf with a favourable Acceptance of
what is now, with the greateft Deference, fubmitted to
your Judgment, by,

My Lorp,

Your Lordfbip’s
Moft Obedient and
Moft Obliged,

Humble Servant,

A. de Moivre.
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PREFACE:.

9P 18 now about Seven Yvars, fince I gave a Specimen in the
~ '@ o Philofophical Tranfaions, ¢f what I now more largely
treat of in this Book. The occafion of my then undertaking
this Subject was chiefly cwing to the Defire and Encourage-
ment of the Honourable + Francis Robartes Efg; who, upon occafion of a
French Tradt, called, L' Analyfe des Jeux de Hazard, which bad lately
been publifbed, was pleafed to propofe to me fome Problems of much greater
difficulty than any be bad found in that. Book; which baving folved to
bis Satisfalion, be engaged me to methodize thefe Problems, and to lay
down the Rules awbich bad led me to their Solution. After I bad pro-
ceeded thus far, it was enjoined me by the Royal Society, to communicate
to them what 1 bad difcovered on this Subjeét : and thereupon it was or-
dered to be publifbed in the Tranfactions, not fo much as a matter relating
to Play, but as containing fome general Speculations not unworthy to be
- confidered by the Lovers of Truth.

I bad not at that time read any thing concerning this Subject, but
Mr. Huygen’s Book de Ratiociniis in Ludo Alez, and a little Englifh
Prece (wbhich was properly a Tranflation of it) done by a very ingenious
Gentleman, who, tho capable of carrying the matter a great deal far-
ther, was contented to follow bis Original ; adding only te it the com-
putation of the Aa’vmmge of the Setter in the Play called Hazard, and
Jome few things more. As for the French Bosk, I bad run it cver but
eurforily, by reafon I bad obferved that the Author chiefly infified on

* This Preface was written in 1717, + Now Earl of Rapxor,
the
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the Metbod of Huygens, which I was abfolutely réfolved to rejell, as
niot feeming to me to be the genuine and natural way of coming at the So-
lution of Problems of this kind.

I bad faid in my Specimen, that Mr. Huygens qwas the ﬁrﬂ who
bad publifbed the Rules of this Calculationy intending thereby to do jufirce
to a Man whe bad well deferved of the Public; haf 1 then faid
was mifinterpreted, as if I bad defigned to wrong fome Perfons 'wﬁﬂ
had confidered this matter before bim: and a Paflage was cited againft
me out of Huygen's Preface, in which be faith, Sciendum vero quod
jam pridem, inter Preftantiffimos totd Gallid Geometras, Calculus
hic fuerit agitetus; ne quis indebitam mihi prime Inventionis glo-
riam hac in re tribvat. But what ﬂffaw; immediately after, 1145 it
been minded, might bave ffmrfrf me from any Sufpicion of l?s_'_rn??mr
The awords are thefe, Caeterum illi difficillimis quibufque Quaftionibus
fe invicem exercere foliti, methodum fuam quifque occultam reti-
nuere, adeo ut a pr:rms elementis hanc materiam evolvere mihi
necefle fuerit. By wbhich it appears, that thd Mr. Huygens was not
the firft who bad applied bimfelf to thofe forts of Queftions, be was ne=
verthelefs the firfl who bad publifbed Rudes jfor their Solution; which is
all that T a_rﬁﬁmd

Such a Traél as this is may be u ;[ﬁd to feveral ends; the firft of
which is, that there being in r&e World feveral mgmﬂ:w Perfons,
who are defirous to ﬁ:ﬂﬁw what fnﬂna’amn they go upon, when they
engage in Play, whether from a motive of Gain, or. barely Diver-
Jon, they may, by the belp of this or the hke Tradt, gratify their cu-
riofity, either by taking the pains to underfland what 15 bere DWHT
firated, or elfe making ufe of the Conclufiens, and taking i% for granted
that the Denionftrations-are right.

Ancther ufe to be made of this Dotlrine of Chances is, that it
titay ferve in Gonjunétion with the other parts of the .ﬂ:ﬂm&:’mﬂm&;,
as a fit Infroduction to the Art of Rs@fmmg, it being known by
experience that nothing can contribute more to the attaining of that
Art, than the confideration of a lmg Train of Confequences, rightly
deduced from undsubted Principles, of which this Book affords many
Examples. To this may be added, that fome of the Problems about
Chance baving a'great appearance gf Simplicity, the Mind is eafily drawn
into a belief, that their Solution may be attained by the meer Strength
‘of natural good Senfe; which generally pr ﬂ'umg otherwife, and the Myf~
takes occafioned thereby being not unfrequent, ’tis prefumed that a Bmﬁ
of this Kind, which teaches to diftinguifh Truth Efrﬂm what Jfe
Jo nearly to refemble it, will be fﬂﬁi’fd :Hpon as @ belp to good Rt’ﬂ-

ﬁmmg
Among
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Among the feveral Miflakes that are committed about Chance, one
wof ‘the moft conimon and leaf? fufpeéled, is that which relates to Lotteries.
Thus, Juppefing a Lottery wherein ithe preportion of the Blanks to the

~Prizesis as frve to one 5 'tis very natural to conclude, that therefore five
‘Tickets arerequifite for the Chance of @ Prize ; and yet it may be proved,
Demonfiratively, that four Tickets are more than fufficient for that pur-
‘pofes which will be confirmed by often repeated Experience. In the like
‘manner, fuppofing-a Lottery wherein the proportion of the Blanks to the
Prizes is as Thirty-nine to One, (fuch as awas the Littery of 1710)
7t may be proved, rhat in twenty eight Tickets, a Prize is as likely to
e taken as not ;5 whieh tho' it may feen to contradict the common Nutions,
‘s neverthelefs grounded upon infallible Demonflration.
- \Wben the Play of the Royal Oak avas in ufe, Jome Perfons who o}
confiderably by it, bad their Loffes chiefly occafioned by an Argument of
-awhich ‘they could not perceive the Fallacy. The Odds againft any par-
“ticular Point of the Ball were One and Thirty to One, which intitled
‘the Adventurers, in cafe they were winners, to bave thirty two Stakes
‘returned, including their-vwon s inflead of which they baving bur Eight
and Twenty, it wasvery plain that on the fingle account of the difad-
~wantage -of the Play, they loft-ene eighth part of all the Money they played
Sor. ‘But the Mafler of the Ball maintained that they bad no reafon to
-complain ; fince be would undertake that any particular point of the Bal!
1 come up in Two.and Twenty Throws ; of this be would offer to lay
-a Wager, and aétually laid it when required.  The feeming contradiciion
‘between the Odds of One and Thirty to One, and Twenty-two Throws for
“any Chance to come up, Jo perplexed-the Adventurers, that they begun to
cthink the Advantage was on their fide; for which reafon they played on
-and continued to lofe.

Tbe Doltrine of Chances may likewife -be a belp to cure a Kind of
Super/flition, which bas beenof long fanding in the World, viz. that there
is in Play [uth-a thing as Luck, good or-bad. 1 own there are a great
many judicious people, awho without any other Affiffance than that of their
‘own reafon, are fatisfied, that the Notion of Luck is.meerly Chimerical s
yet I conceive that the ground they bave to look upon it as fuch, may Jiill
be farther inforced from fome of the following Confiderations.

If by faying that a Man bas-bad good Luck, nothing more was meant

than that be bas been generally a Gainer at play, the Expreffion might
“be allpwed as wery proper in a fhort way of [peaking : But if the Word
“Good Luck be underflood to fignify a certain predominant quality, fo in-
berent in a Man, that be mufl win whenever be Plays, or at leaft win
oftner than lfe, it may be denied that there is any fuch thing in nature.

The
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The Afferters of Luck are wery fure from their own Experience,
that at fime times they bave' been very Lucky, and that at other times
they bave bad a prodigions Run of ill Luck againft them, which whilft
it continued obliged them to be wery cautious in engaging with the For-
tunate ; but bow Chance fhould produce thofé' extroardinary Events, is
what they cannot conceive : They would be glad, for Inflance, to be Sa-
tisfied, how they could lofe Fifteen Games together at Piquety f ill
Luck bad not [flrangely prevailed againft them. But if they awill be
pleafed to confider the Rules delivered in this Book, they will fee,
¢/ at though the Odds againft their lofing fo many times together be very
great, viz. 32767 to 1, yet that the Poffibility of it is not defirayed by
the greatnefs of the Odds, there being One Chance in 32768 that it may
[fo bappen 5 from whence it follows, that it weas flill ffaﬁﬂe to come to pafs
avithout the Intervention of what they calFlll Luck. 2 b

Befides, This Accident of lofing Fifteen times togetber at Piquet, is
no more to be imputed to ill Luck, than the Winning with ene fingle
Ticket the bigheft Prize, in a Lottery of ‘32768 Tickets, is to be im-
puted to good Luck, fince the Chances in both Cafes are perfeétly equal.
But if it be faid that Luck bas been concerned- in this Jlatter, Cafe,
the Anfwer will be eafy ; for let us fuppofe Luck not exifting, or af leaft
let us fuppofe its Influence to be fufpended, yet the bigheft Prize muft fall
into fome Hand or other, not by Luck; (for by the Hypothefis that bas
been laid afide) but from the meer neceffity of its ﬁﬂfﬂgﬁ/ﬁmﬂ

Thofe who contend for Luck, may, if they pleafe, alledge otber Cafes
at Play, much more unlilely to bappen than the Winning or Lgé
Sfifteen Games togetber, yet [lill their Opinion will never recerve. any
Addition of Strength from fuch Suppofitions : For, by the Rules of Chance,
a time may be computed, tn which thofe Cafes may as probably bappen as
not 5 nay, not only fo, but a time may be computed in which there may be
any proportion of Odds for their fo bappening. | \

Eut fippofing that Gain and Lofs were fo flucluating, as always to be
diflributed equally, wherchy Luck would certainly be anntbilated ; would
it be reafonable in this Cafe to attribute the Events of Play to Chance
alone 2 I think, onthe contrary, it would be quite otherwife, for then there
wauld be more reafon to fufpell that fome unaccountable Fatality did rule
in it : Thus, if twa Perfons play at Crofs and Pile, and Chance alone
be fuppofed to be concerned in regulating the fall of the Piece, is it pro-
bable that there fhould be an Equality of Heads and Croffes? It is Five
to Three that-in four times there will be an fueguaiifj; 'tis Eleven to
Five infix, 93 to 35 in Eight, and about 12 to 1 in a bundred times :
Wherefore Chance alone by its Nature conflitutes the Inequalities of Play,
and there is no need to have recourfe to Luck toexplain them.

Further,
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Further, the fame Arguments which explode the Notion of Luck,
may, on the other fide, be ufeful in fome Cafés to eflablifb a due com-
parifon between Chance and Defign: We may imagille Chance and De-
Sfign to be, as it were, in Competition with each other, for the produétion
of fome forts of Events, and may calculate what Probability there is,
that thofe Evvents fhould be ratber owing to one than to the other. To give
a familiar Inflance of this, Let us fuppofe that tawo Packs of Piguet-
Cards being fent for, it fhould be perceived that there is, from Top to
Bottom, the fame Difpofition of the Cards in both Packs; let us like-
wife fuppofe that, fome doubt arifing about this Difpofition of the Cards,
it be gngh'wzfd whether 1t ought to be attributed to Chance, or
tothe Maker’s Defign : In this Cafe the Dotlrine of Combinations de-
cides the Queftion; fince it may be proved by its Rules, that there are
the Odds of above 263130830000 Millions of Millions of Millions of
Millions to One, that the Cards were defignedly fet in the Order in which
they were found.

From this laff Confideration we may learn, in may Cafes, how to
diftinguifb the Events which are the effeét of Chance, from thofe which
are fr ced by Defign : The very Doélrine that finds Chance where it
really is, being able to prove by a gradual Increafé of Probability, till
it arrive at Demonftration, that where Uniformity, Order and Con-
Jflancy refide, there alfo refide Choice and Defign.

Laftly, One of the principal Ufes to which this Do&rine of Chances
may be applied, is the difcovering of fome Truths, which cannot fail of
ﬂrgﬁrxg the Mind, by their Generality and Simplicity ; the admirable
Connexion of its Conféquences will increafé the Pleafure of the Difcovery;
and the feeming Paradoxes wherewith it abounds, will afford very great
matter of Surprize and Entertainment to the Inquifitsve. A very re-
markable Inflance of this nature may be feen in the prodigious Advan-
tage which the repetition of Odds will amount to; Thus, Suppofing I play
with an Adverfary who allows me the Odds of 43 to 40, and agrees
awvith me to play till 100 Stakes are won or loft on either fide, on cond:-
tion that I give bim an Equivalent for the Gain I am int:tled to by
the Advantage of my Odds; the Queftion is, what I am ts give bim,
on fuppofing we play a Guinea a Stake: The Anfwer is 99 Guineasand
above 18 Shillings*, which will feem almoft incredible, confidering the
Jmalilnefs of the Odds of 43 to 40. Now let the Odds be in any Propor-
tion given, and let the Number of Stakes be played for be never fo great,
yet one general Conclufion will include all the poffible Cafes, and the ap-

plication of it to Numbers may be wrought in lefs than a Minute's time.

* Guineas were then at 218 64. _
a I bave
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I bave explained, in my Introduion #o the following Treatsfe, the
chief Rules on which the whole Art of Chances depends; I bave done it
in the plaineft manner that I could think of, tothe énd 1t might be (as
much as poffible) of general Ufe. I flatter my [elf that thofe who are
acquainted with Arithmetical Operations, will, by the belp of the In-
troduction alone, be able to folve a great Variety of Queflions depending
on Chance: 1 wifh, for the fake of fome Gentlemen who bave been pleafed
to fubfcribe to the printing of my Book, that I could every where bave been
as plain as in the Introdution s but this was bardly pratticable, the In-
wention of the greateft part of the Rules being intirely owing fo Algebra ;
yet 1 bave, asmuch as poffible, endeavoured to deduce from the Algebraical
Calculation feveral practical Rules, the Truth of wbich may be depend-
ed upon, and which may be very uféful to thofe awho bhave contented them-
[elves to learn only common Arithmetrck.

On this cccafion, I muft take notice to fuch of my Readers as are
qell verfed in Vulgar Arithmetick, that it would not be difficult for
them to make themfelves Maflers; not only of all the praftical Rules in
this Book, but alfo of more ufeful Difcoveries, if they would take the
finall Pains of being acquainted with the bare Notation of Algebra,
which might be done in the bundredth part of the Time that is fpent in
learning to write Short-hand. : '

One of the principal Methods I bave made ufe of in the following
Treatife, bas been the Doétrine of Combinations, faken in a Senfe
fomewhat more extenfrve, than as it is commonly underflood. The No-
tion of Combinations being fo well fitted to the Calculation of Chance;
that it naturally enters the Mind whenever an Attempt is made to-
wards the Solution of any Problem of that kind. It was this that led
me in courfe to the Confideration of the Degrees of Skill in the Adven-
turers at Play, and I bave made ufe of it in moft parts of this Book,
as one of the Data that enter the Queftion; it being fo far from per-
plexing the Calculation, that on the contrary it is rather a Help and an
Ornament to it : It is true, that this Degree of Skill is not to be known
any other way thaA from Obféervation ; but if the fame Obfervation
conflantly recur, tis firongly to be prefumed that a near Efismation of
‘1t may be made : However, to make the Calculation more precife, and
to avoid caufing any needlefs Scruples to thofe who love Geometrical
Exallnefs, it woill b{ eafy, 1n the room of the awerd Skill, to [fubflitute
a Greater or Lefs Pm‘wﬁiau of Chances among the Adventurers, [6as.
cach of them may be faid to bave a certain Number of Chances to win one
Single Game.

The general Theorem invented by Sir Ifaac Newton, for raifing a Bino-
mial toany Pawer given, facilitates infinitely the Method of Combinations,,

reprefenting
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reprefenting in one Fiew the Combination of all the Chances, that can

in any given Number of Times. Tis by the belp of that Theorem,
Joined with jome other Methods, that I have been able to find praitical
Rudles for the folving a great Fariety of difficult Queftions, and to re-
duce the Difficulty to a fingle drithmetical Multiplication, wkereof feveral
Inftances may be feen in the 46th Page of this Book.

Amother Method I have made ufé of, is that of Infinite Series, awbich
in many cafesqoill folve the Problems of Chance more naturally than
Combinations. To give the Reader a Notion of this, we may fuppofe
twe Men at Play throewing a Die, cach in their Turns, and that be
i5 to be reputed the Winner who fhall firft throw an Ace: It is plain,
that the Solution of this Problem cannot o progerly be reduced to Com-
binations, which ferve chiefly to determine the proportion of Chances be-
tween the Gameflers, without any regard to the Priority of Play. ’Tis
convenient r_iereﬁre to bave b:fm;r‘-}f‘ifr j?a fome agﬁer Method, fuch as the
following : Let us fuppofe that t Man, being willing to compound
with bis Adverfary for the Advantage be is intitled to from bis firft
Throw, fhould afk bim what Confideration be would allow to yield it to
him s it may naturally be fuppofed that the Anfiwer would be one Sixth
part of the Stake, there being but Five to One againft bim, and that
this Allowance would be thought a juft Equivalent for yielding bis Throw.
Let us likewife fuppofe the fecond Man to require in bis Turn to have
ane fixth part of the remaining Stake for the Confideration of bis Throw;
which being granted, and the firf} Man's Right returning in courfe, he

nay claim again one fixth part of the Remainder, aiud fo on alter-
nately, till the whole Stake be exbaufled: But this not being to be done
till after an infinite number of Shares be thus taken on both Sides, it
belongs. to the Method of Tnfinite Series fo affign to cach Man what pro-

- portion of the Stake be ought to take at firft, fo asto anfiwer exaltly

that ficlstious Divifion of the Stake in infinitum ; by means of which
it will be found, that the Stake ought to be divided between the contend-
ing Parties into two parts, refpeitively ;:rrafartiana! to the two Numbers
6 and 5. By the like Method it would be jfound that if there were
Three or more Adventurers playing on the conditions abrve dejiribed,
each Man, according to the Situation be is in with refpeét to Priority of
Play, might take as bis due fich part of the Stake, as is exprefjible by
the correfponding Term of the proportion of 6 to 5, continued to fo many
Terms as there are Gamefiers ; which in the cafe of Three Gamefters,

for Inflance, would be the Numbers 6, 5, and 4%, or “their: Pro-

portionals 36, 30, and 23,
Another Advantage of the Metlod of Infinite Series is, thit every
Term of the Series tncludes [ome particular Circumflance wherein the
T Gameflers



Vil PREFA CE

Gameflers may be found, which the other Methods do not ; and that &
few of its Steps are fufficient to difcover the Law of its Procefs. The
only Difficulty which attends this Method, being that of fumming up
fo many of its Terms as are requifite for the Solution of the Problem
propofed: But it will be found by Experience, that in the Series refult-
ing from the Confideration of moft Cafés relating to Chance, the Terms
of it will either conflitute a Geometric Progre/ffion, which by the known
Methods is eafily fummable ; or elfe fome other fort of Pregreffion, whofe
nature confifts in this, that every Term of it bas to a determinate num-
ber of the preceding Terms, each being taken in order, fome conflant re-
latien; in which cafe I bave contrived fome eafy Theorems, not only for-
Sfinding the Law of that Relation, but alfo for finding the Sums re-
quired; as may be feen in [feveral places of this Book, but particu-
larly from page 220 to page 230.

A Third Advantage of the Method of Infinite Series is, that the So-
lutions derived from it bave a certain Generality and Elegance, which
fearce any other Method can attain to; thofe Methods being always
perplexed with various unknown Quantities, and the Solutions obtained

them terminating cammﬂng in particular Cafés.

There are other Sorts of Series, which tho’ not properly infinite, yet
are called Series, from the Regularity of the Terms whereof they are
compofed ; thofe Terms following one another with a certain uniformity,
which is always to be defined.  Of this nature is the Theorem given
by Sir Ifaac Newton, in the fifth Lemma of the third Book of his
Principles, [/ar drawing a Curve through any given number of Points ;
of which the Demonfiration, as well as of other things belonging to the
fame Subjeét, may be deduced from the ﬁ? Propofition of bis Methodus
Differentialis, printed with fome otker of bis Traéis, by the care of my In-
timate Friend, and wery fkilful Mathematician, Mr. W. Jones. The
abovementioned Theorem being very ufeful in fumming up any number of
Terms whofe laff Differences are equal, (fuch as are the Numbers called
Triangular, Pyramidal, &c. the Squares, the Cubes, or other Powers
of Numbers in Aritbmetic Progreffion) I bave fhewn in many places of
this Book bow it might be applicable to thefe Cafes.

After baving dwelt fome time upon various Queftions depending on the
general Principle of Combinations, as laid down in my Introduction,
and upon fome others depending on the Metbod of Infinite Series, 1pro-
ceed to treat of the Method of Combinations properly fo called, which
I fhew to be eafily deducible from that more general Principle which
bad been before explained: Where it may be obferved, that although the
Cafes it is applied to are particular, yet the Way of Reafoning,
and the Confequences derived from it, are general; that Method of

Arguing
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Arguing about generals by particular Examples, being in my opinion
very convenient for eafing the Reader’s Imagination.

Having explained the common Rules of Combinations, and given a The-
aremn which may be of ufe for the Solution of fome Problems relating to that
Subject, I lay down a new Theorem, which is properly a contraltion of
the former, whereby [everal Queflions of Chance are refolved with won-
derful eafe, thd the Solution might feem at firf} fight to be of infuperable
difficulty.

%"f? by the Help of that Theorem fo contralled, that I have been able
to give a compleat Solution of the Problems of Pharaon and Bafiette, which
was never dome before me: I own that fome great Matbematicians bad
already taken the pains of calculating the advantage of the Banker,
in any circumflance eitber of Cards remaining in bis Hands, or of any
m:mézr of times that the Card of the Ponte is contained in the Stock :
But flill the curiofity of the Inquifitive remained unfatisfied; The Chief
Queftion, and by much the mg/}g difficult, concerning Pharaon or Bafiette,
being, What it is that the Banker gets per Cent. of all the Money adven-
tured at thofe Games? awhich now I can certainly anfwer is very near
Three per Cent. at Pharaon, and three fourths per Cent. af Baflette,
as may be feen in my 33d Problem, where the precife Advantage is
calculated. :

In the 35th and 36th Problems, I explain a new forf of Algebra,
whereby fome Queflions relating to Combinations are johved by fo eafy a
Pracefs, that their Solution is made in fome meafure an immediate con-
Sequence of the Method of Notation. I will not pretend ts fay that this
new Algebra is abfolutely neceffary to the Solving of thofe Queflions which
I make to depend on it, fince it appears that Mr. Monmort, Author of
tbe Analyfe des Jeux de Hazard, and Mr. Nicholas Bernoulli beve filved,
by another Method, many of the cafés therein propofed : But I hope I fhall
not be thought guilty of too much Confidence, if I affure the Reader, that
the Method I bave followed bas a degree of Simplicity, rot to fay of
Generality, which will bardly be attained by any other Steps than by
thofe I bave taken.

The 30th Problem, propofed to me, amongf} fome others, by the Ho-
nourable Mr. Francis Robartes, I bad folved in my traé? De menfura
Sortis; It relates, as well as the 3 5th and 36th, to the Method of Com-
binations, as is made to depend on the fame Principle. When I began
Jor the firf} time to attempt its Solution, I bad nothing elfe to guide me

but the common Rules of Combinations, fuch as they bad been delivered by
Dr. Wallis and others; wbhich when I endeavoured to apply, I was fur-
prized to find that my Calculation fwelled by degrees to an intolerable Bulk : .
For this reafon I was forced to turn my Views another way, and to try
whether
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whether the Solution I was feeking for might not be deduced from fome ea-
Jier confiderations 5 whereupon I bappily fell upon the Metbod I bave been
mentioning, which as it led me to a very great Simplicity in the Solution,
fo I look upon it to be an I?;zrwemfﬁf made to the Method of Combinations.

The goth Problem is the reverfe of the preceding 5 It contains a very
remarkable Method of Solution, the drtifice of which confifls in changing
an Arithmetic Progreffion of Numbers into a Geometric one 5 this fﬂﬁ
akuvays to be done when the Numbers are large, and their Intervals fma
I freely acknowledge that I bave been indebted long ago for this ufeful ldea,
to my much reffeited Friend, That Excellent Mathematician Dr. Hal-
ley, Secretary fo the Royal Society, whom I bave feen practife the thing
on another occafion : For this and other Inflruétive Notions readsly im-
parted to me, during an uninterrupted Friendfbip of frve and Twenty years,
I return bim my very bearty Thanks.

The 44thand g 5th Problems, baving in thema Mixtureof thetwo Metbods
of Combinations and Infinite Serics, may be propofed for a pattern of Solution,
in fome of the moft al’ﬁr:m"f cafes that may occur in the Subjeét of Chance,
and on this occafien I mufl do that Fuflice to Mr. Nicholas Bernoulli,
to own be bad fent me the Solution of thofe Problems before mine was Pub-
lifbed 5 which I bhad no fooner received, but I communicated it fo the
Royal Society, and reprefented it as a Performance bighly to be commend-
ed : Whereupon the Society order’d that bis Solution fhould be Printed;
which was accordingly done fome time after in the Philofophical Tranf-
actions, Numb. 341, where mine was alfs inferted.

The Problems which follow relate chiefly te the Duration of Play, or
to the Method of determining what number of Games may probably be played
out by two Adverfaries, before a certain number of Stakes agreed on be-
tween them be won or loff on either fide. This Subjelt affording a very
great Variety of Curious Queflions, of which every one bas a §Egﬁ"ﬂ' of
Difficulty peculiar toit felf, I thaught it neceflary to divide it into feveral
diftinét Problems, and to illufirate their Solution with proper Examples.

Tho' thefe Queftions may at firft fight [eem to bave a very great degree
of difficulty, yet I bave fome reafon to believe, that the Steps I bave taken
to come at their Solution, will eafily be followed by thofe who bave a com-
petent frill in Algebra, and that the chief Methsd of proceeding therein
will be underflood by thofe who are barely acquainted with the Elements of
that Art.

When 1 firft began to attempt the general Solution gf the Froblem con
cerning the Duration of Play, there was notbing extaut that could grve
me any light into that Subjell ; for althd Mr, de Monmort, in the firft
Edstion of bis Book, gives the Solution of this Problem, as limited to three
Stakes to be won or Iof, and farther limited by the Suppofition of an E-

quality
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quality of Skill between the Adventurers; yet ke having given no De-
monfiration of bis Solution, and the Demonfiration when difcovered
being of wvery little ufe towards obtaining the general Solution of the
Problem, I was forced to try what my own Enquiry would lead me to
awhich baving been attended with Succefs, the refult of what I found was
afterwards publifbed in my Specimen before mentioned.

All the Problems which in my Specimen related to the Duration of
Play, bave been kept entire in the following Treatife ; but the Method of
Solution bas received fome Improvements grl‘bt new Difcoveries I bave
made concerning the Nature of thofe Series which refult from the Confi-
deration of the Subjeét ; bowever, the Principles of that Method having
been laid down in my Specimen, I bad nothing now to do, but to draw
the Confequences that were naturally deducible from them.

e e e O D A D B A O B S T O A
'grl ?% t-':ri *u‘! gwtv EEWE R TR R R

ADYV ERTISCEMENT:

H E Author of this Work, by the failure of his Eye-fight in ex-

treme old age, was obliged to entruft the Care of a new Edi-
tion of it to one of his Friends; to whom he gave a Copy of the for-
mer, with fome marginal Corrections and Additions, in his own hand
writing. To thefe the Editor has added a few more, where they
were thought neceflary: and has difpofed the whole in better Order;
by reftoring to their proper places fome things that had been acciden-
tally mi/placed, and by putting all the Problems concerning Annuities

er; as they ftand in the late /mproved Edition of the Treatife on
that Subje@. An Appendix of feveral ufeful Articles is likewife fub—
joined : the whole according to a Plan concerted with the Author,
above a year before his death.






T H E

BOCTRINE
s LR SR ORE DRSS

The INTRODUCTION.

HE Probability of an Event is greater or lefs,
according to the number of Chances by which
it may happen, compared with the whole num-
ber of Chances by which it may either happen
or fail.

2. Wherefore, if we conftitute a Frattion
g whereof the Numerator be the number of

Chances whereby an Event may happen, and the Denominator

the number of all the Chances whereby it may either happen

or fail, that Fraction will be a proper defignation of the Pro-

B bability

-
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bability of happening. Thus if an Event has 3 Chances to happen,

and 2 to fail, the Fraétion ?5* will fitly reprefent the Probability of

its happening, and may be taken to be the meafure of it.

The fame thing may be faid of the Probability of failing, which
will likewife be meafured by a Frattion whofe Numerator is the
number of Chances whereby it may fail, and the Denominator the
whole number of Chances, both for its happening and failing; thus
the Probability of the failing of that Event which has 2 Chances to

fail and 3 to happen will be meafured by the Fradtion —.

5

3. The Fra&ions which reprefent the Probabilities of happening
and failing, being added together, their Sum will always.be e?]ual
to Unity, fince the Sum of their Numerators will be equal to their
common Denominator : now it being a certainty that an Event will
either happen or fail, it follows that Certainty, which may be con-
ceived under the notion of an infinitely great degree of Probability,
is fitly reprefented by Unity. _

Thefe things will eafily be apprehended, if it be confidered, that
the word Probability includes a double Idea; firft, of the number of
Chances whereby an Event'may bappen ; fecondly, of the number
of Chances whereby it may either happen or fail.

If I fay that I have three Chances to win any Sum of Money, it
is impoflible from that bare affertion to judge whether I am like to
obtain ity but if I add that the number of Chances either- to obtain
it, or to mifs it, is five in all, from hence will enfue a comparifon
between the Chances that favour me, and the whole number of
Chances that are for or againft me, whereby a true judgment will be
formed of my Probability of fuccefs : from whence it neceffarily
follows, that it is the comparative magnitude of the number of
Chances to happen, in refpect to the whole number of Chances
either to happen or to fail, which is the true meafure of Proba-
bility. 1
4,}? If upon the happening of an Event, I be intitled to a2 Sam of
Money, my Expe&ation ' of obtaining that Sum has'a determinate
value before the happening of the Event, :

Thus, if I am to have 10% in cafe of the happening of an Event
which has an equal Probability of happening and failing, my Ex-
pectation before the happening of the Event is worth ¢ % : for I am
precifely in the fame circumftances as he who at an equal Play ven-
tures § L- either to have 10, or to lofe his ;. Now he who ventures
5L at an equal Play, is pofleflor of § L before the decifion of the

Play ;
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Play ; therefore my Expetation in the cafe above-mentioned muft
alfo be worth s L.

5. In all cafes, the Expetation of obtaining any Sum is eftimated
by multiplying the value of the Sum expected by the Fraction which
reprefents the Pmbabi!iti;}f obtaining it. '

Thus, if I have 3 Chances in 5 to obtain 100%: I fay that the
prefent value of my Expeation is the product of 100 & by the frac-
tion =, and confequently that my expectation is worth 60 Z.

For fuppofing that an Event may equally happen to any one of
5 different Perfons, and that the Perfon to whom it happens fhould

in confequence of it obtain the Sum of 100Z itis plain that the
right which each of them in particular has upon the Sum expected

is ";— of 100Z- which right is founded in this, that if the five Per-

fons concerned in the happening of the Event, fhould agree not to
ftand the Chance of it, but to divide the Sum expected among them-

felves, then each of them muft have — of 100% for his preten-

fion. Now whether they agree to divide that fum equally among
themfelves, or rather chufe to ftand the Chance of the Event, no
one has thercby any advantage or difadvantage, fince they are all
upon an equal foot, and confequently each Perfon’s expectation is

worth -—;- of 100Z-  Let us fuppofe farther, that two of the five

Perfons concerned in the happening of the Event, fhould be willing
to refign their Chance to one of the other three; then the Perfon to
whom thofe two Chances are thus refigned has now three Chances
that favour him, and confequently has now a right triple of that
which he had before, and therefore his expe@ation is now worth

':— of 100 Z.
Now if we confider that the fraction % exprefles the Probability

. 3 ;
of obtaining the Sum of 100%., and that ~a of 100, is the fame

thing as —— multiplied by 100, we muft naturally fall into this con-

clufion, which has been laid down as a principle, that the value of
the Expectation of any Sum, is determined by multiplying the Sum
expected by the Probability of obtaining it. .

~ This manner of reafoning, tho’ deduced from a particular cafe,
w?l cafily be perceived to be general, and applicable to any other
eafe.

B 2 I CoroL-
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CoROLLARY. i

From what precedes, it neceflarily follows that if the Value of
an ExpeQation be given, as alfo the Value of the thing expected,
then dividing the firft value by the fecond, the quotient will exprefs
the Probability of obtaining the Sum expected : thus if I have an
Expectation worth 6o Z- and that the Sum which I may obtain be
worth 100 /- the Probability of obtaining it will be expreft by the
- quotient of 6o divided by 100, that is by the fraction TE*Z—DI' %

6. The Rifk of lofing any Sum is the reverfe of Expectation ; and
the true meafure of it is, the produét of the Sum adventured multi-
plied by the Probability of the Lofs.

». Advantage or Difadvantage in Play, refults from the combi-

nation of the feveral Expectations of the Gamefters, and of their fe-
veral Rifks.

Thus fuppofing that £ and B play together, that 4 has depofited
5L and B 3¢ that the number of Chances which 4 has to win
1s 4, and the number of Chances which B has to win is 2, and that
it were required in this circumftance to determine the advantage or
difadvantage of the Adventurers, we may reafon in this manner:
Since the whole Sum depofited is 8, and that the Probability which

A has of getting it isT" , it follows that the Expectation of .4 upon
the whole Sum depofited is 8 K%: 5 »—-;-», and for the fame reafon
the Expectation of Bupon that whole Sum depofitedis 8 x %: -t

Now, if from the refpetive Expectations which the Adventurers
have upon the whole fum depofited, be fubtratted the particular
Sums which they depofit, that is their own Stakes, there will remain
the Advantage or Difadvantage of either, according as the difference
is pofitive or negative.

And therefore if from 5—;—, which is the Expectation of 4 upon
the whole Sum depofited, g which is his own Stake, be fubtracted,
there will remain e;—far his advantage ; likewife if from 2 % which
is the Expeation of B, 3 which is his own Stake be fubtracted,
there will remain — ]T ,» which being negative fhews that his Dif-
advantage is -—:—

Thefe conclufions may alfo be derived from another confiderations
for if from the Expeétition which either Adventurer has upon the

Sum
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-Sum depofited by his Adverfary, be fubtra&ted the Rifk of what he
himfelf dapoﬁts, there will likewife remain his Advantage or Dif-
advantage, according as the difference is pofitive or negative.

‘Thus in the preceding cafe, the Stake of B being 3, and the Pro-

bability which 4 has of winning it, being <, the Expe@ation of
A uvpon that Stake is 3:{% — 2 ; moreover the Stake of 4 be-
ing 5, and the Probability of lofing it, being. =~ , his Rifk ought to
be cftimated by ; :w:i = -—=— ; wherefore, if from th: Expeéta-

tion 2, the Rifk 1 — be fubm&cd there will remain — as before
for the Advantage ﬂf' A: and by the fame way of I:mr:eedmg, the
Difadvantage of B will be found to be —

It is very carefully to be obferved, that what is here called Advan-

tage or Difadvantage, and which may properly be called Gain or
Lofs, is always eftimated before the Event is come to pafs ; and altho’
it be not cuftomary to call that Gain or Lofs which: is to be derived
from an Event not yet determined, neverthelefs in the Doétrine of
Chances, that appellation is equivalent to what in common difcourfe
is called Gain or Lofs.
~ For in the fame manner as he who ventures a Guinea in an
equal Game may, before the determination of the Play, be faid to be
pofleflor of that Guinea, and may, in confideration of that Sum,.
refign his place to another; fo he may be faid to be a Gainer or
Lofer, who would get fome Profit, or f{uffer fome Lofs, if he would
fell his Expectation upon equitable terms, and fecure his own Stake
for a Sum equal to the Rifk of lofing it

8. Ifthe obtaining of any Sum requires the happening of feveral
Events that are independent on each other, then the Value of the
Expectation of that Sum is found by multiplying together the feveral
Probabilitics of happening, and again multiplying the product by the
Value of the Sum expected,
~ Thus fuppofing that in order to obtain gof two Events muft
happen; the firft whereof has 3 Chances. to happen, and 2 to fail,
the fecond has 4 Chances to happen, and 5 to fail, and 1 would
know the value of that Expectation ; I fay,

The Probability of the firft's happening is — , the Probability of

the fecond’s happening is%; now multiplying thefe two Probabili-
12 4

ties together, the product will bf: keiii s O T and this product being
again.
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again multiplied by go, the new produ& will be-%f- or 24, there- |

fore that Expeftation is worth 24 £

The Demonftration of this will be very eafy, if it be confider’d,
that fuppofing the firft Event had happened, then that Expectation
depending now intirely upon the fecond, would, before the determi-

nation of the fecond, be found to be exactly worth % X gol or

40 L. (by Art. 5*) We may therefore look upon the happening of the
firft, as a condition of obtaining an Expeftation worth 40Z- but

the Probability of the firft's happening has been fuppofed -—:- , Where-

fore the Expe&ation fought for is to be eftimated by *:— X 40, Or
by 2 x —;— X o ; that is, by the product of the two Probabilities

of happening multiplied by the Sum expected.

And likewife, if an Expeétation depends on the happening of one
Event, and the failing of another, then its Value will be the produ&
of the Probability of the firft's happening by the Probability of the
fecond’s failing, and of that again by the Value of the Sum ex-

pected.
And again, if an Expetation depends on the failing of two Events,

the Rule will be the fame; for that Expectation will be found by
multiplying together the two Probabilities of failing, and multiplying
that again by the Value of the Sum expected.

And the fame Rule is applicable to the happening or failing of as
many Events as may be affigned.

CoRrOLLARY.

If we make abftracion of the Value of the Sum to be obtained,
the bare Probability of obtaining it, will be the produ of the feveral
Probabilities of happening, which evidently appears from this 8 Art,
and from the Corollary to the 5™
_ Hitherto, I have confined myfelf to the confideration of Events
mdependent ; but for fear that, in what is to be faid afterwards, the
terms independent or dependent might occafion fome obfcurity, it
will be neceflary, before I proceed any farther, to fettle intirely the
notion of thofe terms.

Two Events are independent, when they have no connexion one
with the other, and that the happening of one neither forwards nor
gbfiructs the happening of the other.

Two Events are dependent, when they are {6 connected together as
that the Probability of cither’s happening is altered by the happening
of the other. In
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In order to illuftrate this, it will not be amifs to pronof;
following eafy Problems. i gy

1°. Suppofe there is a heap of 13 Cards of one colour, and an-
other heap of 13 Cards of another colour, what is the Pr:l;lahi?ilt‘y
that taking a Card at a venture out of each heap, I fhall take the
two Aces ?

The Probability of taking the Ace out of the firft heap is
- I

now it being very plain that the taking or not taking the Ace nutjﬂf
the firft heap has no influence in the taking or m‘:~tg taking the Ace
out of the fecond; it follows, that fuppofing that Ace taken out,

the Probability of taking the Ace out of the fecond will alfo be - 5
1
and therefore, thofe two Evénts being independent, the Pmbabilfty

of their both happening will be .'_:. X .I3 = ——.

2°, Suppofe that out of one fingle heap of 13 Cgr&s of one colour,
it fhould be undertaken to take out the Ace in the firft place, and
then the Deux, and that it were required to affign the Probability

of doing it; we are to confider that altho' the Probability of the Ace’s
being in the firft place be -—:? » and that the Probability of the Deux’s

being in the fecond place, would alfo be :5 , if that fecond Event

were confidered in itfelf without any relation to the firft; yet that
the Ace being fuppofed as taken out at firft, there will remain but
12 Cards in the heap, and therefore that upon the fuppofition of the
Ace being taken out at firft, the Probability of the Deux’s being next

taken will be alter'd, and become —; and therefore, we may con-
clude that thofe two Events are dependent, and that the Probability

1 1

of their both happening will be :'3 R e s

12 1eth *

From whence it may be inferred, that the Probability of the hap-
pening of two Events dependent, is the product of the Probability
of the happening of one of them, by the Probability which the
other will have of happening, when the firft is confidered as having
happened ; and the fame Rule will extend to the happening of as
many Events as may be affigned.

9. But-to determine, in the eafieft manner poffible, the Probability
of the happening of feveral Events dependent, it will be convenient
to diftinguith by thought the order of thofe Events, and to fuppofe
one of them to be the firft, another to be the fecond, and fo on:
which being done, the Probability of the happening of the firft m;y

e
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be looked upon as independent, the Probability of the happening of
the fecond, is to be determined from the fuppofition of the firft’s
having happened, the Probability of the third’s happening, is to be
determined from the fuppofition of the firt and fecond having
happened, and fo on: then the Probability of the happening of them
all will be the produt of the Multiplication of the feveral Probabili-
ties which have been determined in the manner prefcribed.

We had feen before how to determine the Probability of the hap-
pening or failing of as many Events independent as may be affigned;
we have feen likewife in the preceding Article how to determine the
Probability of the happening of as many Events dependent as may
be affigned: but in the cafe of Events dependent, how to determine
the Probability of the happening of fome of them, and at the fame
time the Probability of the failing of fome others, is a.difquifition
of a greater degree of difficulty ; which for that reafon will be more
conveniently transferred to another place,

10. If I have feveral Expectations upon feveral Sums, it is very
evident that my Expeftation upon the whole is the Sum of the Ex-
pectations I have upon the particulars.

Thus fuppofe two Events fuch, that the firft may have 3 Chances to
happen and 2 to fail, and the fecond 4 Chances to happen and s to fail,
and that I be intitled to go’ in cafe the firft happens, and to an-
other like Sum of goZ in cafe the fecond happens alfo, and that I
would know the Value of my Expetation upon the whole: I fay,

The fum expected in the firft cafe being goL- and the Probability

of obtaining it being —:—, it follows that my Expefation on that

account, is worth go X % = 54; and again the Sum expe&ed
in the fecond cafe being go, and the Probability of obtaining it being
%, it follows that my Expetation of that fecond Sum is worth

go X ;—: 40 ; and therefore my Expectation upon the whole is
worth g4 4- g0l = g4l -
But if T am to have go’ once for all for the happening of one
or the other of the two afore-mentioned Events, the method of pro-
cefs in determining the value of my Expectation will be fomewhat
altered : for altho’ my Expecation of the firlt Event be worth g4l
as it was in the preceding Example, yet I confider that my Expec-
tation of the fecond will ceafe upon the happening of the firft, and’
that therefore this Expeation takes place only in cafe the firft does

hapgen to fail. Now the Probability of the firft's failing is =; and -»
fuppofing



Zhe DocTRINE of CHANCES, 9
fuppofing it has failed, then my Expectation will be 40 ; where-
fore % being the meafure of the Probability of my obtaining an

Expectation worth 40 %, it follows that this Expectation (to eftimate
it before the time of the firft’s being determined) will be worth 40 X :+

= 10, and therefore my Expeation upon the whole is worth
541; + IﬁL. — ?GL.

If that which was called the fecond Event be now confidered as
the firft, and that which was called the firft be now confidered as the
fecond, the conclufion will be the fame as before,

In order to make the preceding Rules familiar, it will be conve-

nient to apply thém to the Solation of fome eafy cafes, fuch as are
the following,

CASE I*

To find the Probability of throwing an Ace in two throws
of one Die. |

SoLuTION,
The Probability of throwing an Ace the firft time is 7 ; where-

fore = is the firft part of the Probability required.
If the Ace be miffed the firit time, ftill it may be thrown on the °

fecond, but the Probability of miffing it the firft time is i? , and

the Probability of throwing it the fecond time is EI' ; wherefore the

Probability of miffing it the firft time and throwing it the fecond, is

—:- X % = ;T: and this is the fecond part of the Probability re-

quired, and therefore the Probability required is in all - ":T.T -

o °
To this cafe is analogous a queftion commonly propofed about
throwing with two Dice either fix or feven in two throws; which
will be eafily folved, provided it be known that Seven has 6 Chances
to come up, and Six § Chances, and that the whole number of
Chances in two Dice is 36 : for the number of Chances for throw-
ing fix or feven being 11, it follows that the Probability of throwing

either Chance the firft time is — ; but if both are miffed the firft

time, ftill either may be thrown the fecond time ; now the Proba-
C bility
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bility of miffing both the firft time is =- , and the Probabili-

36 2
ty of throwing either of them the fecond time is ﬁ 5 wherefore
the Probability of miffing both of them the firft time, and throw-

L LI ?{.‘

ing cither of them the fecond time, is T X % ::6 2062 and
- - - r
therefore the Probability required is I—; + - igﬁ = IHh e and

the Probability of the contrary is -E':E- :
C AS B3
Do find the Probability of throwing an Acein three throws.

SoLuTiON, '
‘The Probability of throwing an Ace the firfk time is + » Which

is the firft part of the Probability required.

If the Ace be miffed the firflt time, ftill it may be thrown in the
two remaining throws; but the Probability of miffling it the firft
time is ;g- , and the Probability of throwing it in the two remain-
ing times is (by Cafe 1%) = -;—: . - And therefore the Probability. of
miffing it the firfb time, and throwing it in the two remaining times.

is % » -—;;— = -;;; , which is the fecond part of thc Probability

required ; wherefore the Probability required will be & E :.Sﬁ o
Lng
216

CASE III“
To find the Probability of throwing an Ace in four :JBraw.r;.

SoLUTION,

'The Probability of throwing an Ace the firft time is % ,» which
is the firft part of the Probability required.
If the Ace be mifled the firft time, of which the Probability is

=, there remains the Probability of throwing it in three times,,
which (by Cafe 2°) is -;5':1- ; wherefore the Probability of miffing

&
the Ace the firft time, and throwing it in the three remaining times,,

iR e % ':L:IE = —I'fgib ,, which is the fecond part of the Proba-

bility
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bility required ; and therefore the Probability required is, in the whole,

— + ;?,5 = ,ﬁ,; , and the Probability of the contrary :5 :gi -

It is remarkable, that he who undertakes to throw an Ace in four
throws, has juft the fame Advantage of his adverfary, as he who
undertakes with two Dice that fix or feven fhall come up in two
throws, the odds in either cafe being 671 to 625: whereupon it
will not be amifls to thew how to determine eafily the Gain of one
Party from the Superiority of Chances he has over his adverfary,
upon ful[‘:‘poﬁtiun that each ftake is equal, and denominated by
unity. For although this is a particular cafe of what bhas been ex-
plained in the 7 Article; yet as it is convenient to have the 'Rule
ready at hand, and that it be eafily remembered, I fhall fet it down
here. Let therefore the odds be univerfally exprefled by the ratio of

ato b, then the refpetive Probabilities of winning being == >
and T—%' , the right of the firft ul:;un the Stake of the fecond is

7 XL and likewife the right of the fecond upon the Stake of

the firft is T-‘:TE-" ¥ 1, and therefore the Gain of the firft is ::: X I

or barely ':_i : and confequently the Gain of him who under-

takes that fix or feven fhall come up in two throws, or who under-

671—62 ]
takes to fling an Ace in four throws, is "g;j—,i:g;;" = ,:? 5 that
is nearly — part of his adverfary’s Stake.
G A LS By IV,

To find the Probability of throwing two Aces in two throws.

SOLUTION.
It is plain (by the 8* Art.) that the Probability required is
1 I :

I
x o —_— -

.E- 30

aEAGTA: S R T
To find the Probability of throwing two Aces in three throws.

SorLuTION.
If an Acebe thrown the firft time, then it will only be required
to throw it once in two throws; but the Probability of throwing

it the firft time is — , and the Probability of throwing it once in
: ¢z two
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two throws (by the firft cafe) is <z~ : wherefore the Probability of
throwing it the firft time, and then throwing it once in the two
. " _— — ; and this is equal to the firft part

remaining times is 7 X 75 = 755
of the Probability required.

If the Ace be miffed the firft time, ftill there remains the Proba-
bility of throwing it twice together, but the Probability of miffing

it the firft time is & , and the Probability of throwing it twice

together is (by the 4% Cafe) = ;_u ; therefore the Probability of

3 . 5 1 e gt £ E: & &
both Events is = Romp which is the fecond part of

the Probability required: therefore the whole Probability required
14 16
216 o 2l s

is
CASE.-VI%
7o find the Probability of throwing twa Aces in four throws.

SOLUTION.
If an Ace be thrown the firft time, no more will be required
than throwing it again in three throws; but the Probability of

throwing an Ace the firft time is 1? , and the Probability of throw-

ing it in three times is IQ;I? (by the 2* Cafe ;) wherefore the Proba-

bility of both happening is % X - = —2— = 1 part of the

Z10 1296
Probability required.
If the Ace be miffed the firft time, ftil there will remain the
Probability of throwing two Aces in three throws; but the Proba-

bility of mifiing the Ace the firft time is f}— , and the Probability

of thrawing it twice in three throws. is % , (by the §* Cafe;)

e AN 16 i il
wherefore the Probability of both together is F O i)

— 27 part of the Prc:ba;::i{itjr required :. and therefore the Probability:
1 o 171
1290 o 1290 — . 12g6. " :
And, by the fame way of reafoning, we may gradually find the.
Probability of throwing an Ace as many times as (hall be demanded,.
in any given number of throws.
If, inftead of employing figures in the Solutions of the foregoing
Cafes, we employ algebraic Charaters, we fhall readily perceive a
moft regular order in thofe Solutions, Il

-

required —



Zbe DocTrRINE of CHANCES. 13

11, Let therefore 4 be the number of Chances for the h i
of an Event, and / the qumber of Chances for its failing ; ﬂﬁniﬂﬁ
Probability of its happening once in any number of Trials will be
exprefied by the Series __ 2 Sleciiuiny b abs

; I L U
4 ==—— 4 —= -, &c. which Series is to be conti
| — ?W-l, h 1es is to be continued to fo
many terms as are equal to the number of Trials given : thus if
be =1, =25, and the number of Trials giveng: 4, thr?n 11:11‘:
Probability required will be exprefled by ¢ -} ;; + = =

12g0

671

1:g6 5 i
The fame things being fuppofed as before, the Probability of the

Event’s happening twice in any given number of Trials, will be ex-
. aa 2aab aabb 3
Prtﬂi:d b? the Series T—I—ﬂﬁj —|—- ﬁ + _:=-|-;‘.!:1|I + —-——-_‘;’% _l-

caakt . . i
2=, &c. which is to be continued to fo many terms, wanting

)"

one, as is the number of Trials given ; thus let us fuppofe 2 — 1
b — 3, and the number of Trials 8, then the Probability requircci

- 1 10 e oo L
will be exprefled by — — aLeg
b& P }F 30 + 210 'JI' 1250 + 7770 + 40350 Jf'
18750 AR 100375 663991
279936 1679616 1679616 *

And again, the Probability of the Event’s happening three times

in any given number of 'Trials will I:;e EXPrEﬁ.ﬁdﬁby the Series
1oadé? 15al

al aib balbb
ﬁ""‘fé_ﬁ?"’l‘ﬁ‘?"" 'ﬁi"'?ﬁ, &c. which
is to be continued to fo many terms, wanting two, as is the num-~
ber of terms given.

But all thefe particular Series may be comprehended under a ge-
neral one, which is as follows.

Let 2 be the number of Chances, whereby an Event may hap-
pen, & the number of Chances whereby it may fail, / the num-
ber of times that the Event is required to be produced in any
given number of Trials, and let 7 be the number of thofe Trials ;
make @ - 4 — s, then the Probability of the Event’s h?ppen-

ing / times in 7 Trials, will be exprefled by the Series — X

¥

ib Ll b6 L0428 I e O o

‘I+ '.r_+ 1. 2. & - .. Z- 3. 5% + Jii o« 25 3. 4- i
&cc. which Serics is to be continued to fo many terms exclufive of
the:

It is to be noted bere, and-elfewhere, that the paints bere made ufe ofy fland inflead of .
ahe Mark of Multiplication X.
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: |
the common multiplicator — as are denoted by the number # —

1
- 1.

And for the fame reafon, the Probability of the contrary,
that is of the Event’s not happening fo often as / times, ma-

king w — !/ -+ 1 = p, will be exprefled by the Series % X

R i N s T
which Series is to be continued to fo many terms, exclufive of the
common multiplicator, as are denoted by the number /.

Now the Probability of an Event’s not happening being known,
the Probability of its happening will likewife be known, fince the
Sum of thofe two Probabilities is always equal to Unity ; and there-
fore the fecond Series, as well as the firft, may be employed in
determining the Probability of an Event's happening: but as the
number of terms to be taken in the firft is exprefled by # —/ }- 1,
and the number of terms to be taken in the fecond is exprefied
by /, it will be convenient to ufe the ficft Series, if w —/ <+ 1 be
lefs than /, and to ufe the fecond, if / be lefs than # — / - 1; or
in other terms, to ufe the firft or fecond according as / is lefs or

mef=1

greater than -

Thus, fuppofe an Event has 1 Chance to happen, and 35 to fail,
end that it were required to affign the Probability of its happening
in 24 Trials; then becaufe in thiscafe n—= 24 and /=1, it is
plain that 24 terms of the firft Series would be requifite to anfwer
the Queftion, and that one fingle one of the fecond will be fuffi-
cient : and therefore, if in the fecond Series we make § = 35,
a=1, and /= 1, the Probability of the Event’s not happening

once in 24 Trials, will be exprefled by :h: X I, which by the

help of Logarithms, we fhall find' nearly equivalent to the decimal
fraction 0. 50871 ; now this being fubtraéted from Unity, the re-
mainder 0 49129 will exprefs the Probability required ; and there-
fore the odds againft the happening of the Event will be 50 to 49
nearly.

Again. fuppofe it be required to affign the Probability of the pre-
ceding Event’s happening twice in 60 Trials; then. becaufe /= 2,
and n = 60, n.— / 4- 1 will be = 59, which fhews that 59 terms
of the firft Series would be required : but if we ufe the fecond, then
by reafon of / being = 2, two of its terms will be fufficient ;

- wherefore
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$9 b 3 1e AN |
wherefore the two terms '—.i:;—? X I —I‘_;—g will denote the Proba-

bility of the Event’s not happening twice in 6o Trials. Now re-
ducing this to a decimal fraction, it will be found equal to o.z007,
which being fubtrated from Unity, the remainder 0.4993 will ex-

refs the Probability required ; and therefore the odds againft the
%vent’s happening twice in 60 times will be very little more than
500 to 499.

It is to be obferved of thofe Series, that they are both derived
from- the fame principle ; for fuppofing two adverfaries & and B,
contending about the happening of that Event which has every time
4 chances to happen, and 4 chances to fiil, that the Chances ¢ are
favourable to 4, and the Chances 4 to B, and' that 4 fhould lay a

with B, that his Chances: fhall come up / times in » Trials:
then by reafon B lays a wager to the contrary, he himfelf under-
takes that his own Chances fhall, in' the fame number of Trials,
come up # — / -} 1 times ; and therefore, if in the firft Series, we
change Linte n— / -} 1, and wvice versé, and allo write 4 for 4, and
a for &, the fecond Series will be formed.

It will be eafy to conceive how it comes to pafs, that if 4 un-
dertakes to-win / times in # Trials, his Adverfary B neceflarily un-
dertakes in the fame number of Trials to win # — / = 1 times, if’
it: be confidered that .4 lofes his wager if he wins but / — 1 times;
now if he wins but / — 1 times, then fubtraéting / — 1 from 2,
the remainder thews the number of times that B is to win, which
therefore will be 2 — /4 1.

€ A:8 E; VI
Zo find the Probability of throwing one Ace, and no more,

in four throws.

' SorLuTION,

This Cafe ought carefully to be diftingnithed from the fourth;
for there it was barely demanded, without any manner of reftriction,
what the Probability was of throwing an Ace in 4 throws; now in:
this prefent cafe there is a reftraint laid on that Event:: for whercas
in the former cafe, he who undertakes to throw an Ace defifts from
throwing when once the Ace iscome up ; in this he obliges him/elf,
after it is come up, to a farther Trial which is wholly againft
him, excepting the laft throw of the four, after which there is no
Trial; and therefore we ought .from the unlimited Probability of

the
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the Ace’s being thrown once in 4 throws, to fubtract the Probability
of its being thrown twice in that number of throws: now the firft

Probability is —L (by the 3¢ Cafe, and the fecond Probability is

1290
;I:glﬁ- (by the 6" Cafe,) from which it follows that the Probability re-
quired is =22, and the Probability of the contrary Z%-; and
therefore the Odds againft throwing one Ace and no more in 4
throws are 796 to 500, or 8 to 5 nearly : and the fame method

may be follow’d in higher cafes.

CASE VII*®

If A and B play together, and that A wants but 1 Game
of being up, and B wants 2 5 what are their refpetive

Probabilities of winning the Set 2

SoruTION.

It is to be confidered that the Set will neceffarily be ended in two
Games at moft, for if 4 wins the firft Game, there is no need of
any farther Trial ; but if B wins it, then they will want each but
1 Game of being up, and therefore the Set will be determined by
the fecond Game: from whence it is plain that 4 wants only to
win once in two Games, butthat B wants to win twice together. Now
fuppofing that 4 and B have an equal Chance to win a Game,
then the Probability which B has of winning the firft Game will be

7 » and confequently the Probability of his winning twice toge-

ther will be % X -:— == ;—; and therefore the Probability whish
A has of winning once in two Games will be 1 ——;- o % , from
whence it follows that the Odds of .4* winning are 3 to 1.

C. A"SIE v.ijoke

A and B play together, A wants 1 Game of being up, and
B wants 2 3 but the Chances whereby B may win a Game,
are double to the number of Chances whereby A may win
the fame : "tis required to affign the refpettive Probabi-
lities of winning. | '

SoLuTION,

It is plain that in this, as well as in the preceding cafe, B ought to.
win twice together; now fince B has- 2 Chances to win a éamq
and
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and A4 1 Chance r:mljr for the fame, the Probability which B has of

winning a Game is  , and therefore the Probability of his winning

twice together is ? X -; = -; , and confequently the Probability

of A winning the Set i 1 — = =—:’; ; from whence it follows
that the Odds of 4 winning once, before B twice, are as 5 to 4.

REmMARK.

Altho’ the determining the precife Odds in queftions of Chance
requires calculation, yet fometimes by a fuperficial View of the quef-
tion, it may be poffible to find that there will be an inequality in
the Play. Thus in the preceding cafe wherein B has in every Game
twice the number of Chances of 4, if it be demanded whether .4
and B play upon the fquare, it is natural to confider that he who
has a double number of Chances will at long run win twice as often
as his Ad?crfary; but that the cafe is here otherwife, for B under-
taking to win twice before 4 once, he thereby undertakes to win
oftner than according to his proportion of Chances, fince A has a
right to expet to win once, and therefore it may be concluded
that B has the difadvantage : however, this way of arguing in gene-
ral ought to be ufed with the utmoft caution.

12. Whatever be the number of Games which 4 and B refpec-
tively want of being up, the Set will be concluded at the muK in
fo many Games wanting one, as is the fum of the Games wanted
between them.

Thus fuppofe that 4 wants 3 Games of being up, and B g ;
it is plain that the greateft number of Games that 4 can win of B
before the determination of the Play will be 2, and that the greateft
number which B can win of 4 before the determination of  the
Play will be 4 ; and therefore the greateft number of Games that
can be played between them before the determination of the Play
will be 6: but f{uppofing they have played fix Games, the next
Game will terminate the Play ; and therefore the utmoft number of
Games that can be played between them will be 7, that is one Game
lefs than the Sum of the Games wanted between them,

D _ CASE
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CASE X* |
Suppofing that A wants 3 Games of being up, and Bwants 73
but that the Chances which A and B refpectively bave

for winning a Game are as 3 to 5, to find the re-
Jpective Probabilities of winning the Set.

SOLUTION.

By reafon that the Sum of the Games wanted between 4 and B
is 10, it is plain by the preceding Paragraph that the Set will be con-
cluded in 9 Games at moft, and that therefore 4 undertakes out
of 9 Games to win 3, and B, out of the fame number, to win 7;
now fuppofing that the firft general Theorem laid down in the 11
Art, is particularly adapted to reprefent the Probability of 4* win-
ning, then / — 3; and becaufe » reprefents the number of Games
in which the Set will be concluded, » — ¢; but the number of
terms to be ufed in the firft Theorem being = # — / - 1= 7,and
the number of terms to be ufed in the fecond Theorem being =
/ = 3, it will be more convenient to ufe the {fecond, which will re-
prefent the Probability of B* winning. Now that fecond Theorem
being applied to the cafe of # being =9, /=3, a=3, § =35,
the Probability which B has of winning the Set will be exprefled by

c?

-;—: KT+ = 4 = = - X 484 = 0.28172 nearly; and

; 52
therefore fubtracting this from Unity, there will remain the Proba-
bility which 4 has of winning the fame, which will be = 0.71828 :
and confequently the Odds of 4* winning the Set will be 71828 to.
28142, or very near as 23 to g. '
The fame Principles explained in a different and more general way:
Altho’ the principles hitherto explained are a fufficient introdution:
to what isto be faid afterwards ; yet it will not be improper to re-
fume fome of the preceding Articles, and to fet them-in a new light :
it frequently happening that fome truths, when reprefented to the
mind under a particular Idea, may be more eafily apprehended than
when reprefented under another.

13. Let us therefore imagine a Die of a given number of equal
faces, let us likewife imagine another Die of the fame or any other
number of equal faces ; this being fuppofed, I fay that the number
of all the variations which the two Dice can undergo will be obtained
by multiplying the number of faces of the one, by the number of
faces of the other, E
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- In order to prove this, and the better to fix the imagination, let us
take a particular cafe : Suppofe therefore that the firft Die con-
tains 8 faces, and the fecond 12 ; then fuppofing the firft Die to
ftand ftill upon one of its faces, it is plain that in the mean time
the fecond Die may revolve upon its 12 faces; for which reafon,
there will be upon that fingle fcore 12 variations: let us now fup-
pofe that the firft Die ftands upon ' another of its faces, then whilft
that Die ftands flill, the fecond Die may revolve again upon its 12
faces ; and fo on, till the faces of the firft Die have undergone all
their changes: from whence it follows, that in the two Dice, there
will be as many times 12 Chances as there are faces in the firft Die ;
but the number of faces in the firft Die has been fuppofed 8, where-
fore the number of Variations or Chances of the two Dice will be
8 times 12, that is g6: and therefore it may be univerfally con-
cluded, that the number of all the variations of two Dice will be
the product of the multiplication of the number of faces of one
Die, by the number of faces of the other.

14. Let us now imagine that the faces of each Die are diftin-

ifhed into white and black, that the number of white faces upon
the firft is A, and the number of black faces B, and alfo that the
number of white faces upon the fecond is 4, and the number of
black faces 4; hence it will follow by the preceding Article, that
multiplying A -}- B by @ 4~ 4; the product Az -+ Ab + Ba -+ B4,
will exﬁihit all the Variations of the two Dice: Now let us fee what
each of thefe four parts feparately taken will reprefent,

1% It is plain, that in the fame manner as the produét of the
multiplication of the whole number of faces of the firft Die, by the
whole number of faces of the fecond, exprefies all the variations of
the two Dice; fo likewife the multiplication of the number of the
white faces of the firft Die, by the number of the white faces of
the fecond, will exprefs the number of variations whereby the two
Dice may exhibit two white faces : and therefore, that number of
- Chances will be reprefented by Aa.

+ 2° For the fame reafon, the multiplication of the number of
‘white faces upon the firlt Die, by the number of black faces upon

«the fecond, will reprefent the number of all the Chances whereb
a white face of the firft may be joined with a black face of the
ﬁond; which number of Chances will therefore be reprefented by
3°. The multiplication of the number of white faces upon the
fecond, by the number of black faces upon the firft, will exprefs the
number of all the Chances whereby a white face of the fecond
D 2 ) may
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may be joined with a black face of the firft ; which number of
Chances will therefore be reprefented by aB.

4°. The multiplication of the number of black faces upon the firft,
by the number of black faces upon the fecond, will exprefs the
number of all the Chances whereby a black face -of the firft may
be joined with a black face of the fecond ; which number of Chances
wil{ therefore be reprefented by Bb.

And therefore we have explained the proper fignification and ufe
of the feveral parts Az, Ad, Ba, Bé fingly taken.

But as thefe parts may be connected together feveral ways, fo the Sum
of two or more of any of them will anfwer fome queftion of Chance:
for inftance, fuppofe it be demanded, what is the number of Chances,
with the two Dice above-mentioned, for throwing a white face ? it
is plain that the three parts Az - A - Bz will anfwer the queftion;;
fince every one of thofe parts comprehends a cafe wherein a white
face is concerned.

It may perhaps be thought that the firft term Aa is fuperfluous, it
denoting the number of Variations whereby two white faces can
be thrown ; but it will be eafy to be fatisfied of the neceflity of
taking it in: for fuppofing a wager depending on the throwing of
a white face, he who throws for it, is reputed a winner, whenever
a white face appears, whether one alone, or two together, unlefs it
be exprefly ftipulated that in cafe he throws two, he is to lofe his
wager ; in which latter cafe the two terms Aé 4 Bz would repre-
fent all his Chances. |

If now we imagine a third Die having upon it a certain number
of white faces reprefented by «, and likewife a certain number of
black faces reprefented by @, then multiplying the whole variation
of Chances of the two preceding Dice viz. Aa -+ Ab -+ Bz + Bb
by the whole number of faces « 4 @ of the third Die, the produé&
Aae + Aba 4 Baa - Bba 4 Aaf3 1~ AbB 4 BafS -+ BB will ex-
hibit the number of all the Variations which the three Dice can un-
dergo.

Examining the feveral parts of this new produt, we may eafily
perceive that the firft term Aga reprefents the number of Chances
for throwing three white faces, that the fecond term Adz repre=
fents the number of Chances whereby both the firft and third Die
may exhibit a white face, and the fecond Die a black one ; and that
the reft of the terms have each their particular properties, which are
difcovered by bare infpection.

It may alfo be perceived, that by joining together two or more of
thofe terms, fome queftion of Chance will thereby be anfwered : for

inftance,
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inflance, if it be demanded what is the number of Chances for
throwing two white faces and a black one? it is plain that the three
terms Abe, Bax, Aaf taken together will exhibit the number of
Chances required, fince in every one of them there is the expreffion
of two white faces and a black one; and therefore if there be a
wager depending on the throwing two white faces and a black one,
he who undertakes that two white faces and a black one fhall come
up, has for him the Odds of Abz 4 Baa - Aaf to Aax 4 Bl +
AbR -4 Baf 4 Bi@ ; thatis, of the three terms that include the con-
dition of the wager, to the five terms that include it not.

When the number of Chances that was required has been found,
then making that number the Numerator of a fraction, whereof the
Denominator is the whole number of variations which all the Dice
can undergo, that fration will exprefs the Probability of the Event ;
as has been thewn in the firft Article.

Thus if it was demanded what the Probability is, of throwing three
white faces with the three Dice above-mentioned, that Probability will be

" ﬁnr::
exprefled by the fraction Aug-t Abw 1 Baa+ A + Bbx - AbR - BaB - BSE *

-~ But it is to be obferved, that in writing the Denominator, it will
be convenient to exprefs it by way of produ@, diftinguithing the
feveral multiplicators whereof it is compounded ; thus inthe preced-
ing cafe the Probability required will be beft exprefled as follows,
e P T

If the preceding fra&ion be conceived as the product of the three

fractions ﬁ~ % + =156 u_: = whereof the firft expfefies the

Probability of throwing a white face with the firft Die ; the fecond
the Probability of throwing a white face with the fecond Die, and
- the third the Probability of throwing a white face with the third
Die; then will again appear the truth of what has been demonftra-
ted in the 8 Arr, and its Corollary, viz. that the Probability of
the happening of feveral Events independent, is the produét of all
the particular Probabilities whereby each particular Event may be
produced ; for altho® the cafe here defcribed be confined to three
Events, it is plain that the Rule extends itfelf to any number of
them. '

Let us refume the cafe of two Dice, wherein we did fuppofe that
the number of white faces upon one Die was exprefled by A, and
the number of black faces by B, and alfo that the number of white
faces upon the other was exprefled by ¢, and the number of black
faces by 4, which gave us all the variations Az -}- Ad -+ ¢B-{- Bé;

and
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and let us imagine that the number of the white and black faces is re-
{pectively the fame upon both Dice : wherefore A =4, and B=4,
and confequently inftead of Az 4 Ab -\- 4B 4 B, we fhall have
aa - ab - ab - bb, or aa 4+ 2ab - bb; but in the firlt cafe Ab
-} 4B did exprefs the number of variations whereby a white face and
a black one might be thrown, and therefore 244 which is now fub-
ftituted in the room of Aé -} 4B does exprefs the number of varia-
tions, whereby with two Dice of the fame refpetive number of
white and black faces, a white face and a black one may be thrown.

In the fame manner, if we refume the general cafe of three Dice,
and examine the number of variations whereby two white faces and
a black one may be thrown, it will eafily be perceived that if the
number of white and black faces upon each Die are refpeflively
the fame, then the three parts Aba -}- Bax - Aaf3 will be changed
into aba -+ baa + aab, or 3aab, and that therefore 3aab, which is
one term of the Binomial 2 -} 4 raifed to its Cube, will exprefs the
number, of variations whereby three Dice of the fame kind would
exhibit two white faces and a black one.

15. From the preceding confiderations, this general Rule may be
laid down, wrz. Lﬁat if there be any number of Dice of the fame
kind, all diftinguithed into white and black faces, that # be the num-
ber of thofe Dice, @ and 4 the refpetive numbers of white and
black faces upon each Die, and that the Binomial 2 4~ / be raifed to
the power #; then 1°, the firft term of that power will exprefs the
number of Chances whereby 7 white faces may be thrown ; 2°, that
the fecond term will exprefs the number of Chances whereby 7 — 1
white faces and 1 black face may be thrown; 3°, that the third
term will exprefs the number of Chances wheri}r n — 2 white
faces and 2 black ones may be thrown; and fo on for the reft of
the terms.

Thus, for inftance, if the Binomial @ }- 4 be raifed to its 6™
power, which is 4° 4 64’6 -}- 15a%* 4 20431 - 15a%0* -} Gabs
~+ £6°%; the firlt term @° will exprefs the number of Chances for
throwing 6 white faces ; the fecond term 6456 will exprefs the num-
ber of Chances for throwing 5§ white and 1 black ; the third term
15a+h* will exprefs the number of Chances for throwing 4 white
and 2 black; the fourth 204343 will exprefs the number of Chances
for throwing 3 white and 3 black; the fifth 152%4* will exprefs
the number of Chances for throwing two white and 4 black ; the
fixth 6a43 will exprefs the number of Chances for 2 white and 4
black ; laftly, the feventh 4° will expres the number of Chances
for 6 black,

And
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And therefore having raifed the Binomial 2 44 to any given
power, we may by bare infpetion determine the property of any
one term belonging to that power, by only obferving the Indices
wherewith the quantities 2 and 4 are affeGted in that term, fince the
- refpe@ive numbers of white and black faces are reprefented by thofe
Indices.

The better to compare the confequences that may be derived from
the confideration of the Binomial a 4 4 raifed to a power given,
with the method of Solution that hath been explained before ; let
us refume fome of the preceding queftions, and fee how the Binomial
can be applied to them,

Suppofe therefore that the Probability of throwing an Ace in four
throws with a common Die of fix faces be demanded.

In order to anfwer this, it muft be confidered that the throwing
of one Die four times fucceffively, is the fame thing as throwing
four Dice at once ; for whether the fame Die is ufed four times fuc-
ceflively, or whether a different Die is ufed in each throw, the Chance
. semains the fame; and whether there isa long or a fhort interval be-
tween the throwing of each of thefe four different Dice, the Chance
remains ftill the fame; and therefore if four Dice are thrown at
once, the Chance of throwing an Ace will be the fame as that of
throwing it with one and the {fame Die in four fucceffive throws.

This being premifed, we may transfer the notion that was
introduced concerning white and black faces, in the Dice, to the
throwing or miffing of any point or points upon thofe Dice; and
therefore in the prefent cafe of throwing an Ace with four Dice, we
may fuppofe that the Ace in each Die anfwer to one white face,
and the reft of the points to five black faces, that is, we may fup-
pofe that 2—1, and 6= g5; and therefore, having raifed « -}- &
to its fourth power, which is a% - 443b 4 6a°5* |- 4ab3 - b4,
every one of the terms wherein & is perceived will be a part of the
number of Chances whereby an Ace may be thrown. Now there
are four of thofe parts into which 2 enters, viz. a* -|- 44’ |- 645>
<+ 4ab3, and therefore having made ¢ =1,"and 4 =5, we fhall
have 1 - 20 -} 150 4 500 = 671 to exprefs the number of Chances
whereby an Ace may be thrown with four Dice, or an Ace thrown
in four fucceffive throws of one fingle Die: but the number of all
the Chances is the fourth power of @ - 4, that is the fourth power
of 6, which is 1296 ; and therefore the Probability required. is mea-

fured by the fraction %;f;, which is conformable to the refolution:
given inthe 3* cafe of the queftions belonging to the o™ Art.
It
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It is to be obferved, that the Solution would have been fhorter, if
inftead of inquiring at firft into the Probability of throwing an Ace
in four throws, the Probability of its contrary, that is the Probabi-
lity of mifiing the Ace four times fucceflively, had been inquired
into ; for fince this cafe is exactly the fame as that of miffing all
the Aces with four Dice, and that the laft term 4+ of the Binomial
a - 6 raifed to its fourth power exprefles the number of Chances

whereby the Ace may fail in every one of the Dice ; it follows, that
jw agw E '$+ 2
the Probability of that failing is ey i—qi , and therefore

the Probability of not failing, that is of throwing an Ace in four

. bz 12g6—~0625 671
th!'UWS, 1S FEGG: 1205 ey Yy AR

From hence it follows, that let the number of Dice be what it

will, fuppofe #, then the laft term of the power a 4 4l *, that is
b7, will always reprefent the number of Chances whereby the Ace
may fail # times, whether the throws be confidered as fucceffive or

cotemporary : Wherefore %—V is the Probability of that failing ;

and confequently the Probability of throwing an Ace in a number of
1 i - 3 ﬂ+£'l Bl 51!
throws exprefled by #», will be 1 T T e T
Again, fuppofe it be required to affign the Probability of throw-
ing with one fingle Die two Aces in four throws, or of throwing
at once two Aces with four Dice : the queftion will be anfwered by
help of the Binomial 2 4 4 raifed to its fourth power, which being
at -+ 4a'b - 6a*6* -\ 4ab® - b#, the three terms a* -+ 4a'b 4 6a%*
wherein the Indices of # equal or exceed the number of times that
the Ace is to be thrown, will denote the number of Chances where-
by two Aces may be thrown; wherefore having interpreted a by 1,
and 4 by s, the three terms above-written will become 1 4 20 + 150
= 171, but the whole number of Chances, viz. a -- #) ¢ is inthis cafe
= 1296, and therefore the Probability of throwing two Aces in four

throws will be meafured by the frattion :::;b :

But if we chufe to take at firft the Probability of the contrary,
it is plain that out of the five terms that the fourth power of 2 4
conlifts of, the two terms 4ab? -4 4+ ; in the firft of which z enters but
once, and in the fecond of which it enters not, will exprefs the num-
ber of Chances that are contrary to the throwing of two Aces; which
number of Chances will be found equal to 500 4 625 — 1125,
And therefore the Probability of not throwing two Aces in four

throws
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throws will be ——=: from whence may be deduced the Proba-

12g6 *
bility of doing it, which therefore will be 1 — {128 — 1206—t12
EaER 1296
= Il 35 it was found in the preceding paragraph ; and this

agrees with the Solution of the fixth Cafe to be feen in the 10™
Article.

Univerfally, the laft term of any power - 4\" being &, and
the laft but one being #26"—", in neither of which #* enters, it fol-
lows that the two laft terms of that power exprefs the number of
Chances that are contrary to the throwing of two Aces, in any num-
ber of throws denominated by 7 ; and that the Probability of throw-
ing two Aces will be 1 — -:-—-:;‘-—rfl_& _'M — md :';f =

And likewife, in the three laft terms of the power 2 18", every
one of the Indices of @ will be lefs than 3, and confequently thofe
three laft terms will {hew the number of Chances that are contrary
to the throwing of an Ace three times in any number of Trials de-
nominated by # : and the fame Rule will hold perpetually.

And thefe conclufions are in the fame manner applicable to the
happening or failing of any other fort of Event in any number of
times, the Chances for happening and failing in any particular Trial
being refpectively reprefented by 2 and 4.

16. Wherefore we may lay down this general Maxim ; that fup-
pofing two Adverfaries 4 and B contending about the happening of
an Event, whereof 4 lays a wager that the Event will happen /times
in # Trials, and B lays to the contrary, and that the number of
Chances whereby the Event may happen in any one Trial are 4, and
the number of Chances wher:bz: it may fail are 4, then fo many of the
laft terms of the power @ -}-4\" expanded, as are reprefented by /
will fhew the number of Chances whereby B may win his wager.
~ Again, B laying a wager that 4 will not win / times, does the
fame thing in effect as if he laid that .4 will not win above / — 1
times; but the number of winnings and lofings between A4 and B
is n by hypothefis, they having been fuppofed to play # times, and
therefore fubtracting / — 1 from #n, the remainder » — / 4 1 will
fhew that B himfelf undertakes to win z — / -}~ 1 times ; let this re-
mainder be called p, then it will be evident that in the fame

manner as the laft terms of the power a - 5" expanded, viz, & -+
E nab




26 The DocTRINE of CHANCES,
nab'—* 4« = X " —— a*b—, &c. the number whereof is J, do

exprefs the number of Chances whereby B may be a winner, fo the
firft terms a* -+ na—'56 + — X -"—’f—'a'*‘ﬁ‘, &c. the number

whereof is p, do exprefs the number of Chances whereby 4 may
be a winner.

17. If A and B being at play, refpe@ively want a certain number
of Games /and p of being up, and that the refpective Chances they
have for winning any one particular Game be in the proportion of
ato b; then raifing the Binomial 2 -} 4 to a power whofe Index
fhall be / - p — 1, the number of Chances whereby they may
refpectively win the Set, will be in the fame proportion as the Sum
of fo many of the firft terms as are exprefled by p, to the Sum of
fo many of the laft terms as are exprc[%:d by 4

This will eafily be perceived to follow from what was faid in the
preceding Article : for when 4 and B refpectively undertook to win
/ Games and p Games, we have proved that if » was the number
of Games to be played between them, then p was neceflarily equal
ton—/ 4 1,and therefore / 4 p—=n+4 1,andn=/--p —1;
?ri confequently the power to which # -} 4 is to be raifed will be

el

Tf:ua fuppofing that 4 wants 3 Games of being up, and B %,
that their proportion of Chances for winning any one Game are re-
fpedtively as 3 to 5, and thatit were required to affign the proportion
of Chances whereby they may win the Set; then making /= 3,
p=7,a=13, b = g, and raifing a -}~ 4 to the power denoted by
[ 4 p — 1, that is in this cafe to the ¢'" power, the Sum of the firft
feven terms will be to the Sum of the three laft, in the proportion
of the refpective Chances whereby they may win the Set.

Now it will be fufficient in this cafe to take the Sum of the three
laft terms; for fince that Sum exprefles the number of Chances
whereby B may win the Set, then it being divided by the g™ power
of 2 4- 4, the quotient will exhibit the Probability of his winning ;
and this Probability being fubtracted from Unity, the remainder will
expre(s the Probability of 4* winning : but the three laft terms of
the Binomial - & raifed toits 9™ power are 82 -+ gab® -}- 364as?,
which being converted into numbers make the Sum 3%8 12500, and
the g™ power of @ |- & is 134217728, and therefore the Probability

of B* winning will be exprefled by the fraction 37812500

134217728 ——
% 3 let this be fubtracted from Unity, then the remainder

Z4100307
33554432
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237 will exprefs the Probability of .+ winning ; and therefore

the Odds of 4" being up before B, are in the proportion of 24101307
to 9453125, or very near as 23 to g: which agrees with the Solu-
tion of the 10™ Cafe included in the 10* Article.

In order to compleat the comparifon between the two Methods
of Solution which have been hitherto explained, it will not be im-
proper to propofe one cafe more.

Suppofe therefore it be required to affign the Probability of throw-
ing one Ace and no more, with four Dice thrown at once.

It is vifible that if from the number of Chances whereby one
Ace or more may be thrown, be fubtracted the number of Chances
whereby two Aces or more may be thrown, there will remain the
number of Chances for throwing one Ace and no more ; and there-
fore having raifed the Binomial 2 -}- 4 to its fourth power, which is
a* - 4a% - 6a*h* - 4ab’ - b4, it will plainly be feen that the four
firft terms expre(s the number of Chances for throwing one Ace or
more, and that the three firft terms exprefs the number of Chances
for throwing two Aces or more ; from whence it follows that the
fingle term 445’ does alone exprefs the number of Chances for throw-
ing one Ace and no more, and therefore the Probability required

dabs gom. . - TEER 2 : .
will be = = S e which agrees with the Sulut}nn

of the 7™ Cafe given in the 10™ Article.

* This Conclufion might alfo have been obtained another way : for
applying what has been faid in general concerning the property of
any one term of the Binomial 2 4- & raifed to a power given, it will
thereby appear that the term 4ab* wherein the indices of @ and 4
are refpectively 1 and 3, will denote the number of Chances where-
by of two contending parties 4 and B, the firft may win once, and
the other three times. Now .4 who undertakes that he fhall win
once and no more, does properly undertake that his own Chance
fhall come up once, and his adverfary’s three times; and therefore
the term 4al’ exprefles the number of Chances for throwing one
Ace and no more.

In the like manner, if it be required to aflign the Chances for
thfowing a certain number of Aces, and it be farther required that
there fhall not be above that number, then one fingle term of the

power @ < 6'" will always anfwer the queftion.
But to find that term as expeditioufly as poffible, fuppofe » to
be the number of Dice, and / the precife number of Aces to be

thrown ; then if / be lefs than ;—ﬂ', write as many terms of the
E 2 Seriey



28 The DocTriNE of CHANCES.

- ] e | i v FE— 21 n—_—
Series —, G e

in/; or if / be greater than 11' n, write as many of them as there are

, &ec. as there are Units

Units in li n — I; then let all thofe terms be multiplied together,

and the produét be again multiplied by #%*—/; and this laft produt

will exhibit the term expreffing the number of Chances required.
Thus if it be required to affign the number of Chances for throw-

ing precifely three Aces, with ten Dice; here / will be = 3, and

n = 10. Now becaufe / is lefs than %#, let fo many terms be

— 1 F—2  m—1

taken of the Series %, ’ W) &c, as there are

2 3
Units in 3, which terms in this particular cafe will be 2, 2 i :
1 3

2

let thofe terms be multiplied together, the product will be 120;
let this produ& be again multiplied by a/b"—/, that is (2 being = 1,
b =9, /=3, n—=10) by 6042969, and the new product will
be 725156280, which confequently exhibits the number of Chances
sequired. Now this being divided by the 10™ power of 2 4 4, that
is, in. this cafe, by 10000000000, the quotient 0.0725156280 will
exprefs the Probability of throwing precifely three Aces with ten Dice;
and this being fubtratted from Unity, the remainder 0.9274843720
will exprefs the Probability of the contrary ; and therefore the Odds
againft throwing three Aces precifely with ten Dice are 9274843720,
to 725156280, or nearly as 64 to 5.

Although we have thewn above how to determine univerfally the
Odds of winning, when two Adverfaries being at play, refpectively
want certain number of Games of being up, and that they have
any given proportion of Chances for winning any fingle Game ; yet
I have thought it not improper here to annex a {mall Table, thew-
ing thofe Odds, when the number of Games wanting, does nat exceed
fix, and that the Skill of the Contenders is equal.

['Games Odds of] Games  Oddsof | Games  Odds of|
wanting. winning, |wanting. winning. [wanting. winning,

SRE R 2y (Fe=a=0 21y VELG LS TSRO0 N2D

1
‘-3"" ?: 12:4-"26: 'ﬁ'3:6"2'91 3?1
1,4 ==~ 15, MByu 5 ~ci 57 o THs 8 == 1203, 93]
I, §=-=~= 31, 1|2, 6 - - 120, 8l4, 6 - - 382, 130
I, 6-=-- 63, 1|3, 4 - - 42, 22(5, 6 - - 638, 386

Before
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“ Before I putan end to this Introduction, it will not be impro-
per to fhew how fome operations may often be contracted by barely
introducing one fingle Letter, inftead of two or three, to-denote the
Probability of the happening of one Event.

