The doctrine of chances: or, a method of calculating the probability of
events in play / By A. De Moivre.

Contributors
Moivre, Abraham de, 1667-1754.

Publication/Creation

London : Printed by W. Pearson, for the author, 1718.
Persistent URL

https://wellcomecollection.org/works/m2kje724

License and attribution

This work has been identified as being free of known restrictions under
copyright law, including all related and neighbouring rights and is being made
available under the Creative Commons, Public Domain Mark.

You can copy, modify, distribute and perform the work, even for commercial
purposes, without asking permission.

Wellcome Collection

183 Euston Road

London NW1 2BE UK

T +44 (0)20 7611 8722

E library@wellcomecollection.org
https://wellcomecollection.org



http://creativecommons.org/publicdomain/mark/1.0/




“#l_l.',_- B PR e

ML
;TR W e i
o i B i






















T H E

DOCTRINE

CHANCES

O R,

A Method of Calculating the Probability.
of Events in Play.

CATACR L e 0N CAURUE TN YEY s LB HLEUAUTLR e Y aus Gababauetal
By A. De. Motore. E.R. S..

ababalsusYsbababauncsunival lososorasufus SauSoRUsEaoRdn

L a-N'D O N:
Printed by W. Pearfon, for the Author. M DCCXVIII.






3 )

Sir Haac Newton, K. Prefident
of the Royal Society.

SidaR

~H E greateft belp I have re-
ceiv'd in writing upon this Sub-

ject having been from your In-
comparable Works, efpecially your
Method of Series; 1 think it my Duty
publickly toacknowledge, that the
Improvements I have made in the
matter here treated of, are principally
derived from your felf. The great
benefit which has accrued to me in
this refpet, requires my fhare in the
general Tribute of Thanks due to
you from the Learned World : But
one advantage, which is more parti-
cularly my own, is the Honour I bave
frequently had of being admitted to
your private Converfation, wherein
the doubtsI have had upon any Sub-
jeck relating to Mathematics, have been
refolved by Jou with the greateft
Humanity and Condef{cention, I\Tdholfe
L O et o arKs



The Dedication.

Marks of your Favour are the more
valuable to me, becaufe 1 had no other
pretence to them, but the earneft de-
fire of underftanding your {ublime
and univerfally ufeful Speculations.
I{hould think my felf very happy, if,
having given my Readers a Method of
calculating the Eftects of Chance, as
theyarethe refultof Play,and thereby
ﬁx‘ti’ certain Rules, for eftimating how
far fome fort of Events may rather be
owing to Defign than Chance, I could
by this fmall Eflay excite in others a
defire of profecuting thefe Studies,
and of learning from your Philofophy
how to collect, by a juft Calculation,
the Evidences of exquifite Wifdom
and Defign, which appear in the Phe-
nomene of Nature throughout the
Univerfe. I am, with the utmoft
Refpect,

Sir,
Your moft Humble,
and Obedient Sc:vant,

A De Moivre.
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PREFACE.

I8 now about Seven Tears, fince I gave a Specimen
in the Philofophical Tranfattions, ¢f what I
sow amore largely treat of in this Book. The
occafion of my then undertaking this Subjelt was
chiefly owing to the Defire and Encouragement of the Ho-
nourable Mr. Francis Robartes, who, wpon occafion of a
French Tract,called, I’Analyfe des jeux de Hazard, which had
lately been Publifbed, was pleafed to propofe to me fome Pro-
blems of much greater dificulty than any he had found in that
Book ; which having [olved to bis Satisfaition, he engaged me
to Methodife rbf Problems, and to lay down the Rules which
had led me to their Solution. After I had proceeded thus far,
it was enjoined me by the Royal Society, to communicate to them
what 1 had difcovered on this Subject, and thereupon it was
ordered to be publifbed in the Tranfactions, not as a matter re-
lating only to Play, bat as containing [ome peneral Speculations
not umworthy to be confidered by the Lovers of Tmrﬁ
I bad not at that time read any thing concerning this Sub-
ject, but Mr. Huygens’s Book, de Ratiociniis in Ludo Alez,
and a little Englifh Piece (which was properly a tranflation of
it) done by a wery ingenions Gentleman, who, tho capable of
carrying the matter a great deal farther, was contented to fol-
low his Original; adding only to it the computation of the Ad-
vantage of the Setter in the Play called Hazard, and [ome
few things more. As for the Fremch Bock, I had ruw it over
but m;ﬁrf{r, by reafon 1 had obferved that the Author chiefly
gufifled on the Methcd of Huygens, which I was géfbf#rr;j_a!-r:
A olve
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folved to reject, as not [eeming to me to be the gemuine and
natural way of coming at the Solution of Problems of this kind,
However, had I allowed my [elf a little more time to confider
ity I had certainly done the Fuflice to its Author, to have own-
ed that he had not only illuftrated Huygens’s Method by a great
variety of well chofen Examples, bat that he had added ro it
Sfeveral carious things of his own Invention.

Tho 1 have not followed Mr. Huygens in his Method of
Solution, ’tis with very great pleafure that I acknowledge the Obl:-
gations I have to him; bis Book fmw'ng Settled in my Mind
the firft Notions of this Doitrine, and taught me to argue about
it with certainty.

I had [aid in my Specimen, that Mr. Huygens was the
firft who bad Fﬂﬂfﬁﬂf the Rules of this Calculation, intending
thereby to do juftice to that great Man; but what I then [aid
was mifinterpreted, as if I had defigned to wrong fome Perfons
who had confidered this matter before bim, and a paffage was
cited againft me out of Huygens’s Preface, in which ke [aith,
Sciendum vero quod jam pridem, inter Przftantiffimos totd
GalliA Geometras, Calculus hic fuerit agitatus; ne quis in-
debitam mihi primz Inventionis gloriam hac in re
tribuvat. But what follows smmediately after, had it been
minded, might have cleared me from any Sufpicion of injufbice.
The words are thefe Czterum illi difficillimis quibufque
Quzltionibus fe invicem exercere Soliti, methodum Suam
quifque occultam retinuere, adeo ut a primis elementis-
hanc materiam evolvere mihi necefle fuerit. By which it
appears, that the Mr. Huygens was mot the firft who had
applied himfelf to thofe forts of Queftions, he was neverthelefs
the firft who bad publifbed Rules for their Solution; which i
all that 1 affirmed.

Since the printing g’ my Specimen, Mr. de Monmort, Au--
thor of the Analyfe des jeux de Hazard, Publifbed a Second
Edition of that Book, in which he bas particularly given many
proofs of his fingular Genius, and extraordinary Capacity; which
7 ?ima@r I give both to Truth, and to the Friendfbip with
which he is pleafed to Honour me.

Such a Tract as this is may be afeful to [everal ends; the
firft of which is, that there being in the World [eweral inqui-
fitive Perfons, who are defirous to know what foundation they

£e
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go wupony when they engage in Play, whether from a motive of
Gainy or barely Drverfron, they may, by the help of this or the
like Trall, gratifie their curiofity, either by taking the pains to
underfland what is kere Demonfirated, or elle making ufe of the
mwfﬂji;m, and taking it for granted that the Demonflrations
are right.

Ayﬁ:&r ufe to be made of this Doltrine of Chances is, that
it may [erve in Conjunélion with the other parts:of the Ma~
thematicks, as a fit introduition to the Art of Reafoning; it
being known by experience that nothing can contribute more to
the attaining of that Arty than the confideration of a long Train
of Confequences, rightly deduced from wundoubted Principles, of
which this Book .gﬂgrd: many Examples, To this may be added,
that fome of the Problems about Chance having a grear appear-
ance of Simplicity, the Mind is eafily drawn into a belief, that
their Solution may be attained by the meer Strength of natural
good Sence s which generally proving otherwife, and the Miftakes
occafioned thereby being not ##fr?#em, "tis prefumed that a Book
of this Kjnd, which teaches to diftinguifb Trath from what [eems
0 nearly to refemble it, will be look’d upon as a help to good
Reafoning.

Among the [everal Miflakes that are committed about
Chance, one of the moff common and leaft [afpelted, is that
which relates to Lotterys. Thus, [uppofing a Lottery wherein
the proportion of the Blanks to the Prizes is as five to one;
’tis wery nataral to conclude that therefore five Tickets are re-
g;ﬁﬁ for the Chance of a Prize; and yer it may be proved

emonftratively, that four Tickets are more then |[ufficient for
that purpofes which will be confirmed by often repeated Experience.
In the like manner, [appofing a Lottery wherein the proportion
of the Bianks to the Prizes 1s as thirty nine to One, ( [uch a5 was
the Lottery of 1710) it may be proved, that in twenty eight
Tickets, a Prize is as likely to be taken as mot 5 which the it
may [eem 1o contradit the common Notions, is meverthelefs
grounded upon infallible Demonflration.

When the Play of the Royal Oak was in ufe, [ome Perfons
who loft confiderably by ity bad their Loffes chiefly occafioned by
an Argument of which they could not perceive the Falacy. The
Odds againft amy particular Point of the Ball were one and
Thirty to Oney which intitaled the Adventurersy in cale they

Az- were
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were winners, to have thirty two Stskes returned, including their
own ; inftead of which they having but eight and Twenty, it
was very plain that on the Single account of the difadvantage
¢f the Play, they loff one eighth part of all the Money they
playd for. But the Mafter of the Ball maintained that they
had no reafon to complain; [ince he would undertake that any
particular point of the Ball fbould come wup in two and Twenty
Throws ; of this he would offer to lay a Wager, and alually
laid it when required. The [eeming contradiction between the
Odds of one and thirty to One, and Twenty two Throws for any
Chance to come .520, fo perplexed the Adventurers, that they
begun to think the Advantage was om their [ide; for which
veafon they play'd om and continued to lofe.

The Doltrine of Chances may likewife be a help to cure «
Kjnd of Superflition, which has been of long [landing in the
World, viz. that there is in Play fuch a thing as Luck, good
or bad, 1 own there are a great many judicious people, who
without any other Affiffance than that of their own reafon, are
[atisfiedy that the Notion of Luck is meerly Chimericaly yet I
conceive that the ground they have to look upon it as [uch,
“may [Fill be farther inforced from fome of the following Confi-
derations.

If by [wying that a Man has had good Luck, nothing more
was meant than that he has been generally a Gainer at play, the
Expreffion might be allowed as wvery proper in a fbort way of
[peaking : But if the Word good Luck be underftood to [ignifie
a certain predominant quality, [o inberent in a Man, that he
muft win whenever ke Plays, or at leaft win oftuer than lofe,
it may be denied that there is any [uch thing in natare.

The Afferters of Luck are wery fure from their own Experi
ence, that at [ome times they have been very Lucky, and that
at other times they have had a prodigious ram of ill Luck
againft them, which whilf it continued ﬂ%ﬁ{g:d them to be we
cautions in_engaging with the fortunate; but how Chance (bould
produce thofe extraordinary Events, is what they cannot conceives
They would be glad for Inflance to be Satisfied, how they could
lofe Eifteen Games tagether at Piquet, if ill Luck had not
Sfrangely prevailed againft them. But if they will be pleafed, to
confider the Rules delivered in this Book, they will fee that tho
the Qdds againft their lofing [o many times together be wery

great
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great, Viz. 31767 to 1, yet that the Pofibility of it is not de-
fbroy'd by rbeg greatnefs cy) the Odds, :ﬁi’ being One Chance in
32768 that it may fo happen, from whence it follows, that it was
Sl poffible to come to pafs without the Intervention of what they
call 111 Luck.

Befides, This Aecident of lofing Fifteen times together at Piquet,
i o more to be impated to ill Luck, than the Winning with one
fingle Ticket the Higheft Prize, in a Lottery of 32768 Tickets, is to
be tmputed to good Luck, fince the Chances in both Cafes are perfellly
equal. But if itbe [aid that Luck has been concerned in this latter
Cafe, the Anfier will be eafy ; for let ws fuppofe Luck not exifting,
or at leaft let us [uppofe its Influence to be [ufpended, yet the Figh-
eff Prize muft fall into &ﬁ:me Hand or other, not by Luck, ( for by
the Elypothefis that has been laid afide) but from the meer Necoffity
of its falling [vmewhere.

Thofe who contend for Luck, may, if they pleafe, alledge other
Cafes at Play, much more unlikely to happen than the Winning
or Lofing Fifteen Games together, yet [lill their Opinion will never
receive any Addition of Strength from [uch Suppofitions : For, by the
Rules of Chance, a time may be computed, in which thofe Cafes ma
as probably ba;zm as not 3 nay, not only fo, bar a time may L{;
computed in which there may be amy proportion of Odds for their
Jo happening.

But ﬁ:pgaﬁng that Gain and Lofs weve o fluituating, as always
to be diftributed equally, whereby Luck would certainly be annihila-
ted; would it be reafonable in this Cafe to attribute the Events of
Play to Chance alone? I think, on the comtrary, it would be quite
otherwife, for then there would be more reafon to [ufpedt that [ome
unaccountable Fatality did Rale in it : Thus, If two Perfons play
at Crofs and Pile, and Chance alone be [upposd to be concern’d in
regulating the fall of the Piece, is it probable that there fhould be
an Equality of Heads and Croffes ? It is Five to Three that in four
times there will be an inequality; tis Eleven to Five in fix, 93
to 35 in Eight, and about 12 to 1 in a hundred times: Where-
fore Chance alone by its Nature conflitutes the Inequalities of Play,
and there is no need to have recourfe to Luck to explain them.

Furthery The [ame Arguments which explode the Notion of Luck,
may, on the other (ide, be ufefulin [ome Cafes to eftablifb a due com-
parifon between Chance and Defign : We may imagine Chance and
Defign to be as it were in Competition with each other, for the pro-

a duition
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duition of fome [orts of Events, and may calculate what Probabilst

there is, that thofe Events (bould be rather owing to one than to't
other, To give a familiar Inftance of this, Let us fuppofe that two Packs
of Piquet-Cards being fent jfar, it [bould be perceived that there is,
rom Top to Bottom, the [ame Difpofition of the Cards in both
Packs 3 Let us likewife [uppofe that, [ome doubt arifing abont this
Difpofttion of the Cards, st [bould be queflioned whether it ought
to be attributed to Chance, or to the Maker’s Defign: In this cafe
the Doirine of Combination decides the Queftion, fince it may be
proved by its Rulesy that there are the Odds of above 26313083
Millions of Millions of Millions of Millions to One, that the Cards
were defignedly fet in the Order in which they were found.

From this laft Confideration we may learn, in many Cafes, how
to diftinguifb the Events which are the effect of Chance, from thofe
which are prﬂdm:’d by Defign : The very Doitrine that finds Chance
where it really is, being able to prove by a gradual Increafe of Pro-
bability, till it arrive at De#m#jﬁwian. that where Uniformity, Op-
der and Conflancy refide, there allo refide Choice and Defign.

Laltly, One of the Primz'pd Ules to which this Doétrine of
Chances may be apply’d, is the difcovering of fome Truths, which
cannot fail of ‘Pie.gﬁﬁg the Mind, by rﬁeir_ Generality and Simpli-
sity ; the Admirable Connexion of its Confequences will increafe the
Pleafure of the Difcovery; and the [eeming Paradoxes wherewith
it avoundsy, will afford very great matter of Surprize and Enter-
tainment to the I#gﬂ!ﬁtfﬂf. A wvery remarkable Inftance of this
nature may be [een in the prodigious Advantage which the repetition
of Odds will amoant to; Thus, Suppofing I play with an Adver-
fary who allows me the Odds of 43 to 40, and agrees with me to
play till 100 Stakes ave won or loft on either (ide, on condition that
I give him an Equivalent for the Gain I am intitled to by the Ad-
vantage of my 0dds 3 the Queftion is what Equivalent I am to give
bim, on [uppofition we play a Guinea a Stake : The Anfwer is 99 Gui-
seas and above 18 Sbi[&lﬂg:, which will feem almoft incredible,
confidering the [malnefs of the Odds of 42 to 40. Now let the
Odds be 1n any Proportion given, and let the Number of Stakes to
be played for be never [o great, yet ome Gieneral Conclufion will ine
clude all the poffible Cafes, and the application of it to Numbers
smay be wrought in lfs than a Minutes time. -

I have explain’d, in my Introdultion to the following Treatife,
the chief. Rules on which the whole Art of Chances depends ; I haue

done
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done it in the plaineft manner that I could think of, to the end ir
might be (as much as poffible) of General Ule. I flatter my [elf
that thole who are acquainted with Arithmetical Operations, will,
by the help of the Introdultion alone, be able to folve a greas
Fariety of Queftions depending on Chance : 1 wifb, f£‘ the Sake of
Jome Gentlemen whe have been pleafed to [ubfcribe to the printing
of my Book, that I conld every where have been as plain as in the
Introdultion ; but this was bardly praiticable, the Invention of the
ire#q}? part of the Rules being intirely owing to Algebra ; yet I
ave, as much w5 poffible, endeavour’d to deduce from the Alge
braical Calculation [everal praifical Rules, the Truth of which
‘may be depended upon, and which may be very ufeful to thefe who
have contented themfelves to learn only common Arithmetick,

’Tis for the Sake of thofe Gentlemen that I have exlarged my
firft Defign, which was to have laid down fuch Precepts only as
m{gﬁf be [ufficient to deduce the Solution /:f any difficult Problem
relating to my Subject : And for this reafon 1 have (towards the
Ldatter end of the Book) ziven the Solution, in Words at length, of
[ome eafy Problems, which might elfe have becn made Corollaries
or Confequences of the Rules before deliver’d: The fingle Difficulty
which may occur from Pag. 155 to the end, being only an Algebra-
ical Calewlation belonging to the 49th Froblem, to explain which
fally would have required too much room.

Ow this Occafion, I muft take notice to fuch of my Readers as
are well vers’d in Vaulgar Arithmetick, that it would. not be difi-
cult for them to make themfelves Mafters, not only-of all the
Praétical Rules-in this Booky bat alfo of more ufeful Difcoveries,
if' they would take the [mall Pains of being acquainted with the
bare Notation of Algebra, which might be done in the hundred:h
part of the Time that is. [pent in learning to read Short-hand.

One of the Principal Methods I have made ufe of in the fol-
lowing Treatife, has been the Doctrine of Combinations, taken in
a Sence fomemwhas more extenfive, than as it is commonly under(food,
The Notion of Combinations-being [o well fitted to the Caliulation
of Chance, that it paturally enters the Mind whenever any At-
tempt is made towards the Solution of any- Problem of. that kind.
It was this which led me in courfe to the Confideration of the De--
grees of Skill in the Adventurers at Play, and I bave made ufe
of it in moft parts of this Book, as one of the Data that enter the

Queflion; # being [o far from perplesing the Calculation, that op
L IIJ.E-.*
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the contrary it is vather a Help and an Ornansent to it : It is true,
that this Degree of Skillis not to be known any other way than from
Obfervation ; but if the [ame Obfervation conflantly recar, tis
ftrongly to be prefumned that a near Eftimation of it may be made :
Fowever, to make the Calcalation more precife, and to avoid can-
fing any needlefs Scruples to thofe who love Geometrical Exa¥nefs,
it will be eafy, in the rooin of the Word Skill, to [abffitutea Greater
or Lefs Proportion of Chances among the Adventurers, fo as each
of thew may be [aid to have a certain Number of Chances to win
one fingle Game,

The General Theorem invented by Sir Tlaac Newton, for raifing
¢ Binomial to any Power given, facilitates infinitely the Method zf
Combinations, reprefenting in one View the Combination of all the
Chances, that can happen in any given Namber of Times. Tis
by the help of that Theorem, joined with [ome other Methods, that
I have been able to find praitical Rules for the [olving- a great
Variety of difficalt Queftions, and to reduce the Difficulty to a fin-
gle Arithmetical Multiplication, whereof [everal Inflanmces may be
feen in the 21{t Page of this Book.

Another Method I bave made ufe of is that of Infinite Serics,
which in many cafes will folve the Problems of Chance more natu-
rally than Combinations. To give the Reader a Notion of this,
we may f#?cﬁ two Men at Play throwing a Die, each in their
Turns, and that be be to be reputed the Winner who fball firff throw
an Ace : It is plain, that the Solution of this Problem cannot fo
properly be reduced to Combinations, which [erve chiefly to deter-
mine the proportion of Chances berween the Gamefters, without
any rvegard to the Priority of Play. ’Tis convenient therefore ro
have recourfe to [ome other Method, fuch as the following. ~Let us
fuppofe that the firft Man, being willing to Compound with bis Ad-
verfary for the Advantage bhe is intitled to from bis firfk Throw,
fhould ask him what Cﬂ#ﬁi’rﬂfﬂﬂ bhe would allow to yield it to bim
it may naturally be [uppofed that the Anfwer would be one Sixth
part of the Stake, there being but Five to One againft him, and
that this Allowance would E:Ea#g&r a juft Equivalent for yielding
his Throw: Let us likewife fuppofe the Second Man to require in
his Turn to bave one Sixth part g the remaining Stake for the
Confideration of his Throw 5 which being granted, and the firft Man’s
Right returning in courfe, be may claim again one Sixth part of the
Remaindery and [o on alternately, till the whole Stake be exhanfbed :

’ But
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But this not being to be done till after an infmite number of Shares
be thus taken on both Sides, it belongs to the Method of Infinite
Series fo affign to cach Man what proportion of the Stake he ought
to take at firft, [0 as to anfiver exaitly that ficitions Divifion of
the Stake in infinitum ; by means of which it will be found,
that the Stake ought to be Divided between the comtending Par-
ties into two parts, refpeltively proportional tothe two Numbers 6
and §. By the like Method it would be found thar if there were
Three or more Adventurers playing on the conditions above deferi-
bed, each Man, according to the Situation he is in with refpet 1o
Priority of Play, might take as his Due [uch part of the Stake, as
u exprefible by the correfponding Term of the proportion of 6 to 5,
continued to [o many Terms as there are Gameflers; which in the
cafe of Three Gamefters, for Inflance, would be the Numbers 6, §
and 4=, or their Proportionals 36, 30, and 25.

Anotber Advantage of the Method of Infinite Series is, that
every Term of the Series includes [ome particular Circumftance
wherein the Gameflers may be found, which the other Methods do not ;
and that a few of its Steps are [ufficient to difcover the Law of its
Procefs. The only Dificulty which attends this Method, being that
of Summing up [o many of its Terms as are requifite for the So-
lution of the Problem propofed: But it will be found by experience,
that in the Series rf/ﬂf#i»g from the confideration of moft Cafes re-
lating to Chance, the Terms of it will either conftitute a Geometric
Progre|fion, which by the Known Methods is eafily Summable; or
elfe [ome other fort of Progreffion, whafe nature confifls in this,
that every Term of 1t has to a determinate number of the prece-
ding Terms, each being taken in order, fome conflant relation; in
which cafe I have contrived [ome eafie Theorems, not only for finds
the Law of that relation, but alfo for finding the Sums rfgnirﬁ;
as may be feen in [everal places of this Book, but particularly from
page 127 to page 134. I hope the Reader will excufe my not
giving the Demonftrations "ﬁ?me few things relating to this
Subjeit, ggperin@} of the two Theorems contained in page 134 and
154, and of the Method of Approximation contained in page
149 and 150 ; whereby the Duration of Play is eafily determsi-
ned with the belp of a Table of Natural Sines: Thofe Demon(ira-
tions are omitted purpofely to give an occafion to the Reader to ex-
:mgrbﬁ own Ipfewr'{y. I the mean Time, F have H?qﬁud them
with the Royal Socicty, in order to be Publifhed when it fball be
thoughs requifite. b 4
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A Third Advantage of the Method of Infinite Series is, that the
Solutions derivedfrom it have a certain Generality and Elegancy,
which [carce any other Method can attain to; thofe Methods being
always perplexed with Various unknown Quantities, and the Solu-
tions oﬁ'ﬁned by them terminating commonly in particular Cafes.

There are other Sorts of Series, which tho’ not properly infinite,
yet are called Series, from the Regularity of the Terms whereof they
are ;ampaﬁd 3 thofe Terms following one another with & certain
uniformity, which is always to be defined. Of this nature is the Theo-
rem given by, Sir Ifaac Newton, iz the Fifth Lemma of the third
Book of his Principles, for drawing a Curve through anygiven num-
ber of Paints; of whichthe Demonftration, aswell as of ather things
belonging tothe [ame Subject, maybe deduced [Fﬂm the firft Propofition
Ef his Methodus Differentialis, printedwith fome other of his Traits,

by the care of my Intimate Friend, and very skilful Mathematician,
Mr. W. Jones, The abovementioned Theorem being very ufeful
in Summing up any number of Terms whofe laft Differences are equal
( Such as are the Numbers called Triangular, Pyramidal, &c. the
Squares, the Cubes, or other Powers of Numbers in. Arithmetic Pro-
areffion ) I have [bewn in many places of this Book how it might be
applicable to thefe Cafes. 1 hope it will not be taken amils that ?&wg
afcribed the Invention of it to its proper Author, the ’tis. poffible
fome Perfons may have found fomething like it by theiy own S agacity.
" dfter having dwelt [ome timeupon Karious Queftions depending on
the general Principle of Combinations, as laid down in my Intro-
duttion, and upon fome others depending on the Method of Infinite
Series, I proceed to treat of the Method of Combinations properly fo
called, which I fbew to be eafily deducible from that more general Prin-
ciple whick hath been before explained : Where it may be obferved,
:L: althy’ the Cafes it is applyed to are particular, yet the way of
reafoming ,andthe confequences derived from ity are general ; that Me-
thod of Arguing about generals by particular Examples; being in
way. upinion very convenient for eafing the Reader’s Imagination.

Having explained the common Rales of Combination, and given
s Theorem which may be of ufe fﬂr the Solution of fome Problems

relating to that Subjeit, I lay down anew Thearem, whichiis properly a.
contraition of the former, whereby feveral .Qt'gﬁﬂw of Chance are

refolved with wonderful eale, tho’ tie Solution might fecm at f fight.
to be of ﬂy"ﬂfem&fr a’gj;_?wf&t : '( Jil

LI
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- At s by the Help of that Theorem [0 contraited, that I have bees
able to give acompieat Solution of the Problems of Pharaon and
which was never done till now: 1own that fome great Ma.
thematicians have before me taken the pains of calculating the Ad.
vantage of the Banker, in any circumflance esther of Cards remain-
ing in his Fands, or %4@ number of times that the Card of the
Ponte is cagtained in the Stock: But fbill the curiofity of the Inqui-
fitive remained unfatisfied; The Chief Queftion, and by much the
maft dificult, concerning Pharaon or Baflete, being what it is tha
the Banker gets per Cent of all the Mongy adventured at thofe
Games, which now 1 can certainly anfwer s very near Three per
Cent 4z Pharaon, and Three fourths per Cent a¢ Baflete, 25 may -
be [eeninmy XXiil Problem, the precife Advantageis calculated,
Inthe 2.4th and 25th Problems, I explain a new fort of Algebra,
whereby Jome Queftions relating to Combinations are folved by (o eafy -
a Procefs, that their [olution is made in fome meafure an imme=
diate confequence of the Method of Notation. I will not pretendto
[ay that this new Algebra s abfolutely neceffary to the Solving of
thofe Queftions which I make to dependon it, fince it appears by Mr. .
De Monmort’s Book, that both he and Mr. Nicholas Bernoully
have [olved, by another Method, many of the cafes therein propofed:
But I hope I fball not be thought guilty of too much Confidence, if
I affure the Reader, that the Method I have followed has a degree
Simplicity, not to [ay of Generality, which will hardly be attained
other Steps than by thofe I bave taken.
ﬂ 29th FProblem, propofed to me, amongft [ome others, by -
the Fonourable Mr. Francis Robartes, Fhad folved inmy Trad De
menfura Sortis; Jt relates, as well asthe 2 4th and a5¢h, to the -
Method of Combinations, and is made to depend om the fame Princi-
ple s When I began for the firft time to attempt its Solution, I had
nothing elfe to guide me but the common Rules of Combinations,
Juch as they had-been dedivered by Dr. Wallis and others ; which
when I endeavoured 2o apply, 1 was Surprized to find thay my-
calculation [welled bydegreesto anm Intoleravle bulk : For this reafon
I was forced to turn my Views Another wayy and to try whether
the folution I was [ecking for might not be deduced from fome eafier -
confiderations 3 whereupon X bappily fell upon the Method I hiave been
mentiouing, . which as it led me to a very great ﬂm’f) in the
Solution, [o I look apon it to be an Fmprovement made- to the Me-
thed of. Combinations . b
The



¢ The 3oth Problem is the veverfe of the preceding ; It contains
- a wery remarkable Method of Solution, the Artifice of which con-
fifts in changing. an Arithmetic Progrefion of Numbers into a
Geometric ones this being always to be done when the Numbers are
« largey and their Intervals [mall. 1 freely acknowledye that T have
~ been indebred long azo for this ufeful Idea, to my much refpeited
Friend, That Excellent Mathematician Doétor Halley, Secretary
to the Royal Society, whom Ihbave feen praétice the thing on an
other occafion: For this and other Inflrullive Notions readrly
imparted to me, during an ﬂﬂimrerrr;’{red Friendfbip of five and
Twenty yearsy I return hin my very bearty Thanks. -

The 32d Problem, having in it & Mixture of the two Methods

Combinations and Infinite Series, may be propofed for a pattern
of Solution, in [ome of the mofl difficalt cafes that may occarr in the
Subjelt of Chance, and on this occafton I muft do that Fuftice to
Mr. Nicholas Bernoully, the Worthy Profeffour of Mathematics
at Padua, to own he bad fent me the Solation of this Problems be-
fore mine was Publifbed ; which I had no fooner received, but Icom-
municated it to the Royal Society, andreprefented it as a Perfor-
mance highly to be commended : Whereupon the Society order’d thar
his Solution [bould be Printed; which was accordingly done fome
time afrer inthe Philofophical Tranfattions, Numb. 341. where
mine was :i[d inferted.

The Problems which follow relate chiefly to the Duration of Play,
or to the Method of determining what number of Games may pro-
bably be played oat by two Adver[aries, before a certain number of
Stakes agreed on between them be won or loff on either fide. This
Subjelt affording a very great Variety of Curious Queftions, of which
every one has a degree of Difficaity pecaliar toit Jelf, 1 thought it
nece(fary to diwﬁdge it into feveral diftinit Preblems, and to illu-
frate their Solution with proper Examples.

Tho' thefe Queftions may at firft fight [eems to have awery great
degree of difficalty, yet 1have fome reafon to believe, that the Steps
I bave taken to come at their Solution, will eafily be énﬁawm’ by
thofe who have a competent skill in Algebra, andthat the chief Me-
shod of proceeding therein will be underftood by thofe who are barely
acquainted with the Elements of that Art,

When I firfl began to attempt the general Solution of the
Problem concerning the . Duration. of !f;, there was nothing exe
tant that could give me any light. into that Subjedl;. for. dgﬂ
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de Monmort, in the firff Edition of his Book, gives the Solution

this Problem, as limited to three Stakes to be won or loff, and
arther limited by the Suppofition of an Equality of Skill berween
the Adventurers; yet be having given no Demonffration of his
Solution, and the Demonflration when difcovered being of wvery lit-
tle ufe towards obtaining the general Solution of the Problem, I
was forced to try what my own Enquiry would lead me to, which
having been attended with Succefs, 3.9 refult of what I found was
afterwards pablifbed in my Specimen before mentioned.

All the Problems which in my Specimen related to the Dara-
tion of Play, have been kept entire in the following Treatife ; but
the Method of Solution has received fome Improvements by the
new Difcoveries 1have made concerning the Nature of thofe Series
which refult from the Confideration of the Subject ; however, the
Principles of that Method having been laid down in my Specimen
I had nothing now to do, but to draw the Confequences that were
naturally deducible from them.

Mr. de Monmort, and Mr. Nicholas Bernoully, have each of
them [eparately given the Solution ?“ my XXXiXth Problem, in a
Method differing from mine, as may be [een in Mr. de Monmort’s
fecond Edition of his Book. Their Solutions, which in the main
agree togethery and vary little more than in the form of Expreffion,
are extreamly beautiful ; for which reafon I thought the Reader
would be well pleafed to fce their Method explained by me, in [uch a
manner as might be apprebended by thofe who are not [0 well werfed in-
the nature of Symbols: In which matter I have taken [ome Pains,
thereby to teftify to the World the juft Value 1 have for their
Performance.

The 434 Problem baving been propofed to me by Mr. Thomas.
Woodcock, 2 Gentleman whom I infinitely refpect, I attempted its
Solution with a very great dz'ﬁri.'t}f obtaining it ; and having bad
the good Fortune o [ucceed in ity Irveturned him the Solution a few
Days after he was pleafed to propofe it. This Problem is in my
Opinion one of the maoft curious that can be propos’d vn this Subjeit ;
its Solution containing the Method of determiming, not only that
Advantage which refults. from a Superiority of Chance, in a Play
confined to a certain number of Stakes to be won or loff by either
Party, but alfo that which may refult from an unequality of Stakes;
and even compares thofe two Advantages together, when the Odds of
Chavee being on one fide, the Odds .1? Money are on the other.

5 c | Before
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Before I make an end of this Difcourfe, I think my [elf obliged
20 take Notice, that fome Tears after my Specimen was printed,
there came out a Tralt upon the Subjelt of Chance, being a P?-
humowi Work of Mr. James Bernoully, wherein the Author has
fhewn a great deal of Skill and Judgment, and perfellly anfwered
the Character and great Reputation be bath fo juftly obtained. Iwifb
I were capable of carrying on a Projeit he had began, of applying
the Dolfrine of Chances to Oeconomical and Political Z/fes, to
which I have been invited, together with My de Monmort, by Mr.
Nicholas Bernoully : I heartily thank that Gentleman for the good
Opinion he has of me; bat I willingly refign my [bare of that Task
into better Hands, wilbing that either be himfelf would profecute
that Defign, he having formerly publifbed fome [uccefsful E[fays of
that Kjnd, or that fﬁ Unele, Mr. John Bernoully, Brother to
the Deceafed, could be prevailed upon to beflow [ome of bis Thoughts
upon it 5 be being known to be perfectly well qualified in all Refpells
for fuch an TUndertaking,

Due Care having been taken to avoid the Erratz of the
Prefs, we hope there are no other than thefe two,

e -

Pag. 35. Lin. 35. for » — 3 read # — 1.
Pag. 36. Lin. 2. for » — 3 read » — 2.




The DOCTRINE

CHANCES.

INTRODUCTION.

H E Probability of an Event is greater, or’
— | lefs, according to the number of Chances
£ by which it may Happen, compar’d with
=l the number of all the Chances, by which
4 it may either Happen or Fail.
| | Thus, If an Event has 3 Chances to Hap.
T = pen, and 2 to Fail; the Probability of its
Happening may be eftimated to be 2, and the Probability
of its Failing 2. {

Therefore, if the Probability of Happening and Failing
are added together, the Sum will always be equal

Uaity.
§ B If




2 The Doctrine of CHANCES,

If the Probabilities of Happening and Failing are unequal,
there is what is commonly cal’d Odds for, or againft, the
Happening or Failing; which Odds are proportional to the
number ol Chances tor Happening or Failing.

The Expe&ation of obtaining any Thing, 1s eftimated by
the Value of that Thing muliiplied by the Probability of
cbtaining it.

Thus, Suppofing that 4 and B Play together ; that 4 has
depofited 5/, and B 3 /; that the number of Chances which
A has to win is 4, and that the number of Chances which
B has to win is 2 : Since the whole Sum depofited is 8, and
that the Probability which A4 has of getting it, is <£-; it fol-
lows, that the Expettation of 4 upon the whole Sum depo-
fited will be Sy 4= 5 =3 and for the fame reafon, the Ex-
pectation of Bwillbe 22 = 2 2,

The Risk of lofing any Thing, is eftimated by the Value
of that Thing multiplied by the Probability of lofing it.

If from the refpettive Expettations, which the Gamefters
have upon the whole Sum depofited ; the particular Sums the
depofit, that is their own gtakcs, be {ubtratted, there will

remain the Gain, if the difference is pofitive, or the Lofs, if
the difference is negative.

Thus, If from 53 the Expeltation of 4, 5 which is his
own Stake be fubtrafied, there will remain - for his Gain;
likewife if from 2+ the Expeflation of B, 3 which is his
own Stake be fubtra&ed, there will remain — - for his Gain,
or L for his Lofs,

Aagain, If from the refpetive Expeftations, which either
Gamefter has upon the Sum depofited by his Adverfary, the

Risk of lofing what he himfelf depofits, be fubtra&ed, there
will likewife remain his Gain or Lofs.

Thus, In the preceding Cafe, the Stake of B being 3, and
the Probability which 4 bas of winning it being <, the

Expettation of 4 upon that Stake is dx4 = L2 = 3,
Moreover the Stake of A being 5, and the Probability of
loling it being 2, the Risk which 4 runs of lofing his
own Stake is Sy 2 =12 = 1-%. Therefore, if from the

Ex-
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Experation 2, the Risk r -2, be fubtratted, ‘there will re-
main -1, as before, for the (?Eain of 4; and by the fame way
of arguing, the Lofs of B will be found to be -, '

N. B. Tho’ the Gain of one is the Lofs of the other, yet
it will be convenient to look for them feverally, that one
Operation may be a Proof of the other.

If there is a certain number of Chances by which the
pofieflion of a Sum can be fecur’d ; and alfo a certain num-
ber of Chances by which it may be loft; that Sum may be
Infured for that part of it, which fhall be to the whole, as
the number of Chances there is to lofe it; to the number of
all the Chances.

Thus, If there are 19 Chances to fecure the poffeflion of
1000/, and r Chance to lofe it, the Infurance Money may
be found by this Proportion.

As 20 isto 1, fo is 1000 to 50 ; therefore 50 is the Sum
that ought to be given, in this Cafe, to Infure rooo.

If two Events have no dependence on cach other, fo that p
be the number of Chances by which the firft may Happen,
and ¢ the number of Chances by which it may Fail; and
likewife that » be the number of Chances by which the fe-
cond may Happen, and s the number of Chances by which
it may Fail: Multiply p 4+ ¢by » 4 5, and the Produék
pr 4 qr + ps + gs will contain all the Chances, by which the
Happening, or Failing of the Events may be varied among(t
one another.

Therefore, If 4 and B Play together, on condition that
if both Events Happen, 4 fhall win,and B lofe ; the Odds
that 4 fhall be the winner, are as pr to gr + ps 4 ¢s ; for the.
only Term in which both p and r occur is pr; therefore the

s 1 " = - _Ff .
Probability of 4’ winning is g s =

But if A4 holds that either one or the other will Happen ;
the Odds of A4’s winning are as pr -+ gr -+ ps t0 ¢s; for {fome
of the Chances that are favourable to 4, occur in every one
of the Terms pr, gr, ps.

Again, If A4 holds that the firft will Happen, and the fe-
cond Fail; the Odds are as psto pr + g7 -+ g5

From
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From what has been faid, it follows, that if a Fra&ion ex-
preffes the Probability of an Event, and another Fraftion the
Prabability of another Event, and thofe two Events are in-
dependent ; the Probability that both thofe Events will Hap-
pen, will be the Produét of thofe two Frattions.

Thus, Suppofe I have two Wagers depending, in the firft of
which I have 3 to 2 the beft of the Lay, and in the fecond
7 t0 4, what is the Probability I win both Wagers ?

The Probability of winning the firft is 2., that is the num-

ber of Chances I have to win, divided b;thﬂ number of all
the Chances ; the Probability of winning the fecond is 7.
Therefore multiplying thefe two Fraltions together, the Pro-
duct will be 2=, which is the Probability of winning both

Woagers. Now this Fraion being fubtratted from 1, the
remainder is 2%, which is the Probability I donot win both

Wagers : Therefore the Odds againft me are 34 to 21.

2° If T would know what the Probability is of winning
the firft, and lofing the {econd, I argue thus; The Probability
of winning the firft is 3, the Probability of lofing the fe-
cond is -t-: Therefore multiplying 2 by -, the Produtt 1
will be the Probability of my winning the firft, and lofing the
fecond ; which being fubtraéted from 1, there will remain <2

which is the Probability I do not win the firft, and at ;f:c
fame time lofe the fecond.

3° If I would know what the Probability is of winning
the fecond, and at the fame time lofing the firft; I fay thus,
the Probability of winning the fecond is —Z-, the Probability

of lofing the firft is 2. Therefore mulriplying thefe two
FraCtions together, the Produt ‘& is the Probability I win
the fecond, and alfo lofe the firft.

4° If I would know what the Probability is of lofing both
Wagers; 1 fay, the Probability of lofing the firft is =, and

the Probability of lofing the fecond -£-; therefore the Proba-
bility of lofing them both is -, which being fubtraéted
from 1, there remains 45 therefore the Odds againft lofing
both Wagers is 47 to 8. ;
This
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This way of reafoning is plain, and is of very great extent,
being applicable to the Ha ppening or Failing of as many Events
as may fall under confiderariop, “V'hus, if I would know what
the Probability is of miffing an Ace 4 times rogether with a
common Die, I confider the miffing of the Ace 4 times, as the
Failing of 4 different Events; now the Probability of miffing
the ﬁrﬁis -, the Probability of miffing the fecond is alfo =, the
third %, the fourth%-; therefore the Probability of miffing the
Ace 4 times together is 2 x2 x 2 x +=-25; which being
fubtraéted from 1, there will remain -5 for the Probability of
throwing it once or oftner in 4 times; therefore the Odds of
throwing an Acein 4 timesis 671 to 625.

But if the flinging of an Ace was undertaken in 3 times,
’tis plain that the Probability of miffing it 3 times would
be 2 x = x 2 =25, which being fubtrated from », there will
remain_a% for the Probability of throwing it once or ofiner
in 3 times ; therefare the Odds againft throwing it in 3 times
are 124 to gr,

Again, fuppofe we wou’d know the Probability of throw-
ing an Ace once in 4 throws and no more: Since the Proba.
biﬁtjf of throwing it the firft time is 1, and the Probability
of mifling it the other three times is 2 x 2-x %, it follows
that the Probability of throwing it the firft time, and mif
fing it afterwards three times fucceflively, is Lx Ly £y 2
= 135 but becaufe it is poffible to hitit in every throw as well
as the firft, it follows, that the Probability of throwing it once

in 4 throws; and miffing the other three times, is 222 -
which being fubtratted from 1, there will remain -ZZ. for the
Probability of not throwing ic once and nomere in 4 times;
therefore if one undertakes to throw an Ace once and no more
in 4 times, he has 500 to 796 the worlt of the Lay, or 5 to 3
very near.

Suppofe two Events are fuch, that one of them has twice as
many Chances to come up as the other; whart is the Probabi.
lity that the Event which has the greater number of Chances
to come up, does not Happeatwice before the other H ppens
once ; which is: the Cafe of Hlinging Seven with two Dice, be-

tore
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fore four once ; fince the number of Chances are as 2 to 1,
the Probability of the firlt Happening before the fecond is 2,

but the Probability of its Happening twice before it, is but

Zx2ort; therefore ’tis § to 4, Seven does not come up

twice, before Four once.

But if it was demanded what muft be the proportion of
the Facilities of the coming up of two Events, to make that
which has the moft Chances, to come up twice, before the
other comes up once ; the anfwer is 12 to § very near, (and
this proportion may be determined yet with greater exatt-
nefs) for if the proportion of the Chances is 12 to §, it follows,
that the Probability of throwing the firft before the fecond
is <2, and the Probability of throwing it twice, is2 x 22 or
245 therefore the Probability of not doing it is 1455 there-

fore the Odds againft it are as 145 to 144, which comes
very near a proportion of Equality.

What we have faid hitherto concerning two or more E-
vents, relates only to thofe which have no dependency oneach
other ; as for thofe that have a dependency, the manner of
arguing about them will be a little alter’d : But to know in
wﬁat the nature of this dependency confifts, I fhall propofe
the two following eafy Problems.

Suppofe there is a heap of 13 Cards of one colour, and a-
nother heap of 13 Cards of another colour; what is the Pro-
bability, that taking one Card at a venture out of each heap,
I fhall take out the two Aces ?

The Probability of taking the Aceout of the firft heap is =5
the Probability of taking the Ace out of the fecond is alfo -
therefore the Probability of taking out both Aces is =xs
= %, which being fubtralted from 1, there will remain 2
therefore the Odds againft me are 168 to 1.

But fuppofe that outof one fingle heap of 13 Cards of one co-
lour, I fhould undertake to rake our, firft the Ace, fecondly the
Twos tho’ the Probability of taking out the Ace be -1, and
the Probability of taking out the Two be likewife -L., yet the
Ace being fuppofed as taken our a'ready, there will remain
only 12 Cards in the heap, which will make the Pmbahilit;;_

0
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of taking out the Two to be L, therefore the Probability of
taking out the Ace,and then the Two, will be + ¥ 55+ And

upon this way of reafoning may the whole Dottrine of Com-
binations be grounded, as will be fhewn in its place.

It is plain that in this laft Quelftion, the two Events propo-
fed have on each other a dependency of Order, which depen~
dency confifts in this, that one of the Events being fuppofed
as having Happened, the Probability of the other’s Happen-
ing is thereby alter’d ; whereas in the firlt Queftion, the rak-
ing of the Ace out of the firft heap does not alter the Proba-
bility of taking the Ace out of the fecond ; therefore the In-
dependency of Events confifts in this, that the Happening of
one does not alter the degree of Probability of the other’
Happening.

We have feen already how to determine the Probability
of the Happening of as many Events as may be affigned, and
the Failing of as many others as may be afligned likewife,
when thofe Events are independent: We have {een alfo how
to determine the Happening of two Events, or as many as
may be afligned when they are Dependent.

But how to determine in the cafe of Events dependent, the
Happening of as many as may be affigned, and at the fame
time the Failing of as many as may likewife be afligned, is a
difquifition of a higher nature,and will be fhewn afterwards.

If the Events in queftion are » in number, and are {uch
as have the fame number 2 of Chances by which they may
Happen, and likewife the fame number & of Chances by
which they may Fail, raife 2 + 4 to the Power »

And if 4 and B play together, on condition that if either
one or more of the Events in queftion do Happen, 4 fhall win,

and B lofe; the Probability of 4’s winning will be s On—s?

B = P27
5 ol o . ._5-’{-— . .
and that of B’ winning will be = for when a6 is

altually raifed tothe Power #, the only Termin which 2 docs
not occur is the laft £%; thercfore all the Terms but the laft

are favourable to 4. -
Thus, if # =3; railing 245 tothe Cube 2 + 344b-+3ab0-+ 1%,
all the Terms but 42 will be favourable to 4 ; and thc:n:l'nﬁr:
the
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the Probability of A’ winning will be “”_':f;;"“ or

Z d:&—,&: ; and the Probability of B's winning wili be %f‘

But if 4 and B play, on condition that if cither two or
more of the Events in queftion do Happen, 4 fhall win; buc
in cafe one only Happensor none, B fhall win; the Probabi-
""—5' e T T L 1

lity of s winaing will be 22282 for the on-
4 r a?.ﬁ”
ly two Terms in which 44 does not occur are the two laft,

wiz, nab® *and 6™ And fo of the reft.

The
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The Solution of [everal forts of Problems,
deduced from the Rules latd down 11 the
Introduction.

PROBLEM I

Uppofe A tohold a fingle Die, and to laywith B, tha
in 8 throws be [ball fling Two Aces or more : What
is his Probability of winning, or what are the Odds
for or againft him ?

SOLUTION.

Ecaufe there is one fingle Chance for 4, and five againft

him, let # be made = 1, and 4 = §; again becaufe the

qnumber of throws is 8, let » be made = 8, and the Proba-
A8 — P ya Bt S S8 e

_#+&|u T Lé79518
1orss2s

Therefore the Probability of his lofing will be {55553, and
the Odds againft him will 'be as 1015625 te 663991, or as
3 t0 2, Very near.

PROBLEM 1L

T*WD Men A andB playing a Set together, in each Game of
the Set the number of Chances which A bas to win is 3, and
the number of Chances which B has to win is 2 : Now after [ome
Games are over, A wants 4 Games of being up, andB6: It is
-required in this circamflance to determine the Probabilities whioh
either has of winning the Set.

SOLUTION.