18, Let therefore x denote the Probability of one Event; y, the
Probability of a fecond Event; =z, the Probability of the happening
of a third Event : then it will follow, from what has been faid in
the beginning of this Introdudtion, that 1 —x, 1 —y, 1 —2
will reprefent the refpective Probabilities of their failing.

This being laid down, it will be eafy to anf{wer the Queftions of
Chance that may arife concerning thofe Events,

1° Let it be demanded, what is the Probability of the happening
of them all ; it is plain by what has been demonftrated before, that
the anfwer will be denoted by xyz.-

2° If it is inquired, what' will be the Probability of their all
failing ; the anfwer will be 1 — x X 1 — y x 1 — =z, which being
expanded by the Rules of Multiplication would be 1 — x — y —
+ Xy + xz ;- y2 — xyz; but the firft expreffion is more eafily
adapted to Numbers. :

1°. Let it be required to affign the Probability of fome one of
them or more happening ; as this queftion is exactly equivalent to
this other, what is the Probability of their not all failing ? the anfwer
willbe 1 — 1 — x X 1 — y X 1 — 2z, which being expanded will
become x 4 y - 2 — xy — xz — yz 4 ayz.

4°. Let it be demanded what is the Probability of the happening,
of the firft and fecond, and at the fame time of the failing of the
third, the Queftion is anfwered by barely writing it down algebrai-

cally ; thus, 2y X 1 — 2, or xy — xy= : and for the fame reafon the
Probability of the happening of the firftand third, and the failing of the

fecond, will be xz X 1 — y or xy — xyz: and for the fame reafon:
again, the Probability of the happening of the fecond and third,,

and the failing of the firft, will be y2 X 1 — x, or y2 — xy2. And
the Sum of thofe three Probabilities, #/z. xy -} xz +4- y2 — 3xy2.
will exprefs the Probability of the happening of any two of them,
but of no more than two.

% If it be demanded what is the Probability of the happening:
of the firft, to the exclufion of the other two, the anfwer will be
XX1—9§X1—2,0rx —xy — x% -}- xyz; and in the fame man-
ner, the Probability of the happening of the fecond to the exclu-
fion of the other two, will be y — xy — yz 4 xy=z; and again,,
the Probability of the happening of the third, to the exclufion of the:

other
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other two, will be % —=x2z — yz -}- xyz, and the Sum of all thefe
Probabilities together, viz, x 4 y 4 2 — 22y — 242 — 2y2 4 3092
will exprefs the Probability of the happening of any one of them,
and of the failing of the other two: and innumerable cafes of the
fame nature, belonging to any number of Events, may be folved
without any manner of trouble to the imagination, by the mere
force of a proper Notation.

REMARK.

I. When it is required to fum up feveral Terms of a high Power
of the Binomial 2z 4 4, and to divide their Sum by that Power, it
w'dl he convenient to write 1 and ¢ for 2 and 4; having taken

: b :a : and to ufe a Table of Logarithms.

1—15 in the Emnple of Art. 17", where we had to compute
ﬁiﬂfﬁ%—j‘ﬁ:i, a being = 3, =5 ; we fhallhave g = i_ and,

inftead nf the former, we are now to compute the quanl:lty

97+ w‘iaﬂf 7 X P o4 36
1) m’ :

Now the Fadtor g* 4 g7 - 36 being = + £ 4 36 =2,
Whofe Logarithm is L. 484 — L.9g= - - 17306029

Add the Log. of ¢7, or ?EL.;—-L 3: - « 1.552040
And from the Sum - - - 3 2%35433

Subtra@ the Log. of T 4 ¢'%, 0or 9 X L S—L 3 = 3.833718
So fhall the Remainder - - 1.4498255
be the Logarithm of B's chance, viz. o. 28 I;rz 5

And the Complement of this to Unity 0.7182%5 is' the Chance of
A, in that Problem of Arz. 17,

An Operation of this kind will ferve in moft cafes that occur : but
if the Power is very high, and the number of terms to be furnmed
exceffively great, we muit have recourfe to other Rules; which
fhall be given hereafter.

II. When the Ratio of Chances, which we fhall call that of R to
S, comes out in larger numbers than we have occafion for ; it may
be reduced to its Jeafl exalleft Terms, in the Method propofed by
Dr. Wallis, Huygens, and others. As thus;

Divide the greater Term R by the leffer §; the laft Divifor by
the Remainder; and fo on continually, as in finding 2 common
Divifor : and let the feveral Quotients, in the order they arife, be

reprefented
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reprefented by the Letters o, b, ¢, d, e, &c. Then the Ratio LA

B 2
of the lefler Term to the greater, will be contained in this fraction-
al Series.

(]

a1

L

L

i
it

et :
whofe Terms, from the beginning, being reduced to one Fraction,
will perpetually approach to the juft Value of the Ratio % ; differ-
ing from it in excefs and in defed, alternately : fo that if you ftop at a
Denominator that ftands in the 1%, 3% g% &, place; as at 4, o,

e, &ec. Sth: Refult of the Terms will exceed the juft Value of the
Ratio - ; but if you flop at an even place, as at 4, 4, f, &c. it
will fall fhort of it.

Exampre I

If it is required to reduce the Ratio juft now found ;;—;::E;
or ;;:':'f’ - %) to lower Terms ; and which fhall exhibit its
Juft Quantity the neareft that is poffible in Terms fo low: The
Quotients, found as above, will be; a—=2, b—=1, c=1, d=4,
= =l r—r. Add

1% The firft Term X |, or =, gives the Ratio too great ; becaufe
its confequent 4 is too little.

2°. The Refult of the two firft Terms : +_,i, - : == -;T , islefs

s . . . .
than = | altho’ it comes nearer it than — did: becaufe - = 1,

which we added to the Denominator 2, exceeds its juft Quantity
1

F41
¢ &g, ;
%, The three firft Terms ~ e = ———  ;whichreducedare
b1 g W e
¢ -
1 . 3
= —; exceeds the Ratio : becaufe what we added to
F

the
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the Denominator 4 exceeding its juft Quantity :—_'_—I makes
I{:l'r.

; T too little, and confequently the whole Fraction too great,

In the fame manner, the following Approximation

nl-

I 1 .
i o g = %-, tho' jufter than the pre-
b1 s
e 1 L=t
a +

ceding, errs a little in defe. And fo of the reft. : ,

But to fave unneceflary trouble ; and to prevent any miftake ei-
ther in the Operation itfelf, or in diftinguithing the Ratios that ex-
ceed or fall fhort of their juft Quantity; we may ufe Mr. Cotes's
Rule ; which is to this purpofe.

Write S : R at the head of two Columns, under the Ti]:lﬁs greater,
and /efs. And place under them the two firlt Ratios that are
found; as in our Example 1 : 2, and 1 : 3. Multiply the
Terms of this laft Ratio by the #hird Denominator ¢, and write
the Produ&ts under the Terms of the firft Ratio 1 : 2. So fhall
‘the Sums of the Antecedents and Confequents give a jufter Ratio
2 : 5, belonging to the left-hand Column. Multiply the terms
of this laft by the 4 Quotient d (= 4), and the Products added
to 1 : 3 give the Ratio g : 23, belonging to the right-hand Co-
lumn. This laft multiplied by ¢ (= 1), and the Produ@s transfer-
red to the left hand Column, and added to the Ratio that ftood laft
there, give the Ratio 11 : 28. And fo of the reft, as in the

Scheme below,

reater efs
Sg: R S {R
i gl B 1 = 2l
3 1 3 X §=1d+‘:;
2 £ X d= 4 VR30S
9 : 23 Y s Cal
Proer gt = 1 LI &40
100 2§58 20 fIXp=3}§

111 : 283 &,

This Method is particularly ufeful, when furd numbers, which

have no Termination at all, enter into any Solution.
ExamPLE
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ExamrprLe IL
It will be found in the Refolution of our firft Problem that the

proportion of Chances there inquired into ( §) is that of 1 to vz —1,

or of 1 to 0.259921 &¢. Whence our Quotients will be; e =3,
bt c—=¢8, d=1, e=1, f=4, &c.

And the Operation will ftand as below,

gﬂﬂfﬂ' lefs
R S R
| S
=15 I: g =l
Risie0 X ¢c=3} b
graiag Rd=—r G123
7: A7
b b X e =1
13 : 50
X =4 §2 1 200
3 227
&e. &

End of the Introdution.

F Solutions
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Solutions of feveral forts of Problems, deduced from
the Rules laid down in the Introduéion.

000000000 OPOPDOOLVCOOOOONGODOLOO0OV0000000e

PROBLEM L
.[f A and B play with fingle Bowls, and fuch be the feill
of A that be knows by Experience he can give B two
Games out of three; what is the proportion of their
Jrill, or what are the Odds, that A may get any one

Game affigned 2

SﬂLUTlﬂN

16k = "'*’i .FJ: can give B 2 Games out of 3, Athcrefure maj,r upon:

(P

28l an equality of Play undertake to win 3 Games
pmno| together ; but the probability of his winning the firft

= time i ——— + —, and, by the 825 Article of the Infraa’ﬂﬁmﬁ,
the prohabi'l:ty of his winning three times together is

o

=41 z-|- |
: “+ ¢ or === . . Again, becaufe 4 and B are fuppofed to play
upon equal terms, the probability whlr.:h A has of winning three
times together ought to be exprefled by — ; we have therefore the

. o3

Equation ey :T , or2z3 =z 1'%, and extra&ting the cube-

root on both fides, 2v2 ==z -+ 1; wherefore z =3 , and con~

afz—1

{‘cqumtly the Odds that 4 may get any one Game affigned are as:
~—— to 1, Orasito w2 — 1, that is in this cafe as 50 to I3 ve-

.u"z—t

Fy near. F 2 CORO L~
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CoRrROLLARY.
By the fame procefs of inveftigation as that which has been ufed
in this Problem, it will be found that if 4 can, upon an equality of
Chance, undertake to win » times together, then he may jultly lay

the Odds of 1 to ¥/ 2 — 1, that he wins any one Game affigned,

PROBLEM IL
If A can without advantage or difadvantage give B 1
Game out of 3; what are the Odds that A [ball take
any one Game affigned? Or in other terms, what is the
proportion of the Chances they refpeitively have of win-
ning any one Game affigned 2 Or what is the propor-

tion of their fkill?

SOLUTION,

Let the proportion be as z to 1: and fince A can give B 1 Game
out of 3 ; therefore 4 can upon an equality of play undertake to win
3 Games before B gets 2: now it appears, by the 17 Art. of the
Introduétion, that in this cafe the Binomial = 4- 1 ought to be
raifed to its fourth power, which will be 2% 423 4 622+ 42+ 1;
and that the Expe&tation of the firft will be to the Expectation of
the fecond, as the two firft terms to the three laft: but thefe Ex-
petations are equal by hypothefis, therefore z* 4- 423 — 62z -
4z -+ 1: which Equation being folved, = will be found to be 1.6
very near; wherefore the proportion required will be as 1.6 to 1,

or § to 3.
PROBLEM I
To find in how many Trials an Event will probably happen,
or how many Trials will be neceflary to make it indiffe-
rent to lay on its Happening or Failing 5 [uppofing that
a is the number of Chances for its bappening in any one
Trial, and b the number of Chances for its failing.

SoruTi1oN.

Let x be the number of Trials; then by the 16 Art. of the
Introd. b will reprefent the number of Chances for the Event to fail
x times fucceflively; and 2 4- 4] * the whole number of Chances for

happen-
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lity of the Event’s failing » times together: but by fuppofition

that Probability is equal to the probability of its happening once at
leaft in that number of Trials; wherefore either of Fl-lpgfe ?wu Pr;—-

babilities may be exprefled by the fraction —: we have therefore

I's 1 .
== or a - A" = 2/*, from whence is de-

du-u_eﬂLi]::Equatlcm #%log.a - b =xlog.4 4 log. 2 ; and therefore
¥ = Legati—logs"

. Moreover, let us reaffume the Equatlon @ - 8 — 24%, where-
in let us fuppofe that @, 4 :: 1, ¢; hence the faid Equation will

be changed into this 1 4- -ff-"; 2. Or x xlog, 1 -+ -;: =log. 2.
In this Equation, if ¢ be equal to 1, # will likewife be equal to 1 ;

but if ¢ differs from Unity, let us in the room of log. 1 - %
write its value exprefled in a Series; wviz. >

1 1 T i 1 T T Ec
7 299 30 4 ¥ osp g 2 &G

We have therefore the Equation -:- — ;‘-;;_ &c. = log. 2. Let us

now fuppofe that ¢ is infinite, or pretty large in refpect to Unity,
and then the firft term of the Series will be fufficient ; we fhall

therefore have the Equati:}n*:— =lopg"2; arv¥i—=gtlog. 2. But

it is to be obferved in this place that the Hyperbolic, not the Ta-
bular, Logarithm of 2, ought ta be taken, which being 0.693, &c.
or 0.7 nearly, it follows that x — o0.7¢ nearly.

Thus we have afligned the very narrow limits within which the
ratio of x to ¢ is comprehended ; for it begins with unity, and ter-
minates at laft in the ratio of 7 to 10 very near.

But x foon converges to the limit o.7g, fo that this value of x
may be afflumed in all cafes, let the value of ¢ be what it will.

Some ufes of this Problem will appear by the following Examples.

happening or failing, and therefore repreﬁ:ﬁts the *probabi-

the Equation

ExaAaMPLE 1.
Let it be propofed to find in bow many throws one may undertake
with an equality of Chance, to throw two Aces with two Dice.

The number of Chances upon two Dice being 36, out of which

there i1s but one chance for two Aces, it follows that the number of
Chances
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Chances againft it is 35; multiply therefore 35 by 0.7, and the
product 24.5 will thew that the number of throws requifite to that
effect will be between 24 and 2.

! ExAMPLE 2.
To find in how many throws of three Dice, one may undertake
to throw three Aces,

The number of all the Chances upon three Dice being 216, out
of which there is but one Chance for 3 Aces, and 215 againft it,
it follows that 215 ought to be multiplied by o.7; which being
done, the produ& 150.5 will thew that the number of Throws
requifite to that effect will be 150, or very near it.

ExAMPLE 3.

In a Lottery whereof the number of Mang: is to the number of prizes
as 39 fo 1, (fuch as was the Lottery in 1710) to find bow many
Tickets one mufl take to make it an equal Chance for onc or more
Prizes. . |

Multiply 39 by 0.7, and the product 2%7.3 will thew that the num-
ber of Tickets requifit¢ to that effet will be 277 or 28 at moft,

Likewife in a Lottery whereof the number of Blanks is to the
number of Prizes as § to 1, multiply 5 by 0.7, and the product
3.5 will fhew that there is more than an equality of Chance in 4
"I'ickets for one or more Prizes, but lefs than an equality in three.

REMARK.

In a Lottery whereof the Blanks are to the Prizes as 39 to 1, if
the number of Tickets in all were but 40, the proportion above-
mentioned would be altered, for 20 Tickets would be a fufficient
number for the juft Expeftation of the fingle Prize; it being evi-
dent that the Prize may be as well among the Tickets which are taken,
as among thofe that are left behind.

Again if the number of Tickets in-all were 8o, fiill preferving
the proportion of 39 Blanks to one Prize, and confequently fup-
pofing 78 Blanks to 2 Prizes, this proportion would ftill be altered ;
for by the Doctrine of Combinations, whereof we are to treat after-
wards, it will appear that the Probability of taking one Prize or

both in 20 Tickets would be but i—?:, and the Probability of ta-

king none would be % ; wherefore the Odds againft taking any

16 *
Prize would be as 177 to 139, or very near as 9 to 7. And
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. And by the fame Dottrine of Combinations, it will be found that
23 Tickets would not be quite fufficient for the Expedtation of a
Prize in this Lottery; but that 24 would rather be too many: fo
that one might with advantage lay an even Wager of taking a Prize
in 24 Tickets. _

If the proportion of 39 to 1 be oftner repeated, the number of
Tickets requifite for the equal Chance of a Prize, will ftill increafe
with that repetition; yet let the proportion of 39 to 1 be tepeated
never {o many times; nay an infinite number of times, the number of
Tickets requifite for the equal Chance of a Prize would never exceed

% of 39, that is about 2~ or 28.

Wherefore if the proportion of the Blanks to the Prizes is often
repeated, as it ufually is in Lotteries ; the number of Tickets requifite

for a Prize will always be found by taking % of the proportion of
the Blanks to the Prizes.

Now in order to have a greater variety of Examples to try this
Rule by, I have thought fit here to annex a Lemma by me pub-
lithed for the firft time in the year 1711, and of which the in-
veftigation for particular reafons was deferred till I gave it in my
Mifcellanea Analytica annoc 1731.

o : LEMM A, .
To find how many Chances there are upon any number of Dice, each
of \them of the [fame namber-of Faces; to threw any given number of

points,
SoruT1iO0N,
Let p - 1 be the number of points given, » the number of Dice,
fthe number of Faces in each Die: make p— f=¢,9—f=r,
r—f=s, § = f—=1¢, &c. and the number of Chancesrequired will be
s P o Vo S

I 2 3

R o B a
— x . “"_'
i 2 * W &ee I
Lo : " AT
; -;I-:xr'xf_"'z',ﬁec. X = X%
' 1 a 3 1 I u—j
i —t —2 o, =1
—— = X A s x
il 5y &6 X : 3
e,

Which Series’s ought to be continued till fome of the Fa&ors in each
produc become either — o, or negative, [
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N. B. So many Faftors are to be taken in each of the produtts
L2t x’?,&:c.%xi‘;xm, &c. as there are Units

.'I. 2 3
in 7 — 1.

Thus for Example, let it be required to find how many Chances
there are for throwing 16 Points with four Dice ; then making p + 1
= 16, we have p — 15, from whence the number of Chances re-

quired will be found to be

= xLx 2 =+ 455

et i £ g L i —
ngxsxl — — 136

-i--i‘-x-}x-;-x?xi:_{-' 6

But 455 — 336 4+ 6 = 125, and therefore one hundred and twenty-
five is the number of Chances required. |
Again, let it be required to find the number of Chances for
thl;c;wing feven and twenty Points with fix Dice ;. the operation
will be .

+z:5 x— x’; }:T :-::z = -} 65780
20 19 18 17 16 6
—— s W — K | W, W e —
" B T e x;_;, 93024
14 13 1z Ir 10 g s
: - 3 s 4 3 5 o7 =+ 30030
RN 5 8 1y B.5 s 4
e e A T ., Wi 2 Tap NS d —_—
= X e Y i = %= o ;= 1120
Wherefore 65780 — 93024 -}- 30030 — 1120 = 1666 is the num-
ber of Chances required.

Let it be farther required to affign the number of Chances for
throwing fifteen Points with fix Dice. ~
10

14 13 ¥ 12 R ] N, 02
P T
g oS A
i S B e
But 2002 — 336 = 1666 which is the number required.

&

CoROLLARY.

All the points equally diftant from the Extremes, that is from
the leaft and greateft number of Points that are upon the Dice,
have the fame number of Chances by which they may be produ-
ced ; wherefore if the number of points given be nearer to the
greater Extreme than to the lefier, let the number of points givén
be
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be fubtradted from the Sum of the Extremes, and work with the re-
mainder ; by which means the Operation will be thortened. .

Thus if it be required to find the number of Chances for throw-
ing 27 Points with 6 Dice: let 27 be fubtratted from 42, Sum of
the Extremes 6 and 36, and the remainder being 15, it may be
concluded that the number of Chances for throwing 27 Points is the
fame as for throwing 15 Points.

Although, as I have faid before, the Demonftration of this Lemma
may be had from my Mifcellanea; yet 1 have thought fit, at the
defire of fome Friends, to transfer it to this place.

DEMONSTRATION.

1°. Let us imagine a Die {o conftituted as that there (hall be upon
it one fingle Face marked 1, then as many Faces marked 11 as there
are Units in 7, and as many Faces marked 111 as there are Units in
rr, and fo on; that the geometric Progreffion 1 4 r 4 rr - r3 4=
r+ 5 4 7% - 7 %, &c. continued to fo many Terms as there
are different Denominations in the Die, may reprefent all the Chances
of one Die : this being fuppofed, it is very plain that in order to have
all the Chances of two fuch Dice, this Progrefiion ought to be raifed
to its Square, and that to have all the Chances of three Dice, the
fame Progreffion ought to be raifed to its Cube; and univerfally,
that if the number of Dice be exprefled by », that Progreflion
ought accordingly to be raifed to the Power #.- Now fuppofe the
"number of Faces in each Die to be f, then the Sum of that Pro-

| R

greffion willbe —— ; and confequently every Chance that can
happen upon 7 Dice, will be exprefled by fome Term of the Series
e

that refults from the Fraction —— raifed to the power 7. But

as the leaft number of Points, that can be thrown with # Dice, is#
Units, and the next greater » -}- 1, and the next n -} 2, &c. it is
plain that the firft Term of the Series will reprefent the number of
Chances for throwing » Points, and that the fecond Term of the Se-
ries will reprefent the number of Chances for throwing » -|- 1 Points,
and fo on. And that therefore if the number of Points to be thrown
be exprefled by p - 1, it will be but afligning that Term in the
Series of which the diftance from the firft fhall be exprefled by

pti1—n
G But
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But the Series which would refult from the raifing of the Fra&ion
S

— to the Power #n, is the Produ& of two other Series, whereof

L—Fr

2
- o Ll | N =1 e
otheris 1—m/ 4 = x ——r¥— — x — x =27V + &c.

Wherefore, if thefe two Series be multiplied together, all the Terms
of the product will feverally anfwer the feveral numbers of Chances
that are upon 7 Dice,

And therefore if the number of Points to be thrown be expreffed
by p+1, it is but collecting all the Terms which are affected by

the Power r'T'=" and the Sum of thofe Terms will anfwer the
Queftion propofed. :

But in order to find readily all the Terms which are affected by
the Power #1717 let us fuppofe, for {hortnefs fake, p 4+ 1 —n—=1/;
and let us fuppofe farther that Er’ is that Term, in the firft Series,
of which the diftance from its firft Term is /; let alfo Dr'— be
that Term, in the firft Series, of which the diftance from its firfk
Term is / —f, and likewife let Cr/~2 be that Term, in the firft
Series, of which the diftance from its firft Term is denoted by /—2f,
and fo on, making perpetually a regrefs towards the firft Term. This
being laid down, letus writeall thofe Terms in order, thus

Er! - Dri~/ + Cri—f 4 Br—#/, k.
and write underneath the Terms of the fecond Series, in their natu-
ral order. Thus

Er! 4 DA~/ - Cri— - Bri—¥, &c.

1 —mf Lkl D Il x ";’;-y‘l &e.
then multiplying each Term of the firft Series by each correfponding
Term of the fecond, all the Terms of the produ, wviz.
Er! — aDr! -+ % el oF o L e R "_; Br/, &ec.

4 I 2

will be affected with the fame power 7"
Na_::w the Cocefficient E containing fo many facors % x

-’i;-, 8c. as there are Units in/; it is plain, that when the De-

nominators of thofe factorsare continued beyond a certain number
of them, denominated by # — 1, then the following Denominatars
will be n, -+ 1, n-}2, &c. which being the fime as the firft
Terms of the Numerators, it follows that it from the value of the
Coeflicient E be rejected thofe Numerators and Denominators which

arg

: g1
unexs:—%—nr—i-*:i?‘ rr—l*%xﬁ':"x”:'zri,&c,thc

mly

®
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are equal, there will remain out of the Numerators, written in
an inverted order, the Terms n+/— 1, n -/ —2, n 41— 3,
&c. of which the laft will be /- 1; and that, out of the Denomi-
nators written in their natural order, there will remain 1, 2, 3, 4,
5, &c. of which the laft will be » — 1 : all which things depend
intirely on the nature of an Arithmetic Progreffion. Wherefore the

firlt Term

Er‘-"iﬂ: bl p Ao x i u_ ga . m.-‘+: ri

H—1

Now in the room of /, ful:ﬁitute its vaiue: p -+ 1—mn, then Erl —

i x =1, 5 p—z

I 2
fecond Term
—nDr/ be = — FTf X ‘F—“:_[ X F_‘:_I &c. % !, and allo
the third Term

ey " p—zf e 2 e p—3f—z
+T;K-%-Crfw111bc:+ Tl 2 *: X *3..,_.-,5;,;_

x % X i:—’ I, and fo on. Suppofenowr =1,p—f =g, 9—f=r,

y —f=—y, &c. and you fhall have the very Rule given in our
Lemma.

Now to add one Example more to our third Problem, let it be
required to find in how many throws of 6 Dice one may undertake
to throw 15 Points precifely,

The number of Chances for throwing 15 Points being 1666, and
the whole number of Chances upon 6 Dice being 46656, it fol-
lows that the number of Chances for failing is 44990; wherefore
dividing 44990 by 1666, and the quotient being 27 nearly, multi-
ply 27.by 0.7, and the produtt 18.9 will fhew that the number of
throws requifite to that effect will be very near 19.

| PR OBLEM, IV.

Do find how many Trials are neceffary to .make it equally
probable that an Event will bappen twice, fuppofing
that a is the number of Chances for its happening in
any one Trial, and b the number of Chances for its

Sfailing.

, &c. x 7/, and in the fame manner will the

; SOLUTION,
- Let x'be the number of Trials: then from what has heen demon-
Mtrated in the 16'h Art. of the Introd. it follows.that ¥ - xabs— is
G2 the
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the number of Chances whereby the Event may fail, 2 + 6\ * com-
prehending the whole number of Chances whereby it may either
happen or fail, and confequently the probability of its failing is
frr—l-.vﬁ-f;x—' I

—_— but, by Hypothefis, the Probabilities of happening and

failing are equal ; - 1.1?& have therefore the Equation y‘:,_:y'_;:
— &, or @ + 81" = 24+ -+ 2xabv—', or making a, b :: 1, ¢,
1+ _;p::z +—zj:—. Now if in this Equation we fuppofe
g=1, x will be found = 3, and if we fuppofe ¢ infinite, and

alfo -':- — =z, we fhall have the Equation 2z =log. 2 4 log. 1 4 =,

in which taking the value of =z, either by Trial or otherwife, it will
be found = 1.678 nearly ; and therefore the value of x will always be
between the limits 37 and 1.678¢, but will foon converge to the laft of
thefe limits ; for which reafon, if ¢ be not very {mall, x may in all
cafes be fuppofed = 1,6787; yet if there be any fufpicion that the
value of x thus taken is too little, fubftitute this value in the original

Equation 1 -} ;f"‘:z—|— E;L, and note the Error. Then if

it be worth taking notice of, increafe a little the value of x, and fub-
ftitute again this new value of x in the aforefaid Equation; and
noting the new Error, the value of x may be fufficiently correted
by applying the Rule which the Arithmeticians call double falfe
Pofition.
ExamMPLE 1.
To find in bow many throws of three Dice one may undertake to
throw three Aces twice. ;

The number of all the Chances upon three Dice being 216, out
of which there is but 1 Chance for three Aces, and 215, againit
it ; multiply 215 by 1.678 and the product 360.8 will fhew that the
number of throws requifite to that effect will be 361, or very near it.

ExAMPLE 2.

To find in bow many throws of 6 Dice one may undertake to throw
15 Points twice.

The number of Chances for throwing 15 Points is 1666, the
number of Chances for mifling 44990; let 44990 be divided by

1666,
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1666, the Quotient will be 27 very near : wherefore the Chances
for throwing and miffing 15 Points are as 1 to 27 refpectively ; mul-
tiply therefore 27 by 1.678, and the product 45.3 will fhew that the
number of Chances requifiye to that effect will be 4.5 nearly.

ExaMPLE 3.
In a Lottery whereof the number of Blanks is to the Number of Prizes
as 30 fo 1: fo find bow many Tickets mufl be taken to make it as
probable that two or mare benefits will be taken as not.

Multiply 39 by 1.678 and the product 65.4 will thew that no lefs
than 65 Tickets will be requifite to that effect.

PROBLEM V.

20 find how many Trials are neceflary to make it equally
probable that an Event will bappen three, four, five,
&c. times 5 [uppofing that a is the number of Chances
Jor its bappening in any one Trial, and b the number of
Chances for its failing.

SoOLUTION.
Let x be the number of Trials requifite, then fuppofing as be-

fore a, b :: 1, g, we fhall have the Equation 1 - %.'-” — 2 x

4= 4 S x *1;' , in the cafe of the triple Event; or

q
1 +LFF=Z X I -]—% -1 -';5 b ':;; + = x ":' X ’;f in
the cafe of the quadruple Event: and the law of the continuation
of thefe Equations is manifeft. Now in the firft Equation if ¢ be
fuppofed = 1, then will x be — 5; if ¢ be fuppofed infinite or
pretty large in refpect to Unity, then the aforefaid Equation, mak-

ing %: z, will be changed into this, = — log. 2 | log.

1 + z -+ - 22 ; wherein z will be found nearly = 2.675, where-

fore x will always be between g5gand 2.67 57.
Likewife in the fecond Equation, if ¢ be fuppofed — 1, then
will x be =74 ; but if ¢ be fuppofed infinite or pretty large in re-

{pect to Unity, then 2 = log. 2 -}~ log. 1 4- 2 4 — 2z + 5 %%

whence
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whence 2 will be found nearly = 3 6719, wherefore x will be be-
tween 77 and 3.67194. ;

A TABLE of the Limits.
The Value of x will always be

For a fingle Event, between 1¢ and 0.693g

For a double Event, between 34 and 1.673¢

For a triple Event, between g and 2.675¢
Foraquadruple Event, between 77 and 3.672¢

For a quintuple Event, between 94 and 4.670g

For a fextuple Event, between 114 and 5.668¢

&ec. 3

And if the number of Events contended for, as well as the num-
ber ¢ be pretty large in refpect to Unity ; the number of Trials

requifitc for thofe Events to happen z times will be =g, or
barely 7.

REMARK.

From what has been faid we may plainly perceive that altho’
we may, with an equality of Chance, contend about the happening
of an Event once in a certain number of Trials, yet we cannot,
without difadvantage, contend for its happening twice in double
that number of Trials, or three times in triple that number, and fo on,
Thus, altho” it be an equal Chance, or rather more than an Equa-
lity, that Ithrow two Aces with two Dice in 25 throws, yet 1 can-
not undertake that the two Aces {hall come up twicein 5o throws,
the number requifite for it being ¢8 or 59 ; -much lefs can I under-
take that they (hall come up three times in 75 throws, thenumber
requifite for it being between 93 and g4: fo that the Odds againft the
happening of two Aces in the firft throw being 35 to 1, I cannet un-
dertake that in a very great number ‘of Trials, the happening fhall
be oftner than in the proportion of 1to'35. And thercfore we may
lay down this general Maxim, that Events at long'run will not hap-
pen oftner than in the proportion of the Chances they have to hap-
pen in any one Trial ; and that if we aflign any other proportion
varying never fo little from that, the Oddsagainft us will increafe
continually.

To this may be objeced, that from the premifes it would feem
to follow, that if two equal Gamefters were to play together for
a confiderable time, they would part without Gain or Lofs on either
fide: but the anfwer is eafy ; the longer they play the greater Pro-

bability
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bability there is of an increafe of abfolute Gain or Lofs; but at the
fame time, the greater Probability there is alfo of a decreafe, in refpect
to the number of Games played. Thus if 100 Games produce a dif-
ference of 4 in the winnings or lofings, and 200 Games produce a

difference of 6, there will be a greater proportion of Equality in the
fecond cale than in the firlt.

PROBLEM VL
Three Gamefters A, B, C play together on this condition,
that be fball win the Set who bas fooneft got a certain
number of Games ; the proportion of the Chances which
‘each of them bas to get any one Game affigned, or which
is the Jame thing, the proportion of their fill, being re-
Jpectively as a, b, c.  Now after they bave played fome
time, they find themfelves in this circumflance, that A
wants ¥ Game of being up, B 2 Games, and G 3 Games ;

the whole Stake amongft them being [uppofed 15 what
is the Expeliation of each?

SorvTion., L
In the circomftance the Gamefters are in, the Set will be ended
in 4 Games at moft ; let therefore 2 4 & - ¢ be raifed to the fourth
power, which will be a* - 4435 - Gaabb - 4ab3 + b* + 4a°c
iimcf{:_ + 4b'c - baace - 12abec - 6bbec - qac’ - 12achb |-
¢3 + ¢t
i The terms a* - 4a%b -+ 4a’c + baace & 128abc + 124bcc,

wherein the dimenfions of # are equal to or greater than the number =

of Games which 4 wants, wherein alfo the Dimenfions of 4 and ¢
are lefs than the number of Games which B and C refpetively want,
are intirely favourable to 4, and are part of the Numerator of his
Expectation. ;

In the fame manner, the terms b+ -} 44%¢ -} 6bbcc-are intirely fa-
vourable to B.

And likewife the terms 4b¢3 -} ¢# are intirely favourable to C.

The reft of the terms are common, as favouring partly one of
the Gamefters, partly one or both of the other; wherefore thefe
Terms are fo to be divided into their parts, that the parts, refpectively
favouring each Gameftér, may be added to his Expectation.

Take
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Take therefore all the terms which are common, wviz. 6aabb, 4ab?,
12abee, gac’, and divide them a&ually into their parts; that is,
1%, baabd into aabb, abab, abba, baab, baba, bbaa. Qut of thefe
fix parts, one part only, viz. bbaa will be feund to favour B, for
tis only in this term that two Dimenfions of 4 are placed before
one fingle Dimenfion of 4, and therefore the other five parts belong
to A ; let therefore sanbd be added to the Expetation of 4, and
1aabb to the Expectation of B. 2°. Divide 4463, into its parts
abbb, babb, bbab, bbba; of thefe parts there are two belonging to
A, and the other two to B; let therefore 2443 be added to the ex-
pectation of each. 3° Divide 124bbc into its parts; and eight of
them will belong to A4, and 4 to B; let therefore 8abbe be added
to the Expectation of 4, and 4abéc to the Expectation of B. 4° Di-
vide gac? into its parts, three of which will be found to be favourable
to A, and one to C; add therefore 3a¢3 to the Expectation of A4, and
1ac? to the Expectation of C. Hence the Numerators of the feveral
Expectationsof 4, B, C, will be refpectively,

1. a* -\ 4a% 4 4a’c - baacc {- 12aabc -\ 12abec - gaablb
- 2ab3 4 8abbe 4 3acs.

2. bt - 4b%c -+ bbbec - 1aabb - 2ab3 4 4abee.

3. 4bec3 - 16 - 1403,
The common Denominator ofall their Expe@ations being a2 +,

Wherefore if @, 4, ¢, are in a proportion of equality, the Odds

of winning will be refpectively as 57, 18, 6, or as 19, 6, 2. :
~ If n be the number of all the Games that are wanting, p the
number of Gamefters, and a, b, ¢, 4, &c. the proportion of the
Chances which each Gamefter has refpectively to win any one Game
affigned; leta -4 ¢ |- 4, &c. be raifed to the power # | 1 — p,
and then proceed as before. :

REMAREK. +
This is one general Method of Solution. But the fimpler and
more common Cafes may be managed with very little trouble, As,
1°. Let 4 and B want one game each, and C two games.
Then the following game will either put him in the fame fituation

as A and B, entitling him tn—;-nf the Stake ; of which there is 1
Chance: or will give the whole Stake to 4 or B ; and of this there

1 ¢
- 3 IX—=+2X0
are two Chances. C’s Expecation therefore is worth —3

.;’I;rrad.
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(Introd. Art. s.) =EI" Take this from the Stake 1, and the Re-
8

mainder =, to be divided equally between 4 and B, makes the ex-

pectations of 4, B, C, to be 4, 4, 1, refpetively; to the common
Denominator g.

2° Let 4 want 1 Game, B and C two games each. Then the
next Game will either give .4 the whole Stake ; or, one of his Ad.

verfaries winning, will reduce him to the Expecation 3, of the

! : :x|+txi 'y
- former Cafe. His prefent ExpeQation therefore is - 2—= =3
and the Complement of this to Unity, wsz, %, divided equally

between B and C, gives the three Expe@ations, 17, 5, §, the com-
mon Denominator being 27. '

3% Aand B wanting each a Game, let C want 3. In this Cafe,
C has 2 Chances for o, and 1 Chance for the Expectation é , of Cafe

I. Thatis, his Expe&ation is z—'? ; and thofe of A4 and B ‘al'ﬂ;:;-lr

each.
'4°. Let the Games wanting to 4, B, and C, be 1, 2, 3, re-
dpedtively : then 4 winning gets the Stake 1; B winning; A is in

Café 3, with the Expetation T';‘-, or C winning, he has, as in

Cafe 2, the Expe@ation ——-. Whence his prefent Expectation is

e _
Again, A winning, B gets o ; himfelf winning, he acquires (Cafe
3.) the Expecation ;—';- And, C winning, he is in Cafe 2, with

the Expectation -25?— His prefent Expectation therefore is Ls X

13 g 18 . . )
o i —;-?- ———- Add this to the Expetation of 4, which

7 . £ . .
was ——; the Sum is 'ZT : and the Complement of this to Unity, -

which is %— » is the Expectation of C.

Or to find C's Expeétation directly : 4 winning, C has o; B win-
ning, he has the Expe&ation-ﬁ, (Cafe 3.) and, himfelf winning,

' I 1 6
hﬂhas-}__—-‘,asmﬂaﬁ 2:Inall, - x o -+ ?—{-z—;-:

81 °

H And
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And thus, afcending gradually through all the inferior Cafes, or
by the general Rule, we may compofe a Table of Odds for 3
Gamfters, fuppofed of equal Skill ; like that for 2 Gamefters in Arz.
17 of the Introduction.

Table for 3 Gameflers.

Games | Games Games |

wanting. Odcs, wanting. Odds wanting. Qdds.

A B Cl Pasascldeb b, _ 4 & oclid. B Cliaca b c.
1’1 23] A 4 123 | 19 67 22 2y a0
r 1 3]13 13001241178 58 o2 2 51353 353 23|
1 1 4(40 40 11 2 5542 179 B2 3 3133 55 55
11 §ji2r 121 3l 1 3 4 (616 82 31|l 2 3 4451 195 83
12217 55413 5629 87 1302 3 51433 035 119
13 265 '8 8z e a0 o STalNIGE &,

SoruTion II. and more General.

It having been objected to the foregoing Solution, that when there
are feveral Gamefters, and the number of games wanting amongft
them is confiderable ; the Operation muft be tedious; and that there
may be fome danger of miltake, in feparating and collecting the fe-
veral parts of their Expe&ations, from the Terms of the Multi-
nomial : I invented this other Solution, which was publifhed in the
VII* Book of my Mijcellanea dnalytica, A.D. 1730. j

The Skill of the Gamefters 4, B, C, &c. is now fuppofed to be
as a, b, ¢, &c. refpettively : and the Games they want of the Set are p,
g, 7, &c. ‘Then in order to find the Chance of a particular Gamefter,
as of A, or his Right in the Stake 1, we may proceed as follows.

1°, Wiite down Unity.

2°. Write down in order all the Letters 4, ¢, 4, &ec. which denote
the Skill of the Gamefters, excepting only the Letter which belongs
to the Gamefter whofe Chance you are computing; as in our Exam-
ple, the Letter 4 is omitted.

7°. Combine the fame Letters 4, ¢, d, &c. by two’s, three’s,
four’s, &c.

4°. Of thefe Combinations, leave out or cancel all fuch as make
any Gamefter befides 4, the winner of the Set; that is, which give
to B, ¢ Games ; to C, » Games, to D, s Games, &e.

§°. Multiply the whole by ar—1,

6°. Prefix to each Produét the Number of its Permutations, that
is, of the different ways in which its Letters can be written *#,

* Of Combinatiors and Permatations, See Prob. xiv. & fegq,

iﬂ. Let
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7° Let all the Products that are of the fame dimenfion, that js
Ehlﬂh contain the fame number of Letters, be colletted into different

ms,

8°. Let thefe feveral Sums, from the loweft dimenfion upwards, be
divided by the Terms of this Serics,

So=, fr, ) 2 & refpectively : in which Serves [=a¥b+
c+ 4+ &,

9° Laftly, multiply the Sum of the Quotients by %: and the

Product fhall be the Chance or Expe@ation required ; namely the
Right of 4 in the Stake r. And in the fame way, the Expecta-
tions of the other Gamefters may be computed.
ExampLE,
. Sluppoﬁng p=2a, g=13, r=175 ; write, as direCted in the
ule,

1, b ¢, bb I be - cc, bbee = bes - ¢4, bbed V- bes, bbe,
Multiply each term by a?—', which in our Example is 22—1, or ¢,
prefix to each Product the number of its Permutations, dividing at
the fame time the fiimilar Sums by /=1, /#, fr+1, &c, that is by /]

J? /3, &c; And the whole multiplied intu% will give the Ex-

. ‘ £ . 4abb4-6al
peétation of A4 — -} into % 4= = ;.tw - ;, it -+
12abbett2aboct-sacs KT 20nhbect-20abei-sact 4 Fogblc4-1cab+ |- 1ncabh-L

i s o
If we now fubftitute for 4, &, ¢, any numbers at pleafure, we fhall
have the anfwer that belongs to thofe {uppofed degrees of Skill. As

ifwemakea=1, b—1, c=1; the Expectation of A will be,

I i 4 iz 28 o+ 58 9t e ey

: .3_ X 3._+ 9 + 75 + 81 ‘1 .243 + 719 l_ﬁzt-!i;r T U

And, by like Operations, thofe of B and C will be —= and —>

_ 5 2157 2187
refpectively.

PROBLEM VI

Two Gameflers A and B, each baving 12 Counters, play
awith three Dice, on condition that if 11 Points come up,
B fhall give one Counter to A ; if 14 Points come up, A
Jball give one Counter to B ; and that be fball be the
winner who [hall fooneft get all the Gounters of his Ad-
verfary : what is the Probability that each of them

bas of winning 2 |
H 2 SoL=-
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SorLuTIiON.

Let the number of Counters which each of them hasbe =p;
and let 2 and 4 be the number of Chances they have refpectively
for getting a Counter, each caft of the Dice: which being fuppofed,
1 fay that the Probabilities of winning are refpectively asa? to & ;
now becaufe in this cafe p = 12, and that, by the preceding Lemma,
a =27, and b= 15, it follows that the Probabilities of winning
are refpectively as 27 to 152, oras 9" to 5'*, or as 282429536481
to 24414062 5 : which is the proportion affigned by Huygens in this
particular cafe, but without any Demonftration.

Or more generally :

Let p be the number of the Counters of A4, and ¢ the number of
the Counters of B ; and let the proportion of the Chances be as a to &
I fay that the Probabilities of winning will be refpectively as a7 x
@ — b to b? x gt — 13 and confequently the Probabilities them-

A at'sx gt =i Py gt — At
felves will be R — R, and oy __MH':S.

DEMONSTRATION. : :

Let it be fuppofed that A has the Counters E, F, G, H, &c. whofe
number is p, and that B has the Counters I, K, L, &c. whofe num-
ber is ¢ : moreover, let it be fuppofed that the Counters are the
thing played for, and that the value of each Counter is to the value of
the following as 2 to 4, in fuch manner as that E, F, G, H, I, K,
L be in geometric Progreflion; this being fuppofed, 4 and B in
every circumftance of their Play may lay down two fuch Counters
as may be proportional to the number of Chances each has to get a
fingle Counter; for in the beginning of the Play, /4 may lay down
the Counter H, which is the loweft of his Counters, and B the
Counter I, which is his higheft ; but H, I :: 4, 4, therefore .4 and B
play upon equal terms. If 4 beats B, then .4 may lay down the_
Counter I which he has juft got of his adverfary, and B the Coun-
ter K; but I, K :: g, &, therefore 4 and B ftill play upon equal
terms. But if A lofe the firfl time, then 4 may lay down the Counter-
G, and B the Counter H, which he jult now got of his adver-
fary; but G, H :: 4, 4, and therefore they ftill play upon equal:
terms as before : So that, as long as they play together, they play
without advantage or difadvantage. Now the Value of the Expec-
tation which 4 has of getting all the Counters of B is the pyodné

of
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of the Sum he expects to win, and of the probability of obtaining
it, and the fame holds alfo in refpect to B: but the Expeations
of 4 and B are fuppofed equal, and therefore the Probabilities which
they have refpectively of winning, are reciprocally proportional to
the Sums they expect to win, that is, are direttly proportional to
the Sums they are poffeffed of. Whence the Probability which 4
has of winning all the Counters of B, is to the Probability which
B has of winning all the Counters of 4, as the Sum of the terms,
E, F, G, H, whofe number is p, to the Sum of the terms I, K, L,
whofe number is ¢, thatis as @7 X &* — £° to ® x at — b7 ; as will
eafily appear if thofe terms, which are in geometric Progrefiion, are
a@ually fummed up by the known Methods. Now the Probabili-
ties of winning are not influenced by the Suppofition here made of
each Counter being to the following in the proportion of 2 to 4;
and therefore when thofe Counters are fuppofed of equal value; or
rather of no value, but ferving only to mark the number of Stakes
won or loft on either fide, the Probabilities of winning will be the
fame as we have affigned.

CoroLLARY 1.

If we fuppofe both 2 and 4 in a ratio of equality, the expreflions
whereby the Probabilities of winning are determined will be reduced
to the proportion of p to g: which will eafily appear if thofe ex-
preffions be both divided by 2 — 4.

CoroLLARY 2
If 4 and B play together for a Guinea a Game, and 4 has but
one fingle Guinea to lofe, but B any number, let it be never fo
large; if 4 in each Game has the Chance of 2 to 1, he is more
likely to win all the Stock of B than to lofe his fingle Guinea ; and
juft as likely, if the Stock of B were infinite

REMARK.

If p and ¢, or either of them be large numbers, it will be con-
venient to work by Logarithms,

Thus, if 4 and B play a Guinea a Stake, and the number of
Chances which 4 bas to win each fingle Stake be 43, but the num-
ber of Chances, which B has to win it, be 40, and they oblige them-
felves to play till fuch time as 100 Stakes are won or loft ; (the num-

%:cs.)

ber p being = g = 100, and therefore the Ratiofought being

Fromu
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From the logarithm of 43 = 1.63346835
Subtract the logarithm of 40 — 1.6020600

Difference = 0.03140835 -

Multiply this Difference by the number of Stakes to be played off,
@iz, 100, the produ& will be 3.1408500, to which anfwers in the
Table of Logarithms 1383 ; therefore the Odds that 4 beats B are
1383 to 1. '

SNgaw in all circumftances wherein 4 and B venture an equal Sum,
the Sum of the numbers expreffing the Odds, is to their difference,
as the Money played for, is to the Gain of the one, and the Lofs of
the other.

Wherefore, multiplying 1382 difference of the numbers exprefiing
the Odds by 100, which is the Sum ventured by each Man, and di-
viding the product by 1384, Sum of the Numbers exprefling the
QOdds, the Quotient will be, within a trifle, gg Guineas, and 2 Shil-
lings, fuppofing Guineas at 215

If inftead of fuppofing the proportion of ‘the Chances whereby A
and B may refpectively win a Stake to be as 43 to 40, we fuppofe
them as 44 to 40, oras 11 to 1o, the Expectation of .4 will be worth
above gg Guineas, 2o Shillings and 1 Penny.

PROBLE M VI
Two Gameflers A and B lay by 24 Counters, and play with
three Dice, on this condition ; that if 11 Points come
upy, A fball take one Counter out of the heap; if 14, B
[fhall take out one; and be [ball be reputed the winner
who fhall fooneft get 12 Counters.

This Problem differs from the preceding in this, that the Play
will be at an end in 23 Cafts of the Die at moft; (that is, of thofe
Cafts which are favourable either to 4 or B) whereas in the prece-
ding cafe the Counters paffing continually from one hand to the other,
it will often happen that 4 and B will be in fome of the fame circum- -
ftances they were in before, which will make thelength of the Play:
unlimited.

SoOLUTION,
Taking @ and 4 in the proportion of the Chances which there are
to throw 15, and 14, leta 4 & be raifed to the 23" Power, that is,
to
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to fuch Power as is denoted by the number of all the Counters want-
ing one: then fhall the 12 firft terms of that Power be to the 12 laft
in the fame proportion as are the Probabilities of winning.

PROBLEM IX.

Suppofing A and B, whofe proportion of fkill is asa tob, zo
play together, till A either wins the number q of Stakes,
or lofes the number p of them 3 and that B fets at every
Game the Sum G to the Sum L ; it is required to find
the Advantage or Difadvantage of A.

SoLUTION,
 Firff, Let the number of Stakes to be won or loft on either fide
be equal, and let that number be p; let there be alfo an equality
of fkill between the Gamefters: then I fay that the Gain of 4 will

be pp x G:L , that is the fquare of the number of Stakes which

either Gamefter is to win or lofe, multiplied by one half of the diffe-
rence of the value of the Stakes. Thus if #and B play till fuch
time as ten Stakes are won or loft, and B fets one and twenty Shil-
lings to 20 ; then the Gain of 4 will be 100 times the half difference
between 21 and 2o Shillings, viz. co #

Secondly, Let the number of Stakes be unequal, fo that A4 be
obliged either to win the number ¢ of Stakes, or to lofe the number
p; let there be alfo an equality of Chance between 4 and B : then

I fay that the Gain of A will be pg x S—". . thatis the Product

2z

of the two numbers of Stakes, and one half the difference of the
value of the Stakes multiplied together, Thus if 4 and B play
together till fuch time as either 4 wins eight Stakes or lofes twelve,
then the Gain of 4, will be the produ& of the two numbers 8 and
12, and of 64 half the difference of the Stakes, which produ¢t makes
2L 84

- Thirdly, Let the number of Stakes be equal, but let the number of
Chances to win a Game, or the Skill of the Gamefters be unequal,

in the proportion of 2 to 4; then I fay that the Gain of 4 will be
#l — g AG_IL

T e

Fourthly, Let the number of Stakes be unequal, and let alfo the
number of Chances he uncgunl : then I fay that the Gain of A4 will

gafxﬂ-’-—b’-—pb" xﬂq——rf_ LR I aG—bL
e o e multiplied by ———.. Do
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DEMONSTRATION.

Let R and S refpectively reprefent the Probabilities which A and
B have of winning all the Stakes of their Adverfary ; which Pro-
babilities have been determined in the vii" Problem. Let us firft
fuppofe that the Sums depofited by A4 and B are equal, wiz. G,
and G: now fince 4 is either to win the Sum 4G, or lofe the Sum
G, it is plain that the Gain of 4 onght to be eftimated by RgG
— 8pG ; moreover fince the Sums depofited are G and G, and that
the proportion of the Chances to win one Game is as @ to &, it fol-

Ll & . . - ﬂﬂ—m
lows that the Gain of A for each individual Game is : 3 and

for the fame reafon the Gain of each individual Game would be

aG—=5L

~——=—, if the Sums depofited by A4 and B were refpectively L

and G. Let us therefore now fuppofe that they are L and G;
then in order to find the whole Gain of 4 in this fecond circum-
ftance, we may confider that whether 4 and B lay down equal
Stakes or unequal Stakes, the Probabilities which either of them has
of winning all the Stakes of the other, fuffer not thereby any alte-
ration, and that the Play will continue of the fame length in both
circumitances before it is determined in favour of either ; wherefore
the Gain of each individual Game in the firft cafe, is to the Gain
of each individual Game in the fecond, as the whole Gain of the
firft cafe, to the whole Gain of the fecond; and confequently the

whole Gain of the fecond cafe will be Rg—Sp x “'“:T‘ s Or

gal % af — BP — pbP 5 of — 47
% oyt (I v {

mul-

reftoring the values of R and §,
tiplied by 29="L-.
P'RPOYBLYE ‘M 28
Three Perfons A, B, 'C, out of a heap of 12 Counters,
whereof 4 are white, and 8 black, draw blindfold one
Counter at a time, in this manner; A begins todraw;
B follows A5 G follows B then A begins againy and
they continue to draw in the [ame order, till one o
them who is to be reputed the winner, draws the firft
white. What are the re[peitive Probabilities of their
winning 2 :

Sorvy-
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SorLuTioN.
Let # be the number of all the Counters, 2 the number of white,
b the number of black, and 1 the whole Stake or the Sum playc:d
for.
1°. Since .4 has a Chances for a white Counter, and # Chances

for a black, it follows that the Probability of his winning is -:';_E
= =; therefore the Expe@ation he has upon the Stake 1, arifing
from the cir(:um&ance he is in, when he begins to draw,. is
5 x T =——: let it therefore be agreed among the Adventurers,
that .4 {hail have no Chance for a white Counter, but that he thall
be reputed to have had a black one, which fhall actually be taken

out of the heap, and that he fhall have the Sum % paid him out
of the Stake, for an Equivalent. Now = being taken out of the Stake

B—a b

p—

there will remain 1 — = = — -
_ 2° Since B has a Chances for a white Counter, and that the num-
ber of remaining Counters is # — 1, his Probability of winning
will be #—i—l- ; Whence his Expeation upon the remaining Stake

5 & - " . "
=, arifing from the circumftance he is now in, will be ——.

Suppofe it therefore agreed that B fhall have the Sum H_:ﬁ_,

paid him out of the Stake; and that a black Counter fhall alfo be
taken out of the heap. This being done, the remaining Stake will be

b ab b—b—ab
= = or — — , but nb — ab == bb ; wherefore the re-

maining Stake isi f:
3° Since € has @ Chances for a white Counter, and that the
‘number of remaining Counters is #— 2, his Probability of winning
will be —— , and therefore his Expectation upon the remaining
Stake arifing from the circumftance he is now in, will be
2. 8—1.2 ' which we will likewife fuppofe to be puud him out

N, =] . #—2

of the Stake, ftill fuppofing a black Counter taken out of the heap.

4°.. A may have out of the remainder the Sum = 5,‘, 5T]Hi:2,1_a; 3
and fo of the reft till the whole Stake be exhaufted,

T

I Where-
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Wherefore having written the following general Series; wviz,

% L ',;'—.JETP 4+ EQ+ i::R -+ i_—:%S, &c. wherein P, Q,
R, S, &c. denote the preceding Terms, take as many Terms of this

Series as there are Units in & - 1, (for fince & reprefents the number

of black Counters, the number of drawings cannot exceed 4 4 1,)

then take for A the firft, fourth, feventh, &c. Terms; take for B

the fecond, fifth, eighth, &c. for C the third, fixth, &c. and the

Sums of thofe Terms will be the refpective Expectations of 4, B,

C; or becaufe the Stake is fixed, thefe Sums will be proportional to

the refpective Probabilities of winning.

Now to apply this to the prefent cafe, make # = 12, 2 = 4,
. : 8
5=28, and the general Series will becnme—lfi- -+ TP - -l—:;-Q -

%R + 384 2T+ 2U4 -X 4 =Y: or multiplying the
whole by 495 to take away the fractions, the Series will be 165 -
120+ 84 56 + 35420+ 1044 4 1.

Therefore afligning to A4 165 - 56 + 10 = 231, to B 120 +}
35+ 4 =159, to C 84 + 20 4 1 =105, the Probabilities of
winning will be proportional to the numbers 231, 159, 103, or 77,

] 5“

5311’3 there be never fo many Gamefters 4, B, C, D, &c. whether
they take every one of them one Counter or more ; or whether the

fame or a different number of Counters ; the Probabilities of winning
will be determined by the fame general Series.

ReEmark I
The preceding Series may in any particular cafe be fhortened ; for
if =1, then the Series willbe = x 141141 1F1F1, &e.
Hence it may be obferved, that if the whole number of Coun-
ters be exaltly divifible by the number of Perfons concerned in
the Play, and that there be but one fingle white Counter in the

whole, there will be no advantage or di a.d?antgiee to any one of
them from the fituation he is in, in refpedt to the order of draw-

ing.

Ifa=2, then the Series will be — ;-. X i 1A= 2 N—3 A T~ 4t T,
ks .
- Jf @ = 3, then the Series will be — _#_3[ -

e e — e — — L — e
n=—1 n=—24n—2 . 0—34n—3 . n—4, &c.

Xk =
[

I£
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If a = 4, then the Series will be ——=— 4

_.!.I!_.I.l-'-.l .-iﬂ—'z.ﬂ"—-i
RT3 2 H“ti +n—2 . n—3 . n—y, &c.
Wherefore rejeGting the common Multiplicators; the feveral
Terms of thefe Series taken in due order, will be proportional to the
feveral Expectations of any number of Gamefters: thus in the cafe of
this Problem where 7 — 12, and 2 = 4, the Terms of the Series will
be, '

For 4 For B For C

1T X10%x =090 | 10 x g x § =720 9 x 8 x 7 = 504
X 1%6=3101 7x06x% 5=21016x § x 4="120

X £x3= 60] ¢4xJx2= 24}gx2x1=

138 954 630

Hence it follows that the Probabilities of winning will be refpective-

ly as 1386, 954, 630, or dividing all by 18, as 77, 53, 35, as had
been before determined. :

REMARK 2.

But if the Terms of the Seriesare many, it will be convenient to
fum them up by means of the following Method, which is an imme=
diate confequence of the fifth Lemma of Sir Jfaac Newton's Princi-
f’a,. Book 111 ; and of which the Demonftration may be deduced from

is Analyfis, |

If there be a Series of Terms, A, B, C, D, E, &c. let each
Term be fubtratted from that which immediately follows it, and
let the Remainders be called firft Differences, then fubtract each
difference from that which immediately follows it, and let the re-
mainders be called fecond differences ; again, let each fecond diffe-
rence be fubtracted from that which immediately follows it, and
let the remainders be called third differences, and fo on. Let the

firlt of the firft Differences be called 4, the firlt of the fecond 4,

the firft of the third 4, &c. and let » be the interval between the
fisft Term A, and any other Term, fuch as E, that is, let the num-
ber of Terms from A to E, both inclufive, be x <4 1, then the Term
E—=AJ xd -} Zox—— d -+ Tx"':' X'T_; * d, &c. From hence

3

it manifeftly follows, that let the number of Terms between A and E
I2 be
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be never fo great, if it fo happen that all the differences of one of
the orders are equal to one another, the fr:}ilcrwin% differences of all
the other orders will all be =—o0; and that therefore the laft Term
will be affignable by fo many Terms only of the Series above-writ-
ten, as are denoted hy the firft Difference that happens to be = o.

This being premifed, it will be eafy to thew, how the Sums of
thofe Terms may be taken ; for if we unagmc a new Series whereof
the firft Term fhall be = o0 ; the fecond = A ; the third —= A -} B;
the fourth — A 4 B - C; the fifth = A +B 4+ C+ D, and fo
on; it is-plain that the affigning one T'erm of the new Series is find-
ing the Sum of all the Terms A, B, C, D, &c. Now fince thofe.
Terms are the differences of the Sumso, A, A+ B, A+B4-C, A}
B - C - D, &c. and that by Hypothefis fome of - the differences of
A, B, C, D, are = o, it follows that fome of the differences of the

Sums will alfo be = o ; and that whereas in the Series A -+ xd +
= x =—-d, &c. whereby a Term was affigned, A reprefented

1

the firft Term, d the firft of the firft differences, d the firft of the fe-
cond differences, and that x reprefented the Interval between the firft
Term and the laft, we are now to write o inftead of A; A in-

ftead of 43 4 inftead of 45 d inftead of d, &c. and x 4 1 inftead
of x; which being done the Series expreffing the Sums will be

.\'-|-| X =T,

g+:..+1xﬂ+x+’ x:f-}- R J,&a:.nrx—]-x;c

A4 Zd4 2 d '”:'*”:”*Jf &c. where it will not

perhaps be ] 1mpmp=r to take notice, that the Series by me exhibited
in my firft Edition, though ﬁ:emmgly differing from this, is the
fame at bottom,

But to apply this to a particolar cafe, let us fuppofe that three
Perfons A4, B, C playing on the fame conditions as are expreflfed
in this x*® Problem, the whole number of Counters were 100, inftead
of 12, ftill preferving the fame number 4 of white Counters, and that
it were required to determine the Expectations of 4, B, C.

It is plain from what has been faid in the firft Remark,  that
the Expectation of A4 will be proportional to the fum of the num-
bers

99 x 98 X 9796 X 95 X 94 93 X 92 X 91 - go x 89 X 88, g:.
t
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that the Expe@ation of B will be proportional to the Sum of ‘the
numbers

98 x 9{{ X 96+ 95 x 094 x93 492 x91 x go} 89 x 88 x 87, &c.
and laftly, that the Expectation of C will be proportional to the Sum
of the numbers

xgbxgc -+ g4x93%92-491 xgo x 89} 88 x 87 x 86, &c.
%fu: ags thzsnun'?bﬂ 3f3 Tgrms whichgmnﬁitute thofe three Series is
equal to the number of black Counters increafed by 1, as it has
been obferved before, it follows that the number of all the Terms
diftributed among 4, B, C, muft be 97 ; now dividing g7 by the
number of Gamefters which in this cafe is 3, the quotient will be
32; and there remaining 1 after the divifion, it is an indication
that 33 Terms enter the ExpeCtation of A4, that 32 Terms enter the
Expectation of B, and 32 likewife the Expectation of C; from
whence it follows that the laft Term of thofe which belong to 4 will
be.3 x 2 x 1, the laft of thofe which belong to B willbe §x 4 x 3,
and the laft of thofe which belong to C will be 4 x 3 x 2.

. And therefore if we invert the Terms, making that the firft which
was the laft, and take the differences, according to what has been pre-
fcribed, as follows;;

A J _
X, (2% L= 6 - d J
6 x I A=\ TZ0 2 270
e gt e
12 x 11 X I0o = 1320 16 504 e
15 X 14 % 13 = 2730 141°
&c.

then the Expectation of 4, as deduced from the general Theoreny,
will be exprefied by

mxﬁ‘l— 11:.1‘ + .:...1-—3-1 22?0+::I:T:x:2 % 1625
which being contracted, then reduced into its factors, will be equi-
valent to

ik %xx+1xx+2'x3x-}-1x3x—|—4.

_ Inlike manner, it will be found that the Expectation of B is equi-
valent to '

] > x% -+ 1xx 2 x3% - g x 3% -} 8.

el - And
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And that the Expectation of C is equivalent to

'—:}cx-'llex-}-zxgxxﬂ—z?x-—'r 10,

Now x in each cafe reprefents the number of Terms wanting
one, which belong feverally to 4, B, C; wherefore making x -1
— p, the feveral Expectations will now be expreffed by the number
of Terms which were originally to be fummed vp, and which will
be as folllows.

For A, pxpd1x3p—2x3p 41
For B, pxp 4 1x3p+2%3p 5
ForC, pxp+1xgpp-t9p—2

But ftill it is to be confidered, that p in the firft cafe anfwers to the
number 33, and in the other two cafes to 32 ; and therefore p being
intﬂrprﬂttg for the feveral cafes as it ought to be, the feveral Ex-
pectations will be found proportional to the numbers 41225, 393592,
8008. |
: If the number of all the Counters were too, and the pumber
of the white ftill 4, then the number of all the Terms repreferiting
the Expectations of A4, B, C would be L¢7: now this number be-
ing divided by 3, the Quotient is 165, and the remainder 2. From
whence it follows that the Expectations of A4 and B confift of 166
terms each, and the Expectation of C only of 165, and therefore
the loweft Term of all, @z 3 x 2 x 1 will belong to B, the laft

but one 4 x 3 x 2 will belong to' 4, and the laft but two will belong
to C.

PROBLTE M XL
If A, B, C throw in their turns a regular Ball baving
4 white faces and eight black ones ; and be be to be re=
puted the winner who [ball firfl bring up one of the
white [aces; it is demanded, what the propertion is of.

their refpective Probabilities of winning 2

e - 805LUPTON,

The Method of reafoning in this Problem is exaétly the fame as
that which we have made ufe of in the Solution of tﬂﬂ preceding :
but whereas the different throws of the Ball do not diminifi the
number of its Faces ; in the room of the quantities & — 1, b — 2,

5—3,
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b—3, &. n—1, n —2, n— 3, &c. employed in the Solution
of the aforefaid Problem, we muft fubftitute 4 and # refpeQively,
and the Series belonging to that Problem will be changed into the
following, which we ought to conceive continued infinitely.

R el R
then taking every third Term thereof, the refpective Expeations
of 4, B, C will be exprefled by the following Series,

= albl . als ab® abht

e g SR RSt e

ab ﬂﬁ-# aht ﬂ-lf; e ohtl

e + n.f + ,__E + il + ﬂlq. 3 &c‘

abb abs al® altt Y

.uT "n&' + - + P + x'5 ¥ &C'
- But the Terms, whereof each Series is compofed, are in geometric
Progreffion, and the ratio of each Term in each Series to the fol-
lowing is the fame ; wherefore the Sums of thefe Series are in the

5 ; . abb
fame proportion as their firft Terms, viz, as = Sl ——> O &8

nn, bn, bb ; that is, in the prefent cafe, as 144, g6, 64, or 9, 6, 4.
Hence the refpeétive Probabilities of winning will likewife be as the
numbers ¢, 6, 4.

CoroLLARY T.

If there be any other number of Gamefters 4, B, C, D, &c.
playing on the fame conditions as above, take as many Terms in the
?rtiﬂn of n to &, as there are Gameflters, and thofe Terms will

pectively denote the feveral Expectations of the Gamefters.

‘ COROLLARY 2.

If there be any number of Gamefters 4, B, C, D, &c. playing
on the fame conditions as above, with this difference only, that all the:
Faces of the Ball fhall be marked with particular figures 1, 2, 3, 4, &c.
and that a certain number p of thofe Faces fhall intitle A4 to be the:
winner ; and that likewife a certain number of them, as g, r, 5, 7,
&c. fhall refpetively intitle B, C, D, E, &c, to be winners: make:
n—p—a,n—q=0b,n—r=cn—s=d n—t=e, &c
then in the following Series ;

¢ ger rab sabe tabed .
K e r e

the Terms taken in duc order will refpeively reprefent the feveral!
Probabilities of winning. f
Qre
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For if the law of the Play be fuch, that every Man having once
played in his turn, fhall begin regularly again in the fame manner,
and that continually, till fuch time as one of them wins; we are to
take as many Terms of the Series as there are Gamefters, and thofe
Terms will reprefent the refpective Probabilities of winning.

But the Reafon of this Rule will beft appear if we apply it to fome
eafly Example. j
- Let therefore the three Gamefters 4, B, C throw a Die of 12 faces in
their Turns; of which s faces are favourable to 4, 4 faces are favoura-
ble to B, and the remaining 9 give the Stake to C. Thenp=z3,
g =4, ¥ = 3 : and there being but 3 Gamefters, the fame Chances,
and in the fame Order 4, B, C, will recur perpetually after a Round
of three throws, till the Stakeis won ; or rather, as we fuppofe in the
demonftration, till the Stake is totally exhaufted, by each Gamefter,
inflead of his throw, taking out of it the part to which the chance of
that throw entitles him, |

Now . having p Chances out of #, or § out of 12, to get the
whole Stake at the firft Throw, let him take out of it the Value of this

Chance = ; and there will remain 1 — £ = ”:# =~ to be thrown
for by B.

And B’s Chances for winning in his Throw being ¢ out of n, nr4
out of 12, the Value of his prefent Expecation is £ x = =423

ge -
-;:- ©

which if he takes out of the Stake % there will remain -‘—:- —

a TP g &
= X I —— = — X 3, to be thrown for by C.

His Chances for getting this Stake being r out of 7, or 3 out of 12,
the Value of his ExpeQation is -':T‘!'; which he may take out of the

Stake L:- < and refign the Die to 4, who begins the fecond Round.

But if, for the Stakes that remain after the firft, fecond, third, &c.
Rounds, we write R’, R”, R”, &c. refpectively, it is manifeft that
the Valuc of a Gamefter’s Chance in each Round is proportional to
the Stake R, R”, R”, &c. which remained at the beginning of that

Round., Thus the Value of .4's firft Throw having bﬂﬂn% x 1, the
Value of his fecond will be % X R’, of his third, L x R’

&c. And the Value of B’ firft Throw having been :L X 1, that

of his fecond will £~ x R, of his third, — X R’, &c. and the

like for the feveral Expe&ations of C.
| Put
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Put S=1 -+ R'4 R"4R", &c. and the Total of 4's Ex-

pectations will be £x S;0f B, L& x §; of C, 22 % S: or re-

je@ting the common Fa&or S, the Expe&ations of 4, B, C, at the

beginning of the Play will be as £, £, % refpectively : that is

as the 3 firft Terms of the Series. And the like reafoning will hold,
be the Number of Gamefters, their favourable Chances, or order of
Throwing, what you will.

g 7Z0 ga 28

In the prefent Example, {- —_ =

12 ot L R T R Y

336 rab 168 :
Bl = oa and the Chances of 4, B, C, refpe@ively, are

as the Numerators 720, 336, 168 ; that is, as 30, 14, 7. or the
whole Stake being 51 pieces, 4 can claim 30 of them, B 14, and
C the remaining 7.

In making up this Stake, the Gamefters 4, B, C, were, at equal
play, to contribute only in proportion to their Chances of winning;
that is in the proportion of p,¢, r, or g, 4, 3, refpectively : and, be-
fore the Order of throwing was fixt, their Chances muft have been
exattly worth what they paid in to the Stake: What gives A the

t advantage now is, an antecedent good luck of being the firft to
throw. If B had been the firft; or if 4, taking his firft Throw, had
mift of a p face, then B’s Chance had been the better of the two.

And if it were the Law of Play that every Man fhould play feveral
times together, for inftance twice : then taking for 4 the two firft
Terms, for B the two following, and fo on; each couple of Terms
will reprefent the refpetive Probabilities of winning, obferving now
that p and iarﬁ equal, as alfo » and s.

But if the Law of Play (hould be irregular, then you are to take
for each Man as many Terms of the Series as will anfwer that irre-
gularity, and continue the Series till fuch time as it gives a fufficient
Approximation,

Yet if, at any time, the Law of the Play having been irregular,
fhould afterwards recover its regularity, the Probabilities of winning,
Friil (with the help of this Series) be determined by finite expref-
ions.

Thus if it thould be the Law of the Play, that two Men A4 and
B having played irregularly for ten times together, tho' in a manner
agreed on between them, they fhould alfo agree that after ten throws,
they fhould play alternately each in his turn : diftribute the ten firft
Terms of the Series between them, according to the order fixed upon
by their convention, and having fubtracted the Sum of thofe T;:rn1s

K rom
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from Unity, divide the remainder of it between them in the propor--
tion of the two following Terms, which add refpe@ively to the
Shares they had before ; then the two parts of Unity which 4 and
B have thus ‘obtained, will be proportional to their refpective Proba-
bilities of winning,.

PROBLEM XIL

There are any number of Gameflers, who in their Turns,
which are decided by Lots, turn a Cube, having 4 of
its Facesmarked T, P, D, A, the other two Faces which
are oppofite have each a little Knob or Pivet, about
which the Cube is made to turn ; the Gameflers each
lay down a Sum agreed upon, the firft begins to turn
the Cube ; ‘now if ‘the Face T be brought up, be [weeps
all the Money upon the Board, and then the Play begins
anewy if any other Face is brought up, he yields bis
place to the next Man, but with this difference, that if
the Face P comes up, be, the firft Man, puts down as
much Money as there was upon the Board ; if the Face
D comes up, he neither takes up any Money nor lays
down any 3 if the Face A comes up, be takes up balf
of the Money upon the Board ; when every Man bas
played in bis Turn upon the fame conditions as above,
there is a recurvency of Order, whereby the Board may
be wery much enlarged, viz. if it fo bappen that the
Face T is intermitted during many Trials : now the Que~
fion is this 5 when a Gamefler comes to his Turn, fup-
pofing him afraid of laying down as much Money as
there is already, which may be confiderable, how muf} be
compound for bis Expeétation with a Spectator willing
to take bis place.

SoLuTION,
Let us fuppofe for a little while that the number of Gamefters is
infinite, and that what is upon the Board is the Sum /'; then,
ere
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there being 1 Chance in 4 for the Face: T to come up, it follows
that the Expe@ation of the firft Man, upon that fcore, is -:r

2° There being 1 Chance in 4 for the Face P to come up, whereby
he would neceflarily lofe /; (by reafon that the number of Game-
fters having been {fuppofed infinite, his Chance of playing would never
return again) it follows that his Lofs upon that account ought to

be eftimated by %_f 3°. There being 1 Chance in 4 for the Face

D to come up, whereby he would neither win or lofe any thing,
we may proceed to the next Chance. 4° There being 1 Chance
in 4 for the Face A to come up, which intitles him to take up

=/, his Expe@ation, upon that account, is —f, or fuppofing

8 =, his Expe&ation is u:; ['; now out of the four cafes above-

mentioned the firft and fecond do deftroy one another, the third nei-
ther contributes to Gain or Lofs, and therefore the clear Gain of
the firft Man is upon account of the fourth Cafe; let it therefore be
agreed among the Adventurers, that the firft Man fhall not try his

Chance, but that he fhall take the Sum — f'out of the common Stake
/; and that he fhall yield his Turn to the next Man.

But.before I proceed any farther, it is proper to prevent an Objection
that may be made againft what I have afferted abave, viz. that the
Face D happening to come up, the Adyenturer in that cafe would
lofe nothing, becaufe it might be faid that the number of Gamefters
being infinite, he would neceffarily lofe the Stake he has laid
down at firft; but the anfwer is eafy, for fince the number of parti-
cular Stakes is infinite, and that the Sum of all the Stakes is fuppofed
only equal to /, it follows that each particular Stake is nothing in
comparifon to the common Stake f; and therefore that common
Stake may be looked upon as a prefent made to the Adventurers.

Now to proceed ; 1 fay that the Sum % -f having been taken out of

the common Stake /; the remaining Stake will be “— [ or ;,

fuppofing 7 — 1 =d : but by reafon that the firft Man was allowed
1_; part of the common Stake, fo ought the next Man to be allowed

% part of the prefent Stake -;i_/: which will make it that the

Expe€tation of the fecond Man will be ":T;'-f ; Again, the Expec-
j N tation
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tation of the fecond Man being to the Expectation of the firft as
%t{l 1, the Expectation of the third muft be to the Expe&ation of

the fecond alfo as % to 1, from whence it follows that the Expec-
tation of the third Man will be -i:lf- /; and the Expectation of the
fourth % /> and fo on ; which may fitly be reprefented by the Series

: j 3;:* :a j: .?ﬂ'
Sinto— 4 — 4 — + — } — 4+ —, &ec. Now the

Sum of that infinite Series, which is a Geometric Progreflion, is

nid , but d having been fuppofed —n — 1, then # —d—=1,
and therefore the Sum of all the Expe(tations is only /; as it ought

to be.
Now let us fuppofe that inftead of an infinite number of Game-

fters, there are only two; then, in this cafe, we may imagine that
the firt Man has the firf?, third, fifth, feventh Terms of that Se-

ries, and all thofe other Terms in infinitum which belong to the
odd places, and that the fecond Man has all the Terms which be-
long to the even places; wherefore the Expetation of the firft Man

is-’;::'ural-{-:: -+ :: - j: -+ ::i , &c. and the Expetta-
tion of the fecond is %f:—:'nra 1 -f—i— -+ % -+ % -+ -g—, &c.
and therefore the Ratio of their Expe@ations is as ';_f: to % , Or as
1 to ;, that is as # ton —1, or as 8 to #; and therefore the
Expectation of the firft Man is :I—Ef, and the Expectation of the

fecond Man is ;fg- /5 and therefore if a Spectator has a mind to

take the place of the firft Man, he ought to give him % e
But if the number of Gameiters be three, take a third propor-

tional to # and 4, which will be i:— , and therefore the three Ex-
pectations will be refpectively proportional to #, 4, -":E'-, or to znm,
dn, dd, and therefore the Expe&atmn of the firft Man is Tt —f
which in this cafe is = m"; f.

Univerfally, Let p be the number of Adventurers, then the Sum for
which the Expectation of the firft Man may be transferred to an-

F—1

other is - -/ The

HP.-.—-
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The Game of BasseTTE.

Rules of the Play.

The Dealer, otherwife called the Banker, holds a pack of s2
Cards, and having fhuffled them, he turns the whole pack at once,
fo as to difcover the laft Card ; after which he lays down by couples
all the Cards, |

The Setter, otherwife called the Ponte, has 13 Cards in his hand,
one of every fort, from the King to the Ace, which 13 Cards are
called a Book ; out of this Book he takes one Card or more at plea-
fure, upon which he lays a Stake.

The Ponte may at his choice, either lay down his Stake before
the pack is turned, or immediately after it is turned ; or after any
number of Couples are drawn.

The firft cafe being particular, fhall be calculated by itfelf ; but
the other two being comprehended under the fame Rules, we fhall
begin with them.

Suppofing the Ponte to lay down his Stake after the Pack is turned,
Tcalls, 2, 3, 4, 5, &c. the places of thofe Cards which follow the
Card in view, either imme diatcll)}r after the pack is turned, or after any
number of couples are drawn,

If the Card upon which the Ponte has laid a Stake comes out in
any odd place, except the firft, he wins a Stake equal to his ewn.

If the Card upon which the Ponte has laid a Stake comes out in
any even place, except the fecond, he lofes his Stake,

If the Card of the Ponte comes out in the firft place, he neither
wins nor lofes, but takes his own Stake again,

If the Card of the Ponte comes out in the fecond place, he does
not lofe his whole Stake, but only a part of it, vzz. one half, which
to make the Calculation more general we fhall call y. In this cafe the
Ponte is faid to be Faced,

When the Ponte chufes to come in after any number of Couples
are down ; if his Card happens to be but once in the Pack, andis the
very laft of all, there is an exception from the general Rule; for
tho’ it comes out in an odd place, which fhould intitle him to win a
Stake equal to his own, yet he neither wins nor lofes from that circum-

ftance, but takes back his own Stake.

PRO-
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PROBLEM XIIL
To eftimate at Baflette the Lofs of the Ponte under any
circumflance of Cards remaining in the Stock, when be
lays bis Stake 5 and of any number of times that bis
Card is repeated in the Stock.

The Solution of this Problem containing four cafes, wiz. of the
Ponte’s Card being once, twice, three or four times in the Stock ; we
{hall give the Solution of all thefe cafes feverally.

Sor ut1on of the fir/f Cafe.
The Ponte has the following chances to win or lofe, according to
the place his Card is in. :

Chance for winning o
Chance for lofing ¥
Chance for winning 1
Chance for lofing 1
Chance for winning 1
Chance for lofing 1
Chance for winning o

i a3 1 -
e T

&

It appears by this Scheme, that he has as many Chances to win 1
as to lofe 1, and that there are two Chances for neither winning or
lofing, wiz. the firft and the laft, and therefore that his only Lofs is
upon account of his being Faced : from which it is plain that the num-
ber of Cards covered by that which is in view being called #, his Lofs

will be 2, or —, fuppofing y = ~.

SoLuTionN of the fecond Cafe.

By the firft Remark belonging to the x™ Problem, it appears - that
the Chances which the Ponte has to win or lofe are proportional to the
numbers, 7—1, n—2, n—1q, &c. Wherefore his Chances for win-
ning and lofing may be expreffed by the following Scheme.

+ Namrﬂ}, by calling the Ponte’s two Cards two white Counters, drawn for alter-
nately by 4 and B; and fuppoling all A’s Chances to belong to the Banker's right
hand, and thofe of B to his left. And the like for the Cafes of the Ponte’s Card being
in the Stock 3 or 4 times,

1
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n—1 Chances for winning o
n—2 Chances for lofing  y
n—3 Chances for winning 1
n—4 Chances for lofing 1
n—g Chances for winning 1
n—6 Chances for lofing 1
n—7z Chances for winning 1
n—=8 Chances for lofing 1
| n—g Chances for winning 1

1 Chance forlofing 1

¥ OAD O0N] OhLA B LD 1D e

Now fetting afide the firft and fecond number of Chances, it
will be found that the difference -between the 3! and 4" is =1,
that the difference between the 5™ and 6™ is alfo—1, and that
the difference between the 7™ and 8% is alfo — 1, and fo on. But

the number of differences is ”:1 ,and the Sum of all the Chances is
= x ”‘? : wherefore the Gain of the Ponte is —“~°— . But

HXN—1

I x 2z

his Lofs upon account of the Face is #==—=2 x y divided by

that is ——*< : hence it is to be concluded that his Lofs upon the

whole is'—>=——2 or —— fuppofing y = —.

oW n—I "X n—

That the number of differences is -’5-:—3- will be made evident from

two confiderations.

Firft, the Series # —3, »— 4, n — 5, &c. decreafes in Arith-
metic Progreffion, the difference of its terms being Unity, and the
laft Term alfo Unity, therefore the number of its Terms is equal to
the firft Term 7 — 3: but the number of differences is one half
of the number of Terms; therefore the number of differences is

n—73

:Semndly, it appears, by the x* Problem, that the number of all
the Terms including the two firft is always 4 4 1, but a2 in this
cafe is — 2, therefore the number of all the Terms is # — 1 ; from

which excluding the two firft, the number of remaining Terms will

be 2 — 3, and confequently the number of differences — >

That the Sum of all the Terms is = x
from two different confiderations.

Y

1 - -
—— , is evident alio

Firf®
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Firft in any Arithmetic Progreflion whereof the firft Term is
n — 1, the difference Unity, and the laft Term alfo Unity, the Sum

B

of the Progreffion will be % X :

Secondly, the Series — - 1

gy 1 i W

mentioned in the firft Remark upon the tenth Problem, exprefles the
Sum of the Probabilities of winning which belong to the feveral Game-
fters in the cafe of two white Counters, when the number of all the
Counters is #. It therefore exprefies likewife the Sum of Ehe Proba-
bilities of winning which belong to the Ponte and Banker in the pre-
fent cafe: but this Sum muft always be equal to Unity, itbeing a cer-
tainty that the Ponte or Banker muft win; fuppofing therefore that
#t =14 n—2n—3, &c is=S5, we fhall have the Equation

25 _n n—1

— 1, and therefore § =

i z ¥

SoruTioN of the third Cafe.
By the firft Remark of the tenth Problem, it appears that the
Chances which the Ponte has to win and lofe, may be exprefled by
the following Scheme.

n—1 X n—2 for winning o
n—2 x n—73 for lofing  y
n—17 x n—4 for winning 1
n—4 x n—3% for lofing 1
n—5 x n—~6 for winning 1
n—6 x n—7 for lofing 1
n—7 % n—38 for winning 1
n—38 X n—q for lofing 1

2 x 1 for winning 1

¥ O Ok RN~

Setting afide the firft, fecond, and laft number of Chances, it
will be found that the difference between the 3¢ and 4™ is 22—8 ;
the difference between the 5™ and 6™, 2z—12; the difference be-
tween the 7' and 8", 27——16, &c. Now thefe differences con-
ftitute an Arithmetic Progreflion, whereof the firft Term is 27—8,
the common difference 4, and the laft Term 6, being the difference
between 4 x 3 and 3 x2. Wherefore the Sum® of this Progreffion

is —— x =—% | to which adding the laft Term 2 x 1, which is

I

=

favourable to the Ponte, the Sem total will be “71 A

but
the
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1 —

‘the Sum of all the Chances is — x —— x ———, as may be col-

leted from the firft Remark of the x** Problem, and the laft Pa-
ragraph of the fecond cafe of this Problem: therefore the Gain of the

Ponte is =-——2-"=3-— . But his Lofs upon account of the
- g =i E=7.F ¥ - =] b s

B e e = therefore his Lofs upon

. _3y.e—3 jom—gim—3 o i

the whole is 2= 2.8 . A—1 . 8—2 § oF Z.8 .81 .0—2Z

fuppofing y =7 -

Sorurion of the fourth Cafe.