Ecaufe 4 wants 4 Games of being up, and B 6; ic

i follows, that .the Set will be ended in 9 Games at
.amoft, which is the fum of the Games wanting between
iy 1) them ;

P e,
w3 o Yy =
D L

bility of 4’s winning will be
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them ; thercfore let 2+ 4 be raifed to the 9tk Power, viz,
&7 4 9a*b A 36a7bb + 8446} + 12645 b% - 1264% b5 4 8443 b5
364ab7 4 9ab® 4 b7 ; take for A all che Terms in which 4 has
4 or more dimenfions, and for B all the Terms in which &
hes 6 or more dimenfions ; and the Proportion of the Odds will
be, as 4® 4 94° b -+ 3647 bb 4 844°6 4 12645 b* 4 126465, tO
844°6° 4 36aab” + 9ab® 1 b°. Let now « be expounded by 3,
and & by 2 ; and the Odds that 4 wins the Set will be found
as 1759077 to 194048, or very near as 9 to I.

And generally, fuppofing that p and ¢ are the number of
Games refpetively wanting ; raile 444 to the Power p4-g—1,
then take for 4, a number of Terms equal to g, and for B, a
number of Terms equal to p.

REMARKS.

1. In this Problem, if inftead of fuppofing that the Chances
which the Gamefters have each time to get a Game are in
the proportion of « to &, we fuppofe the Skill of the Game-
fters to be in that proportion, the Solution of the Problem
will be the fame: We may compare the Skill of the Game-
fters to the number of Chances they have to win. Whether
the number of Chances which 4and B have of getting a Game,
are in a certain Proportion, or whether their Skill be in that
proportion, is the fame thing.

2. The preceding Problem might be folved without Alge-
bra, by the bare help of the Arithmetical Principles which
we have laid down in the Introduftion, but the method
will be longer: Yet for the fake of thofe who are not ac-
quainted with Algebraical computation, I fhall fer down the
Method of proceeding in like cafes.

In order to which, it is neceflary to know, that when a
Queftion feems fomewhat difficult, it will be ufeful to folve
at firft a Queftion of the like nature, that has a greater degree
of implicity than the cafe propofed in the Queftion given; the
Solution of which cafe being obrained, it will be a {tep to af-
cend to a cafe a little more compounded, till at laft the cafe
propofed may be attained to.

Therefore, to begin with the fimpleft cale, we may fup-
polfe that 4 wants 1 Game of being up, and B 2 ; and thﬁt

the
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the number of Chances to win a Game are equal ; in which
cafe the Odds that 4 will be up before B, may be determined
as follows.

Since B wants 2 Games of being up and A 1, tis plain that
B muft beat 4 twice together to win; but the Probability of
his beating him once 1s L., therefore the Probability of his

beating him twice together is - x L=+ ; fubtralt - fiom
1, there remains %, which is the Probability which 4 has

of winning once before B twice, therefore the Odds are as

to I.

+ By the fame way of arguing *twill be found, that if 4 wants
1,and B 3,the Odds will be as 7 to 1, and the Probability of
winning, 7 and - refpedtively. If 4 wants 1, and B 4, the
Odds will be as 15 to 1, &c.

Again, fuppofe 4 wants 2, and B 3, what are the Odds
that 4 is up before B?

Let the whole Stake depofited between 4 and Bbe 1;
now confider that if B wins the firt Game, B and 4 will
have an equality of Chances, in which cafe the Expecta-
tion of B will Ee L ; but the Probability of his winning the

firk Game is L, therefore the Expeftation of B upon the
Stake, arifing from the Probability of beating A the firft time,
willbe Ly 1 =1L, _

2 2 &

But if B lofes the firft Game, then he will want 3 of being
up, and 4 but 1 ; in which cafe the Expe&tation of B will be -1

but the Probability of that circumftance is L, therefore the

Expe&ation of B arifing from the Probability of his lofing the
firlk time is x4 =~

Therefore the Expeftation of B upon the Stake 1, will
be L4+t =, which being fubtratted from 1, there re-

mains = for the Expeftation of 4 ; therefore the Odds are

1&

as 11 to §. 2o
And thus proceeding gradually, it will be eafy to compofe
the following Table.

A TABLE
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A TABLE of the ODDS for any number of Games
wanting, from 1 to 6.
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And by the fame way of proceeding, it would be eafly to
compofe other Tables, for exprefling the Probabilities which
A and B have of winning the Set, when each wants a given
number of Games of being up, and when the p.rupormglhuf the

ances
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Chances by which each of them mag get a Game isas 2 to 1,
or varies at pleafure ; but the Algebraic method explained in
this Problem anf{wering all that variety, “cis needlefs to infift
upon it,

PROBLEM IIL

F A and B play with fingle Bowls, and [uch be the Skill of A
that he %nows by Experience he can give B 2 Games out of 3 :
What is the proportion of their Skilly or what are the Odds that A

may ges amy one Game affigned ?
SOLUTION.

ET the proportion of the Odds be as = to 1 : Now fince

A can give B 2 Games out of 3, therefore 4 can, upon an
equality of Play, undertake to win 3 Games together: Let
therefore = 4 1 be raifed to the Cube, viz. 234 322432+ 1;
therefore the Probabilities of winning will be, as z? to 3254
32+ 1; but thefe Probabilities are equal, by fuppofition ;
therefore 2 = 3224 324 1,0r2 2 = 2' 4 3224 3241,
and extratting the Cube Root on both fides, 2y 2 = 24 1;

therefore z= 5 , and confequently the Odds that 4 may

Vi
. o 3
get any one Game afligned are as 3, tonorassto V2—1,
ar=d
that is in this cafe as 50 to 13 very near.

PROBLEM 1IV.

F A can without advantage or difadvantage give B 1 Game

out of 33 what are the Odds that A fhall take any one (Game
afigned & Or what is the proportion of the Chances they have to
win any one Game affigned? Or shat is the proporsion of their
Skill ?

SOLUTION.

LE T the proportion be as z to r; now fince 4 can give
B 1 Game out of 3; thercfore A can, upon an equality

of Play, undertake to get 3 Games before B gets 2 ; let th?rc-
ore
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fore z+ 1 be raifed to the 42/ Power, whofe Index 4 is the Sum
of the Games wanting between them lefs by 1 ; this Power
will be z* 4 4 2° 4 622+ 42+ 1; therefore the Probabili-
ties of winning the Set will be as 2* 4 42° t0 6224+ 4z 4 1
But thefe Probabilities are equal by Hypothelis, fince 4 and B
are fuppofed to play without advantage or difadvantage;
therefore 2% 4 423 =622z + 424 1, which Equation being
folved, = will be found to be 1.6 very near; wherefore the pro-
portion of the Odds will be as 1.6 to 1, or as 8 to 5.

PROBLEM V.

T O find in how many Trials an Event will Probably Fap-
peny or how many Trials will be requifite to make it indif-
ferent to lay on its Happening or Failing ; [appofing that a is the
number of Chances for its Hajspmiﬂg in any one lrialy and b the
number of Chances for sts Failing.

SOLUTION.

LET x be the number of Trials; therefore by what
has been already demoaftrated in the Introduétion

A ¥ = =b%, or ;) ¥ = 24; therefore x = Lng”_f'_‘g_’w= 2

Moreover, let us reaffume the Equation ;575 * = 2/4* and
making «,56:: 1, g, the Equation will be changed into this
142 "= 2: let therefore ,4 + be raifed attually to the
Power x by Sir If2ac Newton’s Theorem, and the Equation will

be 1+ 24 it 4 S o &6 =». Inthis E-
uation, if ¢ = 1, then will x be likewife = 1; if 7 be infinite,
then will x alfo be infinite. Suppofe 7 infinite, then the Equa-

tion will be reduced to 1 + Wi Gk 5’;, &c. = 2 : But

the firft part of this Equation is the number whofe Hyperbo-
licLogarithm is = therefore -:7 = Log: 2: But the Hyper-

bolic Logarithm of 2 is 0.693 or nearly ¢.7; Wherefore - =,

0.7, and ¥ = 0.7¢ very near. , 4
Thus we have afligned the very narrow limits within
which the Ratio of x to 7 is comprehended ; for it begins
with
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with Unity, and terminates at laft in the Ratio of 10 to 7,
very near.

But x foon Converges to the limit 0.7 ¢, fo that this pro-
portion may be affumed in all cafes, let the Value of g be
what it will.

Some ufes of this Propofition will appear by the following.
Examples.

EXAMPLE L

LET it be propofed to find in how many Throws one
may undertake, with an equality of Chance, to fling two-
Aces with two Dice.

The number of Chances upon two Dice is 36, out of
which there is but 1 Chance for two Aces; therefore the
number of Chances againft it is 2x5: Multiply 35 by o.7,
and the produét 24.5 will fhew that the numﬂer of Throws-
requifite to that e will be between 24 and 2.

" EXAMPLE IL

O find in how magy Throws of three Dice, one may
| undertake to fling three Aces.

The number of all the Chances upon 3-Dice is 216, out of
which there is but 1 Chance for 3 Aces, and 215 againft it.
Therefore let 215 be multiplied by 0.7, and the produ&t 150.5
will fhew that the number of Chances requifite to that effet
will be 150, or very near it.

EXAMPLE IIL

] N a Lottery whereof the number of Blanks is to the num-

ber of Prizes as 39 to 1, ({uch as was the Lottery of 17103 )
To find how many Tickets one muft take, to make it an
equal Chance for one or more Prizes.

Multipil_y 9 by 0.7, and the product 27.3 will fhow that the
nun{;bern 'Eiclif:ts requilite to that effe€t will be 27, or 2.8 at
moft.

Likewife, in a Lottery whereof the number of Blanks is
to the number of Prizes; as 5 to 1, multiply 5 by 0.7 and the

pro-



16 The Doctrine of CHANCES.

produék 3.5 will fhow, that there is more than an equality of
Chance in 4 Tickets for one or more Prizes, but fomething
lefs than an equality in 3.

REMARK.

In a Lottery whereof the Blanks are to the Prizes as 3p
to 1, if the number of Tickets in all was but 40, this propor-
tion would be altered, for 20 Tickets would be a fufficient
number for the Expefiation of the fingle Prize; it being evi-
dent that the Prize may be as well among the Tickets which
are taken as among thofe that are left behind.

Again, if the number of Tickets was 8o, ftill preferving
the proportion of 39 Blanks to 1 Prize, and confequently fup-
pofing 78 Blanks to-2 Prizes, this proportion would ftill be
altered : For by theDoftrine of Combinations, whereof we are
to treat afterwards, it will appear that the Probability of
taking one Prize or both in 20 Tickets would be but 132

and the Probability of taking none would be 5 Wherelscﬁ'é

the Odds againft taking any Prize would be as 177 to 139,
Qr very near as g to 7.

And by the fame Dottrine of Combinations it will be found
tthat 23 Tickets wonld not be quite fufficient for the Expedt-
ation of a Prize in this Lottery ; but that 24 would rather be
two many; fo that one might with advantage lay an even
Wager of taking a Prize in 24 Tickets.

If the proportion of 39 to 1 be oftner repeated, the num-
ber of Tickets requifite tora Prize will ftill increafe with that
repetition : Yet let the proportionof 39 to 1 be repeated ne-
ver fo many times, nay an infinite number of times, the num-
ber of Tickets requifite for a Prize will never exceed Z of
39, that is about 27 or 28,

"Therefore if the proportion of the Blanks to the Prizes be
often repeated, as it ufually is in Lotteries ; the number of Tick-

ets requifite for one Prize or more, will always be found by
taking Z of the proportion of the Blanks to the Prizes.

&

LE M.
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LEMM A.

O find how many Chances there ave upon any sumber of

Dice, each of them of the [ame given number of Facesy to
throw any given number of Points.

SOLUTION.

ET p41 be the number of Points given, » the number
of Dice, f the number of Faces in each Die: Make

{’-”f=-‘fi g—f=r; r—f=s; s—f=t & and the num-
er of Chances will be

&

e 2kl e,
— Ly Tl 12 8&rp, x -2
o 2 3 L

r _,r—1._ r—=2 I T |
— x-‘— —

+ 1 KT 3 &{:r b4 ; X -

— g T 2 Ere, w22
i 2 3 1 2

3
=+ &e.

which Series ought to be continued till fome of the Faltors in
each Produ&t become either = o, or Negative,

N. B. So many Faftors are to be taken in each of the Pro-
dutls 2wty ti-“ &c. 4. x 1 xi';'-’ &ec. as there are Units
in #—1.

Thus, for Example, let it be required to find how ‘many

Chances there are for throwing Sixteen Points with Four
Dice.

g

—
—

4 13

A e e T T Pl o
TR s e R =— 336
+ x~tex-xt-x—r =+ 6

But 455— 3366 = 125; therefore One Hundred and
Twenty Five is the number of Chances required.

F | Again,
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~ Again, letit be required to find the number of Chances for
throwing feven and T'wenty Points with Six Dice.

—1—%5.:.:%5—-}{-%-}{—?—3{% =+ 65780
-_.ii.x'_f-xl%x—!f—}:l;-x-% = — 93204
+=3?f':?{];x+:->{-?—x'£:_x'& = -} j0030
B f x - X ‘; % ix-—i-x%x—i—x-ﬁ—=—— 1120

Therefore 65780— 93204 + 30030 — 1120 =1666 is the
number required.

Lct it be required to find the number of Chances for throw-
ing Fifteen Points with Six Dice.

T2 Il 10°

14 13

X — X —— K —K — —

2 W e — -} 2002
8 T 6 5 4 6 w

But 2002 — 336 = 1666, which is the number requi-
red.

Cordl. All the Points equally diftant from the extreams, that
is, from the leaft and greateft number of Points that are upon
the Dice, have the fame number of Chances by which they
may be produced ; wherefore if the number of Points given
be nearer to the greater Extream-than to the lefs, let the num-
ber of Points given be fubtrafted from the fum of the Ex-
treams, and work with the remainder, and the Operation
will be fhorten’d.

Thus, if it be required to find the number of Chances for
throwing 27 Points with 6 Dice: Let 27 be fubtradled from
42 the {um of the Extreams 6 and 36, and the Remainder
being 15, it may be concluded that the number of Chances
for throwing 27 Points is the fame as for throwing 15,

Let it now be required to find in how many throws of
6 Dice one may undertake ro throw 15 Points.

The number of Chances for throwing 15 Points being
1666 ; and the number of Chances for Failing being 44990
divide 44990 by 1666, the Quotient will be 27 ; Multiply 2

by
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by .7, and the Produét 18.9 will fhew that the number of
throws requilite to that effect is very near 19.

PROBLEM VL

O find bow many Trials are neceffary to make it Probable,

that an Event will Happen twice, [uppofing that a is the

number of Chances for its Flappening at any one Trialy and b the
number of Chances for its Failing.

SOLUTION.

ET x be the number of Trials: Therefore by whage

has been already Demonftrated, it will appear thag
a4b*=2b% 4 24x6""*; or making 4, b:: 1, 43 I+_£t ==
2422, Now if ¢ be fuppofed — 1, x will be found = 3;
and if ¢ be fuppofed infinite, and alfo 2. = z, we [hall have
z—Log: 24 Log: 1+ 2; in which Equation the value of =
will be found — 1.678 very nearly. Therefore the value of
x will always be between the Limits 3 4 and 1.6784. But x
will foon converge to the laft of thefe Limits ; therefore if
be not very {mall, it may in all cafes be fuppofed — 1.6784.
Yet if there be any Sufpicion that the Value of x thus
taken is too little, fubftitute this Value in the Original E-
quation 1+ -;L =14 =, and note that Errour. If it be-
worth taking notice of, then-increaft a little the value of x,
and fubftitute again this new value in the room of x in the
aforefaid E?uatian; and noting the new Errour, the value of
x may be fufficiently corrected by applying the Rule which
the Arithmeticians call double Falle Pofition.

EXAMPLE L

TO find in how many throws of Three Dice one may

undertake to throw Three Aces twice.

~ The number of all the Chances upon Three Dice being 216,.
out of which there is but one Chance for Three Aces, and

215 againft it ; Muliiply 215 by 1.678, and the Produtk

360.7 will fhew that the number of throws requifite to that

effe€t will be 360 or very near it. L
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EXAMPLE IL

O find in how many throws of Six Dice one may un-
dertake to throw Fifteen Points twice.

The number of Chaaces for throwing Fifteen Points is 1666,
the number of Chances for Miffing 449903 let 44990 be di-
vided by 1666,the Quotient will be 27 very near: Wherefore
the proportion of Chances for Throwing and Miffing Fifteen
Points are as 1 to 27 refpeltively; Multiply 27 by 1.678,
and the Produ& 44.3 will thew that the number of throws
zequifite to that efteét will be 45 nearly.

EXAMPLE IIL

I N aLottery whereof the number of Blanks is to the num-
ber of Prizes as 39 to 1: To find how many Tickets
mult be raken, to make it as Probable that two or more Be-
nefits will be taken as not.

Multiply 39 by 1.678, and the Produt 65.4 will thew
that no lefs than 65 Tickets will be requifite to that effet ;

tho’ one might undertake upon an Equality of Chance to
have one at lealt in 28.

PROBLEM YVIL

O find how many Trials are meceffary to make it Probable

I that an Event will Happen Three, Four, Five, &c. times;

fuppofing that a is the number of Chances for its Happening ir
mi’;r m::g? rialy and b the number of Chances for its Failing.

SOLUTION.

ET x be the number of Trials requifite, then fuppo-
fing, as before 4, 6:: 1, 9, we fhall have the Equa-

tion 14— 3 = 2% 1+ < -+ = x =, inthe cafe of the triple
Event; or 1 4+ * —maxa4Z X I I x I x 22

1 2 XS5
in the cafe of the quadruple Event: And the Law of the con-
tinuation of thefe Equationsis manifeft. Now inthe firlk E-
quation if 4 be fuppofed = 1, then will x be = 5. If g be

{up-
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fuppofed infinite or pretty large in refpeft to Unity; then
theaforefaid Equation, making 2 — 2, will be changed in-
to this, z = Log: 2 + Log. 1+ z+4 L 2z; wherein 2 will
be found nearly —= 2.675. Wherefore x will always be be-
tween 5 ¢ and 2.675 4.

Likewife in the fecond Equation, if ¢ be fuppofed — i,
then will x be—= 74¢; but if x be Elppafed infinite, or
pretty large in refpett to Unity, then = — Log. 2 4 Log.
142+ Lzz+ 2z¥; whence = will be found nearly = 3.6719;
Wherefore x will be between 74 and 3.6719 4.

If thefe Equations were continued, it would be found that

the Limits of = converge continually to the proportion of
two to one.

A TABLE of the Limits.

The Value of x will always be

For a {ingle Event, between 14 and 0.6934.
For a double Event, between 3¢ and 1.6784.
For a triple Event, between 59 and 2.6754.
For a quadruple Event, between 74 and 3.6724.
For a quintuple Event, between 9¢ and 4.6709.
For a fextuple Event, between 117 and 5.6687.

If the number of Events contended for, as well as the
number ¢ be pretty large in refpett to Unity ; the number
of Trials requifite for thofe Events to Happen » times, will

2iZig or barely »g.

PROBLEM VIIL

Hree Gameflers A, B, C, play together on this condition,

that be fball win the Set who has [ooneft got a certain num-

ber of Games; the proportion of the Chances which each of them

bhas to get one Game affigned, ory which is the fame thing, the

proportion ?réﬂir Skill, being refpectively as a,b,c.  Now af-

ter they have played [ome time, they find themfelves in this circum-

[tancey that A wants One Game ;:f being up, B Two Games, and C

Three 3 the whole Stake between thens being [uppofed 1 : What is the
Expeitation of each ?

G SOL U-
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SOLUTION.

IN the Circumftance the Gameftersare in, the Set will be end-

ed in Four Games at molt ; let therefore 2 4 & -+¢ be raifed
to the fourth Power, and it will be a* 4 44’ 4 644bb 4+ 4ab?
4 b 4 4% + 12aabc - 4% L+ Gaacc 4 12abec 4 Gbbec
+ qac® 4+ 12acbb 4 4bc® A ot

The Terms at 4 44’ + 4a%c + Gaace + 124abc 4 124b0¢,
wherein the Dimen(ions of # are equal to or greater than the
number of Games which 4 wants, wherein alfo the Dimen-
fions of & and ¢ are lefs than the number of Games which
B and € want relpe&ively, are intirely Favourable to 4, and
are part of the Numerator of his Expectation.

In the fame manner the Terms é* 4 4b%¢ - 6bbec are in-
tirely Favourable to B.

And likewife the Terms 46¢® - ¢* are intirely Favourable
to C.

The reft of the Terms are common, as Favouring partly
one of the Gamefters, partly one or both of the other: Where-
fore thefe Terms are fo to be divided into their parts, that the
parts Favouring each Gamelter may be added to his Expetta-
tion.

Take therefore all the Terms which are common, viz.
Gaabh 4 4ab’ + 124bec 4 4ac’, and divide them atuall
into their parts; that is 1° 64abb into aabb, abab, abba, &uz
baba, bbaa. Out of thefe Six parts, one part only, viz. bbas will
be found to Favour B, for ’tis only in this Term that two Di-
menfions of & are placed before one fingle Dimenfion of 4, and
therefore the other Five parts belong to 4; let therefore 544bb
be added to the Expe&ationof 4, and 14466 to the Expeftati-
on of B. 2° Divide 44b* into its parts, abbb, babb, bbab, bbba.
Of thefe parts there are two belonging to 4, and the other
two to B; let therefore 2463 be added ro the Expectation of
each. 3° Divide 1 24bbc into its parts; and eight of them will
be found Favourable to 4, and four to B ; let therefore 8abbe
be added to the Expettation of 4, and 44béc to the Expelta-
tion of B. 4° Divide 4ac3 into its parts, three of which will
be found Favourable to 4, and one to C; Add therefore ';.m
to the Expectation of 4, and 14¢? to the Expe&ation of C.
Hence the Numerators of the feveral ExpeCations of 4, B, €,
will be refpeétively. | 1.
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1. a* 4 44°0 - ga’c 4 6aacc + 124abe 4 128bcc - §aabb 3 248
4+ Babbe + 3ac’.

2. b4 4 4b% 4 6bbec - 14abb - 240 + gabec.

3o 46 4 10t 4 1 ac’s

The common Denominator of all their Expeftations be-

ing a-tb4clt.
herefore if 4,6, ¢ are in a proportion of equality, the:

Odds of winning will be refpettively as 57, 18, 6.

If » be the number of all the Games that are wanring,
2 she number of the Gamefters, 4, 4, ¢, d, &c. the proportion of
the Chances which each Gamefter has refpettively to win any
one Game affigned ; let 2 44 4 ¢+ d &c. be raifed to the
Power #+ 1 —p, then proceed as before.

PROBLEM IX.
WO Gameflers, A and B, each Bdwf/? 12 Counters, play

with three Dice, on condition, that if 11 Points come up,
B fball give one Counter to A ; if 14, A [ball give one Counter
to B; and that he (ball be the winner who [ball fooneft get all the
Counters of his adver[ary: What are the Probabilities that each of

them has of winning ?
SOLUTION.

E T the number of Counters which each of them have
be — p; and let 2 and & be the number of Chances they
have rel'peffively for getting a Counter each caft of the Dice:
I fay that the Probabilities of winning are refpectively as a?
to &7; or becaufe in this cale p—12,4—=127, b—=15 35 27'%
to 15'%, oras 9" to §'* or 35 282429536481 10 244140625,
which is the proportion affigned by M. Huygens, but without
any Demonftration :
Or more generally.

Let p be the number of the Counters of 4, and ¢ the num.
ber of the Counters of B; and let the proportion of the
Chances be as 4 to 5. 1 fay that the proportions of the Pro-
babilities which 4 has to get all the Counters of his adverfa-

- will be as a7 xaf —6F t0 6P X a® — b4,
R 4 DEMON-
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DEMONSTRATION.