The Chances of the Ponte may be exprefled by the following
Scheme,

n—1 x n—2 x n—3 for winning o
n—2 x n—3 x n—4 for lofing
n—17 x n—4 x #1—5 for winning 1
n—4 x n—§ x n—>6 for lofing 1
n—§ x n—0 x n—7 for winning 1
n—06 x n—7 x n—38 for lofing 1
n—15 % n—38 x n—gq for winning 1

3% U209 irs fovlofing - | I

#w] Ol P B3 B -

Setting afide the firft and fecond numbers of Chances, and tak-
ing the differences between the 3° and 4%, g and 6, 7™ and
8™ the laft of thefe differences will be found to be 18. Now if
the number of thofe differences be p, and we begin from the laft 18,
their Sum, from the fecond Remark of the x** Problem, will be found

tobe p x p-+1x 4p -5, but p in this cafe is = ——, and

z

therefore the Sum of thefe differences will eafily appear to be
— x ":3 x “I_': , but the Sum of all the Chances is

] n—I Ho—2 n—1
— XK X X -
5

. wherefore the Gain of the Ponte is

I 1 I
A=5 . 8—3 . 28—
ﬂln_‘llﬂ_'-zq #'_3

—— - "—' - 9 and therefore his Lofs upon the whole will be

"o m—1 ., H—2 . n—3}

Lo, B 0 _F—5 . 2n—5 Jn—9

1
W= T RSl BT ot "N, M=l ., A—2 ? f'-‘PP“ﬁnE.?—? .

: now his Lofs upon account of the Face is

L There
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There ftill remains one fingle cafe to be confidered, wiz. what
the Lofs of the Ponte is, when he lays a Stake before the Pack is
turned up : but there will be no difficulty in it, after what we have
faid ; the difference between this cafe and the reft being only, that he
is liable to be faced by the firft Card difcovered, which will make

- =i Wi :
his Lofs to be e that is, interpreting » by the num-

ber of all the Cards in the Pack, viz. 52, about —— part of his
Stake.

From what has been faid, a Table may eafily be compofed, fhew-

ing the feveral Loffes of the Ponte in whatever circumftance he may
happen to be. :

A Ta-
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A Table for BasseTTE.

NV IR 2 3 4
g2 [® ® k| % % % Qg
Sr |* % [ % %] 1530 867
49| 98 |2352|1602| 8or
47 | 94 |2162| 1474/ 737
45| 9o [1980|1351) 675
43| 86 |1806|1234| 617
41 |- 82 | 1640| 1122] 561
| 391 78 | 1482 1013 507
371 74 (1332 914| 457
35| 70 | 1190| 818| 409
33| 66 |1056| 727| 363
31| 62 { g930| 642| 321
29| 58 | 812| 562| 281
27 | 54 | 702| 487| 243
25| 50 | 6oo| 418 209
23| 46 | 500| 354| 177
21| 42 | 420| 295 147
19| 38 | 342| 242 121
I71 34 | 273| 194 97
o P et ML o R DL W
I dicebalsTeblliaral £7
1| 22 | 1ot 8gl. 4
o| 18 i e 1 28
14 42| 351 17

The
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The ufe of this Table will be beft explained by fome Examples,

ExAaMPLE 1,
Let it be propofed to find the Lofs of the Ponte, when there are 26
Cards remaining in the Stock, and bis Card is twice in it.

In the Column N find the number 25, which is lefs by 1 than
the number of Cards remaining in the Stock: over-againit it, and
under the number 2, which is at the head of the fecond Column,
vou will find 6co ; which is the Denominator of a fraction whofe
Numerator is Unity, and which fhews that his Lofs in that circum-
ftance is one part in fix hundred of his Stake.

ExAMPLE 2.

To find the Lofs of the Ponte when there are eight Cards remaining
in the Stock, and bis Card is three times in if.

In the Column N find the number #, lefs by one than the num-
ber of Cards remaining in the Stock : over-againit 7, and under the
number 3, written on the top of one of the Columns, you will
find 35, which denotes that his Lofs is one part in thirty-five of
his Stake.

COROLLARY 1.

"Tis plain from the conftru®ion of the Table, that the fewer
Cards are in the Stock, the greater is the Lofs of the Ponte.

CoroLLARY 2.

The leaft Lofs of the Ponte, under the fame circumftances of
Cards remaining in the Stock, is when his Card is but twice in it ;
the next greater but three times; {till greater when four times;
and the greateft when but once. If the Lofs upon the Face were
varied, 'tis plain that in all the like circumftances, the Lofs of the
Ponte would vary accerdingly ; but it would be eafy to compofe
other Tables to anfwer that variation ; fince the quantity y, which
has been affumed to reprefent that Lofs, having been preferved in the

general exprefiion of the Loffes, if it be interpreted hy;z inftead

of —, the Lofs, in that cafe, would be as eafily determined as in the

other: thus fuppofing that 8 Cards are remaining in the Stock, and
that the Card of the Ponte is twice in it, and alfo that y thould be

interpreted
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interpreted by ;"—, the Lofs of the Ponte would be found to be
-~ inftead of .

3 42

The Game of PHARAON,

The Calculation for Pharaon is much like the preceding, the rea-
fonings about it being the fame ; it will therefore be fufficient to lay
down the Rules of the Play, and the Scheme of Calculation,

Rules of the Play.

Firf?, the Banker holds a Pack of 52 Cards.

Secondly, he draws the Cards one after the other, and lays them
down at his right and left-hand alternately.

Thirdly, the Ponte may at his choice fet one or more Stakes upon
one or more Cards, either before the Banker has begun to draw the
Cards, or after he has drawn any number of couples.

Fourtbly, the Banker wins the Stake of the Ponte, when the Card
of the Ponte comes out in an odd place on his right-hand ; but
lofes as much to the Ponte when it comes out in an even place on his
left-hand. |

Fiftbly, the Banker wins half the Ponte’s Stake, when it happens
‘to be twice in one couple.

Stxthly, when the Card of the Ponte being but once in the Stock,
happens to be the laft, the Ponte neither wins nor lofes.

Seventbly, the Card of the Ponte being but twice in the Stock,
and the laft couple containing his Card twice, he then lofes his whole
Stake.

PR OB LaF M - XIV.

Zo find at Pharaon the Gain of the Banker in any cir-
cumflance of Cards remaining in the Stock, and of the
number of times that the Ponte's Cards is contained
i it
This Problem having four Cafes, that is, when the Ponte’s Card

is once, twice, three, or jfour times in the Stock ; we fhall give the:
Solution of thefe four cafes feverally.

SoLu-
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SoruTrion of the firf# Cafe.

The Banker has the following number of Chances for winning
and lofing,

Chance for winning 1
Chance for lofing 1
Chance for winning 1
Chance for lofing 1
Chance for winning 1
Chance for lofing o

M oy P L3 B e
-

Wherefore, the Gain of the Banker is —, fuppofing # to be the
number of Cards in the Stock.

SoLrution of the fecond Cafe.
The Banker has the following Chances for winning and lofing,

1 n == 2 Chances for winning 1
{ 1 Chance for winning y

2 n — 2 Chances for lofing 1
g.n — 4 Chances for winning 1

3 1 Chance for winning y
4 n— 4 Chances for lofing 1
n— 6 Chances for winning 1

5 { 1 Chance for winning y
6 n — 6 Chances for lofing 1
n — 8 Chances for winning 1

7 { 1 Chance for winning ¥
g n — 8 Chances for lofing 1
¥ 1 Chance for winning 1

The Gain of the Banker is therefore ———= B

no.oE—1 e B
I;r:-{— 1 .
o= fuppofing g === .

The only thing that deferves to be explained here, is this; how it
comes to pafs, that whereas at Bgffeze, the firft number of Chances
for winning was reprefented by #—1, here ’tis reprefented by 7—2 ;
to anfwer this, it muft be remembered, that according to the Law

of
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of this Play, if the Ponte’s Cards come out in an odd place, the
Banker is not thereby entitled to the Ponte’s whole Stake: for if it
fo happens that his Card comes out again immediately after, the
Banker wins but one half of it; therefore the number # — 1 is di-
vided into two parts, #—2 and 1, whereof the firlt is proportional
to the Probability which the Banker has for winning the whole

Stake of the Ponte, and the fecond is proportional to the Probability
of winning the half of it.

SoruTion of the third Cafe.
The numbgr of Chances which the Banker has for winning and
lofing, are as follow :

: n — 2 x n—73 Chances for winning 1
{ 2 x n—2 Chances for winning y
# — 2 x n—73 Chances for lofing 1

n — 4 x n—5 Chances for winning 1
{ 2 x n—4 Chances for winning y
7 — 4. x n—35 Chances for lofing 1

#n — 6 x n—v Chances for winning 1
% 2 x n—6 Chances for winning y

n— 6 x n——7 Chances for lofing 1

7= 8 ¥ n—g Chances for winning 1
{ 2 * #—8 Chances for winning y

2 x 1 Chances for lofing 1

# ] O P W B

Wherefore the Gain of the Banker is ———— , or 2

2. .u—1 ? 4 oM —1
fuppoling y = -’; .

The number of Chances for the Banker to win, is divided into
two parts, whereof the firft exprefles the number of Chances he has
for winning the whole Stake of the Ponte, and the fecond for winning
the half of it.

Now for determining exactly thofe two parts, it is to be con-
fidered, that in the firft couple of Cards that are laid down by the
Banker, the number of Chances for the firft Card to be the Ponte’s
is# — 1 X #— 2 alfo, that the number of Chances for the fecond
to be the Ponte’s, but not the firft, is#—2 X  — 3: wherefore
the number of Chances for the firft to be the Ponte’s, but not the
fecond, is likewife #—2 x #—3. Hence it follows, that if from

the
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the number of Chances for the firft Card to be the Ponte’s, viz.
from n—1 x n—=2, there be fubtracted the number of Chances for
the firft to be the Ponte’s, and not the fecond, viz. n—2 x n=—=3,
there will remain the number of Chances for both firft and fecond
Cards to be the Ponte’s, viz. 2 x n—2, and fo for the reft.

ServTion of the fourth Cafe.
The number of Chances which the Banker has for winning and
lofing, are as follow :

L {n — 2 x n—3 x n—4 for winning 1
3 x n—2 x n—73 for winning y

2 ne—— 2 x #—3 x n—4 for lofing 1
_{n — 4 x n—5 % n—06 for winning I
3 x #—4 x n—g for winning y
n— 4 x n—5§ x n—06 for lofing 1
{ﬂ — 6 x n—= x n—38 for winning I
3 % n==0 x n—7 for winning y

n— 6 x n—y x n—38 for lofing 1

n = 8 x n=—g x n—10for winning 1
{ x #—8 x n— gfor winning y

x n—q x n—1ofor lofing = 1
X I X ofor winning 1

Wherefore the Gain of the Banker, or the Lofs of the Ponte, is

2n—3 :n-—-s 1

x 2% 1 for winning ¥
X T3 ofor lofing 1
e e fuppofing y to be = —,

It will be eafy, from the general expreflions of the Lofles, to
compare the difadvantage of the Ponte at Bafferte and Pharaon,
under the fame circumftances of Cards remaining in the hands of
the Banker, and of the number of times that the Ponte’s Card is con-
tained in the Stock; but to fave that trouble, I have thought fit
here to annex a Table of the Gain of the Banker, or Lofs of the
Ponte, for any particular circumftance of the Play, as it was done for

Balfette,

00 ] Oy A W

JI

*

B L N onta

A Ta-
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A Table for PHARAON.

PN ] e T e

S2 (R % Hew w%unl v

5o |*** g4 | 65| 48
48| 48 | go | 62 | 46
46| 46 | 86 | 6o | 44
44| 44 | 82 | 57 | 42
42| 42 | 78 | 54 | 40
40| 40 | 74 | 52 | 38
381 38 | 70 | 49 | 36
36| 36 | 66 | 46 | 34
34| 34 | 62 | 44 | 32
<o~ 61 bk b L R 10
30| 30 | 54 | 38 | 28
gBil.ia8 1 ez | 26.9] 26

26| 26 | 46 | 33| 24

24| 24 | 42 | 30 | 22

22 a2 | 28 | 28 1 20

20| 20 | 34 | 25 | 18

18| 18 | 30 | 22 | 16

16| 16 | 26 | 20 | 14

14| 14| 22 | 17| 12

3al 121798 [ 're 0

10| 10| 14 | 12 8
CHE ST 0 6

The
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The numbers of the forégoing Table, as well as thofe of the
Table for Baffitte; are ﬁ::ﬂi:u:ntly exact to give at firft view an idea
of the advantage of the Banker in all circumftances, and the Me-
thod of ufing it 15 the fame as that which was given for Bajfette.
It is to be obferved at this Play, that the leaft difadvantage of the
Ponte, under thé fame circumftances of Cards remaining in the
Stock, i1s when thﬂ Card of the Ponte is but twice in it, the next
greater when thrée times; the next when enee, and the greateft
when four times. :

Of PERMUTAT1ONS and COMBINATIONS,

Permutations are the Changes | whu:h feveral 'ﬂ‘ungs can receive in
the different orders in which they ma]r be placed, being confidered as
taken two and two, three and three, fourand four, e,

Combinations are the various Conjunétions which feveral things
may receive without any refpect to order; being taken two and two,
three and three, four and four.

The Solution of the Problems that relate to Permutations and Com-
binations depending entirely upon, what has been faid in the 8% and
o' Articles of the Introducion, if the Reader will be pleafed to con-
fult thofe Articles with attention, he will eafily apprehend the reafon
of the Steps that are taken in the Solution of thofe Problems, :

PROBLEM XV.

Any number of things a, b, ¢, d, e, {, being given, out of
which two are taken as it fmppzm : to find the Proba-
bility that any of them, as a, Jhall be the firft taken,
and any other, as b, the fecond.

. SoLUTION. |
The number of Things in this Example -being fix, it follows
that the Probability of taking « in the firft place is - : let 2 be

confidered as taken, then the Probability of taking & will be % :
wherefore the Probability of taking 4, and then 4, is + X

1

—

30 ™

5

CoRAL-
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;Cororrary.
Since the taking ¢ in the firft place, and 4 in the fecond, is but
one fingle Cafe of thofe by which fix Things may change their order,

being taken two and two; it follows that the number of Changes or
Permutations of fix Things, taken two and two, muft be 30.

- Uniwerfally; let #°be the number of Things; then the Probability
of taking 4 in the firft place, and 4 in the fecond will be = % ——;
and the number of Permutations of thoft Things, taken two and two,
will be # X n — 1. oo LNV

' PROBLEM XVIL.
@.ﬁﬂﬁﬁf of Things 8, b, &, 4, ¢, f, being given, out
 of which three are taken as it bappensy, to find the

Probability that a [ball be the firft tﬁim, b the fecond,
and c the third. "

SorLvTION,

The Probability of taking ¢ in the fift place is 7.: let a be
confidered as taken, then the Probability of taking & will be %:
fuppofe now both' a and 4 taken, then the Probability of taking ¢
will be = : wherefore the Probability. of taking firft 4, then 4,

and shirdly ¢, will be £ x+x =

5 rzo "
CoROLLARY. ;
Since the taking 4 in the firft place, & in the fecond, and ¢ in the
third, is but one fingle Cafe of thofe by which fix Things may change
their Order, being taken three and three ; it follows, that the num-
ber of Changes or Permutations of fix Things taken three and
three, muftbe 6 x § x4 =120,
““Univerfally, if n be the number of Things; the Probability of
taking & in the firft place, 4 in the fecond, and ¢ in the third, ‘will be
—:;gx "_l X #_'_z 3 and the number of Permutations of #» Things
taken threeand three, willbe # X n— 1 X272 =2, -

M2 GENE-
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GENERAL COROLLARY.

The number of Permutations of # things, out of which as many
are taken together as there are Units in p, will be 7 x # — 1 X
n—2 x n— 3, &c. continued to fo many Terms as there are Units
in p.

Thus the number of Permutations of fix Things taken four and
four, willbe 6 x § x 4 x 3 = 360, likewife the number of Permu-
tations of fix Things taken all together will be 6 x § x 4 x 3 X 2 x
I =720.

PROBLEM XVIIL
To find the Probability that any number of things, whereof
Jome are repeated, fball all be taken in any order pro-
pofed : for inflance, that aabbbeeee fhall be taken in the

order wherein they are written.

SoLuTIoON,
The probability of taking ¢ in the firft place is —;—-; {fuppofe
one @ to be taken, the Probability of taking the uther'is% :

Let now the two firft Letters be fuppofed taken, the Probability
of taking & will be ?3: let this be alfo fuppofed taken, the Pro-

bability of taking another 4 will be = : let this be fappofed taken,

the Probability of taking the third 4 will be -;—; after which there

remaining nothing but the Letter ¢, the Probability of taking it be-
comes a certainty, and confequently is exprefled by Unity. Where-
fore the Probability of taking all thofe Letters in the order given is
%x%x%x%x%x{= : ) :

1z6o *

COROLLARY 1.

The number of Permutations which the Letters aadbbccee may

receive being taken all together will be —- ? ' : : i S — 1260,

COROLLARY 2.
The fame Letters remaining, the Probability of the Letters be-
ing taken in any other given Order will be juft the fame as before =

thus
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thus the Probability of thofe Letters being taken in the order cabacechb
will be — .

12bo

GENERAL COROLLARY.

The number of Permutations which any number 7 of Things
may receive being taken all together, whereof the firft Sort is repeated.
p times, the fecond ¢ times, the third » times, the fourth s times,
&c. will bethe Series # x n — 1 x n—2 X n—73 x n—4, &c. con-
tinued to fo many Terms as there are Unitsin p - ¢ -}-rorm —3
divided by the produét of the following Series, viz. p x p—1 x p—2,
&c. gxg—1xg—2, &c rxr—1xr—z2, &c. whereof the
firft muft be continued to fo many Terms as there are Units in p,
the fecond to fo many Terms as there are Units in ¢, the third to fo.
many as there are Units in », &c.

PROBLEM XVIIL
Any number of Things a, b, c,d, e, f, being given : to find
the Probability that in taking two of them as it may
bappen, botha and b [ball be taken, without any regard
to order.

SoLuUTION.
The Probability of taking  or 4 in the firft place will be -
fuppofe one of them taken, as for inftance #, then the Probability

of takingéwillba?’. Wherefore the Probability of taking both

aand & will be%x

et
T
CoRoOLLARY,
The taking of both 2 and 4 is but one fingle Cafe of all thofe by
which fix Things may be combined two and two; wherefore the

number of Combinations of fix Things taken two and two will be:
6 g ;
52Ty

Univerfally. The number of Combinations of # Things taken two:

a—1%

and two will be Tﬂ e

PR O=
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PROBLEM XIX
Any number of things a, b, c, d, e, f being given, #to
find the Probability that in taking three of them as
they happen, they [hall be any three propofed, as a, b, c,

#no refpet being had 1a arder,

SeLwvTioN, :
‘The Probability of taking either 4, or 4, or ¢, in the firft place,
will be 25 fuppofe onc of them asa to be taken, then the Pro-

bability of taking cither 4 or ¢ in the fecond place will be = :again,
let cither of them be taken, fuppofe 4, then the Probability of taking
¢ in the third place will be -s:;- s wherefore the Probability of taking

-

the three things propofed, wiz. 4, 4, ¢, willbe Zx - x =.
Cororrary.
The taking of 4, &, ¢, is but one fingle cafe of all thofe by which
fix Things may be combined three and three ; wherefore the num-

ber of Combinations of fix Things taken three and three will be
v?x 2 x -_;i = 20. |

Univerfally. The number of Combinations of » things combined ac-
«cording to the number p, will be the fraétion —— _"";'z e '?‘
&c. both Numerator and Denominator béing continued to fo many
Terms as there are Units in p.

PROBLEM XX
7o find what Probability there is, that in taking at ran-
dow faven Counters out of twelve, whereof four are
white and eight black, three of them fhall be white
o2¢s,

SoLuTioN.
Firf}, Find the number of Chances for taking three white out

of four, which will be % x 2

=‘_
?x—;-_—q'.;

Secondly,
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Secondly, Find the numbér of Chances for taking four black out

of eight: thefe Chances will be found to be J? X :f X —:'— X *:

—_—
|

o.
hirdly, Becaufe every one of the firft Chances may be joined
with every one of the latter, it follows that the number of Chances
for taking three white, and four black, will be 4 x 70 = 280,
Fourthly, Altho’ the cafe of taking four white and three black,
bé not mentionéd in the Problem, yet it is to bé underftood to be
implyed in'it; for according to the' Law of Play, he who does more
than he undertakes, is ftill reputed a winner, unlefs the contrary be
exprefly ftipulated ; let therefore the cafe of taking four white out

of four be calculated, and it “will be found :—x -z- ShimL v
=T ,

* Fifthly, Find the Chances for taking three black Counters out of
éight, ‘which will be found to be T x Z x 2= s6,

-
]

~ Sixthly, Multiply the two laft numbers of Chances together, and
the Product 56 will denote the number of Chances for taking four
white and thiree black.

And therefore the whole humber of Chances, which anfwer to the
conditions of the Problem, "are 280 - 56 = 336.

There remains now to find the whole number of Chances for

taking feven Counters out of twelve, which will be J-:'—x%x

10 9 8 7 6
3 B e g7

Laflly, Divide therefore 336 by 792, and the Quotient 316

792
or -% will exprefs the Probability required ; and this Fraction being

{fubtracted from Unity, the remainder will be -_;_:-‘;—, and therefore
the Odds againft taking three white Counters are 19 to 14.

COROLLARY.

Let 2 be the number of white Counters, & the number of black,

n the whole number of Counters = a + 4, ¢ the number of Coun-
ters to be taken out of the number = ; let allo p reprefent the
number of white Counters to be found precifely in¢, then 'the number
of Chaneces for taking none of the white, or one fingle white, or
two:
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two white and no more, or three white and no more, or faur

white and no more, &c. will be exprefled as follows ;
& b—1 h—z

a i1 F A=
=t il s 60, Xi= e >, oG,

Theiinibe of Tomiiien which a enters being equal to the number
#, and the number of Terms in which 4 enters being equal to the
number ¢—p.

And the number of all the Chances for taking a certain number

¢ of Counters out of the number », is exprefled by the Series
ox =, ":I x ——, &c. to be continued to as many Terms as
there are Units in ¢, for a Denominator,

ExAMPLES.
fe asin the laft problem; only that of the 7 Counters drawn,
there thall not be one white. In this Cafe, fince p—=o0, and ¢ —
p=7%=45b—1: we are to take 1 of the firlt Series, and 7 (or 1)
Tcrms of the fecond; which gwes the number of Chances 1 x 8;
the Ratio of which to all the 7's that can be taken out of 12, is
—2_ — 1 8o that there is the Odds of 98 to 1, that there fhall

792 99
be one or more white Counters among the 7 that are drawn.

Again, if there is to be 1 white Counter and no more, we are now

3 d—1 fh—z b—3 b
to take the Terms 1 xl—... X' e K RS -
- i |
b—z B8 7 i 5 4 3 EH‘-; 1z
A e B B

Which gives the pmbabihl:}r i T;';'i or the odds 8 5 to 14;
that there {hall be more than 1 white Counter, or that all the 7 {hall

be black.
Laftly, If it is undertaken to draw all the 4 white among the

feven, gthe Number of Chances will be 1 x '?' X - x ;::—.. 56.

And the Probability — _gz g‘} 5 that is, the Odds of g2 to 7 that
there fhall be, of the 7 drawn, fewer than 4 white Counters, or

none at all.

REMAREK.
If the numbers # and ¢ were large, fuch as # = 4o00c0 and
¢ = 8ooo, the foregoing Method would feem impracticable, by
reafon of the vaft number of Terms to be taken in both Series,

whereof the firft is to be divided by the fecond : tho’ if thofe Terms -
WEre
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were aCtually fet down, a great many of them being common Di-
vifors might be expunged out of both Series; for which reafon it will
be convenient to ufe the following Theorem, which is a contraction
of that Method, and which will be chiefly of ufe when the white
Counters are but few.

Let therefore # be the number of all the Counters ; & the number
of white; ¢ the number of Counters to be taken out of the number
n; p the number of the white that are to be taken precifely in the
number ¢ ; then making #— c=4d. The Probability of taking pre-
cifely the number p of white Counters, will be

f- E-—I » C"_z’ &ci .4 d ' d""_'l - ﬂ;-—zj &E" ™ ‘:‘_ % ﬂ-:l v, ﬂ:z . &(LI

ofl=—1  N—2  N—3 N—4 . n—§ . n—0 . n—7, n—8, &c.

Here it is to be obferved, that the Numerator confifts of three Series
which are to be multiplied together ; whereof the firlt contains as ma-
ny Terms as there are Units in p; the fecond as many as there are Units

in a—p ; the third as many as there are Units in p; and the Deno-
minator as many as there are Units in 4.

PR O BYL. E'M  XXI.

In a Lottery confifting of 40000 Tickets, among which are
three particular Benefits, what is the Probability that
taking 8000 of them, one or more of the particular Be-

nefits fball be amongft them.

. SoLUTION.

Firfl, In the Theorem belonging to the Remark of the foregoing
Problem, ‘having fubftituted refpectively 8oco, 4ecco, 32000, 3
and 1, in the room of ¢, », d, a, and p ; it will appear that the Proba-
bility of taking one precifely of the three particular Benefits, will be

Rooo . 22000 . 11000 1

- e nearl}f.
GUDOG . 300959 . 360909 1z5

Secondly, ¢, n, d, a being interpreted as before, let us fuppofe
=2 : hence the Probability of taking prectfely two of the par-

. # Fooo TOO0 . 30D , 3 L
ticular = —

Benefits will be found to be ————rs -
nearly.

N Thirdly,
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Thirdly, making p = 3, the Probability of taking all the three
PSR L A , Booo. 7699 . 7098

particular Benefits will h.e. found tf:'r DE . Sooth - anq09 Aasiel s b
Wherefore the Probability of taking one or more of the three par-

ticular Benefits will be 494::4,. or :5; very near.,

It is to be obferved, that thofe three tions might have been
contrated into one, by inquiring the Probability of not taking

any of the thrée particular Benefits, which will be found to be

12000 . 31990 . 31908 64 * # - -
= nearly, which being fubtrac
40060 . 39999 . 3999Y 1.:'56 Ve . g ed from
® ® I - TE]
Unity, the remainder 1 — —— or o will thew the Probability

required, and therefore the Odds againft taking any of three particu-
lar Benefits will be 64 to 61 nearly.

PROBLEM XXIIL
To find bow many Tickets ought to be taken in a Lottery
confifling of 40000, among which are Three particular
Benefits, to make it as probable that one or more of thofe
Three may be taken as not.

SoLvuTION.

Let the number of Tickets requifite to be taken be = x ; it will
follow therefore from ‘the Remark belonging to the xx™ Problem,
that the Probability of not taking any of the particular Benefits

will be ":x x ———— x ————2- but this Probability is

n=1 Ho=—2

equal to —, fince by Hypothefis the Probability of taking one or

‘more of them is ‘equal to %,'fmm whence we fhall ‘have the

Equation —= x “——— x ——— = =, which Equation
being folved, the Value of x will be found to be nearly 8252.

N. B. The Fattors whercof both the Numerator and Denomi-
pator are compofed, being but few, and in arithmetic progreffion ;
and befides, the difference ‘being very fmall in refpect of #; thofe

Terms may be confidered as being in geometric Progreffion : where-
fore the Cube of the middle Term ”:"__I’ , may be fuppofed

equalto the product of the Multiplication of thofe Terms; from
whence
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whenee will arife the Equation %_Ifi =L ; or, negle@ing U-

nity in both Numerator and Denominator, -"—';}L-" Sl anil
4

confequently x will be found to be =z x 1 — ¥ lz or 7 X

1 —-Ezw"' 4, but # = 40000, and 1 — ‘r; v 4 = 0.2063 ; wherefore
x==8232.

In the Remark belonging to the fecond Problem, a Rule was
given for finding the number of Tickets that were to be taken to
make it as probable, that one or more of the Benefits would be ta-
ken as not ; but in that Rule it was fuppofed, that the proportion
of the Blanks to the Prizes was often repeated, as it ufually is in
Lotteries : now in the cafe of the prefent Problem, the particular
Benefits being but three in all, the remaining Tickets are to be confi-
dered as Blanks in refpect of them ; from whence it follows, that
the proportion of the number of Blanks to one Prize being very near
as 13332 to 1, and that proportion being repeated but three times -
in t?nc whole number of Tickets, the Rule there given would not
thave been fufficiently exac, for which reafon it was thought neceflary
to give another Rule in this place.

PROBLEM XXIII

Suppofing @ Lottery of 100000 Tickets, whereof 9ooco
.are Blanks, and 10000 are Benefits, to determine ac-
curately what the odds are of taking or not taking a Be-
nefit, in any number of Tickets affigned.

SOLUTION.

Suppofe the number of Tickets to be 6 ; then let us inquire into
‘the Probability of taking no Prize in 6 Tickets, which to find let
us make ufe of the Theorem fet down in the Corollary of the xx™
- Problem, wherein it will appear that the number of Chances for ta-
king no Prize in 6 Tickets, making 2 — 10000, 4= goooo, ¢ =6,
p = 0, n= 100000, will be

8 fggg8 B 8a009b 8agqz
§oooo 9990 9998 . 89907 s 5

1 = 2 }: 3 4 5 - T Py
.and that the whole number of Chances will be
8 7 [ z
lm:'::m > nqzqq 2 uugq ) ﬂq:n G ﬂfi*:ﬂ . 9939» Nehen

N 2z dividing
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dividing the firft number of Chances by the fecond, which may
eafily be done by Logarithms, the Quotient will be 0.53143, and
this {hews the Probability of taking no Prize in 6 Tickets: and this
decimal fra@ion being fubtracted from Unity, the Remainder 0.468 57
thews the Probability of taking one Prize or more in 6 Tickets;
wherefore the Odds againft taking any Prize in 6 Tickets, will be
53143 to 46857. . _

If we fuppofe now that the number of Tickets taken is 7, then
carrying each number of Chances above-written one fiep farther, we
{hall find that the Probability of taking no Prize in 7 Tickets is
0.47828, which fraction being fubtracted from Unity, the remainder
will be 0.52172, which fhews the Odds of taking one Prize or more
in 7 Tickets to be 52172 to 47828,

REMARK.

When the number of Tickets taken bear a very inconfiderable
proportion to the whole number of Tickets, as it happens in ‘the
cafe of this Problem, the Queftion may be refolved as a Problem de-
pending on the Caft of a Die : we may therefore fuppofe 2 Die
'of 10 Faces having one of its Faces fuch as the Ace reprefenting a
Benefit, and all the other nine reprefenting Blanks, and inquire into
the Probability of miffing the Ace 6 times together, which by the

‘Rules given in the Introduction, will be found to be Ti;;-: 0.53144

differing from what we had found before but one Unit in the fifth
place of Decimals. And if we inquire into the Probability of miffing
the Ace 7 times, we fhall find it 0.4782¢ differing alfo but one Unit
in the fifth of Decimals, from what had been found before, and there-
fore in fuch cafes as this we may ufe both Methods indifferently ; but
the firft will be exa&t if we aually multiply the numbers together,
the fecond is only an approximation. i
But both Methods confirm the truth of the practical Rule given in
our third Problem , about finding what number of Tickets are ne-
ceffary for the equal Chance of a Prize ; for multiplying as it is
there directed, the number g reprefenting the Blanks by 0.7, the
Product 6.3 will thew that the number requifite is between 6 and 7.

PROBLEM XXIV.

The [ame things being given as in the preceding Problem,
Sfuppofe the price of each Ticket to be 10L- and thar
after the Lottery is drawn, 7L — 10/ be returned

io
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to the Blanks, to find in this Lottery the value of the
Chance of a Prize.

SOLUTION.

There being gocoo Blanks, to every one of which 7L — 10/
is returned, the total Value of the Blanks is 675000 £ and confe-
quently the total Value of the Benefits is 325000 £ which being
divided by 10000, the number of the Benefits, the Quotient is 32 L
-— 10 /#; and therefore one might for the Sum of 32 & — 104 be
intitled to have a Benefit certain, taken at random out of the
~ whole number of Benefits : the Purchafer of a Chance has there-
fore 1 Chance in 10 for the Sum of 32/ — 104 and g Chances
in 10 for lofing his Money; from whence it follows, that the value
of his Chance is the 10™ part of 32 L — 10/ thatis 3 £. — 5.
And therefore the Purchafer of a Chance, by giving the Seller 3 L.
— 5% js intitled to the Chance of a Benefit, and ought not to
return any thing to the Seller, altho’ he fhould have a Prize; for
the Seller having 3 £-— 5/ fure, and g Chances in 10 for 7 £ — 10./4.
the Val;e of which Chances is 6 £ — 15/ ; it follows that he has
his 10

PROBLEM XXV,

Suppofing fill the fame Lottery as has been mentioned in
the two preceding Problems, let A engage to furnifb B
with a Chance, on condition that whenever the Ticket on
which the Chance depends, [ball happen to be drawn,
whether it proves a Blank or a Prize, A fball furnifb
B with a new Chance, and [o on, as often as there is
occafiony till the whole Lottery be drawn ; to find what
confideration B ought to give A before the Lottery be-
gins to be drawn, for the Chance or Chances of one or
more Prizes, admitting that the Lottery will be 40
days a drawing.

SoLUTION. :
Let 3 L. — 5, which is the abfolute Value of a Chance, be cal-
“led s,

1%
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1% A who is the Seller dught to ¢onfider, that the firft Day, he
furnifhes neceflarily a Chance whofe Value is 5.

2°. That the fecond day, he does not neceffarily furnifh a Chance,

but conditionally, wiz. if it fo happen that the Ticket on which the
Chance depends, fhould be drawn on the firft day; but the Proba-

bility of its being drawn on the firft day is —; and therefore he
40

ought 'to ‘take &: for the confideration of the fecond day.

3°. That in the fame manner, he does not neceflarily furnifh a
Chance on the third day, but conditionally, in cafe the only Ticket
depending (for there can be but one) fhould happen to be drawn on

the fecond ‘day ; of which the Probability being — , by reafon of
the remaining 39 days from the fecond inclufive to the laft, it fol-
lows, that the Value of that Chance is —519" 5. :

4°. And for the fame reafon, the Value of the mext is ';'s' 5, and
fo on.

The Purchafer ought therefore'to give the Seller

T T 1 1 1
I-'i—E—!—'gE—l-F \— ..... ...—}—?,the-whnle
multiplied by s, or

Re=% 1 I I I 1 .
I+?+E‘+:+—s‘+? ....+*:5--,tht3ﬂ‘hﬁl¢
multiplied by s. Now it being pretty laborious to fum up-thofe tﬂ
‘Terms, 1 have here made ufe of a Rule which I have given.in the
Supplement.to my Mijcellanca Analytica ¥, whereby one may in a very
fhort time fum up as many of thofe Terms as one fP]ca'ﬂts, tho’ they
were 10000 or'more ; and by that'Rule, ‘the Sum of thofe 40 Terms
will be found to be 4.278 5 very near, which being multiplied by s

which in this cafe is 3.25, the product 13.9 will {hew that the Pur-
chafer ought to give the Seller about 13 Z..— 18 /2.

CoROLLRAY.

The Value of the Chance s for one fingle day that fhall be fixed
upon, is the Value of that Chance divided by the number of Days
intercepted between that Day inclufive, and the number of Days re-
maining to the end of the Lottery : ‘which however muft be under-
ftood with this reftri¢tion, that the Day fixed upon muft be chofe be-
fore the Lottery begins; or if it be done on any other Day, the State

of
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of the Lottery muft be known, and a new Calculation made accord-
ingly for the Value of s,

¥ ScyorLiv wm.
If there is a Series of Fra&ions of th1s Form - +

z-rl-t
n+z o u;; + ij ...... + — thﬁﬁrﬂ:ofwh:chm
=, and the Jaft ——; their Sum wxll,b:,
log. = — '—'J’L -B . C1—D 4 &c:
0 T + o wD+ Where it is

Lcd ol o o +4H‘B+ﬁﬂﬁc+mn+&ﬂ.
to be obferved,

1°, That the mark (log.) denoting Neger's, or the Natural, Loga-
rithm, affe@s only the firft Term =,

2°. That the Values of the Capital Letters are, A =%, B —
—.-C +_—, _ — ;_:a '—-j-—ﬁ, &c. being the
numbm of Mr Fames Bernoulli in his e:-:cellcnt Theorem for the

Summing of Powers ; which are formed from each other as follows ;

1 1
A—=———

- 3
BEm— oot A

_‘f 5_; . 6.5.4

1

MR
Dt A — LBl 254
ol SRR g T e K O
—'—L——rl—_ﬂ Jre— B l__.__'_'_ﬂﬂ i _-.ﬂ
pamng :.ﬂ. 2.3 .4 =34s-6'C :3455?3D

3° In working by this Rule, it will be convenient to fum a few
of the firft terms, in the common way; that the powers of

-;- may the fooner converge.

4°. The fame Rule furnifhes an ealy Computation of 'the Loga-
rithm of any ratio =, the difference of whofe terms is not very
great.

PR O-
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PROBLEM XXVIL -
Zo find the Probability of taking four Hearts, three Dia-
monds, two Spades, and one Club in ten Cards out of a
Stock containing thirty-two.

SorLuTION,
Firft, The number of Chances for taking four Hearts out of the
whole number of Hearts that are in the Stock, that is out of Eight,

will be ’:'z ﬁ': i
Secondly, The number of Chances for taking thr:e Diamonds out

of Eight, will be fj-i__ft — ¢6.

Thirdly, The number of Chances for taking two Spades out of

Eight, will be L —28,

Fourthly, Thc numbf:r of Chances for taking one Club out of
Eight, will be T =3.

And therefore multiplying all thofe particular Chances tngethcr,
the produ& 70 x 56 x 28 x 8 —= 878080 will denote the whole num-

ber of Chances for taking four Hearts, three Diamonds, two Spades,

and one Club.
Fifthly, The whole number of Chances for takmg any ten Cards
out of thirty-two is

‘“-1'-1.?g.zﬁ.z?.zﬁ.z;.u.g;_ d
I‘1'3'4v5-'5-?-3-9-10"—&451224‘1

And therefore dividing the firft Produét by the fecond, the quotient

f28c80 1 ’ bodgs .
eris of 5o nearly, will exprefs the Probaoility required ;

from which it follows that the Odds again{t taking four Hearts, three
Diamonds, two Spades, and one Club in ten Cards, out of a Stock

containing thirty-two, are very near 74 to I.

REMaARE,

But if the numbers in this Problem had not been reftri&-
ed each to a particular fuit of Cards ; that is, if it had been under-
taken only that in drawing the ten Cards, 4 of them fhould be of one -
fuit, 7 of another, 2 of another, and one of the fourth; then
writing for the four fuits, the Letters 4 . B . € . D; and under
them the Numbers 43 o2 . 13 HncctoRbis

¥ .iE
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is but one Pofition out of 24, which the numbers can have with
refpect to the Letters (by the general Corollary to Prob. xvi) we muft
now multiply the number of Chances before found, which was

878080, by 24; and the probability required will be ——<2-;

bac1224 ?
that is, it is the Odds of about 2 to 1, or very nearly of 63';&?: ;3,
that of 10 Cards drawn out of a Piguet pack jfour, three, two, and
one, fhall not be of different fuits. :

Of the Ga;me-qf, QUADRILLE

PROBLEM XXVIL

Tbe Player baving 3 Matadors and three other Trumps
by the loweft Cards in black or red, what is the Pro-
bability of bis forcing all the Trumps?

_ SoLuTION.

In order to folve this Problem, it is to be confidered, that the
Player whom I call 4 forces the Trumps neceffarily, if none of the
other Players whom I call B, C, D, has more than three Trumps ;
and therefore, if we calculate the Probability of any one of them
having more than three Trumps,” which cafe is wholly againft 4,
we may from thence deduce what will be favourable to him ; but
let us firft {fuppofe that he plays in black.

Since the number of Trumps in black is 11, and that A by fup-
pofition hdas 6 of them, then the number of Trumps remaining
amongft B, C, D is 5; and again, fince the number of all the other
remaining Cards, which we may call Blanks, is 29, whereof 4 has
4, it follows that there are 25 Blanks amongft B, C, D; and there-~
fore the number of Chances for B in his 10 Cards to have 4 Trumps
and 6 Blanks, is by the Corollary of the xx™ Problem.

X 4X3 X2 Teares gy L R Flin 200
1..37.38 . 4 CILEMEYL g gvans b O

‘And likewife the number of Chances for his having § Trumps and §
Blanks, is by the fame Corollary.

0 And
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And therefore the number of all the Chances of B againft A4 is
106 % §x7 x 11 x 23: but the number of Chances whereby any 10
Cards may be taken out of 30 is 222 ’: _": _’:’ e _‘; e
which being reduced to 5 x 7 i 9 X 11 X 13 x 23 % 29, it follows
that the Probability of B’s having more than three Trumps is

mﬁxq i n.qg i rob
ETERTPE Y T : but this Probability

fa]ls as well upon C and D s upon B, and therefore it ought to be

multiplied by 3, which will make it — :i 5 = I':’[ ; and this

being fubtracted from Unity, the remainder —— will exprefs the

Probability of 4's forcing all the Trumps; and thercﬁ}rc the Odds
of his forcing the Trumps are 1025 againft 106, that is 29 to 3

nearl

BIft if A plays the fame Game in red, his advantage will be con-
fiderably lefs than before ; for there being 12 Trumps in red, whereof
he has 6, B may have 4, or g, or 6 of them, fo that the number
of the Chances which B has for more than thre: Trumps will be

refpectively as follows:
bxexqg.8 24 .23 .22.21.20 .19
- 2.%.% 1.2.3.4.%5.6
By ot ek Fi s B e BT 2 b e20
TEEEEE 1.:.3.4.,5
B Birhe 3 o ok 23 . . 21
12« 5e 4+ 540 1.2:3 4

Now the Sum of all thofe Chances being 215 x 23 X 22 X 21, and

the Sum of all the Chances for taking any 1o Cards ont of u.
being 5§ x 7 x 9 X 11 X 13 X 23 X 29, as a pears by the

cafe, it follows, that the Probahlht}' of B’s having more

Trumps is YT —T—E—-—g I:utl:lust-

bability ﬁdimg ;s ‘Wcll! ;Jpnn Cc and 1] as upun B, ought to be mul- -

tiplied by 3, which will make it r;ﬂjﬁzg = 3?? ; and this being

fubtracted from Unity, the remainder —— ?; , will exprefs the Pro-
bability of As forcing all the Trumps; and therefore the Odds of
his forcing all the Trumps is in this cafe 291 to 86, that is nearly
Joto 3.

PR O-
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PROBLEM XXVIIL
The Player A baving Spadille, Manille, King, Queen,

and two fmall Trumps in black, to find the Probability
of bis forcing all the Trumps.

SorLuTION. '

A forces the Trumps neceflarily, if Bafle accompanied with two
other Trumps be not in one of the Hands of B, C, D, and as
Bafle ought to be in fome Hand, it is indifferent where we place
it; let it therefore be fuppofed that B has it, in confequence of

which let us confider the pumber of Chances for his having be-
fides Bafle,

1°. 2 Trumps and 7 Blanks.
2°. 3 Trumps and 6 Blanks.

3°. 4 Trumps and 5 Blanks,

Now the Blanks being in all 29, whereof 4 has 4, it follows
that the number of remaining Blanks is 25 ; and the number of
Trumps being in all 11, whereof 4 has 6 by Hypothefis, and B
has 1, wiz. Baffe, it follows that the number of 1'ttrﬂr.1imin%J Trumps
is 4 ; and therefore the Chances which B has againft the Player
are refpectively as follows :

+.3x2{az4-=3.zz.21.2ﬂ.lq
Eiini I..a.g.dr.g.ﬁ.?
4.g_zxzq,:¢.:;.zz.zl+m
b5 2.0 8 T R TR T N -

£ +3 -2 .1 x:; - 24 . 23 .22 .21

Nl g -4 A g S o i e it -

The Sum of all which is 1441 X 5§ x 23 X 22; but the Sum of
all the Chances whereby B may join any g Cards to the Befle which

: S » 2g9x28x27 .26, 25. 24, 23x22. 20 X 7% 33X
he has already is == 8 9 o gl

T i el Tl R e I
13 X § X 23 X 111. and therefore the Probability of Baffe being in
ane Hand, accompanied with two Trumps at leaft, is expreﬂﬂ‘ﬂcd
i . 1 - .23 . 22 ] 131,128 .. 388s
byiﬂlEFl'ﬂ&lUﬂ 39 . ?‘1:4; ; ;53 3 55. 23 . 11 S Ay, 313 __"?glj'
and this being fubtracted from Unity, the remainder will be

3935 .nd therefore the Odds of A’s forcing the Trumps are §035
7917 ?

to 2882, which are very near 7 to 4.

O 2 But
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But if it be in red, A4 has the fmall difadvantage of 19703 againit
19882, or nearly 110 againft 111.

It is to be nntcd in this Propofition, that it is not now neceflary
to multiply by 3; by reafon tﬁat B rcpr:fents indeterminately any
one of the thmr: B C, D : elfe if the cale of having Baffe was deter-
mmed to Bin partlr:ular his probability of h:wmg it would only be

: fo that the Chances afterwards being multiplied b}r 3, the So-
lution would be the fame.

PROBLEM XXIX.
The Player having Spadille, Manille, and s other Tr#mp.f
more by the lowef? in red, what is the Probability, by
playing Spadille and Mam!!e of his forcing 4 Trumps ?

SeruTiIionN,

The § remaining Trumps being between B C, D, their various
difpofitions are the following :

3 r )
T s
N
Ty Lyt o
4, I, ©O
e

Which muft be underftood in fuch manner, that what is here
affigned to B may as well belong to C or D.

Now it is plain, that out of thofe five difpofitions there are only
the two firft that are favourable to 4; let us therefore fee what is thc
Probability of the firft difpofition.

The number of Chances of B to have 1 Trump and g Blanks

ﬂﬂ‘.‘"s"x IJ;. :3. .z:.za.lt} rB I; _SKERSHII?‘I?
x 19 x 23, but the number of all the Cham::ts whereby he may take
any 10 Cards out of 30, is § x7 x g x I1 x 13 x 23 x 29 as has
been feen already in one of the preceding Problems ; and therefore
thc Pmbabﬂity of B’s having one Trump and nine Blanks is

§i5-5.11.17.19.23 __ ~ 25 .19 .17
5-?-9- 1. 15 . 23539 T 7 kO MRa 3RA "

Now
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Now in order to find the number of Chances for C to have 2
Trumps and 8 Blanks, it muft be confidered that 4 having 7 Trumps,
and B 1, the number of remaining Trumps is 4 ; and likewife that
A hamng 3 Blanks, and B ¢, the number of remaining Blanks is 16,

and therefore that the number of Chances for C to have 2 Trumps
and 8 Blanks is

4-3 16 . 15 13__;_13.11'.1:1.1_;___ s craflg 0
SRt PN .2,3-.4.'. 5.-5.?.3’_63{9310}{”}{13,

But the number of all the Chances whereby C may take any 10
Cards out of 20 remaining between him and D, is

R L R b UM ST PR K O RN |
|.2-3-q.5.ﬁu;.'3.g_.m

and therefore the Probability of C’s having 2 Trumps and B Blanks is

_4.}{ ITXI13X17X1q,

6.q.m.t1.13_5.g.m_g 15
4. 10 .03 007 .19 T 4170097 17 .19

Now A being fuppofed to have had 7 Trumps, B 1, and C 2,
D muft have 2 neceflarily, and therefore no new Calculation ought
to be made on account of D. It follows therefore that the Proba-
bility of the difpofition 1, 2, 2, belonging rei'pm‘."cwel]r to B, C, D,

nughttobce:rpreﬂ'ed by ?z : .3' .”;g x : q il I.q f-._{}
Now three thmgs, wherc:of two are alike, ’ocmg to be pcrmurcd

3 different ways, it follows that the Probability of the- Difpefition
1, 2, 2, as it may happen in any order, will be -*——L—L? 2 i; = 1

13 .

It will be found in the fame manner, that the Probability of the

Difpofition 2, 3, o as it belongs refpe&ively to B, C ) is
~—— 3¢ > but the number of Permutations of three things which
are all unlike being 6, it follows that t'n.E faid Prubabihty ought to

be multiplied by 6, which will make it ?' : - == ﬂ-
From all which it follows, that the Pmbab]hty of A's fcrcmg 4

Trumps is .‘_LE:%%L = %:é-; which fraction being fubtracted

from Unity, the remainder will be “5‘9 , and therefore the Odds

of A's forcing 4 Trumps are 1725 to 914, that is very near 17
to g.

PR O
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PROBLEM XXX.

A the Player having 4 Matadors, in Diamonds, with
the two black Kings, each acrampamed with two [mall
Cards of their own Juit ; what is the Probability that
no one of the others B, C, D, bas more than 4 Trﬂm PS5,
or in cafe be bas more, :fm‘ he bas a!ﬁ of the /' wit af
both his Kings; in which cafes A wins mrqﬂﬂﬂ

SoLUTInH
The Chances that are againft .4 are as follows; it being p-ofﬁ*
ble that B may have

Diamonds, Hearts, Number of Chances.
1 5 14112
{:: 4 5880
Z. 3 gbo

> 2 45

{ Sum 20997

Diamonds Spades, Hearts, | Number of Chances.

5 ! 4 70560
5 2 3 100800
3 3 = 50400
85 4 I 8400
5» 5 © 336
6, | 3 20160
6, 2 2 18900
6, 3 1 5600
6, 4 o 420
”, 1 2 2160
7> 2 B 5 1200
%I 3 o 160
s I I bo
8, 2 o 15
279171

Now
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Now by reafon that among B, C, D, there are as many Clubs as
Spades, wiz. 6 of each fort, it follows that the Clubs may be fub-
ftituted in the roem of the Spades, which will double this laft num-
ber of Chances, and make it 558342 ; and therefore, adding toge-
ther the firft and fecond number of Chances, the Sum will be
579339, which will be the whole number of Chances, whereby B
may withftand the Expectation of 4; but the number of all the
Chances which B has for taking any 10 Cards out of 30, is § x 7 x
9 X LI X 13X 23 X 29 ==30045015 ; from which it follows that the

Probability of B’s withftanding the Expeftation of 4 is —é-z—i%ﬁ?—; :
but as this may fall as well upon € and D as upon B, it follows

that this Probability ought to be multiplied by 3, ‘then the Produ&
:ygﬁn:z

seoqzary. Wil exprefs the Probability of s lofing; and this being

fubtraf_bed from Unity, the remainder will exprefs the Prnbabilit;,f of
A’s winning ; and therefore the Odds of A's winning will be little
more than 16 - to 1,

PROBLEM XXXL
A baving Spadille, Manille, King, Knave, and two
other [mall Trumps in black, what is the Probability
‘that Bafle accompanied with two other Trumps, or the
Rueen accompanied with three other, [hall not be in the
Jame hand ; in which cafe A wins neceflarily @

SOLUTI10N. _ -
‘The Probability of Bafte being in one hand, accnmpam:d with

two other Trumps, has been found, in Problem xxviii, tobe -;:':% .
‘The number of Chances for him who has the Queen, to have alfo

three other Trumps, excluding Bafte, is

g gt i d 25 ackd 23 38 4 2] . 2
L.'2 .3 Eoh ZhnabS ot v 1500 D

but the number of Chances for joining any ¢ Cards to the Queen

8 3 %X 5 %7 % 11 X 13 X 23 X 29, and therefore the Probability of the
Queen’s being inone hand, accompanied with three other Trumps, is

= X7 X I1X20X23

§«7.11.20.2% _ 20 20 L 140

BTS2y e T 3aag.29 T X133 T o1y !

now
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now this Probability being added to the former, the Sum will be

:;:; ; and therefore the Odds of A's not being withftood either
from Bafte being accompanied with two other Trumps, or from the
Queen accompanied with three, are 4895 to 3022, nearly as 13

to 8.
It may be obferved, that the reafon of Bafte being excluded from

among the Trumps that accompany the Queen is this ; if the Queen
be accompanied with Bafte and two other Trumps, the Bafte itfelf
is accompanied with three Trumps, which cafe had been taken in

already in the firft part of the Solution,

PROBLEM XXXII.

A having three Matadors in Spades with the Kings of

Hearts, Diamonds, and Glubs, two fmall Hearts, and

two fmall Diamonds; to find the Probability that not

above three Spades fball be in one hand, or that, if there

be above three, there fhall be alfo of the fuits of the
three Kings; in which cafe A wins necellarily.

: SoLUTION. real £

The Probability of not above [three Trumps being in one hand
— 0.132141. .

Thcgprghability that one of the Oppofers fhall have 4 Trumps,
and at the fame time Hearts, Diamonds, and Clubs, and that no
other thall have 4 Trumps, is=0.393501.

. The Probability that two of the Oppofers fhall have 4 Trumps,
and at the fame time Hearts, Diamonds, and Clubs, is — o0.01 3836.

. The Probability that one of the Oppofers fhall have s Trumps,
and at the fame time Hearts, Diamonds, and Clubs, is == 0.103019.

The Probability that one of the Oppofers fhall have 6 Trumps,
Hearts, Diamonds, and Clubs, is =o0.001041.

The Probability of one of the Oppofers having 7 Trumps, and
at the fame time Hearts, Diamonds, and Clubs, is —o0.000313.
" Now the Sum of all thefe Probabilities is 0.8438 51, which being
fabtracted from Unity, the remainder is 0.156149; and therefore
the Odds of the Player’s winning are as 843851 to 156149, that is

very near as 27 to,s.

PR O.
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PROBLEM XXXIIIL

To find at Pharaon, bow much it is that the Banker gets
per Cent. of all the Money that is adventured.

HyPoTHESIS.

I fuppoft fir/?, that there is but one fingle Ponte; Secondly, that
he lays his Money upon one fingle Card at a time; Thirdly, that
he begins to take a Card in the beginning of the Game ; .Fg.!s‘rrb{y,
that he continues to take a new Card after the laying down of every
couple : Fiftbly, that when there remain but fix Cards in the Stock,
he ceafes to take a Card.

SOLUTION.

When at any time the Ponte lays a new Stake upon a Card
taken as it happens out of his Book, let the number of Cards already
laid down by the Banker be fuppofed equal to x, and the whole
number of Cards equal to 7.

Now in this circumftance the Card taken by the Ponte has paft
four times, or three times, or twice, or once, or not at all.

Firft, If it has pafled four times, he can be no lofer upon that
account.

Secondly, If it has pafled three times, then his Card is once in the
Stock : now the number of Cards remaining in the Stock being
n — x, it follows by the firft cafe of the xiii" Problem, that the

Lofs of the Ponte will be ::I—x : but by the Remark belonging to
the xx* Problem, the Probability of his Card’s having pafled three
x . x=—101 . X=—32 ., F— T4

times ‘precifely in x Cards is ———F————, . now fup-
pofing the Denominator equal to §, multiply the Lofs he will fuffer,
if he has that Chance, by the Probability of having it, and the
product — — :',,I_z —* will be his abfolute Lofs in that cir-

cumflance.
Thirdly, If it has pafled twice, his abfolute Lofs will, by the fame

¥ . x—1 . x—x42 A

way of reafoning, be found to be —
Fourthly, 1f it has pafled once, his abfolute Lofs will be found to be

N — | e e—F , )
&

P Fifthly,
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Fifthly, 1f it has not yet paffed, his abfolute Lofs will be

o, = XY —32 | 2R=——28 —-
2

Now the Sum of all thefe Lofles of the Ponte will be

[ 3
x1 -—-:f-zrrr*-ius.-:—-jx——z,v.r—'ir 3

- , and this is the Lofs he fuffers

by venturing a new Stake after any number of Cards x are
paded . : .
~ But the number of Couples which at any time are laid down,
is always one half of the number of Cards that are paffed ; where-
fore calling ¢ the number of thofe Couples, the Lofs of the Ponte
ul _nin-g-‘-S#—'ﬁ'f'-—ﬁff"l‘zq_f;
may be exprefled thus - <

Let now p be the number of Stakes which the Ponte adven-
tures ; let alfo the Lofs of the Ponte be divided into two parts, viz.

9
e i —Er—btt 424t
, and T .

5
And fince he adventures a Stake p times; it follows that the firft

Y = 2 i "
part of his lofs will be i “; Lk : .
In order to find the fecond part, let # be interpreted fucceffively
by o, 1, 2, 3, &c. to the laft term p—1; then in the room of
6¢ we fhall have a Sum of Numbers in Arithmetic Progreffion to be
multiplied by 6; in the room of 6# we fhall have a Sum of
Squares, whofe Roots are in Arithmetic Progreffion, to be multi-
plied by 6; and in the room of 24#% we fhall have a Sum of Cubes,
whofe Roots are in Arithmetic Progreffion, to be multiplied by
24

Thefe feveral Sums being collected according to the Rule given

in the fecond Remark on the x™ Problem, will be found to be

€4 — --4ﬁ’j+ 32 3nd therefore the whole Lofs of the Ponte will be

pud — -;l?m,+5pn+ Gpt— g +Epp 4+ 29

% .

Now this being the Lofs which the Ponte fuftains by adven-
turing the Sum p, each Stake being fuppofed equal to Unity, it
follows that the Lofs per Cent. of the Ponte, is the quantity above-
written multiplied by 100, and divided by p, which confiderin
that S has been fuppofed equal to nx n—1 x5 — 2 x n — 3, wil

- 2w —5 p—1xbpp—Bp—2
makelttube 2 . 8=—1 .80—3} Xlﬂﬁ—l" B.E—] Xi—2.8—] i Lo
: let




The DocTrINE of CHANCES. 107

let now # be interpreted by 52, and p by 23 ; and the Lofs per Cent.
of the Ponte, or Gain per Cent. of the Banker, will be found to be
2.99251 ; that is 2. — 19/ — 104 per Cent,

By the fame Method of procefs, it will be found that the Gain

" 3"—(‘
per Cent. of the Banker at Bafferte will be —2—2—— x 100 -
ap  p—1 . p—2
AL H—1 . 8—2 . n—1

X 100, Letnbeinterpretedby 51, and p by 23;
and the foregoing expreffion will become 0.790582 or 154 — ¢ ‘?‘";

‘The confideration of the firft Stake which is adventured before the
Pack is turned being here omitted, as being out of the gene-
ral Rule ; but if that cafe be taken in, the Gain of the Banker will
be diminifhed, and be only 0.76245, that is 15/ — 3 4 very near;
and this is to be eftimated as the Gain per Cent, of the Banker,
when he takes but half Face.

Now whether the Ponte takes one Card at a time, or feveral
Cards, the Gain per Cent. of the Banker continues the fame : whe-
ther the Ponte keeps conftantly to the fame Stake, or {fome time
doubles or triples it, the Gain per Cent. is ftill the fame: whether
there be one fingle Ponte or feveral, his Gain per Centf, is not
thereby altered. Wherefore the Gain per Cent. of the Banker, upon
all the Money that is adventured at Pharaon, is 20 — 19/ — 104
and at Bgffette 15/ — 3

PROBLEM XXXIV.

Suppofing A and B to play together, that the Chances they
have refpetively to win are as a to b, and that B
obliges himfelf to fet to A folong as A wins without in-
terruption : what is the adwantage that A gets by bis
band 2 |

| SorLuTion, 3
Firff, 1f A4 and B ftake 1 each, the Gain of A on the firit

Game is = . :

" Secondly, His Gain on the fecond Game will allo be -;-IT :

provided he fhould happen to win the firft : but the Probability

of A's winning the firft Game is Wherefore his Gain on
the fecond Game will be

a
ﬂ—f—--f:l' '
& O ——
b
i b a-4-b " ! ; .

P 2 Thirdly,
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Thirdly, His Gain on the third Game, after winning the two

firt, will be likewife ~~==7-: but the Probability of his winning

the two firft Games is %; wherefore his Gain on the third

Er a—4ph
.n-ln:i"' X adh "

Fourtbly, Wherefore the Gain of the Hand of A4 is an infinite

1]

Series; vz 1 -+ — +ﬁ%;+ﬁ7}—++ﬁﬁ, 8ee.
to be multiplied by ——: but the Sum of that infinite Series i
“1'5 ; wherefore the Gain of the Hand of A is ﬁ':& x :;: s

a—b&

b

Game is

CoRrRoLLARY 1.
If A has the advantage of the Odds, and B fets his hand out,
the Gain of A4 is the difference of the numbers exprefling the Odds,
divided by the lefler. Thus if 4 has the Odds of § to 3, then

his Gain will be —5{—1 s ;.

CoROLLARY 2.
If B has the difadvantage of the Odds, and A fets his hand out,
the Lofs of B will be the difference of the numbers expreffing the
Odds divided by the greater : thus if B has but 3 to 5, his Lofs will

be;;.
COROLLARY

If 4 and B do mutually engage to fet to one another, as long

as either of them wins without interruption, the Gain of A4 will
=5 : :
be found to be —————; that is the Sum of the numbers expref-

fing the Odds multiplied by their difference, the Produé& of that
Multiplication being divided by the Product of the numbers expref~
fing the Odds. Thus if the Odds were as § to 3, the Sum of §
and 3 being 8, and the difference being 2, multiply 8 by 2, and
divide the product 16, by the produét of the numbers exprefling

the Odds, which is 15, and the Quotient will be _f or 1 =,
which therefore will be the Gain of .A4.

COROLLARY 4.
But if he be only to be fet to, whe wins the firft time, and that
he be to be fet to as long as he wins without interruption ; then the
Gain
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Gain of 4 will be ———==-: thus if a be 5, and 4 3, the Gain

b
of 4 will be -2 — 4

PROBLEM XXXV.
Any number of Letters a, b, c, d, e, f, &c. all of them

different, being taken promifcuonfly as it happens : to find
the Probability that fome of them [ball be found in their
places according to the rank they obtain in the Alpha-

bet 3 and that others of them fhall at the fame time be
difplaced,

SoLuTION.
Let the number of all the Letters be — #»; let the number of
thofe that are to be in their places be — p, and the number of
thofe that are to be out of their places — ¢. Suppofe for brevity’s fake

1 I '—j I f I
" T W — Y T e M— , — =3 A.A—=1 , —2 .0—3

—w, &c. then let all the lguanutles 1, 7,9, f,v, &c. be written down
with Signs alternately pofitive and negative, hegmmng at 1, if p be
—o; atr, if pbe—1:ats, if pbe—=2, &c. Prefix to thefe
Quantltlﬁs the Coeflicients of a Binomial Power, whofe index is

; this being done, thofe Quantities taken all together will ex-

the Prubabﬂlty required. Thus the Probability thatin 6 Letters
takﬂn promifcuonfly, two of them, viz. ¢ and 4 fhall be in their

places, and three of them, v/z. c, d, e, out of their places, will be
I 1 11
6;5_l554.+(= of Fa AL 3aani tiigz0
And the Probability that a :[ha}l be in 1t5 place: and &, ¢, d, e, out
of their places, will be
I 6 3
?_‘5454—&54_5 513 +i--s _ﬁ=:zo
The Probability that 2 fhall be in its place, 1nd c’: 6, 4 ¢, f out
of their places, will be

1 1o 10 1 1
?_ﬁ.5+b.5.4 ﬁ.5.4.j+u.5.+.3.z D.§rdeFoz. i
LD st - oo 11

0 ys& T 180 M

The
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The Probability that 4, 4, ¢, d, ¢, f fhall all be difplaced is

20 e

6 13
I_'E-+5,5—h,;_4_ _1H 9_5.4.5— 64l 5 1+I’I
T I

b
T
1 5 1
+ 6 CETETRT Drl_l+_z'_'5+ 26 O i2a + 720

>
R DR T

T Ay | T
Hence it may be concluded, that the Probability that one of
them at leaft fhall be in its place, is 1 — % - -:f;- — T__I;J -

= ::t , and that the Odds that one of them at
leatt thall be fo found, areas g1 to §3.
It muft be obferved, that the foregoing Expreflion may ferve for

any number of Letters, by continuing it to fo many Terms as there
are Letters: thus if the number of Letters had been feven, the

Probability required would have been —Z-- .

DEMONSTRATION.

The number of Chances for the Letter @ to be in the firft place,
contains the number of Chances by which 2 being in the firft place,
& may be in the fecond, or out of it: This is an Axiom of common
Senfe of the fame degree of evidence, as that the whole is equal to all
its parts.

grom this it follows, that if from the number of Chances that
there are for a to be in the firft place, there be fubtrated the num-
ber of Chances that there are for 2 to be in the firit place, and 4
at the fame time in the fecond, there will remain the number of
Chances by which & being in the firft place, & may be excluded
the fecond.

For the fame reafon it follows, that if from the number of
Chances for @ and 4 to be refpetively in the firft and fecond places,
there be fubtracted the number of Chahces by which «, 4, and ¢
may be refpectively in the firft, fecond, and third places; there
will remain the number of Chances by which # being in the firft,
and 4 in the fecond, ¢ may be excluded the third place ;: and fo of
the reft.

Lt 4~ 2 denote the Probability that & fhall be in the firft place,
and let — & denote the Probability of its being out of it. Likewife
let the Probabilities that 4 fhall be in the fecond place, or out of it,
be refpectively expreft by -+ 4 and — 4.

Let
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Let the Probability that 4 being in the firft place, & fhall be in the
fecorrd, be exprefled by @ -\- 4+ Likewife let the Probability that
Ecing in ;hr;: firft place, 4 fhall be excluded the fecond, be exprefled

Y @ ity

Univerfally. Let the Probability there is that as many as are to be
in their proper places, fhall be fo, and that as many others as are
at the fame time to be out of their proper places fhall be fo found,
be denoted by the particular Probabilities of their being in their

er places, or out of them, written all together: So that, for in-

nce @ -+ b 4- ¢ — d — ¢, may denote the Probability that g, 4,
and ¢ fhall be in their proper places, and that at the fame time both
d and e fhall be excluded their proper places.

Now to be able to derive proper Conclufions by virtue of this No-
tation, it is to be obferved, that of the Quantities which are here
confidered, thofe from which the Subtraction is to be made are in-
differently compofed of any number of Terms connected by - and
— ; and that the Quantities which are to be fubtracted do exceed
by one Term thofe from which the Subtraltion is to be made ; the
relt of the Terms being alike, and their Signs alike ; then nothing
more is requifite to have the remainder, than to preferve the Quan-
tities. that are alike, with their proper Signs, and to change the
Sign of the Quantity exceeding.

It having been demonftrated in what we have faid of Permutations
and Combinations, that e—=~; 2+ b= — —~; a4 b+4c=

e, &c. let -, &c. be refpetively called

7, 5 ¢, v, &c. this being fuppofeci, we may come to thc following
Conclufions.

il

§ o

b =y
b+ a—=:s
then 1°. 6 ~—a—=r —s
c-+0b — s for the fame reafon thata -4 ==.
c+b+ta=t
g e
é§—a —r—; by the firft Conclufion.

¢ — a4+ b= - s—1 by the fecond,
3%0g — @ — b —=r—2s+4-¢

d+ ¢+ b=t

ddctbta=v
40 d+c+b—a=t—"

i+,
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d+tc—a == —{ by the fecond Conclufion.
d“4tc—a- b= ¢ — v by the fourth.

5. ddc—a—b=s—2t}
d—b—a — r—25-} £ by the third Conclufion.

d—b—a+4c=  s—2t4v by the fifth.
6. d—b—a— c=r—3st3t —.

By the fame procefs, if no letter be particularly afligned to be in
its place the Probability that fuch of them as are affigned may be out
of their places, will likewife be found thus,

— a =1 —7, for } a and — a together make Unity.
— a -+ b = r — s by the firft Conclufion.

7 —a—b=1—2r-s
— a — b= 1 —2r s by the feventh Conclufion.
— a — b -+ ¢ = r — 25 - ¢ by the third.

8. —a—b—c=1—3r43—+t

Now examining carefully all the foregoing Conclufions, it will
be perceived, that when a Queftion runs barely upon the difplacinﬁ
any given number of Letters, without requiring that any other fhoul
be in its place, but leaving it wholly indifferent; then the Vulgar
Algebraic Quantities which lie at the right-hand of the Equations,
begin conftantly with Unity : it will alfo be perceived, that when
one fingle Letter is affigned to be in its place, then thofe Quan-
tities begin with », and that when two Letters are affigned to be
in their places, they begin with s, and fo on: moreover ’tis ob-
vious, that thefe Quantities change their Signs alternately, and that
the numerical Coefficients, which are prefixed to them are thofe of a
Binomial Power, whofe Index is equal to the number of Letters

which are to be difplaced.

PROBLEM XXXVIL
Any given number of Letters a, b, ¢, d, ¢, f, &c. be-
ing each repeated a certain number of times, and taken
promifcuoufly as it bappens: To find the Probability
that of fome of thofe forts, [ome ane Letter of each may
be found in its place, and at the fame time, that of fome

other [orts, no one Letter be found in its place.
SorLv-
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SoLuTION,
Suppofe # be the number of all the Letters, / the number of

times that each Letter is repeated, and confequently + the whole

number of Sorts: fuppofe alfo that p be the number of Sorts of
which fome one Letter is tobe found in its place, and ¢ the number
of Sorts of which no one Letter is to be found in its place.
Let now the prefcriptions given in the preceding Problem be

followed in all refpelts, faving that » muft here be made = -E- :
i I

- —

_— == » &c. and the Solution of any

particular cafe of the Problem will be obtained.

Thus if it were required to find the Probability that no Letter
of any fort fhall be in its place, the Probability thereof would be
exprefled by the Series

o

flg_l f-f—-—!.g‘-—i #-?'—"l-q—z-¥—-t '
I—?r'l—:.zx—t.:.; +1,:-..3.4'ul&c'

of which the number of Terms is equal to ¢ -+ 1.
But in this particular cafe ¢ would be equal to =, and therefore,
the foregoing Series might be changed into this, iz,

1 s/ I n—l , n—2/ 1 w—{ . nw—2l. n—3/
?K =] _'E:- X e Jr 1_4_}{ B—1 ., #=—2 . R—3 ¥ &:C.

of which the number of Terms is equal to 1?—" :

COROLLARY 1.
From hence it follows, that the Probability of one or more
Letters, indeterminately taken, being in their. places, will be ex-
prefled as follows :

n—{ 1 vl ., n—2l 1 w—i . m—21l. n—3l
+ = x —— X 3 DEC.

R ER #—l . B—2 24 e B B

1
I—?K

COROLLARY 2.
‘The Probability of two or more Letters indeterminately taken,
being in their places, will be

1 n—1 r n—2l i 3 n—1/ B 4 w—y!
?xﬂ—l-—[ sxz*1A+3~+H"_3 —3-5x”—+ﬂ

—c/ o ioF
-+ *ﬁ X ’_: D, &c. wherein it is neceflary to obferve, that

the C:ipitals Aj _B, C, D, &c, denote the preceding Terms.
Q. Altho’
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Altho’ the formation of this laft Series flows naturally from
what we have already eftablithed, yet that nothing may be want-
ing to clear up this matter, it is to be obferved, that if one Species
is to bave fonve one of its Letters in its proper place, and the reft
of the Species to be excluded, then the Series whereby the Problem
is determined 'bcin§ to begin at 7, according to the Precepts given in
the preceding Problem, becomes

L s g Si=—ui | SR ke st
S

oSt (e U’&ﬂ‘

but then thé number of Species being %', and all but one being
x—1

to be excluded, it follows that ¢ in this cafe fs =T == 1 = =57
wherefore the preceding Series would becotne, after the proper Sub-

ftitutions,

LS i Y A sl wal il F o) e (ESRr il
;_T;l“—l- "l‘;}f o= =2 '—E o o] . H——2 =] 3 &:C.

And this is the Probabiljty that fome one of the Letters of the
Species particularly given, may obtain its place, and the reft of the
Species be excluded; but the nuinber of Species being 5, it fol-
lows that this Series ought to be multiplied by =, which will
make it

il ¥ =l ,8—2l 1 o= w—zl, g—3l
!_ﬂ__._|+?x'i¢—:.x—z_ﬁ #—:l.h'a-i_ﬁ.ﬁéf'im-

And this is the Probability that fome one Species indeterminately
taken, and no more than one, may have fome one of its Letters in
its proper place. ,

g}-uw if from the Probability of one or more being in their places,
be fubtraéted the Probability of one and no more being in its phce,
there will remain the Probability of two or more indeterminately taken
being in their places, which confequently will be the difference be-
tween the following Series, wiz.

1 n—1 i a—/[  n—zl ! =i .7’—.31’»:_.1‘-:3_{ )

: h_? - A== + .E.x =l ., 8—2 e 3 24 A ﬂ"ﬂ-} . B—2 , B—3 ’&C-.
f— 1 i . Bzl 1 g=—1 . w=—zl. n—13l |

_and } —— +'§x“‘_""u—1.u—z =n o X #_!.n_zil__;,&g__

which difference therefore will be

s
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1 n—1 L =1, n—zl I 1!  n—2]  #n—al

:Kn'—l'_' ?x'nu-l.n—-aa'l-'ﬂ-x el . 2—3 . t—3 ? &e.

I — 2 n—2l 3 n—1/ 4 n—g4l
QIS = T ==t~ Bl = B———~3_sx—-—u_ﬂ+ﬂ,l&c.

as we had exprefled it before : -and from the fame way of reafoning,
the other following Corollaries; may be deduced,

CORQLLARY 3.
The Probability that three or more Letters indeterminately, taken
may be in their places, will be exprefled by the Series

1 a—1 . n—zl 1 1 4 n—yl
Ex M=l , fi=—2Z S | x Ll | A.-llr. 2.4 X n—4q B
5 n—gl %.

2 3
B 50 s C-{—4_?>€ — D, &c.
COROLLARY 4.
The Probability that four or more Letters indeterminately taken
may be in their places will be thus exprefled

1 #—-I? . w—z! ﬂ—;f 4 f;—,.l_g, g #_s-f
34x fi——1 . W=, A1 _1.5x u—q._d_[_zﬁx B

6 n—b6l,
. o C, &c.
The Law of the continuation of thefe Series being manifeft, it
will always be eafy to affign one that fhall fit any cafe propofed.

From what we have faid it follows, that in a common Pack of
g2 Cards, the Probability that one of the four Aces may be in
the firft place, or one of the four Deuces in the fecond, or one of
the four Trays in the third ; or that fome of any other fort may be in its
place (making 13 different places in all) will be exprefled by the Series
exhibited in the firft Corollary. :

It follows likewife, that if there be two Packs of Cards, and that
tlig order of the Cards in one of the Packs be the Rule whereby to
eftimate the rank which the Cards of the fame. Suit and Name are to
obtain in the other ; the Probability that one Card or more in one
of the Packs may be found in the fame pofition as the like Card
in the other Pack, will be exprefied by the Series belonging to the
firft Corollary, making »— 52, and /= 1. Which Series will in

this cafe be 1~ 5 + ¢ — 57 + =55 — 75> &c whereof
52 Terms are to be taken, J

ET

Q 2 If
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- If the Terms of the foregoing Series are joined by Couples, the
Series will become

1 1 1 i I
Ao z.4+ 2 Gegtiele 1B i 2 Jicn 560 8 +z.3.+.5.6.?.3.m

&c. of which 26 Terms ought to be taken.

But by reafon of the great Convergency of the faid Series, a few
of its Terms will give a fufficient approximation, in all cafes; as
appears by the following Operation

HIH

— 0.500000

=0 IEjﬂDD

2.4
1

BT 46 . 0.0@69’44 '{_

I
2rs19 2l i 10 w8 #0'0001?4’-‘_—

.
ZaB e k8. 0. Falil0 = 0.000002 -

Sum —o0.632120 +-

Wherefore the Probability that one or more like Cards in two
different Packs may obtain the fame pofition, is very nearly 0.632,
and the Odds that this will happen once at leaft as 632 to 333,
or 12 to 7 very near,

But Odds that two or more like Cards in two different
Packs will not obtain the fame pofition are very nearly as 736 to 264,
or 14 to §.

REMARK,

It is known that 1 —]—_}r-l—lz_f}r -+ —;ji - ;Tﬁ&c. 1s the num-
ber whofe hyperbolic Logarithm is y, and therefore 1 —y -
3y — -:; ¥+ :—+ y* &c. is the Number whofe hyperbolic Lo~

garithm is — y, Let NV be:y-—%_y}r + = 53 -_-.z_'*yt &c
then 1 — NN is the Number whofe hyperbolic Logarithm is — y.
Let now y be = 1, therefore 1 — IV is the number whofe hyperbolic
Logarithm is — 1; but the number whofe hyperbolic Logarithm
is — 1, is the reciprocal of that whofe hyperbolic Logarithm is 1,
or whofe Briggian Logarithm is 0.4342944. Therefore 9.5657056
is the Br:"%rﬁfaﬁ Logarithm anfwering to the hyperbolic Logarithm
— 1, but the number anfwering to it is 0.36788. Therefore 1 —
N = 0.36788 ; and N = 1 — 0.36788 = 0.63212; and th;:_re-

ore
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fore the Series y — ~yy+ T EL‘*' y* &c. in infinitum, when

y=r, thatis 1 — = 4 = — < 8&c. =o0.63212.

. CoROLLARY &

If A and B each holding a Pack of Cards, pull them out at
the fame time one after another, on condition that every time two
like Cards are pulled out, .4 fhall give B a Guinea; and it were
required to find what confideration B ought to give A4 to play on
thofe Terms : the Anfwer will be one Guinea, let the number of
Cards be what it will.

Altho’ this be a Corollary from the preceding Solutions, yet it may
more eafily be made out thus; one of the Packs being the Rule
whereby to eftimate the order of the Cards in the fecond, the Pro-

bability that the two firft Cards are alike is ——, the Probability

2

that the two fecond are alike is alfo -;';-, and therefore there be-
ing 52 fuch alike combinations, it follows that the Value of the
whole is -;{ —1,

CcrRoLLARY 6. :
. If the number of Packs be given, the Probability that any given
number of Circumftances may happen in any number of Packs,
will eafily be found by our Method : thus if the number of Packs
be £, the Probability that one Card or more of the fame Suit and
Name in every one of the Packs may be in the fame pofition, will
be exprefled as follows,

L | 1

e ———— T e e —— S g ™
o e B 1.-] 6 .m, A=—1 , U=—1I,

=2z
%

PROBLEM XXXVIL
If A and B play together each with a certain number of
Bowls =n: what are the refpective Probabilities of
winning, [uppofing that each of them want a certain
number of Games of being up 2

SoL u-
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SoLuTio0N.

Firf, The Probability that fome Bowl of B may be nearer the

Jack than any Bowl of A is i ; A and B in this Problem being
fuppofed equal Players. '

Secondly, Suppofing onc of his Bowls nearer the }ack than any
Bowl of 4, the number of his remaining Bowls is 7 — 1, and the
number of all the Bowls remaining between them is 27 — 1 :
wherefore the Probability that fome other of hls Bowls may be

nearer the Jack than any Bowl of 4 will be ——, from whence
xt follows, that the Probability of his winning twu Bﬂwls or more is
A }'; H'—_—[

ﬁ"},’;;:a’,f;.:, Suppofing two of hls Bowls nearer the Jack than any
Bowl of 4, the Probability that fome other nf h1s Bowls may be nearer

the Jack than any Bowl of 4, will be ——; wherefore the Pro-

bability of his winning three Bowls or more is '? o il neok

x :
ZH— ZH—
the continuation of which procefs is manifeft. : 1
Fourthly, The Probability that one fingle Bowl of B fhallhc nf:artr

the Jack than any Bowl of A is i — 3- X z:___: or — x

for if from the Probability that one or more of his Buw‘fq

be nearer the Jack than any Bowl of /4, there be fubtrgﬁl:d, the

thah;hty that two or more may be nearer, there rﬂnalﬂg the pro-

bability of one fingle Bowl of B being nearer : in this cafe B is faid

to win one Fowl at an end. :
Fifthly, The Probability that two Bowls of B, and not more,

may be nearer the Jack than any Bowl of A, will be found to be

e ]

5 x —*— , in which cafe, B is faid to win two Bowls

z 2= | e
at an end.

Sixthly, The Probability that B may win three Bowls at an
end will be found te be & R e =t n

in—l| * Zi—2z 2 n—3 3 thﬂ Pﬂ}-
cels whereof is manifeft.

It may be obferved, that the foregoing Expreflions might be re-
duced to fewer Terms; but lr:avmgl‘ them unreduced, th.; qu of
the Procefs is thereby made more confpicuous.

It is carefully to be obferved, when we mention henceforth
the probability of winning two Bowls, that the Senfe of it ought
to be extended to two Bowls or more; and that when we men-

tion
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tion the winning two Bowls at an end, it ought to be taken in
the common acceptation of two Bowls only: the like being to be
obferved in other cafes. .

This preparation being made; fuppofe that 4 wants one Game
of being up and B two; and it be required in that circumftance to
determine their probabilities of winning,

Let the whole Stake between them be fuppofed — 1. Then
either 4 may win a2 Bowl, or B win one Bowl at an end, or B may
win two Bowls.

In the firft cafe be lofes his Expectation.

In the fecond cafe B becomes intitled to -;— of the Stake, but

the probability of this cafe is — x —~—. Wherefore his Expec-

20—

tation arifing from that part of the Stake he will be intitled to, if this
Cafe fhould happen, and from the probability of its happening, will

In the third cafe, B wins the whole Stake 1, but the probability
of this Cafe, is 5 X o= - -

=1

From this it follows, that the whole Expectation of B is equal to

41.}: —— % e E: Which being fubtracted from

Unity, the remainder will be the Expectation of A, wz. 35::: A
It may therefore be concluded that the Probabilities which 4 and B
have of winning are refpetively as sn—2 to yn—2,

“Tis remarkable, that the fewer the Bowls are the greater is the
proportion of the Odds; for if 4 and B play with fingle Bowls,
the proportion will be as 3 to 1; if they play with two Bowls each,
the pm&orﬁun will be as 2 to 1; if they play with three Bowls
each, the proportion will be as 13 to 6; yet let .the number of
Bowls be never fo great, that proportion will not defcend fo low as

to 3.

‘.; Let us now fuppofe that A4 wants one Game of being up, and
B three ; then either 4 may win a Bowl, or B one Bowl at an end,
or two Bowls at an end, or three Bowls.

In the firlt Cafe, B lofes his Expectation.

If the fecond Cafe happen, then B will be in the circumftance
of wanting but two to 4's one; in which cafe his Expectation will
‘be %ﬁi— , as it has been before determined : but the probability

+ T |
that this Cafc may happen is — x

—=— ; wherefore the Expeta-
tion
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tion of B arifing from the profpe@ of this Cafe will be equal to

LH—2

_T s 2m—1 Bty

: If the third Cafe happen, then B will be intitled to one half of

the Stake : but the Probability of its happening is -'; s 3::: X

" ; wherefore the Expectation of B arifing from the profpeét of

2 —T

" =1 " 1 "

L] - |
this cafe ISI X 2E—1 N e s or s an—t

If the fourth Cafe happen, then B wins the whole Stake 1:
but the Probability of its happening is = x <—— x —— or

n=—i Zn—21
1 H—2

=1

* From this it follows, that the whole Expectation of B will be

9:':',3”:' ; which being fubtratted from Unity, the remainder
lzﬂ—ll
zymm——1gr-t4

will be the Expe@tation of 4, viz. “-—=-—. It may there-

fore be concluded that the Probabilities which 4 and B have of
winning will be as 23#72-—19n-}-4 to gnn—13n--4.

N. B. If 4 and B play only with one Bowl each, the Expecta-
tion of B as deduced from the foregoing Theorem would be found

— o, which we know from other principles ought to be ::% .
The reafon of which is, that the cafe of winning two Bowls at an
end, and the cafe of winning three Bowls enter the general con-
clufion, which cafes do not belong to the Suppofition of playing

with fingle Bowls; wherefore excluding thofe two Cafes, the Ex-
pe@ation of B will be found to be -i- X — Codm i ny e,

2o—| Bt o E ¥
which will appear if # be made =1." But the Expcé’taiiﬂn of B
in the cafe of two Bowls would be rightly determined from the
general Solution : the reafon of which is, that the Probability of

winning three Bowls being lflﬂll\'ﬂrf:luj?*:': x ——— , that Expreffion

becomes = o, when # is interpreted by 2 ; which makes it that
the general Expreffion is applicable to this Cafe. :
After what has been faid, it will be eafy to extend this way o
reafoning to any circumitance of Games wanting between 4 and
B; by making the Solution of each fimpler Cafe fubfervient to the
Solation of that which is next more compounded. |
Having given formerly the Solution 0? this Problem, propofed to
me by the Honourable Francis Robartes Efg;, in the Pbiﬂﬁpbfmf
Tranfaifions Number 329 ; I there faid, by way of Corollary, that
if

M 7
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if the proportion of Skill in the Gamefters were given. the Problem
mightalfo be folved : fince which time M. de Masnzort, in the fecond
Edition of a Book by him publifhed upon the Subject of Chance, has
folved this Problem as it is extended to the confideration of the Skill,
and to carry his Solution to a great number of Cafes, giving alfo a
Method whereby it might be carried farther : But altho’ his Solution
is good, as he has made a right ufe of the Doctrine of Combinations,
yet I think mine has a greater degree of Simplicity, it being dedu-
ced from the original Principle whereby I have demonftrated the
Doérine of Permutations and Combinations : wherefore to make it
as familiar as pofiible, and to fhew its vaft extent, I fhall now ap-
ply it to the general Solution of this Problem, by taking in the con-
fideration of the Skill of the Gamefters.

But before I proceed, it is neceflary to define what I call S&/:
viz. that it is the proportion of Chances which the Gamefters may
be fuppofed to have for winning a fingle Game with one Bowl each.

PROBLEM XXXVIIIL
If A and B, whofe proportion of fkill is as a to b, play
togetber each with a certain number of Bowls : what
are their refpective Probabilities of winning, fuppofing
each of them to want a certain number of Games of

being up 2

SoLuTION.

Firft, The Chance of B for winning one fingle Bowl being 4,
and the number of his Bowls being #, it follows that the Sum of
all his Chances is #4; and for the fame reafon, the Sum of all the
Chances of .4is na : wherefore the Sum of all the Chances for win-
ning one Bowl or more is 7a--nb; which for brevity’s fake we may
call £ From whence it follows, that the Probability which B has of
winning one Bowl is ;—é :

Secondly, Suppofing one of his Bowls nearer the Jack than any

of the Bowls of 4, the number of his remaining Chances is #—1 x 4;
and the number of Chances remaining between them is s— 4
wherefore the Probability that fome other of his Bowls may be

——

L | 'HIE"

nearer the Jack than any Bowl of A4 will be ———; from whence
it follows that the Probability of his winning two Bowls or more is

| ————

n—1x b

nb
R

R Thirdly,
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Thirdly, Suppofling two of his Bowls nearer the Jack than any
of the Bowls of A, the number of his remaining Chances is #—2xb;
and the number of Chances remaining between them is s —25;
wherefore the Probability that fome other of his Bowls may be

nearer the Jack than any Bowl of 4 will be %’55—5— . From

whence it follows that the Probability of his ﬁinning three Bowls

B x b #—zx b

of more is ’;f' R o 2o R the continuation of which
rocefs is manifeft.

Fourtbly, 1f from the Probability which B has of winning one
Bowl or more, there be fubtracted the Probability which he Eas of
winning two or more, there will remain the Probability of his win-
ning one Bowl at an end : which therefore will be found to be

nb nb n— i x& nb 5 — b nb an
AR s A s P JO ot BB 5 7
Fiftbly, For the fame reafons as above, the Probability which B

has of winning two Bowls at an end, will be ;j X ﬂ;_': ’

Stxthly, And for the fame reafon likewife, the Probability which
B has of winning three Bowls at an end will be found to be

nb n—1 % & n— 2%k an

X~ — X~z X 7=y s The continuation of which
procefs is manifeft.

N. B. The fame Expectations which denote the Probability of
any ciccumitance of B will denote likewife the Probability of the
like circumftance of 4, only changing & into 4, and « into by

Thefe things being premifed, {uppofe fir/#, that each wants one
Game of being up; ’tis plain, that the Expectations of 4 and B

arc refpe@ively < and =~ . Let this Expectation of B be cal-
led P.

Secondly, Suppofe .4 wants one Game of being up, and B two,
and let the Expectation of B be required : then either 4 may win
a Bowl, or B win one Bowl at an end, or B win two Bowls,

If the firft Cale happEns, B lofes his Exp-cﬂatiun*

If the fecond happens, he gets the Expectation P ; but the Pro-

bability of this Cafe is "75- X ff T ¢ wherefore the ExpeQation of

B arifing from the poffibility that it may fo happen is :;f- X 7:_-5;-
x P,

If
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If the third Cafe happens, he %ets the whole Stake 1; but the
np — &

Probability of this Cafe is ’:f x 3 Wherefore the Expettation

of B arifing from the Probability of this Cafe is :'f X %E;- % 1.
- From which it follows, that the whole Expe@ation of B will be

b b-b . .
— X % x P4 % o '::T:; . Let this Expe&ation be cal-

Thirdly, Suppofe A to want one Game of being up, and B three :
then either B may win one Bowl at an end, in which Cafe he gets
the Expectation Q ; or two.Bowls at an end, in which Cafe he gets
the Expe&ation P ; or three Bowls, in which Cafe he gets the whole

Stake 1. 'Wherefore the Ex_p:&atinn of B will be foned to be

nh an nb a—1xb an —1xb
= X X Qe X T Er X Em X B e

n—2xb

Xk

An infinite number of thefe Theorems may be formed in the fame
manner, which may be continued by infpeftion, having well ob-
ferved how each of them is deduced from the preceding.

If the number of Bowls were unequal, fo that 4 had m Bowls,
and B, # Bowls; then fuppofing ma -\ n6 — s, other Theorems
might be found to anfwer that inequality: and if that inequality
fhould not be conftant, but vary at pleafure ; other Theorems might
alfo be found to anfwer that Variation of inequality, by following
the fame way of arguing. And if three or more Gamefters were
to. play together under any circumfitance of Games wanting, and of
any given proportion of Skill, their Probabilitics of winning might
be determined in the fame manner.

PROBLEM XXXIX
Do find the Expefiation of A, when with a Die of any
given number of Faces, he undertakes to fling any num-
ber of them in any given number of Cafts.

SoLUTION.

Let p+ 1 be the number of all the Faces in the Die, 7 the
number of Cafts, f the number of Faces which he undertakes to
fling. : : :

R 2 o : The
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The number of Chances for the Ace to come up once or more
in any number of Cafts #, is p4 11? — p”: as has been proved
in the Introduétion,

Let the Deux, by thought, be expunged out of the Die, and
thereby the number of its Faces reduced to p, then the number of
Chances for the Ace to come up will at the fame time be reduced
top"—p—11”?. Let now the Deux be reftored, and the number
of Chances for the .Ace to come up without the Deux, will be the
fame as if the Deux were expunged: But if from the number of
Chances for the dce to come up with or without the Deux, viz.
from p + 1]? — p* be fubtracted the number of Chances for the
Ace to come up without the Deux, viz. p» — p—1)", there will re-
main the number of Chances for the .4ce and the Deux to come u
once or more in the given number of Cafts, which number of Chances
confequently will be p 4 1) — 2p" - p—1\ 7,

By the fame way of arguing it will be proved, that the number
of Chances, for the Ace and Deux to come up without the Tray,
will be p* — 2X p—1\7 4 p — 217, and confequently that the
number of Chances for the Ace, the Deux, and Tray to come up
once or more, will be the difference between p-}-11e—2p" 4-p — 1 7,
and p7 — 2 X p — 1% -+ p— 2\ #, which therefore will be p + 1\ =
—3xXpr 3 xXp—11"—p—2\.

Again, it may be proved that the number of Chances for the
Ace, the Deux, the Tray, and the Quatre to come up is p -+ 1}#
— 4 Xp"+OXp—11"— 4 Xp — 2|7 4 p—3\7; the continua-
tion of which procefs is manifeft.

Wherefore if all the Powers p - 1l7, p7, p—1%, p—2\~,
2 —3)\7, &c. with Signs alternately pofitive and negative be writ-
‘ten in order, and to thofe Powers there be prefixed the ref]
tive Coefficients of a Binomial raifed to the Power f, expre.liﬁ’?'xc-
the number of Faces required to come up; the Sum of all thulgr:
Terms will be the Numerator of the ExpeCtation of 4, of which
the Denominator will be p - 1\~ '

ExAMPLE 1.
Let Six be the number of Faces in the Die, and let 4 under-

take in cight Cafts to fling both an Ace and a Deux, 'Wil:hout an
6° — 2% 4 4

regard to order : then his ExpeQation will be o
o ﬁ?ﬂjﬁ :-% nearly.

Exam-
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ExAMPLE 2.
Let A undertake with a common Die to fling all the Faces in
12 Cafts, then his Expeftation will be found to be

6'* —bxgitfagxa™ —z20x3"P 4 g2ttt —bx1t41 xo™ 10
ﬁll & — 2!

nearly.

ExAMPLE 3.
If A4 with a Die of 36 Faces undse:rtakc to fling two given
Faces in 43 Cafts; or which is the fame thing, if with two
common Dice he undertake in 43 Cafts to fling two Aces at

one time, and two Sixes at another time; his Expectation will be
e i L] 3
364 2% 364+ 4+ 34 e 49 ncarly.

L4l oo

N. B.EThe parts which compofe thefe Expeations are eafily ob-
tained by the help of a Table of Logarithms,

PR OBLEM: XL
Do find in bow many Trials it will be probable that A
with a Die of any given numtber of Faces [ball throw
any propofed number of them.

SoLUuTION. - :
Let p --- 1 be the number of Faces in the Die, and £ the num-
ber of Faces which are to be thrown : Divide the Logarithm of

} by the Logarithm of - ':" , and the Quotient will ex-

"_J%

prefs the number of Trials requifite to make it as probable that the
propofed Faces may be thrown as not.

. DEMONSTRATION. .

Suppofe Six to be the number of Faces that are to be thrown,
and » the number of Trials, then by what has been demonftrated
in the preceding Problem the Expeétation of 4 will be

p+1#—6x}"+[;xp-r’+2nxﬁ-—-3'-—'i’f.ﬂ'—!-#'l"ﬁ“?“;l#'l‘?—i m !
pal |

Let
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Let it be fuppofed that the Terms, p -1, p, p—1, p —2,
&c. are in geometric Progeeffion, (which Supp{:ﬁtmn will very little
err from the truth, efpecially if the proportion of p to 1, be not
very fmall.) Let now » be written inftead of -L":‘-‘- , and then

the Expettation of 4 will be changed into 1 — i 4 =

in
r ¥

20 15 6 ' 1\ 6 . 4
r;n —!— r4ﬂ - T —II—-' rT s OF I == T . But thls E!E

;
pectation of A4 ought to be made cqual to —, fince by Suppo-
fition he has an bqual Chance to win or lofe, hr.nc: will arife the

6 A
Equation 1 — ~—;- - —i— or ¥ == ——e— , from which it
|

2
may be concluded that #Log.r, orz x Log. —— H"

and confequently that z is equal to the Lngarithm of —:,'_:' 5

] = —
divided by the Logarithm nf-f.:.;;i- . And the fime demonftration
will hold in any other Cafe.

Examprep 1.

To find in how many Trials .4 may with equal Chance undertake
to throw all the Faces of a mmmun Die.

The Logarithm o 1—«:’-‘- = 09621753 ; the Logarithm of

F-4

H" arg—en?grﬂxz wherdlore n = Loas s Tl L i

o.0701812
me hence it may be concluded, that in 12 Cafts 4 has the worlt

of the Lay, and in 13 the beft of it.

ExAMPLE 3,

To find in how many Trials 4 may with equal Chance with a
Die of thirty-fix Fages undertake to throw fix determinate Faces;
or, in how many Trials he may with a pair of commen Dice un-
dertake to throw all the Duublcts :

The Logarithm ﬂf

bcmg 0. 9621753. and the Lc:ganthm

of P41

or 3 btmg 0.0122345 ; it fullaws that the number
of Cafts requifite to that effect is 222753 or 79 nearly.

0.0122345

But
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. But if it were the Law of the Play, that the Doublets muft be
thrown in a given order, and that any Doublet happening to be
thrown out of its Turn fhould go for nothing ; then the throwing
of the fix Doublets would be like the throwing of the two Aces
fix times: to produce which, the number of Cafts requifite would
be found by multiplying 35 by 5.668, as appears from the Table
a.nngexed to our v Emhlcm; and confequently would be about
198. :

N. B. The Fra&ion -—}-—- , may be reduced to another form

—

iy T
z
o A
viz. -f-.ﬂf-—- ; which will facilitate the taking of its Logarithm.
¥ z—1

‘PROBLEM XLL

Su ofing a regular Prifm baving a Faces marked 1,
{}P}ﬂfs marked 11, ¢ Faces marked 111, d Faces marked
1v, &c. what is the Probability that in a certain number
of throws n, fome of the Faces marked 1 will be thrown,

as alfo fome of the Faces marked 112

SoLuTION,.
Make 2 -} 6+ ¢ 4 d, &c. =3, then the Probability required
will be exprefled by " — s —a\ 7 4 s — 2 — 6] * ; the Demonftration

_;-:3]#

jﬂ‘
of which flowing naturally from the Method of arguing employed
in the xxxix™® Problem, there can be no difficulty about it.

EXAMPLE.

Suppofe it be required to find the Probability of throwing in 8
throws the two Chances v and vi1, with a pair of common Dice.

The number of all the Chances upon two Dice being 36, where-
of 4 belong to the Chance v, and 5 to the Chance v1; it fol-
lows that 5 ought to be interpreted by 36, # by 4, and 4 by 5
which being done, the Probability required will be exprefled by

36
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36° =320+ 27% Ghich by help of a Table of Log. will be

68 found thus:
16" 3 528 LIA 2 .
S 0.38975, 5 = 0.30176, o~ = o.Icol2,

but 1 — 0.38¢75 — 0.30176 - 0,10012 = 0.40861, and this
being fubtracted from Unity, there remains o0.59139, and therefore
the Odds againft throwing v and v1 in 8 throwsare §9139 to 40861,
that is about 13 to 9.

But if it be required, that fome of the Faces marked 1, fome
of the Faces marked 11, and fome of the Faces marked 111, be thrown,
the Probability of throwing thofe Chances in a given number of throws
n will be exprefled by s* —s—a\* J-s—a—5b\" —5—g—b-—c\*

—S B) 7 S g—g—\ "
—s—clr fs—b—o\*
Js
And if the Faces marked 1v are farther required to be thrown, thé
Probability of it will be exprefled by

$te—s—a\t ;s —a—b\"—s—g—b—c\1}s—ag—b—c—d\"
— =P\l g Ly e S|
_J_;l#+s-—-a-—gl"—-s—a—c—f\'
—s—d\t s —b =\ —sm b =\
+s—b—dV
i

§

Now the order of the preceding Solutions being manifeft, it will
be eafy by bare infpection to continue them as far as there is occafion.

PROBLEM XLIL

If A obliges bim[elf in a certain number of throws n with
a pair of common Dice not only to throw the Chances
v and V1, but v before v 5 with this refiriétion, that if
he bappens to throw Vi before v, he does not indeed
lofe bis wager, but is to proceed as if nothing bad been
done, flill dedulling [o many throws as have been vain
Jrom the number of throws which he had at firft given
bim; to find the Probability of bis winning.

SoLvu-
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SoLUTION. :
Let the number of Chances which there are for throwing v be
called 4, the number of Chances for throwing vi, & ; the number
of all the Chances upon two Dice /; and the number of throws that.

A takes —n. 'This being fuppofed, |
1°. If A throws v the firit throw, of which the Probability is

— , he has nothing more to do than to throw vI in »—1 times,

7
of which the Probability is 1 f:?r,_l .

bability of throwing v the firft time, and throwing afterwards v1 in
2= S '

and therefore the Pro-

f1—=1 times is—;- Y

2°, If A miffes v the firlt time, and throws it the fecond, of
which the Probability is <—= x _%, then he is afterwards to throw

r
W3
vl in #—2 times, of which the Probability being 1 — —'——’:?_z

it follows that the Probability of miffing v the firft time, throwing
f—a a

it the fecond, and afterwards throwing vi, will be e i
}-__m =32

.x I ) T T
3°. If 4 mifles v the two firft times, and throws it the third,
then he is afterwards to throw vr in #—3 times, the Probability

] T K i —"‘"'~1_ 3
ﬂfﬂ.ﬂWhiChiSf—_i;‘-KTKI“‘jf—:_s——; and fo on. Now

all this added together conflitutes two geometric Progreffions, the

number of whofe Terms in each is #—1.
Wherefore the Sum of the whole will be

—l’__. = e | o ——ﬂ'& T"‘Ilﬂ'—l g LIgh el
/i H_:"I T :_‘5 il H-f : and
g S

if 2 and & are equal, then the fecond part will be reduced to
—A—IXaX$—aV— X

Now for the application of this to numbers; « in the Cafe propofed
is =4, b—35, s=136. Let # be = 12, and the Probability re-

quired will be found to be 0.44834, which being fubtracted from
unity the remainder will be c.55166, and therefore the Odds againit

A are 55166 to 44834, that is nearly as 21 to 17,
_ S Bug
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But if the conditions of the Play were that A4 in 12 times fhould
throw both vand v1, and that v1 fhould come up before v, the Odds
againft 4 would not be fo great; being only 54038 to 45962, that

is nearly as 20 to 17.

It would not be difficult after what we have faid, tho' perhaps a
little laborious, to extend thefe kinds of Solutions to any number of
Chances given,

PROBLEM XLIIIL
Any number of Chances being given, to find the Proba-
bility of their being produced in a given order, withont
* any limitation of the number of times in which they are
2o be produced.

SoLuTiIioN,

1°. Let the Chances be 2 and 4, and let it be required to produce
them in the order &, 4.

The Probability of producing - before 4is 517, which being
fuppofed to have happened, & muft be produced of neceffity ; and
therefore the Probability of producing the Chances ¢ and & in the
given order 4, 4, is -;_._‘—;— .

22, Let the Chances given be 4, &, ¢, and let it be required to
produce them in the order in which they are written; then the Pro-
bability of producing @ before 4 or ¢ is —im‘;T_f—; which being
fuppofed, -the Probability of producing & before ¢ is by the pre-
ceding cafe -;j-:—; after which ¢ muft neceflarily be produced,

and therefore the Probability of this cafe is — %, — x =«

3°. Let the Chances be 4, &, ¢, 4, and let it be required to p;'uru-

duce them in the order in which they are written ; then the Probabi-
lity of producing @ before all the reft is mi‘i? ; which being

fuppofed, the Probability of prodocing & before all the remaining is
ﬁ?i which being fuppofed, the Probability of producing ¢
before d'is —— . And therefore the Probability of the whole is.

et d

a b . _
TR TR X r'jFa' ;, and in the fame manner may thefe
‘Theorems be continued 2z #nfinitumt
And
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And therefore if it was propofed to find the Probability of throw-
ing with a pair of common Dice the Chances 1v, v, vI, vII1, 1x, x
before vir; let the Chances be called refpe@ively a, 8, ¢, d, ¢, f, and

m, thenthe Probability of throwing them in the order they are writ
in will be

re : —_— - ﬂ-l- . - — e R R R s S & —&-—- 2 2 - . - ."'

R T R AT A et/ 40 © crdEidSfm
¢ o

dte+rtm X THrfm X Fm

But as the order in which they may be thrown is not the thing
particularly required here, except that the Chances m are to be
thrown the laft ; fo it is plain that there will be as many different
parts like the preceding as the pofition of the 6 Letters a, 4, ¢, 4, ¢, f,
may be varied, which being 720 different ways, it follows, that in
order to have a compleat Solution of this Queftion, there muift be
=20 different parts like the preceding to be added together.

However the Chances 1v and x, v and 1%, vr and viIr being re-
{pettively the fame, thofe 720 might be reduced to go, which be-
ing added together, and the Sum multiplied by 8, we fhould have
the Probability required.

Still ‘tholfe Operations would be laberious, for which reafon it
will be fofficient to have an approximation, by fuppofing that all
the Chances ¢, 4, ¢, d; ¢, f, that is, 3, 4, §, 5, 4, 3 are equal to the
mean Chance 4, which will make it that the Probability required
will be exprefled by

6 L - 4 b b b

Ob=m 2 bt = 4b+m X 3bfm " 2btm s i

74 z0 16 iz B A e e B, e B, T -
30“2&1}{12}(13:{11}{:0_1,3.5.?.11.|_},'_':50|5 3

and therefore the Odds againft throwing the Chances 1v, v, vi, viir,
1%, x before vi1 are about 13991 to 1024, or nearly 41 to 3.

But the Solution might be made ftill more exact, if inftead of
taking 4 for the mean Chance, we find the feveral Probabilities of
throwing all the Chances before vi1, and take the fixth part of the
Sum for the mean Probability ; thus becaufe the feveral Probabi-

lities of throwing all the Chances before vir are refpetively %,

4 5 5 4 3 the Sum of all which is 222 if

e hi s ? axy,? 10 ? g 13
we divide the whole by 6, the Quotient will be i:; or :n;.'
S 2 nearly,
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nearly, and this being fuppofed — ,:_J wherein z reprefents the

mean Chance, we fhall find z =3 5-. And therefore the Pro-
bability of throwing all the Chances before vi1, will be found to be
304 293 235 177 118 v |Tc;| :0.055?03 nmrly, which

444 385 x 326 267 ud 208
being fubtracted from Unity, the remaining is 0.934292, and there-
fore the Odds againft throwing all the Chances before vi1 are 934292

to 65708, that is about 14 —;— to 1.

But if it was farther required not only to throw all the Chances
before vi1, butalfo to do it in a certain number of times afligned, the
Problem might eafily be folved by imagining a mean Chance.

PROBLEM XLIV.

If A, B, C play together on the following conditions ;
Firf} that they [ball each of them [lake 1" Secondly
that A and B [ball begin the Play; Thirdly, that the
Lofer fball yield bis place to the third Man, wbhich
is conflantly to be obferved afterwards 5 Fourthly, that
the Lofer fball be fined a certain Sum p, which is
10 ferve to increafe the common Stock ; Laftly, that
he fhall have the whole Sum depofited at firfl, and in-
creafed by the [everal Fines, who [ball firf} beat the
other two fucceffrvely : *Tis demanded what is the Ad-
vantage or Difadvantage of A and B, whom we [up-
pofe to begin the Play.

[+ |
SorLuTiIoN.

Let BA fignify that B beats .4, and AC that A beats C, and fo
iet always the firft Letter denote the Winner, and the fecond the
Lofer.

Let us fuppofe that B beats 4 the firft time; then let us inquire
what the Probability is that the Set (hall be ended in any number
of Games, and alfo what is the Probability which each Gamefter
has of winning the Set in that given number of Games. e

Firt, If the Set be ended in two Games, B muft neceffarily be
the winner, for by Hypothefis he wins the firft time ; which may
be exprefled by BA, BC,

Secondly,,
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Secondly, If the Set be ended in three Games, € muft be the
winner, as appears by the following Scheme, wiz. BA, CB, CA.

Thirdly, 1f the Set be ended in four Games, .4 muft be the win-
ner, asappears by the Scheme BA, CB, AC, AB,

Fourtbly, If the Set be ended in five Games, B muft be the
winner, which is thus expreflfed, BA, CB, AC, BA, BC.

Fifthly, If the Set be ended in fix Games, C muft be the win-
ner, as appears {till by the following procefs, thus, BA, CB, AC,
BA, CB, CA. _

And this procefs recurring continually in the fame order needs
not be profecuted any farther.

Now the Probability that the firft Scheme fhall take place is

% , in confequence of the Suppofition made that B beats A the
firft time ; it being an equal Chance whether B beat C, or C
beat B. - |

And the Probability that the fecond Scheme fhall take place is
% : for the Probability of C’s beating B'is — , and that being

fuppofed, the Probability of his beating 4 will alfo be — ; where-
fore the Pmba.hﬂity of C’s beating B, and then 4, will br:-% 2 -;-

1
m— : & :
And from the fame confideration, the Probability that. the third
Scheme fhall take place is 1:7 : and fo on.

Hence it will be eafy to compofe a Table of the Probabilities which
B, C, A have of winning the Set in any given number of Games ;
and alfo of their Expecations : which Expectations are the Proba-
bilities of winning multiplied by the common Stock depofited at firit,
and increafed f{ucceflively by the feveral Fines,

TABLE
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TABLE of the Probabilities, &c.
B C A
2 '—.:.?(3-1-2? """""""""""""
N e e e ixm? """""
 JO oo e b et Srbal frtbariipin §X3F 4
5 | e X3ty |-remmmee e [ee e
6 |----=m==-- TTX3F 6p [--m-eemeen
e b s o -5 x3+7»
8 |5 X3+ 8p|----mcmmn]|ommeaaeea
9 {=Farnnre 3e T N3 gp [rsans ase
M - mmet e 7 X3+ 107

Now the feveral Expectations of B, C, 4 may be fummed up by
the following Lemma.

LEMMA.

n3d _!__

b4

L
b5

# n-d w-2d
B + b =1 IE +
" 'd
is equal to ~— - === .
Let the Expectations of B be divided into two Series, viz.
3 3 3 3
-:_ + 16 + 128 + 1024 3 &C.
2p 5P Bp nnp
+z+15+1:3+mz*
The firft Series conftituting a Geometric Progreflion continually

decreafing, its Sum by the known Rules will be found to be -l},i ’

The fecond Series may be reduced to the form of the Series in our
Lemma, and may be thus exprefled

, &c. in infinitum,

5 e,

L
z
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—:— . -f- e %— 4 ??;- 4+ ;: + . ;f , &c. wherefore dividing
the whole by —% , and laying afide the firft term 2, we fhall have
the Series -+ -} -%- 4 = 4+ =+, &c. which has the fame

form as the Series of the Lemma, and may be compared with it : let
therefore » be made = 5, d=173, and 4 == 8, and the Sum of the

Series will be = - -1 or :g ; to this adding the firft Term 2

which had been laid afide, the new Sum will be h'-;;_ﬁ , and that
being multiplied by -‘:— whereby it had been divided, the produét

will be % p, which is the Sum of the fecond Series expreffing the
Expe&ation of B : from whence it may be concluded that all the
Expectations of B contained in both the abovementioned Series wilt
be equal to = ++ -,

And by the help of the fame Lemma, it will be found that all the
Expedtations of C will be equal to - 4+ ==2.

It will be alfo found that all the Expectations of 4 will be equal to
il LP-

7 49 : ‘

We have hitherto determined the feveral Expe@ations of the Game-
fters upon the Sum by them depofited at firft, and alfo upon the
Fines by which the common Stock is increafed : it now remains to.
eftimate the feveral Rifks of their being fined ; that is to fay, the
Sum of the Probabilities of their being fined multiplied by the re-
fpe&tive Values of the Fines.

Now after the Suppofition made of A’s being beat the firft time,
by which he is obliged to lay down his Fine p, B and C have an
equal Chance of being fined after the fecond Game; which makes
the Ritk of each to be = zlp, as appears by the following
Scheme.

BA BA
B T oG

In like manner, it will be found, that C and .4 have one Chance

in four, for their being fined after the third Game, and confequently

that the Rifk of eachis —: 2, according to the following Scheme.

BA
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BA BA
CB or CB
AC CA

And by the like Procefs, it will be found that the Rifk of B and

C after the fourth Game is ~;—p.

Hence it will be eafy to compofe the following Table, which
exprefles the Rifks of each Gamefter.

TABLE of Rifks.

B G A
2 0| P =---
s e e 3 v
4 | 5| 57
515] 7ep| crapape =t
6 e 3 |
8.5 . sl ifrrag
g.t-::. ----- ?;_ﬁp 2;bPk

In the Column belonging to B, if the vacant places were filled
up by interpolating the Terms ::r-p, n;'?p, —;%;—p, &c. the Sum of

the Rifks of B would compofe one uninterrupted geometric Pro-
greffion, the Sum of whofe Terms would be = p ; but the Terms

interpolated conftitute a geometric Progreffion whofe Sum is = =p :

wherefore if from p there be {ubtracted %p, there will renmin.—:-p

for the Sum of the Rifks of B.
In like manner it will be found that the Sum of the Rifks of C will

6
be — —?*P;

And
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And the Sum of the Rifks of 4, after his being fined the firft
time, will befy.

Now if from the feveral Expecations of the Gamefters, there be

fubtratted each Man’s Stake, and alfo the Sum of his Rifks, there
will remain the clear Gain or Lofs of each of them.

Wherefore, from the Expeétations of B — — + -i—: :
‘Subtracting fir/? his Stake

i

Then the Sum of his Rifks ?
'There remains the clear Gain of B = < - %;_
Likewife from the Expecations of C 7 + 25

‘Subtracting fir/? his Stake
Then the Sum of his Rifks

1

6
o
. . ) T
There remains the clear Gain of C = — T

In like manner, from the Expectations of 4 — ?ﬂ + 2=,

Subtrating, fir/? his Stake = e
Secondly, the Sum of his Rifks — -;- :
Lafly, the Fine p due to
the Stock by the Lofs of p — p.
: the firft Game
There remains the clear Gain of 4 — — -; —qigv .

But we had fuppofed, that in the beginning of the Play A4 was
beaten ; whereas .4 had the fame Chance to beat B, as B had to beat
him : wherefore dividing the Sum of the Gains of B and A into two
equal parts, each Part will be -];— — i_rp, which confequently

muft be reputed to be the Gain of each of them.

COROLLARY 1.

The Gain of C- being — % -1- %‘9, let that be made = o,
then p will be found to be = Z i If therefore the Fine has the
fame proportion to each Man’s Stake as 7 has to 6, the Gamefters
play all upon equal terms: Baut if the Fine bears a lefs proportion

T to
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to the Stake than 7 to 6, C has the difadvantage : thus fuppofing
p =1, his Lofs would he4—'g+, but if it bears a greater proportion
to the Stake than 7 to 6, C has the advantage.

CoROLLARY 2,
If the common Stake were conftant, that is if there were no Fines,
then the Probabilities of winning would be proportional to the Ex-
peQtations; wherefore fuppofing p — o, the Expe(tations after the

firft Game would be -';-:-"-, ?, =, whereof the firft belongs to

B, the fecond to C, and the third to 4 : and therefore dividing the
Sum of the Probabilities belonging to B and 4 into two equal parts,
it will follow that the Probabilities of winning would be proportional
to the numbers §, 4, 5, and therefore it is five to two before the
Play begins that either 4 or B win the Set, or five to four that one of
them that fhall be fixed upon wins it.

CoROLLARY 3. :
Hence likewife if three Gamefters 4, B, C, are engaged in a
Poule, and have not time to play it out; but agree to divide (S) the
Sum of the Stake and Fines, in proportion to their refpective Chances :

-? S will be the Share of B, whom we fuppofe to have got one Game ;

— S that of C, who fhould next come in ; and ?l S the Share of A4

who was laft beat, For, as they agree to give over playing, all con-

fideration of the fubfequent Fines p is now fet afide, and the Cafe
comes to that of the firft part of Cbrﬂf 2

Or the fame thing may be fhortly demonftrated as follows.,

Put § =1, and the Share of 4 —==2. Then B playing with C
has an equal Chance for the whole Stake S, and for being reduced
to the prefent Expectation of ; that is, B’s Expetation is -}ia'-'f—.
€ has an equal chance for o, and for B’s prefent Expe@ation; that is,

1 [ ———
OF —= X1 4= A

C's Expe&ation is 2 = ——. But the Sum of the

2
three Expectations 2 -}- *;- KIT—]-:;-{—T:—K I 2z=58=1;"ra

+%z(=-}3):15: andz:—;—, which is .4’s Share ; thofe

aFBandﬂ'bcingixl-—i—%, and-ixz—i--;-im%and-;, re=
fpectively.

"PRO-
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PROBLEM XLV.

If four Gameflers play on the conditions of the foregoing
Problem, and he be to be reputed the Winner who
beats the other three [ucceffively, what is the Advantage
of A and B whom we fuppofe to begin the Play ?

SoruTiION,

Let BA denote as in the preceding Problem that B beats 4, and
AC that 4 beats C; and univerfally, let the firft Letter always de-
note the Winner, and the fecond the Lofer,

Let it be alfo fuppofed that B beats A the firft time: then let
it be inquired what is the Probability that the Play fhall be ended
in any number of Games; as alfo what is the Probability which
gll:] Gamefter has of winning the Set in that given number of

es. :

Firf?, If the Set be ended in three Games, B muft neceffarily be
the Winner ; fince by hypothefis he beats A the firft Game, which is
expreffed as follows :

1| BA
2 | BC
3 { BD
Secondly, I the Set be ended in four Games, € muft be the winner;
. as it thus appears.
1 | BA
2 | CB
3 + €D
4 | CA
Thirdly, i the Set be ended in five Games, D will be the Win-
ner; for which he has two Chances, as it appears by the following
Scheme.

1 | BA BA
2 | CB BC
3 | DC or DB
4 | DA DA
s | DB DC

T 2 Fasrthly,
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Fourthly, If the Set be ended in fix Games, 4 will be the Win-
ner; and he has three Chances for it, which are thus collected.

BA BA BA
CB 'CB EBC
DC CD DB
AD AC AD
AB AB AC
AC AD AB

Fifthly, 1f the Set be ended in feven Games, then B will have
three Chances to be the Winner, and C will have two, thus;

BA BA BA BA BA

— — —

CB CB CB BC BC
DC DC CD DB DB
AD DA AC AD DA
BA BD BA CA CD
BC BC BD CB CB
- | BD BA BC CD CA

Stxthly, If the Set be divided in eight Games, then D will

have two Chances to be the Wmncr, C will have three, and B alfo
three, thus;

| B

Chim o L

L TIPS . S T S T

' BA BA BA  BA BA BA BA BA

" P S — — e

I

2 |CB CB CB CB CB BC BC BC
5| bC DC DC CD CD DB DB DB
4+ | AD AD DA AC AC AD AD DA
¢ | BA AB BD BA AB CA AC CD
6| CB CA CB DB DA BC BA BC
7| CD CD CA DC DC BD BD BA
8| CA CB CD DA DB BA BC BD

Let now the Letters by which the Winners are denoted be written

in order, prefixing to them the numbers which exprefs their feveral
Chances “for winning ; in this manner,

1B

1C

2D

3A

3B 4-2C

3C4-2D 4 3B

3D+2A+ C-[—- D} 2A
3ﬁ+23+3D+3ﬂ+23+2C+35+3D

6 0W N S\ op

2

Then
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Then carrying this Table a littler farther, and examining the Forma-
tion of thefe Letters, it will appear; Firff, that the Letter B is
always found fo many times in any Rank, as the Letter A is found
mthﬂ two preceding Ranks: Secondly, that C is found {o many times
in any Rank as B is found in the preceding Rank, and D in the Rank
_ before that, Thirdly, that D is found fo many times in any Rank,
as C is found in the preceding, and B in the Rank before that:
And, Fourtbly, that Ais found fo many times in-any Rank as D is
found in the preceding Rank, and C in the Rank before that,

From all which it may bc concluded, that the Probability which
- . the Gamefter B has of winning the Set in any number of Games, ig

— of the Probability which 4 has of winning it one Game fooner,
tng'eth':r with % of the Probability which 4 has of winning it

two Games fooner.
" The Probability which C has of winning the Set in any given

number of Games, is 1; of the Probability which B has of win-

mﬁg it bnn Game fooner, together with % of the Probability which
D has of winning it two Games fooner.
The Prﬂbﬂblllt}’ which D has of winning the Set in any num-

bct of Games is — the Prnhabﬂ;t:,r which € has of winning it one

Game fooner, and alfn — of the Probability which B has of win-
ning it two Games fnnncr
The Prnhab:llt}r which 4 has of winning the Set in any num-

‘ber of Games is ? of the Probability which D has of winning it one

Game fooner, and alfo - of the Probability which C has of winning
it two Games fooner.

Thefe things being obferved, it will be ecafy to compofe a Table
of the Probabilities which B, C, D, A have of winning the Set in

any number of Games, as alfo of their Expectations, which will be
as follows :
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II 4 ......... ;—x4+ 4_P --------- - b A
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RUAKCH EEEERERETS U S e Wppnr s
v i z
it ; ;,4K4.+ G ey GELERLCEN (OS5
Tz_ﬁ'x‘I-:l Sf' e X4+ S-P{T:_B'x‘i"‘"‘ Gl = = - 2l
: 3 I 6 ——
A & R T 2_53}':4‘}' gﬁq 230 X4.+ ";5"*75-“4"{‘ 9"
4 e 2 ' [ ——— ———
ViIljio -E-:-;x4.+1cp- '%;—;"4--1—19}5' ?-34-—]—10?” -f;—xg.g.-]—mp
Xt e X T 11y X4 F11p e Xy g2 x4 11p
8 ] e SO S IR Fodas
: X iz ;;—+§X4+lzp =°35x4+12‘6 zc.:ll “4"'!“”.’3‘ 3.:+a x4‘+I=
&ec.|&c |

The Terms whereof each Column of this Table is compofed,
being not eafily fummable by any of the known Methods, it will
be convenient, in order to find their Sums to ufe the following

Analyfis,

Lﬁt B "ll‘ B! + B + B”

4 BY 4B, &e. reprefent the refpec-

tive Probabilities which B has of winning the Set, in any number
of Gm ﬂﬂrWﬂriﬂg to 324, 5 61 Ts 3: &c. and let the Sum of
thefe Probabilities 7z infinitum be fuppo

In the fame manner, let C! 4 C* 4-C¥ 4+ C¥ 4- C¥ }- C*, &c.
reprefent the Probabilities which C has of winning, which fuppofe

=%
Let the Prababilitics which D has of winning be reprefented by

D;'_l__Dﬂ__}_Dm_jl_Dw_*_D?_J'_

fed — y.

D", &c. which fuppofe ==

Laftly, Let the Probabilities which 4 has of winning be repre-
fented by A’ 4+ A" 4 A" - A¥4- A 4- A7, &c. which fuppofe

—_—

Now from the Obfervations fet down before in the Table of Pro-

babilities, it will follow,

that

B
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B' =P
B'—B*
s loadg ok

B _?A 7

it T I
BY=1A" 4 LAY

v W 1 a i
B.W=_l_ ﬁl" + _'ﬁﬂ"
&c.

From whmh Scheme we may deduce the Equation following,

j""'- 4~ --x for the Sum of the Terms in the firft Colomn

r.qunl to the Sum of the Terms in the other two. But the Sum
of' the Terms in the firft Column is =— y by Hypothefis; where-
fore y ought to be made equal to the Sum of the Terms in the other
two Columns.

In order to find the Sum of the Terms of the fecond Column, I

argue thus,

Al - Al AT AV L AV L AT, cc. = x by Hiporh.
Theref. A" J- A% A% L A” 4 A &c. = x — A

L ‘1
and TAYf LAV L LAV L LAY L LAY, fre=L x . LA

Then adding B' -+ B” on both Sides of the laft Equation, we
fhall have

B’+B"+—;A”+-;:ﬂ’”f+-§ﬁ”'+*:;ﬂ"+ —;A”, &ec.
=%x.—. .‘iﬂf—’,—B" -+ B~

But A’ =0, B'=—, B'=o0, as appears from the Table:
wherefore the Sum of the Terms of the fecond Column is = -;x-
.+. o

The Sum of the Terms of the third Column is - % by Hypo-
th':}is ; and mnﬂ:quﬁ:ntly the Sum of the Terms In th-:: fecond and
third Columns is ..H.:x +— +» from whence it follows that the

Equation y == 'i'+'$" had been rightly determined.
And
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And by a reafoning like the preceding, we fhall find 2 =% y

_]_- ~ o, and alfo v = -z A =% and laftly x-—---u - —z
Now thefe four li.quatmns being ' refolved, it will be found that

BI+BH+BM+B-‘F’+BP+BW s ="1L—
C +C'4-CF - CP - C74-C7, & =z=-fﬁ-
D' 4 D’ 4 D¥4 D” 4 D4 D, fo. = v = 2
Al -l—A"’—{—A”"—]— AIF_I_‘&F_]_AH’ | — g =— 1159

Hitherto 'we have determined the Probabilities of winning: but
in order to find' the feveral Expettations of the Gamefters, each
Term of the Series exprefling thofe Probabilities is to be multiplied
by the refpective Terms of the following Series,

44 3p, 4-t4p 41 5p 4+ 65 44-7p, 4+ 8p, &c.

The firft part of each produét being no more than a Multiplica-
tion by 4, the Sums of all the firft parts of thofe Produés are only
the Sums of the Probabilities multiplied by 4; and confequently are
4)s 4% 4, 4%,.0f :: : :; : ::; - ::; , refpectively,” :

But to find the Sums of the other parts, :

Let 3B )p-{—.;Bfﬂﬂ 14 B*""'p 1 '6]3'-” .be':_- Pt

3CP - 4€ c. be = ps.
1D’p1- 41)” ﬂf P 6D“" . be =¢pr.

3&3#-{—4’1’? 1 5&“p—|- 6A" p; &.t be = #9.

Now fince, 3B’ =3B’
it 7
48 == 4D

I/ gl 4 14 S Al
A EH."" -}- gﬁ
6B% — - A ) 1 Al

[N S ¥
?'B — .z_A [ + 4Am
QRM — _E_ﬁ.v o BAw

: 4

it follows that # '% -+ —j}? -+«; for 1° the firft Column 13

=1 Dy J} Hypothefis. _ o
2°, 3& -1 4&“ 4+ sA"4 6AY - 7AY | &e. — g by Hypothefis,
3% A"+ A" AV AP L. A7, &ec. has been found = —

49
= to the value of x. Where
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~ Wherefore adding thefe two Equations together, we “fhall have
gA" - sAY - ﬁﬁ”“ 4+ 2A” }- BA" &c = 7 + x,
. or _ﬁ!__ll__ FAH+ ﬁm_}_ ?ﬁm’ ___ﬁp' &C"‘—g-{——x
. But A' — o, thercfnre there remains ftill
Al _1_ ﬂf.-'.f 1_‘ ?A:.ﬁ-’,__[__ AF &c. ____?..{.. -—.:w.
Naw the Tcrms of thls laft Ser:es together with 3B’ 4 4B,
compofe the fecond Column : but 3B'— I and 4B"=—o0, as appears
from the Table; Cﬂnfﬂquently the Sum of the Terms of the fecond
Column is — + —q + - —¥.
By the fame Method of pmcccdmg, it will be found that the Sum
of the Terms of the third Column is —= :g L -;x.
F - e ek L & 4
rom whence it follows, that y — L IR e i T
or t=2 4 2g .
And by the fame way of reafoning, we fhall find
5.:‘?; K %J, _I..T;r-l- ~, and alfo
r— -;—.r - —;rz - j;'f -+ ‘:‘J*: and laftly
o e e
But for avoiding confufion, it will be proper to reftore the va-
lues of x, y, =, v, which being done, the Equations will ftand as

follows,

=5 3 N 247 3
r*4++1g+ t19 O F= 506 4
— 3 L il
oo b
ESmmd Ty
R +4
Now the foregoing Equations being folved, it will be found that
s 4‘.5;36 38724 <A 17600 L 33547
22201 ? > zzz01 * ' — 22201 ? g = SThis :
From which we may conclude that the feveral Expectations of
B, G, D, A, &c. are refpectively, .

U : Firft,
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 rex ’ 56 45516 36 38724
E!?'ﬂ, 4 X 140 + 22201 P Sfmﬂd;f’ 4X 149 + 22201 4

‘ 3z 17600 2§ 313547
Thirdly, 4 X = 4 ———p; Fourthly, 4 x & + ===

The Expectations of the Gamefters being found, it will be ne
ceflary to find the Rifks of their being fined, or otherwife what Sum
each of them ought juftly to give to have their Fines infured. In or-
der to which, let us form fo many Schemes as are fufficient to find
the Law of their Procefs.

And Firfl, we may obferve, that upon the Suppofition of B beat-
ing A the firft Game, in confequence of which A is to be fined, B
and C have one Chance each for being fined the fecond Game, as it
thus appears :

1 | BA BA
2 | €B BC

Secondly, that C has one Chance in four for being fined the third
Game, B one Chance likewife, and D two; according to the fol-
lowing Scheme. -

1 [ BA BA BA BA
2 | CB CB BC BC
3 | DC CD DB BD

Thirdly, that D has two Chances in eight for being fined the
fourth Game, that A has three, and C one according to the follow-
ing Scheme. :

1| BA BA BA BA BA BA
2 | CB CB CB CB BC BC
3| DC DC CD CD DB DB
4 { AD DA AC CA AD DA

N. B. The two Combinations BA, BC, BD, AB, and BA, BC,
BD, BA, are omitted in this Scheme as being fuperfluous ; their
difpofition fhewing that the Set muft have been ended in three Games,
and confequently not affecting the Gamefters as to the Probability of
their being fined the fourth Game; yet the number of all the Chances
muft be reckoned as being cight; fince the Probability of any one

Circumftance is but -;- -

Thefe Schemes being continued, it will eafily be perceived that
the circumftancessunder which the Gamefters find themfelves, in
refpect of their Rifks of being fined, ftand related to one another
in the fame manner as did their Probabilities of winning; from

which
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which confideration a Table of the Rifks may eafily be compofed as
follows. :

A TasvrE of Rifks.
[ {BYC | DT 4

4
AR -
B3] =32 ot forran
W4 |----- | 52| 2
i 6..?%?--35; - -
Vi |7 ﬁ_i .;; .gﬁ, =p

I- Vi 8' :iEP :Ep' II:EP .ll_:EP:

Whesefore fuppofing B' -- B” 4- B#, &e¢, C! -} C¥ - C¥, &c,
D' 4 D - D%, &c. A’ - A" A", &c. toreprefent the feveral
Probabilities ; and fuppofing that the feveral Sums of thefe Probal:
lities are refpectively y, x, 2, v, we fhall have the following Equa-
t'lﬂnsjr.—_%—}-iix; z:—.} + =y -1—&-:1; .'v::;- + == + i._}.;
x* = —v 4 —2. Which Equations being folved we {hall havey =

: 4

Z 25 214 e WTE

e

43
1 T e 149 2 149 ? 149 *
‘itt now every one of thofe Frafions be multiplied by p, and
the Produéts ::; y 2 Ti; £ T:; v :; p will exprefs the refpective
Rifks of B, C, D, 4, or the Sums they might juftly give to have
their Fines infured.

But if from the feveral Expectations of the Gamefters there be fub-
- trafted, Firff, the Sums by them depofited in the beginning of the
Play, and Secondly, the Rifks of their Fines, there will remain the
clear Gain or Lofs ofeach. Wherefore

Uiz From
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From the Expetations of B — 2t - 4553 .

5 _ 149 2z201
Subtracting his own Stake =— 1
And alfo the Sum of his Rifks = 5.
Th 1 ey 75 9329
ere remains his clear Gain s -+ ——p.

i - Rl 38724
From the ExpeCtations of C = Py b e = oL

Subtracting his own Stake = 1
Andalfo the Sum of hisRifks =+ = =Zp

3 i s ay & 1156
There remains his clear Gain — <7 + P

From the Expecations of D = —— . 37%
22201

149
Subtrating his own Stake = 1
And alfo the Sum of his Rifks —= —?i_;..p_

There remains his clear Gain — — — el 4224 5.
- 149 22201

100

. % 33547
From the Expectations of 4 —= —— - ——=p,
Subtracting his own Stake = 1
175

And alfo the Sum of his Rifks — _ R

Laftly, the Fine due to the _
Stock by the Lofs of the }: p-
firft Game e

"There remains his clear Gain =— ::. + =25

The foregoing Calculation being made upon the Suppofition of
B beating 4 in the beginning of the Play, which Suppofition nei-
ther affe€ts Cnor D, it follows that the Sum of the Gains between
B and A ought to be divided equally; then their feveral Gains will

{tand as follows:

Gain



Zhe DocTrINE of CHANCES. 149

13 2700

: gﬁ — lq.g. X7 az101 P
: B et 13 o 2700 P
¥ [.14; 22201
Gain of 5 s el il e
A 149 22201 P
S s ] 4224
D = 140 + 2220 ?
Sum of the Gains — o o)

If —— — 224 which is the Gain of £ or B be made — o 3

149 2 :201
then p will be found — '9” ; from which it follows, that if

each Man’s Stake be to the Fme in the proportion of 2700 to 1937,
the:n Aand Bare in this cafe neither Winners nor Lofers ; but C wins

-?z? which D lofes.

And in the like ‘manner may be found what the proportion be-
tween the Stake and the Fine ought to be, to make C or D play
without’ advdntage or difadvantage ; and alfo what this proportion
ought to be, to make them play with any advantage or difadvantage

given,

COROLLARY I.
A Spectator S might at firft, in confideration of the Sum 4 -}-7p
paid him in hand, undertake to furnith the four Gamefters with

Stakes, and pay all their Fines.

COROLLARY 2.
If the Stock is confiderably increafed, and the Gamefters agree

 either to pay no more Fines, or to give over playing, then
1°. If we fuppofe B to have got the laft Game, by beating out

A, and call the Stock Unity; the E:-:pe&atmns,r or Shat;:s bclnng-

ing to B, C, D, 4, refpeQively, will be et s

T
H:“ If B has got 2 Games, by beating D and A fucceflively, the

' 2 14 1h
.Shares.of B, C, D, A, are ET,I;, T For B

149
has now an equal Chance for the whole Stakﬂ, or for the loweit

. Chance of the former Cafe : that is, his Expeltation is worth
! I

—

z
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I BT o 87
FRe i gl o s 1 O has an equal Chance for o, and for

2 and in the fame way the

ff:} ; that is, his Expeltation is — =
Numerators of the Expectations of D and A are found,

CoROLLARY
If the proportion of Skill between the Gamefters be given, then
their Gain or Lofs may be determined by the Method ufed in this
and the preceding Problem.

COROLLARY 4.

If there be never {fo many Gamefters playing on the conditions of
this Problem, and the proportion of Skill between them all be {up-
poled to be equal, then the Probabilities of winning or of being fined
may be determined as follows.

Let B, C', D!, E!, F, A7, denote the Probabilities which B, C,
D, E, F, A have of winning the Set, or of being fined in any
number of Games ; and let the Probabilities of winning or of being
fined in any number of Games lefs by one than the preceding, be de-
noted by B, C%, D7, E7, F%, A’: and fo on; then I fay that

B =A" + JA7 + 7A% 1 5A7.

T =B +F +3E° + D
D =T + 5 455 58
e Em ' ¥ =5

{ =D 4(..”’ e ..EB_‘:’ -1 ..E,FF
FEL DB ok T Rl
AT = LFT o tBH e D LT

Now the Law of thefe relations being vifible, it will be eafy to ex-
tend it to any other number of Gamefters,

CoROLLARY ¢
If there be feveral Series fo related to one another, that each Term
of one Series may have a certain given proportion to fomeone afligned
Term in each of the other Series, and that the order of thefe propor-
tions be conflant and uniform, then will all thofe Series ‘be exaétly
fummable,

REMARK
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REMARK.

As the Application of the Dogrine contained in thefe Solutions
and Corollaries may appear difficult when the Gamefters are many,
and when it is required to put an end to the play by a fair diftribu-
tion of the money in the Poule ; which 1 look upon as the moft ufeful
Queftion concerning this Game: 1 fhall explain this Subject a little
mure particularly.

. Let us then Suppc:-fe any number of Gamefters, »-}- 1 (as,
m our Scheme, 6) and having written down fo many Letters
- =7 as there are Gamefters
B} CDEF |in the Order they are

n—slo| b cdef to fucceed one another,

: T place under them their
ﬂ?g;ﬁi Ay ﬁ S -a["’) ?ﬁ ﬁ refpective fmall Letters,

i o g o | todenote the Probabilities

Wﬂg b‘? g:i IIIII ﬁm L:m f;jf f:;n }mjm W]li::h thf: .ﬁ:vﬂr.al _Game-

- n—1 |IV| 8" e d” & fr a” fters have of winning the

Poule, immediately after

their Order of Succeffion

is fixt, and before the play is begun. “Where note that the Letter

b fignifies ambiguoufly the Expectation of A4 or of B: and this Cafe

being particular, not to occur again in the fame Poxle, may be fepa-
rated from the others by a line,

We fhall always fuppofe B to be the Winner of the firft Game;
and that 4 takes the loweft place in the fecond Row of Capitals.
Under thefe repeat »—1 Rows of the fmall Letters which, with the
fmall ftrokes or dots affixed to them mark the Expectations of the
feveral Gamefters, when any one Gamefter has got as many Games as
15 the Number of dots, or that which is marked in Roman Characters
to the right of the Row. For itis to be obferved, that, after the
fir(t Game, the fmall Letters thus marked do not, unlefs by accident,
fignify the Expectations of the particular Gamefters at firft denoted
bythelr Capitals ; but the Expectations which belong to the Rank
and Column where any Letter ftands. For Example, 4" does not
denote the Expc&atmns of him who was fuppofed to get the firfk
Game, unlefs perhaps he has got two more fucceflively; but indefi-
nitely, thofe of whatever Gamefter has got 3 Games following.
And the other Letters of the fame Row, as ¢, ¥, ¢", fignify the
fimultancous Expectations of the three Gamefters that follow him in
the Order of playing.

7 A" T D G000

2. This
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2. This preparation being made, it will be obvious in what manner
the Expectations are varied by the Event of every Game ; and how
they are always reducible to known Numbers.

For if we fuppofe B, the Gamefter who is in Play, to have got 3
Games, for inftance, and to want two mare of the Poule; then his
prefent Expeation being 4%, if he wins the next Game which he is
to play with C, the Confequence will be ; 1°. His own Expectations
will be changed into #”; having now got 4 Games. 2° Allthe
other Expectations in the fame Row, will likewife be transferred to
the next inferior (IV. ) but marked Each by the preceding Letter of
the Alphabet : that is, 4" becomes ¢*, ¢" becomes 4%, &ec. ex-
cepting only ¢, the Expeﬂ.ttmn of him who loft the Game, which
is thereby reduced to the loweft Expetation . And if B had al-
ready gained (7—1=) 4 Games, and confequently wanted but one;
if he gains this, all the Expectations &%, 4%, ¥, &ec. will vanith
together, while b becomes ==1% ;the Expﬂnent of Certainty,

But if B lofes his Game with C, all the Expectations, of what-
ever Rank, are transferred to the Rank I, and their Ratios are reftored
as when the firft Game was won : a::~nl.',lr the Letters are changed into
the next preceding. As " beccmﬁs a', ¢" becomes &/, d" becomes
¢!, and fo on.

3. Now there being i'uppoﬁ:d an equal Chance of B's winning
and lofing a Game ; any Expeftation of his, as when he has got 3

i f
Games, will be thus exprefled ; 6% = § :" ; 1n which, fubfti-
- o " | ! 4
tuting for 4" its equal in our Example £ | we (hall have 4% =
! faLl) v o
—14-:—}:1- .. The fame way, 8’ = :"1 — = "!; “—; and ¥ =

*]-]:Lisﬂ . In general ; when the number of Games that B wants of

— e

gaining the Poule is m, then {hall '+3m;”"'“f be the value
3 .

of his Expeétations.
4. The other Expeftations are collected nearly in the fame man-

ner, Ascf—=— - ”:'ﬁ , in which fubftituting for a' its equal (in
our example) °+"ﬁ we have # = -“:ﬂ; =L b - lJﬂ

The fame way, e”:l & - —f‘—}-mf’* and c'== ¥ —ff+
5 ¢ + — d'; the number of Terms added to the Games won bﬁ-
mg alwa}rs — #, and the Letter &' always omitted.

From
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From all which it appears, that the Expeation of a Gamefter,
in any State of the Play, is expreffed by the Expetations 4, #, ¢,
8c. after one Game is won : and that thefe, therefore, are firft to be
computed.

5. In order to which, I fay, that the Letters &, c, d, e, &c. ex-
prefling, as above, the Chances of the Gamefters, B,C, D, E, &c,
immediately after their Order of playing is fixt by lot, or otherwife ;
thefe Chances are in the geometrical Progreflion of 1 -4 27to 27,

For cither of the Gamefters (as 4) who play the firft Game, has 1
out of 2* Chances of beating all his Adverfaries in one Round. And

therefore he may, in confideration of the Sum — x5Ffcd-e

give up his expe@ations arifing from the Probability of that Event,
and take the loweft place with the Expectation ¢; the Gamefter
C fucceeding to his place, D to that of C; and fo on. But B hav-
ing, on the fcore of Priority, the fame demand upon A, as A has
upon B ; that is, neither baving any demand upon the other, the
Term --I;-v X & is to be cancelled ; and the Value of 4’s place, with

refped to the other Gamefters, reduced to — X ¢ - gt d J-

&c. And now each of the Gamefters C, E}, E, &c. being raifed
to the next higher Expe&ation 4, ¢, d, &c. for which he has paid

—— of his former Expectation ; it follows that 4 —= 1 - — X ¢

Z Z

el | +l_.u % d, &c. and that, before the play is begun, every
Zz

- . r
Expe(tation is to the next below it as 1 - —-to1, orasi4-2*

to 2. Which coincides with Theor, I. of Pnr'fr, Nicolas Bernoulls

in Phil, Tranf. N. 341.

Thus if the Gamefters are 3, (A4) B, C; their firft Expectations
are (5) 5, 4, with the common Denominator 14. If they are 4,
(A) B, C, D, their Expectations are (81) 81, 72, 64, with the Deno-
minator 298. If there are 5 Gamefters, their Expectations are (173)
1;5!,'1;?‘){ 16, 17 X 162, 163, with their Sum fora Denominator ; that
is, (4913), 4913, 4624, 4352, 4096, with the Denominator 22898.
And the like for any number of Gamefters.

6. It is plain likewife that the Expectations of all the Gameiters,
excepting 4 and B, remain the fame after one Game is plaid, as
they were at firk; '=¢, d=d, ¢/=¢, &c. becaufe the contell
: X ' in
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in the firft Game concerns A4 and B alone; its Event making no
alteration in the Expetations of the others: but only raifing B’s
firt expeétation, which was &, to the Value #, and diminifhi
:{.hc r:qu;l Expectation of A4 by the fame quantity : fo that 2’ —[g
—i

And therefore, to find all the Expeations after the firft Game
is played, we have now only to compute the firft and lalt of that
Rank, 4 and &'

But it was found already that if 7 reprefents the number of Games

that the laft Winner B wantsto gain the Poule, his Eigq&@tiuns in that

w ’
Circumftance will be equal to X2 —ixa

. From which, putting

m=—n— 1, which is the Cafe when B has got one Game, and the
Expectation &' ; and {ubftituting for &' its equal 256 —a', we fhall get

i R

a —

2% —n

As ‘when there sare 3 Gamefters, n =2, b= and o =

I ._.__...-__.:_ L | — _ —'in—l—lz—-“i
— — ? ] ﬁndﬂ—rzé#di-— II+ ] “i#‘-—-“? ] &

3
If there are 4 Gamefters, n=3, 6=.%— s;and therefore a'=

-

aro L 7 4 AR WA _ y_SOd8y
R e

]

I
i | _——
8 x 3,.;?

298 149
) bk ALNGE e
R E‘I-t" — 149 L]

o S L) 1 e ¥
| If there are § Gamefters, n —=4, 5= o whence o/ —
4913 1. 1l 155740 L o Ta 3734 - 0t - BT
16 X 22898 el 15 = “a:808 X TR 1 R

B EYe1
And # — Eﬂ—ﬂr:—-—‘iqlg O Ao 5K i 2385, LH Sﬂthatth&EI-

114 11449 1144
" pe&tations of the Gamaﬁfrs,-,.ﬂ having gm'qu_ Game, will ftand
thus :

B C D E A

b szl ¢ a', :

3036, 2312, 2176, 2048, 1857 ;  thele numbers. expreffing the
Ratios of the Expectations ; and with the Denominator 11449 fub-
{cribed, their abfolute quantity ; .or, the  Shares ﬂf,,thﬁ,whﬂlﬂﬁﬁkﬂ
* due to each Gamefter, if they were to. give over playing,

7. And thus the Probabilities which. the feveral Gamefters have
of gaining the Poule may in all Cafes be computed, and difpofed into
Tables. But the 6 following, will, ’tis thought, be more than fuffi-
cient for any Cafe that happens in play. TABLE
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T.AI!LE 1.

B§[

‘For'a Poule 'of Three:

JDﬂnvm 545 4=14.

il

| %

(f':

1

Denom. j:r

OO0 Cx

Tab, 1I.

Fnr a Pﬁyff of Foar.

4
81

¢
22

D
64

Denﬁm..':igﬂ.

el 1L

B
87

&
36
4

18

Dj

32l

A
.25
16

149.

Denom.

"Tab. 111.

For a Poule o

f Five.

i
B

}

4624

C

D

E
49096

22898.

Denom.

1,
| JIL

..4913
B

3056
4255
1.6053

a b ar — i 5

2040

2l Ziﬁ ’
Tab. 1V. For a Poule of Six.

£

2312

4352
D

2176
' 1920

‘1156

o
2048
'16%6
* 1088

4
1857
1568

1024

‘ol11850921

R
B

§

ra;gg;ﬂlll5i36

D

1081344

E

Denom,

£55

11449.

Denom.

1048 sﬂﬁ

766882,

111

‘B

."8630?7”

1223069

IV.

g

T) 68'29'56("—5?495{2

540144
472560

1943193

557568}

524776

E

sighalpdi

458240 42253?'

141488 28?4g6|z?@?ﬂ4

i

540672 524285; 55&:;.;4;.5

48]6D2

404728

270736

467008

397312
262144

A

Denom. 3383 4..1:1.

X z

One



156 The DocTrINE of CHANCES.

One Example will thew the Ufe of the Tables: Suppofe 5§ Game-
fters engaged in a Poule, with this condition, that if it is not ended
when a certain number of Games are played, they fhall give over, and
divide the Money in proportion to the Chances they fhall then have
of winning the Poule. That number of Games being played, fuppofe
the Peule rifen to 30 Guineas, and that a Gamefter (B) has got two
Games: Qu. how the 30 Guineas are to be fhared ?

Divide 31 % /. inte Shares proportional to the numbers 4253,
2040, &c. (in Tab. IIL.) which ftand in the Row of Games won 1.

and thofe Shares will be as follow : 31 / X S-5-=the Share of
L

B 11 14
And the fame way thofe of C, &c. will be - -- C 12

5

1I

6
L3110

NCIS
T

O oo oo B M

Note, the pricked Line which is drawn in each of the Tables fe-
parates the Chances of the Gamefters who are #neceffarily to come
into the play before the Poule is won, from the Chances of thofe
who may poffibly not come in again; which lie below that line.
And, fetting afide the Column B, all the Chances in any Row
above the line are in the continued Ratio of 1 - 27to 27, As in

Tab. IIL &%= = x¢", of 1920 = 1 — —— X 2040.

The fame is true of the Terms of any Row that lie both below the
line, But if one lies above and the other below it, their Relation is
different, and is to be found by A4rz. 3. of this Remark.

It remains to compute the Profit and Lofs upon the Fines p : as
follows. :

1. The prefent Expectations of a Gamefter who is entering, or to
enter, into play, that he (hall be the Winner, are made up of his
feveral prefent Expectations, upon the Events of his coming in ance,
twice, thrice, &c. as is manifeft. And as, immediately after the
Order of playing is fixt, it was thewn that thofe 7072/ Expe&ations
are in the geometrical Pmlgreﬂinn of 1 4-27to 2", the number of

Gamefters being # - 1 ; fo, in any other State of the Peule, their
Ratio is always given,

But
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But every time that a Gamefter enters, his Chance of winning in
that Turn, is to his Chance of paying a Fine, as 1to 27 — 1: and
therefore, componendo, the Sum of a Gamefter’s feveral Expectations
of winning, is to the Sum of his feveral Rifks of paying a Fire, in
the fame Ratio; the whole Stake, and alfo each Fine p, being
put = 1. And the whole Ri/ks of the feveral Gamefters are in the
fame Ratios as their E?Eﬂdﬂﬂﬂj.

Thus in the Cafe of Three Gamefters, whofe Expectations are
f+ . :* 3 :+ , their Chances of paying the Fine p will be the fame

Fractions multiplied into 3 (== 27 — 1) ; that is, they will be %
15 iz

EvI ATy

And the firlt Expeations of Four Gamefters being 81, 81, ~2,
64, to the Denominator 298 ; their Chances of being Fived will
be the fame Numerators multiplied into 7 (=27 — 1), that is,

o B .

;:; L -:;; . :9; s :;s ; refpeively.

Hence again it appears, that the Total of the Fines, or the Sum
for which they may be furnifhed throughout the Peule, is 27 —
% p. For the Sum of the Expectations upon the Stake 1, is 1; and
thefe are to the Number of Fines as 1 to 27 -~ 1.

2. Suppofe now that one of the firlt Players of Three, as 4, is
beat out, and his Fine paid, as muft always neceflarily happen ;

and thence, the Expe&ations of getting the Poule reduced to
C A

=
7

~1]w b

~: then the Rifks of Cand A will be 2, 2,
whofe Sum %takcn from 2 (=27 — 2) leaves -:;- for the Fines
of B.

In like manner, the ExpeQations of Four Gamefters, after one
Game is won, being 56, 36, 32, 25," with the Denominator 149 ;
the Numerators of the Rifks of the Three laft Gamefters C, D, 4, will
be 36, 32, 25, multiplied by 7 (= 2" —1) to the fame Denominator;
and their Sum taken from the Fines to be paid after one Game is won,
which are 6 — 27 — 2, leaves for the Rifks of B, -% : thofe of C,

i 252 zz4 175 .
D, 4, being —=s —5» 5, refpectively. .
3. If B has got more than one Game, the Sums for which a

Spectator R may furnifh all the f{ubfequent Fines, will be found as
follows.

refpectively :

Let
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‘Let the Number of Finzes which R rifks to pay, ;when B has

got 1, 2, 3, 4, &c. Games, be x, 3, 2, %, &ec. rcfpeﬁwely, th:n

4y R e 3« 0

X == 2% -} 2, .&nd the fame wa}r V=a — 23-\— ‘—1—2 &c. ; ; inan
obvious Progreffion.
1. Becaufe: when B has got 1-Game, there is an tqu*-l Chancc &f his
winning or lofing the:next;, in the former Cafe, R pays the Fine
1 xp for C, and comes to have the Rifk y; but if € wins, R pays
ITXP for B, and his Rilk «x is the fame as before : and fo of the
reft. * So that the number of pieces p for which R may engage to
furnifh the fubfequent Fines, when B bas got 2, 3, 4, &c. Games,
is had by'the continual Subtraltion of 2 and its Powers from 27— 2.
‘As in a Ponle of four, when B has got 2 Games, the Sum of the
Rifks is6 —2==4. Ina Poule of five, x = 2" — 2 = 14, y=12,
T—=0 10—

And from thefe pumbers I'ubtraﬂmg the Rifks of the other Game-
flers C, D, E, &c. found as above, there will remain the Rifks of
B the Gamefter who continues in plajr

4. The Expe&ations of the feveral Gamf:ﬂ&rs upﬂn the E;?:Es
may likewife be determined by an obvious; but more troublefome,
Operation. - _ _ _ . A

Under the Capitals, B C D E A, Write their fmall
Letters thus: A I R

IL A% &t & e gt
T R e N

IV.4* o o ‘o o Signifying, refpetively,
the Number of Fines which a Gamefter, winning the Poule; may

expect to find in‘it, B having already got i‘u many Games-as the Dots
affixed to-the Luetter ::and to thefe Letters prefix their fractional Co-
efficients taken, from  the Tables of Probabilities, .. Then, by the law

of the Game, there will be formed a Series of Equations dﬂtcrmmmg 3
the E:-:pcf’mtmns fought,

As in the Cafe of 3 Gamefters, write,
B T r
L l‘ﬂ _é,__, I
JETIRNE PRGLETT ;X2 E yRd
X

HART o L=l
T e o andt}mEquatmnT ::"._zx }{aﬁf-{— + o

32 ﬂ"_;:{:){c"—-l-l-l-n

Which
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Whmh being reduced gw-: B (—* Ly == , €1 (= ._.51)
49 y A= —.:z’) — —’-. From whn:h fuhtra-:‘?cmg their refpective
Rtﬂzs for B, T‘ f-::-rC —z; and for A, ——-(— L —[—I his Fines,

and the Fine alrcad}r paid m) remain the Gams + :; i
et ;

%, multlph:d into p.

If it is a Poule of four, the Expetations on the Fines will ftand
thus : {2 a2 A
" : I 56 36 12 25
e b iy
-II' 149 b lq.g ¢t 149 dz: :..].g
Mg X" =30 ' 0 o and fetting afide the
common Denominator 149, the Equations will be ;

565-'—-x25 .::’+1+8*;H" 5% 280":—-}:56 Ufatoi.e c'=b+2

2% '361:":-;-}{56 .ﬁ"-|—l+lﬁﬂ“ 6°. - Id=c'4-2
g%. gza”—?’xgﬁ ¢+ 14 28¢¢ ?ﬂ, d'=d'+2
=1 i o'y 2iagnadd T
4°. 25a'= xggd’+:+18d 8e, :49‘5—;"‘3"' Mga{-l
MEnce will be fuund
or 34
'313— 61 8e—
7 f" '-:5 |___) 1#4;516 H B g 53800
H_" 149 iy lk 149 b= B'= 22201 b= 149 ,ﬂﬂd Bf"‘zz:m
2 1
m”? a C 38724 o “”'?- g 31112
¢= 149 v ~ zz201 AT N and € =Zzz01
137 —
e T P I__ 37600 44— 3. ,_34715
,"f."'_ 149 ,ant.:l DF_'E::GI vgg ? andﬂ_z:zn[
22
341_" =y = ch
5 ___‘_-'it--*l-; E”: Y473 r_ 23568
___dl and A 22201 140 ’and'(f_z.zm 4

And the like Computations may be made for the fuperior Poules ;
the Compofition “of  the Equations to be reduced being regular and
obvious,

P R O-
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‘PROBL EBM XLV

Of Haz arp.

ﬁ find at Hazard the Advantage of the Setter upon all
Suppofitions of Main and Chance. |

SoLUTION,.

Let the whole Money played for be confidered as a common
Stake, upon which both the Cafter and the Setter have their feveral
Expectations ; then let thofe Expeétations be determined in the fol-
lowing manner.

Firft, Let it be fuppofed that the Main is vir: then if the Chance
of the Cafter be v or vir1, it is plain that the Setter having 6 Chan-

ces to win, and g to lofe, his Expectation will be 1—5'1 of the Stake:

but there being 10 Chances out of 36 for the Chance to be vi, or
v, it follows, that the Expectation of the Setter refulting from the

Probability of the Chance being vi or vii1, will be %:—}- multiplied
b}r% or "?:" divided by 36. |
Secondly, 1f the Main being vir, the Chance fhould happen to be

v or 1x, the Expectation of the Setter would be -;i divided by

6.
. Thirdly, If the Main being vir, the Chance fhould happen to be
1v or %, it follows that the Expettation of the Setter would be 4
divided by 36.

Fourtbly, If the Main being vir, the Cafter fhould happen to
throw 11, 111, or x11, then the Setter would neceffarily win, by the
Law of the Game; but there being 4 Chances in 36 for throwin
11, 111, or xI1, it follows that before the Chance of the Cafter is
thrown, the Expeation of the Setter refulting from the Probability
01; the Cafter’s Chance being 11, 111, or x11, will be 4 divided by
: Laftly, 1f the Main being v11, the Cafter thould happen to throw
vii, or x1, the Setter lofes his Expectation.

From the Solution of the foregoing particular Cafes it follows,
that the Main being vi1, the Expectation of the Setter will be ex-

prefled
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il Rk

30 :
which may be reduced to . now this fraction being fubtraét-
ed from Unity, to which the whole Stake is {fuppofed equal, there
will remain the Expectation of the Cafter, vz, :”' ;

But the Probabilities of winning being always proportional to the
‘Expectations, on Suppofition of the Stake being fixt, it follows that
the Probabilities of winning for the Setter and Cafter are refpectively

tional to the two numbers 251 and 244, which properly de .
nntc the Odds of winning.

Now if we fuppofe each Stake to be 1, or the whole Stake to

be 2, the Gain of the Setter will be exprefled by the fraction

it being the difference of the numbers chrcﬂing the Odds, d].:rlded
by their Sum, which fuppofi ng each Stake to be a Guinea of 21

Shillings will be about 34— 2 — f
By the fame Method of Pr-::-cefs, it will be fﬂund that the Main
being vI1 or vi11, the Gain of the Setter will be which is about

prefled by the following Quantiti-::s, vz

281

;rlzh’

§é— 3 ?f in a Guinea.
It will be alfo found that the Main being v or 1%, the Gain of
the Setter will be which is about 3¢ — 3 —f'in a Guinea,

2335

COROLLARY I.

If each particular Gain made by the Setter, in the Cafe of any
Main, be refpectively multiplied by the number of Chances which
there are for that Main to come up, and the Sum of the Produéts
be divided by the number of all thofe Chances, the Quotient will
exprefs the Gain of the Setter before a Main is thrown : from whence
it follows that the Gain of the Setter, if he be refolved to fet upon
the firft Main that may happen to be thrown, is to be eftimated by
-% —:?z%—}- -;—-% the whole to be divided by 24, which be-
ing reduced will bﬂ w or about 4% — 2 i—fin a Guinea.

CoROLUARY 2.
The Probability of no Main, is to the Probability of a Main as
109 - 2 to 109 — 2, oras 11! to 107, .
b3 Coro-
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COROLLARY 3.

If it be agreed between the Cafter and Setter, that the Main fhall
always be vi1, and it be farther agreed, that the next Chance ha
pening to be Ames-ace, the Cafter fhall lofe but half his Stq,k:, then
the Cafter’s Lofs is only —— of his Stake, that is about TI fina
Guinea.

3560

COROLLARY 4.

The Main being v1 or vi11, and the Cafter has % of his money
returned in cafe he throws Ames-ace, what is his Lofs? And if the
Main being v or 1x, and he has —of his Money returned in cafe
he throws Ames-ace, whatis his Lofs? In anfwer to the firft, the

Gain of the Setter or Lofs of the Cafter is : : —
FI5
37

In anfwer to the fecond the Lofs of the Cafter would be but

PRPg
COROLLARY G§. f
If it be made a ftanding Rule, that whatever the Main may hap-

pen to be, if the Cafter throws Ames-ace immediately after the
Main, or in other words, if the Chance be Ames-ace, the Cafter

{hall only lofe % of his own Stake, then the Play will be brought

fo near an Equality, that it will hardly be diftinguifhable from it;
the Gain of the Cafter being upon the whole but ﬁc'+3 of his own

Stake, or — of a farthing in a Guinea.

The Demonftration of this is eafily deduced from what we have

faid before wiz. that the Lofs of the Cafter is 2::’& ; now let us

confider what part of his own Stake thould be returned him in cafe
he throws Ames-ace next after the Main ; Let = be that part, but

the Probability of throwing Ames-ace next after the Main is 3—; :

therefore, the real Value of what is returned him is 'E;_’"'s ;

and fince the Play is fuppofed to be reduced to an Equality, then

what is returned him muft equal his Lofs; for which reafon, we
- a7 1

have the Equation - =

aolh *

17 4 B
or # = which being very
near



The DocTRINE of CHANCES. 163
near %, it follows that -:- of his own Stake ought to be returned
him,

- Or thus; if the Cafter has returned him —— when that happens, he
lofes nothing ; but there being but 1 Chanct in 36 fm- that Cafe
to happen ; the real Value of what is returned is but sﬁxiﬁ 3
the fame manner if 2 5 isreturned, the real Value is = = and fo,

the Thfferenecs — = _ .. 37 "% "t "% g .
3% 36 §oX30 T OogR 15 th-e G:lll’l 1.'.}](.‘ thL
Cafter.

and in

PROBLEM XLVIL

_75? find at Hazard the Gain of the Box for any number
of Games divifible by 3.

SoLvuTION.

Let 2 and / refpeQively reprefent the Chances for winning a Main
or for lofing it, which is ufually called a Masn and no Main; then,

1°, It is very vifible that when the four laft Mains are baga, other-
wife that when a Main has been loft, if the three following Mains
are won fucceffively, then the Box muft be paid.

2°, That the laft 7 Mains being baaaaaa, there is alfo a Box to
be paid.

3% That the lait 10 Mains being éaaaaaaaaa, the Box is to be
paid, and fo on.

Now the Probability of the 4 laft Mains being bzaa is —=-aT-

a4+
and confequently, if the number of Mains thrown from the beginning
1s_reprefented by #, the Gain of the Box upon this account will be

g—3xbal
a—;bi i
But to ubwate a difficulty which may perhaps arife concerning the
fotegmng Expreffion which one would naturally think muft be

m‘ , it muft be remembered that the Termination daaa be-

longs to 4 Games at leaft, and that therefore the three firft Games
are to be excluded from this Cafe, tho’ they fhall be taken notice of
afterwards.

X 2 Again
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Again the Probability of the 7 laft Mains terminating thus bzaasaa,

will be % , but this Cafe does not belong to the 6 ﬁritga:f,
therefore the Gain of the Box upon this account will be —3: +:| wed
and {o on.
And therefore the firft part of the Expeation of the Box is ex-

prefled by the Series

#_—-?x.ﬁdi ﬁ:}: b E{,&ﬂ! H:-r;}; bard

! =+ == =TI i athlte +ﬁ-a_'= &e.
of which the number of Terms is -"—}5- .

The fecond part of the Expecation of the Box arifes from all
the Mains being won fucceffively without any interruption of a no
Main, and this belongs particularr}r to the three firft Mains, as well
as to all thofe which are divifible by 3, and therefore the fecond
part of the Expeltation of the Box will be exprefled by the Series

al a% a9 ais x
'ﬁ-}-m& + H_-FBF —[—mT, &c. Df Whl-'.':h thﬂ’ number ﬂf

Terms is % .
Thofe who will think it worth their while to fum up thefe Series,

may without much difficulty do it, if they pleafe to confult my M/~

cellanea, wherein fuch forts of Series, and others more compound, are

largely treated of.
In the mean time, I fhall here give the Refult of what they may

{ee there demonftrated.
If the firft Series be diftinguifhed into two others, the firlt pofitive,

the other negative, we fhall now have three Series, the Sums of which
will be, fuppofing ‘Eﬁ: r.

nb ri—ni

1% a-t-b ¢ Y
2 3 i %” i ;_“rl”ﬂﬂ
T 1—ri]t
the fum of all which will be reduced to the Expreffion ﬁ_ s _.é*

+4—=3—, when 4 and 5 are in a Ratio of Equality.
44 X 2

COROLLARY TI.
If # be an infinite number, the Gain of the Box will ‘be univer-

a_}ﬁ:_m ; but when @ and & are in a

Ratio of Equality by -{i- N Coro-

fally exprefled by ﬂf& X
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CoOROLLARY 2.

The Gain of the Box being fuch as has been determined for an
infinite number of Mains, it follows that, one with another, the

Gain of the Box for one fingle Main ought to be eftimated by
b al

S aerate m;—ai §or -:Tifa and & are equal.

CoRroLLARY 3.

And confequently, it follows that in fo many Mains as are ex-

prefled by "+‘i”ﬂ':f‘_“; , or in 14 Mains if 2 and 4 are equal, the

Expectation of the Box is 1, calling 1 whatever is ftipulated to
belong to the Box, which ufually is 1 Half-Guinea.

CoRroLLARY 4,

Now fuppofing that 2 and 4 are refpe@ively as 107 to 111, a
Box is payed one with another in about 14.7 Mains,

After ] had folved the foregoing Problem, which is about 12 years
ago, 1 fpoke of my Solution to Mr. Henry Stuart Stevens, but with-
out communicating to him the manner of it: As he is a Gentleman
who, befides other uncommon Qualifications, hasa particular Sagacity
in reducing intricate Queftions to fimple ones, he brought me, a
few days after, his Inveftigation of the Conclufion fet down in my
third Corollary ; and as I have had occafion to cite him before, in
another Work, fo I here renew with pleafure the Expreffion of the
Efteem which I have for his extraordinary Talents: I‘?r::nw his Invef-
tigation was as follows,

Let 2 and 4 refpectively reprefent the number of Chances for a
Main and no Main; Let alfo 1 be the Sum which the Box muft re-
ceive upon Suppofition of three Mains being won fucceflively ; now

the Probability of winning a Main is T:_? , and the Probability of

wiﬁrﬁng three Mains 1s ____.,_;_!_ , and therefore the Box-keeper
' il

might without advantage or difadvantage to himfelf receive from the
. al . %

Cafter at a certainty, the Sum ———-x 1, which would be an Equi-

valent for the uncertain fum 1, payable after three Mains,

Let
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Let it therefore be agreed between them, that the Cafter fhall pay but
the Sum —;{_—iﬁr % 1 for his three Mains; now let us {ee what con-

fideration the Box-keeper gives to the Cafter in return of that Sum.
1°, he allows him one Main fure, 2°, he allows him a fecond Main
conditionally, which is provided he wins the firft, of which the

Probability being —37, it follows that the Box allows him only,

@

a5
fame reafon the portion =5 of a third Main, and therefore the

Box allows in all to the Cafter 1 + —— 4 ——— Mains, or

if one may fay fo, the portion of a fecond Main, and for the

a+o’,
3aa-jab-+bb : . . e ML

TR and therefore if for the Sum received = X I,

there be the allowance of ﬂaaifif‘” Mains, how many are

allowed for the Sum 1? and the Term required will be

Tk 7 oL & .
3rm+3‘f__';‘:_‘;‘ﬁr A = ar "ﬁi — “'l' : and therefore in fo ma-

ny Mains as are denoted by the foregoing Expreffion, the Box gets the
Sum 1 ; which Expreffion is reduced to 14 if 2and & are equal.

PROBLEM XLVII.
Of RarrFLING.

If any number of Gameflers A, B, C, D, &c. play ar
Raffles, what is the Probability that the firft of them
baving thrown bis Chance, and before the other Chances
are thrown, wins the Money of the Play 2

SoLuTION,

In order to folve this Problem, it is neceflary to have a Table read
compofed of all the Chances which there are in three Rajfles, whic
Table is the following.
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A TABLE of all the Chances which are in three Raffles,

Points. s oo el o
LIV D iama i B 884 0 I
Ll S
L1I : X1 884681 10 45
L1 XII 884534 55 147
L XIIT 884165 202 369
XLIX X1V 883400 I 6
XLVII XV 83%;54. 1§§6 qu.g
XLVII XVI 870470 2782 2484
XLVI XVII 875501 5266 3969
XLV XVIII 86g632 9235 5869
XL1V XIX 861199 15104 8433
- XLIII sor 4 XX 8497006 23537 11493
XLII XXI 834679 35030 15027
XLI XXII 815392 50057 19287
XL | XXIII 791506 69344 23886
XXXIX XXIV 762838 93230 28668
XXXVIII XXV 728971 121898 33867
XXXVII XXVI 6go1oo 155765 38871
XXXVI XXVII 6406929 194636 43171
XXXV XXVI 599472 237807 47457
XXXV XXIX 548865 285264 sobo7
XXXIII XXX 496314 335871 52551
XXXII j (XXXI 442368 388422 53946

The Sum of all the numbers exprefling the Equality of Chance
being 442368, if that Sum be doubled it will make 884736, which
is equal to the Cube of gb.

The firft Column contains any number of Points which 4 may be
fuppofed to have thrown in three Rafiles.

The fecond Column contains the number of Chances which 4 has
for winning, if his Points be above xxx1, or the number of Chances
he has for lofing, if his Points be either xxx1 or below it.

The third Column contains the number of Chances which A4 has
for lofing, if his Points be above xxx1, ot for winning, if they be cither
xxxI or below it,

The
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The fourth Column, which is the principal, and out of which the
other two are formed, contains the number of Chances whereby any
number of Points from 1x to L1v can be produced in three Raffles;
and confequently contains the number of Chances which any of the
Gamefters B, C, D, &c. may have for coming to an equality of
Chance with 4.

The Conftruion of the fourth Column depends chiefly on the
number of Chances which there are for producing one fingle Raffle,
whereof xvirr or 111 have 1 Chance

xvit or Iv  have 3 Chances
xvi or v have 6 Chances
xv  or vi have 4 Chances
x1v or vi1 have g Chances
x11t or viil have g Chances
xir  or 1x have 7 Chances
xr orx  have g Chances

Which number of Chances being duly combined, will afford all the
Chances of three Raffles.

But it will be convenient to illuftrate this by one Inftance ; let it
therefore be required to find the number of Chances for producing
x 11 Points in three Raflles,

1°, It may plainly be perceived that thofe Points may be produ-
ced by the following fingle Raffles 111, 1171, v1, or 111, 1v, v, or
1v, 1v, 1v ; then confidering the firft Cafe, and knowing from the
Table of fingle Raffles, that the Raffles 111, 111, vi1, have refpec-
tively 1, 1, 4 Chances to come up, it follows from the Do&rine of
Combinations that thofe three numbers ought to be multiplied toge-
ther, which in the prefent Cafe makes the product to be barely 4,
but as the difpofition, 111, 111, vI, may be varied twice; wz. b
111, vi, 111, and vi, 111, 111, which will make in all three dif~
pofitions, it follows that the number 4, which exprefles the Chances
of one difpofition, ought to be multiplied by 3, which being done, the
product 12 muft be fet apart.