LE T it be fuppofed that 4 has the Counters E, F, G, H &c.
whofe number is p, and that B has the Counters I, K, L
&c.whofe number is g: Moreover let it be fuppofed that the
Counters are the thing play’d for, and that thie Value of each
of them is to the Value of the following as « to 4, in fuch a
manner that the laft Counter of 4 tothe hrft Counter of B, be
ftill in that proportion. This being fuppofed, 4 and B, in every
circumftance of cheir Play, may lay down two fuch Counters
as may be proportional to the number of Chances each has to
geta %nglﬁ Counter; for in the beginning of the Play 4 may
lay down the Counter /7 which 13 the loweft of his Counters,
and B the Counter J which is his higheft; but &, I':: 4, b,
therefore 4 and B play upon equal Terms. If 4 win of B,
then 4 may lay down the Counter I which he has juft got of
his adverfary, and B the Counter K, ; but 7, K :: a, 4, there-
fore A4and B ftill play upon equal Terms. But if 4 lofe the firft
time, then 4 may lay down the Counter G, and B the Coun-
ter A, which he but now got of his adverfary; but G, 77::
a4, b, and therefore they ftill Play upon equal Terms as be-
fore. So that as long as they Play together, they Play with<
out advantage, or difadvantage, and confequently the Pro-
babilities of winning are reciprocal to the Sums which they
expet to win, that is, are proportional to the Sums they re-
{pectively have before the Play begins. Whence the Proba-
bility which 4 has of winning all the Counters of B, is to the
Probability which B has of winning all the Counters of 4,
as the Sum of the Terms E, F, G, # whofe number is p,
to the Sum of the Terms I, K, L whofe number is ¢; that
is, as a?XaP— 6% 10 b¥ xa?—67: As will eafily appear if
thofe Terms which are in ‘Geometric Progreffion are afluall

fommed up by the known methods. Now the Probabili-
ties of winning are not influenced by the fuppofition here
made, of each Counter being to the following in the pro-
portion of 4 to 43 and therefore when thofe Counters are
fuppofed of equal Value, or rather of no Value, but ferve
only to mark the number of Stakes won or loft on either
fide, the Probabilities of winning will be the fame as we have

afligned. R E-
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REMARK I

IF p and g, or either of them are large numbers, *ewill be
convenient to work by Logarithms.

Thus, If 4 and B play a Guinea a Stake, and the num-
ber of Chances which 4 has to win each fingle Stake be 43,
but the number of Chances which B has to win it be 40;

and they nbli%e themielves to play till fuch time as 100 Stakes
are won and loft.

From the Logarithm of 43 — 1.6334685
Subtraét the Logarithm of 43—:.: 1.60106:-0

Difference — 0.031408§

Mﬁltigly this Difference by the number of Stakes to be
play’d off, viz. 100; theProdutt will be 3.1048500, to which
anfwers, in the Tables of Logarithms, the number 1383;
wherefore the Odds that 4 fhall win before B are :;g;
to 1.

Now in all circumftances wherein 4 and B venture an e-
qual Sum ; the fum of the numbers exprefling the Odds, is
to their difference, as the Money play’d for, is to the Gain of
the one, and the Lofs of the other.

Therefore Multiplying 1382, difference of the numbers
exprefling the Odds, by 100, which is the fum ventured by
-each Man, and dividing the product by 1384 {fum of the num-
bers exprefling the Odds; the Quotient will be 99 Guineas,

and about 18- 45 which confequently is to be
eftimated as the Gain of 4.

REMARK 1L

IF the number of Stakes which are to be won and loft be
4 ynequal, but the number of Chances to win and lofe be
equal ; the Probabilities of winning will be reciprocally pro-
portional to the number of Stakes to be won.

Thus, If 4 ventures Ten Stakes to win One; the Odds
that he wins One before he lofes Ten will be as 10 to 1.

But ten Chances to win One, and One Chance to lofe ten,
‘makes the Play perfetly equal.

H T here-
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Therefore he that ventures many Stakes to win but few,
has by it neither advantage nor difadvantage.

PROBLEM" X,

WO Gamefters, A and B lay by 2.4 Counters, and play with

Three Dice, on this condition ; that if 11 Points come up,
A (ball take one Counter out of the heap ; if 14, B [ball take out
oney and be [ball be reputed to win, who [ball fooneft get 12 Counters.
What are the Probabilities of their winming ?

This Problem differs from the preceding in this, that the
play will be at an end in 23 Cafls of the Dice at moft, (that
1s of thofe Calts which are favourable either to 4 ar B:)
Whereas in the preceding cafe, the Counters pafling conti-
nually from one Hand to the other, it will often Happen that
Aand B will be in fome of the fame circumftances they
were in before, which will make the length of the play un-
limited.

SOLUTION.

Aking 2 and 4 in the proportion of the Chances that

there are to throw r1 and 14, let 44 & be raifed ro

the 234 Power, that is to fuch Power as is denoted by the

number of all the Counters wanting one : Then fhall the 12

firlt Terms of that Power be to the 12 laft in the fame pro-
portion as are the refpective Probabilities of winning,

PROBLEM XL

Hiee Perfons A, B, C out of a heap of 12 Counters,
whereof four are White and Eight Black, draw blivdfold
one Counter at a time in this manner 5 A begins to drawy B fol-
lows A5 C follows B; then A begins again ; and they continue
to draw in the [ame order, till one of them, who is to be reputed

to win, draws the firft White one. What are the Probabilities of
their winning ?

SOL U-
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SOLUTION.

ET # be the number of all the Counters, 2 the number
of White ones, & the number of Black ones, and 1 the

whole Stake or the fum play’d for.
1° Since A has 4 Chances for a White Counter, and 4

Chances for a Black one, it follows that the Probability of
his winning is —— or -3 Therefore the Expectation he has
upon the Stake 1 arifing from the circum(tance he is in when
he begins to draw is £ x 1 ==%. Let it thereforc be a-

greed amongft the adventurers that 4 fhall have no Chance
for a White Counter, but that he fhall be reputed to have had
a Black one, which fhall attually be taken out of the heap,
and that he fhall have the fum £ paid him out of the Srake

for an Equivalent. Now -2 being taken out of the Stake,.
there will remain 1 — £ — 22 — £,
2° Since B has 2 Chances for a White Counter, and that the

number. of remaining Counters is #— 1, his Probability of
winning will be —«_,  Whence his Expettation upon the re-

maining Stake £, arifing from the circumf{tance he is now in,
will be —2%_, Suppofe it therefore agreed that B fhall have

nxnp—1

the fum —2% . paid him out of the Stake, and that a Black

nXg—1I

Counter be likewife taken out of the heap. This being done,
- s = -5' l’& " Hé- &‘.-I‘; jl-
the remaining Stake will be e, Al e but.

nb—ab—1bb; Wherefore the remaining Stake is ZX2=".
3° Since C has 2z Chances for a White. Counter, and that
the. number of remaining Counters is #— 2, his Probability

of winning will be —2_: And therefore his Expetation up-
on the remaining Stake, arifing from the circumltance-he is

now in, will be 2X:=1%2_ hich we will likewife fup-

pofe to be paid him out of the Stake.
4° A may have out of the remainder ;’:f__ _I::i;j:_“lﬁ
and fo of the reft till the whole Stake be exhaufted.
There~
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Therefore having written the following general Series, viz,
4+ P+ QA+ FER 4+ 2528 & wherein P,Q,
R, S &c. denote the preceding Terms, take as many Terms
of this Series as there are Units in &4 1, (for fince & repre-
fents che number of Black Counters, the number of drawings
cannot exceed & -} 1) then take for 4 the firlt, fourth, fe-
venth &c. Terms; for B take the fecond, fifth, eighth &ec.
Terms; for C the third, fixth &e. and the fums of thofe
Terms will be the refpeftive Expeftations of 4, B, C; or be-
caufe the Stake is fix’d, thefe {ums will be proportional to
their refpective Probabilities of winning.

Now to apply this to the prefent cafe, make » <12,
4= 4, b — 8, and the genera? Series will become

4T P+ ZQ+ER+ES+ AT+ EVHEX
4+ = Y: Or multiplying the whole by 495, to take away
the Frattions, the Series will be
165 + 13084 4 56 135 - 20+ 10+ 4 4 1.
Therefore affign to 4 165 4- 56 J-10—=1231; to B 120
-J,—g; + 4=159; to € 84 + 20 -} 1 = 10%, and their
Probabilities of winning will be as 231, 159, 105, or as
77353y 35
If there be never fo many Gamefters 4, B, C, D &c. whe-
‘ther they take every one of them one Counter or more; or
whether the fame or a different number of Counters; the

Probabiliries of winning may be determined by the fame ge-
-neral Series.

REMARK L

T HE preceding Series may in any particular -cafe be
{horten’d 5 for if «is — 1, then the Series will be

wXxt1dadrtr41414a &

Hen-:e+i|: may be obferved, ﬂmji_f the whole number of
Counters be exatly divifible by the number of perfons con-
cerned in the Play, and that there be but one fingle White
Counter in the whole, there will be no advantage or difad-
vantage to any one of them from the fitvation he is in, in
.xefpect to the order of drawing. :

I.
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If 2 =3, then the Series will be
> Xn—1 +ﬂ—2+n-3+§::|.+ﬂ_f_§ﬂ{c.'

wig—1 .
If 4 —= 3. then the Series will be
3 X W—1 X =2 + N2 X =3 + =3 X 5—y &C.

EXp—IX3— 2

If 4 — 4. then the Series will be

fiE S e s XA—1XN—2XN—3 + B—2%X%—3 x n—4 &,

Wherefore rejecting the common Multiplicators ; the fe-
veral Terms of thefe Series taken in due order will be Pro-
portional to the feveral Expeétations of any number of Game-
fters. Thus in the cafe of this Problem where #is — 12,
and 2 — & the Terms of the Series will be

For A. For B. For C.
11 X10X9=—=2990 | 1o0Xx9x8 7201 9 X8 x7 = 504

Sox7 x6—13617 x&xg;zm 6X§X4= 120
S A N =00 LN N =N XX = 6
1386 954 630

Hence it follows, that the Probabilities of winning will be
refpetively as 1386, 954, 630; or dividing all by 18, as 77,
53, 35, as had been before determined.

REMARK IL

U'T if the Terms of the Series are many, it will be con-
venient to fum them up, by means of the following me-
thod, whofe Demonltration may be had from the Methodus
Differentialis of Siv Ifaac Newton, printed in his dnalyfis.
Subtra&t every Term, but the firft, from every following
Term, and let the remainders be called firff Differences 5 fub-
tract in like mannper every firlt difference from the fol]uwin{grt,
and let the remainders be called fecond Differences 5 fubtra
again every one of thefe:fecond differences from that which
follows, and call the remainders third Differences; and {o on,
till the laft differences become equal. Let the firft Term be

called 4, the fecond 4; the firlt of thefirlt differences éi',ﬁtl}{f
I r
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firlt of the fecond differences 4, the firlt of the third diffe-
rences 4 &c, and let the number of Terms which follow the
firlt be &, then will the fum of all thofe Terms be

“rabd o XISk R ENE

X }{.1'-—1 X I;-z xx_:_sdm &c.

1 4

N. B. If the numbers whofe fums are to be taken are the
Produéts of two numbers, the fecond differences will beequal;
if they are the Produdts of three, the third differences will
be equaly and fo on. 'Therefore the number of Terms, which
are to be taken after the firft, is to exceed only by Unity
the number of Faftors that enter the compofition of every
Term.

It may alfo be obferved, that if thofe numbers are decrea-
fing, it will be convenient to invert their order, and make

that the firft which was the laft.

Thus, fuppoling the number of all the Counters to be 100,
and the number of White ones 4 : Then the number of all
the Terms belonging to 4, B, C will be 97, the laft of which
3 x2 x t will belong to 4, fince 97 being divided by 3, the
remainder is 1. Therefore beginning from the loweft Term
3 X2 x 1, and taking every third Term, as alfo the differen-
ces of thofe Terms, we fhall have the following Scheme

- $r o e 6
OX 5% 4 = &2D
384
9% 8x 7 = s04 432
. 816 162
12 XTI XI0 = 1320 594
1410

I§XI4X13 =2730
&ec. %3 '

From whence the Values of 4, 4, d’, 4", 4", in the ge-
neral Theorem, will be found to be refpetively 6,120, 384,
g;z, 162 ; and confequently the fum of all thofe Terms will

€

6+
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6-xxX1204- % x Z2F x 384 4 2 x 22 X532 X 432
+_.lr__><:l':'t }‘::;1:’{:;1 }:161.’ or
6-431Ltx - §o—xx - 31 x - 6ixt, or

fi"x X+IXx+2x%X35+1 X 3.1:-’1-4.:

In like manner it will be found, that the fum of all the
Terms which belong to B, the laft of which is § x4 x3
is

“'%“ ® :—1-1 X x42 X 3x5+¢ X 3x-+8.
And alfo that the fum of all the Terms belonging to C, the
laft of which is 4 X3 X2, is

-—:—- ¥ 341 X x+2 X 9¥x+275116.

Now x in each cafe reprefents the number of Terms want.
ing one, which be[m}g feverally to 4, B, C; wherefore ma-
king x-4-1 —p, their feveral Expe&tations will be refpetive--
ly proportional to

p X pFr X 3p— X 3t
P X ptr X p42 X 3pts
P X pt1 X gppt-9p—2. :

Again, the number of all the Terms which belong to them
all being 97, and 4 being to take firft, it follows, that p in the
firft cafe is — 33, in the other two — 32.

Therefore the feveral Expeétations of 4, B, C will be re-
{pettively proportional to 41225, 39592, 38008.

If the number of all the Counters were 500, and the num-
ber of the White ones ftill 4; then the number of all the
Terms reprefenting the Expettations of 4, B, € would be 497..
Now this number being divided by 3, the Quotient is 165,
and the Remainder 2 : From whence it follows, that the laft
Term 3 X2 X 1 will belong to B, the laft but one 4 X3 X2
to 4, and the laft but two to C; it follows allo, that for B,
and 4, p muft be interpreted by 166, but for C by 165.

The
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The GAME of BASSETE.

RULES of th PLAT.

H E Dealer, otherwife called the Banker, holds a Pack

of 52 Cards, and having fhuffled them, he turns the
whole Pack at once, fo as to difcover the laft Card; after
which he lays down by Couples all the Cards.

The Setter, otherwife called the Poxre, has 13 Cards in his
hand, one of every fort, from the King to the Ace, which
13 Cards are called a Book; out of this Book he takes one
Card or more at pleafure, upon which he lays a Stake.

The Ponte may at his choice, either lay down his Stake
before the Pack is turned, or immediately after it is turned ;
or after any number of Couples are drawn.

The firft cafe being particular fhall be calculated by it felf;
but the other two are comprehended under the fame Rules.

Suppofing the Ponte to lay down his Stake after the Pack is
turned, T call 1, 2,3, 4, 5 &¢c. the places of thofe Cards which
follow the Card in view, either immediately after the Pack
is turned, or after any number of Couples are drawn.

If the Card upon which the Ponte has laid a Stake comes
out in any odd place, except the firft, he wins a Stake equal
to his own.

If the Card ypon which the Ponte has laid a Stake comes
out in any even place except the fecond, he lofes his Srake.

If the Card of the Ponte comes out in the firlt place, he
neither wins nor lofes, but takes his own Stake again.

If the Card of the Ponte comes out in the fecond place, he
does not lofe his whole Stake, but only a partofit, viz, a half;
which to make the calculation more general we will call y.
In this cafe the Ponte is faid to be Faced.

When the Ponte chufes to come in afrer any number of
Couples are down ; if*his Card happensto be but once in the
Pack, and is the very lalt of all, there'is an exception from
the general Rule: for thoe’ it comes out inan odd place which
fhould intitle him to win a Stake equal to his own, yet he
neither wins nor lofes from that ciccumftance, but takes back

his own Stake.
: PR O-
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PROBLEM XIL

TD Eftimate at Baflete the lofs of the Ponte wnder any cir.
cumftances of Cards remaining in the Stock, when he lays
bis Stake, and of any namber of times that bis Card is repeated
in if.

The Solution of this Problem containing Four Cafes, viz.
of the Ponts Card being once, twice, three or four times in
thle] Stock ; we will give the Solution of all thefe Cafes feve-
rally.

SOLUTION of the firlt Cafe.

THe Ponte has the following Chances to win or lofe, ac-
cording to the place his Card is in.

Chance for winning
Chance for lofing
Chance for winning
Chance for lofing
Chance for winning
Chance for lofing
Chance for winning

o el P e =
O™ == w0

* ophw bW

It appears by this Scheme that he has as many Chances
to win 1 as to lofe 1, and that there are two Chances
for neither winning nor lofing, wiz. the firlt and laft, and
therefore that his only Lofs is upon account of his being
Faced: From which ’ctis plain that the number of Cards co-
vered by that which is in view being called », his Lofs will
be 2, or _L fuppoling y — L

SOLUTION of the fecond Calfe.

By the firft Remark belonging to the XI¢4 Problem it appears
that the Chances which the Ponte has to win or lofe are
proportional to the numbers, #—1, »—2, #—3 &c. There-
fore his Chances for winning and lofing may be exprefled
by the following Scheme.

K 2
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n—1 Chances for winning o
n—2 Chances for lofing
#n=3 Chances for winning
n—4 Chances for lofing I
n—¢ Chances for winning 1
I
I
X
I
X

—

#»—6 Chances for lofing

#—7 Chances for winning

#—8 Chances for loling

n=—g9 Chances for winning
1 Chance for lofing

24O 60N S ViR B -

Now fetting afide the firft and fecond number of Chan--
ces, it will be found that the difference between the 3d
and 4th is—= 1, and that the difference between the 545 and
6th is — 1. The difference between the 7¢5 and 8s5 alfo
is— 1, and fo on. But the number of differences is =3, and

the {fum of all the Chances 1s Loxt=l, Wherefore the Gain

2
of the Ponte is -“=3_; but his Lofs upon account of the Face
is #—2 X y divided by = x ==X, or 22=4x) : Hence it may be
concluded that his Lofs upon the whole is
mosxyor 3 or X fuppofing y — L.

That the number of Differences is z=3 will be made evi-
dent from two confiderations.

Firt, the Series #—3, n»—4, n—~45 &c. decreafes in Arith-
metic Progreflion, the difference of its Terms being Unity,
and the laft Term alfo Unity, therefore the number of its
Terms is equal to the firft Term »#—3: But the number of

Differences is one half of the number of Terms, therefore the
number of Difterences will be =3

Secondly, It appears by the XIth Problem, that the num-
ber of all the Terms including the two firft 1s always 4-1 ;
But & in this cafe is —2. Therefore the number of all the
‘Terms is »—1, from which excluding the two firft, the num-
ber of remaining Terms will be #=3, and confequently the
number of Differences will be 23,

That the fum of all the Terms is 2 x =2, is evident alfo
from two different confiderations. Firft,
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Firlt, In argr Arithmetic Progreflion whereof the firft Term
is »—1, the difference Unity, and the laft Term alfo Unity,
the fum of the Progreffion will be 2 2—1,

Secondly, the Series —2Z_xn—14-2—2 4 n—3 &c.
belonging to the preceding Problem, exprefles the fum of
the Probabilities of winning, which belong to the feveral
Gamefters in the calc of two White Counters, when the num-
ber of all the Counters is # 1t therefore exprefles likewife
the fum of the Probabilities of winning, which belong to the
Ponte or Banker in the prefent cafe: But this fum muft al-
ways be equal to Unity, it being a certainty that the Ponte
or Banker muft win ; {uppoling therefore that pe—1, #—a2,
n—3 &c, is = S. we fhall have the Equation 25— — ..

2 8
EAifl =1
Therefore § = Z-xz—",

Z

SOLUTION ofthe third Cafe.

By the firft Remark of the XIzb Problem it appears that
the Chances which the Ponte has to win and lofe, may be.
exprefled by the following Scheme.

e

n—1 X n=2 for winning
n—2 x n—3 for lofing
n—3 X #=—4 for winning
n—4 X n~—¢ for loling
n—5 x n—>6 for winning
n—G6 x n—7 for lofing
n—7 X #—38 for winning
| #—8 x u—9 for lofing
2 x 1 forwinning

g P e = O

¥ o VB W B~

Setting afide the firft, fecond and laft number of Chances; -
it will be found that the difference between the 34 and 4t/
is 22— 8 ; the difference between the s¢4 and 6t 22— 12,
the difference between the 7¢h and 846 28—16. &c. Now
thefe differences conftitute an Arithmetic Progreflion, wherc-
of the firk Term is 2»— 8, the common difference 4, and
the laft Term 6, being the difference between 4 x 3and 3 x 2.
Wherefore the fum of this Progreflion is 2=2x =2, to which

adding the laft Term 2 X 1, which 1s favourable to the
Ponte
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Ponte, the fum total will be 2=3 x2=2, Bug the fum of all the
Chances is 2 x"=tx";?; as may be concluded from the firft
Remark of the preceding Problem: Therefore the Gain of
the Ponte is —»——3-_ But his Lofs upon account of

L————

the Face is S52>22=3 %%, Confequently his Lofs upon the

i CXn—2Xn—3Xy—3Xn—3Xn—3 1n—09
whole will be or —

22X Xn=—13 Xan—2
Suppoling y =+

SOLUTION of the fourth Cafe.

The Chances of the Ponte may be expreffed by the fol-
lowing ‘Scheme.

| #—1 x»—2 xn—~3 for winning o
n=—2 X n—3 X n—4 for lofing 3
n—3 X n—4 X n—>5 for winning x
n—q X n—§ xn—6 for lofing 1
n—g X n—06 X n—7 for winning 1
n—06 xn—7 xn—38 for lofing 1
n—7 X n—8 x n—¢ for winning x

3X i2x Wirifordofing ¢ ix

¥ AP o

Setting afide the ficlt and fecond numbers of Chances, and
taking the differences between the 34 and 4¢h, ¢ and 624 ;
2th and 8th, the laft of thefe differences will be found to be 1 8.
Now if the number of thefe differences be p, and we begin
from the laft 18, their fum, from the fecond Remark of the
preceding Problem, will be collected to be pxp J-1x4p-}-5:
And the number p in this cafe being =5, the fum of thefe

differences will be 2==x2=3,21=5. But the fum of all the

Chances is Ly 2t x 22 x 2 wherefore the Gain of the

. g Xp—3) Xanu—v -
Ponte is TR FREe b RO his Lofs upon account

e B—aXu—3 Xm—aMay 5
of the Face is -—=——=—"—4"47 and therefore his Lofs

the w r aXn—a k=g Nyemy—cXan—¢ A
upon the whole is o [t Popmrprmyon=:

making y == There
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There ftill remains the {ingle Cafe to be confidered, iz, wh:¢t
the Lofsof the Ponteis, when he lays a Stake before the Pack is
turned up ; but there will be no difficulty in it after what we
have faid, the difference between this Cafe and the reft being
only that hemay be Faced by the firt Card difcovered, which
will make his Lofs tobe —32=¢___ that is,about . part

Axn=1xn-—3 Hss
of his Stake.

Thofe who are defirous to try, by a kind of Mechanical
Operation, the truth of the Rules which have been given for
determining the Lofs of the Ponte in any*Cafe, may do it in the
following manner. Suppofe for Inftance it were required to
find the Lofs of the Ponte when his Card is twice in the Stock,
and there are five Cards remaining in the hands of the Ban-
ker befide the Card in View. Let them be difpofed accor-
ding to this Scheme.

S e i 1 §
* * *
* . *

* - - ® -
e - - *
. o ¥ -
* - * .
* . *
- b o+ =
’ * = *

. * ®

W here the places filled with Afterifcs fhew all the Various
Pofitions which the Ponte’s Card may obtain ; it is evident that
the Ponte has four Chances for neither winning nor lofing, three
Chances for the Face or for lofing =, two Chances for winning

1, and one Chance for lofing 1 ; and confequentlg that his Lofs
is = to be diftributed into 10 parts, the number of all the

Chances being 10, which will make his Lofs to be -, Like-
wife if the number of Cards that are covered by the firlt were
{feven, it would be found that the Ponte would have {ix Chan-
ces for neither winning nor lofing, five Chances for the Face,
four Chances for winning 1, three Chances for Inﬁn% 1, [two
Chances again for winning 1, and one Chance for lofing r,
which would make his Lofs to be ——-. And the like may be

done for any other Cafe whatloever.
| | & From
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From what has been faid, a Table may

The DoctrinNe of CHANCES,

cafily be compo-

fed, thewing the feveral Loffes of the Ponte in whatever cir-
cumftance he may happen to be.