2°, The Difpofition 111, 1v, v, has for its Chances the pro-
duct of the numbers 1, 3, 6, which makes 18; but this bein
capable of 6 permutations, the number 18 ought to be multiplied
by 6, which being done, the produét 1c8 muft likewife be fet
apart.

Pg", The Difpofition 1v, 1v, 1v has for its Chances the produét of
3, 3» 3, which makes 27; but this not being capable of any varia-
‘tion, we barely write 27, which muft be fet apart.

£,
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4°, Adding together thofe numbers that were feverally fet apart,
the Sum will be found to be 147, which therefore exprefics the num-
ber of Chances for producing x1r Points in three Raffles: and in
the fame manner may all the other numbers belonging to the Table
of three RafHles be calculated.

This being laid down, let us fuppofe that A4 has thrown the Points
xL in three Raffles, that there are four Gameflers befides himfelf,
and that under that circumftance of 4, it be required to find the Pro-
bability of his beating the other four.

Let m univerfally reprefent the number of Chances which any
other Gamefter has of coming to an equality with 4, which number
of Chances in this particular Cafe is 23886; Let 2 univerfally reprefent
the number of Chances which 4 has for beating any one of his
Adverfaries, which number of Chances is found in the Table to
be 791506 ; Let [ reprefent the number of all the Chances that
there are in three different Raffles, which number is the Cube of
g6, by reafon that there are no more than g6 fingle Raffles in three
Dice, and therefore / conftantly ftands for the number 884736 ;
Let p univerfally reprefent the number of Gamefters in all, which in
this Cafe will be 5; then the Probability which . has of beating the

a :Fa-,"l E
be v
mp/
Gamefters ftake 1, the Expetation of .4 uvpon the whole Stake p,
et ?—al
will be exprefled by =
- M-l.l"
what he might clearly get from his Adverfaries by an equitable
compofition with them for the Value of his Chance, will be
armf—af

! :

Now the Logarithm of 2 + m = 5.911366 5, Log. 2 —5.8984542,
Log. m — 4.3781434, Log. /= 5.9468136; and therefore Log,
a-t+m?—=or Log.a-}m\’* = 29.5568325, Log a# =—=29.4922710,
Log. mfi—* —28.1653978 ; from which Logarithms it will be conve-
nient to reject the leaft index 28, and treat thofe Logarithms as if they
were refpe@ively 1.5568325, 1.4922710, 0.1653978 : but the pum-
bers belonging to the two firft are 36.044 and 31.065, whofe diffe-
rence is 4.979 from the Logarithm of which, wiz. 0.6971421, if
the Log. 0.1653978 be fubtratted, there will remain the Log.
0.5317433, of which the correfponding number being 3.402, it fol-
lows that the Gain of A ought to be eftimated by 2.402.

Z DEMON-

other four will ; and therefore if each of the

; and confequently his Gain, or

—1‘ L]
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DEMONSTRATION. .
1°, When .4 has thrown his Chance, the Probability of B's hav-

ing a worfe Chance will be %; wherefore the Probability which

A has of beating all his Adverfaries whofe number is p — 1, will be
s
AT
2°, The Probability which B has in particular of coming to an
Equality with 4 is 7, which being fuppofed, the Probability
which 4 has of beating the reft of his Adverfaries whofe number is
ol

p—2, is 1 which being again fuppofed, the Probability
which 4 now has of beating B, with whom he muft renew the
Play, is —; wherefore the Probability of ‘the happening of all thefe

1 P-—z

things i =;’>-: = X == : but becaufe C, or D or
E, &c. might as well have come to an equality with .4 as B him-
felf, it follows that the preceding Fra&ion ought to be multiplied
by p— 1, which will make it, that the Probability which A4
has of beating all his Adverfaries except one, who comes'toan

equality with him, and then of his beating him afterwards, will be
F".'I ma®

p—1
3°, The Probability which both B and C have of coming to an
equalitys with A js —}m—; which being fuppofed, the Probability

which 4 has of beating the reft of his Adverfaries whofe number is
=3 -

p—3, is —5—; which being again fuppofed, the Probability
g

which A4 now has of beating B'and C with whom he muit re-

new the Play, (every one of them being now obliged to throw

for 2 new Chance) is -i; wherefore ‘the Probability of the hap-~

ol
pening of all thefe things will be = ? X :

1

Pty
1 p—3
';m;m

7 o B but the number of the Adverfaries of A being p— 7,
and.
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and the different Variations which that number can undergo by elec-
tions made two and two being —— x 'ﬂ:a , as appears from the

Doctrine of Combinations, it follows that the Probability which any
two, and no more, of the Adverfaries of A4 have of coming to an
Equality with him, that 4 fhall beat all the reft, and that he fhall
beat afterwards thofe two that were come to an Equality
e Pz mma 3 ’
2 ;
po= and fo of the reft.

15

. From hence it follows that the Probability-which 4 has of beat-
ing all his Adverfaries, will be exprefied by the following Series,

p—1 =1 — 1 - oms 2 -_— —2 e o
a +—;mdp_" +£'5'“ x'es—:mn:ef ’+':':~:Pi xt 41-’?11-51? *, &
g
the Terms of whofe Numerator are continued till fuch time as their
Ill{llibﬂl‘ be =p; now to thofe who underftand how to raife a Bino-
mial to a Power given, by means of a Series, it will plainly appear

W - L] ??I. P— p
that the foregoing Expreflion is equivalent to this other ~= —

], B
which confequently denotes the Probability required. 4

PROBLEM XLIX
The fame things being given as in the preceding Problem,
to find bow. many Gameflers there ought to be in all, to
make the Chance of A, after be has thrown the Point
XL, 20 be the moft advantageous that is poffible.

SoLUTION.

It is very eafily perceived that the more Adverfarics 4 has, the
more his Probability of winning will decreafe; but he has a Com-
penfation, which is, that if he beats them all, his Gain will be
greater than if he had had fewer Competitors: for which reafon,
there being a balance between the Gain that he may make on
one fide, and the decreafe of the Probability of winning on the
other, there is a certain number of Gamefters, which till it be at-
tained, the Gain will be more prevalent than the decreafe of Proba-
‘bility ; but which being exdeeded, the decreale of Probability wiil

vail over the Gain ; o that what was advantage, till a certain time,
may gradually turn to equality, and even to difadvantage. This
Problem is therefore propofed in order to determine thofe Circum-
ftances, Z 2 Let
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Let Log. f— Log. a be made =g, letalfo Log. f—Log. 2 }-m be
made —f, which being done, then the number of Gamefters re-
quifite to make the Advantage the greate(t pofiible will be exprefled

by the fraGion w8k OKT (o that fuppofing as in the pre-

log & - m—log. a
ceding Problem tlfat s ygbtgoﬁ, m— 23886, and confequently
a -+ m=2815392, as alfo /—1884736, and Log. /— 5.9468136
Log.a—15.8984542, Log.m—4.3781434Log.a+m—5.911366¢,
then g will be =0.0483594, and f will be = 0.354471. Theref,
Lng.g~—Log.f:o.:g.q.gmq_,andLug.a-}-m-——l.ﬂg.a:o.nglg

and therefore the number of Gamefters will be -’-%?Ef—z 10.4

nearly, which fhews that the number required will be about ten or
eleven.

As the Demonftration of this laft Operation depends upon prin-
ciples that are a little too remote from the Doétrine of Chances, I
have thought fit to omit it in this place; however if the Reader will .
be pleafed to confult my Mifcellanea Analytica, therein he will find it,
pag. 223 and 224. :

It is proper to obferve, that the method of Solution of this laft
Problem, as well as of the preceding, may be applied to an infinite
variety of other Problems, which may happen to be fo much eafier
than thefe, as they may not require Tables of Chances ready calcu-
lated.

PROBLEM L.
Of WHisk.

If four Gameflers play at Whifk, to find the Odds that
any two of the Partners, that are pitched upon, have
not the four Honours.

' SOLUTION.

Firft, Suppofe thofe two Partners to have the Deal, and the laft
Card which i1s turned up to be an Honour.

From the Suppofition of thefe two Cafes, we are only to find
what Probability the Dealers have of taking three fet Cards in twenty-
five, out of a Stock containing fifty-one. To refolve this the fhorteft
way, recourfe muft be had to the Theorem given in the Remark be-
longing to our xx* Problem, in which making the Quantities »,

6
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¢, d, p, a, refpeively equal to the numbers 51, 25, 26, 3, 3, the
Probability required will be found to be 23X24x23 . 9

: i Flxfox4n I
Secondly, If the Card which is turned up be not an Hr;ncmr, then

weare to find what Probability the Dealers have of taking four given
Cards in twenty-five out of a Stock containing fifty-one ; which by

the aforefaid Theorem will be found to be ——iZiXiixzz — .

ol SIXEORIgH4E
908 5 Lol

But the Probability of taking the four Honours being to be efti-
mated before the laft Card is turned up; and there being fixteen
Chances in fifty-two, or four in thirteen for an Honour to turn up,
and nine in thirteen againt it, it follows that the Probability of the
firlt Cafe ought to be multiplied by 4; that the fraion expreffing
the Probability of the fecond ought to be multiplied by g ; and that
the Sum of thofe Products ought to be divided by 13, which being

ﬂqn:, j:he Quotient —- or % nearly, will exprefs the Probability
required, -

And by the fame Method of proceeding it will be found, that
the Probability which the two Eldeft have of taking four Honours is

—29 | that the Probability which the Dealers have of taking three

1600

Honours is -4 and that the Probability which the Eldeft have of

1656
- . 'ﬁ L]
taking three Honours is :‘_:D . Moreover, thatthe Probability that
L * r"
there are no Honours on either fide will be mil -

Hence it may be concluded, 1°, that it is 27 to 2 nearly that the
Dealers have not the four Honours.

That it is 23 to 1 nearly that the Eldeft have not the four
Honours.

That it is 8 to 1 nearly that neither one fide nor the other have
the four Honours.

That is 13 to 7 nearly that the two Dealers do not reckon Honours.

That it is 20 to 7 nearly that the two Eldeft do not reckon
Honours.

And that it is 25 to 16 nearly that either one fide or the other do
reckon Honours, or that the Honours are not equally divided.

CoOROLLARY 1.
From what we have faid, it will not be difficult to folve this Cafe
at Whitk ; viz. which fide has the beft, of thofe who have vir11
of the Game, or of thofe who at the fame time have 1x? In,
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In order to which it will be neceflary to premife the following
Principle. |

1°, That there is but 1 Chance in 8 192 to get v1 1 by Triks.

2°, That there are 13 Chances in 8192 to get vr.

3°% That there are 28 Chances in 8192 to get v,

4°, That there are 286 Chances in 8192 to get 1v.

5°, That there are7 15 Chances in 8192 to get 111,

6°, That there are 1287 Chances in 8192 to get 11,

7°, That there are 1716 Chances in 8192 to get 1.

All this will appear evident to thofe who can raife the Binomial
‘@ - b to its thirteenth power,

But it muft carefully be obferved that the foregoing Chances ex-
prefs the Probability of getting fo many Points by Triks, and nei-
ther more nor lefs.

For if it was required, for Inftance, to affign the Probability of
getting one or more by Triks, it is plain that the Numerator of the
Fraction exprefling that Probability would be the Sum of all the
Chances which have been written, viz. 4096, and confequently that

this Probability would be <22 or =

2°, That the Probability of getting two or more by Triks would be
2180 110
Bigz ? 45 4000 " -
3°, That the Probability of getting three or more by Triks would
1003
Bigz *
4°, That the Probability of getting 1v or more by Triks would
be ;I-’:i E
5°, That the Probability of getting v or more by Triks would be
gz
819z °*
6°, That the Probability of getting vi or more would be

14
819z °
=°, That the Probability of getting v1 1 would be 3._;; .

This being laid down, I proceed thus.
1°, If thofe that have vi11 of the Game are Dealerﬁ, their Proba-
bility of getting 11 by Honours is %: for the Dealers will get
11 by Honours if they have either 3 of the 4 Honours, or all the
» 468

4 Honours, but the Probability of taking three Honours is 2=,

115
1066 ?
(4}

1ohe . : The

and the Probability they have of taking the four Honours is
and the Sum of this is
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The Probability which they have of getting them by Triks is

z1Bo oo
g1gz ﬁl_. 40gb 1 ” 32
And therefore adding thefe two Probabilities together, the Sum

. 4370508
‘W!ll be W .

Now fubtracting from this, the Probability of both circum-

: . 60377
ftances happening together, wiz. -ﬁ%’—%
3676738

Z8319;6 5 and this expreffes their Expectation upon the common
Stake which we fuppofe to be = 1.
But they have a farther Expe@ation, which is that of getting one

fingle Game by Triks, which is —>or <22 ; and their Proba-

the remainder will be

819z 2o4h 2
L3 ) - - H
bility of not getting by Honours is :“;D’; ( — 1 —ETE); and there-

fore their Probability of getting one fingle Game by Triks indepen-

dently from Honours is ;f:'ﬂa_fs ; but then if this happen they will be

but equal with their Adverfaries, and therefore this Chance entitles
them to no more than half of the common Stake; therefore taking

the half of the foregoing fraction, it will be g‘;—é‘ﬁq? and therefore

23936 *
! . 20767384-104607 414134%
the whole Expe@ation of the Dealers is 0923036 —— 823956
- r:: 3
whence there remains for thofe who have 1x of the Game **—?--:Ej: 94;: 3

which will make that the Odds for the vii1 againft the 1x will be

4141345 to 2682591, which is about 3 to 2, or fomething more,
viz. 17 to 11,

‘2°, But if thofe who have vi11 of the Game are Eldeft, then their

Probability of having three of the four Honours is ::; » and their

‘Probability of having the four Honours is *1—2— , and therefore their
Probability ‘of getting their two Games by Honours is J04969

1004
1 I{}‘J

433 ags : Jaier s i
——— - The Probability of getting them by Triks is as before e

now adding thefe two Probabilities together, the Sum will be
-%% , from which fubtra@ing, the Probability of both circumftan-

2740818

ces happening together, viz. — , there will remain ——— |

and this exprefles the Expﬁﬁalic;;;]alriﬁng from the Profpect of their
winning at once either by Honours or by Triks.

But
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But their Expectation arifing from the Profpe& of getting one fin-
gle Game, and then being upon an equal foot with their Adverfaries,

tound the fame way as it was in the Suppofition of their being Dealers,

£ rzHiocy
15 =9 .
hﬂljyju

For the Probability of the Eldeft taking 4 Honours is

9 . . 364
~——» and of their taking 3 Honours, — ; whofe Sum taken

"
123
| ]

from Unity, leaves ——, for the Probability of their not getting by

LF]
i29 . the Probability of their get-

zo4B

ting one Game by Triks, gives —=27.; ‘the half of which is

3411908 3
r28gc+

Honours ; and this multiplied by

And therefore their Expe&ation upon the whole is

0823930 *
3240338 +528057 3769705 :
6823036~ 6823936 ° and confequently there remains for the
CEd4l 4
IX, ‘_—“ﬁg;:;é , and therefore the Odds of the viir againft the 1x

are now 3769795 to 3054141, which is nearly as g5 to 77.

From whence it follows that without confidering whether the
vii1 are Dealers or Eldeft, there is one time with another the Odds
of fomewhat lefs than 7 to 5; and very nearly that of 25 to 18.

COROLLARY 2, L

It is a Queftion likewife belonging to this Game, what the Proba-
bility is that a Player has a given number of Trumps dealt him : par-
ticularly, it has been often taken as an equal Wager that the Dealer
has at leaft 4 Trumps.

Now altho’ the Solution of all fuch Queftions is included in our
xx™ Problem ; yet as this Game is much in ufe, I have, for the
Reader’s eafe, computed the following Tables; fhewing, for the
Dealer as well as the other Gamefters, what the Probability is
of taking precifely any afligned number of Trumps in one deal.

And thence by a continual addition of the numbers, or of fuch
part of them as is neceflary, it is eafily found what the Probability is
of taking a# Jeaf! that number.

Chances
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. {Chances of the Dealer to have Trim (Chances of any other Game-
befides the Card turned up. | P fter to have precifely.

3910?97431 Iﬂ 8122425444
e

20112672528 46929560232

; 41959196136| II. |110619698904
: 46621329040 III. 1139863987120
_ 304g4255260 IV. |104897990340
| 12181702104] V. | 48726808416
3014663652 VI | 14211985788
| | 455999544 VIL | 2583997416
Tab. L 40714245 VIIL 284999715 Tab. II
i 2010480} IX. 18095220
. 48906] X. 603174
468 XL 8892
..: WO e AT 39
== :587533§99t:-n is the 476260169700 — Sum, i
commom Denominator ; be- the common Denominator ;
ing the Combinations of 12 being the Combinations of]
Cards in §1. 13 in_g1.

By the help of thefe Tables feveral ufeful Queftions may be re-
folved ; as 1°, If it is afked, what is the Probability that the Dealer
has precifely III Trumps, befides the Trump Card? The Anfwer,

by Tab. 1. is -;%E— ; and the Probability of his having fome other
number of Trumps is i‘i;‘ . But if the Queftion had been, What
is the Probability that fome other Gamefter, the eldeft hand for
inftance, has precifely 1V Trumps? The anfwer, by Zab. II. is
104898

476260 °

" 2°, To find the Chance of the Dealer’s not having fewer than IV

Trumps: add his Chances to take o, 1, II, which are 39108,
201127, 419592; and their Sum 659827 taken from the Deno-
minator 1587534, and the Remainder made its Numerator, the
Probability of the Dealer having IV or more Trumps will be f}?:
:..—%E-‘?-, a little: above —.;— . 'The Wager therefore that the Dealer
has not IV Trumps is fo far from equal, that whoever lays it throws

away above + of his Stake.

Aa But
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But if the Wager is that the Dealer has not V Trumps, then
466217 (the Chances of his having III befides the Trump Card)
is to be added to the Chances for o, I, 1I; which will make the

Chance of him who lays this Wager to be nearly i;;;andthamﬂiis

Adverfary 25|

35
And hegce, if Wagers are laid that the Dealer has not IV
Trumps, and has not V Trumps, alternately; the advantage of

him who lays in this manner will be nearly 11 i—- per Cent. of his

Stakes.

3% To find the Odds of laying that the eldeft hand has at leaft
IT1, and at leatt IV Trumps, alternately; the Numerator of the one
Expectation is (by Tab. 11.) 31501119, and of the other 17514720,
to the Denominator 47626017 ; whence the advantage of the Bet will

he% , or 3 per Cent. nearly.

ngain, if it is laid that the Trumps in the Dealer’s hand fhall be either
I, II, Il or VI; the difadvantage of this Bet will be only 15/ 44, or

about -_%, er Cent,

In like manner, the Odds of any propofed Bet of this kind may be
computed : And from the Numbers in the Tables, and their Combi-
nations, different Bets may be found which fhall approach to the Ratio
of Equality; or if they differ from it, other Bets may. be affigned,
which, repeated a certain Number of Times, fhall ballance that
difference.

4°, And if the Bet includes any other Condition befides the num- -
ber of Trumps, fuch as the Quality of one or more of them ; then

roper Regard is to be had to that reftriction.

Let the Wager be that the Eldeft has IV Trumps dealt him ; and
that two of them fhall be the Ace and King. The Probability of

104808

his having IV Trumps precifely is, by Tab II. —— . and the dif-

470200 *

12 I1 10

ferent fours in 12 Cards are —xX—x-—x<. But becaufe

2 out of the 12 Trumps are fpecified, all the Combinations of 4 in
12 that are favourable to the Wager are reduced to the different two’s

that are found in the remaining 10 Cards, which are %}‘_Z" And
this number is to the former as 1 to 11: the Probability therefore is
reduced by this refiri&tion to —, of what elfe it had been : that is,

. 1 I
it is reduced from near — to about e Note ;
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Note 5 thefe Tables and others of a like kind, which different
Games may reguire, are beft computed and examined by beginning
with, the loweft number, and obferving the Law by which the others
are _fufmt:d {ucceflively, As in Tab. I, putting 4 = 1; and the Let-

ters B, C, D, &c. ftanding for the other Terms regularly afcending ;
we fhall have B =22 x-= x 4, C= - x--xB, D=-Lx
=% C, & till 'we arfive at the Term N'= 2= x -1 x M.

: And if the 'prnﬂingTefﬁié‘ i "Tab, I1. are marked by the fame
Letters dotted, ‘then's 4'=5-X4, ' B'= Tx B, ¢ =21 x(,
D’=ET'5.>CD, &c. up'to N:%KM

PROBLEM LI
0f P I QUE T.
Zo find at Piquet the Probability which the Dealer bas

or taking one Ace or more in thiee Cards, he bhaving
none 'in bis Hand.'

SoLuTiION,
Ol LUlEE UL i ' FETE ST MR i - =

From the number of all the Cards which are thirty-two, fub-
trating twelve which are in the Dealer’s Hands, there remain twenty,
among which are the four Aces. | ed vigr A &

Erom which it follows that the number of all the Chances for .
taking any three Cards in the bottom, is the number of Combinations
which twenty Cards may afford being taken three and three ; which by

the Rule given in our xv’ Problem is = >—-2- 2 or 1140.
T t?“nuqubqr of all the Chances beipg thus obtained, find the
nutiiber” of Chances- for taking one. Ace precifely with two other
.‘,3*_‘# fin negt_tﬁqlﬂumb'lrcr qf‘;Chén:‘:Fg_ for taking two Aces pre-

cifély/ Wwith any other Card ; laftly, find the number of Chances for .
“takihg“three Aces; then thefe Cﬂaﬁceﬁ being added together, and

theit” Sum ”qf&;a_ by the whole number of Chances, the Quotient

tl
will éxprefs the Probability required.
Aaz But
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But the number of Chances for taking one Ace are 4, and the

16 (3

number of Chances for taking any two other Cards, are — e

and therefore the number of Chances for taking one Ace and two

other Cards are = x JIE' 3. — 480, as appears from what we have

faid in the Doctrine of Combinations.
If there remains any difficulty in knowing why the number of
Chances for joining any two other Cards with the Ace already taken -

16 . :z; , it will be eafily refolved if we confider that: there

being in the whole Pack but 4 Aces and 28 other Cards, out of
which other Cards, the Dealer has 12 in his Hands, there remain
only 16, out of which he has a Choice, and therefore the num-
ber of Chances for taking two other Cards is what we have de-
termined.

In like manner it will appear that the number of Chances for

taking two Aces precifely are -:—‘-3- or 6, and that the number of

15

Chances_ for taking any other Card are 'l—ﬁ or 16; from whence

it follows that the number of Chances for taking two Aces with an=
other Card are 6 X 16 or g6.

Laftly, it appears that the number of Chances for taking three

3

. s T EE A A
Aces is equal to —— =4

Wherefore the Probability required will be found to be
ifotofdt o S22 or 22 | which fra@ion being fubtracted from

1140 1140 57 ;
Unity, the remainder will be ;'—? i

From whence it may be concluded that it is 29 to 28 that the
Dealer takes one Ace or more in three Cards, he having none in his
Hand. ]

The preceding Solution may be contratted by inquiring at firft
what the Probability is of not taking any Ace in three Cards, which
may be done thus,

The number of Cards in which the four Aces are contained be-
ing twenty, and confequently the number of Cards out of which
the four Aces are excluded being fixteen, it follows that the num-
ber of Chances which there are for the taking of three Cards, among
which no Ace fhall be found, is the number of Combinations which
fixteen Cards may afford being taken three and three, which num-

ber
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ber of Chances by our 18 Problem will be found to be 165 1is Uina

W TR

or 5b6o. i
But the number of all the Chances for taking any three Cards in

twenty has been found to be 1140; from whence it follows that

the Probability of not taking any Ace in three Cards, is % or
%, and therefore the Probability of the contrary, that is of taking

one Ace or more in three Cards is -z% as we had found it before.

PROBLEM LIL

To find at Piquet the Probability which the Eldeff has
of taking an Ace in five Cards, be baving no Ace in
bis Hand.

SOLUTION.

Firft, Find the number of Chances for taking one Ace and four
other Cards, which will be 7280.

Secondly, The number of Chances for taking two Aces and three
other Cards, which will be found to be 3360.

Thirdly, The number of Chances for taking three Aces and two
other Cards, which will be found to be 480,
. Fourthly, The number of Chances for taking four Aces and any
other Card, which will be found to be 16.

Laftly, The number of Chances for taking any five Cards in
twenty, which will be found to be 15504.

Let the Sum of all the particular Chances, viz. 7280 - 3360 -}-
480 4 16, be divided by the Sum of all the Chances, viz. by 15504,

. ' 11136 232 : .
-and the Quotient will be - or —= which being fubtracted
from Unity, the remainder will be :: . and therefore the Odds

of the Eldeft hand taking an Ace or more in five Cards are as 232 to
91, or 5 to 2 nearly. :
But if the Probability of not taking an Ace in five Cards be in-

quired into, the work will be confiderably fhortened; for this Pro-
1OxIgxig . 15 . 12

bability will be found to be exprefled by ————————For
4308
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4368 to be'divided by the whole number of Chances, viz, by 15504,
or 91 by 323 ; which makes the Probability of taking one or more Aces

232 as before;

333

PROBLEM LIL

To find. at Piquet the Probability whick the Eldeff bas
of taking both an Ace and a King in five Cards, be

rS.:zwfﬁg none 12 bis Hand.

SorLuTIrON.

Let the following Chances be found ; wiz.

1°, For one Ace, one King, and three other Cards,

2*, For one Ace, two Kings, and two other Cards.

3% For one Ace, three Ki“gﬁq and any other Card.

4°, For one Ace, and four Kings.

59, FortwoAces, one King; and'two other Cards!

6°, For two Aces, two Kings, and any otherCard:*

=%, For:two' Aces, and three' Kings:'- arnne 3

8°, For three Aces, one King,: and any other Card:

9°; For three Aces; and two Kings.

10°, For four Aces, and oneKing.:

Among thefe ‘Cafes, there being ‘four paits that' are " alike, w7z
the fecond and fifth, the third and eighth," the fourth and tenth, the "
feventh and ninth ; it follows that there are only fix Cafes to be eal-
culated, whereof the firft and fixth ‘are’ to "bé taken fingly, but ‘the *
fecond, 'third, fourth and feventh to be“doubled; now the Opera~
ration. is as. follows.”

The firft Cafe has < x 5 x ————=-= or 3526 Chances"

T

Thﬂ ﬁfmd 5-.}{ ‘: i % _l: -. : or ]58_¥,'tlfé"dnu1ﬂh ‘of 'WM£h
is 3168.

Thethird —‘:i x.—r‘: : 35 X ':_ or 192;-the double of ‘which lis
284 Chances, !

The
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The fourth X mpwizwa— OF 4, the double of which is 8
Chances.

The fixth ‘:3 a i 'lz or 432 Chances.
T L
. 2

I + 2
The feventh ': : X f
48 Chances.

Now the Sum of all thofe Chances being 7560, and the whole
number of Chances for taking any five Cards out of 20 being

”:’ — ': - ': - I:’ or 15504, it follows that the Probability re-
quired will be :;‘;i or :;: , and therefore the Probability of the
contrary will be ﬁT:j » from whence it follows that the Odds againft

the Eldeft hand taking an Ace and a King are 331t0 315, or 21 to
20 nearly.

; X or 24, the double of which is

B/ R:QO B:L-EM LIV.

To find at Piguet the Probability of having twelve Cards
dealt to, without King, Queen or Knave, which Cafe
is commonly called Cartes Blanches, ¥

SoLUTION.

Altho’ this may be derived from what has been faid in the xx™
Problem, yet 1 fhall here prefcribe a Method which will be fome-
what more eafy, and which may be followed in many other In-
ftances.

Let us therefore imagine that the twelve Cards dealt to are taken
up one after another, and let us confider, 1°, the Probability of the
firft’s being a Blank ; now there being 20 Blanks in the whele Pack,

and 32 Cards in all, it is plain that the Probability of it is 2

32
2°, Let us confider the Probability of the fecond’s being a Blank,
which by reafin the fir{t Card is accounted for, and becaufe, there
remain now but 19 Blanks and 31 Cards inall, will be found to be
__';-'?:—; and in like manner the Probability of the third Card's
being a Blank will be ;—E , and fo on; and therefore the

Proba-
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Probability of the whole will be exprefled by the Fraétion

y S R - : : ; A e R ¢ T
2 .22 e the number of Mul-
T | Lt L L L T A e L e W TR

tiplicators in both Numerator and Denominator being equal to twelve.
Now that Fraction being fhortened will be reduced to 2 or

573950

155, nearly, and therefore the Odds againft Carfes Blanches ave
1791 to 1 nearly.

PROBLEM LV.
To find bow many different Sets, effentially different from

one another, one may have at Piquet before taking in.

SoLuTioN,

Let the Suits be difpofed in order, and let the various difpofitions
of the Cards be written underneath, together with the number of
Chances that each difpofition will afford, and the Sum of all thofe
Chances will be the thing required.

Let allo the Letters D, H, 8, C refpecively reprefent Diamonds,
Hearts, Spades, and Clubs. :
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DivEH 8 G Chances,
{0, O, 4, 8 — -4 70
210, o, § 7= 4438
S HONRO SL0, "0 = 748
40 I, 3, B 448
LN e Y S 4480
6lo, 1, 5, 6= 12544
7l 2, 2, 8= 784
8o, iz, gy gi=— 812544
0,42, (e e— 54880

ROFo 0 g, S AN e — 87808
Rl oluig, e B 87808
1210, 3, 4, §= 219520
1319, 4, 4, 4= 343000
A e T 1792
g S e R Tl e — 28672
26} x50 150 4sl 6= 126440
171, I, § § = 200704
UL 2,n) 2, il — 50176
9l1, 2, 3 6= 351232
et O TSR AR e 878080
8} L v b= 1404028
2211, 3, 4 = 2195200
L R TR — 614656
e L ] et e 2458624
zg g a2y Ay — 3851600
2012, .3 3 = 6146560
2713 3, 3 e 9334496
© Sum 28,967,278

Which Sum would feem incredibly great, if Calculation did not
rove it to be fo.

But it will not be inconvenient to fhew by one Example how
the numbers exprefling the Chances have been found, for which
we muft have recourfe to our xx™ and xx1*® Problems, and there ex-
amine the Method of Solution, the fame being to be obferved in this

lace. Let it therefore be required to affign the 19™ Cafe, which is
Fnr taking 1 Diamond, 2 Hearts, 3 Spades and 6 Clubs, Then it
will eafily be feen that the variations for taking 1 Diamond are 8,

that the variations for taking 2 Hearts are ? ~2- =28, and that
Bb the
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L

the variations for taking 3 Spades are H: 56, and that the

ok " 7 il | B
variations for taking 6 Clubs are : —— — 28. And

208 i 90
therefore that the number of Chances for the 19" Cafe is the pro-
dué& of the feveral numbers 8, 28, 56, 28, which will be found

1212,
3SThil:re is one thing worth obferving, which is, that when the
number of Cards of any cne Suit being to ‘be combined together, ex-
ceed one half the number of Cards'of that Suit, then it will be fuf-
ficient to combine only the difference between that inumber and the
whole number of Cards in the Suit, which will make the operation
fhorter; thus being to combine the 8 Clubs by fix and fix, I take
the difference between eight and fix, which being 2, I combine the
Cards only two and two, it being evident that asoften as I take 6
Cards of one Suit, I leave 2 behind of the fame Suit, and that there-
fore I cannot take them oftner fix and fix, than I can take them two
and two.

It may perhaps feem ftrange that the number of Sets which we
have determined, notwithftanding its largenefs, yet fhould not come
up to the number of different Combinations whereby twelve Cards
might be taken out of thirty-two, that number being 225792840;
but it ought to be confidered, that in that number feveral fets of the
fame import, but differing in Suit might ‘be taken, which would not
introduce an effential difference among the Sets.

REMAREK.

It may eafily be perceived from the Solution of the preceding
Problem, that the number of variations which there are in twelve
Cards make it next to impoffible to calculate fome of the Probabi-
lities relating to Piquet, fuch as that which refults from the priority
of Hand, or the Probabilities of a Pic, Repic or Lurch ; however
notwithftanding that difficulty, one may from obfervations often re-
peated, nearly eftimate what thofe Probabilities are in themfelves,
as will be proved in its place when we come to treat of the reafon-
able conjectures which may be deduced from Experiments ; for which
reafon I{hall fet down fome Obfervations of a Gentleman who has a
very great degree of Skill and Experience in that Game, after which
I fhall make an application of them.

HYPOTHESES.
1°, That ’tis 5to 4 that the Eldeft hand wins 2 Game,
4
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2° That is 2 to 1, that the Eldeft wins rather without lurch-
ing than by lurching,

3° That it is 4 to 1, that the Youngeft Hand wins rather with-
out lurching than by lurching,.

But it muft carefully be obferved that thefe Odds are retrained to
the beginning of a Game.

From whence, to avoid Fractions, we may fuppofe that the Eldeft
has 75 Chances to win one Game, and the Youngeft 6o.

That out of thefe 75 Chances of the Eldeft, he has 5o to win
without Lurch, and 2§ with a Lurch. '

That of the 6o Chances of the Youngeft, he has 48 to win with-
out a Lurch, and 12 witha Lurch.

This being laid down, I fhall proceed to determine the Probabi-
lities of winning the Set, under all the circumftances in which 4
and B may find themfelves.

1°, When A4 and B begin, he who gets the Hand has the Odds
of 6478643 to 3362857 or 23 to 2o nearly that he wins the
Set

2°, If A has 1 Game and B none. ,

Before they cut for the Hand, the Odds in favour of A are
682459 to 309067 or 38 to 23 nearly.

If A has the Hand, the Odds are 4627 to 1448, or 16 to 3
nearly.

If B has the Hand, the Odds in favour of A are 511058 to 309067,
or 38 to 23 nearly.

3%, If A has1Game, and B 1 Game.

‘He who gets the Hand has the Odds of 10039 to 8186 or 27 to
22 nearly.

4°, If A4 has 2 Gamesand B none,

Before they cut for the Hands the Odds are 59477 to 13423, or
31 to 7 nearly.

If 4 has the Hand, the Odds are 5117 to 958, or 16 to 3
nearly.

If B has the Hand, the Odds in favour of 4 are 1151 to 307, or
2§ to 7 nearly.

5°, If Ahas 2 Gamesand B 1.

Before they cut for the Hand, the Odds are 92 to 43, or 15 to
7 nearly.

If 4 has the Hand, the Oddsare 11 to4. * i

* 1In this Cafe B has 12 Chances for 1, and 48 for -% » but the number of all the
Bba2 Chances
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If B has the Hand, the Odds in favour of A are 17 to 10, .

6°, If A has 2 Games and B 2 Games, he who gets the Hand
has 5 to 4 in his favour.

I hope the Reader will eafily excufe my not giving the Demon-
ftration of the foregoing Calculation, it being fo eafily deduced
from the Rules given before, that this would feem entirely fuper-
fluous,

PROBLEM LVL

Of Saving CLAUSES,

A has 2 Chances to beat B, and B bhas 1 Chance to beat
A 5 but there is one Chance which intitles them both to
withdraw their own Stake, which we fuppofe equal to {3
to find the Gain of A.

SorLuTION,

This Queftion tho’ eafy in itfelf, yet is brought in to caution Be-
einners againft a Miftake which they might commit by imagining
that the Cafe, which intitles each Man to recover his own Stake, needs
not be regarded, and that it is the fame thing as if it did not exift :
This I mention fo much more readily, that fome people who have
pretended great {kill in thefe Speculations of Chance have them-
felves fallen into that error. Now there being 4 Chances in all,
whereof 4 has 2 to gain f; ’tis evident that the Expectation of that

Gain is worth % J; but A4 having 1 Chance in 4 to lofe /; the Rifk
of that is a Lofs which muft be eftimated by i -/, and therefore the

abfolute Gain of A is % S ——;~ Jsor % J- But fuppofing the faving

Claufe not confidered, A would have 2 Chances in 3 to win/; and
1 Chance in 3 to lofe f; and therefore the Expe&ation of his Gain

Chances between A4 and B are 135, therefore B has fa-ay |
LA e 15 %
Odds 11 to 4. If B has the Hand, then he has 25 for 1, 5o for %= 15425 __ 5o

5o SR - i T
= —-> Odds 17 to 10, But before they cut for the Hand B has -+ 4 X2 ¢ L

43 LS 27 2
S Odds g2 to 43.

would
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would be worth % -/; and the Rifk of his Lofs would be eftimated
b]rvj::f;. which would make his Gain to be %f-—- iﬁf: ~f
From whence it may evidently be feen that the condition of drawing
Stakes is to be confidered ; and indeed in this laft Cafe, there are the
Odds of 2 to 1 that .4 beats B, whereas in the former it cannot be
faid but very improperly that A4 has 2 to 1 the beft of the Game;
for if A undertakes without any limitation to beat B, then he muft
lofe if the faving Claufe happens, and therefore he has but an equa-
lity of Chance to beat or not to beat ; however it may be faid with
fome propriety of Expreflion, that it is 2 to 1 that 4 rather beats
B than that A beats him.

But to make the Queftion more general, let 4 and B each depo-
fite the Sum /5 let 2 reprefent the Chances which 4 has to beat B,
and 4 the Chances which B has to beat 4; let there be alfo a certain
number m of Chances which may be called common, by the hap-
pening of which A fhall be entitled to take up fuch part of the com-

mon Stake 2/ as may be denominated by the fraction %, and B

fhall be entitled to take the remainder of it.
Then 1°, it appears that the number of all the Chances being
a -} & -} m, whereof there are the number & which intitle 4 to gain /;

thence his Gain upon that fcore is =7 X/’ _

2° It appears that the number of Chances whereby 4 may lofe,
- being 4, his Lofs upon that account is ;—+—f—_‘? XS

3° It appears that if the Chances m fhould happen, then A would
take up the part % of the common Stake 2f; and thereby gain

%_f —f, or 2= xf. But the Probability of the happening of

r

this is ﬁh— ; and therefore his Gain arifing from the Proba-
P » = w m IP---I“
bility of this circumftance s — Sy gl S e

.~ From all which it appears that his abfolute Gain is

. a " A i 2p—r
S — e X e X X
. Now fuppofe there had been no common Chances, the Gain of 4
would have been -:—:—i-x il
Let it therefore be farther required to aflign what the proportion

of p tor ought to be, to make the Gain of A to be the fame in

both Cafes.
This
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2t —pme

This will be eafily done by the Equation ?;f},f:; males e
— Z—_; wherein_multiplying all the Terms by a4 & -\-m we

.|:.|+EJ'
fhall have the new Equation 4 — 4 J- 2n= . eakam—dS—bn
r a4=f
v 2 e e, Of 2pa—irahep

or ._-----—-ﬂ_*__& g OF i == o Sl

2bp — br =ra — br, or 2pa - 2bp — 2ra, and therefore
pa -+ bp =ra, and -‘:— == ﬂ:; — . From which we may conclude,

that if the two parts of the common Stake 2/'which 4 and B are
refpectively to take up, upon the happening of the Chances m, are
refpe@ively in the proportion of  to 4, then the common Chances
give no advantage to 4 above what he would have had if they had
not exifted.

PROBLEM LVIL
Odds of Chance and Odds of Money compared.

A and B playing together depofit (L apiece; A bas 2
Chances to win {, and B 1 Chance to win f w&eraupan
A tells B that he will play with bim upon an equality
of Chance, if be B will fet him 2f to 1f, 1o which
B affents: to find whether A bas any advantage or i/~
advantage by that Bargain.

SOLUTION.

In the firft circumflance, A4 having 2 Chances to win £ and 1
Chance to lofe /; his Gain, as may be deduced from the Introdu&ion,

4 2f—f LS 'I'f
R R s
In the fecond circumftance, A having 1 Chance to win 2f; and 1
Chance to lofe /; his Gain is ;:f:f - -;- /, and therefore he gets

= / by that Bargain.

But if B, after the Bargain propofed, fhould anfwer, let us play
upon an equality of Chance, and you fhall ftake but -';f,‘ and I fhall
flake /; and fo I fhall have fet 2 to 1, and that 4 fhould affent : then

he has 1 Chance to win /; and 1 Chance to lofe =/, and therefore
his
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1
. . . _r—- -;..f L I . 1
his Gain is T /, and therefore he is worfe by —/

than he was in the firft circumftance.
But if 4, after this propofal of B, anfwers ; let us preferve the quan-

tity of the whole Stake 2/, but do you ftake -:f- f; and I fhall ftake —3— /;
whereby the proportion of 2 to 1 will remain, and that B affents;
then A4 has 1 Chance to win % fand 1 Chance to lofe ';—J/; which

s f— = r
makes his Gain to be ——"" ==/ /= =/, which
is the fame asin the firft circumftance.
And univerfally, 4 having a Chances to win f, and B having &
Chances to win f; if they fhould agree afterwards to play upon an
equality of Chance, and fet to each other the refpective Stakes

2a

_T;i -/ and —— /; then the Gain of 4 would thereby receive no al-

teration, it being in both Cafes ==/

PR OBIL E M LVIIL
Or THE DuraTion oF PLay.

Two Gameflers A and B whofe proportion of feill is as a
to b, each baving a certain number of Pieces, play to-
gether on condition that as often as A wins a Game,
B fball give him one Piece; and that as often as B
wins a Game, A [ball give him one Piece ; and that
they ceafe not to play till fuch time as either one or the
other bas got all the Pieces of bis Adverfary : now let us
Juppofe itwo Speffators R and S concerning themfelves
about the ending of the Play, the firf} of them laying
that the Play will be ended in a certain number of
Games which be affigns, the other laying to the con-
trary. To find the Probability that S has of winning
bis wager. it

SoLU-
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SoLUTION.

This Problem having fome difliculty, and it having given me
occafion to inquire into the nature of fome Series naturally refult-
ing from its Solution, whereby I have made fome improvements in
the Method of fumming up Series, 1 think it neceflary to begin with
the fimpleft Cafes of this Problem, in order to bring the Reader by
degrees to a general Solution of it.

Case L
Let 2 be the number of Pieces, which each Gamefter has; let
alfo 2 be the number of Games about which the Wager is laid : now
becaufe 2 is the number of Games contended for, let 2 4 & be raifed
to its Square, viz. aa -\- 2ab -}~ bb ; then it is plain that the Term
2ab favours S, and that the other two are againft him ; and confe-

zab

quently that the Probability he has of winning is ===+

COROLLARY

If @ and 6 are equal, neither R or S have any Advantage or Dif-
advantage ; but if 2 and 4 are unequal, R has the Advantage.

Case IL

Let 2 be the number of Pieces of each Gamefter, as before,
but let 3 be the number of Games about which the Wager is laid ;
then & -}-4 being raifed to its Cube, viz. a3 - 3aab - 3abb 4 63,
it will be feen that the two Terms 43 and 43 are contrary to §, they
denoting the number of Chances for winning three times together ;
it will alfo be feen that the other two Terms 34ab and 3abb are
partly for him, partly againft him. Let therefore thofe two Terms
be divided into their proper parts, viz. 3aab into aab 4 aba -} baa,
and 3abb into abb - bab -\~ bba, and it will plainly be perceived
that out of thofe fix parts there are four which are favourable to 8, viz.
aab, baa, abb, bba or 2a4ab -+ 2abb; from whence it follows that
the Probability which § has of winning his Wager will be

raabzabb T
-—a:-;{ — , or dividing both Numerator and Denominator by
z2ab

a 45, it will be found to be —_— which is the fame as in the

preceding Cafe, 'The reafon of which is, that the winning of a certain
number of even Pieces in an odd number of Games is impofiible, un-
Jefs &t was done in the even number of Games immediately preceding

the
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the odd number, no more than an odd number of Pieces can be
won in an even number of Games, unle(s it was done in the odd
number immediately preceding it ; but ftill the Problem of winning
an even number of Pieces in an odd number of Games is rightly
Ezlopa{'ed; for Inftance, the Probability of winning either of one

e or the other, 8 Pieces in 63 Games; for, provided it be done
either before or at the Expiration of 62 Games, ];m who undertakes

that it fhall be done in 63 wins his Wager,

Case III

Let 2 be the number of Pieces of each Gamefter, and 4 the num-
ber of Games upon which the Wager is laid : let therefore a 4 4
be raifed to the fourth Power, which is a* -\ 4436 < 6aabb - 4ab3
— 4%; which being done, it is plain that the Terms a* - 4035 -}
4abs 4 b* are wholly againft S, and that the only Term 6aadb is
Iiilrtl}r for him, and partly againft him, for which reafon, let this

erm be divided into its parts, viz. aabb, abab, abba, baab, baba,
bbaa, and 4 of thefe parts, viz. abab, abba, baab, baba, or 4aabb

will be found to favour §; from which it follows that his Probability
qaabb

of winning will be T

Case IV.
" If 2 be the number of Pieces of each Gamefter, and 5 the num-
ber of Games about which the Wager is laid, the Probability which S
has of winning his wager will be the fame as in the preceding Cafe, vrz.

qaabb
Fy

U;:iwrﬁﬂ , Let 2 be the number of Pieces of each Gamefter,
and 2 -+ 4 the number of Games upon which the Wager is laid ;
B i 5 b of il e 2
¢ . TR

an robabuity wihic a5 oI winnmng will be mz'{""

— 1d
2ab —

if 4 be an even number; or m—;_zw if 4 be odd, writing d—1
inftead of 4.

Case V.

If 3 be the number of Pieces of each Gamefter, and 3 - J the
number of Games upon which the Wager is laid, then the Probabi-
Cec lity
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T
‘lity which S has of winning will be W if 4 be an
575 144

‘even number, or —=———— if it be odd,
PR :

Case VL
If the number of Pieces of each Gamefter be more than 3, the
Expectation of S, or the Probability there is that the Play fhall not
be ended in a given number of Games, may be determined in the
following manner,

A General Rule for determining what Probability there is that the
Play fhall not be determined in a gf'ufrz number of Games.

Let #» be the number of Pieces of each Gamefter. Let alfo #4-d
be the number of Games given ; raife @ 4+ 4 to the Power #, then
cut off the two extream Terms, and multiply the remainder by
aa -\~ 2ab -- b6 : then cut off again the two Extreams, and multi-
ply again the remainder by aa - 246 - bb, fill rejeCting the two
Extreams; and fo on, making as many Multiplications as there are

Units in -;-a' ; make the laft Produ& the Numerator of a Fra&ion

whofe Denominator let be 2 4 6\" ¥, and that Fration will exprefs
the Probability required, or the Expectation of § urnn a common
Stake 1, fuppofed to be laid between R and §; flill obferving that
if 4 be an odd number, you write 4 — 1 in its room.

Examprre L
Let 4 be the number of Pieces of each Gamefter, and 10 the
number of Games given: in this Cafe n =4, 7 -+ d = 10; -where-

fore d=6, and —d—=3. Let therefore a4 be mifed to the

fourth Power, and rejecting continually the extreams, let three Mul-
tiplications be made by ga - 246 -} 65, 'Thus,

a*| +-4a%b-\-6aabb-t-4ab’| b+
aa t-2ab -+bb
4a°b|+6abb - 4053
+-8atbb4-12a%b3-}- Baabt
+ 44363+ baabt|+-4abs

" 14a*bb
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14a*bb-}-20a' b’} 14aab*
aa - 2ab - bb
14°abb|-}-20a5b3 4~ 14a%h*
+4-28a%14- goatbtt 28ab5
+ 14a%ht4 20a3b5| 4 14aab°
48a°b34- 68atbt- 484305 |
aa - zab S bb
484703 68a°h+-}- 484565
+ 96a®ht-}-136a565-}-96a3b° |
—+ 48a505-}-68a%b| -4 8ath7
- 164a°04 2328505 1644%0°

Wherefore the Probability that the Play will not be ended in 1o Games
WEH bﬂ 16 12+ 4 z_qzaiéf.}.; 64ath® -

tbo

e, if there be an equality of Skill between the Gamefters;
now this Fra&tion f:; nf—ﬁ—;- being fubtratted from Unity, the

remainder will be zz » which will exprefs the Probability of the

Play’s ending in 10 Games, and confequently it is 35 to 29 that, if
two equal Gamefters play together, there will not be four Stakes
loft on. either fide, in 10 Games.

N. B. The foregoing operation may be very much contraGed by
omitting the Letters 2 and 4, and reftoring them after the laft Mul-

, which E:-:praiﬁan will be redoced

to

iz

tiplicatit}n ; which may be done in this manner. Make » - —;a’ I

=, and —;d <+ 1=g¢; then annex to the refpetive Terms re-

fulting fromythe laft Multiplication the literal Produéts at b7, ar—1 541,
ar—zprtz, fc.

Thus in the foregoing Example, inftead of the firft Multplicand
4a%b + 6aabb 4~ 4ab3, we might have taken only 4 - 6 -4, and
inftead of multiplying three times by aa -}- 2ab - bb, we might
have multiplied only by 1 -}- 2 4 1, which would have made the
laft Terms to have been 164 -- 272 -+ 164. Now fince that
n—4and d =6, p will be =6 and 4 —4, and confequently the
literal Produs to be annexed refpectively to the Terms 164 - 232

164 will be a%*, a°65, a*b®, which will make the Terms refult-
ing from the laft Multiplication to be 1644"%% |- 23245 -}- 164a%0°,
a5 they had been found before.

Ccz ExAM-
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Exampre IL
Let 5 be the number of Pieces of each Gamefter, and 10 the
number of Games given: let alfo the proportion of Skill between 4
and Bbeas2to 1. .
Since # =5, andn 4 4= 10, it follows that d=15. Now 4

being an odd number muft be fuppofed = 4, fo that %d =2

let therefore 11 be raifed to the fifth Power, and always reje@ing
the Extreams, multiply twice by 1} 2 4-1, thus

1|+ 541041045+ 20+35+ 35+ 20
g oy i
5|4+10+410+45 20435+ 35+ 20
-+ 1042042010 “+404 70+ 70440
+ 541041045 + 20+ 35435420
2035435420 75+125+125+75

Now to fupply the literal Produts that are wanting, let
n-4-—d — 1 be mde =p, and -4 4 1 =4, and the Pro-
ducts that are to be annexed to the numerical quantities will be 2?47,
at=1bit+1, at—2bitz, at—21bi+3, &c. wherefore #, in this Cafe, being
=5, and d=4, then p will be =6, and ¢ = 3, it follows that
the Produéts to be annexed in this Cafe be a°63, 5%, a*bs, a3ps,
and confequently the Expectation of S will be found to be

756553 4= 12505041 200t S 7 caibs
e :

N. B, When # is an odd number, asit is in this Cafe, the Ex-
pectation of § will always be divifible by g 4+ 4. Wherefore divid-
ing both Numerator and Denominator by @ -\- 4, the foregoing Ex-
preflion will be reduced to

7eathi4 coatiétroails jaa—+zab-t- 366
PES Y or 25:‘23!53 X "'+"H!
Let now a be interpreted by 2, and 4 by 1, and the Expettation of §

. 3800
will become 6361

PR O-
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> PROBLEM LIX.

The fame things being given as in the preceding Problem,
to find the Expefiation of R, or otherwife the Proba-
bility that the Play will be ended in a given number of
Ganmes.

SOLUTION.

Firft, It is plain that if the Expectation of S obtained by the pre-
ceding Problem be fubtraéted from Unity, there will remain the
Expectation of R.

Secondly, Since the Expectation of S decreafes continually, as the
number of Games increafes, and that the Terms we rejeted in the
former Problem being divided by az -+ 246 + 44 are the Decrement
of his Expectation ; it follows that if thofe rejected Terms be divided
continvally by aaz -+ 246 - &b or a -} £\*, they will be the Incre-
ment of the Expe@ation of R. Wherefore the Expectation of R
may be exprefled by means of thofe rejeted Terms. Thus in the
fecond Example of the preceding Problem, the Expectation of R
exprefled by means of the rejected Terms will be found to be

ai-Las PLLE L 2eaTbb+420aab7
":;_ETF—}' iﬁ-'l;‘n:r 'Jr el y OF
i e 202nbb
T ks e Vi i =

In like manner, if 6 were the number of the Pieces of each
Gamelter, and the number of Games were 14, it would be found
that the Expectation of R would be

dﬁ+[{:fi Caa 27aabb 1roaihl 429

e X 18 A 33 aths 1 LR < ey S AT

And if 7 were the number of Pieces of each Gamelter, and the
number of Games were 15, then the Expectation of R would be
found to be

a4b gab 3 5aabb Tsqaill | 637akbe
o it i PRl il Tl = = Ul e LR
N. B. The number of Terms of thefe Series will always be
d A
equal to %d-[— 1, if 4 be an even number, or to -J-i'-!- St be
odd.

Thirdly,
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Thirdly, All -the Terms of thefe Series have to one another cer-
tain Relations, which being once difcovered, each Term of any Se-
ries refulting from any Cafe of this Problem, may be eafily generated
from the preceding ones.

Thus in the fieft of the two laft foregoing Series, the numerical
Coeflicient belonging to the Numerator of each Term may be derived
from the preceding, in the following manner. Let K, L, M be
the three laft Coefficients, and let N be the Coeflicient of the next
Term required ; then it will be found that N in that Series will con-
ftantly be equal to 6M — gL |- 2K. 'Wherefore if the Term which

would follow -%F'—ﬁ— in the Cafe of 16 Games given, were defired ;

then make M = 429, L —= 110, K = 27, and the following

Coeflicient will be found 1638. From whence it appears that the
1{3;3&5{-5

Term itfelf would be ——-.

Likewife, in the {econd of the two foregoing Series, if the Law
by which each Term is related to the preceding were demanded, it
might thus be found. Let K, L, M be the Coefficients of the three
laft Terms, and N the Coefficient of the Term defired ; then N
will in that Series conftantly be equal to M — 14L + 7K, or
M — 2L—l— K x#. Now this Coeflicient being obtained, the Term
to which it belongs is formed immediately.

But if the univerfal Law by which ea-::h Cocfficient is generated
from the preceding be demanded, it will be exprefled as follows.

Let # be the number of Picces of each Gamefter : then each Co-
efficient contains

71 times the laft
—_—n%

et

times the laft but one

-t- — #
+ nx N > times the laft but two
(= =,

fr— =i

— X ——X X ”-_1-? times the laft but three

n—10 —= n—3 =
+- 1% 2"’}:#3 X W

4 5
&cc.

Thus the number of Pieces of each Gamefler being 6, the firft
Term # would be = 6, the fecond Term 7 x ——

times the laft but four,

would be = g,
-—4_ —

the third Term 2 % "z T = would be = 2. The reft of the

‘Terms vanifhing in this Cafe. Wherefore if K, L, M are the ﬂ‘i;:t:
(t
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laft Coefficients, the Coefficient of the following Term will be 6M —
gL 4 2K,

Fourthly, The Coefficient of any Term of thefe Series may be
found independently from any relation they may have to the pre-
ceding : in order to which, it is to be obferved that each Term of
thefe Series is proportional to the Probability of the Play’s ending in
a certain number of Games precifely : thus in the Series which ex-

ﬁﬁﬂ‘es the Expettation of R, when each Gamefter is fuppofed to
ave 6 Pieces; wiz.

atg-fo bab =2 gabh ealht dzgathd
T ke P T i T i i T
the laft Term being muldplied by the common Multiplicator
a® dzoatiFxa®4 0
% fet down before the Series, the Product e%.ll f
will denote the Probability of the Play’s ending in 14 Games pre-
cifely. Wherefore if that Term were defired which exprefles the
Probability of the Play’s ending in 20 Games precifely, or in any
number of Games denoted by n-}- 4, I fay that the Coefficient of
that Term will be
# fiefed — 1 wdd—z itd—3 n4-d—4
T SR s Bt RIS
to fo many Terms as there are Units in —d.

, &c. continued

—_— ﬂ‘l—-— — i!r"-"' B
it "': X '+: — X 'ﬁ+3 - X hhi 3y ki , &c. continued
k]
to fo many Terms as there are Units in —d—n.
: = . I d— :
-+ =X e X e s KL_H 3 oy ZEE | &c. continued
[ 2 3 4 5
to fo many Terms as there are Units in %a'—zu.
g e - +d—a :
L AR Nl SRR s - , &c. continued
1 2 3 4 5
to fo many Terms as there are Units in —d—3n.
&ec.

Let now #n -4 d be fuppofed — 20, 7 being already fuppofed
— 6, then the Coefficient demanded will be found from the general
Rule to be

. gﬂx:}x;ﬂxfxl:xl‘:

* : - 23256

Where-.
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Wherefore the Coefficient demanded will be 23256 — 18 =
23239, and then the Term itfelf to which this Coeflicient does be-

232384757

Jong, will be e e and confequently the Probability of the

. - - - v &ﬁ TET
Play’s ending in 20 Games precifely will be ':%FK 3::?‘“ :

But fome things are to be obferved about this formation of the
Coefficients, which are,

Firft, that whenever it happens that —:d, or -;-d — 71, OF %d —2n,

or —d — 3n, &c. exprefling refpeively the number of Multiplica-

tors to be taken in each Line, are = o, then 1 ought to be taken
to fupply that Line.

" i . . e I
Secondly, That whenever it happens that thofe quantities —d, or

_;ﬂ"_.ﬂ, or _ldq—tzﬁ, or —ld — 3n, &c. are lefs than nothing, other-

wife that they are negative, then the Line to which they belong, as
well as all the following, ought to be cancelled.

PR OBLEM LX

Suppofing A and B to play together till fuch time as four
{;{;;f are won or f:’qﬁ' af either fide; what mt‘fﬁ be
their proportion of Skill, otherwife what muf? be their
proportion of Chances for winning any one Game affigned,
1o make it as probable that the Play will be ended in four

Games as not @

SOLUTION,
The Probability of the Play’s ending in four Games is by the pre-

at4-ba

ceding Problem Ty X 1: now becaufe, by Hypothefis, it is to
be an equal Chance whether the Play ends or ends not in four
Games ; let this Expreffion of the Probability be made = ;L‘-' then

. at é W .
we fhall have the Equation *—iﬁ%{' S -';: which, making 4, 2 :

1
1 e — 4 w— — —
1, 2, is reduced to =5, O 2 423 6zz 4%

1 —o. Let 1222 be added on both fides of the Equation, then
will 24 — 423 4- 62z — 4z -+ 1 be = 1223, and extralting the

Square-
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Square-root on both fides, it will be reduced to this guadratic Equa-
tion, 2z — 22 + 1 = 2+ 12, of which the two Roots are
z = 5.274 and & = —-—. Wherefore whether the Skill of 4

be to that of B, as 5.274 to I, or as Ito 5.274, there will be an

Equality of Chance for the Play to be ended or not ended in four
Games.

PRAQB: L/ E-M -LXI. -

Suppofing that A and B play till fuch time as four Stakes
are won or loff : What muf} be their proportion of Skill
to make it a Wager of three to one, that the Play will

be ended in four Games?

SoLuTiION.

‘The Probability of the Play’s ending in four Games arifing from

the number of Games 4, from the number of Stakes 4, and from
at - fha

the proportion of Skill, viz. of 4 to 4, is = the fame Pro-
bability arifing from the Odds of three to one, is *: Wherefore

at4bt 4 oo ek L
e T R and fuppofing 4, @ :: 1, 2, that Equation will be

: 4
changed into _:4 = % or z*— 1223 4 382z — 122 41

— b2z, and extralting the Square Root on both fides, 22 — 62
-+ 1 = 256, the Roots of which Equation will be found to be

13.407 and —'-3-%;?- Wherefore if the Skill of either be to that of

the other as 13.407 to 1, ’tis a Wager of three to one, that the Play
will be ended in 4 Games,

PR OBEE M, LXIIL
Suppofing that A and B play till fuch time as four Stakes
are won or loft; What muft be their proportion of Skill
to make it an equal Wager that the Play will be ended
in fix Games @

SOLUTION, :
The Probability of the Play’s ending in fix Games, arifing from
the given number of Games 6, from the number of Stakes 4,fand
B Ny Dd rom
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- N Ty
{from the proportion of Skill @ to &, is %t-“ X :% ; the fame

Probability arifing from an equality of Chance, is = —, from

whence refults the Equation %"t—){%zé , which ma-
king 4, a: : 1, = muft be changed into the following =2° 4- 625
— 132*— 2023 — 1322 -}- 62 4+ 1 — 0. :

In this Equation, the Coefficients of the Terms equally diftant
from the Extreams, being the fame, letit be {uppofed that the Equa-
tion is generated from the Multiplication of two other Equations of
the fame nature, vz, 2z — yz 4+ 1=o0, and 2*4- p=? - gzz |-
Pz - 1=o0. Now the Equation refulting from the Multiplication
of thofe two will be

2% —yz5 - 12% J2p23 pzx-t 1=o0.
TP — PRt — g —yz
gz*
which being compared with the firft Equation, we fhall have
p—y=06, 1 —py--g=— 13, 2p — gy = — 20, from whence
will be deduced a new Equation, wz. y3 4 6yy — 16y—32 =0,
of which one of the Roots will be 2.9644, and this being ?ub f
ted in the Equation 27— y= -}- 1—=0, we fhall at laft come to

the Equation 2z —2.96442 + 1 = o, of which the two Roots
‘will be 2.576 and —zﬁ— ; it follows therefore that if the Skill of
either Gamefter be to that of the other as 2.576 to 1, there willbe an
equal Chance for four Stakes to be loft or not to be loft, in fix Games,

CoroLLARY :

If the Coefficients of the extream Terms of an Equation, and
likewife the Coefficients of the other Terms equally diftant from
the Extreams be the fame, that Equation will be reducible to another,
in which the Dimenfions of the higheft Term will not exceed half
the Dimenfions of the higheft Term in the former.

PROBLEM LXIIL
Suppofing A and B whofe proportion of Skill is as a to b,
to play together till fuch time as A either wins a cer-
tain number q of Stakes, or B fome other number p of
them : what is the Probability that the Play will not be
ended in a given number of Games (n)@
SoLy-
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1 SoLuTION,

Multiply the Binomial 2 4+ 4 fo many times by it felf as there are
Units. in #—1, always obferving after every Multiplication to
rejeét thofe Terms in which the Dimenfions of the Quantity a exceed
the Dimenfions of the Quantity 4, by g¢; as alfo thofe Terms in
which the Dimenfions of the Quantity 4 exceed the Dimenfions of
the Quantity 4, by p; then fhall the laft Product be the Numera-
tor of a Fraction expreffing the Probability required, of which Frac-
tion the Denominator muft be the Binomial 4 -+ 4 raifed to that
Power which is denoted by 7.

ExaMPLE
Let p be =3, =2, and let the given number of Games be
— 7. Let now the following Operation be made according to the
foregoing Directions.
a+b

a+tb
EET ARy
at-b

2aab-\-3abb|4-03
at o
2a’b|+ saabb - 3ab3
a+b
sa’bb4-8aab’|-3ab*
a-t-b
sathb|-+-1 3#*&‘-2—81:&54
(g

13a%h3 210754 -|-Babs

From this Operation we may conclude, that the Probability of
13atidde 2 paihid

the Play’s not ending in 7 Games is equal to ———7—". Now
if an equality of Skill be fuppofed between A4 and B, the Expref-

fion of this Probability will be reduced to —2> or 57 ¢ Where-

128

fore the Probability of the Play’s ending in 7 Games will be %;

from which it follows that it is 47 to 17 that, in feven Games, either
A wins two Stakes of B, or B .wins three Stakes of A.

Dd:z PR O-
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PROBLEM LXIV.

The fame things being fuppofed as in the preceding Problem,
to find the Probability of the Play's ending in a given
number of Games.

SorLuTION.

Firft, If the Probability of the Play’s not ending in the given
number of Games, which we may obtain from the preceding Pro-
blem, be fubtracted from Unity, there will remain the Probability of
its ending in the fame number of Games.

Secondly, This Probability may be exprefled by means of the
Terms rejected in the Operation belonging to the preceding Problem :
Thus ifthe number of Stakes be 3 and 2, the Probability of the Play’s
ending in 7 Games may be exprefied as follows. |

aa ¥ zak saaby
a+eit &t + m” + a+b )t

jab Baabb

&3
e X E e
Suppofing both 2 and 4 equal to Unity; the Suin of the firft

Series will be = —FE”— and the Sum of the fecond will be = ;
+ N

which two Sums being added tngcther, the aggregate ;_:. exprefles

the Probability that, in feven Games, either 4 fhall win two Stake
of B, or B three Stakes of A. :

Thirdly, The Probability of the Play’s ending in a certain num-
ber of Games is always compofed of a double Series, when the Stakes
are unequal : which double Series is reduced to a fingle one, in the
Cafe of an Equality of Stakes

The firft Series always exprefles the Probability there is that 4, in
a given number of Games, or fooner, may win of B the number
of Stakes, excluding the Probability there is that B before that time
may have been in a circumftance of winning the number p of
Stakes; both which Probabilities are not inconfiftent together: for
A, in fifteen Games for Inftance or fooner, may win two Stakes of
_ B, though B before that time may have been in a circomftance of
winning three Stakes of 4.

The fecond Series always exprefles the Probability there is that
B, in that given number of Games, may win of 4 a certain num-

bex




The DocTrINE of CHANCES, 205

ber p of Stakes, excluding the Probability there is that 4, before
that time, may win of B the number g of Stakes.

The firft Terms of each Series may be reprefented refpectively by
the following Terms.

__af gab + § - q-+3 . aabb = g g1 oFs .aibr
PENAT }il—l— R 1 .2.a+6)* + L.z.g,a-|-.-:a'l.=

g .q+35 . 9+6. g7 . atht
5 :.=.1.4.§'-T-'T1' - &c.

aP _ peb p - p+3 . aabb 2 e - pFs . alhd
P X1 pEwAL I 1.z2.aF0" " i .8 3. aB\°

P.pts . 0. pt7 . @t
+ 1.2.3.4.atfb\* » &e.

Each of thefe Series continuing in that regularity till fuch time
as there be a number p of Terms taken in the firft, and a number 4
of Terms taken in the fecond ; after which the Law of the conti-
nuation breaks off,

Now in order to find any of the Terms following in either of
thefe Series, proceed thus: let p J- g — 2 be called /; let the
Coefficient of the Term defired be T ; let alfo the Coefficients of
the preceding Terms taken in an inverted order, be S5, R, Q, P,

&ec. then will T be equal to /S — "_I‘ % ‘“;‘! R - f—lz s o

F-
i o ) l—3 f—a f—¢ I—6 g
= Q ——LX——X——X— P, &c. Thusif p be =7
“and' ¢ = 2. then / will be 3 4 2— 2 — 3, wherefore /5§ —
v 'JT’ X ":1 R would in this Cafe be equal to 3§ — R, which (hews
that the Coefficient of any Term defired would be three times the
laft, minus once the laft but one.

To apply this, let it be required to find what Probability there is
that in fifteen Games or fooner, either /4 fhall win two Stakes of B,
or B three Stakes of A4; or which is all one, to find what Probability
there is that the Play fhall end in fifteen Games at fartheft ; .4 and
B refolving to play till fuch time as 4 cither wins two Stakes or
B three.

Let 2 and 3, in the two foregoing Series, be fubftituted refpec-

tively in the room of ¢ and p, the three firft Terms of the firft Se-

ries will be, fetting afide the common Multiplicator, 1 + =<

-+ —iﬁ&%-: likewife the two firft Terms of the fecond will be

1+ -;_1-:;“ . Now becaufe tﬁﬁ Coefficient of any Term defired in

each
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each Series is refpetively three times the laft, minus once the laft
but one, it follows that the next Coefficient in the firft Series
will be found to be 13, ‘and by the fame Rule the next to it
34, and fo on. In the fame manner, the mext Coefficient in
the fecond Series will be found to be 8, and the next to it 21,
and fo on. Wherefore reftoring the ecommon Multiplicators the
two Secries will be _ :

a* . i g aabh g | gl ;.}a‘hﬂ'"
ey O WY G = Ol AT L, o
Ao it __l.:_ :r.-ﬁ.;,ﬂ Kis

-}- r-r""‘-'t.ﬂ + & s
53 . . qab Baabd z1aibs srath+
o T e B LM O T T T G
14 qasdl 373a55° N

oo _
If we fuppofe an equality of Skill between A and B, the Sum of

the firft Series will be %g;};—; , the Sum of the fecond will be

12303 and the Aggregate of thofe two Sums will be *——::;E .

-c-:l;icL will exprefs the Probability of the Play’s ending in fifteen Games
or fooner., This laft Frattion being fubtradted from Uﬂit}’:, there

will remain —22_ | which expreffes the Probability of the Play'’s

£708 °

continuing hca}fgnd fifteen Games: Wherefore 'tis 31171 to 1597,
or 39 to 2 nearly that one of the two equal Gamefters that (hall be
itched upon, fhall in fifteen Games at fartheft, either win two
Stakes of his Adverfary, or lofe three to him. |
N. B. The Index of the Denominator in the laft Term of each
Series, and the Index of the common Multiplicator prefixed to it
being added together, muft cither equal the number of Games
given, or be lefs than it by Unity. Thus in the firft Series, the
Index 12 of the Denominator of the laft Term, and the Index 2
of the commen Multiplicator being added together, the Sum is 14,
which is lefs by Unity than the number of Games given. So like-
wife in the fecond Series, the Index 12 of the Deneminator of the
laft Term, and the Index 3 of the common Multplicator being
added together, the Sum is 15, which precifely equals the number

-of Games given.
It is carefully to be obferved that thofe two Series taken together
exprefs the Expectation of one and the fame perfon, and not of two

different perfons; that is properly of a Spetator, who laysa wﬁu
at
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that the Play will be ended in a given number of Games, Yet in
one Cafe, they may exprefs the Expe&ations of two different perfons:
for Inftance, of the Gamefters themfelves, provided that both Series
be continued infinitely; for in that Cafe, the firft Series infinitely
continued will exprefs the Probability that the Gamefter 4 may
fooner win two Stakes of B, than that he may lofe three to him:
likewife the fecond Series infinitely continued will exprefs the Pro-
ba'bil'r?r that the Gamefter B may fooner win three Stakes of 4,
than lofe two to him. And it will be found, (when I come to
treat of the Method of fumming up this fort of Series, whofe Terms
bave a perpetual recurrency of relation to a fixed number of prece-
ding Terms) that the firft Series infinitely continued is to the fecond
infinitely continued, in the proportion of @z X @z - ab - 45 to 4 x
g - b; that is in the Cafe of an Equality of Skill as 3 to 2, which
is conformable to what I have faid in the 1x*™ Problem,

Fourtbly, Any Term of thefe Series may be found independently
from any of the preceding : for if a Wager be laid that 4 fhall either
win a certain number of Stakes denominated by ¢, or that B {hall win a
certain number of them denominated by p, and that the number of
Games be exprefled by g 4 4; then I fay that the Coeflicient of any
Term in the firft Series anfwering to that number of Games will be

—i—%}{ f—l—-.:—vl ", {+:—1 « ?‘I":—T . &c.

many Maltiplicatorsas there are Units in ~d.

continued to fo

Shes H:” X “"'+:T_' % L+ :_3 X ﬁ':#"' , &ec. continued to fo
many Ferms as there are Units in ~d—p.
g HHI'!.* % -?-I':’h' % ?+;—‘ « *’+:_3 , &c. continued to fo
many Terms as there are Units in —d—p—y.

= gf':"” X ‘-"’+“;*' ""L’:-z b JH:—; , &c. continued to fo

many Terms as there are Units in -d—2p—g.
+ ..iti:i!;.. e i‘J":" X H":_’ x - :‘* , &c. continued to fo
many Terms as there are Units in —d—2p—24.

TSaH6s . odd—1 bl ebi—3,
T T X R AR

many Terms as there are Units in %ﬂ'—sﬁ—zg-

, &c. continued to o

7g4=Cp
o T A
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7q+6p g4 d—1 +dfz $dis
+ : :{ il : x g 3‘.Ii- }: ? 4 |

many Terms as there are Units in lzd—gp—-gg-

, &c. continued to fo

And {o on.

And the fame Law will hold for the other Series, calling p-}-d
the number of Games given, and changing ¢ into p, and p into ¢, as
alfo d into ¢, ftill remembring that when 4 is an odd number, d«=1
ought to be taken in the room of it, and the like for d.

And the {ame obfervation muft be made here as was made at the

end of the Lix™ Problem, wiz. that if -%d, or I?d""P: or i'd_ p—q,

or :d—-:-.p—-?, or %d — 2p — 29, &c, exprefling rcfpe&iveljr-.
the number of Maultiplicators to be taken in each Line, are
— o, then r ought to be taken for that Line, and alfo, that if
%d, or —;d-p, or %d ~——p—¢, Xc. are lefs than nothing, other-

wife negative, then the Line to which they belong as well as all the
following ought to be cancelled.

PR OBLEM LXV. :
If A and B, whofe proportion of fkill is fuppofed as a to b,
play together : What is the Probability that one of
them, [uppofe A, may in a number of Games not ex-

ceeding a number given, win of B a certain number o
Stakes @ leaving it wholly indifferent whether B, before
the expiration of thofe Games, may or may not have
been in a circumflance of winning the [ame, or any
other number of Stakes of A. YIS

SOLUTION.
Suppofing 7 to be the number of Stakes which A is to win of B,
and 7 -}- 4 the number of Games; let 2 -|- 4 be raifed to the Power
whofe Index is n-4-d; then if 4 be an odd number, take fo many

by I e <@
Terms of that Power as there are Units in 1—' ; take alfo fo

many of the Terms next following as have been tiken already, but
prefix to them in an inverted order, the Coefficients of the preceding
Terms. But if 4 be an even number, take fo many Terms of the

faid
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faid Power as there are Units in -;a’ —+ 1; then take as many of

the Terms next following as there are Units in —d, and prefix to

them in an inverted order the Coefficients of the preceding Terms,
omitting the laft of them ; and thofe Terms taken all together will
compofe the Numerator of a Fraction exprefling the Probability re-

quired, the Denominator of which Fraction ought to be a - petd.

ExamprLe L
Suppofing the number of Stakes, which 4 is to win, to be Three,
and the given number of Games to be Ten; let a J- 4 be raifed to
the tenth power, wviz. 4" 4 102% + 456%0h + 120078 LY
2 10256 - 2 524555 |- 210a%%° - 1204'7 |- 4 5aab° - 10449 - jo,
Then by reafon that #—=3, and » - d = 10, it follows that 4 is
==, and 4 4. Wherefore: let the Four firft Terms of

2
the faid Power be taken, wiz. & -} 100% -+ 45a%b - 1204741,
and let the four Terms next following be taken likewife without re-
gard to their Coefficients, then prefix to them in an inverted order,
the Coefficients of the preceding Terms: thus the four Terms fol-
lowing with their new Coefficients will be rzoa®s* - 454565
10a*)® +- 12’07, Then the Probability which A has of winning
three Stakes of B in ten Games or fooner, will be exprefled by the
following Fraction :
' a'®-10a%b4-45a%b+ 1200763+ 1202444 3a5bid-1catlf 4-ads7
; :.:-i-b-'\w
which in the Cafe of an Equality of Skill between 4 and B will be

52 it
reduced to ic et

ExamprLe IL
Suppofing the number of Stakes which A has to win to be Four,
and the given number of Games to be Ten; let @ -}- 4 be raifed to
the tenth Power, and by reafon that # is =4, and # 4- 4 — 10,

it follows that 4 is— 6, and ~d 4~ 1=4 ; wherefore let the four

firft Terms of the faid Power be taken, viz. 2™ -}- 10¢°% - 4.54%04
1204783 ; take alfo three of the Terms following, but prefix to
them, in an inverted order, the Coefficients of the Terms already
taken, omitting the laft of them ; hence the three Terms following

with their new Coefficients will be 454%¢ - 102565 4 12'4°. Then
Ee the
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the Probability which 4 has of winning four Stakes of B in ten Games,
or fooner, will be exprefled by the following Fraltion
aVo 10a%t g s a®hb A 2*#753+4=¢‘$‘+1Gﬂ’5’+1ﬂ"§‘ ]
af-81" i
which in the Cafe of an Equality of Skill between 4 and B will be

232 ra

reduced to g (+ %~

Another SoLUTION.

Suppofing as before that # be the number of Stakes which A is
to win, and that the number of Games be # -} 4, the Probability
which A has of winning will be exprefled by the following Series
a® ; wab " mn.mn43 . gabk % T d AL . @B
I A L O T ) L R TP RT 2 0

+ = .;:|-15=. J:-i"a_ﬁﬁ‘*utﬁ, &c. which Series ought to be con-

tinued to fo many Terms as there are Units in -’ZJJ;— 1 ; always ob-

ferving to fubftitute 4 — 1 in the room of 4 in Cafe 4 be an odd num-
ber, or which is the fame thing, taking fo many Terms as there are

Units in -
Now fuppofing, as in the firft Example of the preceding Solution,
that Three is the number of Stakes, and Ten the given number of

Games, and alfo that there is an equality of Skill between 4 and
. - . 1 5y g z8
B, the foregoing Series will become X1 - - + 2=+ e

[
— — ., as before. ,

= i
REM ARK.

In the firft attempt that 1 had ever made towards folving the ge-
neral Problem of the Duration of Play, which was in the Year
1708, 1 began with the Solution of this Lxv‘® Problem, well
knowing that it might be a Foundation for what I farther wan
fince which time, by a due repetition of it, I folved the main
Problem : but as I found afterwards a nearer way to it, I barely
publifhed in my firft Effay on thofe matters, what feemed to me
moft fimple and elegant, ftill preferving this Problem by me in or-
der to be publithed when I fhould think it proper. Now in the
year 1713 Mr, de Monmgrt printed a Solution of it in a Book by him
publithed upon Chance, in which was alfo inferted a Solution of
the fame by Mr, Nicolas Bernoulli ; and as thofe two Solutions feemed

to
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to me, at firlt fight, to have fome aflinity with what I had found
before, 1 confidered them with very great attention; but the Solu-
tion of M, Nicolas Bernoulli being very much crouded with Symbols,
and the verbal Explication of them too feanty, I own I did not
underftand it thoroughly, which obliged me to confider Mr. de Mon-
mort’s Solution with very great attention: I found indeed that he
was very plain, but to my great furprize I found him very erroncous;
ftill in my Docrine of Chances I printed that Solution, but re¢tified
and afcribed it to Mr. de Monmort, without the leaft intimation of
any alterations made by me ; but as I had no thanks for fo doing, I
refume my right, and now print it as my own: but to come to the
Solution, _ :

Let it be propofed to find the number of Chances there are for
A to win two Stakes of B, or for B to win three Stakes of 4, in
fifteen Games.

The number of Chances required is exprefled by two Branches
of Series; all the Series of the firft Branch taken together exprefs
the number of Chances there are for A to win two Stakes of B,
exclufive of the number of Chances there are for B before that time,
to win three Stakes of 4. All the Series of the fecond Branch
taken together exprefs the number of Chances there are for B to win
three Stakes of 4, exclufive of the number of Chances there are for
A before that time to win two Stakes of B.

Firf? Branch of Series.
'S a'4h avilz arils giihé %45 okt &PET  atbd &b ashiv adbr! aibtd athts
1+ 1541054 4554136543003+ 5005+ 500530034 1365+455+ 105 4 15 +1
— 1 — 15 — 105 — 45§ — 455 — 105 — 15 — I
o i R R TR T

Second Branch of Series. _
B Brag prigd gt Bogs b9gh  Bra? & a® Foa®  BSa'®  Bagtr fig'rt gt ¢

F4 15 +F 105+ 455+ 1365 + 3003 - 5005 4 3003 + 1365+ 4554 105 F 15 1
=k ==15 = 105 — 455 —1365— 455 — 105 — 15 — 1

* g a1 W

The literal Quantities which are commonly annexed to the nu-
merical ones, are here writteni on the top of them; wlych is done,
to the end that each Series being contained in one Line, the de-
pendency they have upon one another, may thereby be made more
confpicuous.

Ee 2 The
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The firft Series of the firft Branch exprefles the number of Chan-
ces there are for A to win two Stakes of B, including the number
of Chances there are for B before, or at the Expiration of the fifteen
Games, to be in a Circumftance of winning three Stakes of A4;
which number of Chances may be deduced from the rxv'* Pro-
blem.

The fecond Series of the firft Branch is a part of the firft, and
exprefles the number of Chances there are for B to win three Stakes
of A, out of the number of Chances there are for 4, in the firft
Series to win two Stakes of B. It is to be obferved about this Se-
ries, Fir/l, that the Chances of B exprefled by it are not reftrained
to happen in any order, that is, either before or after /4 has won two
Stakes of B. Sfr:am'! that the literal produés belonging to it are
the fame with thofe of ‘the correfponding Terms of the firft Series.
Thirdly, that it begins and ends at an Interval from the firft and
laft Terms of the firft Series equal to the number of Stakes which
Bis to win. Fourthly, that the numbers belonging to it are the
numbers of the firft Series repeated in order, and continued to one
half of its Terms ; after which thofe numbers return in an inverted
order to the end of that Series: which is to be underftood in cafe
the number of its Terms fhould happen to be even ; for if it fhould
happen to be odd, then that order is to be continued to the greateft
half, after which the return is made by omitting the laft number.
Fifthly, thatall the Terms of it are affeted with the fign minus.

The Third Series is part of the fecond, and exprefies the num-
ber of Chances there are for 4 to win two Stakes of B, out of the
number of Chances there are in the fecond Series for B to win
three Stakes of 4 ; with this difference, that it begins and ends at
an Interval from the firft and laft Terms of the fecond Series, equal
to the number of Stakes which A4 is to win; and that the Terms of
it are all pofitive.

, It is to be obferved, that let the number of thofe Series be what
it will, the Interval between the beginning of the firft and the
beginning of the fecond, is to be equal to the number of Stakes which
B is to win ; and that the Interval between the beginning of the fe-
cond and the beginning of the third, is to be equal to the number
of Stakes which A is to win ; and that thefe Intervals recur alter-
nately in the fame order. It is to be obferved likewife that all thefe
Series are alternately pofitive and negative. _
All the Obfervations made upon the firft Branch of Series be-
longing alfo to the fecond, it would be needlefs to fay any thing

more of them,

Now
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Now the Sum of all the Series of the firft Branch, being added
to the Sum of all the Series of the fecond, the Aggregate of thefe
Sums will be the Numerator of a Fraction exprefling the Proba-
bility of the Play’s terminating in the given number of Games;
of which the Denominator is the Binomial # - 4 raifed to a Power
whofe Index is equal to that number of Games. Thus fuppofing
that in the Cafe of this Problem both @ and & are equal to Unity,
the Sum of the Series in the firft Branch will be 18778, the Sum of
the Series in the fecond will be 12393, and the Aggregate of both
31171; and the Fifteenth Power of 2 being 32768, it follows that
the Probability of the Play’s terminating in Fifteen Games will be

-:—;::—z%—, which being fubtratted from Unhity, the remainder will be

gk From whence we may conclude that it isa Wager of 31171
‘r 1 5

to 1597, that either 4 in Fifteen Games fhall win two Stakes of B,
or win three Stakes of .4 : which is conformable to what was

found in the rxiv‘® Problem.

PROBLEM LXVL
To find what Probability there is that in a given number
of Games A may be winner of a certain number q of
Stakes, and at fome other time B may likewife be
winner of the number p of Stakes, fo that both cir-
cumflances may bappen.

SOLUTION.