A TABLE for BASSETE

N I 2 3 4
s2 | ok %k 3k | k %k k | %k *k % B e
51 “ok skok | ik 173;_ 867
:9_ 98 o o 2 A .._..1_6.‘.;_._ 8ol
47, 5 94, v 2168 | CTRAE A Sl A
45 90 1980 1351 675
43 [ 17786 T T 1Beg |7 123 | 1.0 Gy s
TR BT B e
7 N T IR
TR B TUE R e 457
25 70 1190 818 409
"33 | 66 | 1056 777, } 363
31 62 _-th;';g?:-__ _**6_4_2__ -__3_2-1“-“—
29 58 31__2 By ;S_i.'-h_ T 281
T ISV IO O T
25 50 600 418 209
23 | 46| 506 3543 Jotaagy e
21 | 42 420 | 205 | a7
19 28 I 342 T ;4;+:_ -_1_2_1_—-
I PP RO T BT e e 7T
15 30 210 151 75
13_ 26 1_5_15 -Tr_q.__ __-;-;__
ETR o 2% a0 ! 82 ﬁ_;?_—
-9 |:aBrh i ey 56 ] 2B
7 14 P T T

The Ufe of this Table will be beft explained by one or

two Examples,

Exam-
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EXAMPLE I

L ET it be propofed to find the Lofs of the Ponte when
8, there are 26 Cards remaining in the Stock, and his Card
is twice in it,

In the Column N find the number 25, which is lefs by
one than the number of Cards remaining in the Stock: Over
againft it, and under the number 2, which is at the head of
the fecond Column, you will find 600 ; which is the Denomi-
nator of a Fra&ion whofe Numerator is Unity, and which
fhews that his Lofs in that circumftance is one part in fix
hundred of his Stake.

EXAMPLE IL

O find the Lofs of the Ponte when there is eight Cards re-
maining in the Stock, and his Card is three times in it.

In the Column A find the number 7, lefs by one than
the number of Cards remaining in the Stock : Over again(t 7,
and under the number 3 in the third Column, you will find
35 ; which denotes that his Lofs is one part in thirty five
of his Stake,

Corollary 1. ’Tis plain from the conftruétion of the Table,
that the fewer Cards are in the Stock, the greater is the Lofs
of the Ponte,

Corollary 11. 'The leaft Lofs of the Ponte, under the fame
circumftances of Cards remaining in the Stock, is when his
Card is but twice in it; the next greater when three times;
flill greater when four times, but his greateft Lofs when ’tis
but once.

If the Lofs upon the Face were varied, ’tis plain that in all
the like circumitances, the Lofs of the Ponte would vary ac-
cordingly, but it would be ealie to compofe other Tables toan-
fwer that Variation, fince the quantity y, which has been af-
{umed to reprefent that Lofs may be interpreted at pleafure.
For inftance,when the Lofs upon the Face is L, it has been found
in the Cafe of 7 Cards covered remaining in the Stock, and the
Card of the Ponte being twice n it, that his Lofs would be -,

but upon fuppofitionof its being =, it will he found to be =

a3 ™

The
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The GAME of PHARAON.

HE Calculation for Pharaon is much like the prece-

ding, the reafonings about it being the fame; there-
fore I think it will be (%:ﬂ’lcir:nt to lay down the Rules of
the Play, and the Scheme of the Calculation.

RULES of the PLAT.

Firjt, 'The Banker holds a Pack of 52 Cards.

Secondly, He draws the Cards one after the other, laying
them alternately to his right and lefc hand.

Thirdly, the Ponte may at his choice fet one or more Stakes
upon one or more Cards either before the Banker has begun
to draw the Cards, or after he has drawn any number of
Couples, which are commonly called Pals,

Fourthly, The Banker wins the Stake of the Ponte, when
the Card of the Ponte comes out in an odd place on his
right hand ; but lofes as much to the Ponte when it comes
oct in an even place on his left hand,

Fifthly, The Banker wins half the Ponte’s Stake, when in
the fame Pull the Card of the Ponte comes out twice.

Sixthly, When the Card of the Ponte, being but once in
the Stock, happens to be the laft, the Ponte neither wins
nor lofes.

Seventhly, The Card of the Ponte being but twice in the
Stock, and the two laft Cards happening to be his Cards,
he then lofes his whole Stake.

PROBLEM XIIL

T O Find at Pharaon the Gain of the Banker, in any Cir-
cumflance of Cards remaining in the Stock, and of the
aumber of times that the Ponte's Card is contained in it.

This Problem, containing four Cafes, that is, when the
Card of the Ponte is once, twice, three or four times in the
Stﬁlck; we fhall give the Solution of thefe four Cafes feve-
ra }ri

SOL U-
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SOLUTION of the firft Cafe,

'The Banlker has the following number of Chances for win.
ning and lofing, wiz.

1 Chance for winning 1
1 Chance for Inﬁng I
1 Chance for winning 1
1 Chance for lofing 1
1 Chance for winning 1
1 Chance for lofing o

oY S - PV TR

Therefore the Gain of the Banker is .. Suppofing » to
be the number of Cards in the Stock.

SOLUTION of the fecond Cafe.

The Banker has the following Chances for winning and
lofing, wiz.

- {a—-—: Chances for winning 1
1 Chance for winning y
2 n—2 Chances for lofing 1

sl
——— -

{3—4. Chances for winning 1
1 Chance for winning y
4| #»n—4 Chances for lofing I

e = el

{H—ﬁ Chances for winning 1
5 1 Chance for winning
6 #—6 Chances for lofing I

n—=8 Chances for winning I
{ 1 Chance for winning
8| #—8 Chances for lofing 1

=+ 1 Chance for winning 1

Therefore the Gain of the Banker is 2=2221+2 or i‘fﬁ?‘;*
fuppoling y = .

M The
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The only thing that deferves to be explained here, is this;
how it comes to pafs that whereas at Baffere the firft num-
ber of Chances for winning was reprefented by »—ri, here
’tis reprefented by »—2. Toanfwer this it muft be remem-
ber’d, that according to the Law of this Play, if the Ponte’s
Card comes out in an odd place, the Banker is not thereb
entitled to the Ponte’s whole Stake: For if it fo happens that
his Card comes out again immediately after, the Banker wids
but one half of it. Therefore the number #—1 is divided
into two parts #—a2 and 1, whereof the firlt is proportional
to the Probability which the Baoker has for winning the
whole Stake of the Ponte ; and the fecond is proportional to
the Probability of his winning the half of it.

SOLUTION of the third Cafe.

The number of Chances which the Banker has for win-
ning, and lofing are as follow;

{#—L x #—3 Chances for winning «x
4 2 x #—2 Chances for winning y
2| #—2 x #»—3 Chancesfor lofing &

_{;;—-4 x #=—5 Chances for tn;;nning I
3 2 X #=—4 Chances for winning y
n—4 X #=—5 Chances for lofing «

Mig—.

{n——ﬁ x #n—7 Chances for winning 1
5 2. X #—6 Chances for winning y
n—6 x n—7 Chances for lofing =

- {#—-3 % #—9g Chances for winning x
2 X #—=8 Chances for winning

J
K 2 x 1 Chances for lofing I
Therefore the Gain of the Banker is =421 Sor E—?.—";"’
fuppofing y = L,

_ The number of Chances for the Banker to win is divided
Into two parts, whereof the firft expreffes the Chances he
has for winning the whole Stake of the Ponte, and the fe-
cond for winning the half thereof.

Now
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Now for determining exactly thefe two parts, it may be
conlidered, that in the firlt Pull the number of Chances for
the firft Card to be the Ponte’s is n~—1 % s—2; alfo that
the number of Chances for the fecond to be the Ponte’s but
not the firft, is »=—2 x #—3: Wherefore the number of Chan-
ces for the firft to be the Ponte’s and not the fecond, is like-
wife #—2 x #—3. Hence it follows, that if from the num-
ber of Chances for the firlt Card to be the Ponte’s, wiz. from
n—1 % n—12 there be fubtraéted the number of Chances for
the firft te be the Ponte’s and not the fecond, viz, »—2 x #—3,
there will remain the number of Chances for both firft and
fecond Cards to be the Ponte’s, viz. 2 x #—2 and (o for the
reft.

SOLUTION of the fourth Calfe.

The number of Chances which the Banker has for win--
ning and lofing, are as follows;

{#-—-:. % #—3 X #~4 Chances for winning 2
3 x #—2 X #—3 Chances for winning y

2| #—2 X#n=3 xn—4Chancesforlofing 1
"3 {#—4 X#—~§ % #— 6 Chances forwinning &
3 X #—4 x n— g Chancesfor winning y

41 #—4 Xn—5 xn—6Chancesfor lofing 1
p { n—6 x n—7 ¥ n—8 Chances for winning x
3 X #—6 x #~—7 Chances for winning

6| #—6xn—7 xn—8 Chancesfor lofing 1

- {#—3 x #=—9 x n—10Chances for winning 1
| 3 X #—8 x #—9 Chances for winning y
n—8 xn— 9 x n—10 Chances for lofing

=

*.{; 2 x 1. X o Chancesforwinning
3 X 2 x xChancesforwinning

2 x 1 X o Chancesforlofing =
“Therefore the Gainof the Banker is ;55555, Of ===

fuppofing y = L. s
¢ A TA-.
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A TABLE for PHARAON.
| N I 2 3 4
P IEEE AR E TR
-.;D * K x g4 s 65 48
—48_ 48 g0 62 46_
i ::Z,E“_' b oy :'so A 44
ot L a0 00 o8 wa e 17004 Ly 4
42 42 78 54 40
N TS BT
BET I L8 UL ik g
36 36 66 46 24
B ] O e T e
381 | g MR OIS X g I D
T IR ISR e
28 28 53 3E X Pawdsacy
26 26 P e S e PR
24 it W Eybagal | T8 ot T ¥
220101 w22 i) B8 28 20
25 | TR e gy TR
18 18 300 NN TR [k o
[ 16 16 R PR, T T T
TR I | R AeThe o R [ i e L
12 12 iy 8 ¥ ik b 3 T
gl ouRAns ) OF4 & o —dR 8
W —"_?T: *"9“: o ofd A

The numbers of the toregoing Table, as well as thofe of the
Table for Raffete, arc fufficiently exa to give at firlt view an
Ideaof the advantage of the Banker in all circumftances: But
if an abfolute degree of exaltnefs be required, it will be eafily
obrained from the Rules given at the end of -each Cafe 2

PR O-
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PROBLEM XIV.

F A, B, C throw in their turns a regular Bally baving four

White Faces and eight Black ones; and he be to be reputed to

win who [ball firft bring up one of the White Faces : It is demand-

ed what is the proportion of their re[pective Probabilities of wine
ning ¢

SOLUTION,

He method of reafoning in this Problem is exactly the

fame with that which we made ufeof in the Solution of

the XI¢h Problem : But whereas the diflerent throws of the

Ball do not diminifh the number of its Faces; in the room of

the Quantities b—1, b—2, b—3 &c. n—1, n~—2, 1—3 &ec.

employed in the Solution of the aforefaid Problem, we mult

{ubftitute & and » refpectively, and the Series belonging to
that Problem will be changed into the following, iz,

a a 3 a abf

I e e i i A

which is to be continued infinitely : Then taking every third

Term thereof, the refpective Expectations of 4, B, C will

be exprefled by the three following Series.

52 ab® 59 b'?
R T R T R R
b b4 b7 ab'® F?
- . )

b ab’ ab® ab' ab'*
s e e T A L

But the Terms of which each Series is compounded are in
Geometric Pm{greﬁiﬂn, and the Ratio of each Term to the
following the fame in each of thems; Wherefore the Sums of
thefe Series are in the fame proportion as their firlt Terms,

viz. a§ ——, :f‘ , -5 or as s, bn, bb; that is, in the pre-
n b g

fent Cale, as 144, 96,64, or as 9, 6, 4. Hence the refpeitive

Probabilities of winning will be likewife as the numbers g,

6,

(ﬂﬂ;’aﬁfm 1. If there be any other number of Gamelters

A4, B, C, D &c. playing on the fame conditions as above;
N take
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take as many Terms in the Ratio of » to 4 as there are
Gameflers, and thofe Terms will refpettively denote the fe-
veral Expetations of each Gamefter.,

Corollary 11. If there be any number of Gamefters 4, B,
C, D &c. playing on the fame conditions as above ; with this
difference only, that all the Faces of the Ball are mark’d by
particular Figures, 1,2, 3, 4 &c. and that a certain number
of thofle Faces fhall intitle 4 ro be the winner ; and that like-
wife any other number of them, as ¢, , s, # &c. {hall refpe-
Ctively incitle B, C, D, E &c. to be winners : Make #»—p—a,
n=—q — b, n—r —¢, n—s—4d, n—t —e &c. then in the fol-
lowing Series,

=5 i dnsee e
the Terms taken in duec order fhall reprefent the feveral
Probabilities of winning.

For if the Law of the Play be fuch, that every Man ha-
ving once play’d in his turn, fhall begin again regularly in
the fame manner, and that continually till fuch time as one
of them wins : Then take as many Terms of the Series as
there are Gamelters, and thofe Terms fhall reprefent the re-
{petive Probabilities of winning.

And if it were the Law of the Play, that every Man
fhould play feveral times together, for inftance twice: Then
taking for A the two firlt Terms, for B the two following,
and fo on; each Couple of Terms fhall reprefent their ref]
Etive Probabilities of winning; obferving that now p and ¢
are equal, as alfo » and s.

Bue if the Law of the Play fhould be Irregular, then you
mult take for each Man as many Terms of the Series as will
anfwer that Irregularity, and continue the Series till fuch time
as it gives a fufficient Approximation.

Yet, if at any time the Law of.the Play having been Ir-
regular {hould afterwards recover its Regularity, the Proba-
bilities of winning will (with the help nfg this Series) be de-
termined by finite expreffions.

Thus, if it fhould be the Law of the Play, that two Men
A and B, having play’d irregularly for ten times together,
fhould afterwards play alternately each in his turn: Diftri-
bute the ten firt Terms of the Series between them, accord-

ing
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in}g to their order of playing ; and having fubtradted the fum
of thofe Terms from Unity, divide the remainder of it be-
tween them, in the proportion of the two following Terms,
which add refpectively to the fhares they had before: Then
fhall the two parts of Unity which 4 and B have thus ob-

tained, be proportional to their refpeftive Probabilities of
winning.

Of Permutations and Combinations.

Permutations are the Changes which feveral things can re-
ceive in the different Orders in which they may be placed,

being confidered as taken two and two, three and three, four
and four, &c.

Combinations are the various Conjunétions which feveral
things may receive without any refpeét to Order, being ta-
ken two and two, three and three, four and four, &c.

LEMM A

F the Probability that an Event [ball Fappen be -, and if that
Event being [uppofed to have Happened, the Probability of
anothers Haf;:'g#ing PZ:I-“—-; the Probability of both Happening will
be Lx L or .. This having been already Demonfirated in

the Introduition, will not require any fartber proof.

PROBLEM XV.

NT number of Things a,b,c,d, e, f being given, out of

which Two are taken as it happens : To find the Probability
that any one ? them, as a, [ball be the firft taken, and any
other, as b, the [econd.

SOLUTION.

TH E number of Things in this Example being Six, it fol-
lows that the Probability of taking « in the firft place
is +: Let 4 be confidered as taken, then the Probability of

taking & will be X; wherefore the Probability of taking firft
aand then b is Lx-=—
Corol-
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Corollary, Since the taking of 4 in the firft place and &
in the fecond, is but one (ingle Cafe of thofe by which
Six Things may change their Order, being takea two and
two; it follows, that the number of Changes or Permutations
of Six Things taken two and two muft be 30.

Generally, Let » be any number of Things; the Probabili-
ty of taking 2 in the firlt place and & in the fecond, will
be —* . and the number of Permutations of thofe Things

REn—1 %

taken two by two will be # x #—1.

PROBLEM XVL

; NT number n of Things a, b, ¢, d, e, f being given, ous
of which Three are taken as it Happens : To find the Proba-
bility that a (ball be the firft taken, b the [econd and c the third.

SOOI TO'N.
He Probability of taking 4 in the firft placeis £-: Let be
confidered as taken; the Probability of taking & will be X :

Suppofe both « and & taken, the Probability of taking ¢ will
be =. Wherefore the Probability of taking firlt 4, then &,

and 4thirdl}r ¢, will be = ':4:.&. Xt = L.,

Corollary. Since the taking of 4 in the firft place, & in the
fecond, and ¢ in the third, is but one fingle Cafe of thofe
by which Six Things may change their Order, being taken
three and three; it follows, that the number of Changes or
Permutations of Six Things, taken three and three, muft be
6X§Xg=—120.

Generally, If # be any number of Things; the Probabili-
ty of taking « in the firft place, & in the fecond and ¢ in the
third will be =X x —*-. And the number of Permu-

-2
tations of three Things will be # X s~ 1 X n—2.

General COROLL ARY.

The number of Permutations of » Things, out of which
as many are taken together as there are Units in p, will be
B X p==1 X 7=—2 X p—3, &¢. continued to {fo many Terms as
there are Units in p.

- Thus,
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Thus, the number of Permutations of Six Things taken
four and four, will be 6X5X4X3— 360, Likewife the num.
ber of Permutations of Six Things taken all together will be
BX5X4X3X2X1="720,

PROBLEM XVIL
TOf Find the Probability that any number of Things, whereof
[

me ave repeared [everal times, [ball all be taken in an
“Order propofed : For Inflance, that aabbbcccc fball be taken
in the Order wherein they are written.

SOLUTION.

T He Prohability of taking « in the firlt place is ~2.: Sup.

pofing one 4 to be taken; the Probability of taiing the
other is ——. Let now the two firft Letters be fuppoled to

be taken, the Probability of taking # will be _3_: Let this

alfo be fuppofed taken, the Probability of taking another 4
will be —2-: Let this likewife be fuppofed taken, the Proba.

bility of taking the third 4 will be -—; after which there

remaining nothing but the Letter ¢, the Probability of taking
it becomes a certainty, and confequently is equal to Unity.
Wherefore the Probability of taking all thofe Letters in the
Order given is <2 y & 2 x -2-x-L.

Corollary. ‘'Therefore the number of Permutations which
the Letters aabbbococ may receive, being taken all together

- SxBxIRExns
will be ey

Generally. The number of Permutations which any nums-
ber » of Things may receive, being taken all together,
whereof the fir(t fort is repeated p times, the fecond g
times, the third » times, the fourch s rimes, &c. will be the
Series #'% #—1 % n—a2 % n=—3 % n—4, &c. continued to {o
many Terms as there are Units in p g4 7 or 2—s,divided
by the Produét of the following Series, viz. px p—1% p—12,&c.
Xg X §—1 X g—2, &c. x rXr—1%r—2, &c. whereof the
firlt muft be continued to'fo many Terms as there are Units
in p; the fecond, to (o many Terms as three are Units in g3
the third, to fo many Terms as there are Units in » &c.

U PR O B-
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PROBLEM XVIIL

NT number of Things a, by c, d, e, f ée.t};}g given: To:

find the Probability that, in taking two of them as it may
Flappeny both a and b fball be taken independently, or without
any regard to Order,

SOLUTION

THE Probability of taking « or & in the firft place
will be —2-; fuppofe one of them taken, as for In-

ftance 4, then the Probability of taking & will be —~. Where-
fore the Probability of taking both 4 and & willbe 2 x X

— 2 — 1
— [—

C:rm’fn{y. “The taking of both « and & is but one fingle
Cafe of all thofe by which Six Things may be combined
two and two; wherefore the number of Combinations of
Six Things taken two and two will be £ x 5 — 5.

Generallp. The number of Combinations of » Things,
“taken two and two, will be 2. x ==1,

PROBLEM XIX.

A NTY number of Things a, b, c, d, e, f being given: To
find the Probability, that in taking three ﬂyg them as it
Happensy they [ball be any three propofed, as a, b, c; no refpect
being had to Order.

SO LU T I ON

TH E Probability of taking either 4, or 4, or ¢ in the
firfk place will be 2. Suppofe onc of them as 4 to

be taken, then the Probability of taking #é, or ¢ in the fecond
place will be —2-.  Again let either of them taken, as fup-

pole &; then the Probability of taking ¢ in the third place
will be ——; wherefore the Probability of taking the three

Things propofed, wiz. 4, b, ¢ will be 3 x ~2- x .
Corol-
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Corollary, 'The taking of a4, b, ¢ is but one fingle Cafe of
all thofe by which Six Things may be combined three and
three ; wherefore the number of Combinations of Six Things
taken three and three will be &2 i =20,

Generally. 'The number of Combinations of » Things com-
bined according to the number p, will be

H!H"'Iﬁ#'-'i‘.“ﬂ—'!.’f#—'q.‘ T -
T e TR T T &c. Both Numerator and Denomi-

nator bewng continued to fo many Terins as there are Units-
in p.

PROBLEM XX

O find what Probability there is, that in taking as i¢ Haps
fﬁ'ﬂ‘ Seven Counters out of Twelve, whereof four are White
and eight Black, three of them [(ball be White ones.

SOLUTION.

Icft, Find the number of Chances for taking three White
ones out of four, whichwillbe £y 2,2 _ 4
Secondly, Find the number of Chances for taaking fouc
Black ones out of eight: Thefe Chances will be found to be
Brnx6xg — Tt
I 2 3

Zhirdly, Becaufe every one of the preceding Chances may
be joined with every one of the latter, it follows, that the
number of Chances for taking. three. White ones and four
Black ones, will be 4 x 70 = 280.

Fourthly, Find' the number. of Chances for taking four
White ones out of four, which will be found tc be
-xX—2-X : 3 ; = T

Fifthly, Find the number of Chances for taking three Black
ones out of eight; which will be =—xZ-x-%- = 56

Sixthly, Multiply thefe two laft numbers together, and the
Produ& 56 will Iﬁew that there are §6 Chances for taking:
four White ones and three Black ones; which is a2 Cafe not
expreffed in the Problem, yet is implyed : For he who under-
rakes to take three White Counters out of eight, is reputed
to be a winner tho’ he takes four; unlefs the contrary be ex~
prefly ftipulated. Seventbly,
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Seventhly, Wherefore the number of Chances for taking
three White Counters will be 280 < §6 — 336. ‘
Eighthly, Seek the'number of all the Chances for taking

feven Counters out of twelve, which will be found to be
1t XI1X joXgQX8X7X6 792
7 X6 K§ XgRjxakt . :
Laftly, Divide the preceding number 336 by the laft 792,
and the Quotient ._g.;_:—-, or i will be the Probability re-

uired. . d
' Corollary. Let » be the number of all the Counters, « the
number of White ones, # the number of Black ones, ¢ the
number of Counters to be taken out of the number »; then
the number of Chances for taking none of the White ones,
or one fingle White, or two White ones and no more, or
three White ones and no more, or four White ones and no
‘more, &c. will be expreft as follows.

-{LH a':t ¥ E-;z ¥ E:; &c. X : X ﬂ;l Y d;i x .d:; &c.

The number of Terms wherein 4 enters being always equal
t0 ¢—a4, and the whole number of Terms equal to c.

But the number of all the Chances for taking a certain
number ¢ of Counters out of “the number », with one or
more White ones, or‘without any, will be

n=1 n=2, n=3 n=y. =y = fre= 7
+X2x3x-4x5x6x?}{a&ﬁr
which Series muft be continued to fo many Terms as there
are Units in ¢

REMARK

F the numbers -»-and ¢ were large, fuch as 40000 and
8000, the foregoing method would feem impraéticable,
by reafon of the vaft number of Terms to be taken in both
Series, whereof the firft is to be divided by the fecond: The’
if thofe Terms were actually ‘fer down, a great many of
them being commeon Divifors, might be expunged out of both
Series. However to avoid the trouble of fetting down fo
many Terms, it will be convenient to ufe the following The-
orem, which is a contration of that Method.
Let therefore # be the number of all the Counters, 4 the
number of White ones, ¢ the number of Counters to be taken
olit
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out of the number », p the number of White Counters to
be taken precifely in the number ¢: Then making #—c =4,
I fay that the Probability of taking precifely the number »
of White Counters will be

£ X1 x;-z&[ﬂ. }{dxd‘—l }{J—I &ﬂ- x"? KE%HL;E&C.

B X1 X#—1 X n—73 X#—3F X n—4 Xn—5 Xn—6 &C.

Here it is to be obferved, that the Numerator confifts of
three Series, which are to be Multiplied together; whereof
the firlt contains as many Terms as there are Units in p, the
fecond as many as there are Units in a~-p, the third as many
as there are Units p: And the Denominator as many as there
are Units in a4,

PROBLEM XXIL

IN A Lottery confifting of 40000 Tickets, among which are
Three particular Benefits: What is the Probability that ta-
king 8000 of them, ene or mere of the Three particular Benefits

fball be amongft them ?

SOLUTION.