Find by our rxv® Problem the Probability which 4 has of win-
ning, without any limitation, the number ¢ of Stakes: find E.llfﬂ'
by the tx111® Problem the Probability which 4 has of winning
- that number of Stakes before B may happen to win the number
# ; then from the firlt Probability fubtracting the fecond, the re-
mainder will exprefs the Probability there is that both A4 and B may
be in a circumftance of winning, but B before 4. In the hke‘m?n_
ner, from the Probability which B has of winning without limita-
tion, fubtracing the Probability which he has of winning before 4,
the remainder will exprefs the Probability there is that both 4
and B may be in a circumftance of winning, but A before B:
wherefore adding thefe two remainders together, their Sum will ex-

prefs the Probability required.
Thus
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Thus if it were required to find what Probability there is, that
in Ten Games A may win Two Stakes of B, and that at fome
other time B may win Three :

The firft Series will be found to be

s

Far 2l £ aabh 1 aaih 2 ratid

= TR B 0T 5 s i oy ol
‘The fecond Series will be

2ab Caabh 136363 ‘ 34.a41.£lr+ 4

U 1 - i e e Ul

The difference of thefe Series being F—;%r X %ﬁ - %—
exprefles the firft part of the Probability required, which in the Cafe
of an equality of Skill between the Gamefters would be reduced to

3

ZEh:

“The third Series is as follows,

A 3ab gaabb zRalp®
a+£r;3 K1 + ﬂ-i—E'L'- _i— H+F‘i4 + H—.I-Tﬁt

'The fourth Series is

B Haabh 21aijpl

Juiir
”Ei:n'_;xl'{-‘mna o Bl T

b3 aabb 53
The difference of thefe two Series being = X W—I_ ".:""ST

exprefles the fecond part of the Probability required, which in the
Cafe of an equality of Skill would be reduced to ;I—Iz . Wherefore

the Probability required would in this Cafe be —2~4-——=—L- ..

12

Whence it follows, that it is a Wager of 495 to 17, or 29 to Isvm'y
near, that in Ten Games . and B will not both be in a circumi{tance
- of winning, viz. A the number g and B the number F of Stakes,

But if by the conditions of the %l’ﬂbltm, it were left indifferent
whether 4 or B fhould win the two Stakes or the three, then the
Probability required would be increafed, and become as follows;
iz,

aat-bb alkl Satht

=N X e o
a3 aabl a‘h?
= X=hovw T2

which
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which, in the Cafe of an equality of Skill between the Gamefters,
would be double to what it was before,

RO B L.EM LXVII
Zo find what Probability there is, that in a given num-
ber of Games A may win the number q of Stakes;
with this farther condition, that B during that whole
aumber of Games may never bave been winner of the
number p of Stakes.

SoLvTiIioON,

From the Probability which 4 has of winning without any li-
mitation the number ¢ of Stakes, fubtract the Probability there is
that both 4 and B may be winners, viz. 4 of the number ¢, and
B of the number p of Stakes, and there will remain the Probability
required.

But if the conditions of the Problem were extended to this alter-
native, iz, that either 4 fhquld win the number ¢ of Stakes, and B
be excluded the winning of the number p; or that B fhould win
the number p of Stakes, and A4 be excluded the winning of the num-
ber ¢, the Probability that either the one or the other of thefe two
Cafes may happen, will eafily be deduced from what we have faid.

The Rules hitherto given for the Solution of Problems relating
to the Duration of Play are eafily practicable, 'if the number of
Games given is but {mall ; but if that number is large, the work
will be very tedious, and fometimes {well to that degreec as to be
in fome manuer impracticable : to remedy which inconveniency, I
fhall here give an Extralt of a paper by me produced before the
Royal Society, wherein was contained a Method of folving very

ditioufly the chief Problems relating to that matter, by the help.
of a Table of Sines, of which I had before given a hint in the firlt
Edition of my Doétrine of Chances, pag. 149, and 150,

R OBL EM LXVIH;
To folve by a Method different from any of the pre-
t;édi@, the Problem vix, when a is to b in a ratio of
Equality.

SoLU=
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-

SorLuTIiON.

Let » be the number of Games given, and p the number of
Stakes ; let Q reprefent go degrees of a Circle whofe Radius is
equal to Unity; let C, D, E, F, &c. be the Sines of the Arcs

f‘, f", if‘ 3 7}?‘ , &c. till the Quadrant be exhaufted ;
let alfo, ¢, d, e, £, &c. be the Co-fines of thofe Arcs: then if the
difference between # and p be an even number, the Probability of
the Play’s not ending in the given number of Games will be repre-
{ented by the Series

! A ok e far+1
}Txu""u']l’ﬁ_"ﬁ‘l&c-

of which Series very few Terms will be fufficient for a very near
approximation, But if the difference between 2 and p be odd, then
the Probabity required will be 2 X <o~ — —- 4 £ — L
&ec.
In working by Logarithms, you ar€ perpetually to fubtra&, from
the Logarithm of every Term, the Produét of 10 into the number
n, in cafe the number 7 —p be even; but in cafe it be odd, you
are to fubtrac the Produ& of 10 into # — 1, and if the Subtrac-
tion cannot be made without making the remainder negative, add
10, 20, or 30, &c. and make fuch proper allowances for thofe addi-
tions as thofe who are converfant with Logarithms know how ta
make. r

To apply this to fome particular cafes, let it be required to find
the Probability of Twelve Stakes being not loft in 108 Games.

Here becaufe the difference between 108 and 12 1s g6, I take

the firft form, thus
Q 139

The Arcs 73T DTy el s At P-,&c.
being refpectively 7¢ — 30', 22¢ — 30/, 379 — 30, 529— 30/,
674 — 30’, 829 — 30, 979 — 30, &c. I take only the fix firft,
as not exceeding go<

Now the Logarithm of the Co-fine of 74 — 30 being 9.9962686,
I multiply it by # -}- 1, thatis in this Cafe by 109, and the produ&
will be 1089.5932%774, which is the Logarithm of the Numerator

n41

of the firft Fradtion =

L: L]

30 5Q =0 g0 110

From
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From that Logarithm, I fubtra& the Logarithm of the Sine of
74 — 30" here reprefented by C, which being g.11 56977, the re-
mainder will be 1080.4775797, out of which rejecting 1080 pro-
du& of ro by the given number of Games 108, and taking only
0.4775797 the number anfwering will be 3.00327, which being

multiplied by the common Multiplicator -;- , that is in this Cafe by

—m--;T, the produ&t will be o.50053, which Term alone de-

termines nearly the Probability required.
fﬁr if we intend to make a Correction by means of the fecond Term
1 i 1
L we fhall find the Logarithm of ——— to be 1076.6692280
to which adding 10, and afterwards fubtracting 1080, the remain-
der will be 6.6692280, to which anfwers 0.0004669, of which
the 6™ part is 0.c0007%8, which being almoft nothing may be
fafely rejected. And whenever it happens that # is a large number
in refpec to p, the firft Term alone of thefe Series will exceeding
near determine the Probability required.
Let it now be required to find the Probability of 45 Stakes being
not loft on either fide in 1519 Games.
The Arcs ?—, T‘ : .;:;_ , &c. being refpectively 27, 67, 107
&c. I take, -1°, the Logarithm of the Co-fine of 24 which is
.09973 54, which being multiplied by # - 1, that is in this Cafe
y 1520, the product will be 15199.598&38.{:, out of which fub-
tracting the Logarithm of the Sine of 27, wz. 8.5428192, the re-
mainder will be 15191.0559888, out of which rejecting 15190,

the number anfivering will be 11.3759, which being multiplied by
2z

T that is, in this Cafe by %, the produt will be .50559

which nearly determines the Probability required.
Now if we want a Corre¢tion by means of the fecond Term,

== 1
we fhall find ’f“ — .00002081, which Term being fo very

inconfiderable may be entirely rejected, and much more all the
following.

: Conﬁderiﬁg therefore that when the Arc -i:— is fmall, the firft

Term alone is fufficient for a near approximation, it will not be
amifs to inquire what muft be the number of Games that fhall
make it an equal Probability of the Play’s being ended in that num.-
ber of Games; which to do,

| i Suppofe
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Suppofe —— X 5 == 71 hence 4c+1 = Cp, then fup- .
pofing p a large number, .whereby the number » muft be ftill
much larger, we may barely take for our Equation 4¢* = pC, then
taking the Logarithms, we fhall have Log. 447 Log. c¢= Log.C
-i- Log. p, let the magpitude of the Arc % be fuppofed =— =z ;
now fince the number p has been fuppofed very large, it follows
that the Arc = muft be very fmall ; wherefore the Sine of that Arc

will alfo be nearly = =, and its Co-fine 1 — —2z2 nearly, of which

Co-fine the Logarithm will be — —z2 nearly ; we have therefore

the Equation Log. 4 — <wzz = Log. p + Log, z; let now the Mag-
nitude of an Arc of go?, to a Radius equal to Unity, be =M,
hence we fhall have T — %, and Log. 2= Log. M — Log. p,
wherefore the Equation will at laft be changed into this, Log. 4

I

—nMM

2 2log, 4 — 2 log. M
it Log. M, and therefore n —= ——— T — X PP,

but 2108 ek e M — 0.756 nearly, and therefore 7= 0.7 56pp.

N. B. The Logarithms here made ufe of are {uppofed to be Hy-
perbolic Logarithms, of which I hear a Table will foon be put
lithed.

Mr. de Monmort in the fecond Edition of his Tra&, Des jeux de
Hazard, tells us that he found that if p denoted an odd number of

Stakes to be won or loft, making 'H: —/, that then the Quan-
tity 3//'— 3/ -}- 1 would denote a number of Games wherein there
would be more than an equal Probability of the Play’s being ended ;
but at the fame time he owns, that he has not been able to find a

Rule like it for an even number of Stakes.

Whereupon I fhall obferve, fr/ff, that his Expreflion may be
reduced to %pp + T:,' Which tho’ near the Truth in {mall

numbers, yet is very defective in large ones, for it m?y be proved that
the number of Games found by his Expreffion, fat from being above
what is requifite, is really below it. Secondly, that his Rule does not
err more in an even number of Stakes than in an odd one ; but that
Rule being founded upon an indu&ion gathered from the Solution of
fome of the fimpleft Cafes of this Problem, it is no wonder that he
reftrained it to the odd Cafes, he happening to be miftaken in deter-
mining:

——
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mining the number of Games requifite to make it an even Wager
that twelve Stakes would be won or loft before or at the expiration
of thofe Games, which he finds by a very laborious calculation to
have been 122; in which however he was afterwards rectified by
Mr. Nicolas Bernoulli, who informed him that he had found by his
own Calculation that the number of Games requifite for that purpofe
was above 108, and below 110; and this is exatly conformable to
our Rule, for multiplying pp — 144 by 0.756, the Produ& will
be 108.864. . :
For a Proof that his Rule falls fhort of the Truth, let us fuppofe
=45, then f'will be =23, and 3ff'—3/4-1 will be = 1519,
us therefore find the Probability of the Play’s terminating in
that number of Games; but we have found by this Lxviiri® Pro-
blem, that the Probability of the Play’s not terminating in that
number of Games is ©.50559; and therefore the Probability of its

terminating within them is o.4944r1; which being lefs than %,

fhews ’tis not more than an equal Wager that the Play would be
terminated in 1519 Games.

But farther, let us fee what number of Games weould be neceflary
for the equal wager, then multiplying 2025 fquare of 45 by 0.756,
the Produét will be 1530.9 ; which fhews that about 1531 Games
are requifite for it.

PROBLEM LXIX,

The [ame things being given as in the preceding Problem,
4 except that now the ratio of a tob is fuppofed of inequa-
lity, to folve the Jame by the Sines of Ares.

SoLUTION,

Let 7 reprefent the number of Games given, p the number of
Stakes to be won or loft on either fide, let alfo 4 be the Semi-
circumference of a Circle whofe Radius is equal to Unity : let C,

- A =A
D, E, F, &c. be the Sines of the Arcs -, 22, ——, =, &

. okt
1ill the Semi-circumference be exhaufted ; let allo ¢, 4, ¢, f; &c. be
'..-,,-” + b

be made—1L,

"

the refpeive verfed Sines of thofe Arcs; let e
BB =yl +: CC, m; d, 2r :: DD, ¢;
e e g e '

2 ’
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e, 2r :+ EE, J, &c. then the Probability of the Play not ending in
n Games will be exprefled by the following Series

1 1 I :
C ok n -n E -n, &c.
2re--¢ g 2 ¥ 3 2rd ¢ x? 3 + 2re =t xfz
the whole to be multiplied by ———2
_P_I
pxrt

As there are but few Tables of Sines, wherein the Logarithms of
the verfed Sines are to be found, it will be eafy to remedy that in-
conveniency, by adding the Logarithm of 2 to the excefs of twice
the tabular Logarithm of the Sine of half the given Arc above 10;
for that Sum will give the Logarithm of the verfed Sine of the whole
Arc.

It will be eafily perceived that inftead of referring the Arcs to the
Divifion of the Semi-circumference, we might have referred them to
the Divifionof the Quadrant, as in the Cafe of the preceding Problem.

Of the Summation of recurring Series,

The Reader may have perceived that the Solution of feveral Pro-
blems relating to Chance depends upon the Summation of Series; I
have, as occafion has offered, given the Method of fumming them
up; but as there are others that may occur, I think it neceffary to
give a_fummary View of what is moft requifite to be known in this
matter ; defiring the Reader to excufe me, if I do not give the De-
monftrations, which would fwell this Tra¢t too much ; efpecially
confidering that I have already given them in my Mifcellanea Ana-
tica.

4 [ call that a recurring Series which is fo conftituted, that havin
taken at pleafure any number of its Terms, each following Term
fhall be related to the fame number of preceding Terms, according
to a conftant law of Relation, fuch as the following Series

A B C D E F
14 2x 4 3xx -+ 1043 |- 344t - g7xs, &ec,

in which the Terms being refpeétively reprefented by the Capiﬁls
A, B, C, D, &c. we fhall have

D = 3Cx — 2Bxx - gAx3
E =3Dx—2Cxx - gBxs3
F =3Ex —2Dxx 4} 5Cx3
&ec. Now:
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Now the Quantities 3x — 2xx |- 53, taken together and con-
nected with their proper Signs, is what I call the Index, or the Scale

¢of Relation ; and fometimes the bare Coefficients 7 — 2 are
called the Scale of Relation. : s

Prorosrtion I

If there be a recurring Series @ + bx -} cxx - did 4= ext, &e.
of which the Scale of Relation be f% — gxx; the Sum of that Series
continued iz infinitum will be

- "

ProrosiTrion IIL
Suppofing that in the Series a -}- bx - exx - dx3 - ext, &c.
the Law of Relation be fi — gux - hx3; the Sum of that Series
continued # infinitum will be

ProrosiTrion III

Suppofing that in the Series, @ + bx 4 cxx, &ec. the Law of Re~
lation be fx — gxx - bx3 — kx*, the Sum of the Scries will be

a-tbx + cxx - dxs
— fax — fbxx — fex3
+ gaxx -\~ ghx?

— bhax3

1— fx +gxx — bx3 - hxt

As the Regularity of thofe Sums is confpicuous, it would be need-
lefs to carry them any farther.

Still it is convenient to know that the Relation being given, it will
be eafy to obtain the Sum by obferving this general Rule.

1°, Take as many Terms of the Series as there are parts in the
Scale of Relation.
- 2° Subtra& the Scale of Relation from Unity, and let the re-
mainder be called the Differential Scale,

1%, Mul:
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L -Multrplj,r thofe Terms which have been taken in the Series
by the Differential Scale, beginning at Unity, and o proceeding or-
derly, rcmemhcrmg to leave out what would naturally hc extended
beyond the laft of the Terms taken.

“Then the Produc will be the Numerator of a Fracion exprefii ing
the Sum, of which the Deneminator will be the Differential Scale.

Thus to form the preceding Theorem,

Multiply @ -}- bx |- exx -+ dx3 1

by 1 — fx - gex —bxt .,
and beginning from Unity, we fhall have

a4 bx cxx - dxd
— fax — fbxx — fexs .
- gaxx < ghxs ., ..
— haxd . ., :

omitting the fuperflaous Terms, and thus will the Numerator be
formed ; but the Denominator will be the Differential Scale, viz.

1— fx 4 gxx — bx3 - kxt

CoROLLARY.
1f the firft Terms of the Series are not taken at pleafure but bﬂ-
gin from the fecond Term to follow the Law of Relation, in fo
much that

&ﬂmllbe:ﬁz

£ = fb — ga

d _ﬂdﬂ—g&ﬁ—bﬂ
* o,

then the Fra&ion exprefling the Sum of the Series will have barcly
the firt Term of the Series forits Numerator.

ProrosiTion 1V,

If a Series is fo conftituted, as that the laft Differences of the
Coeflicients of the Terms whereof it is compofed be all équal to no-
thing, the Law of the Relation will be found in the Binomial
1 — x\7, n denoting the rank of thofe laft Differences ; thus fup-

pofing the Series
A B C D E F G
I+ 4x -+ 10xx - 2043 4 g5at 4 565 - 844%, &c.

whereof the Coefficients are,
144
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: 144 410 F20 4 + 56 -8
1" Differences - - 3 + 6 - 10 +§§ +-§*I iz?ﬁ

2 Differences - - - - - 3 +. 4 4+ + 6 -
3° Differences - - = = - - - - g L B f -+ 1 -{E :':'
4" Differences - = = - = = = = - - - - - .-+ o + o

I fay that the Relation of the Terms will be found in the Binomial
1 — x4, which being expanded will be 1 — 4x - 6xx — 4x3 J-x+
and is the Differential Scale, and therefore the Scale properly fo cal-
led will be 4x — 6xx -}- 4x3 — &*; thus, in the foregoing Series,

the Term
G = 4Fx — 6Exx + 4Dx3 — 1Cxt,

| COROLLARY.
The Sums of thofe infinite Series which begin at Unity, and

have their Coefficients the figurate numbers of any order, are

always expreffible by the FraGion T—"l?' > > Wherein p denotes the

rank or erder which thofe figurative numbers obtain ; for Inftance if
we take the Series

o 1 - 1x - o1xx - 10 - 1xt 18 b 1x, &c. which s a geo-
metric Progreffion, and whofe Coefficients are the numbers of the

firft order, the Sum will be ——, and if we take the Series

I - 2x 4 3xx - 4a8 - gat L b + 7x5, &c. whofe Coeflicients:
compofe the numbers of the fecond order, the Sum will be !_]_‘_ =

and again, if we take the Series 1 - 3x - 6xx 4 10%3 - 1504,
&c. whofe Coefficients are the numbers of the third order, other-

wife called Triangular numbers, the Sum will be ';_TI;‘-T :

ProrosiTi10N V.

The Sum of any finite number of Terms of a recurring Series
a -+ bx - cxx + dx* - ext, &ec. is always to be obtained.

Thus fuppofing the Scale of Relation to be fx — gxx; n the
number of Terms whofe Sum is required; and ax” -|- Gx*-+1 the
two Terms which would next follow the laft of the given Terms, iff
the Series was continued ; then the Sum will be

a by — xm X m—m
—fax — fax

. 1.;_):3: 4+ gxx

Bug
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But if the Scale of Relation be fix — gxx |- bx3, 7 the number
of Terms given, and ax” 4 Bx7+! - px7+2, the three Terms that
would next follow the laft of the given Terms, then the Sum will be

a -bx - exx —x' % e Lx |- gax
—fax— fbxx — faux — fPBx
: - gaxx -gaxx

The continuation of which being obvious, - thofe Theorems need
not be carried any farther.

But as there is a particular elegancy for the Sums of a finite num-
ber of Terms in thofe Series whofe Coeflicients are figurate num-
bers beginning at Unity, I fhall fet down the Canon for thofe Sums.

Let n denote the number of Terms whofe Sum is to be found,
and p the rank or order which thofe figurate numbers obtain, then
the Sum will be

L e w.nd1 . &
—af ?—I_—.i“-ﬁ'_l T el e Sy o
u.'n+[,u+:._nxﬂ n.n+1 .n42 . 043
jre 1 z?'u_-:?'?_ﬂ Y IE 4o A—x P4 2 &,

- i B et

which is to be continued till the number of Terms be = 5,
Thus fuppofing that the Sum of twelve Terms of the Series,
1 4 gx -} 6xx - 103 - 15x%, &c. were demanded, that Sum
will be

| — a1t 12x1E 12 . 13218
gl ———

1—a > 1.2, 1—x)° 1.2 81— "

ProrosiTion VL

In a recurring Series, any Term may be obtained whofe place is
affigned.

It is very plain, from what we have faid, that after having taken
{fo many Terms of the Series as there isin the Scale of Relation,
the Series may be protracted till it reach the place affigned ; however
if that place be very diftant from the beginning of the Series, the
continuation of thofe Terms may prove laborious, efpecially if there
be many parts in the Scale. '

But there being frequent Cafes wherein that inconveniency may
be avoided, it will be proper to fhew by what Rule this may be
known ; and then to fhew how we are to proceed.

The Rule’will be to take the Differential Scale, and to fuppofe it
— o, then if the roots of that fuppofed Equation be all real, and
unequal, the thing may be effected as follows. Let the Series be re-
prefented by . a - br
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a - br -crr - dr’ }- ert, &,
and 1° if fr — grr be the Scale of Relation, and confequently 1— fr
-~ grr the differential Scale, then having made 1 — fr |- 8N =03
multiply the Terms of that Scale refpeively by xx, x, 1, fo as to
have xx — frx 4 grr—o, let m and p be the two roots of that

Equation, then having made A — &:,:F” and B— 2= | and

i't;gpoﬁng / to be the interval between the firft Term Pand the place
gned, that Term will be A/ + Bp..

Secondly, 1f the Scale of Relation be fir — grr - br3, make
I — fr < grr — br3 — o, the Terms of which Equation being
multiplied refpectively by »*, xx, x, 1, we fhall have the new E.
quation x3 — Jrax - grrx — br3i = o, let m, #, ¢ be the roots of
that Equation, then having made A — it 2 o i

o —F XN B — E
L s I e et s e L
P—mxp—gq g—mxq—p
And fuppofing as before / to be the Interval between t_hc firft Term
aﬁnd the Term whofe place is affigned, that Term will be Am/ 4
! Gyt :

Pﬂ'ﬁird?i:'lf the Scale of Relation be fr — grr 4 br3 — &
make 1 — fr 4 grr — b3  krt+ — o, and multiply its Terms
refpectively by x+, x3, xx, x, 1, {o as to have the new Equation
x* — fras & grrxt — bpix & bt — o, let m, p, ¢, f; be roots of
that Equation, then having made

.ﬂ..= d'rt—-;-i—f:l::r xrrr+pf+,¢f+;rfﬁ br — pgf x a

m—pxm—gxm—/

B__ ﬁi—mx#rimxﬂr—quwn
¥ p—gxp—Sxp—m
Gt &Imwrd-,ﬁq-}—ﬁri-ﬂk br — fmp x a
W g—fug—mxg—p
D_' Jr3-—mxrrr+mxér—mﬁ?wn
iy S—mxj—px/—g
then, flill fuppofing / to be the Interval between the firft Term and
the Term whofe place is affigned, that Term will be Am’ +- Bp/ +
D/*.
Cfﬂﬁiﬂ’fmﬂ may by a narrow infpection perceive the Order of thofe
Theorems, it will not be amifs to exprefs them in words at length.

GeNERAL RULE.

ts m, . [, &c. determined as above, be called re-
Let the Roots m, p, ¢, /, o ; arvidss
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fpectively, firft, fecond, third, fourth Root, &c. let there be taken
as many Terms of the Series beginning from the firft, as there are
parts in the Scale of Relation : then multiply in an inverted order,
1°, the laft of thefe Terms by Unity ; 2° the laft but one by
the Sum of the Roots wanting the firft; 3°, the laft but two, by
the Sum of the Produéls of the Roots taken two and two, exclud-
ing that produ&t wherein the firft Root is concerned; 4°, the laft
but three, by the Sum of the Producs of the Roots taken three
and three, flill excluding that Produ@ in which the firft Root is
concerned, and fo on; then all the feveral parts which are thus
nerated by Multiplication being connected together by Signs alter-
nately pofitive and negative, will compofe the Numerator of that
Fraction to which A is equal ; now the Numerator of that Fraction
to which B is equal will be formed in the fame manner, excluding
the fecond Root inftead of the firft, and fo on

As for the Denominators, they are formed in this manner: From
the firft Root {ubtratt feverally all the others, and let all the remain-
ders be multiplied together, and the Produ& will conftitute the De-
nominator of the Fra&ion to which 4 is equal ; and in the fame
manner, from the fecond Root fubtracting all the others, let all the
remainders be multiplied together, and the Produét will conftitute
the Denominator of the Fracion to which B is equal, and {o on
for the Reft.

COROLLARY 1.

If the Series in which a Term is required to be affigned, be the
Quotient of Unity divided by the differential Scale 1 — fr - grr —
br3 -\ kr+, multiply the Terms of that Scale refpettively by xt,
%3, ¥*, x, 1, fo as to make the firlt Index of x equal to the laft of
r, then make the Produtt x+ — frat 4 grrww — brix < &r¢ to
be —o. Let as before m, p, ¢, /, be the Roots of that Equation,
let alfo = be the number of thofe Roots, and / the Interval between
the firft Term, and the Term required, then make

He—1 LA |
m—fxwt—s:m"—f’ p—mxp—gxp—J
Cemmee—ae—t " D— S

g—mxqg—pxg—J _.)-—'HI-'—.HI—;

and the Term required willbe Am’ 4 Bp/ 4- C¢/ 4+ Dg’; and the
Sum of the Terms will be

A x
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Y=} N i I
Ax —= +Bx L?j;—n»lqu—-——-—'Tj: +Dx -'—?_{j,t'
It is to be obferved, that the Interval between the firft Term and the
Term required is always meafured by the number of Terms want-
ing one, fo that having for Inftance the Terms, a, b, ¢, d, ¢, f;
whereof 4 is the firft and f the Term required, the Interval be-
tween @ and fis 5, and the Number of all the Terms 6.

CoROLLARY 2.

If in the recurring Series @ - ér -\- crr - dr' - er+, &c. where-
of the Differential Scale is fuppofed to be 1 — fr - grr — brs -
kri, we make x* — fxri 4 grrax — brix & kr*=—=o0, and that
the Roots of that Equation be m, p, ¢, /; and that it fo happen that
fo many Terms of the Series a - br 4 crr |- drs 4 ert, &c. as
there are Roots, be every one of them equal to Unity, then any
Term of the Series may be obtained thus; let /be the Interval be-
tween the firft Term and the Term required, make

l—px l—gx|—F b —gxl —fxui—m
A='—_' - .__f 3 B._—'.._""‘_‘f‘—‘ T —

m—.,ﬂxmf—f_:n:n::—f P—grp—S xp—m
Fie :h-fxll—'mxr__—-:}_ 1 —m Xl —pxl—g

g—fxg—mxqg—p J—mwx/—px/—4q
and the Term required will be Am! 4 Bp! 4- C¢/ + DfY.

ProrosrTion VIL
_ If there be given a recurring Series whofe Scale of Relation is
jr — grr, and out of that Series be compofed two other Series,
whereof the firft fhall contain all the Terms of the Series given
which are pofited in an odd place, and the fecond fhall contain all
the Terms that are pofited in even place; then the Scale of Relation
in each of thefe two new Series may be obtained as follows :

‘Take the differential Seale 1 — fr - grr, out of which compofe
the Equation xx — frx 4- grr — o0 ; then making xx = =, expunge
the Quantity x, whereby the Equation will become = — frv =+
grr=o0, or z - grr = fr+ z; and fquaring both parts, to take
away the Radicality, we fhall have the new Equation 2z -}- 2g7rr2
-+ gert = ffrrz, or zz + 2grrz + ggr* —o; and dividing its

— ffrrz
Terms refpectively by 2z, z,JzT we fhall have a new differential
Scale for each- of the two new Series into which the Series given
was divided, which will be 1 -+ 2grr + ggr*: and this being ob-
— firr
Gga2 tained,
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tained, it is plain from our firf} Propofition, that each of the two
new Series may be fummed up.

But if the Scale of Relation be extended to three Terms,
{uch as the Scale fr — grr 4 br3, then the differential Scale for
each of the two Series into which the Series given may be fuppofed
to be divided, will be 1 — ff#r — 2fbrt — bbr, whereby it ap-

+ 2grr - gart
pears that each of the two new Series may be fummed up.

If inftead of dividing the Series given into two Series, we di-
vide it into three, whereof the firft fhall be compofed of the
1t gt 2% 10", &c. Terms; the fecond of the

28, g 8u 1%, &c. Terms; .the :third ofsfhe :
39, 6%, g™, 12%, &c. Terms; and that the Scale of Re-
lation be fuppofed fr — grr; then taking the differential Scale
1 — fr -+ grr, and having out of it formed the Equation xx —
frx 4+ grr — o, fuppofe x* = z; let now x be expunged, and
the: Equation will be changed into this 2z -}- 3}3?’3 +grf=o,
— firiz
of which the Terms being divided refpetively by =2z, 2, 1, we
fhall have a differential Scale 1 — fir* 4 g'r°, which will ferve
1 -

for every one of the three Series into which the Series given is di-
vided ; and therefore every one of thofe three Series may be fummed
up, by help of the two firft Terms of each.

If the Scale of Relation be compofed of never fo many parts,
ftill if the Series given be to be divided into three other Series; from
the fuppofition of x* being made — =, will be derived a Scale of
Relation for the three parts into which the Series given is to be di-
vided.

But if the Series given was to be divided into 4, 5, 6, 7, &ec.
Series given, fuppofe accordingly ¥t ==, x5 =2, x* =2, ¥ =2z,
&c. and x being expunged by the common Rules of Algebra, the
Scale of Relation will be obtained for every one of the Series into
which the Series given is to be divided.

ProrosiTion VIIL

If there be given two Series, each having a particular Scale of
Relation, and that the correfponding Terms of both Series be added

together, fo as to compofe a third Series, the differential Scale for
this third Series will be obtained as follows,

Let
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Let 1 — fr +- grr be the differential Scale of the firft, and
1 — mr - prr, the differential Scale of the fecond ; let thofe two

Scales be multiplied together, and the Produ® 1 —m +F f xr

+ Pt gt mfXrr —mg A pfxr 4 prxrt, will exprefs the
differential Scale of the Series refulting from the addition of the
other two.

And the fame Rule will hold, if one Series be fubtracted from
the other.

ProrosiTti1on IX.

If there be given two recurring Series, and that the correfpond-
ing Terms of thofe two Series be multiplied together, the differen-
tial Scale of the Series refulting from the Multiplication of the other
two may be found as follows.

Suppofe 1 — fr -}~ grr to be the differential Scale of the firft, and
1 — ma - paa the differential Scale of the fecond, fo that the firft
Series fhall proceed by the powers of r, and the fecond by the
powers of a; imagine thofe two differential Scales to be Equations
equal to nothing, and both r and & to be indeterminate quantities ;
‘make ar — 2, and now by means of the three Equations, 1 — f#
4 grr—o0, 1—ma -} paa =o, ar=2, let both a and » be
expunged, and the Equation refulting from that Operation will be

1 — fm3 + [jpzz — fympz’ - ggpprt =
- mmgzz
— 2gpR
or 1 — fmar - fipa’r* — fempa'rs - ggppatrt = o

- mmga*r*

2. Eg?dﬂ.rl
by fubftituting @ in the room of z; and the Terms of tha_t Equa-
tion, without any regard to their being made = o, which was
purely a fiction, will expre(s the differential Scale required : and in
the fame manner may we proceed in all other more compound

Cafes. : :
But it is very obfervable, that if one of the differential Scales be

the Binomial 1 — 2 raifed to any Power, it will be fufficient to
raife the other differential Scale to that Power, only fubflituting
ar for r, or leaving the Powers of r as they are, if a be reftrained
tdf Unity ; and that Power of the other differential Scale will confli-
tute the differential Scale required.

Some
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Some Ules of the foregoing Propofitions.

We have feen in our pviir® Problem, that if two Adverfaries,
whofe proportion of Skill be as « to 4, play together till fuch time
.as either of them wins a certain number of Stakes, fuch as 4 for
inftance, the Probability of the Play’s not ending in any given num-
ber of Games will be determined by

4a'b 4 Gaabbd= 4ab?

P for 4 Games.

shb L 2ea%ft L 1aaabt
e L -ﬁ+ for 6 Games.

g
Rashs 4 6%a4bt + 48a3s
ARRtleT e ﬂﬂ, e for 8 Games,
)

61554 120505 L16gatl®
42 +.:.::;‘».w+1 2 for 10 Games,

foatlhs LI qﬁpg!&?
L +—-§f&{’u+ for 12 Games.
&c.

Wherein it is evident that each Term in each of the three Columns
written above is referred to the two preceding by a conftant Scale
of Relation, fo that if the Terms of the firft Column which are

dath 1 aathb 48as5b3 164a56+ 5foa’hs

TRV eFB¥ 5 aTIV o apdVes aopeve o U RESISIEER
ly called E, F, G, H, K, &c. and that for {hortnefs fake we fuppofe
ab

= =1, We fhall find G = 47F — 2/7E, H = 4G — 2r7F,
and fo on; and therefore confidering the Sum of every three Terms
whereby each Probability is expreflfed as one fingle Term, and de-
noting thofe Sums refpcélively by S, T, U, X, &c. we fhall find
U= 4+rT—2rrS, X =4+U—2,rT, and fo on; from which
it follows that the Method of determining the Probability of the
Play’s not ending in any number of Games given, is no more than
the finding of a Term in a recurring Series.

Let it therefore be required to find the Probability of 4 Stakes not
being loft in 60 Games, to anfwer this, let it be imagined that the
Probabilities of not ending in

0, 2, 4, 6, 8, 10------ 6o Games,
are exprefled by C, D, E, F, G, H, -~ - - - - K refpectively ;
then calling / the number of Games given, it is evident that the

Term K is diftant from the Term C by an Interval = —;.’, in this

Cafe = 30, the odd numbers being omitted, by reafon it is impoffi-
- ble




TZhe DocTRINE of CHANCES. 231

blé an even number of Stakes fhould be won or loft exadtly in an
odd number of Games: moreover it being a certainty that the Set
of 4 Stakes to be won or loft can neither be concluded before the
Play begins, nor when no more than two Games are played off, it
follows that the two Terms C, and D, are each of them equal to
Unity ; for which reafon, if out of the Scale of Relation 4» — 277,
or rather out of the differential Scale 1 — 47 - 277, we form the
Equation, xx — 47« -+ 2rr = o0, and that the roots of that Equa-

tion be m and p, and then make A — —~- B:-;—f—; , the

m—p ?

I 1

two Terms alone Am 2 - Ep*.‘; will determine the Probability
required.  This being conformable to Corollary 2° of our vi** Pro-
pofition, it will be proper to confult it.

But becaufe in higher Cafes, that is when the number of Stakes
to be won or loft is larger, it would fometimes be infinitely labori-
ous to extratt the Roots of thofe Equations, it will be proper to
fhew how thofe Roots are aétually to be found in a Table of Sines.
Of which to give one Inftance, let it be propofed to find the Pro-
bability of the Play’s not ending in any number of Games /, when
the number of Stakes to be won or loft is 6 ; then arguing in the
fame manner as in the preceding Cafe, let the Probabilities of the

Play’s not being concluded in o, 2, 4, 6, 8, 10----/Games
bemfpc&iveg D, E F, G, H K ----2; then
we may conclude that the three Terms D, E, I ftanding refpectively

over-againft the number of Games o, 2, 4, are each of them equal
to Unity, it being a certainty that the Play cannot be concluded in
that number of Games. Wherefore having taken the differential
Scale 1 — 6r -+ grr — 273, which belongs to that number of Stakes 6,
and formed out of it the Equation x° — b6rxx 4 grrx —2r3 = o,
let the Roots of that Equation be denoted by , p, 4; then making

i—pxl—q | —g X | =m AL 1 —m % 1—p )
. d , B= < , C= the:

ay m—pxm—g f'_?xn""'—:’“ g—1mx g—p .
1

SR Sy B ]

Probability required will be Am?  Bp=' 4 Cg* |

" Now I fay that the, Roots m, p, g of the Equation above written,,
may be derived from a Table of Sines; for if the Semi-circumfe-
rence of a Circle whofe Radius is 27, be divided into 6 equal parts,

and we take the Co-verfed Sines of the Arcs that are &, &, =

of the Semi-circumference, fo that the Numerators of thofe Frac-

tions be all the odd numbers contained in 6, thofe Co-verfed Sin;ﬁ_
: willl
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will be the Values of m, p, ¢, and the Rule is general and ex-
tends to all Cafes; ftill it is obfervable that when the number of

Stakes is odd, for Inftance g, we ought to take only ]E’ '—3—, %,

Z of the Semi-circumference, and reje@ the laft Term T;}' ex-
L

§]
prefling the whole Semi-circumference.
- But what ought chiefly to recommend this Method is, that fup-
pofing m to be the greateft Co-verfed Sine, the firft Term alone
I

Am?* will give a fufficient approximation to the Probability re-
quired, efpecially if / be a large number in itfelf, and it be alfo
large in refpect to the number of Stakes.

Still thefe Rules would not be eafily practicable by reafon of the
great number of Factors which might happen to be both in the
Numerator and Denominator to which A 1s fuppofed equal, if I
had not, from a thorough infpection into the nature of the Equations
which determine the Values of 2, p, ¢, &c. deduced the following
Theorems.

1°, If » reprefents the number of Stakes to be won or loft,
whether that namber be even or odd, then the Numerator of the
Fration to which A is equal, v/, I —pX I —g¢XI— /X 1—f,
&c. will always be equal to the Fraétion T:T}ﬁix—f:——f ; and in the
fame manner that the Numerator of the Fraction to which B is equal,
Wz 1—q¢ X1 — /X 1—t¢, &c. will always be equal to the Fraction

at 4
#—1—#"1" ML=
2°, If # be an even number, and that » be the right Sine
correfponding to the Co-verfed Sine. m; then the Denominator of

the Fraction to which A is equal, viz, m—p X m—g x m— X m—%,
T

, and fo on.

—_

&c. will always be equal to the Fra&ion L ;,—; and in the fame

manner if p° reprefent the right Sine belonging to the Co-verfed
Sine p, then the Denominator of the Frattion to which B is equal,

Viz, p—gq Xp—JXp—1, &c. will always be equal to the Fraction

-;—n
nr
—;7—, and fo on,

3% Ifnbe an odd number, and that #  be, as before, the right
Sine correfponding to the Co-verfed Sine m; then the Denomi-
nator

il
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1
—-H

nator of the Fraction to which A is equal will be —, = J . and

the Denominator of the Fraction to which B is equal will be

In

nrt

o

COROLLARY

From all which it follows, that the Method of determining the
Probability of a certain number # of Stakes not being loft in a given
number / of Games, may be thus expreffed.

Let L «be fuppofed — %‘1 and r = —{—%;"‘ , then that
Probability will be

L m-" -IEJ -, —;! ?" %I _II l:f
i into e X -—-—a*l sy Xp -\—I_P‘Kg T
nri
&c. when # is an even number, or
, .I:'—--_'l —1 f—1 f_—_-_;
L o BYm p«r"‘fr “p +g-’gr _s-«.f.rxsz
_"n I=—17n —-—jl I—gq I—35
nr*
&c. when n is an} odd nnmber.
et ] e 1
But.becaufe m * x/m, p * x#/p, &c. are the fame as m_';, pzi

refpectively, it is plain that both Cafes are reduced to one and the
fame Rule, .

4t was upon this foundation that I prefcribed the R:ﬂe to be feen
in my rx1x'" Problem, wherein I did not diftinguifh the odd Cafes
from the even.

But altho’ the Rule there given feems {fomewhat different from
what it is here, yet at bottom there is no difference ; it confifting
barely in this, that whereas 27 in this place is the Radius of the
Circle to which the Calculation is adapted, there it is Unity, and
that there the Co-verfed Sines were exprefled by their Equivalents in
right Sines; there was alfo this little difference, that the Denomi-
nators 1 — m, 1— p, &c, were exprefled by means of the verfed
Sines of thofe Arcs, to which » and p are co-verfed Sines.

Other Variations might be introduced, fuch for inftance as might
arife from the confideration of ~/'mr, Npr, &c. being the right

Hh Sines
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Sines of — the Complements to a Quadrant of the Arcs originally

taken.
But to fhew the farther ufe of thefe Series, it will be con-

venient to propofe a Problem or two more relating to that Sub-
ject.,

PROBLEM LXX,

M and N, whofe proportion of Chances to win one Game
are refpectively as a to b, refolve to play together till
one or the other has loff 4 Stakes: two Standers by,
R and S, concern themfelves in the Play, R takes the
Jfide of M, and S of N, and agree berwixt them, that
R fhall fet to S, the Sum L to the Sum G on the firft
Game, 2L to 2G on the fecond, 3L 2o 3G on the third,
4L 20 4G on the fourtb, and in cafe the Play be not
then concluded, 5L to §G on the fifth, and fo increa-
fing perpetually in Arithmetic Progreffion the Sums
which they are to [et to one another, as long as M and N
play  yet with this farther condition, that the Sums,
Jet down by them R and S, [ball at the end of each Game
be taken up by the Winner, and not left upon the Table
20 be taken up at once upon the Conclufion of the Play :
it is demanded how the Gain of R is to be effimated be-
fore the*Play begins.

.
- SorLvwTI1ON.

Let there be fuppofed a time wherein the number p of Games has

been played ; then R having the number 2 of Chances to win the

Sum p -}- 1 X G in the next Game; and § having the number 5 of

Chances to win the Sum p 4+ 1 x L, it is plain that the Gain of
R in that circumftance ought to be eftimated by the quantity

P41 x-ig-—!"_-{;— 'LI, but this Gain being to be eftimated before
the Play begins, it follows that it ought to be eftimated by the

quantity - 1 x ">~ multiplied by the refpective Probability

there



The DocTrINE of CHANCES. 235

there is that the Play will not then be ended; and therefore the
whole Gain of R is the Sum of the Probabilities of the Play’s not
ending in o, 1, 2, 3, 4, 5, 6, &c. Games in infinitum, multiplied by
the refpective Values of the quantity p -}- 1 }{% , p being
interpreted fucceflively by the Terms of the Arithmetic Progrefiion,
o, I, 2, 3, 4 5, 6, &c. Now, let thefe Probabilities of the

Play’s not ending be refpettively reprefented by A, B, C, D, E, F,

G, I, &ec. let alfo the Quantity ~“— be called S, and then

it will follow that the Gain of R will be exprefled by the Series
AS 4 2BS 4 3CS 4 4DS 4-5ES - 6FS - 4GS, &c. but in this
Problem, altho’ the Probabilities of the Play’s not ending decreafe
continually, yet the number of Stakes being even, the Probability
of the Play’s not ending in an odd number of Games is not lefs
than the Probability of not ending in the even number that imme-
diately precedes the odd ; and therefore B =A, D=C, F=E,
1 =G, &c. from whence it follows that the Gain of R will be ex-
prefled by the product of S into 3A 4-7C 4-11E 4-15G - 191, &ec.
but the differential Scale for the Series A4 C 4~ E 4- G, &c. is

. 4 ab k
I — 4r -+ 2rr, wherein » is fuppofed — prw, vl and the diffe:

rential Scale for the Series 3 47+ 11 4154 19, &c. is 1 —
34 - 3aa — a’, wherein @ — 1, And therefore the differential
Scale for the Series 3A - 7C - 11E, &c. confifting of the pro-
du@s of the Terms of one Series by the correfponding Terms of
the other, will be 1 — 4} 2rr\2, or 1 — 9r -+ 20rr — 1672 -
4r+; and therefore having written down the four firft Terms of the
Series to be fummed up, viz. as many Terms wanting one as there are
in the differential Scale, multiply them in order by the differen-
tial Scale according to the prefcription given in the Remark be-
longing to our third Propofition, and the Produét will be the Nu-
merator of the Fra&ion exprefling the Sum, of which Fraétion the

Denominator will be 1 — 47 - 2771 *; Bat to make this the plainer,
here follows the Operation,
3A+4+ 7C+ 11E 4 15G
] — 8rd-20mr—16r3.....
3A+ 7C411E 4-15G
—24rA— 56rC—837E .
+6orrA- 140r7C , .
— 487°A

Hh-:=2 And
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And thus is the Numerator obtained: but A== 1, it being a cer-
tainty that the Play cannot be ended before it is begun, and C
is likewife — 1, it being a certainty that 4 Stakes cannot be loft
neither before nor at the expiration of 2 Games; but by the law of
Relation of the Terms of the Series, E = 47C — 2rrA, and G ==
4rE — 2rrC, and therefore the proper Subftitutions being made,

. . . — 136 8r
the Sum of the Series will be found to be S info — ,i_r: ib:; =

and now in the room of S and r fubftituting their refpective Values

aG—EL d ak h S aG—aL,. ',
_———r E————
=7 and =y the Sum === 1nfo
1c - zaa’h 4 g2atbbh + ﬁ.;_mﬁi + 4zaabt 4 24ab5 4]106° x pray 2 L

at 4 b+\*

will exprefs the Gain of R.

COROLLARY 1I.
If the Stake L be greater than the Stake G, in the fame pro-
portion as @ is greater than 4, there can be no advantage on either
fide.

CoRrRoLLARY 2.

If 2 and 4 are equal, the Gain of R will be 216 times the half
difference between the Stakes G and L : thus if G ftands for a
Guinea of 214 and L for 20# the Gain of R will be 216 Six-
pences, thatis, 5k — 8/

CoROLLARY 3.

If a be greater than &, the Gain of R, according to that inequa-
lity, will vary an infinite number of ways, yet not be greateft when
the proportion of @ to b is greateft ; fo that for Inftance, if the
proportion of ato & is 2 to 1, and G and L are equal, the Gain

of R will be about 29 iG; but if @ isto 4 as 3 to 1, the Gain of

R will be no more than about 22 T:.G ; and if the proportion of &

to b be infinitely great, which would make R win infallibly, the
. Gain of R will be only 10 G, But altho’ this may feem at firft a ver
ftrange Paradox, yet the reafon of it will eafily be apprehended from
this confideration, that the greater the proportion is of 2 to &, fo.
much the fooner is the Play likely to be concluded ; and therefore
if that proportion were infinite, the Play would neceffarily be ter~
minated in 4 Games, which would make the Gain of R to be 1 -}
23+ 4=10. .

But
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But if it was required what muft be the proportion of 2 to 4 which
will afford to R the greateft advantage poffible, the anfwer will be
very near 2 to 1, as may be found eafily upon Trial ; and may be
found accurately by the Method which the Geometricians call de
Maximis & Minimis. 5

Pyl OB L .E M. LXXI,

If M and N, whofe number of Chances to win one Game
are refpetively as a to b, play together till four Stakes
are won or loft on cither fide; and that at the fame
time, R and S whofe number of Chances to win one
Game are refpectively as ¢ to d, play alfo together till
Jfrve Stakes are won or loff on either fide ; what is the
Probability that the Play between M and N will be ended
in fewer Games, than the Play between R and S,

SoLUTION.

The Probability of the firft Play’s being ended in any number of
Games before the fecond, is compounded of the Probability of the
firft Play’s being ended in that number of Games, and of the fe-
cond’s not being ended with the Game immediately preceding:
from whence it follows, that the Probability of the firft Play’s end-
ing in an indeterminate number of Games before the fecond, is the
Sum of all the Probabilities i nfinitum of the firft Play’s ending,
multiplied by the refpeGive Probabilities of the fecond’s not being
ended with the Game immediately preceding.

Let A, B, C, D, E, &c, reprefent the Probabilities of the firft
Play’s ending in 4, 6, 8, 10, 12, &c. Games refpecively; let alfo.
F, G, H, K, L, &c. reprefent the Probabilities of the fecond’s not
being ended in 3, 5, 7, 9, 11, &c. Games refpectively : hence, by what
we have laid down before, the Probability of the firft Play’s end-
ing before the fecond will be reprefented by the infinite Series AF
-4 BG 4 CH 4 DK - EL, &c. Now to find the Law of Rela-
tion in this third Series, we muft fix the Law of Relation in the

firt and fecond, which will be done by our rLx* P;Dblﬁ:l], it
being for the firft 4 — 277, wherein # is fuppofed — u; — ; and

becaufe, as we have obferved before, the Law of Relation in thofe
Series
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Series which exprefs the Probability of not ending, is the fame as
the Law of Relation in the refpetive Series which exprefs the Pro-
bability of ending; it will afo be found by the direftions given in
our Lx™ Problem, that if we fuppofe T_—E;Trzm, the Law of
Relation for the fecond Series will be sm — smm, and therefore
the Laws of Relation in the firft and fecond Series will refpectively
be 1 — 4r 4217 1— 5m - smm. And now having fuppofed
thofe two differential Scales as Equations =— o, and fuppofed alfo
rm =2, we fhall find by the Rules delivered in our 1x* Propo-
fition, that the Scale of Relation for the third Series will be 1 —
202 -}- 1102z — 20023 -} 1002*%; and therefore having taken the
four firft Terms of the third Series, and multiplied them by the
differential Scale, according to the proper Limitations prefcribed in
Eur 111° Propofition, we fhall find the Sum of the third Series to
e
AF 4 BG +CH +DK
—20AFGz—20BGz —20CHz
4 110AF22-}-110BG2z2
—200AFz23

1 — 20% - 110z* — 20023 -} 1002*

Now fuppofing § to reprefent the Fraction %ﬁ* , the four Terms

A, B, C, D will be found to be 18 -\ 475 -}- 14778 4 48735 ; but
the four Terms F, G, H, K wherein S is not concerned will be
found to be 1, §m — Gmm, 20mm — 25m3, 75m? — 100m*; and
therefore the proper Subflitutions being made in the Sum above
written, we fhall have that Sum reduced to its proper Dafa; and
that Sum thus reduced will exhibit the Probability required. But
becaufe thofe Data are many, it cannot be expe&ted that the So-
lution fhould have fo great a degree of Simplicity as if we had re-
ftrained ¢ and & to a ratio of Equality, which if we had, the Pro-
bability required would have been exprefled by the Fra&ion

2z — 10z% 4 e2? ’
e e 5 but becaufe r has been fuppofed
abk ; i
e i s that this Cafe is — L i
= v it follow r in is ; and again,

becaufe 7 has been fuppofed = :I_—:—;—,', then m is alfo =’J—:-,

for which reafon rm or z = ;_:5 , for which reafon fubftituting

— inftead of z, the Probability required will be exprefied by the
Fraction
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Fraction -';% : Now fubtra&ing this Fra&ion from Unity, the

remainder will be the Fracion -L:?—, and therefore the Odds of

7
the firft Play’s ending before the fecond will be 476 to 247, or
27 to 14 nearly.

PROBLEM LXXII

A and B playing together, and baving an equal number
of Chances to win one Game, engage to a Speftator S
that afier an even number of Games n is over, the
Winner (hall give bim as many Pieces as he wins
Games over and above one half the number of Games
played, it is demanded bow the Expeétation of S is
to be determined.

SoLuTION,
Let E denote the middle Term of the Binomial 244 raifed

I1aE
z

to the Power 7, then Z— will exprefs the number of Pieces

which the Spe&ator has a right to expe&.

Thus fuppofing that 4 and B were to play 6 Games, then rai-
fing @ 4 & to the 6 Power, all the following Terms will be found
in it, viz. a° - 646 - 15a*bb -20a%b -\-1 §aabt - 6abs 4 5°.

But becaufe the Chances which 4 and B have to win one Game
have been fuppofed equal, then @ and 4 may both be made =1,
which will make it that the middle Term E will be zo; there-

fore this number being multiplied by %H, that is in this Cafe
by 3, the Produ& will be 60, which being divided by 27 or 25,

. . 1 Ho I'e
that is by 64, the Quotient will be & OF g and therefore the

Expeation of § is as good to him as if he had -'ﬁ_- of a Piece

given him, and for that Sum he might transfer his Right to an-
other.

It will be eafy by Trial to be fatisfied of the Truth of this Con-
clufion, for refuming the 6™ Power of -} 4, and confidering the
firt Term a°, which (hews the number of Chances for 4 to win
6 times ; in which Cafe S would have 3 Pieces given him, then the

Expecta.
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at
Expe@ation of S arifing from that profpe& is ——;;_mr , that is "63'1" ;

confidering next the Term 6456 which denotes the number of
Chances for 4 to win g times and lofing once, whereby he would

get two Games above 3, and confequently S get 2 Pieces, then the
2z x Gash

Expe@ation of § arifing from that profpect would be = or

-%; laftly confidering the third Term 1 5 2%* which fhews the num-

ber of Chances for 4 to get 4 Games out of 6, and confequently
for S to get 1 Piece, the Expectation of § arifing from that pro-

w1 cathh 15
fpect would be Iﬁ-‘%.v or {]: , the fourth Term 2043 would

afford nothing to S, it denoting the number of Chances for 4 to
win no more than 3 Games; and therefore that part of the Ex-
peGation of S, which is founded on the Engagement of A4 to

{ 41z +
him, would be —"'-lé;—'j- :i—i; but he expe@s as much from

B, and therefore his whole Expectation is -2% — -:—;- as had been

before determined.
And in the fame manner, if 4 and B were to play 12 Games

the Expectation of S would be %o;'g" » which indeed is greater than

in the preceding Cafe, but lefs than in the proportion of the num-
ber of Games played, his Expectation in this Cafe being to the for-
mer as 5544 to 3840, which is very little more than in the propor-
tion of 3 to 2, but very far from the proportion of 12 to 6, or 2
to 1.

And if we fuppofe ftill a greater number of Games to be played
between A and B, the Expettation of § would ftill increafe, but in
a lefs proportion than before; for inftance, if 4 and B were to play
100 Games, the Expe&ation of § would be 3.9795; if 200, 5.6338;
if 300, 6.9041 ; if 400, ?.9?385 if 500, 8.9161 ; if 700, 8oo, goo,
10.552, 11.280, 11.965 {’Efpt&l?fl}', fo that in 100 Games the Ex-
pectation of S would be in refpect to that number of Games about

—*_ . and in goo Games that Expectation would not be above — .
e

Now how to find the middle Terms of thofe high Powers wi'irlgbc
thewn afterwards.

CoRoLLARY.
From the foregoing confiderations, it follows, that if after taking
a great number of Experiments, it fhould be obferved that the hap-
penings
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penings or failings of an Event have been very near a ratio of Equa-
lity, it may fafely be concluded, that the Probabilities of its happen-
ing or failing at any one time affigned are very near equal.

PROBLEM LXXIIIL
A and B playing together, and having a different num-
ber of Chances to win one Game, which number of

 Chances I fuppofe to be refpectively as a to b, engage
themfelves to a Spettator S, that after a certain num-

ber of Games is over, A fball give him as many Pieces
. (]
as he wins Ga e
mes, over and above R and B as
many as be wins Games, over and above the number

—-ﬁ:;-n; to find the Expeclation of S.

ﬂ-

SoLUTION.

Let E be that Term of the Binomial 2-}-4 raifed to the Power »,
in which the Indices of the Powers of @ and 4 fhall be in the {fame ratio
to one another as ¢ is to & ; let alfo p and ¢ denote refpettively thofe
Indices, then will the Expectation of § from A and B together be

zpg P : : .
T, E,or ———= == E from ecither of them in particular.

Thus fuppofing the number of Games # to be 6, and that the
ratio of 2 to 4 isas 2 to 1; then that Term E of the Binomial 4 4
raifed to its 6 Power, wherein the Indices have the fame ratio to
one another as 2 to 1, is 15a**, and therefore p—=4, and g=2;
and becaufe, a, 4, p, ¢, » are refpettively 2, 1, 4, 2, 6, thence the

. zfq g : . . _lﬁ_
Expedtation e xE will be in this particular Cale oor X249
or ::’: — ::J nearly.

But fuppofing that 4 and B refolve to play 12 Games, then that
Term of the Binomial  -}- 4 raifed to its 12 Power, wherein the
Indices p and ¢ have the fame ratio as 2 to 1, is 4954°4*; and be-

caufe the Quantities @, 4, p, ¢, », are refpeCtively 2, 1, 8, 4, 12, the
Expe&tation of § will be ?:fj:? or —— nearly.

And again, if 4and B play ftill a greater number of Games, i:‘he:
Expeation of § will perpetually increafe, but in a lefs proportion

than of the number of Games pIaI:,r?d.
i

CoroOL-
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CoROLLARY.

From this it follows, that if after taking a great number of Expe- -
riments, it thould be perceived that the happenings and failings have
been nearly in a certain proportion, fuch as of 2 to 1, it may fafely
be concluded that the Probabilities of happening or failing at any
one time affigned will be very near in that proportion, and that the
greater the number of Experiments has been, fo much nearer the
Truth will the conjectures be that are derived from them,

But fuppofe it thould be faid, that notwithftanding the reafonable-
nefs of building Conjectures upon Obfervations, ftill confidering the
great Power of Chance, Events might at long run fall out in a dif-
ferent proportion from the real Bent which they have to happen
one way or the other; and that fuppofing for Inftance that an Event
might as eafily happen as not happen, whether after three thoufand
Experiments it may not be poffible it fhould have happened two thou-
fand times and failed a thoufand ; and that therefore the Odds againft
fo great a variation from Equality thould be affigned, whereby the
Mind would be the better difpofed in the Conclufions derived from
the Experiments.

In anfwer to this, I'll take the liberty to fay, that this is the
hardeft Problem that can be propofed on the Subject of Chance,
for which reafon I have referved it for the laft, but I hope to be
forgiven if my Solution is not fitted to the capacity of all Readers ;
however I fhall derive from it fome Conclufions that may be of ufe
to every body: in order thereto, I fhall here tranflate a Paper of
mine which was printed November 12, 1733, and communicated
to fome Friends, but never yet made public, referving to myfelf the
right of enlarging my own Thoughts, as occafion fhall require.

Nevemb, 12, 1733..

A Mex
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A Method of approximating the Sum of the Terms
of the Binomial a +b\" expanded into a Series,
Srom whence are deduced fome practical Rules
to eftimate the Degree of Affent which is to be
grven to Experiments.

LTHO the Solution of Problems of Chance often requires

that feveral Terms of the Binomial 2 4 5)\” be added to-
- gether, neverthelefs in very high Powers the thing appears
fo laborious, and of fo great difficulty, that few people have un-
dertaken that Tafk ; for befides ?a.me: and Nicolas Bernoulli, two
great Mathematicians, 1 know of no body that has attempted it ;
in which, tho’ they have thewn very great I{Lil], and have the praife
which is due to their Induftry, yet fome things were farther re-
quired ; for what they have done is not fo much an Approximation
as the determining very wide limits, within which they demonftrated
that the Sum of the Terms was contained. Now the Method which
they have followed has been briefly defcribed in my Mifcellanca Ana-
Jytica, which the Reader may confult if he pleafes, unlefs they ra-
ther chafe, which perhaps would be the beft, to confult what they
themfelves have writ upon that fubjet: for my part, what made
me apply myfelf to that Inquiry was not out of opinion that I
{hould excel others, in which however I might have been forgiven ;
but what I did was in compliance to the defire of a very worthy
Gentleman, and good Mathematician, who encouraged me to it:
I now add fome new thoughts to the former; but in order to make
their connexion the clearer, it is neceffary for me to refume fome few
things that have been delivered by me a pretty while ago.

I. It is now a dozen years or more fince I had found what fol-
lows ; If the Binomial 1 - 1 be raifed to a very high Power de-
noted by 7, the ratio which the middle Term has to the Sum_nf
all the Terms, that is, to 27, may be exprefled by the Frattion
--——?:';t_l , wherein A reprefents the number of which the Hy-
perbolic Logarithm is - — —— 4 ——— 7=, &c. But be-

Ii12 caule
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n— "

caufe the Quantity —— or 1 — -:r-‘" is very nearly given when

n is a high Power, which is not difficult to prove, it follows
that, in an infinite Power, that Quantity will be abfolutely given,
and reprefent the number of which the Hyperbolic Logarithm is
— 1; from whence it follows, that if B denotes the Number of

which the Hyperbolic Logarithm is — 1 4+ — — 3;0 +—
2B

W m—1

or barely —%: and that therefore if we change the Signs of that
Series, and now fuppofe that B réprefents the Number of which the
Hyperbolic Logarithm is 1 — — - 3;0 —_ e, &c

— :trﬂa , &c. the Expreffion above-written will become

that Expreffion will be changed into B;n

When I firft began that inquiry, I contented myfelf to determine
at large the Value of B, which was done by the addition of fome
Terms of the above-written Series; but as 1 perceived that it con-
verged but flowly, and feeing at the fame time that what I had done
anfwered my purpofe tolerably well, I defifted from proceeding far-
ther till my worthy and learned Friend Mr. Fames Stirling, who
had applied himfelf after me to that inquiry, found that the Quan-
tity B did denote the Square-root of the Circumference of a Circle
whofe Radius is Unity, fo that if that Circumference be called ¢,
the Ratio of the middle Term to the Sum of all the Terms will be

z

exprefled by —

But altho’ it be not neceflary to know what relation the number
B may have to the Circumference of the Circle, provided its value
be attained, either by purfuing the Logarithmic Series before men-
tioned, or any other way; yet I own with pleafure that this dif-
covery, befides that it has faved trouble, has fpread a fingular Ele-

ncy on the Solution.

I1. Ialfo found that the Logarithm of the Ratio which the middle
Term of a high Power has to any Term diftant from it by an
Interval denoted by /, would be denoted by a very near approxima-

tion, (fuppofing m — —#) by the Quantities m - / — % x Log:
m-1—14+m—I-4 szLng.m—-f-{— 1 — 2mX Log. i 4
Log. —X- '

m

CorolL=s
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Cnnux.i.nnv T
This being admitted, T conclude, that if m or ~# be a Quantity

infinitely great, then the Logarithm of the Ratio, which a Term

diﬂan; from the middle by the Interval /, has to the middle Term, is

" L]

4 CoROLLARY 2.
The Number, which anfwers to the Hyperbolic Logarithm

2

PO T bCi.[lg »
all T glh 168 Smnl 6tz
| S i + znn  bn} + 2int  1zoas + Jzon® 2 &C.
it follows, that the Sum of the Terms intcrcTted between the

Middle, and that whofe diftance from itis denoted by /, will be
- 2l 45 8i7 1649 32/t
o e into / — 1% 3 i 2xsnn | Gxyal . Zexgut  120x1ins

Let now / be fuppofed = s4/n, then the faid Sum will be ex-
prefled by the Series

2 . z/? 4/5 BS7 169 32/%7
Tmtﬂf—' 3 ~+ 2x5 | bx7 < 24%g  120x11 ? &e.

Moreover, if / be interpreted by —, then the Series will become

2 . 1 1 1 1 I 1
Ve mto - — 3x4 = 2x5x8  Ox7x10 1 24x9x32  1z0%11x64 ? &ec.
which converges fo faft, that by help of no more than feven or
eight Terms, the Sum required may be carried to fix or feven places

of Decimals: Now that Sum will be found to be 0.427812, inde-
pendently from the common Multiplicator ——, and therefore to
the Tabular Logarithm of 0.427812, which is 9.6312529, adding
the Logarithm of —;;-; , iz, 9.9019400, the Sum will be 19.5331929,

to which anfwers the number 0.341344.

LEMMA. _

. If an Event be fo dependent on Chance, as that the *Pmbahilities of
its happening or failing be equal, and that a certain given number #
of Experiments be taken to obferve how often it happens and fails,

and alfo that / be another given number, lefs than %n, then the Pro-

bability of its neither happening more frequently than -z |- /
times,,
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times, nor more rarcly than —z—/ times, may be found as fol-

lows. .

Let L and L be two Terms equally diftant on both fides of
the middle Term of the Binomial r - 1\* expanded, by an Inter-
val equal to /; let alfo ['( be the Sum of the Terms included between
L and L together with the Extreams, then the Probability required

will be rightly exprefled by the Fraction - ; which being founded

on the common Principles of the Doctrine of Chances, requires no
Demonftration in this place.

COROLLARY 3.
And therefore, if it was poffible to take an infinite number of
Experiments, the Probability that an Event which has an equal
number of Chances to happen or fail, fhall neither appear more

frequently than 7 -4~ ~#/7 times, nor more rarely than —z =

—~n times, will be exprefied by the double Sum of the number

exhibited in the fecond Corollary, that is, by 0.682688, and con-
fequently the Probability of the contrary, which is that of hap-
pening more frequently or more rarely than in the proportion above
affigned will be 0.317312, thofe two Probabilities together com-
pleating Unity, which is the meafure of Certainty: Now the Ratio
of thofe Probabilities is in fmall Terms 28 to 13 very near. -

COROLLARY 4. ;
But altho’ the taking an infinite number of Experiments be not
practicable, yet the preceding Conclufions may very well be applied
to finite numbers, provided they be great: for Inftance, if 3600 Ex-

periments be taken, make » — 3600, hence v;-rz will be = 1800,

and —~/# = 30, then the Probability of the Event's neither
appearing oftner than 1830 times, nor more rarely than 1770,

will be 0.682688.

CoROLLARY 3.
And therefore we may lay this down for a fundamental Maxim,
that in high Powers, the Ratio, which the Sum of the Terms in-
cluded between two Extreams diftant on both fides from the middle

Term by an Interval equal to %Jﬂ, bears to the Sum of all
the
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the Terms, will be rightly exprefled by the Decimal 0.682688, that

15 —:-?— nearly, |

Still, it is not to be imagined that there is any neceflity that the
number # fhould be immenfely great ; for fuppofing it not to reach
beyond the goo™ Power, nay not even beyond the 100, the Rule
here givén will be tolerably accurate, which I have had confirmed
by Trials. '

Bat it is worth while to obferve, that fuch a fmall part as is iz 1
in refpect to #, and fo much thelefs in refpec to 2 as » increafes, does
very foon give the Probability :—f or the Odds of 28 to 13 ; from

whence we may naturally be led to enquire, what are the Bounds
within which the proportion of Equality is contained? I anfwer,
that thefe Bounds will be fet at fuch a diftance from the middle

Term, as will be expreflfed by i_«f 2n very near ; (o in the Cafe

above mentioned, wherein 7 was fuppofed — 3600, id’ 2n will
be about 21.2 nearly, which in refpe to 3600, is not above
'i%gl'th part: fo that it is an equal Chance nearly, or rather fome-

thing more, that in 3600 Experiments, in each of which an Event
may as well happen as fail, the Excefs of the happenings or failings
above 1800 times will be no more than about 21.

CoroLrLARY 6.

If / be interpreted by 'n, the Series will not converge fo faft
as it did in the former Cafe when / was interpreted by —«/z, for

here no lefs than 12 or 13 Terms of the Series will afford a to-
lerable approximation, and it would ftill require more Terms, ac-
cording as / bears a greater proportion to »/#: for which reafon I
make ufe in this Cafe of the Artifice of Mechanic Quadratures, firft
invented by Sir Ifaac Newton, and fince profecuted by Mr. Cotes,
Mr. Yames Stirling, myfelf, and perhaps others; it confifts in de-
termining the Area of a Curve nearly, from knowing a certain num-
ber of its Ordinates A, B, C, D, E, F, &c. placed at equal Intervals,
the more Ordinates there are, the more exact will the Quadrature
be; but here I confine myfelf to four, as being fufficient for my
purpofe : let us therefore fuppofe that the four Ordinates are A, B,
C, D, and that the Diftance between the firft and laft is dem.}:teiil by

1en:
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/, then the Area contained between the firft and the laft will be

A Lr [H] : .
i :” T = % 7/; now let us take the Diftances o«n,

1 ) (3 .
=, =N n, —Nn, *¥n, S, =+, of which every one

exceeds the preceding by —+'z, and of which the laft is &/ 7

of thefe let us take the four laft, viz, —g* Vo, = n, ~§- v n, %Jﬂ,

then taking their Squares, doubling Jeach of them, dividing them
all by », and prefixing to them all the Sign —, we fhall have
St — ~, which muft be looked upon as Hy-

2 ? g ;] 18 ¥
perbolic Logarithms, of which confequently the correfponding num-
bers, /2. 0.60653, 0.4.1111, 0.2493 5, 0.13 534 will ftand for the four

Ordinates A, B, C, D. Now having interpreted / by -;-J n, the
Area will be found to be =0.170203 x »/n, the double of which
being multiplied by T:';r—, the product will be 0.27160 ; let there-

fore this be added to the Area found before, that is, to 0.682688,
and the Sum 0.95428 will fhew what, after a number of Trials
denoted by », the Probability will be of the Event’s neither hap=

L] L] l
pening oftner than —;n - +/n times, nor more rarely than < n—nn,

and therefore the Probability of the contrary willbe 0.04572 : which
fhews that the Odds of the Event’s neither happening oftner nor more
rarely than within the Limits affigned are 21 to 1 nearly.

And by the fame way of reafoning, it will be found that the Pro-

bability of the Event’s neither appearing oftner than —z - 'i'”’”!
nor more rarely than ';rz-—%—v*ﬂ will be 0.99874, which will

make it that the Odds in this Cafe will be 369 to 1 nearly.

To apply this to particular Examples, it will be neceflary to
eltimate the frequency of an Event’s happening or failing by the
Square-root of the number which denotes how many Experiments
have been, or are defigned to be taken; and this Square-root, ac-
cording as it has been already hinted at in the fourth Corollary, will be
as it were the Modulus by which we are to regulate our Eftimation ;
and therefore fuppofe the number of Experiments to be taken is
3600, and that it were required to aflign the Probability of the
Event’s neither happening oftner than 28 go times, nor more rarely than
1750, which two numbers may be varied at pleafure, provided tm

be equally diftant from the middle Sum 1800, then make the
difference
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difference between the two numbers 1850 and 1750, thatis, in this
Cafe, 50 =/+ n; now having fuppofed 3600 =17, then v will
be = 60, which will make it that o will be — 60f; and confe-

quently [/ = %ﬁ- = =; and therefore if we take the proportion,
which in an infinite power, the double Sum of the Terms cor-
refponding to the Interval %w’ n, bears to the Sum of all the
Terms, we (hall have the Probability required exceeding near.

LEmMmmMmAa 2.

In anﬁ' Power a 4 &' expanded, the greateft Term is that in
which the Indices of the Powers of 2 and 4, have the fame propor-
tion to -one another as the Quantities themfelves 2 and 4 ; thus tak-
ing the 10™ Power of & - 4, whichisa™ -} 100% |- 454%* -
1204703 + 2108 4 2524505 - 210a%° - 120437 4 450000
-} 104b” 4~ £*; and fuppofing that the proportion of a to 4 is as
3 to 2, then the Term 2104°4* will be the greateft, by reafon that
the Indices of the Powers of 4 and 4, which are in that Term, are
in the proportion of [i to 2; but {uppofing the proportion of @ to &
had been as 4 to 1, then the Term 454°5* had been the greateft.

LEmMMma 3.

If an Event fo depends on Chance, as that the Probabilities of its
happening or failing be in any afligned proportion, fuch as may be
{fuppofed of 2 to 4, and a certain number of Experiments be de-
figned to be taken, in order to obferve how often the Event will hap-
pen or fail ; then the Probability that it fhall neither happen more

frequently than fo many times as are denoted by ‘ﬁé‘"‘l“ /, nor

more rarely than fo many times as are denoted by —- —/

a+-b
will be found as follows :
Let L and R be equally diftant by the Interval / from the greateft
Term ; let alfo S be the Sum of the Terms included between L and
R, together with thofe Extreams, then the Probability required will

be rightly exprefled by %—; :

CoroLrLARrRY 8.
The Ratio which, in an infinite Power denoted by #, the greateft
Term bears to the Sum of all the reft, will be rightly exprefled i:-]jr
Kk the
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the Fraction :—':5;; , wherein ¢ denotes, as before, the Circumference
of a Circle for a Radius equal to Unity.

CoROLLARY ¢ :

If, in an infinite Power, any Term be diftant from the Greate(t by
the Interval /, then the Hyperbolic Logarithm of the Ratio which
that Term bears to the Greateft will be exprefled by the Fraction

&hv: x Il ; provided the Ratio of / to # be not a finite Ratio,

{fq’&ﬂ
but fuch a one as may be conceived between any given number p

and «/n, fo that / be exprefiible by p+/ 2, in which Cafe the two
Terms L and R will be equal. !

CoROLLARY 10.
If the Probabilities of happening and failing be in any given Ratio
of inequality, the Problems relating to the Sum of the Terms of
the Binomial ¢ 4 4 * will be folved with the fame facility as thofe

in which the Probabilities of happening and failing are in a Ratio
of Equality.

Remark L

From what has been faid, it follows, that Chance very little di-
fturbs the Events which in their natural Inftitution were defigned to
happen or fail, according to fome determinate Law ; for if in order
to help our conception, we imagine a round piece of Metal, with
two polithed oppofite faces, differing in nothing but their colour,
whereof one may be fuppofed to be white, and the other black ;
it is plain that we may fay, that this piece may with equal facility
exhibit a white or black face, and we may even fuppofe that it was
framed with that particular view of fhewing {fometimes one face, fome-
times the other, and that confequently if it be tofled up Chance fhall
decide the appearance; But we have feen in our vrxxr1® Problem,
that altho’ Chance may produce an inequality of appearance, and
ftill a greater inequality according to the length of time in which i¢
may exért itfelf, yet the appearances, cither one way or the other,
will perpetnally tend to a proportion of Equality: But befides, we
have feen in the prefent Problem, that in a great number of Experi-
ments, fuch as 9600, it would bethe Odds of above 2 to 1, that
one of the Faces, fuppofe the white, {hall not appear morefrequently
than 1830 times, nor more rarely than 1770, or in other- Terms,

that
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that it fhall not be above or under the perfec Equality by more than

——part of the whole number of appearances; and by the fame

Rule, that if the number of Trials had been 14400 inftead of 3600,
then flill it would be above the Odds of 2 to 1, that the appearances
either one way or other would not deviate from perfect Equality

by more than —— part of the whole : and in 1000000 Trials it
would be the Odds of above 2 to 1, that the deviation from perfect
Equality would not be more than by z;m part of the whole. But

the Odds would increafe at a prodigious rate, if inftead of taking
fuch narrow limits on both fides the Term of Equality, as are re-

prefented by —«/#, we double thofe Limits or triple them ; for in

the firft Cafe the Odds would become 21 to 1, and in the fecond
369 to 1, and flill be vaftly greater if we were to quadruple them,
and at laft be infinitely great; and yet whether we double, triple or

ple them, &¢. the Extenfion of thofe Limits wil! bear but an
inconfiderable proportion to the whole, and none at all, if the whole
be infinite ; of which the reafon will eafily be perceived by Mathema-
ticians, who know, that the Square-root of any Power bears fo much
a lefs proportion to that Power, as the Index of it is great,

What we have faid is alfo applicable to a Ratio of Inequality,
as appears from our g™ Corollary. And thus in all'Cafes it will be
found, that althe’ Chance produces Irregularities, flill the Odds will
be infinitely great, that in procefs of Time, thofe Irregularities will
bear no proportion to the recurrency of that Order which naturally
refults from OR1GINAL DESIGN.

Remark II

As, upon the Suppofition of a certain determinate Law accordin
to which any Event is to happen, we demonftrate that the Ratio
of Happenings will continually approach to that Law, as the Expe-
riments or Obfervations are multiplied: fo, converfely, if from num-
berlefs Obfervations we find the Ratio of the Events to converge to
a determinate quantity, as to the Ratio of P to Q; then we conclude
that this Ratio exprefles the determinate Law according to which
the Event is to happen. ;

‘For let that Law be exprefled not by the Ratio P : Q, but by fome
other, as R : §; then would the Ratio of the Events converge to
this laft, not to the former : which contradifts our Hyporhefs.
And the like, or greater, Abfurdity follows, if we fhould fuppofe the
Y Kka2 Event
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Event not to happen according to any Law, but in a manner altoge-
ther defultory and uncertain; for then the Events would converge to
no fixt Ratio at all.

Again, as it is thus demonftrable that there are, in the conftitu-
tion of things, certain Laws according to which Events happen, it is
no lefs evident from Obfervation, that thofe Laws ferve to wife, ufe-
ful and beneficent purpofes; to preferve the ftedfaft Order of the
Univerfe, to propagate the feveral Species of Beings, and furnifh
to the fentient Kind fuch degrees of happinefs as are fuited to
their State.

But fuch Laws, as well as the original Defign and Purpofe of
their Eftablithment, muft all be from without ; the Inertia of mat-
ter, and the nature of all created Beings, rendering it impofiible
that any thing fthould modify its own eflence, or give to itfelf, or
to any thingelfe, an original determination or propenfity. And hence,
if we blind not ourfelves with metaphyfical duft, we fhall be led,
by a fhort and obvious way, to the acknowledgment of the great
Maxker and Governouvr of all; Himflf all-wife, all-powerful
and good.

Mr. Nicolas Bernoulli ®, a very learned and good Man, by not
connecting the latter part of our reafoning with the firft, was led to
difcard and even to vilify this Argument from fnal Caufes, fo much
infilted on by our beft Writers ; particularly in the Inflance of the
nearly equal numbers of male and female Births, adduced by that
excellent Perfon the late Dr. Arbuthnot, in Phbil. Tranf. N°. 328.

Mr. Berneulli collects from Tables of Obfervations continued for
82 years, that is from A. D. 1629 to 1711, that the number of
Births in Lendon was, at a medium, about 14000 yearly: and like-
wife, that the number of Males to that of Females, or the facilit
of their production, is nearly as 18 to 17. But he thinks it the
oreateft weaknefs to draw any Argument from this againft the
Influence of Chance in the production of the two Sexes. For, fays he,

“ Let 14000 Dice, each having 35 faces, 18 white and 1% black,
“ be thrown up, and it is great Odds that the numbers of white and
*“ black faces fhall come as near, or nearer, to each other, as the
“ numbers of Boys and Girls do in the Tables.”

To which the fhort anfwer is this: Dr. Arbuthnot never faid,
“ that fuppofing the facility of the production of a Male to that.

* See his two Letters to Mr. de Monmort, one dated. at Lendow, 11 O&. 1712,

the other from Paris, 23 Fan. 1713, in the Appendix to the dnalyfe des Feux de
bozard, 2d Edit.
[ ’DE
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¢ of the production of a female to be already fix¢ to nearly the Ratio
¢ of equality, or to that of 18 to 17 ; he was amazed that the Ratio
““ of the numbers of Males and Females born fhould, for many years,
“ keep within fuch narrow bounds:” the only Propofition againt
which Mr, Bernoulli’s reafoning has any force.

But be might have faid, and we do ftill infift, that * as, from
¢ the Obfervations, we can, with Mr, Bernoulli, infer the facili-
“ ties of production of the two Sexes to be nearly in a Ratio of
““ equality ; fo from this Ratio once difcovered, and manifeftly ferv-
¢ ing to a wife purpofe, we conclude the Ratio itfelf, or if you will
“ the Form of the Die, to be an Effect of Intelligence and Defign.”
As if we were fhewn a number of Dice, each with 18 white and 17
black faces, which is Mr. Bernoulli’s fuppofition, we fhould not
doubt but that thofe Dice had been made by fome Artift; and that
their form was not owing to Chance, but was adapted to the particu-
lar purpofe he had in View.

Thus much was neceffary to take off any impreffion that the
authority of fo great a name might make to the prejudice of our ar-

ment. Which, after all, being level to the loweft underftanding,
and falling in with the common Emfe of mankind, needed no formal
Demonlftration, but for the {cholaftic fubtleties with which it may be

lexed ; and for the abufe of certain words and phrafes ; which
fometimes are imagined to have a meaning merely becaufe they are
often uttered. _

Cbhance, as we underftand it, fuppofes the Exzffence of things, and
their general known Properties : that a number of Dice, for inftance,
being thrown, each of them fhall fettle upon one or other of its
Bafes. After which, the Probability of an affigned Chance, that is
of fome particular difpofition of the Dice, becomes as proper a fub-
ject of Inveftigation as any other quantity or Ratio can be.

But Chance, in atheiftical writings or difcourfe, is a found ut-
terly infignificant : It imports no dctermination to any mode of Ex-
#flence ; nor indeed to Exiflence itfelf, more than to aon-exiffence ;
it can neither be defined nor underftood : nor can any Propofition
concerning it be either affirmed or denied, excepting this one, * That
« it is a mere word.”

The like may be faid of fome other words in frequent ufe; as
fate, neceffity, nature, a courfe of rature in contradiftin&tion to
the Diwvine energy = all which, as ufed on certain occafions, are mere
{founds : and yet, by artful management, they ferve to found fpe-
cious conclufions: which however, as foon as the latent fallacy of the:
Term is detected, appear to be no lefs abfurd in themfelves, than they-

commonly are hurtful to fociety. I {hall:
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I fhall only add, That this method of Reafoning may be ufefully ap-
plied in fome other very interefting Enquiries ; if notto force the Affent
of others by a ftrié&t Demonftration, at leaft to the Satisfaction of the
Enquirer himfelf: and fhall conclude this Remark with a paffage
from the Ars Conjeciandi of Mr. James Bernoulli, Part IV. Cap. 4
where that acute and judicious Writer thus introduceth his Solution nf
the Problem for Afigning the Limits awithin which, by the repetition
of Experiments, the Probability of an Event may approach indefinitely
to a Probability given, * Hoc igitur eft illud Problema &c.” Tz,
Jays ke, is the Problem which I am now to impart to the Publick, aﬁfr
having kept it ﬁy me for twenty years: new it is, and difficult ; but of
Such excellent ufe, that it gives a bigh value and drgmt_y to every other
Branch of this Doéirine. Yet there are Writers, of a Clafs indeed
very different from that of “fames Bernoulls, who infinuate as if the
Doétrine of Probabilities could have no place in any ferious Enquiry ;
and _that Studies of this kind, trivial and eafy as they be, rather
difqualify a man for reafoning on every other fubje&. Let the
Reader chufe,

PROBLEM LXXIV.
7o find the Probability of throwing a Chance ;gﬁgmd a

given number of times without intermiffion, in any
given number of Trials.

SoLuUTION,

Let the Pmbability of throwing the Chance in any one Trial be

reprefented by ———-, and the Probability of the contrary by ——

Suppofe # to rcpreiént the number of Trials given, and 2 t,hc nl.:u:n..
ber of times that the Chance is to come up without intermiffion ;

——~ =4, take the quotient of Ubity divided by

I — X — gxXxX = gax3 — a’x* — g*x5 « c c == == - < — ab==xP,

and having taken as many Terms of the Series refulting from that
divifion, as there are Units in # — p -} 1, multiply the Sum of the
ab xP P

son =g

then fuppofing

whole by , and that Produ& will exprefs

the Pr qbablhtj,r required.

_EIA,M—.
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ExAMPLE 1.

Let it be req]t:ircd to throw the Chance affigned three times toge-
ther, in 10 trials, when ¢ and 4 are in a ratio of Equality, otherwife
when each of them is equal to Unity; then having divided 1 by
1 — x — xx — x3, the Quotient continued to fo many Terms as
there are Units in » — p -}~ 1, that is, in this Cafe to 10 — 3+ 1
=8, will be 1 - x }- 22 - 423 - 7t - 13x5 - 2446 - 4447,
Where x being interpreted by E—L , that is in this Cafe by é— :
the Series will become 1 4- ~ |- % + + + = + _;3;_ *
24

24 4 4 of which the Sum is—- = £, and this be-

128 ? 128 th ?

‘,P ;‘If" ® ® ® 1
ing multiplied by T that is, in this Cafe by =, the Produ&

will be % , and therefore ’tis fomething more than an equal Chance,

that the Chance affigned will be thrown three times together fome
time in 10 Trials, the Odds for it being 65 to 673.

N. B. The continuation of the Terms of thofe Series is very eafy ;
for in the Cafe of the prefent Problem, the Coefficient of any Term
is the Sum of 3 of the preceding; and in all Cafes, ’tis the Sum of
fo many of the preceding Coeflicients as are denoted by the num-
ber p.

B{;t if, in the foregoing Example, the ratio of 2 to 4 was of ine-
quality, fuch as, for inftance 2 to 1, then according to the prefcription
given before, divide Unity by 1 — x — 2xx — 43, and the Quo-
tient will be 14 x - 3xx - gx3 |- 19x* J- 49u5 |- 1234° -} 29747,
in which the quantity x, which has univerfally been fuppofed

= — j_ ~, will in this Cafe be = —; wherefore in the preceding

Series having interpreted x by -;-, we fhall find the Sum of 8 of

5004 . 74 . : 2
T ArT and this being multiplied by

its Terms will be —

==" which in this Cafe is — , the Product
the Probability required, fo that there are the Odds of 592 to 137,
that the Chance affigned will happen three times together in 10
Trials or before; and only the Odds of 41 to 40 that it does not
happen three times together in 5.

will ex prcfs-

After
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After having given the general Rule, it is proper to confider of
Expedients to make the Calculation more eafy ; but before we pro-
ceed, it is proper to take a new Cafe of this Problem : Suppofe there-
fore it be required to find the Probability of throwing the Chance
affigned 4 times together in 21 Trials. And firft let us fuppofe the
Chance afligned to be of Equality, then we fhould begin to divide
Unity by 1 — x —xx — &3 — x*; but if we confider that the Terms
x - xx 4 x3 4 x* are in gﬁumctnc Progreffion, and that the Sum.

" | if we fubtract that from 1, the

of that Progreflion is
1 —2x-faf
[=—xXx

I.._._x 3

remainder will be equivalent to 1 — x — xx — x3 — x¥,

x

and confequently T:I‘;}.'F.ﬁ“ will be equivalent to the Quotient

of Unity divided by 1—x — xx — x3 — x+; and therefore by
that expedient, the moft complex Cafe of this Problem will be
reduced to the contemplation of a Trinomial ; let us therefore
begin to take fo many Terms of the Series refulting from the
Divifion of Unity b}r the Trinomial 1 — 2x - &5 as there are Units
inn—p-1, thatisin21—4 -1, or 18 and thofe Terms will
be 1 -'L— 2x -+ 4x* 4 843 - 16x* - 3145 - 60x® |- 11647
4 224x% 4= 432x% -+ 833x° 4 16065 J- j09b6x™ + gﬁﬂx“
4 114094x% 4 22155x% 4 42704x" 4 82312x'7, Ié
though thefe Terms may feem at firft fight to be acquired b}v
very great labour, yet if we confider what has been explained be-
fore concerning the nature of a recurring Series, we fhall find that
each Coefficient of the Series is generated from the double of the lait,
fubtracting once the Coefficient of that Term which ftands 5 places
from the laft inclufive ; fo that for inftance if we wanted one Term
more, confidering that the laft Coefficient is 82312, and that the
Coefficient of that Term which ftands five places from the laft in-
clufive is 5968, then the Coefficient required will be twice 82312,
wanting once 5968, which will make it 158656, fo that the Term
following the laft will be 1586562,

But to make this more confpicuous, if we take the Binomial
2x — x5, and raife it fucceffively to the Powers, whofe Indices are
0, 1, 2, 3, 4, §, 6. &c. and add all thofe powers together, and write
agam{’c one another all the Terms which have the fame power of
x, we fhall have a very clear view of the quotient of 1 divided by
1 — 2x -+ x5, Now it will {tand thus, fuppofing that 4 ftands for 2.
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1
-+ ax
-+ a*xx
+a3x!
4 atxt
+a%xs — x5
-+ a%%® . 24x8
+a'x7 — 3aax?
iﬂ:x: 1% 4::;1:
a’x9 — gsa'x
To.10 §ael0 e
ii:::u_ ?jﬁ;u j: 3;;’11

“+a'*x* — 8a'x** + baax**
- a'3x™ — 9a°x'3 —10a3x'3
+ ATt o TogIx™ + 1 534;,;*'4-

a5%"5 — ] 10" 15 +21afx=5 -— P15
+£Iﬁxlﬁ A IE#"J&"E —';—-28{36.#’6 e 4ax“
-+ @' 7x'7 — 13a"x"7 }-3647x"7 — 104ax"7

'Whénlthe Terms have been difpofed in that manner, it will be
eafy to fum them up by the help of a Theorem which may be

- feen pag. 224. Now @ heing = 2, and x = —, every one
of the Terms of the firft Column will be equal to 1, and there-
fore the Sum of the firft Column is fo many Units as there are
Terms, which Sum confequently will be 18; but the Terms of
the fecond Column being reduced to their proper Value, will con-

ftitute the Series

1 z 3 4 5 6 7 8
s e T i T T
9 10 1 12 13 . . 91
.-3..:_+-E.+ = + < +—3z—ufwh1chthc5um w:]lbc—ir,

the Terms of the third Column will coniftitute the Series
28 16

3 6 10 15 21
+ + 1024 + 1024 + 1024 + 1024 + 1024 + 1024

1024

of which the Sum is —— ; the Terms of the fourth Column

1024

added together arc?fgg , and therefore the Sum of all Terms
01 120 15 ___ koo4bg

~may be exprefled by 18 — e L o — arall T e

L But
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But this Sum ought to be multiplied by 1 —x, that is, by

: : ndht
1 — — = —, which will make the Product to be —‘;3-;‘-’7-
153

Neverthelefs, this Multiplication by 1 — x, takes off too much
from the true Sum, by one half of the loweft Term of each
Column, therefore that half muft be added to the foregoing Sum;
now all the loweft Terms of each Column put together will be

{11 .
1-—-;1 4. 20 L o 2 of whichthe hilf -

1024 32768 T az7g8 32708
ought to be added to the Sum %’;’%_; , which will make the true
55

Sum to be <252 ; but this is farther to be maltiplied by

ip_:i, which by reafon that ¢ and 4 are in a ratio of equality
d: =

will be reduced to x?— _.IE' ; and therefore the Sum .»;:;;:;
ought to be divided by 16, which will make it to be _-—-_-IZ:;F: :

and this laft Fracion will denote the Probability of producing the
Chance affigned 4 times fucceflively fome time in 21 Trials, the
Odds againft it being 527513 to 521063, which is about 82 to
8r1.

But what is remarkable in this Problem is this, that the oftner
the Chance affigned is to be produced fucceffively, the fewer Columns
will be neceflary to be ufed to have a fufficient Approximation, and in
all high Cafes, it will be fufficient to ufe only the firft and fecond,
or three at moft, whereof the firft is a geometric Progreflion, of
which a very great number of Terms will be as eafily fummed up,
as a very fmall number; and the fecond Column by what we have
faid concerning the nature of a recurring Series, as eafily as the firft,
and in fhort all the Columns,

But now ’tis time to confider the Cafe wherein @ to & has a
ratio of inequality ; we had faid before that in this Cafe we ought
to divide Unity by 1 — & — gxx — aax? — @5t - - -« — gt—1 xp,
but all the Terms after the firft which is 1, conflitute a geometric
Progreflion, of which the firft is x, and the laft 2/—:x/, and therefore

+
the Sum of that Progreflion is r_lﬂ_f:: —, -and this being {ub-
trated from Unity, the remainder will be 1 — ax -}- a2x/41, and
— x
1—ax
therefore Unity being divided by the Series above-written will be

1 —ax
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I — ax , and if a - 1 be fuppofed = m, this Fration
I —ax+atxt+i )

— x
will be —= ar s =R, and therefore if we raife fucceflively

mx — a? x?+' to the feveral Powers denoted by o, 1, 2, 3, 4, 5, 6,
&c. and rank all thofe Powers in feveral Columns, and write
againft one another all the Terms that have the fame power of x,
we fhall be able to fum up every Column extended to the num-
ber of Terms denoted by » — p -}- 1, which being done, the whole
muft be multiplied by 1 —ax, and to the Sum is to be added the
Sum of the loweft Term of each Column multiplied by ax.

But if it be required to affign what number of Games are ne-
ceflary, in all Cafes, to make it an equal Chance whether or not
p Games will be won without intermiffion, it may be done by
T

approximation, thus; let be fuppofed — ¢, and let

a4-b al? o
¥ = ,5“"*:"‘1*_& By be fuppofed = 7, then the number

of Games required will be expreffed by —Z-gr; thus fuppofing

a—1, b =1, p=06, then the number of Games would be
found between 86 and 87 ; but if 2 be fuppofed =1, and 4 =2,
ftill fuppofing p = 6, the number of Games requifite to that effect
would be found to be between 767 and 764 ; but it is to be ob-
ferved, that the greater the number p is, fo much the more exact
will the Solution prove,

LIz Of






A

i R B cAsT kS E

OF

NN U1 T 1E S
eV oF S

Dedicated to

The RicuT HONOURABLE

GEORGE Earl of MACCL ESF]E LD
PresiDENT of the RovaL SocreTy.

R E - A CE

TO THE

Second EDITI O N.

DR- Halley publifbed in the Philofophical Tranfattions, N,

196. an Effay concerning the Valuation of Lives; it was

partly built upon five Years Obfervation of the Bills of Morta-
lity taken at Breflaw, the Capital of Silefia, and partly on bis own
Calculation,

Althat
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Althe’ he bad thereby confirmed the great Qpinion which the World
entertained of bis Skill and Sagacity, yet be was [enfible, that bis Ta-
bles and Calculations were [ufceptible of fartber Improvements ; of this
be expreffed bis Senfe in the follwving Words ; Were this Calculus
founded on the Experience of a very great Number of Years, it
would very well be worth ‘the while, to think of Methads to facﬂ'l-

tate the Compumncn of two, three or mere Lives, :

From awhence it appears, that the Table of Obférvations &fmg m{}
the Refult of a few Years Experience, it awas not [o entirely to be de-
pended upon, as to make it the Fouudation of a fixed and unalterable
Valuation of Anmnuities on Lives; and that even Ea'mzrrgﬂg ﬁmB a Ta-
ble could be obtained, as might be grounded on the Experience of a great
Number of Years, fill the Method of applying it to the Valuation of
Jeveral Lives, would be extremely laborious, confidering the vaff Num-
ber of Operations, that wauld be requifite to combine every Year of each
Life with every Year of all the other Lives.

The Subject of Anmuities on Lives, bad been Jong. negleéled by me,
partly prevented by other Studies, _r.‘mrf{;r wanting the neceffary mmm
to treat of it as it deferved: But two or three Years after the Publica-
tion of the firft Edition of my Do€rine of Chances, I ook the Subjeé?
into Confideration ; »and confulting Dr. Halley’s Table of O@(erwﬂm.r
I found that the Decrements of Life, for confiderable Intervals of Tine,
were in Arithmetic Progreflion; for Inflance, out of 646 Perfons of
twelve Years of ge, there remain 640 after one Year; 634 after
fwo Years; 628, 622, 616, 610, 604, 598, 592, 586, after
1, 4, 5, 6, 7, 8, 9, 10 Years refpeitively, the common Difference
of thofe Numbers being 6.

Examining afterwards other Caﬁs, I found that the Decrements of
Life for feveral Years were fill in Arithmetic Progreffion ; which
may be obferved from the Age of 54, tothe Age of 71, where the
Difference for 17 Years together, is conflantly 10,

After baving thoroughly examined the Tables of Obfervation, and
difcovered that Property of the Decrements of Life, I was frzcﬁﬂfd to
compofe a Table of the Values ¢f Annuities on Lives, by keeping clofe
to the Tables of Obfervation ; which would bave been a’:mr ma‘b Eafe,
by taking in the whole Extent of Life, [everal Intervals whether equal
or unequal : Hawwer, before I undertook :Ere Tajk, I tried what

would
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would be the Refult, of [uppofing thofe Decrements uniform from the Age
of Twelve ; being [atisfied that the Exceffes arifing on one fide, would be
nearly compenfated by the Defecls on the other ; then comparing my Cal-
culation with that of Dr. Halley, 1 found the Conclufion fo very little
different, that I thought it fuperfluous to join together feveral different
Rules, in order to compofe a fingle one : I need not take notice, that
Jrom the Time of Birth to the Age of Twelve, the Probabilities of Life
increafe, ratber than decreafe, which is a Reafon of the apparent Irre-
gularity of the Tables in the beginning.,

Anotber thing was neceflary to my Caleulation, which was, to fup-

~ pofe the Extent of Life confined to a certain Period of Time, which I

Juppofe to be at 86 : What induced me to affume that Suppofi-
tion was 1ft, That Dr. Halley terminates bis Tables of Obfervations
at the 84" Year 5 for altho’ out of 1000 Children of one Year of Age,
there are twenty, who, according to Dr. Halley's Tables, attain to
* the Age of 84 Years, this Numiber of 20 isinconfiderable, and would
Sl bave been reduced, if the Objervations bad been carried two Years
Sarther.  2°. dt appears from the Tables of Graunt, wbho printed the
JSirft Edition of bis Book above 80 Years ago, that out of 100 new-born
Children, there remained not one after 86 Years; this was deduced
from the Obfervations of feveral Years, both in the City and the Coun-
try, at a Time when the City being lefs populous, there was a greater
Facility of coming at the Truth, than at prefent, 3°. Iwas farther
confirmed in my Hypothefis, by Tables of Obfervation made in Switzer-
land, about the Beginning of this Century, wherein the Limit of Life
is placed at 86 : As for what is alledged, that by fome Obfervations of
late Years, it appears, that Life is carried to 9o, 95, and even to 100
Years; I am no more moved by it, than by the Examples of Parr or
Jenkins, the firf? of whom lived 152 Years, and the other 167. To
this may be added, that the Age for purchafing Annuities for Life,
[feldom exceeds 70, at which Term, Dr. Halley ends bis Tables of the
Valuation of Lives.

The greateft Difficulty that occurred to me in this Speculation, was
to invent prattical Rules that might cafily be applied to the Valuation of
everal Lives; which, however, was bappily overcome, the Rules being

[o eafy, that by the Help of them, more can be performed in a Quarter

of an Hour, than by any Method before extant, in a Quarter of a Year.
_ Since
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Since the Publication of my firft Edition, which was in 1724, 1
made fome Improvements to it, as may be f[een in the fecond Edition of
my Do&rine of Chances ; but this Edition of the Annuities bas many
Advantages over the former, and that in refpect to the Difpofition of
the Precepts, the Concifenefs of the Rules, the Multiplicity of Problems,
and Ufefulnefs of the Tables I bave invented.

Before I make an End of this Preface, I think it proper to obferve,
that althe’ I bave given Rules for finding the Value of Annuities for
any Rate of Intereff, yet I bave confined myfelf in my Tables, to the fe-
veral Rates of 4, 5 and 6 per Cent. which may be interpreted, as if
I thought it reafonable, that when Land [carce produces three and a
balf per Cent. and South-Sea Annuities barely that Interefl, yet the
Purchafer of an Annuity fbould make 4 per Cent. or above; but thofe
Cafes can bardly admit of Comparifon, it being well known, that Land
in Fee-fimple procures to the Proprietor Credit, Honour, Reputation,
and other Advantages, in confideration of which, be is contented with a
Jmaller Income, Asto the Value of South-Sea Annuities, it bas its
Foundation on the Puniluality of Payments, and on a Parliamentary
Security ; but dnnuities on Lives, bave not the former Security, and
[feldom the latter.

It was found neceffary, however, in a fubfequent Edition, to add
the Tables of 3 and 3% per Cent. Intereft,

ANNUI-



Of ANNUITIES on LIVES.

Part I. containing the Rules and Examples.

EFORE I come to the Solution of Queftions on Lives,
it will be neceflary to explain the Meaning of fome Words

which I fhall often have occafion to mention.

1°. Suppofing the Probabilities of Life to decreafe in Arith-
metic Progreffion in fuch manner, as that fuppofing, for In-
ftance, 36 Perfons each of the Age of 5o, if after one Year ex-
pired there remain but 35, after two 34, after three 33, and fo
on; it is very plain that fuch Lives would neceffarily be extinét in
36 Years, and that therefore the Probabilities of living 1, 2, 3, 4, -
&e, Years from this Age of 50 would fitly be reprefented by the
Fra&ions ;3 3 ig . :f; : :; . z; , &ec. which decreafe in Arith-
metic Progreffion.

I will not fay that the Decrements of Life are precifely in that
Proportion ; ftill comparing that Hypothefis with the Table of
Dr. Halley, from the Obfervations made at Brefaw, they will be
found to be exceedingly approaching,

2° I call that the Complement of Life, which remains from the
Age given, to the Time of the Extinftion of Life, which will
be at 86, according to our Hypothefis. Thus fuppofing an Age
of 5o, becaufe the Difference between 5o and 86 is 36, I call 36
the Complement of Life.

3°. I call that the Rate of Infereff which is properly the Amount
of one Pound, put out at Intereft for one Year; otherwife one
Pound joined with the Intereft it produces in one Year: thus
fuppofing Intereft at 5 per Cent the Intereft of 1 /. would be 0.03,

which baing joined to the Principal 1, produces 1.05; which is
what I call the Rate of Interefi.

PROBLEM I

Suppofing the Probabilities of Life to decreafe in Arith-
- maetic Progreffion, to find the ¥Value of an Annuity upon
a Life of an Age given.

SoLUTION.
Let the Rent or Annuity be fuppofed =1, the Rate of Intereft =r, the

Complement of Life—#, the Value of an Annuity certain to continue
M m during
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o= —P
during 7 Years=P, then will the Value of the Life be ———, which
is thus exprefled in Words at length ;

Take rfe Value of an Annuity certain for [o many Years, as are
denoted by the Complement of Life ; multiply this Value by the Rate of
Intereft, and divide the Product by the Complement of Life, then let
the Quotient be [ubtralted from Unity, and let the Remainder be di-
vided by the Intereff of 1\ then this laff Quotient will exprefs the
Value of an_Annuity for the Age given.

Thus fuppofe it were required to find the prefent Value of an
Apnuity, of 1/ for an Age of 5o, Intereft being at ¢ per Cent.

The Complement of Life being 36, let the Value of an Annuity
certain, according to the given Rate of Intereft, be taken out of
the Tables annexed: to this Book, this Value will be found to be
16.5468.

Lsét this Value be multiplied by the Rate of Intereft 1.0%; the.
Product will be 17.3741. :

Let this Produtt be divided by the Complement of Life, vz by
36, the Quotient will be 0.4826.

Subtra@ this Quotient from Unity, the Remainder will be
0.5174-

51._5{{13:, divide this Quotient by the Intereft of 1/ wviz, by o.og,
and the new Quotient will be 10.35; which will exprefs the Va-
lue of an Annuity of 1/. or how many Years Purchafe the, faid Life,
of 5o is worth.

And in the fame manner, if Intereft of Money. was at 6. per Gent.
an Annuity upon an Age of 50, would be found worth g.49 Years,
Purchafe. '

But as I have annexed to this Treatife the Values of Annuities
for an Intereft of 3, 31, 4, 5, and 6 per Cent. it will not be neceflary.
to calculate thofe Cafes, but fuch only as require a Rate of Intereft
higher or lower, or intermediate ; which will feldlom happen, but
in cafe it does, the Rule may eafily be applied.

PROBLEM IL

The Values of two fingle Lives being given, to find the Va-

lue of an Annuity granted_for the Time of their joint
continuance. '

SoLy-
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SoLUTION.

Let M be the Value of one Life, P the Value of the other, » the
Rate of Intereft ; then the Value of an Annuity upon the two joint

Lives wil " AP :
1 be =———1—, in Words thus;

5 &ﬁ‘;{ﬂugp@ together the Values of the two Lives, and referve the
réduct.

Let that Produét be again maltiplied by the Intereft of 1). and let
that new Produii be fubtraéted from the Sum of the Values of the Lives,
and referve the Remainder.

Divide the firft Quantity referved by the fecond, and the Quotient
will exprefs the Value of rge two joint Lives.

Thus, fuppofing orie Life of 40 Yeéars of Age, the other of so,
and Intereft at § per Cent. The Value of the firft Life will be found
in the Tables to be 11.83, the Value of the fecond 10,35, the Pro-
duct will be 122.4405, which Produ¢t muft be referved.

Multiply this again by the Intereft of 1/ viz. by 0.05; and this
new Product will be 6.122025. ¥R

This new Product being fubtracted from the Sum of the Lives
which is 22.18, the Remainder will be 16.057975, and this is_the
fecond Quantity referved,

Now diyiding the firft Quantity referved by the fecond, the Quo-
tient will be 7.62 nearly; and this exprefies the Values of the two
joint Lives. h i _

_ If the Lives are equal, the Canon for the Value of the joint Lives
will be fhortened and be reduced to —=2. =50 which in words may

z2—r—i1xM
be this exprefied ; 5 e =
Take the Value of one Life, and réferve that Value.
Miltiply this Value by the Intereft of 11, and then fubtraét the Pro-
duét from the Number 2, and referve the Remainder.
Divide the firft Quantity referved by the fecond, aid the Quotient
will exprefs the Value of the two equal joint Lives, _
Thus, fuppofing each Life to be 45 Years of Age, and Intereft at
Cent.
The Value of one Life will be found fo be 11.14, the firlt Quan-
tity réferved. e | _
This being multiplied by 0.05 the Intereft of 1/ the Product will
be 0.c¢c7. % : : T
Thsig?Produ& being fubtracted from the Number 2, the Re-
mainder will be 1.443, the fecond Quantity referved.
m 2 Divide
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Divide the firft Quantity referved wiz. 11.14; by the fecond,
viz, 1.443, and the Quotient 7.72 will be the Value of the two
joint Lives, each of 45 Years of Age.

PROBLEM I

The Values of three fingle Lives éafng given, to find the
Value of an Annuity for the Time of their joint con-
tinuance, _

SoLuTi1iON,

Let M, P, @, be the refpeétive Values of the fingle Lives, then

the Value of the three joint Lives will be —= T M_@_fffé"_ TR

fuppofing d to reprefent the Intereft of 1/ in words thus;

{f:!ﬂp;} the Values of the fingle Lives together, and referve the
Produél.

Let that Product be multiplied again by the Interefl of 11. and let
the Double of that new Produét be fubtratled from the Sum of the fe-
veral Produéts of the Lives taken two and two, and referve the Re-
mainder. : '

Divide the firft Quantity referved by the fecond, and the Quotient will
be the Value of the three joint Lives.

Thus, fuppofing one Life to be worth 13 Years Purchafe, the
fecond 14, the third 15, and Intereft at 4 per Cent. the Product
of the three Lives will be 2730, which being multiplied by the
Intereft of 1/. viz. by o.04, the new Product will be 109.20, whereof
the double is 218.40: Now the Produét of the firft Life by the fe-
cond is 182 ; the Produ@ of the firft Life by the third is 195 ; and
the Produ& of the fecond Life by the third is 210, the Sum of all
which is §87; from which fubtratting the Number 218.40 found
above, the Remainder will be 368.60, by which the Produét of the
three Lives, v/2. 2730 being divided, the Quotient 7.4 1 will be the
Value of the three joint Lives.

But if the three Lives were equal, the general Expreffion of the
Value of the joint Lives will be much fhorter : for let M reprefent the,
Value of one Life, d the Intereft of 1/ then the Value of the three

. : : M ;
joint Lives will be A 1D Words thus ;.

Take
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Take the Value of ome Life, and referve it, multiply this Value by
the Interef of 1). and double the Produtt.

Subtrafl this double Produll from the mumber 3, and referve the
B e d by the fecond, and th

Divide ¢ uantity referve the [econd, and the Quotient
awill be the Va!:f ff% fﬁe?fﬂix{; L:'w:.}. . “

Thus, fuppofing three equal Lives each worth 14 Years Pur-
chafe, referve the Number 14.

Multiply this by o.o4, Intereft of 1/ the Produ@ will be o. 56,
which being doubled, will be 1.12.

This being fubtracted from the Number 3, the Remainder will
be 1.88, which is the fecond Quantity to be referved.

Divide 14, the firft Quantity referved by the fecond 1.88, and the
Quotient L%;{.q. will be the Value of the three joint Lives,

From the two laft Examples it appears, that in eftimating the Va-
lues of joint Lives, it would be an Error to fuppofe that they might
be reduced to an Equality, by taking a Mean Life betwixt the longeft
and fhorteft, for altho’ 14 is a Medium betwixt 13 and 15, yet an
Annuity upon thofe three {.:uint Lives was found to be 7.41, whereas
fuppofing them to be each 14 Years Purchafe, the Value is 7.44 ;.
it is true that the Difference is fo fmall, that it might be negleéted,

et this arifes meerly from a near Equality in the Lives; for if there
iad been a greater {nequality, the Conclufion would have confidera~
bly varied.

Before I come to the fourth Problem, I think it proper to ex-

lain the Meaning of fome Notations which I make ufe of, in order to
as clear and concife as I can.

I denote the Value of an Annuity upon two joint Lives, whofe

e Values are M and P by M P, which ought carefully to be
diftinguithed from the Notation MP ; this laft denoting barely

the Product of one Value multiplied by the other, whereas M P
ftands for what was denoted in our fecond Problem by ey F:rp—-n"-;u" !

In the fame manner, the Value of an Annuity upon the three.

joint Lives whofe fingle Values are. M, P, 2, is denoted by M P2,
which isec;uivaltm to what has been exprefled in the third Problem by
M

" This being premifed, I proceed to the fourth Problem.

P'R O«
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P RO B L EMangNg
The Values of two Sfingle Lives being given, to find the
Value of an Annuity upon the longeft of them, that is,
to continue [o long as either of them is in being.

SoLUTION.

Let M be the Value of one Life, P the Value of the other, M P
the Value of the two joint Lives, then the Value of the longeft of

the two Lives will be M 1-P—MP. In Words thus ;

From the Sum of the Values of the fingle Lives, fubtraét the Value of
the joint Lives, and the Remainder will be the Value of the longeft.

Let us fuppofe two Lives, one worth 13 Years Purchafe, the
other 14, and Intereft at 4 per Cent. The Sum of the Values of the.
Lives is 27, the Value of the two joint Lives by the Rules before
given, will be found g¢.23. Now, fubtralting g.23 from 27, the
Remainder 17.77 is the Value of the longeft of the two Lives.

If the two Lives are equal, the Operation will be fomething
fhorter.

But it is proper to obferve in this place, that if feveral equal
Lives are concerned in an Annuity, I commonly denote one fingle
Life by M’, two joint Lives by M, three joint Lives by M"’, and
fo on ; fo that the Rule for an Annuity to be granted till fuch Time as
either of the equal Lives is in being may be exprefled by 2 M'—M”,

PR Q:R, T EEV SR
The Values of three fingle Lives being given, to Jfind the
Value of an Annuity upon the longeft of them.

SOLUTION, .

" Let M, P, 2, be the Values of the fingle Lives, MP, M, P2,
the Values of all the joint Lives combined two and two, m
the Value of three joint Lives, then the Value of an Annuity upon
the longeft of them is M4-P}Q —MP— M9 —PY |- MP9,
in Words thus ; |

Take the Sum,of the three fingle Lives, from which Sum. fubtract the
Sum of all the joint Lives combined two and tawo, then to the Remainder
add the Value of the three joint Lives, and the Refult will be the Value
of the longeft of the three Lives,

Thus,
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Thus, Suppofing the fingle Lives to be 13, 14, and 15 Years
Purchafe, the Sum of the Values will be 42 ; the Values of the
firt and fecond. joint Lives is 9.24, of the firft and third g.05, of
the fecond and third 10.18, the Sum of all which is 29.06 which
being fubtracted from the Sum of the Lives found before, viz. 42,
the Remainder will be 12.94, to which adding the Value of the
three joint Lives 7.41, the Sum 20.35 will be the Value of the
longeft of the three joint Lives. :

But if the three Lives are equal, the Rule for the Value rlﬂf the
Life that remains laft is 3 M'— 3 M"4- M.

Of REVERSIONS

PARGEEB T E. M VI,
Suppofe A is in Poffeffion of an Annuity, and that B af-
ter the Deceafe of A is to bave the Annuity for bim,

and his Heirs for ever, to find the prefent Value of
the Reverfion.

SoLuT1ON,
Let Mbe the Value of the Life in Poffeffion, r the Rate of In-

tereft, then the prefent Value will be ——— — M, that is, from the

=1

Falue of the Perpetuity, [ubtrall the Value of the Life in Pofféffion, and
the Remainder will be the Value of the Rever fion.

Thus, Suppofing that 4 is 5o Years of Age, an Annuity upon
his Life, Intereft at 5 per Cent. would be 8.39, which being fub-
tracted from the Perpetuity 20, the Remainder will be 11.61, which
is the prefent Value of the Expectation of B.

In the fame manner, fuppofing that C were to have an Annuity
for him and his' Heirs for ever, after the Lives of 4 and B, then
from the Perpetuity fubtradting the Value of the longeft of the two
Lives of A4 and B, the Remainder will exprefs the Value: of C’s
Expe&ation. :

Thus, Suppofing the Ages of 4 and Bbe 40 and 350, the Value of
an Annuity upon the longeft of thefe two Lives would be found: by
the 4" Problem to be 14.56 ; and this being fubtracted from the Per-
petuity 20, the Remainder is g.44, which is the Value of C’s Ex-
peCtation,- and the Rule will be the fame in any other Cafe that may:
be propofed.

PRO-



272 The Docrrine of CuaNCEs applied

PROBLEM VIL

Suppofing that A is in Poffeffion of an Annuity for bis
Life, and that B after the Life of A, fhould have an
Annuity for bis Life only 5 to find the Value of the
Life of B after the Life of A.

This Cafe ought carefully to be diftinguithed from the Cafe of the
6th Problem ; for in that Problem, altho' the Expeftant B fhould
die before A, ftill the Heirs of B have the Reverfion; but in the
Cafe of the prefent Problem, if B dies before 4, the Heirs of B
have no Expectation,

SoLuTION. .
Let M be the Value of the Life of the prefent Pofleflor, P the
Value of th_»_e__ Lifc of the Expetant, then the Value of his Expetta-
tion is P—M P. In Words thus;

From the prefent Value of the Life of .B, Jubtraét the prefent Value
of the joint Lives of B and A, and the Remainder will be the Value of

B's Expeétation.
The Reafon of which Operation is very plain, for if B were now

to begin to receive the Annuity, it would be worth to him the Sum
P in prefent Value; but as he is to receive nothing during the joint
Lives of himfelf and A, the prefent Value of their two joint Lives
ought to be fubtracted from the Value of his own Life.

. PROBLEM VIIL

70 find the Value of one Life after two.

Thus, Suppofe A in Poflefion of an Annuity for bis Life,
that B is to bave bis Life in it after A, and that C
is likewife to bave bis Life in it after B, but fo that
B dying before A, C Jucceeds A immediately 5 to find
the Value of C's Expeltation.

SoLuUuTION.

Let M, P, Q , be the refpective Values of the Lives of 4, B, C,

then
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then the Value of C's Expeation is @ —M9 4-MP9 , which in

—Pg
Words is thus exprefled ; '

From the prefent Value of the Life of C, [ubtract the Sum of the
joint Lives of bimfelf and A, and of bimfelf and B, and to the Re-
mainder add the Sum of the three joint Lives, and the Refult of thefe
Operations will exprefs the prefent Value of the Expetation of C,

PROBLEM IX

If A, B, C agree among themfelves to buy an Annuity
20 be by them equally divided, whilf} they live together,
then after the Deceafe of one of them, to be equally di-
vided between the two Survivors, then to belong entire-
ly to the laft Surviver for bis Life; to find what each
of them ought to contribute towards the Purchafe.

' SOLUTION.
" Let M, P, @, be the refpective Values of the Lives of 4, B, C,
then what 4 is to contribute, is i
| M—:MP{ {MPR,

What B is to contribute, is
- P—iPM1-fMPR
_iPg
What C is to contribate, is
R 1M - MPR,
—19P
In Words thus ;

From the Value of the Life of A, fubtracl the balf Sum of the Values
of the joint Lives of bimfelf and B, and of bimfelf and C, and to the
Remainder add * of the Value of the three joint Lives, and the Sum will
be what A is to contribute towards the Purchafe.

In like manner, from the Value of B's Life fubtraét the half Sum
of the Values of the joint Lives of himfelf and 4, and of himfelf
and C, and to the Remainder add + of the Value of the three joint
Lives, and the Sum will be what B is to contribute,

Nn And
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And again, from the Value of the Life of C, fubtraét the half
Sum of the Values of himfelf and 4, and of himfelf and B; then
to the Remainder add £ of the Values of the three joint Lives, and
this laft Operation will thew what C is to contribute,

PROBLEM X Pt Sontis

Suppofing three equal Lives of any Age given, for Inflance
30, and that upon the Failing of any one of them, that
Life [ball be immediately replaced, and I then receivea
Suimn { agreed upon, and that to Perpetuity for me and
my Heirs 5 what is the prefent Value of that Expefia-
tion, and at what Intervals of Time, one with another,
may I expect o receive the [aid Sum ?

SoLUTION,

Imagine that there is an Annuity of 1 L to be received as long as the
three Lives are in being, and that the Prefent Value is M’”, which
Symbol we make ufe of to reprefent the Prefent Value of an Annuity
upon three equal joint Lives ; now, fince each Life isfuppofed ta be
30 Years of Age, and that the Rate of Intereft is 5 per Cent. wethall
find, by following the Diretions given in Prob. III. that the Pre-
fent Value of the three joint Lives is 7.64 =M™ ; this being fixed,
the Prefent Value of all the Payments to be made to Eternity at e
Intervals of Time, will be I::fm X f, where the Quantity 4 figni-
fies the Intereft of 1/ In words thus; |

Multiply the Prefent Value of the three joint Laves, Viz. 7.64, by the
Intereft of 11. which in this Cafe is 0.05, and that Produit, which is
0.382, muft be referved. .

Subtract this Quantity from Unity, end the Remainder, viz, 0.618
being divided by the Quantity referved, the Quotient will be 1.62, and
this ﬁfiﬂg mufn;bfffd 6)’ the Sum {, which we may ﬁlﬁg@ 100, the
Produét will be 162 ). and this is the prefent Value of all the Payments
that will be made to Eternity, at equal Intervals of Time upon tk Jail-
ing of @ Life, which is to be immediately replaced. J

As for the Intervals of Time after which thofe Replacements will
be made, they may be found thus ;

Loek
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Look in the feventh of our Tables for the Number 7.64, which
is the Value of the three joint Lives, and over againt it will be found
the Number anfwering, which is between g ahd 10; and fo it may
be faid that the Replacemeénts will be made at every Interval of about
g or 10 Years,

But that Interval may be determined a littlé more accurately, by
help of a Table of Logarithms, by taking the Logarithm of the

Quantity —5— and dividing it by the Logarithm of 7.

The Logarithm of ———— is 0.2090115 ; the Logarithim of »

is 0.0211893; and the firft being divided by the fecond, the Quo-
tient is 9.86, which fhews that the Replacements will be made at
Intervals a little more than g 3 Years.

PROBLEM XL
Suppofing, as before, three equal Lives of 30, and that
the Lives are not to be renewed, till after the failing
of any two of them, and that a Sum p is then to be re-
ceived, and that perpetually, after the failing of two
Lives, what is the prefent Value of that Expetlation 2

SOLUTION,
Make 3 M’ —2 M’ = A, let the Intereft of 1 . be =4, then
the prefent Value of that Expectation will be 542 x p.
Bt to know the Intervals of Time after which the Lives will be
filled up, take the Logarithm of the Quantity —fﬁ-, and divide

it by the Loparithm of 7.

The Value of a fingle Life of 30, Intereft at 5 per Cent. is found
in our Tablés to be 17 Years Purchafe, the Value M" of two joint
Lives by Problem II. is 9.63 ; and the Value M of three joint Lives
by Problém II1. is .64 ; then 3 M —2 M"", or the Difference be-

tweeil the Triple of two joint Lives, and the Double of three joint
Lives will be 13.50 = 4, then 5% x p will be found to be
0.473 p; and the Intervals of Time will be 23.32, that is, nearly

23y Years,

Nn2 PR O-
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5D o 0 o g ol e ¢ e A

Suppofing flill the Lives to be 30, and that they are not to
be renewed till after the Extinétion of all three, and that

a Sum q is then to be received, and that perpetually
after every Renewal, what is the prefent Value of that
Expetiation 2 : ,

SoLvTI1O0N.

and confequently —'-E;E— x g willbe —o0.121 X ¢. |
And the Intervals of Time will be the Logarithm of the Quantity
——— divided by the Logarithm of », which in this Cafe would be

44.87, that is, nearly 45 Years,

CoROLLARY. -

Hence it will be eafy forthe Proprietor of the Lives, to find which

is moft advantageous to him, to fill up a Life as foon as it is vacant,

or not to fill up before the Vacancy of two, or to let them all drop
before the Renewal,

REMAREK.

It is not to be imagined that if Intereft of Money was higher
or lower than 5 per Cent. the Intervals of Time after which the Re-
newals are made, would be the fame as they are now, for it will be
found, that as Intereft is higher, the Intervals will be thorter; and
as it is lower, fo the Intervals will be longer ; yet one might make it
an Objection to our Rules, that the length of Life would thereby
feem to depend upon the Rate of Intereft. To anfwer this Diffi-
culty, it muft be obferved, that the calculating of Time imports no
more, than that confidering the Circumftances of the Purchafer and
the Proprietor of the Lives, in refpect to the Rate of Intereft agreed
upon, and the Sum to be given upon the Renewal of a Life, or
Lives, the Proprietor makes the fame ﬁdrvanti}%e of - his Money, as
if he had agreed with the Purchafer, that he thould pay him a cer-
tain Sum of Money at equal Intervals of Time, for redeeming the

Rifque
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Rifque which he the Purchafer runs of paying that Sum when the
Life or Lives drop : but the real Intervals of Time will be fhewn
afterwards. _

Altho’ it feldom happens that in Contracs about Lives, any more
than three are concerned, yet I hope it will not be difpleafing to our
Readers to have this Speculation carried a little farther.

But as general Rules are beft inculcated by particular Examples,
I fhall take the Cafe of five Lives, and exprefs the feveral .Circum-
ftances of ‘them in fuch manner, as that they may be a fure Guide
in all other Cafes of the fame kind, let the Number of Lives be what
it will; let therefore the following Expreflions be written,

M\.ﬂ'"’]

M — o

IGMD‘?J’_ ] SMJJ'J'T ’.!- hﬂ(f!"l"l’ﬂ

1oM” —20M"" -1 M —4M""
sM' — oM’ 10 M — sM" 4 1M

The firft Term M™ reprefents properly the prefent Value of an
Annuity upon five equal jeint Lives, but from thence may be de-
duced the Time of their joint continuance, or the Time in which it
may be expected that one of them will fail, it being as I have faid

before, the Logarithm of ————— divided by the Logarithm of r:

1—d M

however, for thortnefs fake, I call for the prefent that Expreffion the
Time.

The two next Terms, sM™— 4M™’, reprefent the Time in which
two of the Lives will fail,

The three next Terms, 10M” — 15 M™ J- 6 M'", reprefent
the Time in which three out of the five Lives will fail.

The four next, 1oM" —z2o0M" + 15 M" — 4 M"", reprefert
the Time in which four out of the five Lives will fail.

The five next, s M'—1oM" "+ 10M" — 5 M"" 41 M"™, re-

refent the Time in which all the five Lives will be extinct.

Now the Law of the Generation of the Co-efficients is thus.

1°. Take all the Terms which are affected with the Mark M"”,
beginning from the uppermoft, with the Co-efficients 1 — 4 +4- 6 —
4-F1, which are the Terms of the Binomial 1 —1, raifed to the fourth
Power, which is lefs by one than the Number of Lives concerned.

2°, Take the Terms which are affe¢ted with the Mark M"’, and
prefix to them in order, the product of the Number s by the Co-
efficients 1—3-4-3—1, which are the Terrs of the Binomial 1—1
raifed to its Cube, that is, to a Power lefs by two than the Number

N [+
of Lives concerned. 3-
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3°. Take all the Terms which are affeted with the Mark M",
and prefix to them in order, the Product of the Number 1o, mul-
tiplied by the Co-eflicients 1—2-4-1, which are the Terms of the
Binomial 1—1 raifed to its Square, that is, to a Power lefs by three
than the Number of Lives concerned.

4°. Take all the Terms which are affe¢ted with the Mark M”,
and prefix to them the produ& of the Number 10, multiplied by the
‘Terms of the Binomial 1—1, raifed to the Power whdfe Index is 1,
that is to a Power lefs by four than the Number of Lives con-
cerned.

5°. Take all the Terms which are affected with the Mark M’
and prefix to them the Product of the Number g, multiplied by the
Binomial 1 —1, raifed to a Power lefs by 5 than the Number of Lives
concerned ; which in this Cafe happening to be nothing, or o, dege-
generates barely into Unity.

As for the Multiplicators, conceiving that the Multiplicator of the
firft Term M™ is 1, all the Multiplicators will be 1, 5, 10, 10, 5,
which are all, except the laft, the Coefficients of the Binomial 1 41,

raifed to its fifth Power, that i is, to a Power equalling the Number
of all the Lives,

N. B, The ]:M:cptmn here given, does not fall upon the Number

5, but upon the laft Term of the fifth Power, 1454 104-10-4-541,
which laft 1 is rejected.

Of 8L CHGE 88, I Vi E aalil siiniies

PR 'O B L E M XHk:

If A enjoys an Annuity for bis Life, and at bis Deceafe
bas the Nowmination of a Suﬂfeﬁw B, who is alfo to enjoy -

the Annuity for bis Life, to _;‘ma’ the prefent Value
of the two_fucceffive Lives. ;

SoLuTI1O0N,

Let the Values of the Lives be M and P; let 4 be the Intereft of
1/. then the Value of the two {ucceflive Lives will be M4« P—d4MP.
But if the Succeflor B was himfelf to have the Nomination of a Life
R then the Value of the three fucceflive Lives would by M -+ P

Q—dx MP M ¥ P \-ddx MP,

But
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But before I proceed, it is proper to obferve that the Expreffions .
MP, M2, PR, and MPQ, fignify barely Produdts, which is
conformable to the ufual Algebraic Notation ; this I take notice of,
for fear thofe Expreffions fhould be confounded with others that I
have made ufe of before, viz. MP, M2, P2, and MP® , which
denoted joint Lives.

But to comprife under one generzal Rule all the poffible Cafes that
may happen about any Number of fucceflive Lives, it will be proper
to exprefs it in Words at length, thus;

From the Sum of all the Lives, fubtraét the Sum of the Preduéls of
all the Lives combined two and two, which Sum of Produéls before they
are?z@btmﬂm’, ought to be multiplied by the Interefl of 1.

o this add the Sum of the Produéls of all the Lives taken three and
“three, but mﬁft?ﬁfd again by the Square of the Intereft of 11.

From this fubtralt the Sum of the Produlls of all the Lives taken four
and four, but mm’j}?ffed’ again by the Cube of the Intereft of 1). and fo
on by alternate Additions and Subtractions flill obferving that if there
was occafion to take the Lr'w.kﬁve and five, fix and fix, &c. the Intereft
of 11. ought to be raifed to the 4tb Power, and tothe 5th, and fo on.

But all thofe Operations would be very much contracted, if the
Lives to be nominated were always of the fame Age, for Inftance
30 : for fuppofe M to be the Value of an Annuity on an Age of 30,
and 4 to be the Intereft of 1 /. then the prefent Value of all the fuc-

ceflive Lives, of which the Number is #, would be —— = )

2
In Words thus;

Multiply the Value of one Life by the Intereft of 11, let the Produtt
be [ubtraéted from Unity, and let the Remainder be raifed to that
Power which anfwers to the Number of Lives; then this Power being
again fubtraéted from Unity, let the Remainder be divided by the Inte-
reft of 11. and the Quotient will be the prefent Value of all the fucceffive

ual Lives.
- And again, if the Number of thofe Lives were infinite, the Sunm

would barely be %.

PROBLEM XIV.

Of a Perpetual Advowfon.

1°. 1 fuppofe that at the Time of the Demife of the Incumbent,

the Patron would receive the Sum J for alienating his Right of the
' next
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next Prefentation, if the Law did not forbid the Alienation in that

Circumitance of Time,
2°, I fuppofe that when this Right is transferred, the Age of the

Incumbent is fuch, thatan Annuity upon his Life would be worth M

Years Purchafe, when the Intereft of 1/ is 4.
This being fuppofed, the Right of the next Prefentation is worth

1 — d M x/; and the Right of Patronage, or perpetual Recurrency
of the like Circumftances to Eternity, would be worth ':i” e b

In words thus;

Take the prefent Value of the Life of the Incumbent, and multiply it
by the Interefl of 1. and referve the Produll.

Subtraét this Produl? from Unity, and let the Remainder be multiplied
by the Sum expelted (, and the new Producl will fhew the Right of the
next Prefentation ; let alfo this be referved.

Then divide the fecond Quantity referved by the firfl, and the Quotient
will fhew the prefent Value of the Right of Patronage, or perpétual Re-
CHTFENCY.

Thu‘;, {fuppoling the Life of the Incumbent worth 8 Years Pur-
chafe, the Rate of Intereft 5.per Cent. and the Sum [ to be 100l
the Right of the next Prefentation would be worth 60/ and the

Right of perpetual Recurrency 150 4

PROBLEM. XV.
Of a Copy-hold.

Suppofing that every Copy-hold Tenant pays to the Lord
of the Manor a certain Fine on Admittance, and that
every Succeflor does the like; o find the Value of the
Copy-hold computed from the Tirse of a Fine being paid,
independently from the Fine that may be given on Alie-

1aAL1071.

SoLuTION.

I fuppofe that the Value of the Life of the prefent Tenant, and
the Life of every future Succeffor when he comes to Poffeffion is the
fame; this being admitted, let M be the Value of a Life, 4 the In-
tereft of 1/ and /the Fine to be paid, then the prefent Value of the

Copy-
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Copy-hold will be -if-::—‘f X/: and this Expreflion being exactly

the fame as that whereby the Right of Patronage has been deter-
mined, needs no Explanation in Words.

Only it is neceffary to obferve, that the Sum / paid in Hand being
added to this, will make the Canon fhorter, and will be reduced to

ﬁ ,» which may be exprefled thus in Words.
Diwvide the Fine by the Produét of the Life, multiplied by the Intercft

of 11.

Thus, if the Life of a Tenant is worth 12 Years Purchafe, and
the Fine to be paid on Admittance 56/ and alfo the Rate of In-
tereft § per Cent. then the prefent Value of the Copy-hold is g3

=1,
3

PROBLEM XVIL

A borrows a certain Sum of Money, and gives Security
that it fhall be repaid at bis Deceafe with the Interefis ;
to fix the Sum which is then to be paid.

SoLUTION.

Let the Sum borrowed be /; the Life of the Borrower M Years
purchafe, d the Intereft of 1/ then the Sum to be paid at A’s De-

ceafe will be -;-_L”-r; thus, fuppofing /= 8co, M = 11.83,

d=o0.035, then T_*‘fgﬁ would be found = 1958/: in the fame

manner, if the Sum to be paid at 4’s Deceafe, was to be an Equi-
valent for his Life, unpaid at the Time of the Purchafe, that Sum

would be ._—E:"'E' — 2895/ Supppofing the Annuity received to
be 100/, as alfo the Life of 4 11.83 Years Purchafe.

PROBLEM XVIL

A borrows a Sum {, payable at bis Deceafe, but with this
Condition, that if he dies before B, then the whole Sum
is 10 be loff to the Lender ; to find what A ought to pay
at his Deceafe in cafe be Jurvives B.

0o SolL v-
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SOLUTION, :

Let us fuppofe, as before, that 4 is 40 Years of Age, that the
Sum borrowed is 8oo/ and that Intereft of Money is § per Cent.
Farther, let it be fuppofed that B is 70 Years of Age, then, 1°.
determine what 4 fhould pay at his Deceafe, if the Life of B was
not concerned ; by the Solution of the preceding Problem, we find the
Sum to be 1958/ But we ought to confider that the Lender having
a Chance to lofe his Money, there ought to be a Compenfation for
the Rifque he runs, which is founded on the poffibility of a Man of
feventy outliving a Man of forty. Now, by the Rules to be deli-
vered in the next Problem, we fhall find that the Probability of that

Contingency is meafured by the Fracion :__;= and therefore the Pro-

bability of the youngeft Life’s furviving the oldeft is ?. Now

3
this being the Meafure of the Probability which the Lender has of
being repaid, the Sum 1958 ought to be increafed in the proportion of
23 to 19, which will make it to be 2370/ nearly. y

Of the Probabilities of Survivorbip.

PROBLEM XVIIL

Any Number of Lives being given, to find their Probabi-
lity of Survivorfbip.

SoruT1o0N.

Let 4, B, C, D, &c. be the Lives, whereof 4 is fuppofed to be
the youngeft, B the next to it, C the next, &. and fo the laft the
oldeft,

Let n, p, ¢, 5, ¢, Te. be the refpective Intervals intercepted be-
tween the Ages of thofe Lives, and the Extremity of old Age fup-
pofed at 86 ; then the Probabilities of any one of thofe Lives fur-
viving all the reft, will be
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Here fome few things may be obferved.

1°, That the Probability of the youngeft Life furviving all the reft,
always begins with Unity, and that it is exprefled by fo many Terms
as there are Lives concerned.

2°, That the Probabilities of the other Lives furviving all the reft,
are always exprefled each by one Term lefs than the preceding.

3°% That each firft Term of thofe whereby each Probability is ex-
prefled, is always the Sum of all the other Terms ftanding above it.
) 4°% That the Numbers 2, 6, 12, 20, 30, &c. made ufe of in the
Denominators of the Frattions are generated by the Multiplication of
the following Numbers, 1 X2, 2X3, 3 X4, 4X 5 & It would
take up too much room to explain this general Rule in Words at
length, for which Reafon I fhall content my felf with explaining only
the Cafes of two and three Lives, which are the moft neceffary.

And, Ficlk, if there be two Lives of a given Age, fuch as 40 and
70, take their Complements of Life, which as I have explained before,
are the Differences between 86 and the refpective Ages, thofe Comple-
ments therefore are 46 and 10.

Divide the fhorteft Complement by the Double of the Longeft, and the
Quotient will exprefs the Probability of the oldeft Life furviving the

ngeft. ;

Th'fs in the prefent Cafe, the fhorteft Complement being 16, and
the double of the longeft being g2, 1divide 16 by 92, and the Quo-

.tient';—i or ﬁ will exprefs the Probability required.

Subtrad this Fraction from Unity, and the Remainder g- will ex-

prefs the Probability of the youngeft Life furviving the oldeft.
So that the Odds of the youngeft Life furviving the oldeft, are 19
to 4.
q’I-'he Cafe of three Livesis thus: Suppofe there dre three Lives of a
given Age, fuch as 40, 45, and 6o; take their refpective Comple-
ments of Life, which are 46, 41, 26, then divide the Square of the
Qo 2 fhorteft
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fhorteft Complement by 3 times the Product of the other two, and
the Quotient will exprefs the Probability of the oldeft Life furviving
the other two. :

Divide the middlemoft Complement by the Double of the greateft,
and from the Quatient fubtract the Square of the leaft divided by 6
Times the Produ&t of the other two, and the Remainder will exprefs
the Probability of the middlemoft Life {urviving the other two,

Subtract the Sum of the two foregoing Probabilities from Unity,
and the Remander will exprefs the Probability of the youngeft Life
furviving the other two.

Thuos in the Cafe propofed, the Probability of the oldeft Life fur-
676 3

viving the other two, will be found T itrrs nearly.
The Probability of the middlemoft Life furviving the other two will
he R nearly.

1508 T3

The Probability of the youngeft Life furviving the other two will -
be % nearly.

PROBLEM XIX

Any Number of Lives being given, to find the Probabi-
lity of the Order of their Survivor/bip.

SoOLUTION,

Suppofe the three Lives to be thofe of 4, B, C, and that it be re-
quired to affign the Probability of Survivorfhip as limited to the Or-
der in which they are written, fo that 4 fhall both furvive B and G,
and B alfo furvive C. This being fuppofed, let #, p, ¢, reprefent the
refpective Complements of Life, of the youngeft, middlemoft, and
oldeft, then the Probabilities of the fix different Orders that there are
wn three things, will be as follows ;

P i 79

4, B, C| 1— | 2p +ﬁxp
S Sl b £

A e L
B} A" C 2n— zn + ﬁnp
B, C 4 e e
3.y = 3np
C, 4 B 2 Th
bnp

¢ B A .4
Gnp

In Words thus; 1°, Divide
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1°. Divide the middlemoft Complement by the double of the greateft, and
 let the Quotient be fubiraéled from Unity.

2°. Erom that Remainder [ubtrail again the Quotient of the fhorteft
Complement divided by the Double of the Middlemoft.

3°. To that new Remainder add the Quotient arifing from the Square
of the fhorteft Complement divided by fix times the Produtl of the greatef?
and middlemoft multiplied together, and this laff Sum will exprefs the
Probability of the firft Order.

The probability of the Second will be found thus;

1°. Divide the fhorteft Complement by the double of the middlemoft,
and referve the Quotient.

2°. Divide the Square of the fhorteft by three times the Product of
the longeft Complement, multiplied by the Middlemoff, and referve the
new Quotient.

3°. Let the fecond Quotient be fubtralled from the firft, and the Re-
#Mj:dfr will exprefS the Probability of the bappening of the fecond
Order.

The Probability of the third Order will be found as follws.

1°. Divide the middlemofi Complement by the Double of the Greatefl,
and referve the Quotient.

2°, Divide the fhortefi Complement by the Double of the longefl, and
referve the Quotient,

3°. Divide the Square of the fborteft Complement by fix times the Pro-
duét of the longeft and middlemoff multiplied together, and reférve the

otient. ;

%4.". From the firft Quotient referved, [ubtrai? the fecond ; then to the
Remainder add the Third, and the Refult of thefe Operations will ex-
prefs the Probability of the third Order.

The Probability of the fourth Order will be found thus.

1°. Divide the fhorteft Complement by the Dauble of the longeft, and
referve the Quotient,

2°. Divide the Square of the fhorteft Complement by three Times the
Product of the longeft and middlemoft, and referve the new Quotient.

3°. From the firft Quotient referved, fubtralt the fecond, and the Re-
mainder will exprefs the Probability of the fourth Order.

The fifth Order will be found as follows,

Diwide the Square of the fhortef? Ca:jofemenr by fix times the Produt
of the longeft and middlemoft, multiplied together, and the Quatient will
exprefs the Probability required.

The Probability of the laft Order is the fame as that of the fifth.

PR O-
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PROBLEM XX
D, whilf} in Health, makes a Will, whereby be begueashs
sools 20 E, and g00 . 20 F. with this Condition, that
if either of them dies before him, the whole is to go to
the Survivor of the two; what are the Values of the
Expectations of E and F, eftimated from the time that
the Will was writ 2

SoLuUTION.

Suppofe D to be 70 Years of Age, E 36, and F 45 ; fuppofe alfo
that 4 reprefents the Intereft of 1 /. when Intereft is at 5 per Cent.

An Annuity upon the Life of D is worth 5.77, as appears from
our Tables, which Value we may call M.

Wherefore if it was fure that D would die before either of them,
the Expectation of E upon that Account, would Be worth in prefent
Value 1—dM x goo, and the Expe@ation of F, 1—dM X 300;
which being reduced to Numbers, are refpectively 355/ 155 and
213/ g+

133ut gs this depends on the Probability of D's dying firft, we are to
look for that Probability, which is compofed of two Parts, that is,
when the Order of Survivorfhip is either E, F, D, or F, E, D;
now the Order E, F, D, is the fame as A, B, C, in the preceding -

Problem, whereof the Probability is 1 — i- Pl P st x|

2z z2p Grip
the Order F, E, D, is the fame as B, A, G, whereof the Probability
= :'“ IS .::1’!_ 4+ ":i,:;_’ and the Sum of thofe Probabilities, wiz.

o

- — - "=, will exprefs the Probability of D’s d}'ilng

2 L L)
before them both,

Now the Ages being given, their Complements of Life will alfo
be given, fo that » will be found = 50, p=41, ¢ = 16 ; for which
reafon the Probability juft now fet down being exprefled in Numbers,
will be 0.6865, and this being multiplied by the ExpeQations before
found, viz. 315/ 155 and 213/ g will produce 244/ 35. ¢d.
and 146/ 105 84 and thefe Sums exprefs the prefent Expeétations
a}f; E and F, arifing from the Profpect of D’s dying before either of
them.

J

But
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But both E and F have a farther Expeation ; which, in refpe&
to E, is, that he fhall furvive D, and that D fhall furvive F, in.
which Cafe he obtains 8co /. but this not being to be obtained before
the Deceafe of D, is reduced in prefent Value to 569/ 45. Now
the Probability of obtaining this anfwers to the Order, 4, C, B, in
the preceding Problem, which is exprefled by % — L —o.1535;

3up

and therefore multiplying the Sum 69/ 4. by c.1535, the Pro-
duct will be 87/ l;f %a’. and thisswai be the };'Emnfig ?’art of E’s
Expectation, which being joined with the firft Part found before,
vz, 244 1. 35. 5d. the Sum willbe 331/ 105 104 which is the
total Expectation of E, or the prefent Sum he might juftly expec,
if he would fell his Right to another.

In the fame manner the total Expectation of F will be found to be
213 /. 185 64d. -

Otherwife, and more exaltly, thus;

1. Let the Value of an Annuity of 40 /. for D’s Life, be taken off ;
which reduces the Sum to Z 569.2. asabove.

2. The Heirs of D have likewife a demand upon this laft Sum, for
the Contingency of his outliving both the Legatees ; which is implied
tho’ not exprefled in the Queftion. Subtract therefore from the Value
of the longeft of the 3 Lives D, E, F, which, by Prob. V, is 15.477,
the Value of the longeft of the two Lives E, F; which, by Prob. IV,
is 15.197; and the Remainder 0.28, D’s Survivorfhip due to the
Heirs, taken from /. 569.2, confidered as 20 Years Purchafe, or the
Perpetuity, reduces it to /. 561.273.

3. This Sum, now clear of all demands, might be paid down
immediately to E and F, in the proportions of §and 3, according to the
Will; were their Ages equal. And altho' they are not, we fhall
fuppofe that D, or his Executor named, pays it them in that manner ;
the Share of E being / 350.77, and that of F, / 210.46. leaving
them to adjuft their Pretenfions, on account of Age, between
themfelves.

4. In order to which; the Sums which E and F have received
being called G and L, refpe&tively; let the Value of E's Survivorfhip
after D and F, found as above, be denoted by ¢, and that of Fafter
D and E by f: Then thofe Values, ¢ and f, will reprefent the
Chances, or Claims, which E and F have upon each other’s Sums,

L and G. And therefore the Ballance of their Claims is ———22- ;
due by For E as the Sign is pofitive or negative.

" o
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As in our Example, ¢ and f being 3.26, 2.209 refpettively, "E
muft refund to ¥ ( ii-;j’;ﬁ— :—) /. 19.857; and the juft Values of

their Legacies will be /. 330. 185. and / 230. 6.

This laft Computation is to be ufed when the Teftator D is not
very old, or the Ages of E and F are confiderably different; or when
both thefe Conditions obtain: For in thofe Cafes, the Ratio of the
Probabiiities of Survivorfhip will differ fenfibly from that of the Va-
lues of the Probabilities reckoned in Years purchafe, And the like
caution is to be obferved in all fimilar Cafes,

Of the Expetlations of Life.

I call that the Expectation of Life, the Time which a Perfon of a
given Age may jultly expect to continue in being,

1 have found by a Caleulation deduced from the Method of Fluxions,
that upon Suppofition of an equable Decrement of Life, the Expetta-

tion of Life would be expreffed by -;—?1, fuppofing # to denote its Com-~

p]cmcnt.
However, if that Interval be once attained, there arifes a new Ex-

pectation of %H, and afterwards of —;-n, and fo on. This being laid
down, I fhall proceed farther. '

P=R7O =B LE M SR

To find the Expetation of two joint Lives, that is, the
Time which two Lives may expett to continue together

in being.

SoLuT10N.

" Let the Complements of the Lives be # and fP’ whereof # be the
longeft and p the fhorteft, then the Expectation of the two joint Lives,

will be - — =, in Words thus.

From — the fhorteft Complement, fubtract the 6th Part of its Square,

divided by the greatefl, the Remainder will exprefs the Number of Years

Jought.
Thus, fuppofing a Life of 40, and another of 50, the fhorteft

Complement will be 36, the greateft 46, — of the fhorteft will be
18,
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18, the Square of 36 is 1296, whereof the fixth Part is 216, which
being divided by 46, the Quotient will be -35: 4.69 nearly; and

this being fubtracted from 18, the Remainder 1. "
Number of Years due to the two joint Lives, PR el e

CoroLLARY,
If the two Lives be equal, the ExpeQation of the two joint Lives

will be = part of their common Complement.

PROBLEM XXII

Any Number of Lives being given, whether equal or un-
equal, to find bow many Years they may be expetted

to continue together.

SoLuTrtoON.
1°, Take 'i' of the fhortelt Complement.

2°, Take - part of the Square of the fhorteft, which divide fuc-

ceflively by all the other Complements, then add all the Quotients

together.
2% Take -7‘? part of the Cube of the fhorteft Complement,

which divide fucceflively by the Product of all the other Comple-
ments, taken two and two.
4°. Then take ﬁ part of the Biquadrate of the thorteft Comple-

ment, which divide fucceffively by the Produ&s of all the other Com-

plements, taken three and three, and fo on.
§°. Then from the Refult of the firft Operation, fubtract the Re-

fult of the fecond, to the Remainder add the Refult of the third,
from the Sum fubtrat the Refult of the fourth, and fo an.

6°. The laft Quantity remaining after thefe alternate Subtractions
and Additions, will be the thing required.

N. B. The Divifors 2, 6, 12, 20, &¢. are*the Produdlts of 1 by

2, of 2 by 3, of 3 by 4, of 4 by 5, &.

CoROLLARY.
If all the Lives be equal, add Unity to the Number of Lives, and

divide their common Complement by that Number thus increafed by
Pp Unity,
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Unity, and the Quotient will always exprefs the Time due to their

joint Continuance,

PROBLEM XXIL

Two Lives being given, to find the Number of Years due
to the Longeft.

SOLUTION,

From the Sum of the Years due to each Life, fubtrat the Number
of Years due to their Joint Continuance, the Remainder will be the
Number of Years due to the Longeft, or Survivor of them both.

Thus, fuppofing a Life of 40, and another of 50, the Number of
Years due to the Life of 40, is 23 ; the Number of Years due to the
Life of 5o, is 18 ; from the Sum of 23 and 18, viz. 41, fubtract 13.31
due to their joint Continuance, the Remainder 27.6¢ will be the Time
due to the longeft.

CoroLLARY,
If the Lives be equal, then ?I of their common Complement will

be the Number of Years due to the Survivor.

Thus, fuppofing two Lives of 5o, then their Complement will be
16 ; whereof two thirds will be 243 which is the Time due to the
Survivor-of the two.

PROBLEM JXIV.

Any Number of Lives being given, to find the Number
of Years due to the Longeft.

SOLUTION.

Let the Years due to each Life be refpectively denoted by M, P,
Q. S, &c. then let the joint Lives, taken two and two, be denoted by
MP, MR, MS, PR, &c.letalfo the joint Lives, taken threeand three
be denoted by MPR , MPS, MQS, PRS, &c, Moreover, let the

joint Lives, taken four and four, be denoted by HPQ_S, &c. then if
there be three Lives, the Time due to the longeft will be -

M—MPA-MPg,
P —MR,
+2—FR,

But



to the Valuation of AxNuITIES. 291

But if all the Lives beequal; let 7 be their common Complement,
then the Time due to the longeft, will be 2.

If there be four Lives, the Time due to tl:e longeft will be
M —MP4+MPR—MPRS
4P —M9-\MPS
-+ —M5 + M3
+8 —PQ 4-P3S
— P

———

—
But if all the Lives be equal, the Time due to the longeft will be
exprefled by — of their common Complement.

Univerfally, if the common Complement of equal Livesbe , and the
Numberof Lives p, the Number of Years due tothe Longeft of them will

be ﬁxn.

PROBLEM XXV.
Any Number of equal Lives being given, to find the
Time in which one, or two, or three, &c. of them will

. fail.
SoLuTION.

Let n'be ‘their common Complement, p ‘the Number of all the
Lives, ¢ the Number of thofe which are to fail, then —I—xn

will exprefs the Time required. In words thus; .
Multiply the common Complement of the Lives by the Number of the
Lives that are to drop, and divide the Produél by the Number of all the
Lives increafed by Unity.
Thus, fuppofing 100 Lives, .each of .40 Years of Age, it will'be
found that 5 of them will:drop in about two Years and a Quarter.
But if we put # for the Time given, we fhall have the four follow-
dng Equations;
e, —d
p1
2% g:-ﬂ
. pmt
R L v
3 A=t

Ppa2 In
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In which any three of the four Quantities #, p, ¢, £, being given, the
fourth will be known.

This Speculation might be carried to any Number of unequal
Lives: but my Defign not being to perplex the Reader with too
great Difficultics, I fhall forbear at prefent to profecute the thing any

farther.
PROBLEM XXVI
A, who is 30 Years of Age, buys an Annuity of 11. for
a limited Time of bis Life, fuppofe 10 Years, on Con-
dition that if be dies before the Expiration of that Time,
the Purchafe Money is wholly to be Iloff to his Heirs ;

to find the prefent Value of the Purchafe, [uppofing
Intereft at 5 per Cent.

SoLuTI1o0N. 4

Let n be the Complement of 4’s Life, m the limited Number o
Years, p the Difference of # and »; Q the Value of an Annuity of
1/, certain for m Years, and 7 the Value of the Perpetuity : then

the prefent Value of the Purchafe will be 2212 _:"'”‘9 . In Words

thus;
1°. Multiply V, the Value of a Perpetuity, at the given Rate of
Intereft, by m the limited Number of Years, and referve the Produét.
2°. To the fame V add Unity, and take the Difference between their
Sum and p, which is the Excefs of the Complement of A’s Age above the
limited Number of Years: multiply this Difference by Q, an Annuity

certain_for m Years, to get the fecond Produét.

3°. Let the Sum of thefe Produéls, if' p is greater than V4-1; and
their Difference, if it is lefler, be divided by n, the Complement of A’s
Age 5 and the Quotient fhall be the Value of the Purchafe, L

As, in the Queftion propofed, where n = 56, m =10, p = 46,
Q =7.7212, and ¥ = 20; the firft Produ& (m#") is that of 20
by 10, or 200. And p— V-1 being 46 —21=125, the fecond
Product is 25 X 77212, that is 193.0302. The two Produ&s added
( p being greater than ¥4-1) make 393.0302: which divided by 56
quotes, for the Anfwer, 7.0184 Years Purchafe.

Note, 1. When it happens that p is equal to #--1; as, Intereft
being at 5 per Cent, if the Difference of » and m is 21 ; the fecond

Product p— #+-1 x R, vanithing, the Anfwer is fimply 2=,
2. If:
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2. If m=n, or p—o, feeing 7" is equal to :’_T, the Expreffion

will be changed into —— — —L; which coincides with the So-

lution of Prob, I: Q reprefenting now the fame Thing as P did in
that Problem. NE S

3. By this Propofition, fome ufeful Queftions concerning Infurances
may be refolved.

Sup!pofe A, at 30 Years of Age, affigns over to B an Annuity of
1oco/ a Year, limited to 10 Years, and depending likewife upon
A’s Life: then, by the foregoing Solution, 4 ought to receive for it
only 7018 .*8 5. Intereft being at 5 per Cent. But if B wants that
the Annuity fhould ftand clear of all Rifques, he muft pay for it the
Value certain, which is 7721/ 4s. and 4 ought to have his Life in-
fured for 702/ 16 . the juft Price of fuch an Infurance being the Dif-
ference of the Values of the Annuity certain, and of the fame Annuity
fubject to the Contingency of the Annuitant’s Life failing.

The fame 702/, 165, is likewife the Value of the Reverfion of this
Annuity to a Perfon and his Heirs, who fhould fucceed to the Re-
mainder of the 1o Years, upon 4’s Deceafe, See Prob. XX VIIIL.

It is evident by the foregoing Procefs, that altho’ the Queftion
there propofed is particular, yet the Solution is general ; which Me--
thod, often practifed in my Doacirine of Chances, is of fingular Ufe to
fix the Reader’s Imagination.

B'R OB B MW XXVIL
A pays an Annuity of 100 L. during the Lives of B and
C, each 34 Years of Age; to find what A ought to
give in prefent Money to buy off the Life of B, fup-
pofing Intereft at 4 per Cent.

SoLUTION.

It will be found by our Tables that an Annuity upon a Life of 34
is worth 14.12 Years Purchafe; and, by the Rules before delivered,
that an Annuity upon the longeft of the two Lives of B and Cis worth
18.40: hence it is very plain, that, tobuy off the Life of B, 4 muft
pay the Difference between 18.40 and 14.12, which being 4.28, it
follows that 4 ought to pay 428/ ‘ ‘

In the fame manner, if 4 were to pay an Annuity during the three

‘Livesof B; C, D, whether of the fame or. different Ages, it woull:l.
o
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be ealy to determine what 4 ought to pay to buy off one of the Lives
of B, C, D, or any two of thém, or toredeem the whole.

For, 1° if the Life'of D is to be bought -off, then from the Value
of the three Lives, fubtraé the Value of the tweo Lives of B and C,
and the Remainder is what is to be given to buy off the Life of D,

2°. Ifthe two Lives of Cand D were to be bought off, then from
the Value of the three Lives, {fubtraé the Life of B, ‘and the Remain-
der is what is to be given to buy off thofe two Lives.

Lafly, It is plain that toredeem the whole, the Value of the three
Lives ought to be paid.

_ PROBLEM XXVIIL
A, whofe Life is worth 14 Years Purchafe, [uppofing In-
tereft at 4 per Cent. is to enjoy an Annuity of 100 1.
during the Term of 31 Years; B and his Heirs have
the Reverfion of it after the Deceafe of A for the Term
remaining 5 to find the Value of B's Expettation,

SOLUTION. by

Since the Life of A is fuppofed to be worth 14 Years Purchafe
when Intereft is at 4 per Cent. it follows from the Tables that 2
muft be about 35 Years of Age, therefore find, by the twenty-fixth
Propofition, the Value of an Annuity on a Life of 35, to continue
the limited Time of 31 Years; let that Value be fubtracted from the
Value of an Annuity certain, to continue 31 Years; and the Re-
mainder will be the Value of the Reverfion.

PROBLEM XXIX. ,
A is to have an Annuity of 100 1. for bim and bis Heirs
after the failing of any one of the Lives M, Py Q, the
fir} of which is worth 13 Years Purchafe, the fecond
14, and the third 15 ;5 to find the prefent Value of
bis Expefiation, Intereft of Mongy being fuppofed a¢
4 'per Cent, |
_ SoLuTION.
By the Example to Prob. 11, it appears, ‘that an-Annuity-upon the
above 3 joint Lives is worth 4,41 Years Purchafe; lét this be fu :
pofec
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pofed =R, and let / reprefent the prefent Value of a Perpetuity of

100 /. which in this Cafe is 2500/ then the prefent Expectation of
A will be worth 1—dR x [0 In Words thus;

Multiply the Value of the three joint Lives by the Intereft of 11, then
Jubtraéting that Produét jfrom Uzm}y, let the Remainder be multiplied
by the I;ak:e of the Perpetusty, and the Produdi will be the Expeélation
required.

e??:l this Cafe 7.41, multiplied by 0,04, produces 0.2964, and this
Produé fubtracted from Unity, leaves 0.7036 ; new this Remainder
being multiplied by 2 goo, produges 1759 A the Expetation of 4.

But if the Problem bad been, that 4 {hould not have the Annui-
ty before the Failing of any two of thofe Lives; from the Sum of all
the joint Lives combined two and two, fubtra¢t the double Value
of the three joint Lives, and let the Remainder be called 7, then the

Expeation of 4 will be worth 1—47 % /'; now, by the Rules be-
fore delivered, we fhall find that the Sum of all the joint Lives com-
bined two and two, is 29.06, from which fubtra&ting the double of the
three joint Lives, viz. 14.82, the Remainder is 14.24. Hence fup-
Te=14.24, then 1—dT X/ will be found to be 1076/ and
Ef:f the Value of 4’s Expectation.
, ly, 3 4 was not to have the Annuity before the Extinction of
the three Lives, fuppofe the Value of the three Lives =7, then the

Expeétation of 4 would be worth 1—dF %/, which in this Cafe
is 4651 :

BRSO BT, E M XXA,

To determine the Fines to be paid for renewing any Num-
ber of Years in a College-Leafe of twenty; and alfo
what Rate of Interef is made by a Purchafer, who
may happen to give an advanced Price for the [ame,
upon Suppofition that the Contracior is allowed 8 per
Cent, of bis Money.

Altho’ the Problem here propofed does not feem to relate to the

Subje of this Book, yet as fome nfetal Conclufions may be derived
from the Selution of it, I have thought fit to infert it in this Place.

Table
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1.4133 13
1.9144. 14

2.2821
2.6792
3.1081
< b s
4.071%
4.6118

519531

1§
17
18

s
20

166

The DoctriNe of CHANcEs applied

5.8254
.5060
7:2411
8.0349

8.9922
9.8181

If a Purchafer gives the Original Contractor 11 Years Purchafe for

his Leafe of 2o, he makes above 61 per Cent, of his Money.

If he gives 12 Years Purchafe for the fame, he makes above 5/ 8.
per Cent. of his Money.
If he gives 13 Years Purchafe, he

Money.

Cent. of bis

1
2
3
4
]
6

makes 4% per Cent. of his

PROBLEM XXXI.

To determine the Fines to be paid for renewing any Num-
ber of Years in a College-Leafe of One and Twenty ;
as alfo what Rate of Intereft is made by a Purchafer
who may bappen to give an advanced Price for the fame,
upon Suppofition that the Contratlor is allowed 8 per

Money.

Table of Fines.

0.1987

0.4133
0.6450
08gs2

1.1653
1.4574

7

1.6120

8]2.1131
912,28?:’:8
10 2.8779
11 l 3.3068
12 3.7700
13 4.2702
14|4.8105

1§
16
1

4
19
20
21

5-3940
6.0241
6.7047
7:4398
8.2336
9.090
68

10.01

He that gives 11 Years Purchafe, inftead of 10.0168 for renewing

his Leafe for 21 Years, makes 6/. 16 s.per Cent. of his Money.

He who gives 12 Years Purchafe for the fame, makes very near
5 /. 165, per Cent. of his Money.
He who gives 13 Years Purchafe for the fame, makes a little more
than 4./ 16 s. per Cent. of his Money.

The
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The Values of Annuities for Lives baving been calculated, in this Book,

n a fuppofition that the Payments are made Yearly, and there being
ome Occafions wherein it is [lipulated that the Payments fhould be made
Half-Yearly, Ihave thought fit to addthe two following Problems; whereby,
1°, It is fhewn what the Half-Yearly Payments ought to be, if the Price
of the Purchafe is preferved. 2°. How the Price of the Purchafe ought

to be increafed, if the Half-Yearly Payments are required to be the
Half of the Yearly Payments.

PROBLEM XXXIIL
An Annuity being given, to find what Half-Yearly Pay-
ments will be equivalent to it, when Intereft of Money is 4,
5, or 6 per Cent
SoLUTION,

Take Half of the Annuity, and from that Half fubtract its 100th,
or 8oth, or 68th Part, according as the Intereft is 4, 5, or 6 per Cent.
- and the Remainder will be the Value of the Half-Yearly Payments

required ; thus, if the Annuity was 100/ the Half-Yearly Payments
" would refpectively be 49/ 105. 49/ 75. 64. 491 55 3d. nearly.

PROBLEM XXXIII
The prefent Value of an Annuity being given, to find how
much this prefent Value ought to be increafed, when it
is required that the Payments [ball be Half-Yearly, and

alfo one Half of the Yearly Payments, when Intereft is
at 4, 5, or 6 per Cent.

SOLUTION.
To the prefent Value of the Annuity add refpectively its ggth,
7gth, or 67th, and the Sums will be the Values increafed.
As there are fome Perfons who may be defirous to fee a general Solu-
tion of the two laft Problems, I bave thought fit to add what follows.
In the firft of the two laft Problems, let 4 be the Yearly Payments
agreed on, and B the Half—Y:‘:arly Payments required, r the Yearly

Rate of Intereft, then B=— :T__: %X A, Inthefecond, let M be the
prefent Value of the Yearly Payments, P the prefent Value of thofe

that are to be Half-Yearly, then P— —+— x M.

rF a1

Qq TABLE
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TasLE L

The prefent Value of an annuity of one potnd, for any Number of Years
not exceeding 100, Interefl at 3 per Cent,

= = = =

£ | Value. g Value. | 8] Value. 21 Value,

1| o.9709 [26| 17.8768 | 51| 259512 | 76| 29.8076
2| 1.9135 |27| 18.3270 |52| 26.1662 | 77| 29.9103

3| 2.8286 |28| 18.5641 |53| 26.3750 | 78| 30.0100
4| 3.7170 |29]| 19.1884 |54| 26.5777 | 79| 30.1068
_5| _4-5797 |3°| 19.6004 |55| 26.7744 80| 30.2008
6| s5.4172 [31| 20.0004 |56| 26.9655 | 81| 30.2920
7| 6.2303 |32| 20.3887 |57| 27.1509 | 82| 30.3806
8| 7.0197 [33] 20.7658 |58]| 27.3310 | 83| 30.4666
go| 7.7861 |34| 21.1318 {59| 27.5058 | 84| 30.5501
1o| 8.5302 (35| 21.4872 [60o| 27.6756 | 85| 30.6311
11| 92526 |36| 21.8323 |61| 27.8404 | 86| 30.7099
12| 9.9540 |37| 22.1672 |62| 28.0003 | 87| 30.7863
13| 10.6350 |38] 22.4925 |63| 28.1557 | 88| 30.8605
14| 11.2961 |39| 22.8082 |64 28.3065 | 89| 30.9325
15| 11.9379 [40| 23.1148 E_g 28.4529 | 9o| 31.0024
16{ 12,5611 |41| 23.4124 |66| 28.5950 | 91| 31.0703
17| 13.1611 [42]| 23.7014 |67| 28.7330 | 92| 31.1362
18| 13.7535 {43| 23.9819 {68] 28.8670 | 93| 31.2001

19| 14.3238 (44| 242543 |69| 28.9971 | 94 31.2622

20| 14.8775 45| 24.5 187 70| 29.1234 | 95| 31.3224
21| 15.4150 |46| 24.7754 |71{ 29.2460 | 96| 31.38e9
22| 15.9369 [47| 25.0247 |72/ 29.3651 | 97| 31.4377
23| 16,4436 [48| 25.2667 |73! 29.4807 | 98| 31.4928
24| 16.9355 |49| 25.5017 (74’ 29.5929 | 99| 31.5463
25| 17.4131 |50| 2§7298 |75! 29.7018 |100] 31.5984

The Value of the Perpetuity is 33% Years Purchafe.

TABLE
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Tazre II

299

The prefent Value of an Annuity of one Pound, to continue [o long as a
Life of a given Age is in being, Intereft being eflimated at 3 per

Cent.

=2
og
o

. | Value

Age.

Value |Age.

Valuc:ﬂge.

Value

WO oo~] ﬂ'-lu-n-hw B =

b=
o

I-IHHHI
e e B

15.05
16.62
I;B'.Sg
£ 94

18.90
19-33
19.60
19-74
19.87
19.87
19.74
19.60
L
19-33
19.19
19.05
18.90

18.76]

18.61
18.46
18.70
13.%5
17-99
17.83
17.66

26
27
28
29
22
31
32
33
34
S_g
3
37
18
39
40
41
42
43
44
45
46
47
48
49

50

17.50
1?33
17.1

16,98
16.80
16.62
16.44
16.25
16.06
15.86
15.67
15.46

1

15.26
15.05
14.84
14.63
14.41
14.19
13.96
13:73
13.49
13.2§
| 13.01

12.70
| 12.51

Qqz2

12,20
12.00
11.73
11,46
11.18
lG.gD'
10.61
10,32
10.03
973
9.42
g.: I
3.4
8.13
7-79
7-45
7.10

76
77

79
)

405
3:63
3.21
2,78
2.34
I. Q
1.43
0.96

0.49
0.00

.00

TABLE
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Tasre lIL

The prefent Value of an Annuity of one Pound, for any Number of Years
not exceeding 100, Intereft at 33 per Cent.

|50 cot oln & o wo =|sI0OX

Value.

0.9662
1.8997
2.8016
3.6731
45151
5.3286
6.1145
6.8740
7.6077
_8.3160
9.001§

9:6633
10.3027

10.9205

11.5174
12.0041
12.6513
13.1897
13.7098

14.2124

14.6980
15.1671
15.6204
16.0584
16,4815

Value.

16,8904
17.28 54
17.6670
18.03358
18.3920
18.7363
19.0689
19.3g02
197007
20.0007
20.290§
zc-.g?o_;
20.8411
21.102§

21.3551

21.5991

21.8349
22.0627

22.2828
22-4955
22,7009
22.8994
23.0012
23.2766
23-4550

<
Value. £ | Value.
23.6280 - *;:'6 26.4799
237958 | 77| 26.5506
23.9573 | 78| 206.6190
24.1133 | 79| 26.6850
242641 | 80| 26.7488
24.4097 81 - 26.8104
24.56504 | 82| 26.8700
24.6864 | 83| 26.9275
248178 | 84| 26.9831
24.9447 | 85| 27.0368
25.0674 | 86| 27.0887
25.1859 | 87| 27.1388
25.3004 | 88| 27.1873
25.4110 | 89| 27.2341
25.5178 90| 27.2793
25.6211 | 91| 27.3230
25.7209 | g2 27.36052
25.8173 | 93| 27.4060
25010471 1941 274454
26.0004 | 95| 27-4835
26.0873 | 96| 27.520
26.1713 | 97| 27.555
26.2525 | ¢8| 27.5902
26.3309 | 99| 27.6234
26.4067 l100| 27.6554

The Value of the Perpetuity is 283 Years Purchafe.

TABLE
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TaesLE IV.

The prefent Value of an Annuity of one Pound, [o lng as a Life
of a given Age is in being, Interef being effimated at 3% per

Cent,

Age.

Value

Age.

Value

. | Value

14.16
15-53
16.56
17.09
17.46

17.82

18.0§
18.16
18.27
18.27

18.16
18.05
17-94
17.82
17.71
K50
17.46
533
17.21

17.09

16.96
16.33
16.69
16. 56
16,42

26
27
28
29
39
31
k¥4
33
34
35

36
37
38
39
40
41
42
43
44
45
46
47
48
49
§o

16.25
16.13
15.98
15.83
15.68
15:53
15-37
I5§.21
15.0§5
14.39
14.71
14.52
14.34
14.16
13.98
13-79
13.59
13.40
13.20
12.99
12.78
 F
12.36
12.14

11.921

Ii.{']g

II.45
11.20

10.95
10.69

§6] 0.00

TABLE
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Ca

TasLe V.
The prefent Value of an Aunuity of one Pound, for any Number of Years
nat exceeding 100, Interefl at 4 per Cent.

g Value. g Value. | 8| Value. 8| Value.
1| o.9b15 |20 15.0827 |51| 21.6714 | 70| 23.7311
2| 1.8860 *|27| 16.3295 |52 21.7475 | 77| 23-7799
3| 27750 |28] 16.6630 |53] 21.8726 | 78| 23.8268
4| 3.6298 |29| 169837 |54] 21.9929 | 79| 23.8720
5| 4.4518 |30| 17.2920 |3§]| 32.1086 8o| 23.9153
6| s5.2421 [31| 17.58¥4 |56] 22.2198 | 81| 23.9571
7| 6.c020 32| 1 8735 [57] 22,3267 | 82| 23.9972
8| 6.7327 |33| 18.1476 [58] 22.4295 | 83| 240357
9| 7.4353 |34| 18.4111 |59 22.5284 | 84| 24.0728
1ol 81108 35| 18.6646 |60| 22.6234 | 85 24.108¢
11| 87604 [36| 18.go82 |61| 22.7148 | 86 24.1428
12| 9.3850 [37] 19.1425 [62| 22.8027 | 87| 24.1757
13| 09.9856 (38| 19.3678 |63]| 22.8872 | 88| 24.2074
14| 10,5631 [39| 19.5844 |64]| 22.9685 | 89| 24.2379
15| 11,1183 40| 19.7927 |65]| 23.0466 | go| 24.2672
16| 11.6522 |41] 19.9930 (66| 23.1218 | 91| 24.2954
17| 12.1656 [42| 20.1856 |67} 23.1940 | 92| 24.3223%
18| 12,6592 |43| 20.3707 |68] 23.2635 | 93| 24.3486
19| 13.1339 |44| 20.5488 |69]| 23.3302 | 94| 24.3736
20} 13.5003 45| 297200 (7o) 23.3045 4 95| 24-30977
21| 14.0291 |46| 208846 |71] 23.4562 | 96| 24.4209
22| 14.4511 |47| 210429 |72{ 23.5150 | 97| 24.4431
23| 14.8568 48| 2n1951 |73 23.5727 | 98| 24.4646
24| 15.2469 |49| 213414 (741 23.6276 | 99| 24.4851
25| 15.6220 |50| an48zx 751 23.6804 |100] 24.5049

TABLE
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Tasre VL

Tibe prefent Value of an Annuity of one Pound, to continue fo long as a
Life of a given Age is in being, Interefl being eflimated at 4 per

s
@

14 Value

Value Lﬂgc.
{ .