Irft in the Theorem belonging to the Remark of the fore-
going Problem, having fubftituted refpectively, 8oco,
40000, 32000, 3 and 1, in the roomof ¢, # 4, 4 and p;
it will appear, that the Probability of taking precifely one
of the Three particular Benefits will be
8ooo ¥ 3aco00 X 31 x 13
S e TR b e
Sccondly, ¢, n, d, a being interpreted as before, let us fup-
pofe p = 2. Hence the Probability of taking precifely Two
of the particular Benefits will be found to be

_8c00 X 7999 X 32000X 3 12_ yery near.
70000 X 39999% 39998 00 1as 'Y

Thirdly, Making p = 3. The Probability of taking all the
Three particular Benefits will be found to be

8oo0 X 7909 X 7008 3
40000 X 39998 X 39998 ? or 125 very necar.
P “Where-
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Wherefore the Probability of taking one or more of the

\ F ; g [
Three particular Benefits will be —“———— 'I:::'I" s ST e VELK

near. |
N. B. Thefe three Operations might be contratted into
one, by inquiring what the Probability is, that none of the
particular Benefits may be taken; for then it will be found to

j2o00X 31999% 31998 __ 64 . ' : “
b8 s i - nearly; whu;h being fub
trated from 1, the Remainder 1= 54, or TL will fhew

34 ; 12§ ’ 2§
the Probability required,

PROBLEM XXII.

O Find how many Tickets ought be taken in a Lottery con-

ffling of 40000, amonmg which there are Three particu-
lar Benefits, to make it as Probable that one or more of thofe
Three may be taken as not.

50 L U g0 N

ET the number of Tickets requifite to be taken be x:

It will follow therefore from the Theorem belongin
to the Remark of the XXtk Problem, that the Probability
of not taking amongft them any of the particular Benefits
will be 2z x 2=2=t  ====2. But this Probability is = L.,
fince the Probability of the contrary is = by Hypothefis ;
whence it follows that 2=f.x 22220 x 22222 = L. This
Equation being folved, the value of x will be found to b

nearly 8252. -
N. B. The Fa&ors, whereof both Numerator and Deno-
minator are compofed being in Arithmetic Progreflion, and
the difference being very {mall in refpet of »; thofe Terms
may be confidered as being in Geometric Progreffion, where-
fore the Cube of the middle Term 2-x=* may be fuppofed

B=F

equal to the Prodult of thofe Terms; from whence will a-

: R T e LT
nfe the Equation = = > or =" = — (ne

gleing Unity in both Numerator and Denominator) and
con-
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confequently « will be found to be #x1—y%, but 4 is

3
= 40000, and 1I—Y1 = 0,2063 ; Therefore x = 8242,

In the Remark belonging to the Vs Problem, a Rule
was given for finding the number .of Tickets that were to -
be taken to make it as Probable that one or more of the
Benefits fhould be taken, as not; but in that Rule it is {up-
pofed that the proportion of the Blanks to the Prizes was -
often repeated, as it ufually is in Lotteries: Now in the
Cafe of the prefent Problem, the particular Benefits bein
butr Three in all, the remaining Tickets are to be confidered
as Blanks in refpe&t of them; from whence it tollows, that
the proportion of the number of Blanks to one Prize being .
Very near as 13332 to 1, and that proportion being repeat-
ed but three times in the whole number of Tickets, the Rule
there given would not have been fufficiently exa& in this -
Cafe; to fupply which it was thought neceffary to give the -
Solution of this Problem.

PROBLEM XXIIIL

O Find at Pharaon, how much it is that the Banker gets
- per Cent of all the Money that is adventured,

HTPOTHESIS.

I_Suppni’e, Firft, that there is but one fingle Ponte: Second-
* Jy, That he lays his Money upon one f{ingle Card at a
time: Zhirdly, That he begins to take a Card in the begin-
ning of the Game : Fourthly, That he continues to take a -
new Card after the laying down of every Pull: Fifthly, That
when there remains but Six Cards in the Stock, he ceafes to -
take a Card.

SOLUTION,

WHEN at any time the Ponte lays a new Stake up-
on a Card taken as it Happens out of his Book,
‘let the number of Cards that are already laid down by the
Banker be fuppofed equal to x. ;

Now
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Now in this circumftance, the Card taken by the Ponte
has either paft four times, or three times, or twice, or once,
or not at all.

Firft, If it has pafled four times, he can.be no lofer upon
thar account. | : _

Secondly, If it has paffed three times, then his Card is once
in the Stocks now the number of Cards remaining in the
Stock being #—=x, it follows by the firft Cafe of the XIII#
Problem that the lofs of the Ponte will be ——: But by the
Remark belonging to the XXzh Problem, the Probabilit
that his Card has pafled three times precifely in » Card

jg =ea-rxz2xn-rrxs  Now fuppofing the Denominator e-

-
REn=—LER=Z iN—3

ual to s, Muldiply the lofs he will fuffer (if he has that
hance) by the Probability of having it, and the Produtt
=xz-ix#=3xs | will be his abfolute lofs in that circum-

ftance.
Thirdly, If it has pafled twice, his lofs by the fecond Cafe
of the XII1#5 Problem will be Z2=ixti but the Pro-

bability that his Card has-palled twice in x Cards, is by the

Remark of the XXrh Problem, xXx_"xXu-sxu"x71%6 o
wherefore Multiplying the lofs he will fuffer (if he has that
Chance ) by the Probability of his having it, the Produét
sxx—ixia—txd1X6 will be his abfolute lofs in that

circumﬁancé.
Fourthly, If it has paflfed once, his lofs Multiplyed into
the Probability that it has paffed, will make his abfolute lofs

EXp—pXy—x—2X3

to be -
Fifthly, If it has not yet paffed, his lofs Multiplyed inte
the Probability that it has not pafled, will make his abfolute
Jofsto be xxXaz=Titaaves,
Now the Sum of all thefe lofles of the Ponte’s will be
pi=gnwsn—jse—fexd38  and this is the lofs he {uffers by
venturing a new Stake after any poumber of Cards «x are

aft.
F Bur
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_ But the number of Pulls which at any time are laid down,
is always one half of the number of Cards that arc paft;
wherefore calling # the number of thofe Pulls, the Lofs of the

Ponte may be exprefled thus, 2—santsn—6e—6redager

Let now p be the number of Stakes which the Ponte adven-
tures; let alfo the Lofs of the Pgnte be divided into two parts,

n—-_’J — —
viz, - ‘":’+SL, and 6 — Grit 2460

And fince he adventures a Stake P“imes s it fuﬂuws, that the
firft part of his Lofs will be gl —fpnechiae,,

In order to find the fecond parr, let # be interpreted fuc-
ceffively by o, 1, 2, 3 &c. to the laft Term p—i1; Then in
the room of 6¢ we fhall have a fum of numbers in Arith-
metic Progreffion to be Multiplyed by 6; in the room of
6 ¢+ we {hall have a fum of Squares whofe Roots are in Arith-
metic Progreflion to be Multiplyed by 6; and in the room
of 24 ¢ we fhall have a fum of Cubes whofe Roots are in
Arithmetic Progreffion to be Multiplyed by 24 : Thefe feve-
ral fums being colleted, according to the I14 Remark on

the XItk Problem, will be found to be 2= T-}P"‘tﬁ.ﬂ?-l-:p
and therefore the whole Lofs of the Ponte will be
pw—pnntspnt6pt — 1407+ 6ppf-2p

L

Now this being the Lofs which the Ponte {uftains by adven-
turing the fum p, each Stake being fuppofed equal to Unity,
it follows, that the Lofs per Cent of the Ponte, or the Gain per

Cent of the Banker is "*'%"”""W*’-‘J’P:-‘ 14pp 67+ 2

X 100,

E% ead — X 6pp—8p— 2
or :Hu-—*;xfm-—} + ixﬂ—i)fi—-:l:n—] 1 #CQ, Let
now # be interpreted by 52, and p by 23; and the Gain of
the Banker will be found to be 2.9925 1, that is 2 /. 19°" 10d.
per Cent.

By the fame Method of arguing, it will be found that the
Gain per Cent of the Banker, at Baffere, will be

18—0 4pXp—IXp—=2 X
S o e e e 100. Let #» be

interpreted by 51,and p by 23; a::t{. the foregoing expreffion
will

—_———
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will become 0.790582, or 155 ¢ 4. half-penny. The confi-
deration of the firlt Stake, which is adventured before the
Pack is turped, being here omitted as being out of the ge-
neral Rule: But if that Cafe be taken in, and the Ponte ad-
ventures 1col. in 24 Stakes, the Gain of the Banker will be
diminilhed, and becomes only o.76245, that is, 15 ** 3 d. ve-
ry near: And this is to be eftimated, as the gain per Cent of
the Banker when he takes but half Face.

Now whether the Ponte takes one Card at a time or fe-
veral Cards, the Gain per Cent of the Banker continues the
fame: Whether the Ponte keeps conftantly to the fame Stake,
or fome times doubles or triples it, the Gain per Cenr is {1ill
the fame: Whether there be but one fingle Ponte or fevg-
ral, his Gain per Cent is not thereby altered. Wherefore the
Gain per Cent of the Banker of all the Money that is adven-
tured at Pharaon is 2 /. 195"' 1od and at Bﬂjﬁ’ﬁ 15511, 3d.

PROBLEM XXIV.

Uppofing A and B to play together, the Chances they have re-

ﬁe&iwﬂ to win being as a to l;, and B obliging himfelf to
Set to A, fo long as A wins without interruption: What is the
Advantage thar A gets by his Hand ¢

SOLUTION.

Irff, If 4 and B each Stake One, the Gain of 4 on
the firk Game is ._E%

Secondly, His Gain on the fecond Game will alfo be -f:-f-,
provided he fhould happen to win the firft : But the Proba-
bility of 4’s winning the firlt Game is 7+ Wherefore

a= b

his Gain on the fecond Game will be —— X .
Zhirdly, His Gain on the third Game, after winning the two
firft, will be likewife iﬂ:‘_l_—i: But the Probability of 4’s winning

a3

the two firft Games is 53 Wherefore his Gain on the
i * third
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third Game, when it is eftimated before the Play begins,

- as a=b
15 _-ir—-._é.!‘ x ’+$ &CI

1 3
Fourthly, Wherefore the Gain of the Hand of 4 is an in-

finite Series, viz. 1 -1-7_—7_7 5 :%T; - f}—r -+ ﬁ%; &ec.
to be Multiplyed by ﬁi’— But the fum of that infinite

Series is ijii Wherefore the Gain of the Hand of 4
R e Y ey
15 j T T AT
Corollary 1. If A has the advantage of the Odds, and B
Sets his Hand out, the Gain of 4 is the difference of the
numbers exprefling the Odds divided by the leffer. Thus
if A4 has the Odds of Five to Three, then his Gain will -
S e
Corollary 11. If B has the Difadvantage of the Odds, and

A Sets his Hand out, the Lofs of B will be the difference -
of the number exprefling the Odds divided by the greater : -
Thus if B has but Three to Five of the Game, his Lofs will
be ——

Corollary TII. If 4 and B do mutually engage to Set to
one-another as long as either of them wins without inter-

ruption, the Gain of 4 will be found to be 22-2%2: That

is the fum of the numbers expreffing the Odds Multiplyed
by their difference, the produtt of thar Multiplication being
divided by the Produ&t of the numbers expreffing the Odds.
Thus if the Odds were as Five to Three, the fum of § and

is 8, and the difference 2 ; Multiply 8 by 2, and the
Prodult 16 being divided by 15 ( Produ&t of the number

exprefling the Odds) the Quotient will be =% or 1
which therefore will be the Gain of 4.

PROBLEM XXV:

NT given number of Lettersa,b, ¢, d, e,f &re. all of them
diﬂ}rmt, being taken promifcuonfly, as it Happens: To find

the Provability that [ome of them f(ball be found in their places,

' acgording

T B
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according to the rank they obtain in the Alphabet; and that others
of thems [ball at the fame time be found out of their places.

S OLE T G N

LET the number of all the Letters be = »; let the num
ber of thofe that are to be in their places be = p, and
the number of thofe that are to be out of their places = 4.

Suppofe for Brevity fake — =, =, — L __
1 = o &c. then let all the Quantities

e 'r! mEiR=[XR=2XR—3
1,7, 5, t, v &c. be written down with Signs alternately po-
fitive and negative, beginning at 1, if pbe = o0; at », if
= 1jats, if p= 2 &c. Prefix to thefe Quantities the re-
{pettive Coefficients of a Binomial Power, whofe Indexis= g:
This being done, thofe Quantities taken all together will ex-
prefs the Probability required; thus the Probability that in
Six Letters taken promifcuoufly, two of them, viz. 4 and b
fhall be in their places, and three of them, viz. ¢, 4, e out of
their places, will be
als i, e i 3 — 1 by (B,
6 X5 6X5 X4 6X5%X4q%3 6X5x4X3xa — 70 ?
And the Probability that « fhall be in its place, and &, ¢,
d, e out of their places, will be
I H I ]
6 615 +5K$K+_5?‘5:+H1+5353435N: =?it'
The Probability that # fhall be in its place, and 4, ¢, 4, ¢,
f out of their places, will be

_;'4'—?:{"5_'{' ﬁxlgnmq W3 6x5::4x3 + ﬁx;x:xjx:
ﬁ'x;x;i;xnx: ! ;::; y OF _l!,;;..

The Probability that 4, &,¢,d, ¢, f fhall be all difplaced is,
1—%—‘- ﬁlﬁcg'—_ﬁx:?:;; + ﬁx;?,;x; vy ﬁ'xsxixgxz
1 515:{4113}(:.:.*:1: Of f==1 - : i :i + :: _Hll-'ﬁ-
...[.. ?;:} = -%%E— - —113;_'7¢

Hence
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Hence it may be concluded that the Probability that one or
more of them will be found in their places is 1 — -4

&
i 1 1 1 e o1
—— == 2 and that the Odds that one

or more of them will be fo found are as gr to 53.
N. B. So many Terms of this laft Series are to be taken
as there are Units in 7.

DEMONSTRATION.

T HE number of Chances for the Letter # to be in the
firft place contains the number of Chances, by which «
being in the firft place, & may be in the fecond, or out of it:
This is an Axiom of common Senfe, of the fame degree of
Evidence as that the Whole is equal to all its Parts,

From this it follows, that if from the number of Chances
that there are for 4 to be in the firlt place, there be fub-
ftracted the number of Chances that there are for 4 to be in
the firft place, and 4 at the fame time in the fecond, there
will remain the number of Chances, by which 4 being in the
firft place, & may be excluded the fecond.

For the fame reafon it follows, that if from the number
of Chances that there are for 2 and 5 to be refpedtively in
the firft and fecond places, there be fubtratted the number
of Chances by which 4, & and ¢ may be refpeftively in the
firft, fecond and third places; there will remain the number
of Chances by which « ‘being in the firft and 4 in the fe-
co&d, ¢ may be excluded the third place : And fo of the
reft.

Let 4+ 4’ denote the Probability that 4 fhall be in the
firlt place, and let — 4’ denote the Probability of its being
out of it. Likewife let the Probabilities that & fhall be inthe
fec;nd EI&EE or out of it be refpeively expreft by -+ 6"
and — 5",

Let the Probability that, s being in the firft place, 4 fhall
be in the fecond, be expreft by 4’4 4" Likewife let the Pro-
‘bability that 4 being in the firft place, & fhall be excluded the
fecond, be expreft by &' — /",

Generall. Let the Probability there is, that as many as are
to be in their proper places, fhall be fo, and at the fame time

that as many others as are to be out of their proper P]ﬁllﬂi-‘li
a
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fhall be fo found, be denoted by the particular Probabilities
of their being in their Ipmper places, or out of them, written
all together: So that for Inftance &' - & 4 ¢ —d™ —¢""
may denote the Probability that «, & and ¢ fhall be in their
proper places, and that at the fame time both 4 and e fhall
be excluded cheir proper places.

Now to be able to derive a proper conclufion by vertue of
this Notation, it is to be obferved, that of the Quantities
which are here confidered, thofe from which the Subtraftion
is to be made, are indifferently compofed of any number of
Terms connefted by + and —; the Quantities which are to
be fubtra&ted do exceed by one Term thofe from which the
fubtrattion is to be made; the reft of the Terms being alike
and their figos alike: And'the remainder will containall the
Quantities that are alike with their own figns, and alfo the
Quantity Exceeding, but with its fign varied.

It having been demonftrated in what we have faid of

Permutations and Combinations, that 4 = 21— & + ¢*
1. o 1 T
= H:l.:l_l:'g—‘-é +£ i ﬂ':‘iﬂ—llﬂ_ZI,lEt :i- L4 '-'i'ﬂ.l:-—l &c"

be refpettively called 7, s, 7, v &c. This being fuppofed, we
may come to the following conclulions.

.44 =7
V4 a'=:s
Therefore V' —a’' = r—s

¢ & b = s forthe fimereafonthat o’ + ' = »
"+l ta'=t

2° Thetef, "+ V' —a'= s—t
—a’ = y—2¢ By the firlt Conclufion.
g’ 4+ Y = s—t By the 2d.
3° Theref, ¢—a'=— ' = r—2s-t1t
a' + i =+ ' i — g_"
a4 "+ yf+ a'=uv

33— g’ =gt By the 2d. Conclufion.
A" 4 =g’ Y = t — v By the 4¢5.

5o Theref, 4"+ ¢"— a’ — I/ = s—2t +v
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B s [ e =r—2s5-t By the 24, :
df = lidxd' = s—2 t+v B;fr the ;:b.cmc

é° Therel, 4" — ' —d — "= y—3 543 t—v

By the fame procefs, if no Letter be particularly affigned -
to be in its place, the Probability.that fuch of them as are
a?gned may be out of their places will likewife be found
thus.

—_a’ =1=—17r  For+ a’and —a’together make

—a't b = r—s [Uaity. .
7° Theref, —a'—p" = 1 —27r+s

ot =1—2r- s By the 9¢b, Conc:. |

—a'— '} = r—2s-t By the 3d. Conc.

82 Thﬁl‘ﬁf: —f—f — =1 — F=—13§ =

.

Now examining carefully all the foregoing Conclufions, it '
will be perceived, that when the Queftion runs barely upon |
the difplacing any given number of Letters without requiring
that any other IKnuId be in its place, but leaving it wholly
indifferent, then the vulgar Algebraic Quantities which lig -
on the right hand of the Equations, begin conftantly with
Unity : Tt will aifo be perceived, that when one fingle Letter
is affigned to be in its place, thenthofe Quantities begin with 5
and that when two Letters are afligned to be in their places,
they begin with s, and fo on. Moreover ’tis obvious, that
thefe Quantities change their {igns alternately, and that the
Numerical Coeflicients which are prefixt to them are thofle
of a Binomial Power, whofe Index is equal to the numbeg

of Letrers which are to be difplaced.

PROBLEM XXVIU
A NT given number of different Letters a, by, d, e, f o’

 being each of them repeated a certain number of times, and
taken promifcuonfly as it Happens: To find the Probability that of
Jome of thole Sorts, fome one Letter of each may be found in its
proper place, and at the [ame time that of [ome other Sorts, #o one

Letter be found in its plice,
SOL U~
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SOLUTION.

Uppofe # be the number of all the Letters, / the number
of times that each Letter is repeated, and confequently

—= the number of Sorts: Suppofe alfo that p be the num-

ber of Sorts that are to have one Letter of each in it:.i place;
and ¢ the number of Sorts of which no one Letter is to be
found in its place. Let now the prefcriptions given in the
preceding Problem be followed in all refpelts, faving that »

il E
ml'!ﬂ.' here be made = +-_| £ e s A 2 ! &ec.

nxn=g1 1% nXR=1Xn—2

and the Solution of any particular Cafe of the Problem will
be obtained.

Thus if it were required to find the Probability that no Let-
ter of any fort fhall be in its place, the Probability thereof
would be

I—grg—d X Azl s =Ly i X ‘?': t &c.

But in this particular Cafe 4 would be equal to =

wherefore the foregoing Series might be changed into this,
Uiz

—_—

n—| 1 H-fxn'1£'+ 1 w—lxXp—2ilXg—g] °

I. il
Txﬂ'—l & BRI Xn—3a 14 B=1 XEg—a2X ;—;1
&c.

Corollary 1. From hence it follows, that the Probability that

one or more Letters indeterminately taken may be in their
places will be

w1 _l_x n—lin—2al I s—Ixn—2lxp—3"
+ & =1 Nf—2 24 p—1Xn—32Xn—3

I
I—TK
&c.

Corollary II. 'The Probability that two or more Letters

indeterminately taken may be in their places will be expreft
as follows,

i n=—I a2 n=—2al
rR EE TN

R=x 1%3

&

2 n—3l =al
=g ﬂ-{—*ﬂ—;;}(;-:‘—;B-—mXHC
¥ n—el

i'+_.-_1.:.6x _u—ss D&Cr

Corollary 11I. 'The Probability that three or more Letters

%ndn:ter-mmatqu taken may be in their places will be as fol-
ows,
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1 \ ﬂ—fﬂﬂ"‘&f_ 3 % i:i::ll ﬂ."l" 4 " H—y!

6 R=—IXn—2 1%4 1% § n—gq B

sy el BARS el . 6 =06/
i H-EC -+ YT ¢ b D &ec.

Corollary 1V. 'The Probability that four or more Letters,

indeterminately taken, may be in their places will be thus
expreft,

| a—1 _ n—2al 6  5n—13! 4 »— 4l —
X X ¥ o + A
24 n—1 N n—13 ;h;x n—4 a+1uﬁxu—5B

6 n—61
——a x .
x7 X ey C &

The Law of the continuation of thefe Series being mani-
feft, it will be eafy to reduce them all to one general Se-
rigs.

From what we have faid it follows, that in a common Pack
of 52 Cards, the Probability that one of the four Aces may
be in the firft place; one of the four Duces in the fecond;
or one of the four Traes in the third ; or that fome one of
any other fort may be in its place (making 13 different places
in all ) will be expreft by the Series exhibited in the firfk
Corollary.

It follows likewife, that if there be two Packs of Cards,
and that the Order of the Cards in one of the Packs be the
Rule whereby to eltimate the rank which the Cards of the
fame Suite and Name are to obtain in the other; the Pro-
bability that one Card or more, in one of the Packs, may be
found in the fame Pofition as the like Card in the other Pack,
will be expreft by the Series belonging to the firlt Corol-
lary, making #» = 52 and / = x: Which Series will in this

Cafebe 1 — ——+ L4 - . — &c whereof

52 Terms ought to be taken. 3.
If the Terms of the foregoing Serics are joined by couples,
the Series will become,

1 I I I - I
_:.+ 2xg4 =E AXIA4KE = 2XJN4X§REXE =5 2X3xgXR§X 6%x7X8x10
&c. of which 26 Terms ought to be taken,
But by reafon of the great Convergency of the aforefaid
Series, a few of its Terms will give a fuflicient approxima-
S tion
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tion in all Cafes required ; as appears by: the.following Ope-
ration,

- = 0.500000

- =0.125000.

3 254 :
1 — : ¥
I -5 . Fs
2x354x5x6x8 = 000017 4= )
1 = 0.000002 +

2x3x4x5x6%7x8x10

Sum = 0.632.12 9+

£

Wherefore the Probability that one or more like Cards in
two different Packs may obtain the fame Pofition, will be in
all Cafes very near 0.632; and the Odds that this will Hap-
pen once or oftner, as 632 to 368, or as 12 o 7 very
near.

But the Odds that two- or more like Cards in two diffe-
rent Packs will not obtain the fame Pofition, are very nearly
as 736 to 264 or 14 10 &

Coroliary V. If 4 and B, each holding a Pack.of Cards,
pull them out at the fame time one after another, on con-
dition that every time two like Cards are pulled out, 4 fhall
give B a Guinea; and it were required to find what confi-
deration B ought to give 4 to Play on thofe terms: The
Anfwer will be, One Guinea, let the number of Cards be what
it will,

Corollary V1. 1If the number of Packs be given, the Proba-
bility that any given number of circumftances may Happen
in them all, or in any of them, will be found eaﬁsI!y by our
method. Thus, if the number of the Packs be &, the Proba-
bility that one Card or more of the fame Sute and Name, in
every one of the Packs, may be in the fame Pofition, will be
expreft as follows.

T

N

I 1 -
.-t-z T T T A + Ginza—13n—3) k-2 ﬂqxnu—-;;n-z:#—ﬂ't-z

&c.
PR O-
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PROBLEM XXVIL

F A and B play together, each with a certain number of Bowl:
= n: What are their refpeitive Probabilities of winning,
Juppofing that each of them want a certain number of Games of
being up ? :

SOLUTION..