Value

. | Value

o s =™ | mlu--lﬁ-m L

13.36
14-54
15-43
15.89
16.21
Ii;.sn
16.64
16.79
16.88
16.88
16.7

16.63
10.60
16.50
16.4.1
16.31
16.21
16.10
15.99
15.89
15.78
15.67
LETA T
15-43
15.31

15.19 |
15.06
14.94
14.81
14.68
14.54
14.41
14.2%
14.12
13.98
13.82
13.67
13.52
13.36
17.20
13.02
12.85
12.68
12.50
12.32
12,13

11.94
11.74
I1.54

11.34

51
k3
53
54

L]
56
57
58
59
o

18:13
10.92
10.70
1C.47
10.24
10.01
9-77
0-52
9.27
E.GI
75
8.48
8.20
7:92
_7.63
7:33
?.ﬂﬂ
6.71
6.39
6.06
5-72
5-38

4.66
4.29

5.02 }

3.91
3.52
3.11
2.70
2.28
1.8¢
1.40
©.95
0.48

Q.00

.00 -

TABLE
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Value.

0.0523
1.8594
2.7232
3-5459
4-3294
5.0756
57863
6.4632
7.1078
?.‘}"2 [2
8.7004
8.8632
0-3935
9.8986

10.3796

10.8377

11.2740
11.6895

12,0853
12.4622
12.8211
13.1630
15.4885
13.7986
14.0939

TasrLe VII

The prefent Value of an Annusty of one Pound, for -any numbes of
Years not exceeding 100, Intereff at ¢ per Cent.

Value.

14-3751
14.6470
14.8981
15.1410
15.3724
15.50928
15.8026
16.0025
16.1929
l6.zz41
16.5468
16.7112
16.8678
17.0170
17.1§90
17-2943
17.4232
17-5459
17.6627
177740
17.8800
17.9810
18,0771
18.1687

18.2559

e
Value. 8| Value.
18.3389 | 70| 19.5004
18.4180 | 77| 19.5328
18.4934 | 78| 19.5550
18.5651 | 79| 19.5762
18.6334 | Bel 19.5964
18,6985 | 81| 19.6156
18.7605 | 82| 19.6339
18.8195 | 83| 19.6514
18.8757 | 84| 19.6680
18.9292 | 85| 19.6838
18.9802 | 86| 19.6988
19.0288 | 87| 19.7132
19.0750 | 88| 19.7268
19.1191 | 89| 19.7398
19.1610 | go| 19.7522
19.2010 | 91| 19.7640
19.2390 1,92} 10.7752
19.2753 | 93| 19.7859
19.3098 | 94| 19.7961
19.3426 | 95| 19.8058
193739 | 96| 19.8151
19 4037 | 97| 19-8239
19.4321 | ¢8| 19.8323
19.4592 | 99| 19.8403
19-4849 |100| 19.8479

TABLE
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Tasre VIIL
The frefent Value of an Annuity of ene Pound, to continue fo long as a
Life of a given Age is in being, Inrfrfﬁ at 5 per Cent,

Age. | Value |Age. | Value [Age. |Value [Age. | Value
1|11.96| 26{13.37| si|1o.17| 76| 3.78
- 2|12.88( 27, 13.28| 52| 9.99| 77| 3.41
3|13.55| 28 13.18 ' 53] 9.821 78] 3.03
4|13.89] 29, 13.09( 54 9:63) 79| 2.64
_S5|14.12 3__ 12.99| 55| 9.44| 8of 2.23
6|14.34 12.88| 56| 9.24| 81| 1.81
71 14.47 33 12.78| 57| 9.04| 82| 1.38
8l14.53| 33| 12.67| 58| 883] 83| 0.4
gl14.60| 34| 12.56| 59| 8.61| 84| 0.47
10| 14.60 12.45| 60| 8.39| 85| 0.00
11|14.53 33% 12.93| 61] B.16| 86| o.00
12|14.47| 37{12:21| 62 ;rgé
13]14.41| 38| 12,09 63] 7.6
14[14.34| 39|11.96| 64 7.43
15]|14.27| 49 11.87 E}E 7.18
16|14.20| 41|11.70| 66| 6.91
17|14.12| 42|11.57| 67| 6.64
18|14.05| 43|11.43]| 68] 6.36
19|13.97| 44{11.29| 69/ 6.97
20(13.89| 45!11.14| 70| 577
21|13.81| 46|10.99| 71| 5:47
22|13.72| 47|10.84| 72| 5.15
23]13.64| 48{10.68| 73| 4.82
24113-55| 49|10:51| 74| 449
25/13.46| so|r10.351 75] 414
Rr

395

TABLE
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TasrLe IX.
The prefent Value of an Annuity of one Pound, for any
- not exceeding 100, Interefl at 6 per Cent

Number of Years

Value.

©.0433
1.8333

2,.6730 |

3.4651
4:2123
49173
g.5823
2097
6.8016
7.3600
7.8868
8.3848
8.8526
2043
97122
10.1058
10.4772
10.8276
11.1581
11.4699
11.7640
12,0415
]2-3033
12,5593
12,7833

Value. 'gq Value, E Value.
13.0031 |§5I| 168130 | 70| 16.4677
13.2105 |52| 15.8613 | 77| 16.4790
13.4061 | 53| 15.0069 | 78| 16.4896
13-;29%* ﬁ 159499 | 79 :2-4996
13.7045 |55| 15.990% 5098
13.9290 |56| 16.0288 | 81| 16.5180
14.0840 |57| 16,0649 | 82| 16.5264
14.2302 [58| 16,0989 | 83| 16.5343
14.3681 [59| 16.1311 | 84| 16.5418
14.4982 |60] 16.1614 | 85| 16.54809
14.6209 (01| 16.1900 | 86| 16.5556
14.7367 |62| 162170 | 87| 16.5618
14.8460 |603| 16.2424 | 88| 16.5678
14.9490 |04 16.2664 | 89| 16.5734
15.0462 |65| 16.2891 | go| 16 5;,»3
15.1380 |66| 16.3104 | 1| 16.5836
15.2245 67| 16.3306 | gz 16.58

15.3061 |68 16.3496 | 93| 16. 5gz§
15.3831 |69| 16.3676 | 94| 16.5069
15.4558 |70| 16.3845 | 95| 16.6009
15.5243 |71} 10.4005 | 96| 16.6046
15.5890 |72} 16.4155 | 97| 16.6081
15.6500 |73| 16.4207 | 98| 16.6114
15.7075 |74] 16:4431 | 99| 16.6145
157618 751 16.4558 f100f 16.6175

TABLE
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The prefent Value of an Ann

TAasLE X.

. uity of one Pound, to continue o long as a
é;)::‘ of a given Age is in being, Interefl being eftimated at 6 per
E

o
5

.| Value

O o) U\!U'h-l'-'hm R -

10.80
I 1.53
12.04
12.30
12.47
12.63
12.74

12.79
12.84

12.84

12.79

12.74
12.69

12.63

12.58
12.53

12.47
12.41

12,36
12.30
1323
12,17
12.11
12.04

11.97

Age.
=

27
28

=9

30

31
32
33
34
35
306
37
18
39
40
41
42
43
44
45
46
47
48
49
50

Value t&gc. Value [Age
IL.go| 51)9.34| 76
II.E% 52| g.20] 77
1176 53f g.04| 78
11.68| 54| 8.90| 79
11.61| 55| 8.72| 8o
11.53| 56| 8.56| 81
1.45| 57| 8.38] 82
11.36| 58| 8.20| 83
11.60| 59| 8.02| 84
11.18| 60| 7.83| 85
1nog| 61| 7.63| 86
11.00| 62 7.42
Io.go| 63| 7.21
10.80| 64| 7.00
ro.7oi 6g| 6.77
10.60| 66| 6.53
10.50| 67| 6.22
10.37| 68| 6.03
1026 69| 5.77
10.14| 70| 5-50
10.02} 71} §.22
9-90| 72| 4.93
9.76] 73| 4.63
9-63| 74| 4.32
9-491 75| 4.90
Rr2

. | Value

3.65
LR
2-95
2.57
2.18
1.78
1.36
0.92
.77

0.00
C.00

307
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Note; The 1/, 3d, sth, 7¢th and gth Tables ferve likewife to
refolve the Queftions concerning Compound Intereft : as

I

To find the prefent Value of 1000, payable 7 Years bence, at 3~
per Cent. From the prefent Value of an Annuity of 1/ certain for
7 Years, which, in Tab. 111. is 6.1145, I fubtra& the like Value for
6 Years, which is 5.3286; and the Remainder .7859 is the Value
of the 7zb Year's Rent, or of 1 /. payable after 7 Years ; which mul-
tiplied by 1000 gives the Anfwer 785/ 18/5,

II,
If it is afked, wbhat will be the Amount of the Sum S in 7 Years
at 3+ per Cent? Having found .78 59 as above, ’tis plain the Amount
S ’
will be

7559 "

I11.

If the Quefltion is, In what time a Sum S will be doubled, tripled,
or increafed in any given Ratio at 3, 3+, &c. per Cent. I take, in
the proper Table, two contiguous Numbers whofe Difference is

neareft the Reciprocal of the Ratio given, as —;— S -;*, &c. And the Year

againft the higher number is the Anfwer.
Thus in ‘1%:&. I. againft the Years 22, 23, ftand the Numbers
15.9369 and 16.4436; whofe Difference .5067 being a little more

than .5, or ?‘ , Thews that in 23 Years, a Sum S will be a little lefs
than doubled, at 3 per Cent. Compound Intereft. And againft the
Years 36 and 37 are 21.8323, and 22.1672 ; the Difference whereof
being .3349, nearly i-, thews that in 14 Years more it will be al-
moft tripled. ke

If more exaénefs is required ; take the adjoining Difference whofe
Error is contrary to that of the Difference found; and thence com-

pute the proportional part to be added or fubtra&ed thus, in the laft
of thefe Examples, the Difference between the Years 37 and 18 is
.3252, which wants .co81 of .3333 (=-;-) , as the other Difference
.3349 exceeded it by .0016. The 3825 Year is therefore to be di-
vided in the Ratio of 16 to 81; thatis == of a Year, or about 2

Months, is to be added to the 37 Years.
IV. Te
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IV.
To find at what Rate of Interefft I ought to lay aut a Sum S, fo as it
may encreafe lj for Inflance, or &mrme% S in 7 Years. Here the

Fraction I am to look for among the Differences is &, or the De-

4
cimal .75 ; which is not to be found in Tab, 1. or III, till after the
limited Time of 7 Years. Butin Tab. V, the Numbers againft 6
am:lf Years give the Difference .7599; and the Rate is 4 per Cent.
nearly. :

Tg find how nearly; we may proceed as under the foregoing Rule.
Take the Difference between 6 and 7 Years in Tab. VII. for 5 per
Cent. ; which being .7 107, wanting .0393 of .75, as 7599 exceeded
it by .0099 ; divide Unity in the Ratio of gg to 393, that is of 33 to
131, and the lefler Part added to 4 per Cent. gives the Rate fought,,

13 1
3
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Containing the Demonflrations of fome of the principal
Propofitions in the foregoing Treatife.

(O 3 e s ki B g R 1

of Life were in Arithmetic Progreffion, the Conclufions detived
from thence would very little vary from thofe, that could be de-
duced from the Table of Obfervations made at Breflaw, concerning
the Mortality of Mankind; which Table was about fifty Years ago
inferted by Dr. Halley in the Philofophical Tranfaétions, together with
fome Calculations concerning the Values of Lives according to a given
Age.
Upon the foregoing Principle, I fuppofed that if # reprefented the
Complement of Life, the Probabilities of living 1, 2, 3, 4, 5, &e.

Iﬂlwi'crved formerly, that upon Suppofition that the Decrements

#—1 w—32 ®—3
=)

Years, would be exprefled by the following Series,

Ny fr—0

. — , {c. and confequently that the Value of a Life, whofe
Complement is 7, would be exprefled by the Series

=4S 545, @ the Sum of which T have

nrt nel

1——P
afferted in Problem 1. to be ——— , where the Sigpification of
the Quantities P and r is explained.

As the Reafonings that led me to that general Expreflion, require
{omething more than an ordinary Skill in the Doctrine of Series, I fhall
forbear to mention them in this Place; and content myfelf with
pointing out to the Readera Method, whereby he may fatisfy himfelf
of the Truth of that Theorem, provided he underftand fo much of
a Series, as to be able to fum up a Geometric Progreffion.

DEeEmMoON-
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DEMONSTRATION.

i 4. 1 1 1 1 1
Pi—r+#+rl+r4+r5iﬁlt’at
Therefore,

! 1 1 1 1 e r -
rP—n—I+';'+rr +r; +r‘illll+‘_.r._.‘i
And
rP 1 1 1 ] 1 1
T=:+ ar + HFF + ard + n*rq,” “+ ap=—1
Therefore,

rP__n'-—: T 1 I 1 1
I__"'"n S mre nri_xr'_-"""T—-_l.'

But this is to be divided by »—1, or multiplied by
I | 1
:=$+ re + :’ + r: + 115 + rb ? &e.
Then multiplying actually thofe two Series’s together, the Product
will be found to be '

=1 1 1 | ] I

A T

B nry nrd nr+ wrs nre
w1 (| T I |
I rrr wrd oré nrs nré .

] 1 1 1
+ wrd | mrt | mS i34 nrt @t’:—

LR | 1 [ |
+ P R T I &e.
r—1

—_— ﬁ-fﬁ’c.

mrs
+’%'~Eﬂ‘c.
And adding the Terms of the perpendicular Columns together, we
fhall have "=~ =% £ 223 L T 4 P55 L 10 gy
1-—:-}’

n
el

which confequently is equal to

ftrated.

If it be required that upon the Failing of a Life, fuch Part of the
Annuity fhould be paid, as may be proportional to the Time elapfed
from the Beginning of the laft Year, to the Time of the Life’s failing,
then the Value of the Life will be — ~—P, wherein a reprefents

the hyperbolic Logarithm of the Rate of Intereft.

: which was to be demon-~

But
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But becaufe there are no Tables printed of hyperbolic Logarithms,
and that the Reduction of a common Logarithm to an hyperbolic is
{fomewhat laborious, it will be fufficient here to fet down the hyper-
bolic Logarithms of 1.03, 1.03§, 1.04, 1.05, I.06, which are re-
fpectively, 0.02956, ©.0344, 0.03922, 0.04879, 0.0582¢, or

6
Fri TR e lre o 020

G HA BT E . RCTE
Explaining the Rules of combined Lives.

Suppofing a filtitious Life, whofe Number of Chances to continue
in being from Year to Year, are conftantly equal to 2, and the Num-
ber of Chances for failing are conftantly equal to 4, fo that the Odds
of its continuing during the Space of any one Year, be to its failing in
the fame Interval of Time conflantly as @ to 4, the Value of an Annuity
upon fuch a Life would be eafily found.

For, if we make a-|-b=s, the Probabilities of living 1, 2, B et

+ a%

a aa al a

e. Years would be reprefented by the Series —, —, — = T

L)

al a+ .

= 4 ——+ =} = @e. which being a geometric Progreflion

perpetually decreafing, the Sum of it will be found to be —2— .

thus, if « ftands for 21, and 4 for 1, and alfo » for 1.03, th;:.,f:fue
of fuch Life would be ten Years Purchafe.

From thefe Premifes the following Corollaries may be drawn:

CorRoLLARY I.

An Annuity upon a fictitious Life being given, the Probability of
its continuing one Year in being is alfo given; for let the Value be

e MJ"
— M, then 7 =Wt

CoroLrLARrRY Il

. If a Life, whofe Value is deduced from our Tables is found to be
worth 10 Years Purchafe, then fuch Life is equivalent to a fititious
Life, whofe Number of Chances for continuing one Year, is to the
Number of Chances for its failing in that Year, as 21 to 1, _

Corol-
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CororrAary IIL
Wherefore having taken the Value of a Life from our Tables, or
calculated it according to the Rules prefcribed; we may transfer
the Value of that Life to that of a fititious Life, and find the Num-
ber of Chances it would have for continuing or failing Yearly.

Cororrary IV.
And the Combination of two or more rea/ Lives will be very near
- the fame as the Combination of fo many correfponding fié#itious
Lives; and therefore an Annpuity granted upon one or more real
Lives, is nearly of the fame Value as an Annuity upon a fictitious
Life. i
Thefe things being premifed, it will not be difficult to determine

the Value of an Annuity upon two or three, or as many joint Lives
as may be affigned.

For let x reprefent the Probability of one Life’s continuing from
Year to Year, and y the Probability of another Life’s continuing the
fame Time; then according to the Principles of the Doctrine of
Chances, the Terms

Xy, xXxyy, x3 93, xtyb, x5 95, Gc.
will refpeétively reprefent the Probabilities of continuing together, 1,

2, 3, 4, 5, &c. Years; and the Value of an Annuity upon the two
joint Lives, will be == 4 =22 - -'r:%; ?:f + =L .
which being a Geometrical Progreflion perpetually decreafing, the
Sum of it will be found to be ,:1 : let now M be put for the Va-

lue of the firft Life, and P for the Value of the fecond, then by our
firft Corollary it appears that x — %f.ﬁ-.- LAt f— -T};:—l ; and there-

fore having written thefe Values of x and y in the Expreflion —2

r—xy
which is the Value of the two joint Lives, it will be changed into
F—fj’ e which is the fame Theorem that I had given
il | — r
in my firft Edition. _
It is true that in the Solution of Preb. II. 1 have given a

Theorem which feems very different from this ; making the Value

gl MP : :
of the joint Lives to be zrp—7377 » wherein 4 reprefents the In-

tereft of 1/ and yet 1 may aflure the Reader, that this laft Expref-
fion is originally derived from the firlt; and that whether one or 1t]‘hne:
S{ othe
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other is ufed, the Conclufions will very little differ : but the firft
Theorem is better adapted to Annuities paid in Money, it bein
cuftomary that the laft Payment, whether it be Yearly or Half-
Yearly, is loft to the Purchafer; whereas the fecond Theorem is
better fitted to Annuities paid by a Grant of Lands, whereby the
Purchafer makes Intereft of his Money to the laft Moment of his
Life : for which Reafon I have chofe to ufe the laft Exprefiion in my
Book.

By following the fame Method of Inveftigation, we fhall find that
if M, P, 2, denote three fingle Lives, an Annuity upon thofe joint

. . MP@rr . .
= 'Hr 11 ——:F'_-LM-_ -
Lives will be i e er S YT T PR the Cafe of Annuities paya

ble in Money; or 5 oy %Tii‘_; 7775 » 0 the Cafe of Annuities paid

by a Grant of Lands.

CH A PFrE RiFI

Containing the Demonfiration of the Rules given in Pro-
blems 4th and 5th, for determining the V alue of longeft

Life.

Let x and y reprefent the refpective Probabilities which two Lives
have of continuing one Year in being, therefore 1— x is the Proba-
bility of the firft Life’s failing in one Year, and 1—4 the Probabi-
lity of the fecond Life’s failing in one Year: Therefore multiplying -
thefe two Probabilities together, the Produ& 1—x—y--xy will re-
prefent the Probability of the two Lives failing in one Year; and if
this be fubtracted from Unity, the Remainder x -} y— xy will exprefs
the Probability of one at leaft of the two Lives outliving one Year =
which is fufficient for eftablithing the firft Year’s Rent.

And, for the fame Reafon xx— yy —xxyy will exprefs the Probabi~
lity of one at leaft of the two Lives outliving two Years: which is faffi-
cient to eftablith the fecond Year’s Rent.

From the two Steps we have taken, it plainly appears that the
longeft of two Lives is expreffible by the three following Series ;

x xx 3 x4 x5 7
?+?+w+:+wl
¥ 2 ¥ Al bid
it S o
Xy, xxyy g1 ﬂJ*_.ﬂJ‘S-

——— —

r Ir i rt i |

Whereof
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Whereof the firft reprefents an Annuity upon the firft Life, the fe-
cond an Annuity upon the fecond Life, and the third an Annuity up-
on the two joint Lives; and therefore we may conclude that an An-
nuity upon the longeft of two Lives, is the Difference between the
Sum of the Values of the fingle Lives, and the Value of the joint
Lives: which have been exprefled in Problem 1V. by the Symbols
M+ P—MP.

In the fame manner it will be found that if x, y, 2, reprefent the
refpective Probabilities of three Lives continuing one Year, then the
Probability of their not failing all three in one Year will be exprefied
by x<4-y-}\-z—xy—xz—yz-4-xyz ; which is fufficient to ground this
Conclufion, that an Annuity upon the longeft of three Lives, is the
Sum of the fingle Lives, minus the Sum of the joint Lives, plus the
three joint Lives : which has been expreflfed by me, by the Symbols
M+4P-Q—MP—M2—PI--MFPS,

From the foregoing Conclufions, it is eafily perceived how the
Value of the longeft of any Number of Lives ought to be determined ;
viz. by the Sum of the Values of the fingle Lives, minus the Sum
of the Values of all the joint Lives taken two and two, plus the Sum
of all the joint Lives taken three and three, minus the Sum of all the
joint Lives taken four and four, and fo on by alternate Additions and
Subtractions.

G HA'R-T E R IV.

Containing the Demonfirations of what bas been faid con-
cerning Reverfions, and the Value of one Life after one
or more Lives.

1°. Tt plainly appears that the prefent Value of a Reverfion after
one Life, is the Difference between the Perpetuity, and the Value of
the Life in Poffeflion : Thus, if the Life in Pofleffion be worth 14
Years Purchafe, and that I have the Reverfion after that Life, and
have a mind to fell it, I muft have for it 11 Years purchafe, which is
the Difference between the Perpetuity 25, and 14 the Value of the

Life, when Money is rated at 4 per Cent. _
2°, Itis evident that the Reverfion after two, three, or more Lives,

is the Difference between the Perpetuity, and the longeft of all the
Lives,

Sfa2 But
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But the Value of a Life after one or more Lives not being fo ob-
vious, I think it is proper to infift upon it more largely : let x there~
fore reprefent the Probability of the Expectant’s Life continuing one
Year in being, and y the Probability of the fecond Life’s continuing alfo
one Year in being, and therefore 1—y is the Probability of that fe-
cond Life’s failing in that Year; from which it follows, according
to the Doé&rine of Chances, that the Probability of the firft Life’s
continuing one Year, and of the fecond’s failing in that Year, is

x X 1—y, or x—xy; which is a fufficient foundation for drawing the
following Conclufion, wiz, that the Value of the firft Life after the
fecond is the Value of that firft Life minus the Value of the two joint

Lives : which I bave exprefled by the Symbols M—MP.

In the fame manner, if x, ¥, 2, reprefent the refpective: Probabi-
lities of three Lives continuing one Year, then x X 1—y X r—z;, will
reprefent the Probability of the firft Life’s continuing one Year, and
of the other two Lives failing in that Year; but the foregoing Ex-
preflion is brought, by a&tual Multiplication, to its Equivalent x—x
y—=x2z-4xyz ; from whence can be deduced by meer Infpe@ion the
Rule given in Prob. VIII. wiz. that the prefent Value of the firft
Life’s Expectation after the Failing of the other two, is

M—MP—MR+A-MPR,

G HUACGP T B SRS Ve

Containing the Demonfiration of what has been afferted
| in the Solution of the 10th and 29th Problems.

W

In the Solution of the 1oth Problem, M’ denoting the prefent
Value of an Annuity to continue fo long as three Lives of the fame Age
fubfift together, let us fuppofe that » denotes the Number of Years
during which the Annuity will continue ; then fuppofing r to exprefs
the Rate of Intereft, it is well known that the prefent Value ufp that

I ——

Annuity will be _:H , wherefore we have the Equation M=

1 1
1% :;; L3 FAF R :‘ ®
~——, or making 7 ==1=d, M = ——, from whence will

be deduced — =1 —dM’”, and confequently r* =

Now let us fuppofe that a Sum /is to be received to eternity at the:
equal:
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equal Intervals of Time, denoted by 7, and that we want to find the
prefent Value of it; it is plain to thofe who have made fome Profi-

ciency in Algebra, that —L— is the prefent Value of it, let us there-

n
P o]

fore in the room of 7~ fubftitute its Value found before, viz. ——,

AM”

and then 7" — 1 will be found equal to ——, and confequently

H’r_ . ——"1;‘;&??”' % [z as in the Solution of Preb. X.
Now it will be eafy to find #; for let us fuppofe — =7, then

lg. T
r* =T, and therefore n — ;’; — .

The 2gth Problem has fome Affmity with the 1oth; in the
former it was required to know the prefent Value of a Sum f; paya-
ble at the Failing of any one of three equal Lives, but in the latter
the three Lives are fuppofed unequal ; but befides, it is extended to
two other Cafes, viz. to the prefent Value of a Sum / to be paid
after the Failing of any two of the Lives, as alfo to the prefent Va-
lue of 2 Sum /'to be paid after the Failing of the three Lives.

For in the firft Cafe, let us imagine an Annuity to be paid as long
as the three Lives are in being; or, which is the fame thing, till one
of the Lives fails; and let us fuppofe that R reprefents the Value of
the three joint Lives; let us alfo fuppofe that » is the Number of
Years after which this will happen, and that 4 is the Intereft of 1/

therefore ",.IT' is the prefent Value of the Sum fto be then paid ; but

1

R=——  therefore ‘}F: 1 — d R, and therefore —’_{— =

1—dR X/

But the fecond Cafe has fomething more of Difficulty, and there-
fore I fhall enlarge a little more upon it: let us imagine now that
there is an Annuity to continue not only as long as the three equal
Lives are in being, but as long as any two of the faid Lives are in.
being ; now in order to find the prefent Value of the faid Annuity, let
us fuppofe that x, y, =z, reprefent the refpective Probabilities of the
faid Lives continuing one Year. Therefore. i

1°. x y = reprefents the Probability of their all outliving the Year.

2°. xyX 1 — 2, or xy—xyz reprefents the Probability of the two
firk outliving the Year, and of the third failing in that Year.

i)
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3% %2 X 1—y or x%—xyz reprefents the Probability of the firft
and third’s outliving the Year, and of the fecond’s failing in that
Year, _

°, yxX 1—32, or yz— xy= reprefents the Probability of the fe-
cond and third’s outliving the Year, and of the firft’s failing in that
Year.

Then adding thofe feveral Produéts together, their Sum will be
found equal to xy-}-x2 - yz—2xyz, which is an Indication that
the prefent Value of an Annuity to continue as long as two of the
{aid Lives are in being is MP 4- MR 4 PQ —2MPZ, which we
may fuppofe =1T.

Let us now compare this with an Annuity certain to continue
n Years, the Rate of Intereft being fuppofed =7, and r — 1=4,

1

] = —

then we fhall have the Equation y s =9, from whence we fhall

find %: 1—dT, and confequently %, which is the prefent Va-

lue of the Expeftation required, is =1 —d7T X/

By the fame Method of Procefs, we may find the prefent Value
of an Annuity to continue fo long as any one of the three Lives in
queftion is fubfifting ; for let x, y, 2, reprefent the fame things as
before.

1°. xyz reprefents the Probability of the three Lives outliving the
firt Year. -

2°. xy-+ xz-}yz—3xyz reprefents the Probability of two of
them outliving the Year, and of the third’s failing in that Year.

3% XX I—yX1—2, or x—xy—x2z-}-xyz reprefents the Pro-
bability of the firft Life’s outliving the Year, and of the other two
failing in that Year,

4% ¥y X 1—x X I1—2, or y—xy—2zy -}- xyz reprefents the Pro-
bability of the fecond Life’s outliving the Year, and of the other two
failing in that Year,

°, 2 X I=——x X 1—1y, Of —x2z— 4y --xy2 reprefents the Pro-
bability of the third Life’s outliving the Year, and of the other two
failing in that Year.

Now the Sum of all this is x-}y+4z—xy—xz—yz-txyz;
which is an Indication that the Value of an Annuity to continue as
long as any one of three Lives is in being ought to be exprefled by
M-\ P+Q—MP—M—PRA-MPg : and this laft Cafe may
be looked vpon as a Confirmation of the Rule given in our sth Problem.

CHAP-
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GH.ARBUE E R VL

Containing the Demonfiration of what has been faid con-
cerning [fucceffive Lives in the Solution of Prob. XIIL

What has been there faid amounts to this; The prefent Values of
Annuities certain for any particular Number of Years being given, to
find the prefent Value of an Annuity to continue as long as the Sum of
thofe Years.

Let us fuppofe that M reprefents the prefent Value of an Annuity
to continue z# Years, and that P reprefents the prefent Value of an
Annuity to continue p Years; the firft Queftion is, how from thefe
Data to find the prefent Value of an Annuity to continue # 4-p
Years, the Inveftigation of which is as follows : let » be the Rate of

Intereft, and fuppofe »— 1 which denotes the Intereft of 14 =4 ;
1

g e

then, 1°, M= dr! , therefore — =1 —dM; and for the
- fame Reafon ":T=I—dP. Therefore r"iI'P — 1 ——d M X

I—dP—=1—dM—dP -+ ddMP, Letnow S be fuppofed to

be the Value of the Annuity which is to continue #-}-p Years, then
1

] —d/. Therefore 1—df—=1—dM—dP 4 ddMP;
then fubtracting Unity on both Sides, dividing all by 4, and changing
the Signs, we fhall have /= M+ P—dMP,

2°. By the fame Method of Procefs, it will be eafy to find that
if M, P, 2, reprefent Annuities to continue for the refpective Num-
ber of Years n, p, ¢, then the Value of an Annuity to continue
n+p-+¢ Years will be M-} P4 Q—dMP— dMR — dPQ,
-} ddMPQ : the Continuation of which is obvious.

Let us now fuppofe that the Intervals #, p, ¢, are equal, then the
Values M, P, @, are alo equal; in which Cafe, the foregoing Ca-
non will be changed into this, 3 M—3dMM4-d* M, or

L Lot Mfﬂﬂ'ﬂri “’. but if this Numerator be fubtracted from
Unity, the Remainder will be 1—34M— 3dd MM — dr M3 —
‘1—dMYV ; and fubtra&ing this again from Unity, the original Nu-
merator will be reftored, and will be equivalent to 1 — 1 —d M 3,

and confequently, if M reprefents the Value of an Annuity to con-
tinue
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" l o l .
tinue a certain Number of Years, then —-—t-d—“l’i—i- will reprefent the

Value of an Annuity to continue three times as long,
And univerfally, if M ftands for the Value of an Annuity to con-
L — Pt '|"' :
tinue a certain Number of Years, then L—'—;'i will reprefent the

Value of an Annuity to continue # times as long.
And if 7 were infinite, 1 fay that 1 — 4.V would be = o ; from

whence the Value would be = = or ﬁ , which reprefents the

4
Value of the Perpetuity.
But that there may remain no fcruple about what we have afferted

above, that in the Cafe of # being infinite, 1 —d M I* would vanith ;
I prove it thus, % ~ M, therefore 15 d M, therefore 1—dMisa

Fra&tion lefs than Unity: now it is well known that a Fra&ion lefs
than Unity being raifed to an infinite Power, is nothing, and was
therefore fafely neglected.

C HA PT.ER; VIE

Containing the Demonfiration of what bas been afferted in
the 32d and 33d Problems concerning balf-yearly Pay-~
ments ; as alfo the Invefligation of fome Theorems relating
to that Subjelt.

It is well known that if an Annuity A4 is to continne » Years, the

s 4

prefent Value of it is r_:ﬂ ; {uppofing » to reprefent the Rate of
Intereft; now to make a proper Application of this Theorem to
half-yearly Payments, I look upon # as reprefenting indifferently the
Number of Payments and the Number of Years ; let us now fup-
pofe a half-yearly Rent B of the fame prefent Value as the former,
and to continue as long, then the Number of Payments in this Cafe
will be 27, but the Rate of Intereft, inftead of being r, is now r¥,

which being raifed to the Power 2#, will be 7~ as before; for which
R

B T
Reafon the prefent Value of the half-yearly Payments is —ri- :

FLo o]

bat by Hypothefis, the prefent Values of the yearly and half-yearly
Pay-
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PRt | R
Payments are the fame; therefore ,___:n —— rﬂ, and dividing

both fides of the Equation by 1 -%. we fhall have f‘f' — -

= FTE Flm—] 1
from whence will be deduced B=-——""x A4 : and in the fame
manner, if the Payments were to be made quarterly, then B would

be=-1="x ; and fo on.

But if we fuppofe that a Rent fhall be paid half-yearly, and that
it fhall be alfo one half of what would be given for an annual Rent,
and that the two Rents thall be of the fame Duration ; then the pre-
fent Values of the yearly and half-yearly Rents will be different
for let M and P be the prefent Values of the yearly and half-yearly

¥ WO 3 4

B

ek fusi,
Rents, then M————, and P—= ———, and dividing both Va-
lues by 4 — %, we fhall have M, P :: r-:—. $ ,j -5 and con-

fequently P — ‘:i’":' x M.
" The two laft Problems bring to my Mind an Affertion which was
maintained, about fix Years ago, in a Pamphlet then publifhed;
which was that it would be of great Advantage to a Perfon who
Eaaﬁs an. Anndity, to difcharge it by half-yearly Payments, each of one
the Annuity in Queftion: the Reafon of which was, that then
the time of paying off the Principal would be confiderably fhortened.
I had not the Curiofity to read the Author’s Calculation, becaufe I
thought it too long; fince which Time I thought fit to examine the
thing, and found that indeed the Time would be fhortened, but not
fo confiderably as the Author imagined : which to prove, I fuppofed
a Principal of 2000/ an Annuity of 100/ and the Rate of Intereft
1.04 : in confequence of which, I found that the Principal would be
difcharged in 41 Years; this being founded on the general Theorem
A

Ae
* R

— = P, in which A4 reprefents the Annuity, P the Principal,

Fe=1

r the Rate of Intereft, and » the Number of Years: now to apply this

to the Cafe of half-yearly Payments, let us fuppofe that p denotes the

Number of Years in which the Principal will be difcharged ; there-

fore 2 p will be the Number of Payments, +4 the Annuity, and 7 the

Rate of Intereft : which being refpectively fubftituted in the Room of
: A

i,
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i.!—hf

n, A, r, we fhall- have now r%__"': —=P, but# — 1= a.019804,

which being fuppofed = m, we fhall bave ;4 i_f:’.'::‘ m P, and

T

#4008 b N i :
=5 =4iAd—nP, o 5 ]':"3925‘11“&0“”5”"—'“;3;: . O

F

P — , and p bg. r —=1lg. 50 — !ag 10.392 —0.6822700,

10. 59;
68z

therefore p — = I;m‘, again, log. 7 =0.0170333, therefore p =

o.0bB22700

sor7e;yy — 49-05: and’ therefore the ﬁd\rantagc of paying half-

yearly would amount to no more than gaining one Yeas in 41.
Quarterly Payments, or bhalf-quarterly, nay even Payments made
at every Inftant of Time, would not much accelerate the Difcharge
of the Prm-::pal Vx;l'mh to prove; let us refume once more our ge-
s p
neral Theorem _: = P; let us now imagine that the Number

of Inftants in the Year is — ¢, let us further fuppofe that s is the
Number of Years in which the Principal will be difcharged, then in

—

the room of A, writing ~4; in the room of r, writing »*; and

I
1 74

L - . ‘ i _
in the room of n, writing s #, we fhall have + —P. Bus
~§ b 1
re—1

it is known, that if # reprefents an infinite Number, fuch as is the

Number of Inftants in one Year, then rT-—- L= '7 leg. r, we have

T i i
e "l i e ":;‘ : . ;
therefore == Pllop = P; let the Logarithm: of »
A fag. r

be fuppofcd — a, therefore 4 — -f- =aP, a_nd-i —A—aP,

r

and, 1l == s, which fuppofe = &, then s — --—- : But it is

to be nﬂttd that a reprefents the hyperbolic Luganthm nf r, which,
is, as we have feen before, o ;0392207 when # ftands for 1,04 5 this:
being fuppofed, the Logarithm of Q will be found to be o,ﬁ(:ﬁg';g.;h
why:h being divided by the Logarithm of » wz, 0,0170333, th
Q_u_nnent
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Quotient will be 39,1 Years; but in this laft Operation the Loga-
rithms of  and », may be taken out of a common Table.

CHAPTER VIIL

Containing the Demonfiration of what has been faid con-
cerning the Probabilities of Survivorfbip.

What I call Complement of Life having been defined before pag.

265. I fhall proceed to make ufe of that Word as often as occafion
fhall require,

. HyroTHESIS,
ABCDEFGQaG 5
IR |
Let it be fuppofed that the Complement of Life A S being divided

into an infinite Number of equal Parts reprefenting Moments, the
glrﬂbﬁbilitits of living from A to B, from A to C, from A to D, &e.

are refpe@ively propottional to the feveral Complements § B, §C,
S D, in fo much that thefe Probabilities may refpectively be repre-
fented by the Fractions -, < , 7=, &¢. This Hypothefis being
admitted the following Corollaries may be deduced from it,

iy
L=

| CoROLLARY [,
" The Probability of Life’s failing in any Interval of Time 4 F is
meafurcd by the Fraction ¢ -

Cororrarv IL

" When the Interval 4 F is once paft, the Probability of Life's r:f-:m-g-
tinuing from F to G is %, for at F, the Complement of Life is
S, and the Probability of its failing is <.

Cororrary IIL
The Probability of Life’s continuing from A to F, and then failing

! W F FiG; i
ﬁ'ﬂmFmG, 15 E.f :{ hF —— S,'f "

T t 2 CoRoOL-
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CororrLARrY IV, .

The Probability of Life’s failing in any two or more equal Inter-
vals of Time affigned between 4 and S are exadlly the fame, the
Eftimation being made at 4 confidered as the prefent Time,

Thefe things premifed, it will not be difficult to folve the following
Problem.

Tawo Lives being given, fo find the Probabilty of one of them fixed
upon, furviving the otber,

A B )

1 |
F S

—_—

|
G_ ¢

For, let the Complements of the two Lives be refpectively 45—=2
and FS—p, upon which take the two Intervals 4B, FC—=z, as
alfo the two Moments B4, Cc—3=.

The Probability of the firft Life’s continuing from A4 to B, or be-

yond it, is ——; the Probability of the fecond’s continuing from F'to

C, and then failing in the Interval Ce, is by the third Corollary ; 3

therefore the Probability of the firft Life's continuing during the
time 4B or beyond it, and of the fecond’s failing juft at the end of

that Time, is meafured by — 2225 whofe Fluent

nE—Lox

y Z =
(haimed

- Will exprefs the Probability of the firft Life’s continuing
during any Interval of Time or beyond it, and of the fecond’s failing
any time before or precifely at the end of that Interval.

Let now p be written inftead of z, and then the Probability of the

firft Life’s furviving the fecond, will be 5"'—;&3= 1— "%T' :
From the foregoing Conclufion we may immediately infer that the
Probability of the fecond Life’s furviving the firft is -iT? :

By the fame method of arguing, we may proceed to the finding the
Probability of any one of any Number of given Lives furviving all the
%eft, andthercby verifying what we have faid in Prob, XVIIL and XIX,

CHAPTER



to the Valuation of ANNUIT1ES, 3258

CHAPTER IX

Serving o render the Solutions in this Treatife more ge-
' ' neral, and more correfl.

K

Altho’, in treating this fubje& of Annuities, I have made ufe only
of Dr. Halley's Table, founded upon the Breflaw Bills of mortality ;
from which I deduced the Hypothefis of an equable Decrement of
Life: Yet are my Rules eafily applicable to any other Table of Ob-
fervations; by Prob. 11. of my Letter to Mr. Fones in Phil. Tranf.
Ne°, 473, which the Reader may fee below, in the Appendix.

Or inftead of the Theorem there given, he may ufe that by which
Prob. XXVI. was refolved, which is rather more independent of
Tables: And its application to our prefent purpofe may be explain-
ed as follows. : |

As in all Tables of Obfervations deduced from Bills of mor-

tality, or if we fhould combine feveral of them into one, it will be
found that, for certain Intervals at leaft, #be Decrements of Life con-
tinue nearly the fame; if we conceive the whole Extent of Life to
be reprefented by a right Line 4Z, in which there are taken diftances
P2, 2R, RS, &c. proportional to thofe Intervals, and at the
points P, @, R, S, &c. there be eretted perpendiculars propor-
tional ‘to the Numbers of the Living at the beginning of the re:
fpective Intervals, and their Extremities are connefted by right
Lines; then there will be formed a Polygar Figure on the Bafe 42,
whofe Ordinates will every where reprefent the Numbers of that
Table from which the Figure was conftructed ; and the Inclinations
of the Sides of the Polygon to its Bafe will exprefs the Convergencies of
Life to its End, or the Degrees of Mortality belonging to the refpective
Intervals,
. Say therefore, as the difference of the Ordinates at Pand £, isto
the Ordinate at P: fo is the Interval P, to a fourth PZ"; and
PZ’ fhall be the Complement of Life at the age P; and the Point Z° in
the Bafe fhall be that from which the Complements are to be reckon-
ed throughout the Interval P2,

Let PZ’, thus found, be fubftituted for # in the Canon of Prob.
XXVI, and the Interval PQ_ for m, fofhall the Palue of that Interval
be known: and in like manner the fubfequent Values of 2R, RS,
&c. giving to each Interval its proper Complement 22”, RZ", jcncd
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And laftly, thefe Values being feverally difcounted, Firff, in the
Ratio of their refpective Ordinatesat P,  , R, &c. to fome preceding
Ordinate as at IV, at the Age 12, for inftance; and Secondly, by
the prefent Value of 1/ payable after the Years denoted by NP,
NQ , NR, &c. their Sum will be the Palue of the Life at IV, ac-
cording to the given Table of Obfervations. After which, the
younger Lives muft be computed from Year to Year: as thofe after
70, or when an Interval contains but one Year, ought likewife to
be computed.

If it is propofed, for Example, to find how nearly my Hyporbefis
agrees with Dr. Halley's Table for the Interval of 8 Years between
33 and 41, it’s Value, at § per Centf. computed by Prob. XXVI.
will, to an Annuitant 33 Years old, be 5.94 56, according to the Hy-
pothefis.  But the Numbers of the Living at thofe Ages being, in
Table, 507 and 436, if we compute immediately from it, we muft take

”=— 53 % 8 =57.14; and the fame Rule will give the Value 5.9831.

Difcount now the Values found as belonging to a Life of 12 Years;

that is multiply the firft by % , and the other by ::; ; and the Pro-

du@s 4.2583 and 4.6957 difcounted the fecond time, that is, multi-
plied by .3 589, the prefent Value of 1/ payable after 21 (=33-—12)

Years gives the Values 1.5283 and 1.6853; the difference being
0.157, near -of a Year's purchafe.

In general, the Hypathefis will be found to give the Value of a
fingle Life, or of an afligned Interval, fomewhat below what the Ta-

ble makes it : but then, as both the young and the middle aged are
obferved to die off fafter in England than at Breflaw, my Rules may
very well be preferable, for the Purchafes and Contraéls that are made
upon fingle Lives in this Country.

In the fame manner may any other Zables be compared with the
Hypothefis, and with one another.  And if we give the preference to
any particular Table, and would at the fame time retain the
thefis of equal Decrement we may, by the differential Method, eafily
find that mean Termination of Life, Z, which fhall beft correfpond
to the Table.

IL,

To preferve fomewhat of Elegance and Uniformity in my Solutions,
as well as to avoid an inconvenient multiplicity of Canons and Symbols,
I did transfer the Decrement of Life from an drithmetical to a G_fﬂ-}

melrica
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metrical Series: which however, in many Queftions concernin

Combined Lives, creates an error too confiderable to be neglected.
This hath not efcaped the Obfervation of my Friends, no more
than it had my own: but the fame Perfons might have obferved
likewife, that fuch Erfors may, when it is thought neceffary, be
correéted by my own Rules; particularly upon this obvious princi-
ple, That, if money is fuppofed to bear no Interefl, the Values of Lives

will coincide-with what I call their ExpeQations,

~But as the Computation of ' fuch’ Corrections might feem tedious;
and becaufe practical Rules oughe to be of ready Ufe, as well as fuffi-
ciently exa&; I chufe rather to give another Rule for juint Lives,
~which will anfwer both thefe Purpofes; at the fame time that it is
general, and eafily retained in the Memory,

~ General Rule for the Valuation of jeint Lives.
The given Ages being each increafed by unity, find, by
Problem XXI. o XXII. the Number of Years due to
~ their joint Continuance ; and the Complement of twice
“this Number to 86, taken as a f[ingle Life, will, in
 the proper Table, give nearly the Value required.

vl a0 ExaMPLE I

“*The Value of two joint Lives of 40 and 50, at g5 per Cent. was,.
in Prob. II. found to be 7.62. Baut if they are made 41 and 57,
their joint Expeéation, by Prob. XXT. will be 13 Years, thefe
doubled and taken from 86 leave 60, againft which in Table VIII,
ftands 8.39 Years purchafe, nearly the Value fought.

ExXAMPLE 2.

The 3 joint Lives whofe fingle Values, at 4 per Cent. are 13, 14,
15 Years purchafe, are in Prob. II. worth 7.41. But by T.cfirff YL
the Ages to which thefe Values belong, increafed by Unity, are
42, 36, 28 ; whofe Complements to 86 fubftituted for p, #, ¢, in
= p-—ﬁi’;::'? e 1::19' , the Canon for the Expeétation of 3 joint Lives,
gives 12.43. And 86—2 X 12.43 is nearly 61; at which Age a
fingle Life, in Table VI, is worth 8.7 5 Years purchafe.

It is needlefs to add any thing concerning longefl Lives, Survivor-
(hips, Reverfions and Infurances ;s the Computation of their Vglges-

cing;
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being only the combining thofe of fingle and joint Lives, by Addition
and Subtraction: which being performed according to the Rules of
this Treatife, the Anfwer, may be depended upon as fufficiently exact,
in all ufeful Queftions that can occur, ; For; we do not here aim at
an Accuracy beyond what the determination of our main Data, the
Probabilities of human Life, and the conformity of our Hypotheﬁs
to nature, can bear; nor do we give our Conclufions for. perfectly
exact, as is required in {uch as are purely arithmetical, but iml}r as ve=
ry near, Approximations; upon which bufinefs may be l:ranfa.&ad
without confiderable Lofs to any party concerned. (1295

II1. ;
The fame Rule ferves for the Cafe of an Annult}r {fecured, upon
joint Lives, by a Grant of Lands; or when the frational part of the
laft Year is to be accounted for. Only, in this Cafe, 1°. The Addi-
tion of Unity to each Life isto be omitted. 2°. The fingle Life is not
o P

now .t.:u be taken out -of our Tables, or computed ﬁ-um r-::
the Canon of Prob. I, but from :

*—— — P, a being Neper's Lo-
garithm of » = asin Phil. Tran/. N“' 4?3, and in Chap. L. fbrcgomg
According to which, if the Agesand Intereft are as in Example 1 ;
the Expeéfation of joint Life will be 13.3 Years; and thence n—
26.6; P=14.5358; a=.04879: And the Value of the Annuity
20— I1.2 = 8.8; e::ce-.edmg what it would hmre been upon yearly

Payments by about —= of a Year’s purchafe.

And if the Paymr.:nts are half yearly or quarterly, the ﬂclllful Cnm-
putift cannot be at a lofs after what has been faid of thofe Cafes in

Chap. VII *,

* See, on the Subjet of Annuities, Mﬁtﬁm Repofitery, Vol. IL and III. by the
ingenious Mr, Fames Da:fﬁn, F.R. 5. . .

P P R
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Dedication of the Firft Edition of this Work (1718.)
T O

Sir Isaac Newron, Kt. Prefident of the Royal Society.

S IR,

HE greateft Help I have received in writing upon this Sub-
ject having been from your incomparable Works, efpecially

your Method of Series; I think it my Duty publickly to
acknowledge, that the Improvements I have made, in the matter
here treated of, are principally derived from yourfelf. The great
benefit which has accrued to me in this refpect, requires my fhare
in the general Tribute of Thanks.due to you from the learned World:
But one Advantage which is more particularly my own, is the Ho-
nour I have frequently had of being admitted to your private Con-
verfation ; wherein the Doubts I have had upon any Subject relating
to Muathematics, have been refolved by you with the greateft Hu-
manity and Condefcenfion. Thofe marks of your Favour are the
more valuable to me, becaufe I had no other pretence to them but
the earneft defire of underftanding your fublime and univerfally ufeful
Speculations. I fhould think my felf very happy, if having given
my Readers a Method of calculating the Effects of Chance, as they
are the refult of Play, and thereby fixing certain Rules, for eftimating
how far fome fort of Events may rather be owing to Defign than
Chance, I could by this fmall Effay excite in others a defire of profe-
cuting thefe Studies, and of learning from your Philofophy how to
colle&, by a juft Calculation, the Evidences of exquifite Wifdom
and Defign, which appear in the Phenomena of Nature throughout the
Univerfe. I am, with the utmoft Refpedt,

Sir,
Yeur moft Eumble,

and obedient Servar

Uun A. de MoilvRE.
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Note upon Coroll. 1. Prob. ¥IT; and upon Prob, IX.

In that Comllar}r, it was found that the Probabilities of winning
all each others Stakes being as a? x a? — b7 and b7 xat—b7; If
we divide by # —4, and {uppofe the Chances for one Game to be
equal, or a=24; then the Probabilities will be as the Number of
pieces, or, in the Ratio of pto ¢.

Bnt swhen we have to divide fuch Expreflions continually, that is
by fome Power of a—b&, as a—4\?, a—0b%, &e. it will -be more
convenient to ufe a General Ruleifor determmmg the Value of a Ra-
tio hwhofc Terms vanifh by the contrariety of Signs. The Raule
1s this;

For the di difference of the Quantities that defiroy each other in.any Cafe

propofed, awrite an indeterminate Quantity x ; in the Refult rejeit all
thofe Terms. that 'U'dmﬁ! when x becomes lefi than any finite Quantity:
[ fhall the remaining bomogeneous Terms, divided by their greets ef com-
mon Meafure, exprefi the Ratio fought.
As in our example, if we make a—b=x, or a=b--x, and for a2,
a?, write their equals 4, b-4xV, expanded by the Binmnm’
Theorem ; the Ratio of R to S, in Prob. VII, will be reduced to

that of pbtte— xx-4p. P:I + pg x beti—2 x x* - &c. to gbt i
X x 4 g. == x brt1== x x*4-&c: Of which retaining only the
two Terms that involve », and dividing them by b7+ x x, we get

e P
o=yl
The Snlutmn of Prob. 1X. gives for the Gain of A4 the Produ&
af e TS Lsept - if P
=% ‘,:ﬂ:irrﬂ‘ 4 by inL . and when a =38, if we

fubftitute as before, the Terms involving x vanifh in the Numerator
of the firlt of thefe Faftors; reduclng it to * * - ii Xp+gx

bt~ x x* + &c: and the Denominator is * p -} ¢ x 6711 xx -
&c. 'The other Factor is “U:‘L s

refpect to 4, h“;_L' ; and the Product of the two is pg X

, or when x vanithes with
bl
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as in Cafe 2. Café 1 follows immediately from this; and the 34 has
as little difficulty. ; |

Another Example of our Rule may be; To find, from the Canon
of Prob. I of the Treatifé on Annuities, the ExpeCtation of a Life
whofe Complement is 1 ; that is, the prefent Value of a Rent or Annui-
ty upon that Life, money bearing no Intereffi. Now that Canon being

F
L Aot P =
——> OF ——=, if for P we write its equal =22 and 14»

Fo—1 M-I r

T==mn
Bt

for r, ti'_u: Value fought will be £ ey i B

L
2 r—1

nxt o s
'This Value wants half a year of —, its quantity according to the

Rule given above, pag. 288: becaufe there the Probabilities of Life
were {uppofed to decreafe as the Ordinates of a Triangle; whereas,
in the Hypothefis of yearly payments in Prob. 1, they decreafe per
Jaltum, like a Series of parallelograms infcribed in a Triangle.

" 'The Reader will likewife obferve that our general Rule for ecomput-

ing:':tﬁe‘valuﬁ of a Fraction whofe form;b':cnm:s-:;— ; Is in effe®® the
fame as that given by the Marquis de 'Hofpital in his Analyfe des
infinimens petits. And that, from the Number of Terms that va-
nifh in the Operation, and from the Sign of the Term which deter-

mines the Ratio, the Species of algebraical Curve Lines, and the
Pofition of their Branches, are difcovered. See Mac Laurin’s Fluxions,

Book I. Chap. 9. and Book II. Chap. s,

Uu 2 Ne III.
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Note to Prob. XLV. from Mr. Nicolas Bernoulli, Phil. Tranf. 341.
To find the Probability that a Poule fhall be ended in a given
Number of Games: a Series of Fractions beginning with —

" »
Z ]

whofe Denominators increafe in a double proportion, and the Nu-
merator of each Fration is the Sum of as many next preceding Nu-
merators as there are Units in #— 1, will give the fucceflive Pro-
babilities that the Pouwle {hall be ended precifely in n, n-4-1, n+4-2,
n-4-3, &c. Games; and confequently if as many Terms of this Se-
ries are added together, as there are units in p -1, their Sum will
exprefs the Probability that the Poule fhall be ended at leaft in #4-p
Games. For Example, if there are 4 Players, and thence =3,
: 5

. i 1 1 2 3 8 13 21
we fhall have this Series —, ¢, <=, A R o

* - - i 3 i lq 4-; 9‘
Out of which if we form this other 3 e
201

-, &c. whofe Terms are the Sums of the Terms of former

Series, thefe laft will fhew the Probability of the Poule ending in 3,
4, 5 6, &c. Games, at leaft,

Ne, IV.
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Ne TN,

A correct Table of the Sums of Logarithms, from the Autbor's Supple-
ment fo bis Mifcellanea Analytica.

+vv 6.55976.30328.7678. | 460} . . . 1026.82368.84245.7267.
+« 18.38612.46168.7770. | 470 . . . 1053.50280.26009.62 30
32.42360.00749.2572. | 48¢c|. . . . 1080.27422.85779.2496.
«-s.  47.91164.50681.5991. | 490} . . . 1107.13604.49151.6763.
«ovs  64.48307.48724.7209. | 500| . .. 1134.08640.85351.3508.
-« . 81.92017.48493.9024. | 51¢|. . . . 1101.123455.00246.5023.
-+« 100.07840.50356.8004. | 520| . . . 1188.24576.93048.6770.
«« 118.85472.77224.9966. | 530} . . . 1215.45143.16330.6251.
- - 138.17193.57900.1086. | 54c| . .. 1242.73896.3g114.8380.
«+ 157.97000.30547.1585. | 55¢]. . . . 1270.10635.12561.5931.
- . 178.20001.76448.7008. | 56¢|. . . . 1297.55363.38324.8209.
.« 198.82539.38472.19%77. | 57¢]. . . . 1325.07790.39038.2121.
. 219.81069.31561.4815. | 580 . . . 1352.67830.30922.0491.
«+ 241.12910.99886.9689. | 590| . . . 1380 35351.98269.6983.
+ - 262.75689.34109.2616. | 600|. . . . 1408.10228.69662.7898.
» 284.07345.62406.8298. | b1cl . . « 1435.92347 95771.1124.
+«+. 3206.86078.19948.2847. | 620} . . . 1463.81561.28607.3923.
.+ 320.30297.14247.9393- | 639 . . . 1491.77784.02119.6951.

- 351.98588.98339.3535. | 640} . . . 1519 80895.14015 3428.
+ « 374.89688.864C0.4044. | €5¢) . . . 1547 90787.08720.1888.
.« 398.02458 26149.3624. | 660| . .. 1576.07355.61385.9540.
.« 421.35866.95421.3259. | 67¢c) . . . 1604.30499.62866.2770.
- -+ 444.88978.20514 6048, | 68¢c| . . . 1632.60121.05589.2142.
-+« . 468.60936.87056.4794. | 609c] . . . 1660 gb124.70260.3147.
++ v+ 492.50958.63954.6190, | 700} . - . 1689.38418.13336.1091-
v+ 510.58322.09826.1269. | 71¢} .« + . 1717.806911.55213.0:34.
-« 540.82361.20667.5295. | 720} . . . 1746.41517.6g081.2925.

oF - - - 565.22459.20470.1654. | 730] * . . 1775.02151.70397.9157.
-+ 589.78043.33690.9860, | 740} - « - 1803.68731.06935.9463-
-+ 614.48580.30437.7387. | 750} - - - 1832.41175.49371.5144-
.« . 630.33572.32255.0106. | 760} . . . 1861.19406.82372.5655-
- . 664.32553.68741.5328. | 770} - . . 1890.03348.96156 37971
.+ 689.45087.97060.3828. | 78¢c| . . . 1918.92927.78485.4396.
«+ 714.70764.37846 5691. | 790 . . . 1947.88071.07073.5663-
-« 740.09197.42162.3279. | 800| . . . 1976.88708.42376.3542-
. 765.6:022 85067.1998. | 810} - . . 2005.94771.20741.9152.
. 791.22896.82108.4658, | 820l . . . 2035.00192 47899.6883.
- . 816.97493.05636.3600. | 830 . . . 2064.22906.92760.7182.
. 842.83506.38337.0506. | 840 - . . 2093.44850 B1552.2793:
-+ 868.80641.41777.2588. | 850} . « . 2122.71961.92143.1027-
- 894.88621 38085.1630. | 860 . . . 2152.04179 48752.7013-
+ 921.07182.03166.5465. | 870 . . . 2181.41444.16819 4477~
. 947.36071.70082.7526. | 880} . .. 2210.83697.98139.1145"
4400+ « + 073.75050.41416.4:85. | 890 . .. 2240.30884.26218.5633-
4_54:::'. . . .1000.23889.09583.9930. | 900} . + . 2269.82947.61838.1577-
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1f we would examine thefe Numbers, or continue the Table farther
on, we have that excellent Rule communicated to the Author by
Mr. Fames Stirling ; publithed in his Supplement to the Mi/cellanea
Analytica, and by Mr. Stirling himfelf in his Metbodus Differentialis,
Prop. XXVIIL

“ Let z—2= be the lait Term of any Series of the natural Num-
“ bers 1,2,3, 4, §0ceine i F—1; 2=.43420448190325 the reci-
¢ procal of Neper’s Logarithm of 10: Then three or four Terms of

‘¢ this Series z Log. & — az— Z;z |- H.;:ml = az_f:,m; + ”;;;517
“ — &c. added to 0.399089934 179, &c. which is half the Loga-
« rithm of a Circumference whofe Radius is Unity, will be the Sum
« of the Logarithms of the given Series ; or the Logarithm of the
“ Produ@ 1X2X3X4X§=--=- XZ—41i."

The Coeflicients of all the Terms after the firft two being formed

as follows.

|
Put _T:A
i

g8 "‘_‘—'A—l"EB
———=—=A4 10B + 5C

7.2

o5 =4+ 21B+4-35C + 7D

— —— =24+ 36B 1 126C -}- 84D - ¢E.
éee. -
In which the Numbers 1, 1, 1, &c. 3, 10, 21, 36, &c. §,373; 126,
&c. that multiply 4, B, C, &ec. are the alternate Uncie of “the odd
Powers of a Binomial. Then the Coefhicients of the feveral Terms

: I 13 BhRa 00 e 11
will be 2 x des———Ce . o) xB=grg 3} ¥C=7r, e
See the general Theorem and Demonftration in Mr. Stirling’s Propo-

fition quoted above.

IN®AYG

Some Uleful Cautions.

One of the moft frequent occafions of Error in managing Pro-
blems of Chance, being to allow more or fewer Chances than really
there are ; but more efpecially in the firft Cafe, for the fault lies com-
monly that way, I have in the Introduétion taken great care to fettle
the Rules of proceeding cautioufly in this matter ; however it will not
be amifs to point out more particularly the danger of being miftaken.

~Suppofe
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Surcgpnfe therefore I have this Queftion propofed; There are two
Parcels of three Cards, the firft containing King, Queen, and Knave
of Hearts, the fecond the King, Queen, and Knave of Diamonds,
and that I were promifed the Sum S, in cafe that in taking a Card
out of each Parcel, 1 fhould take out either the King of Hearts, or
the King of Diamonds, and that it were required 1 fhould determine
the value of my Expectation.

If 1 reafon in this manner ; the Probability of taking out the King

of Hearts is %, therefore '?'" is my due upon that acccunt; the
Probability of taking out the King of Didfonds is alfo —, and

therefore that part of my Expecation is 3l /[ as the other was, and
confequently my whole Expe&tation is a;#f ; this would not be a le-

gitimate way of reafoning: for I was not promifed that in cafe I
fhould take out both Kings, I thould have the Sum 2/, but barcly
the Sum /. Therefore we muft argue thus; the Probability of taking

out the King of Hearts is '?, the probability of miffing the King
of Diamonds is %, and therefore the probability of taking out the

King of Hearts, and miffing the King of Diamonds is = X 3i — E;E’

for which reafon that part of my Expetation which a’riﬁzs from the
probability of taking out the King of Hearts, and mifling the King

of Diamonds is %f ; for the fame reafon that part of my Expeétation
which arifes from the probability of taking the King of Diamonds and
miffing the King of Hearts is &j,‘ bat I ought not to be deprived of the

Chance of taking out the two Kings of which the probability is -;L -
and therefore the value of that Chance is :} f; for which reafon, the
value of my whole Expectation is % S+ %f + -;— = j / which is
lefs by —/ than =/.

But fuppofe I were propofed to have 2/ given me in cafe I'took
out both Kings, then this laft Expetation- would be 5' /» which

would make the whole value of my Expectation to be ; L

o z 6 2z
o/ ¥ f=5/=3/
COne:
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One may perceive by this fingle inftance, that when two Events
are fuch, that on the happening of either of them I am to have a
Sum /; the probability of that Chance ought to be eftimated by the
Sum of the Probabilities of the happening of each, wanting the pro-
bability of their both happening.

But not to argue from particulars to generals. Let x be the pro-
bability of the happening of the firft, and y the probability of the
happening of the fecond, then xX 11—y or x — xy will reprefent
the probability of the happening of the firlt and failing of the fe-

cond, and y X 1 — & or y — xy will reprefent the probability of the
happening of the fecond and failing of the firft, but xy reprefents
the happening of both; and therefore x — xy4-y—xy4xy or
x - y —xy will reprefent the probability of the happening of
either.

This conclufion may be confirmed thus; 1 — x being the pro-
bability of the firft’s failing, and 1 —y the probability of the fe-
cond’s failing, then the Produ® 1 —xX1—yor 1 —x— gyt xy
will reprefent the probability of their both failing ; and this being
{ubtracted from Unity, the remainder, viz, x - y— xy will repre-
{ent the probability of their not both failing, that is of the happen-
ing of either. g

And if there be three Events concerned, of which the Probabili-
ties of happening are refpectively x, ¥, =, then multiplying 1 — »
by 1 — y and that again by 1—x, and fubtracting the Produé from
Ijnit'_',r, the remainder will exprefs the probability of the happening of
one at leaft of them, which confequently will be x - y4 2 — xy
— xz — y2 -+ xyz; and this may be purfued as far as one pleafes.

A difficulty almoft of the fame nature as that which I have ex-
plained is contained in the two following Queftions: the firft is
this;

A Man throwing a Die fix times is promifed the Sum fevery time
he throws the Ace, to find the value of his Expectation.

The fecond is this; a Man is promifed the 8um /if at any time
in fix trials he throws the Ace, to find the value of his Expeéta-
t1on.

In the firft Queftion every throw independently from any other
is entitled to an Expectation of the Sum f; which makes the value

of the Expe@ation to be —f -+ e e A =t A N A L=/
but in the fecond, none but the firft throw is independent, for

the fecond has no right but in cafe the firft has failed, nor bas
: the
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the third any right but in cafe the two firft have failed, and fo
on; and therefore the value of the Expeation being the Sum ex-
pected, multiplied by the Sum of the Probabilities of the Ace’s be-
ing thrown at any time, exclufive of the Probabilities of its having

-
LY

been ‘thrown before, will be Elf +- =/ .F:'F A %:— e

bz5 3125 » 31031 . 2

?;;ﬁf‘]‘ W — :g*;—; that 1s nf:arly ?f
We may alfo proceed thus; the probability of the Ace’s being

miffed fix times togetheris = X =~ X = x = X = X + = -;T:—J

- and therefore the probability of its not being miffed fix times, that

1¢6%2c

]

is of its happening fome time or other in 6 throws is 1 —

L0050
—_ -R10o3t ¥ s jloirn
= ~o50 ? and confequently the value of the Expetation is o

as it was found before.

Another Inflance may be, the computing the Odds of the Bet,
That one of the 4 Players at Whitt fhall bave above 4 Trumps. ~ The
Solution one might think was by adding all the Chances (in the Ta-
bles pag. 177) which the 4 Gamefters have for § or more Trumps ;
and this would be true, were every Gamefter to lay for himfelf in
particular. But as it may happen that fwo of the Gamefters have
above 4 Trumps, and yet, as the Bet is commonly laid, only one
Stake is paid, half the Number of thefe laft Chances (computed by
Prob. XX.) is to be fubtracted: which reduces the Wager nearly
to an equality.

NE. VI,

A fhort method of calculating the value of Annuities on Lives, from Tables
~ of Obfervations, In a Letter to W. Jones Efy; Phil. Tranf. N°. 473.

Although it has been an eftablithed cuftom, in the payment of
Annuities on Lives, that the laft rent is loft to the heirs of the late
pofieflor of an annuity, if the perfon happens to die before the ex-
piration of the term agreed on for payment, whether yearly, half-
yearly, or quarterly: neverthelefs, in this Paper I have f{uppofed,
that fuch a part of the rent fhould be paid to the heirs of the late

offeffor, as may be exactly proportioned to the time elapfed between
that of the laft payment, and the very moment of the Life’s expir-
ing; and this by a proper, accurate, and geometrical calcalation.

I have been induced to take this method, for the following rea-
fons; firft, by this fuppofition, tEe value of Lives would receive but

X an
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an inconfiderable increafe ; fecondly, by this means, the feveral inter-
vals of life, which, in the Tables of Obfervations, are found to have
uniform decrements, may be the better connected together. It is
with this view that I have framed the two following Problems, with
their Solutions,

PROBLEM [

To find the value of an Annuity, [6 circumflantiated, that it fhall be on
a Life of a given age; and that upon the failing of that life, fuch a
part of the rent fhall be paid to the beirs of the late poffeffor of an An-
nuity, as may be exaélly proportioned to the time intercepted between
that of the laf} payment, and the very moment of the life's failing.

SoLUTION.

Let n reprefent the complement of life, that is, the interval of
time between the given age, and the extremity of old-age,
fuppoled at 86.

# the amount of 1/ for one year,
« the Logarithm of 7,
P the prefent value of an Annuity of 1/, for the given time.
2 the value of the life fought,
Then : e :ﬂ = Q_,

r—

DEMONSTRATION.

For, let = reprefent any indeterminate portion of 7. Now the Pro-
bability of the life’s attaining the end of the interval 2, and then fail-

ing, is to be exprefled by =, (as fhewn in my book of Annuities.

npon Lives) upon the fuppofition of a perpetual and uniform decre-
ment of life,
But it is well known, that if an Annuity certain of 1/ be paid
i .

during the time 2z, its prefent value will be P= - or

] e |

|

o

And, by the laws of the Doctrine of Chances, the Expectation of
fuch a life, upon the precife interval z, will be exprefied by )

By P

=

——w; which may be taken for the ordinate of a curve, whofe area

nrxr—I1
is as the value of the life required.
In
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In order to find the area of this curve, letp=nxr — 1; and

then the ordinate will become %-—--P% , 2 much more commodious

expreflion.
Now it is plain, that the fluent of the firft part is ::-: but as the

fluent of the fecond part is not fo readily difcovered, it will not be im-
proper, in this place, to thew by what artifice I found it ; for I do
not know, whether the fame method has been made ufe of by others :
all that I can fay, is, that I never had occafion for it, but in the parti-
cular circumftance of this Problem.

Let, therefore, 7 —x; hence = Log. r—ULog. x; therefore 2

Log. 7 = (Fluxion of the Log. x =) =, or « 2==; confequently
ﬁ:%—“, and %: ~_. but the fluent of % s (—-;'-;:j

S aEXx &

~— ; and therefore the fluent of — — will be - —

ar® prE pus® .
The fum of the twofluents will be % + F_:I;;; but, when z—=o, the
whole fluent fhould be —=o0; let therefore the whole fluent be :—:—
+ ’:’l + g= 0.

Now, when z = o, then %:0, and ;ﬁ;—, becomes — (forr*—1,)

confequently ﬂ—:ﬁ +¢=o0; and g:-—-—T}: therefore the area of
a curve, whofe ordinate is = — = will be (—— + =) -
' ? g rp ap o s
I I
: W K*ﬂ—‘p'.
But\ P — e e == - 3 therefore 1 — ;; =r—1xXP, and
] o] X ¥ ?

» P 4 .
the expraﬂ'ion for the area becomes — ——: And putting # in-

nuyr—I an

ftead of =, that area, or the value of the life, will be expreffed by
1 'y

. 9. ED.

Thofe who are well verfed in the nature of Logarithms, I mean
thofe that can deduce them from the Doérine of Fluxions and infi-
nite Series, will eafily apprehend, that the quantity here called «, is
that which fome call the hyperbolic Logarithm ; others, the natural
Logarithm : it is what Mr. Cszes calls the Logarithm whofe modulus
is 1: laftly, it is by fome called Neger's Logarithm. And, to fave
the reader fome trouble in the practice of this laft theorem, the moft
neceflary natural Logarithms, to be made ufe of in the prefent dif-
quifition about Lives, are the following : Xx2 If
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If »=1. 04, then will z=o0. 0392207.
r ==i1:/08, a-, - .~ ®=Re048700i
re==1. ah) == Y- tg =0, 0rb2 5l

It is to be obferved, that the Theorem here found makes the
Values of Lives a little bigger, than what the Theorem found in the
firft Problem of my book of Annuities on Lives, does; for, in the
prefent cafe, there is one payment more to be made, than in the other;
however, the difference is very inconfiderable,

But, although it be indifferent which of them is ufed, on the
fuppofition of an equal decrement of life to the extremity of old-age ;
vet, if it ever happens, that we fhould have Tables of Obfervations,
concerning the mortality of mankind, intirely to be depended upon,
then it would be convenient to divide the whole interval of life into
fuch fmaller intervals, as, during which, the decrements of life have
been abferved to be uniform, notwithftanding the decrements in fome
of thofe intervals thould be quicker, or flower, than others ; for then
the Theorem here found would be preferable to the other ; as will be
thewn hereafter.

That there are fuch intervals, Dr, Halley's Tables of Obfervations
fufficiently thew; for inftance ; out of 302 perfons of 54 years of age,
there remain, after 16 years (‘that is, of the age of 70) but 142 ;
the decrements from year to year having been conftantly ro; and
the fame thing bhappens in other intervals; and it is to be prefumed,
that the like would happen in any other good Tables of Obfervations.

But, in order to thew, in fome meafure, the ufe of the precedin
Theorem, it is neceffary to add another Problem ; which, though its
Solution is to be met with in the firft edition of my book of Annui-
ties on Lives, yet it is convenient to have it inferted here, on account
of the connexion that the application of the preceding Problem has
with it.

In the mean time, it will be proper to know, What part of the
yearly rent fhould be paid to the beirs of the late poffeffor of an Annuity,
as may be exaltly proportioned to the time elapfed between that of the lajf
payment, and the very moment of the life's expiring. To determine

this, put A for the yearly rent; :'; for the part of the year intercepted
between the time of the laft payment, and the inftant of the life’s fail-

P

ing;  the amount of 1/ at the year's end: then will A be the

fum to be paid.

L |

PR O-
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PROBLEM IL
To find the Value of am Annuity for a limited interval of life, during
which the decrements of life may be confidered as equall.

SoLuTrION.

Let a and b reprefent the number of people living in the beginning
and end of the given interval of years.
s reprefent that interval.
P the Value of an Annuity certain for that interval.
2 the Value of an Annuity for life fuppofed to be neceflarily ex-
tinct in the time s; or (which is the fame thing) the Value
of an Annuity for a life, of which the complement is s.

Then  4- % X P—2 will exprefs the Value required.

DEMONSTRATION.

For, let the whole interval between @ and 4 be filled up with arith-
metical mean proportionals ; therefore the number of people liv-
ing in the beginning and end of each year of t' e given interval s will
be reprefented by the following Series ; vz,

a'.l'ﬂ'—ﬂ'*"} J.-:r--:-ri+-?-$ [ - 245' _|ﬂ—4_"‘+.h£| . IE_,:_P‘:.‘ tﬂ f;_

! 5 3 i 5
Confequently, the Probabilities of the life’s continuing during r,
2, 3, 4, 5, &e. years will be exprefled by the Series,
sa—atb rr—a - Loh ja—a-41b _f.ﬂa—_m-{-_J-E E:n'jl:' tl}i

E Jéa I

Wherefore, the Value of an Annuity of 1/, granted for the time s,
will be exprefled by the Series '

a3 —a-b sa=—2a4=2b sa——g =f-1/f f—d o & :
§ar + sar® + sar 3 + C &’?f‘ to + kP

Jegr®

this Series is divifible into two other Series’s, wviz.

- —0 1 - e ]
Eﬂ‘ ."."'r —‘- !-.-'-"1 -!- — + ;_T_F;-j EE.:IF. tD + _J-'T X

i3

2d Sx L 4 Z L Lt @to.

Now, fince the firft of thefe Series’s begins with a Term whofc
INumerator is s—1, and the fubfequent Numerators each decreafe by
unity ; it follows, that the laft Term will be == o; and confequent-
ly, that Series exprefles the Value of a life neceflarily to- be ex-
tinét in the time 5. The fum of which Series may be efteemed as a
given quantity; and is what 1 have expreficd by the fymbol 2 in
Problem 1.

The
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The fecond Series is the difference between the two foﬂnwing
eries’s,

J I I I 1 I
X T T Tt e =
b g— f—2 —3 f— i—
b e B e
¥ - " . 5 LA [
Where, negleCting the common multiplier — , the firft Series is the

Value of an Annuity certain to continue s years; which every mathe-
matician knows how to calculate, or is had from Tables already com-
poled for that purpofe: this Value is what I have called P ; and the
{econd Series is @,

‘Therefore @ 4- LY P—2 will be the Value of an Annuity on a

a2

life for the limited time. 2. E. D,

It is obvious, that the Series denoted by 2 muft of neceffity have
one Term lefs than is the number of equal intervals contained in s;
and therefore, if the whole extent of life, beginning from an age
given, be divided into feveral intervals, each having its own particu-
lar uniform decrements, there will be, in each of thefe intervals, the
defect of one payment ; which to remedy, the Series  muft be cal-
culated by Problem 1.

U

-

=,

ExamrrLE

To_jind the Value of an Annuity for an age of 54, to continue 16 years,
and no longer. ,

It is found, in Dr. Halley's Tables of Obfervations, that & is 302,
and & 172: now m=s5=16; and, by the Tables of the Values of

Annuities certain, P—=10.8377; alfo (by Problem 1.) @ — (——

r—1
:Z— —) 6.1168. Hence it follows (by this Problem), that the Value

of an Annuity for an age of 54, to continue during the limited time of
16 years, fuppofing intereft at § per cent. per annum, will be worth

(2.+ _i:;-.; P—@—=) 8.3365 years purchafe.

From Dr. Halley's Tables of Obfervations, we find, that from the
age of 49 to 54 inclufive, the number of perfons, exifting at thofe
feveral ages, are, 357, 346, 335, 324, 313, 302, which compre-
hends a fpace of five years; and, following the precepts before laid
down, we fhall find, thatan Annuity for a life of 49, to continue for
the limited time of 5 years, intereft being at § per cent. per annum, is

worth 4.0374 years purchafe.
And,
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And, in the fame manner, we fhall find, that the Value of an An-
nuity o alife, for the limited time comprehended between the ages
of 42 and 49, is worth 5.3492 years purchafe,

Now, if it were required to determine the Value of an Annuity
::]:1 life, to continue from the age of 42 to 70, we maft proceed

us : ;

It has been proved, that an Annuity on life, reaching from the
age of ¢4 to 70, is worth 8.3365 years purchafe; but this Value,
being eftimated from the age of 49, ought to be diminithed on two
accounts: Firft, becaufe of the Probability of the life’s reaching
from 49 to 54, which Probability is to be deduced from the Table
of Obfervations, and is proportional to the number of people living
at the end and beginning of that interval, which, in this cafe, will
be found 302 and 357: The fecond diminution proceeds from a dif-
count that ought to be made, becaufe the Annuity, which reaches
from g4 to 70, is eftimated 5 years fooner, wiz. from the age of 49,

and therefore that diminution ought to be exprefled by ',IT ; fo that
the total diminution of the Annuity of 16 years will be exprefled
by the fraction -3—;77 , which will reduce it from 8.3365 years pur-
chafe to 5.5259; this being added to the Value of the Annuity to
continue from 49 to g4, viz. 4.0374, will give 9.5633, the Value
of an Annuity to continue from the age of 49 to 70. For the fame
reafon, the Value 9.5633, eftimated from the age of 42, ought
to be reduced, both upon account of the Probability of living from
42 to 49, and of the difcount of money for 7 years, at 5 per cent.
per annum, amounting together to 3.8 554, which will bring it down
to 5.7079 ; to this adding the Value of an Annuity on a life to con-
tinue from the age of 42 to 49, found before to be £.3492, the fum
will be 11.0571 years purchafe, the Value of an Annuity to continue:
from the age of 42 to 7o.
In the fame manner, for the laft 16 years of life, reaching from
o to 86, when properly difcounted, and alfo diminithed upon the
account of the Probability of living from 42 to 7o, the Value of
thofe laft 16 years will be reduced to 0.8; this being added to
11.0571 (the Value of an Annuity to continue from the age of 42
to 70, found before), the fum will be 11.8571 years purchale, the
Value of an Annuity to continue from the age of 42 to 86 ; that is,
the Value of an Annuity on a life of 42 ;5 which, in my Tables, is but
11.57, upon the fuppolition of an uniform decrement of life, from an
age given to the extremity of old-age,. fuppofed at 86,

It
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Ne. VII.
The Probabilities of buman Life, according to different Authors.

Table I, by Dr. Halley.
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Living. |
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Living.
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*640[28
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403153
45454
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242]j75" &

232
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Table II. by M. Kirfleboom.
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Table I1I.
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Table 11I. by M. de Parcieux.
- 2

Age| Viving. | Ag: ] *iving. flAge | Living. [JAge] Living. § Age | Living.
CyEERR T Botlla 1| 65oll6| 450] 81| 101
o|x¥**la2| —gtlla2| 643062] 437] 82| 8
3l1000f23| 790fl43| 636163| 423) 83} 71
a| 97024 782|l44| 629164 409 84| 59
5| 94825 774[l45| 622{65 395 85 48
€| g3of2€| 766|+¢| 615[66] 380f 86| 38
7| 91sf27| 758|f17| 607}67| 364|| 87] 29
¢| gozl2t| 750ll45] 500l68] 347| 88| 22
o| 890f26| 742|49| 59069| 3294 89| 16
1c| 88of30| 734ll5¢| 581fl7c] 310f go| 11
11| 872431 726||51] 571471| 201) @I 7
iz| 866§32| 71t|52| 560l72| 271] 92| 4
13| 860)33) 710f53| 549073| 251 93| 2
‘4| 854434 702|54| 538)74| 231} 94| I
15] 848)35| 694f55| 526)75| 211f 95| ©
16| 842(36] 68656l s14l76] 192 96| *
(7| 835137| 678157 so2077| 173l 97|  *
18| 828138] 671)58| 489ll78] 154} 98

o B21139| 664f59| 476[70f 1364 99

ac| 814f40] 657||5c| 4613|)c] 118}100
Table 1V. by Meflieurs Smart and Simpfon.
E‘ _]_,L-v'mg. f‘ﬁ1 Living. EEI Living. E Living. || 4ge Li\'ing,._ﬂ
] 128'0} - g g 6

870 .?’ 400133 35 19| 2121°5) 99}
2| 700 |18| 474134] 349150] 204166 33
3| 635 |19| 46835 340(51| 196(67| 87
4| 6oo |20| 462)36] 331|52| 18868 81
sl 580 |21 455137| 322[53] 180f69| 75
6| 564 |22| 448)38] 313|54| 172f70| 69
7| 551 [23] 441139| 304[55| 165471 64
8| 541 |24f 434)40| 294[56] 158}72| 59
9| 532 |25| 426(41| 284157) 151473] 54
10| 524 |26 418[42| 274|58| 144]74| 49
11} 517 |27| 410[43] 264|50] 137[75| 45
12| g10 [28| g402f44] 255]60| 13¢[76] 41
13| 504 |29] 394f45] 246]61] 12377| 38
14| 498 [30f 385146; 237162) 117[78| 35
15| 492 131} 376f47] 22863} i11f79l 32
16| 436 | 32| 367§48! 220|64| 105{80] 29} Remarks
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Remartks on the foregoing Tables.

The firft Table is that of Dr. Halley, compofed from the Bills of
Mortality of the City of Breflaw; the beft, perhaps, as well as the
firft of its kind; and which will always do honour to the judgment
and fagacity of its excellent Author.

Next follows a Table of the ingenious Mr. Ker/feboom, founded’
chiefly upon Regifters of the Dufch Annuitants, carefully examined
and compared, for more than a century backward. And Monfeur de
Farcieux by a like ufe of the Lifts of the French Tontines, or long
Annuities, has furnithed us Table IIT; whofe numbers were likewife
verified upon the Necrolggies or mortuary Regifters of feveral religious
houfes of both Sexes.

To thefe is added the Table of Meffieurs Smart and Simpfon, adapt-

‘ed particularly ‘to the City of London ; whofe inhabitants, for reafons
too well known, are fhorter lived than the reft of mankind.
* Each ‘of thefe Tables may have its particular ufe : The Second or
Third in valuing the detter fort of Lives, upon which one would chuft
to hold an ‘Annuity ; the Fourth may ferve for Lond:n, or for Lives
fuch as thofe of its Inhabitants are fuppofed to be: while Dr. Halley’s
numbers, falling between the two Extremes, feem to approach near-
er to the general courfe of nature. And in Cafes of combined Lives,
two or more of the Tables may perhaps be ufefully employed.

Befides thefe, the celebrated Monfieur de Buffon - has lately given
us a new Table, from the actual Obfervations of Monficur du Pré de
8. Maur of the French dcademy. This Gentleman, in order to ftrike
a jult mean, takes three populous parifhes in the City of Parss, and
fo many country Villages as furnith him nearly an equal number of
Lives: and his care and accuracy in that performance have been
fuch as to merit the high approbation of the learned Editor. It was
therefore propofed to add this Table to the reft; after having purged
its numbers of the inequalities that neceflarily happen in fortuitous
things, as well as of thofe/arifing from the carele(s manner in which
Ages arﬂ_g'ivcn in to the parith Clerks; by which the years that are:
multiples of 1o are generally overloaded.

But this having been dene with, all due care, and the whole re-
duced to Dt Halley's Denomination of 1oco Infants of a year old ;:
there refulted only a mutval confirmation of the two Tubles; Mr.
du Prés Table making the Lives fomewhat better as far as 39 years,,
and thence a {mall matter worfe than'they are by Dr. Halley's,

We may therefore retain this laft as no bad ftandard for mankind:
in general; till a better Police, in this and other nations, fhall furni(h
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the proper Data for correting it, and for exprefling the Decrements
of Life more accurately, and in larger numbers. .

For which purpofe, the parifh Regiftersought to be kept in a better
manner, according to one or other of the Forms that have been pro-
pofed by Authors. Or, if we fuppofe the numbers annually born to
have been nearly the fame for an age paft, the thing may be done at
once, by taking the numbers of the living, with their ages, through-
out every Parifh in the Kingdom : as was in part ordered fome time
ago by the Right Reverend the Bithops: but their Order was not uni-
verfally obeyed ; for what reafon we pretend not to guefs. Certain it is,
that a Cenfus of this kind once eftablithed, and repeated at proper in-
tervals, would furnith to our Governours, and to ourfelves, much im-
portant inftruction of which we are now in a great meafure deftitute :
Efpecially if the whole was diftributed into the proper Claffes of mar-
ried and unmarried, induffrious and chargeable Poor, Artificers of eve-
ty kind, Manufacturers, &c. and if this was done in each County,
City, and Borough, feparately ; that particular ufeful conclufions
might thence be readily deduced ; as well as the general ftate of the
INation difcovered; and the Rate according to which buman Life is
wafting from year to year. See, on this fubje@, the judicious Ob-
fervations of Mr. Corbyn Morris, addrefled to Thomas Potter Efg; in
the year 1751,






