Irjt, the Probability that fome Bowl of B may be nea- -
rer the Jack than any Bowl of 4 is -1

Secondly, Suppofling one of his Bowls nearer the Jack than -
any Bowl of 4, the number of his remaining Bowls is #—1, .
and the number of all the Bowls remaining between them -
is 27— 1: Wherefore the Probability that fome other of
his Bowls may be nearer the Jack than any Bowl of 4 will

==, from whence it follows, that the Probability of his -

winning two Bowls or more is Ly 2=t

Thirdly, Suppofing two of his Bowls nearer the Jack than
any Bowl of 4, the Probability that fome other of his
Bowls may. be nearer the Jack than any Bowl of A4 wiil
be -2=2_. Wherefore the Probability of winning three

2R =23

Bowls or more is -y -~=*-x -»=2_. The continuation

of which procefs is maniflE x e ko
Fourthly, The Probability that one fingle Bowl of B fhall
be nearer the Jack than any Bowlof 4 is - el o 9ie

28~19 *

or f-x—* . For, if from the Probability that one or

in =

more of his Bowls may be nearer the Jack than any Bowl -
of A4, there be fubtrated the Probability that. two or more
may be nearer; there remains the Probability of one fingle
Bowl of B being nearer : In this Cafe B 1s faid to Wian
one Bowl at an End.

Fifthly, The Probability that two Bowls of B, and not
more, may be nearer the Jack than any Bowl of 4, will
be found to be Ly 2=ty __* - in which Cafe B is faid

in=1 2

to.win two Bowls at an End.

Sixthily,.,



68 The Doctrine of CHANCES.

Sixthly, 'The Probability that B may win three Bowls at
an End will be found to be - x- =t y-n=2_y__»

2n =i 2n—2 z2n=3 *
The procefs whereof is manifeft. ;

The Reader may obferve, that the foregoing Expreffions
might be reduced to fewer Terms; but leaving them
unreduced, the Law of the procefs is thereby made more
confpicuous.

Let it carefully be obferv’d, when we mention henceforth
the Probability of winning two Bowls, that the Senfe of it
ought to be extended to two Bowls or more; and that when
we mention the winning two Bowls at an Ead, it ought te
be taken in the common acceptation of two Bowls only:
The like being to be obferved in other Cafes.

This Preparation being made ; fuppofe, Fir/#, that 4 wants
one Game of being up, and B two; and let it be required,
in that circumitance, to determine their Probabilities of win-
ning.

]_get the whole Stake between them be fuppofed = 1. Then
either 4 may win a Bowl, or B win one Bowl at an End,
or B may wintwo Bowls.

In the firlt Cafe B lofes his Expectation.

In the fecond Cafe he becomes intitled to £ of the Stake.

But the Probability of this Cafe is = x —2__: wherefore his

in—1

Expetation ariling from that part of the Stake he will be
intitled to, if this Cafe (hould Happen, and from the Proba-
bility of its Happening, will be —2_x =

AR =13™"

In the third Cafe B wins the t;hole Stake r. But the Pro-
bability of this Cafe is ——x 2—L : wherefore the Expe&ta-

I

tion of B upon that account is — % S

From this it follows that the whole ExpeQation of B is

=X TamT % Taer Or —-# — ——, or 43==; which
Zn =i

being fubtralted from Unity, the remainder will be the Ex-
pectation of 4, wiz. ~+:==. It may therefore be concluded,
that the Probabilities which 4 and B have of winning are
refpectively as s 2— 2 to3n—2.

*I'is remarkable, that the fewer the Bowls are, the grea-
ter is the proportion of the Odds; for.if 4 and B play with

fingle
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fingle Bowls, the proportion will be as 3 to 1; if they play
with two Bowls each, the proportion will be as 2 to 1; if
with three Bowls each, the proportion will be as 13 to 7:
vet et the number of Bow!ls be never fo great, that proportion
will not defcend fo low as § to 3.

Secondly, Suppofe 4 wants one Game of being up, and B
three ; then either 4 may win a Bowl, or B win one Bowl
at an End, or two Bowls at an End, or three Bowls.

In the firlt Cafe B lofes his Expe&ation.

If the fecond Cafe Happens, then B will bein the circum-
ftance of wanting but two to 4’ one; in which Cafe his
ExpeQtation willbe 3%=2_ as it has been before determined :

g -

but the Probability that this Cafe may Happenis -1 x 2

wherefore the Expeftation of B, ariling from the proprEHE-’t‘u;'
this Cafe, will be L x —2_ x 32=2

2R —- fn—g
If the third Cafe lHaﬁpen, then B will be intitled to
one half of the Stake : but the Probability of its Happening

15 Lyttt ; wherefore the ExpeQation of B ari-

2q = 1 an—32 : "
fing from the Profpet of this Cafe is S e il
Oor ; Bl
in=—1

If the fourth Cafe Happen, then B wins the whole Stake 1:
but the Probability of its Happening is L x 1=t . _r=2,

Z2n=1 ZRn=-

or 1y _"=2. wherefore the Expectation of B arifing from

20 =13

the p?ul'pe& of this Cafe will be found to be Ly 2=2.,

From this it follows, that the whole Expt&atm_n of B
will be 9”:;-‘-1_-’_’-}4 3 which being fubtra&ted from Unity,

the remainder will be the Expe@tation of 4, viz, 23122197 4
p : B an—1

It may therefore be concluded, that the Probabilities which 4
and B have of winning are refpectively as 23as—195 4 4
0 9un—13n-t 4

N. B. 1If 4 and B play only with One Bowl each, the
Expeftation of B deduced from the foregoing Theorem
would be found = o. which we know from other principles
ought to be =_L_. The reafon of which is that the Cafe of

winning Two Bowls at an End, and the Cafe of winning
¢ Three
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‘Three Bowls at an End, enter this conclufion, which Cafes
do not belong to the fuppofition of playing with fingle Bowls:
wherefore excluding thofe two Cafes, the Expetation of B

will be found to be i X oy X 2= = ——, which will

an =1 Hn— g g
appear if » be made = 1. Yet the Expeftation of B, in the
Cale of two Bowls, would be rightly determined, tho’ the
Cafe of winning Three Bowls at an End enters it: The rea-
fon of which is, that the Probability of winning Three Bowls
at an Eod is =, - X 222 which in the Cafe of Two

Bowls becomes = o, fo that the gencral Expreffion is not
thereby difturbed.

After what we have faid, it will be eafy to extend this
way of Reafoning to any circumftance of Games wanting
between 4 and B; by making the Solution of each fimpler
Cafe fubfervient to the Solution of that which is immediately
more compound.

Haviong given formerly the Solution of this Problem, pro-
pofed to me by the Honourable Frances Robarts, in the Phile-
fophical Tranfaitions Number 339; I there faid, by way of
Corollary, that if the proportion of Skill in the Gamefters
were given, the Problem might alfo be Solved ; (ince which
time Mr de Monmort, in the {econd Edition of a Book by
him Publifhed upon the {ubjettof Chance, has thought it worth
his while to Solve this Problem as it is exterided to the con-
fideration of the Skill, and to carry his Solution to a very
great number of Cafes, giving alfo a Method by which it
may ftill be carried farther: I very willingly acknowledge
his Solution to be extreamly good, and own that he has in
this, as well as in a great many other things, fhewn himfelf
entirely mafter of the dottrine of Combinations, which he
has employed with very great Induftry and Sagacity.

The Solution of this Problem, as it 1s refirained ro an e-
qualicy of Skill, was in my Specimen deduced from the Me-
thod of Combinations; but the Solution which is given of
ir in this place, is deduced from a Principle which has more of
fimplicity in it, being that by the help of which I have De-
monftrated the Do&rine of Permutations and Combinations:
Wherefore to make it as famihar as poflible, and to fhew
its vaft extent, I fhall now apply it to the general Solution

of
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of this Problem, taking in the confideration of the Skill of the
Gamefters.

But before T proceed I think it neceffary to define what
I call Skill: @iz, Thatit is the proportion of Chances which
the Gamelters may be fuppofed to have for winning a (in--
gle Game with one Bowl each.

PROBLEM XXVIIL

F A and B, whofe proportion of Skill is as a to b, play to-

gether, each with a certain number of Bowls: What are their
re[pective Probabilities of wfmnf:;g, Juppofing each of them to want
a certain number of Games of being up ?

SOLUTION.

Irft, The Chance of B for winning one fingle Bowl be-
F ing b, and the number of his Bowls being , it follows
that the fum of all his Chances is #4; and for the fame rea-
fon the fum of all the Chances of 4 is #»a: wherefore the
fum of all the Chances for winning one Bowl or more is
na-+nby which for brevity fake we may call 5. From
whence it follows, that the Probability which B has of win-
ning one Bowl or more is 22,

¥

Secondly, Suppoling one of his Bowls nearer the Jack than
any of the Bowls of 4, the number of his remaining Chan-
ces 15 n— 1xb; and the number of Chances remaining be-
‘tween them is & —&: wherefore the Probability that fome
other of his Bowls may be nearer the Jack than any Bowl

of 4 will be 2=1=F: From whence it follows, that the Pro-

b ne=1 x5k
¥ §=—§

bability of his winning Two Bowls or more is

Thirdly, Suppofing Two of his Bowls nearer the Jack than
any of the Bowls of 4, the pumber of his remaining Chan-
ces is n—a xb 3 and the number of Chances remaining be-
tween them is s—2 b: wherefore the Probability that fome
other of his Bowls may be nearer the Jack than any Bowl

of 4 will be 2—2=£, From whence it follows, that the
Proba-
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Probability of his winning Three Bowls or more is -’2—5 X
g—T) n—1a1%b

:-::& ® :r—12b 5
manifeft.

Fourthly, If from the Probability which B has of winning
One Bow! or more, there be {ubtrated the Probabilicy which
he has of winning Two or more, there will remain the Pro-
‘bability of his winning One Bowl at an_End: ‘Which there-

b e s h r—mnh

. b
fore will be found to be —— — — x——= or " %"=

the continuation of which procefs is

bk au

nr K J_&I

‘Fifthly, Por the fame reafonas above, the Probability which
B has of winning Two Bowls at an End will be found te

nb n—1%b an
be b x ILtl x —tx

-Sixthly, And for the fame reafon likewife, -the Probability
which B has of winning Three Bowls at an End will be

K wbh n—1 Xb a—axb an
fotind to e =Rt e e

tinuation of which procefs is manifeft.

N. B. The fame Expetations which denote the Probabi-
lity of any circumftance of B, will denote likewife the Pro-
bability of the like circumftance of 4, only changing & into «
and « nto b,

Thefe Things being premifed, Suppofe Firf?, that each of
‘them wants one Game of being up ; “cis plain that the Expefta-
tions of 4 and B are refpettively <% and 2= Let this Ex-
pectation of B be called .

Secondly, Suppofe 4 wants One Game of being up and B
Two, and let the Expettation of B be required : Then either
A may win a Bowl, or Bwin One Bowl at an End, or B

win Two Bowls. '
If the firtt Cafe Happens, B lofes his Expe&ation.
If the fecond Happens, he gets the Expeétation P; butthe

Probability of this Cafe is 22 x 2. wherefore the Ex-

The con-

i= b
pectation of B arifing from the poffibility that it may fo Hap-
Pﬂﬂ is J;L & iﬂ-—“b x P.

i



The Doctrine of CHANCES. 73

If the third Cafe Happens, he gets the whole Stake 1 ; but

the Probability of this Cafe is 22 y 2=2, wherefore the

Expe&tation of B arifing from the Probability of this Cafe
is 2 xA) x I

From which it follows that the whole Expeation of B
will be 22y 2% p 4 2t . n-8  Tet this Expefation
be called 2.

Thirdly, Suppofe 4 to want One Game of being up, and B
Three. Then either B may win One Bowl at an End, in which
Cafe he gets the Expeftation 2 ; or Two Bowls at an End,

in which Cafe he gets the Expe€ation P; or Three Bowls
in which Cafe he gets the whole Stake 1. Wherefore the

Expe&ation of B will be found to be 2 x 22_x(Q

s=b
»n b n— 1%k an nb #—1Xk —aXh
& 5 « s—b S XP + F & f—t » S ®

An infinite number of thefe Theorems may be formed in
the fame manner, which may be continued by infpe@ion, ha-
ving well obferved how each of them is deduced from the
preceding.

If the number of Bowls were unequal, fo that 4 had »
Bowls and B » Bowls; Suppofing m 2 <+ z4 =5, other Theo-
rems might be found to anfwer that inequality: And if that
inequality fhould not be conftant, but vary at pleafure; c-
ther Theorems might alfo be formed to anfwer that Varia-
tion of inequality, by following the fame way of arguing.
And if Three or more Gamelters were to play together un-
der any circumftance of Games wapting, at}d pf any given
proportion of Skill, their Probabilities of winning might be
determined after the fame manner.

PROBLEM XXIX.

r ]-‘ O find the Expectation of A when with a Die of any gi-
ven number ﬁﬂm he undertakes to fling any .dar':rﬁ.rj_

.nate number of them in any given number of Cafts.

U SOL U
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SO L UTINN.

LHT p+1 be the number of all the Faces in the Die,
# the number of Calts, f the number of Faces which

he undertakes to Hing.

The number of Chances for an Ace to come up once or
more in any number of Calts #, 1s p+1" — p®: As has
been proved in the Introduttion.

Let the Duce, by thoughr, be expunged out of the Die, and
thereby the number of its Faces reduced to p, then the num-
ber of Chances for the Ace to come up will at the fame time
be reduced to p"—p—1'". Let now the Duce be reftored,
and the number of Chances for the Ace to come up without
the Duce, will be the fame as if the Duce were expunged.
But if from the number of Chances for the Ace to come up
with or without the Duce, iz, from p+1"— p* be fubtratted
the number of Chances for the Ace to come up without the
Duce, wiz. p* — p—1"", there will remain the number of
Chances for the Ace and Duce to come up once or more,
which confequently will be p4 1" — 2%p® -+ p—1'"

By the fame way of arguing it will be proved, that the
number of Chances for the Ace and Duce to come up
without the Trae will be p"—2 xp—1l* 4 p—2'", and con-
fequently, that the number of Chances for the Ace, the Duce
and Trae to come up once or more, will be the difference
between Fﬁ"‘—zx_ﬂ\-}»m" and p" —2 xp—1"+ p—2"
which therefore is pf1" — 3 x p* -+ 3 X p—1'* + p—2™.

Again it may be proved that the number of Chances. for
the Ace, the Duce, the Trae and Quater to come up, is
Pri1P=—gxp*+ 6x p=1"—4xp—2"+ p—3."; the conti-
fmation of vfhi::h Prcfctfs 1s mini?;'t. A

Wherefore if all the Powers p+1", p* p—1", p—2",p—3"
&ec. with the Signs alternately Pofitive and Negative, be
written in Order, and to thofe Powers there be prefixt the re=
{petive Coefficients of a Binomial raifed to the Power f; the
fum of all thofe Terms will be the Numerator of the Ex«
peltation of 4, of which the Denominator will be p+ 1%,

EXAM-
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EXAMPLE L

ET Six be the number of Faces in the Die, and let
A undertake in Eight Cafts to fling both an Ace and

63’_13,;5!.'_1_3

a Duce: Then his Expeftation will be =5
rad 06 &G0y, T '
i T TR T nearly.

EXAMPLE IL

IF A undertake with a common Die to fling all the
Faces in 12 Cafts, his Expeflation will be found to be

G —6xgFrgXg't —aox3" g N2 —Fx1'" _ 10
] i i again

nearly.
EXAMPLE III..

IF A with a Die of 36 Faces undertake to fling two given
Faces in 43 Cafts; or, which is the fame thing, if with
two common ‘Dice he undertake in- 43 Cafts to fling Two
Aces at one time, and Two Sixes at another time, his Ex-

- § == % 43 42
pectation will be 22 e 2oliidch g —22_ nearly.

~ N. B. The parts of which thefe Expeftations are com-
pounded, are ealily obtained by, the help of a Table of Lo~ -
garithms.

PROBLEM XXX

O find in how many Trials it will be probable that A with
a Die of any given number of Faces [ball throw any
propofed number of them. .

SOLUTION.

ET p+ 1 be the number of Faces in the Die, and f
the number of Faces which are to be thrown. Divide

the Logarithm of S 7 by the Logarithm of 2+, and |
=¥ B
the
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the Quotient will exprefs nearly the number of Trials requi-
fite, to make ir as probable that the propofed Faces may be
thrown as not.

DEMONSTRATION.

Uppofe Six to be the number of Faces which are to be

thrown, and # the number of Trials: Then by what has

been demonftrated in the preceding Problem, the Expetta-
tion of 4 will be,

S — 6 XpT T §X p— " — 20% ;=\ I5Xp 3V —6X p— Q" 5 —5)"
£ =iy

Let it be fuppofed that the Terms p+1, p, p—1, p—2 &,
are in Geometric Progreflion ( which i'ulppnﬁtinn will
very little err from the truth, efpecially if the propor-
tion of p to 1 be not very fmall ). Let now r be writ-

ten inftead of -ﬁg'-‘—: and then the Expeftationof 4 will be

s & _I% 20 L5 ;] 1
Chaﬂgﬂdlnt'ﬂI_ BT B W o T o Loy T r5u+ » 619

—————

or 1 — — + But this Expe€tation of 4 ought to be made

equal to -, fince by fuppofition he has an equal Chance to

s . : - Fﬁ
win or lofe: Hence will arife the Equation —-'—:T =—

I . -
orr*= — ¢, from which it may be concluded that
1= 3
1
nxLog. r, or nxLog. 2+, — Log. T yand confequent-
o f==1

ly that z is equal to the Logarithm of s~ divided by the

1—4
Logarithm of fg— = -L'L:-' . And the fame Demonftration will
hold in any other Cale.

EXAMPLE L

O find in how many Trials 4 may with equal Chance
undertake to throw all the Faces of a common Die.

The
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The Logarithm of — % = 0.9621753; the Loga.

I—¥%

rithm of F'lf' or f = 0.0791812: Wherefore »

e ©063317%3 ; -
= —e7s18i. = 12+, From hence it may be concluded

that in 12 Cafts 4 has the worft of the Lay, and in 13
the beft of it. |

EXAMPLE 1l

TD find in how many Trials, 4 may with equal Chance,

with a Die of Thirty-fix Faces, undertake to throw

Six determinate Faces ; or, in how many Trials he may with

EI Pair of common Dice undertake to throw all thé Dou-
ets.

The Logarithm of

I

- being 0.9621753,andthe

I -

Logarithm of -~ 't‘ or ;': being 0.0 122345 ; it follows

that the number of Cafts requifite to that effet is 29621753

Q0L 2a

or 79 nearly. L

But if it were the Law of the Play, that the Doublets
muft be thrown in a given Order, and that any Doublet
Happening to be thrown out of its turn fhould go for no-
thing ; then the throwiog of the Six Doublets would be like
the throwing of the two Aces Six times; toproduce which
effet the number of Cafls requifite would be found by Mul-
tiplying 35 by 5.668, as appears from our VIIzh. Problem,
and confequently would be about 198.

3
N. B. the Frattion “::)i'i_“ may bereduced to _..,fj_il
which will Facilitate the taking of its Logarithm.

PROBLEM XXXIL

F A, B, C Play together on the following conditions; Firft, that
they fball each of them Stake 1. Secondly, that A and B fhall
begin the Play 5 Thirdly, that the Lofer fhall yield his place to the

third Man, which is to be obferved conflantly afterwards; Fourthly,
that
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that the Lofer [ball be fined a certain Sum p, which is- to
ferve to increafe the common Stock s Laftly, that be fhall Win the
whale Sum depofited at firfty, and increaled by the [everal Fines,
who fball firt beat the other two [ucciffively: Tis demanded
what is the Advantage of A and B, whom we [uppofe to begin
the Play.

SOL U1 1O N

Et B A fignifie that B beats 4, and"4C that 4 beats C ;
and let always the firlt Letter denote the Winner; and
the fecond the Lofer.

Let us fuppofe that B beats 4 the firk time: Then let us
inquire what the Probability is that the Set fhall be ended
in any given number of Games; and alfo what is the Proba-
bility which each Gamefter has of winning the Set in that
given number of Games.

Firft, If the Set be ended in two Games, B muft necefla-
rily be the winner; for by Hypothefis he wins the firft time :
Which may be expreffed as follows.

I
Z

B A
BC

Secondly, If the Set be ended in Three Games, € muft be
the winner ; as appears by the following Scheme.

1| _BA
2| CB
3| C4

Thirdly, If the Set be ended in Four Games, 4 muft be
the winner; as appears by this Scheme.

1| B4
2| CB
3| 4C
41 AB

Fourthly, 1f the Set be ended in Five Games, B-muft be
the winner ; which is thus expreffed,
]| BA

'-.-a.-; i
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| BA
CB
AT
B4
‘BC

Vihoud B

Fifthly, If the Set be ended in Six Games, € muft be the
‘Tlnﬂﬂr; as will appear by ftill following the fame Procefs, .
thus,

- | B4
2 CB
3 AC
4 BA
s CB
6 cA

And this Procefs recurring continually in the fame Oider
needs not be profecuted any farther.

Now the Probability that the firft Scheme fhall take place -
152 in confequence of the fuppofition that B beats 4 ‘the

firlt time; it being an equal ‘Chance whether B -beat C, or

C beat 4.
And the Probability that the fecond Scheme fhall take place

is - : For the Probability of C beating B is ——, and that

bein% fuppofed, the Probability of his beating 4 will alfo
be -=; wherefore the Probability of B beating C; and then 4,

will be ,_:’r x-;— or —;-—.
And from the fame confiderations the Probabilicy that the

Third Scheme {hall take place is —.—: and fo on.

Hence it will be ealie to compofe a Table of the Proba-
bilities which B, C, .4 have of winning the Sct in any given.
number of Games; and‘alfo of their Expeltations : Which
Expetations are the Probabilities of winning Multiplyed by
the Stock Three depofited at firlt, and increafed fucceflively
by the feveral Bines.

TABLE:
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T A B LE of the Probabilities, &c.
B C A

e i Xgap fee e
..........—a—x3+4p
-;‘5—x3+5p Sap s B A | B SR VTS
RO R i b e
S U T H;—[—-?P
BEX 30p L« Felys et d S T
el s N Ietrad g LI i
o 3 RN e il f Ll B 5,;ﬂ3+mp
8 N T T P oo S R
{oc.

Now the feveral Expectations of B, C, 4 may be fum-
med up by the following Lemma.

VO Ny i W e

LEMM &.
e "jf + "4' 24 238 xkad o 44 infinitum

d
is equal to ——— + =

Let the Expettations of B be divided i into two Series, wiz.

: + :‘5 +-T;:T+ In:* &{;
Y g g

The firft Series conflitutes a Geometric Progreffion con-
tinually decreafing, whofe fum will be found to be -

The fecond Series may be reduced to the form of the Se-
ries in our Lemma, and may be thus expreft,

e
X
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+x%+ ~ 4 :‘ + v + 5+ & Wherefore

dividing the whole by -2, and layingafide the Term 2, we

fhall have the SEI‘iESu—;— + 33, + 5+ ot 8o which

has the fame form as the Series of the Lemma, and may be
compared with it : Let therefore » be made = 5,d = 3 and
& = 8, and the fum of this Series will be-—;— + 2~ or

.{:_,.5 to this adding the firft Term 2, which had been laid
afide, the new fum will be 2%, and that being Multi-
plied by £, the Produtt will be —£p, which is the fum
of the fecond Series exprefling the Expettations of B: From

hence it may be concluded, that. all the ExpeQtations of B
contained in both the abovementioned Series will be equal

0 =+ -+ —5-p.
And by the help of the foregoing Lemma it will be
found likewife that all the Expeltations of ¢ will be equal

& 43
to =~ + 5P _

It will alfo be found that all the Expefations of 4 will
be = & + 4p.

Hitherto we have determined the feveral Expe&ations of
the Gamefters, upon the fum by them depofited at firf}, as
alfo upon the Fines by which the common Stock is increa-
fed : It remains now to Eftimate the feveral Risks of their
being Fined ; that is to fay, the fum of the Probabilities of
their being Fined multiplyed by che refpective Quantities of
the Fine.

Now after the fuppofition made of A being beat the firft
time, by which he is obliged to lay down his Fine p, Band ¢
have an equal Chance of being Fined after the fecond Game,
which males the Risk of each to be = —L=p. as appears

by the following Scheme.

B A BA
TCE L e

¥ In
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In the like manner, it will be found that both € and 4
have one Chance in four for their bainE Fined after the
Third Game, and confequently that the Risk of each 1s ——p,

according to she following Scheme.

B4 BA
CB or CHB
AC cA

And by the like Procefs it will be found that the Risk of
B and c after the fourth Game is —X- 2.

Hence it will be eafie to compofe the following Table which
exprefles the Risks of each Gamelter.

TABLE of RISKS.

B C A
2 - - crsanaa
3 n-:---- + ..l:_
4 T e T SR ¢
5 o6 P e A Rl
6 ---I---- -!T ._;—I;.
7 T e el e o
8| —p | dp [-eoeee-
J Akt e AR

In the Column belonging to B, if the vacant places were
filled up, and the Terms = p, ——p, —L_p &c. were

2 258

Interpoled, the Sum of the Risks of B would compofe one
uninterrupted Geometric Progreffion, whofe Sum would be
= p; But the Terms interpoled conftitute a Geometric Pro-
greflion whofe Sum is = —2- p: Wherefore, if from p there
be fubtralted —2-p, there will remain —- p for the Sum of
the Risks of B. {

In like manner Isit will bs found that the Sun of the Risks
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And the Sum of the Risks of 4, after his being Fined the firft
time, willbe = 2 ».

Now if from the feveral Expeftations of the Gamefters
there be fubtrated each Man’s Stake, as alfo the Sum of his
Risks, there will remain the clear Gain or Lofs of each of
them.

Wherefore, from the ExpeCtations of B = 22~ 4 & p

Subtraing fir/# his Stake ¥

Then the Sum of his Risks ; —p
There remains the clear Gainof B = 5 | 1
T i - = 7 49
Likewife, from the Expeftations of C = Ll P
Subtralting fir/# his Stake — I T
‘Then the Sum of his Risks = LP
7
47 There remains the clear Gain of C = —L4 :? p
In like manner, from the Expeftationof 4 = 3. 4 _1?
Subtra&ing, Firff, his Stake 2 S 2
Secondly, the Sum of his Risks = <p
Lajtly, the Fine p due to the}_. :
Stock by the Lofs of the firlt Game .~ P
There remains the clear Gain of 4 = — L2y
45

But we have fuppofed in the beginning of the Game that
A was beat; whereas 4 had the fame Chance to beat B;as B
had to beat him: Wherefore dividing the Sum of the Gains
of B and A into two equal Parts,each part will be. . — 2 5

which confequently muft be repuced to be as-the Giin of 43?3-.:1?1
of them.

Corollary 1. 'The Gain of € being — — + %p,' Lét:
that be made = o. Thenp willbe found = 2. 'If there-
fore the Fine has the fame proportion to each Man’s Stake
as 7 has to 6, the Gameiters play all upon~equal Terms :
But if the Fine bears a lefs proportion to the Stake than 7

o
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to 6, € has the difadvantage: Thus, Suppofing p = 1, his
Lofs would be —2~. But if the Fine bears a greater pro-

49
portion to the Stake than 7 to 6, C has the Advantage.
Corollary II. Ii the Stake were conftant, that is, if chere
were no Fines, then the Probabilities of winning would be
refpectively proportional to the Expetations; wherefore fup-
poling p = o, the Expettations of the Gamelters, or their Pro-

babilities of winning, will be as 2, 2, 01,35 4,2, 10

But the increafe of the Stock caufes no alteration in the Pro-
babilities of winning, and confequently thofe Probabilities
are, in the Cafe of this Problem, as 4, 2, 1; whereof the firft
belongs to B after his beating 4 the firft time; the fecond
to C, and the third to 4 : Wherefore ’tis Five to T'wo, before
the Play begins, that either 4 or B wins the Set ; and Five
to Four that one of them, that fhall be fixt upon, wins ir.

Corollary TII. If the proportion of Skill berween the Game-
fters 4, B, € be as a, b, ¢ refpectively, and that the refpet-
ive Probabilities of winning, in any number of Games after
the firt, wherein B is Suppofed to beat 4, be denoted by
B’, B-WI’ Bw.-" Bg &C, L#’ CF-, Cw;.r, fo &E- ,AW, ij Arg,
A%, &c. it will be found, by the bare infpe&tion of the
Sghﬁmes belonging to the Selution of the foregoing Problem,
that

B" [
= bte

¢ ==y

: itb c+a

TR SO IS a a
‘4’ = ¥ b = = adb

¥ skl o ¥ - b b
E = e+ ¥ a1 ¢ X b+ a # b4

¥V 1] e & b [ ¢
C L L 4 4t - b+a r e+ b o E:F.E

v i [ a
g =_;j|-bx;+cxb+#x:r;-&x#¥cxs_§-f'

- OLC. '

Let é_i',‘ =% be made.ﬁm; then it will
plainly appear that the feveral Probabilities of winning will
compofe each of them a Geometric Progreffion, for

B" =
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‘B"=m B 1€ =mwC |4 =m A"
_ Blrw it B#H crf# SR CI-F A-"K‘ = 1 f
BR’ = 18 Blr'ﬂ fo = m C}'m Axrr a5 Arx
oec &ec. &c.

Hence a Table of Expectations and Risks may eafily be
formed as above; and the reft of the Solution carried on by
following exaétly the fteps of the former.

When the Solution is Ef'uught to its conclufion, it will be
‘neceffary to make an allowance for the fuppofition made that
‘B beats A the firft time, which may be done thus,

Let P be the Gain of B, when expreft by the Quantities
ay by ¢, and @ the Gain of A, when expreft by the fame:
Change 4 into £ and & into 4, in the Quantity Q ; then the
Quantity refulting from this Change will be the Gain of B, in
cafe he be fuppoled to lofe the firft Game. Let this Quan-
tity therefore be called R, and then the Gain of B, to be-efti-

‘mated before the Play begins, will be —-5-’;—4_;&—,

PR'OBLEM XXXIL

F Four Gameflers Ay B, C,D Play on the conditions of the
foregoing Problem, and be be to be reputed the Winner, who
fball bear the other Three [uccelfively: What is the Advantage of

A and B, whom we Suppole to begin the Play?
SOLUTION.

LET BA denote, as in the preceding Problem, that B
beats 4, and AC that 4 beats C; and gencrally let the
ficft Letter always denote the Winner and the fecond the

Lofer.
Let itbe Suppofed alfo that B beats A the firft time: Then

let it be inquired what is the Probability that the Play fhall
be ended in any given number of Games; as alfo what is the
Probability which each Gamefter hasof winning the Set in
that given number of Games.

Z Firfl
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Firf?, If the Set be ended in Three Games, B muft necef-
farily be the winner: Since by Hypothefis he beats 4 the -
fict Game, which is.expreffed as follows,

1| BA
21 BG
3| BD

Secondly, If the Set be ended in Four Gimes, C muft be .
the winner ; as it thus appears.

1| BA
2| CB

- CD
41 c4d

Thirdly, If the Set be ended in Five Games, D will be -
the wioner ; for which he has two Chances, as it appears by .
the following Scheme.

1 B A BA
2 l CEB B
3 DC w©or DB
4 DA. DA
5.1 DB D¢

Fourthly, If the Sect be ended in Six Games, 4 will be-
the winner ; and he has three Chances for it, which are thus..
colle€ted,

I B A BA BA
2 | CB CB Pr YR
3 DcC cD DB
4 AD AC AD
s | 4B AB Ac
6 AcC AD AB

Fifthly, If the Set be ended in Seven Games, then B will

hgv»: three Chances to be the winner, and € will have two ;.
thus,

1| BA.
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BA BA BA BA BA
CB CcB CB Bc BC
Dc Dc cD DB DB
AD DA ACc  AD DA
BA BD BA cA cD
BC BC BD CB CB
BD BA BC cD CcA

N v B

Sixthly, 1f the Set be ended in Eight Games, then D will
have two Chances to be the Winner, € will have three, and:
B alfo three, thus

BA  » 84 ' BA BA BA BA BA BA

CB CB cB cB A eB. " BC BC  BC
D¢ Dc DC chD' 7 e DB DR T DB
ADVV AD " DA \ AC T AC AD AD DA
B, (AR S0BE, B} nldB pnCH < dC 1 CD
CB .. cA O CR LB S D4 BC . BA . BC
o DN e gl ne DE W ABICy, BD.. BER . BA
cA. CB ach ‘DA DB, . .84 BC . BD

ooy VbW B M

Let now the Letters by which the winners are denoted be
written in Order, prefixing to them the Numbers which:
exprefs their feveral Chances for winning ; in this manner,.,

2 1y Ve

4 [ C

s |2 D

G oA

yiNpgBrear 2. G

8:13/€4aDi-3B

9. |'§3 D42 A +9C+ 3D 2R

10{3 A+2B+3D+3A+2B+3A+:2C+3D
&e.
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Then Examining the formation of thefe Letters, it will
appear ; Firft, that the Letter B is always found fo many
times in any Rank, as the Letter 4 is found in the two pre-
ceding Ranks: Secowdly, that C is found fo many times in
any Rank, as Bis found in the preceding Rank, and D in the
Rank before that, Thirdly, that D is found fo many times
in each Rank, as C is found in the ‘preceding, and B in the
Rank before that: And Fourthly, that 4 is found {fo many
times in each, as D is found in the preceding Rank, and €
in the Rank before that.

From whence it may be concluded, that the Probabilit
which the -Gamefter B has of winning the Set, in any gi-
ven number of Games, is —— of the Probability which #
has of winning it one Game fooner, together with — of the
Probability which A4 ‘has of winning it two Games f{oo-
ner.

The Probability which C hasof winning the Set, in any
given number of Games, is = of the Probability which B
has of winning it one Game fooner, together with —— of the
Probability which D has of winning it two Games f{ooner.

The Probability which D has of winning the Set, in any
given number of Games, is 1 of the Probability which ¢

has of winning it one Game fooner, and alfo 1 of the

Probability which B has of winning it two Games -foo-

ner.
The Probability which A has .of winning I!:u? Set,in any
given number of Games, is —2— of ‘the Probability which D

has of winning it one'Game fooner, and alfo _i_ of the

‘Probability which C has of winning it two Games {00-
ner.

Thefe things being obferved, it will be eafie to compofe
a Table of the Probabilities which B, €, D, A4 have of win-
ning the Set in any given number of Games; as alfo of their
ExpeQtations, which will be as follows.

A TA-
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T A BLE of the Probabilities, &c.

B C D A
14 | === X4taep R R T
Wlglemamng|edeann T X4tsp [ memna
L 6 ol e S ___-__j___ P e _;3*.1_3{4+5P
v | 7 [xatp e xatp| = mmmmm [ a e
v | 8 |k xaFep [T x4+ 8p [T x4ty | == - em
| g | == mmm | %4t 9 i X4t P | x4t

- —"2 ¥ 6 Ty e
vl 10O ﬁw‘x 4_!_ !DP 511: " 4+ ICIP‘ 512 x4+ Iqﬂ "5%:' o q.‘l‘ I'DP
. 1 3 2 WY R e e -
111 TEIKII-'I'IIP ;az;x4+llp o2y * 4+ 11p Ii:?t_a..x"l-'l'IIP
— i —_———

12 %“44-12}573?“4"'”1*%“4-%11‘? o X4+ 12p

X
(ﬁ:c. ere.

The Terms whereof each Column of this Table is com-
pofed, being not cafily fummable by any of the known Me-
thods, "it wall be convenieat, in order to find their Sums, to
ufe the following Analyfis.

Let B+ B” 4+ B” 4+ B™ 4+ B' 4+ B” &c. reprefent the
refpedtive Probabilities which B has of winning the Set, in
any number of Games, anfwering to 3, 4, 5, 6, 7, 8 &e.
and let the fum of thefe Probabilities 44 iafinitum be {uppo-
fed = 7.

In tlfe fame manner, let ¢/ 4+ C" + C” 4+ C™ 4 C" &
C” &c. reprefent the Probabilities which € has of winning,
which fuppofe = z.

Let the like Probabilities which D has of winning be re-
prefented by D' &+ D” 4+ D" 4 D" 4 D"+ DY &c. which
{fuppole = .

Laftly, Let the Probabilities which 4 [}as of winning be
reprefented by 4 4 4" + 4"+ 4" + 4"+ A" &c which
fuppofe = x. | _

Now from the Obfervations fet down before the Table
of Probabilities, it will follow, that .

A a A
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BI — Bf
Bff - Bﬁ"
Bw"'—'—;*ﬁ#-i-"%‘d’

Bﬂ”= Tlf’-l——-:—-—Afr
B = *%-—AW+-—:-A?'
B = - 4"+ 4"
&c.

From which Scheme we may deduce the Equation follow-
ing, y = = 4 ——x: For the Sum of the Terms in the -

firft Column is cqﬁal to the Sum-of the Terms in the other
two. But the Sum of the Terms in the firft Column is » by

Hypothefis; wherefore y ought to be made equal to the Sum
of the Terms in the other two Columns.

In order to find the Sum of the Terms of the fecond Co-
lumn, I argue thus,

A+ A" + Am-i-' v ol + AY 4 AV 15 = & by H}'Pﬂ'th-
or A”—[—AH‘F-I-A””—-PJF-}-AW iS kel i W
I I 1 ¥ I ) I
and —i—AH"l‘—;*AI”—i'TA””-l'TA +TAVHI15=?#—.?IA’

Then adding B’ 4 B” on both fides of the laft Equation,
we fhall have

B.r‘_l_B” X ;—AHJI" .;_AIH+L=AH+-?'A?+-;—AW&C1
=Lx——LA'+ B’ 4 B

2

But 4’ =0, B = < B” = o, as appears from the Ta-
ble: Wherefore the Sum of the Terms of the fecond Column
Is equal to L x - -

‘The Sum of the Terms of the third Column is ——-x by
Hypothefis; and confequently the Sum of the Terms in the
fccc:-nd and third Columns is = ~+% + ——. From whence
it follows that the Equation y = —— -+ —2- % had been
rightly determined. i

In
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In the fame manner, if we write
C =
cff A CH
c-‘:*f o _ Bﬂ' :i_- ; DF"‘
c" = Bw % '____ B
c.v' — t Bfml' + ___ Dmr
C;:r 3 ‘ ‘ B.WH

By a real'umng like the former we fhall at length come at
the Equation 2 = Ly + -7

So likewife lf we write:
D' =3 H"
volcaon
B’ﬂ? <5 __;_. IC!J'! +—i—- B’i’
D =+L-C"+—=—B"
BTr? =_+CF ++Bﬂ_’f{
&c.
We fhall deduce the Equation v = L 24 L.

Laftly, if after the fame manner we write

AJ‘ et A!
AH i A#
A" =D +-C

J;:r=+D~r '+-;—C”
Ar = _L. DIMF Cw E
’{:? — ___ DV + c'a"#

&¢c.

We fhall obtain the Equation ¥ = Lv'4 L&,
Nov:
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; Now thefe Four Equations being refolved, it will be found
that

B'-{-Bﬁ—]u.ﬂm-l-ﬂﬁw-}—Br'{*Bﬁ&C* =J’ — 15:9 :
CH+ "+ " & =2 = 2,
D+ D 4+D"4+ D"+ D" + D" &, =v = _32_,
A4+ A+ A"+ A" 4 A"+ A &eo =% = _?-:-?__

149

Thefe Values being once fourdd, let b, ¢, d, 2, which are
commonly employed to denote known Quantities, be refpeft-
ively fubftituted in the room of them; to the end that the
Letters y, 2, ¥, & may now be employed to denote other
unknown Quantities.

Hitherto we have been determining the Probabilities of win-
ning : Butin order to find the Expettations of the Gamefters,
each Term of the Series exprefiing thefe Probabilities, is to
be multiplyed by the refpettive Terms of the following Se-
ries; 43P, 4+4P 4+5p, 4-+6p, &c.

The firit part of each Produt being .no more than a
Multiplication by 4, the fums of all the firft parts of thofe
Produéts are only the fums of the Probabilities multiplied
by 4; and confequently are 46, 4¢, 44, and 44 refpective-

ly.
But to find the Sums of the other parts,
Let 3 Bp 4+ 4 B'p + 5 B'p + 6 B"p &c. be = p,,
3CP+4CP 450" +6C"p & =pa
3 Dp+g4Dp 4+ sD"p+ 6D &eo = pu,
3 Ap+4 4P+ sA4"p 4 64" & = px,

Now Since 3 B

It
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It follows, that y = —- + —— -+ 4 For the firft Co-
lumn is = y, by Ehpothefis.

Again,3 A4+ 44"+ 5 A"+ 6 A + 7 A'&c. = xby Fy-

pothefis.

But 4 4+ A" 4+ A" 4+ 4" 4 4" &c. has been found = 4,
Wherefore adding thefe two Equations together, we fhall
have 4 A:—l— 5 A:"—l- 6 A"y 7 A’:'”-]- 8 A/&c.= & + a
or LA+ 244 LA 24"+ 2 &= Lxtla

Now the Terms of this laft Series, together with 3 B’ -
4 B, compofe the fecond Column: But 3 B = 3, and

4 B” = o, as appears from the Table. Gunfequenqil}r the
fum of the Terms of the fecond Column is = o -

+ - a | ‘
By the fame Method of proceding, it will be found, that
the fum of the Terms of the third Column is = L
+ '
From whenceit followsthat y = el e
ory = — + ——X + a.

In the fame manner if we write

JC N 5 C
4 Cﬂ — 4 Cr'.l'll
g or e TB” 3 7

6{:””""'2—0’”-1—
Bl = L
8 C"=-Lp

We fhall fromthence-deduce the Equation 2 = L5 + 1

Bb So
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So likewife in the fame manner, if we write
3 Iff T 3 fﬁf

4' W'== 4I !

s D' ==2C +31 B

a

6 D)' " i _.-:— cﬂ.ﬂ' + _._5._ B-".F

4

7, 1)? =:,%_ wa:+_ﬁi_ E?#
§ D" =+ D +-+B”

“

&c.

Laftly, if after the fame manner we write
3 J{f <41 3 ‘4f
LGN
§ A" =D +2.(

6 Am'r feas 5 D.lw _5'__ Cr,!

& 7 4
?_JéF : ITW hf : Cfﬁ
i; JIT oy i I)F 4_ i t:mv
&ec.

We fhall deduce the two fu]]-:}wmg Equatmns viz,
w___z+—c+_—_y+_.fa And ¥ = -v-i-‘d-{--#Lz.
A8

Now the foregoing Equations being Solved, and the values
of b, ¢, d, a reftored, it will be found that y = —45536.

Blj =

22201
. 387124 = o8 e 335 41
ol b 22201 % B azzot 2. % 22201 *

From which we may conclude, that the feveral Expectations
of B, ¢, D, 4 arerefpeltively, Firff, 4 X 5‘5 -+ :::;f L.
Secondly, 4 * 3'5 4 33118 p Tb:rd{v,:;x = iy d1fec p,

22201 22301

Foarthly, 4% ;‘; 4 33847

= TN 231201

L

The
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The Expe&tations of the Gamelters being thus found, it
will be neceflary to find the Risks of their being Fined, or
otherwife what fum each of them ought juftly to give to
have their Fines Infured, 1In order to which, let us form {o
many Schemes for exprefling the Probabilities of the Fines
as are fufficient to find the Law of their Procefs.

And Firft, we may obferve, that upon the {uppolition of
B beating A the firlk Game, in confequence of which 4 is-
to be Fined, B and € have one Chance each for being Fined
the fecond Game, as it thus appears

1| B4 . B4
21 (B Be

Secondly, that € has one Chance in four for being Fined
the third Game, B one Chance likewife, and D two; ac-
cording to the following Scheme,

B A BA BA BA
2 chB CEB BC BC
£ N Dc cD DB BD

Thirdly,. that D has two Chances in eight for being Fined
the fourth Game, that A has three and € one; according to
the following Scheme,

g} B4 S BA 5 B4 » B4 BA . BAT.
2. CRiiGR 1 CRuACR L v BE ) .BC
3 l BENDe U choescDy X DB .- DB
4 AD A S ACH CA v 4D DA

N. B. The two Combinations B4, BC, BD, AB, and B4,
BC, BD, BA are omitted in this Scheme, as being {uperfiu-
ous ; their difpofition fhewing that the Set mult have been
ended in three Games, and confequently not affeting the
Gamefters as to the Probability of their being Fined the fourth
Game; Yet the number of all the Chances muft be reckoned
as being Eight; fince the Probability of any one circum- .
ftance is but -,

Thefe
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Thefe Schemes being continued, it will eafily be perceived
that the circumftances under which the Gamefters find them.
felves, in refpect of their Risks of being Fined, ftand related
to one another in the fame manoer as were their Probabilities
of Winning ; from which confideration a Table of the Risks
may caflily be compofed as follows.

A TABLE of RISKS &c.

B & . D A

L fia — oA WA R

Ll BN 4 7 1 v 0

“ | g |emmmma ap 2 ye. o <
el b == P P ) e

e |6 P Sl 5

v |y e =4 2 - g5

Pl g P = g =P
e, | ere.

Wherefore fuppoling B 4+ B” 4+ B &c. ¢ 4+ ¢ 4+ "
&c. D'+ D' 4 D" &eo 4’ 4 A" 4 A" &c. to reprefent
the feveral Probabilities 5 and {uppofing that the feveral fums
of thefe Probabilities are refpeCtively equal toy, x, z, v, we
fhall have the following Schemes and Equations

B
Bﬁi
B = 4"+ 4
B".F.I'." Lo __;_ Al’ﬂ' + _.i._ A.ﬂ"
BI-" -';:_ ir + _‘:_ Al"ﬂ'f
.%gw __;_ A’ + + A"
s f *0

Hence y = g I
&

I

B}‘
Bﬂ"

LR

il

C/ =
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CF
c.n'
Cmr
CH’H
C’
C: 7
&ec.

o

o

Hencez = - «+

D
D
D’
D.ow
D =
D’ =
&c.

Hence v =

nmu

Il

A.f

AH
; Afﬂ
AMH"
A =

nu

INE of CaANcEsS,
C.I’

C’F

_;-BH‘ +_i.. DJ

T

74
B.I"f
= el ek
< 4t B
._;_ c"‘#f + _‘:__ B’ L

—C +-2-B”

&

A e ST

a
AJ’

+ D” + _}. '
1 1" . "
=D

2 1 i
— D" + =

JAEAT Y g e
A =D +-C

&ec,

Hence x =

I I
R

e

97

The
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The foregoing Equations being refolved, we fhall have

243 ‘2':2,.1;= 224_1 X = I 78

i 145-:"5: 149 149 149 i

Let every one of thofe Fraltions be now multiplied by p,
and the Pfoduﬁ‘s %;Pr 2y ity :;P will Ex;_sre{'s
the refpeCtive Risks of B, €, D, 4, or the fums they might
jultly give to have their Fines Infured.

But if from the feveral Expectations of the Gamelters there
be fubtrated, Firff, the fums by them depofited in the be-
ginning of the Play, and Secondly, the Risks of their Fines,
there will remain the clear Gain or Lofs of each. Wherefore

From the ExpeClations of B = g4x-25_ 4 22316
Subtraéting his own Stake = i aee il "
and alfo the fum of the Risks = 243

SR

There remains his clear Gain

i
rm—

From the Expettations of C

pu e 9329
-+ p.

149 22201

Il

36 28724
b - 22201 P:

T4y

Subtrating his own Stake = I
and alfo the Sum of his Risks = 252
45 P
There remains his clear Gain = — _=_ L _r176
49 22201 P

From the Expettations of D = 4 x 32 | _37600 »
Subrra&in% his own Stake = . L
and alfo the fum of his Risks =

There remains his clear Gain = =~ _2' 4 8224
223201 P'

— —_
e

From the EKPE&EEEOHS of 4 = oo 2ds o+ ;:1252111 Pj

Subtralting his own Stake = :;9
and alfo the Sum of his Risks = 175 p
Laftly, the Fine due to the Stock y __ T
by the lofs of the firk Game. }" P

1459

"_: WL —

There remains his clear Gain = — —42_ ___1a729
22201 P"

The
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The foregoing Calculation being made upon the {uppofi-
tion of B beating 4 in the beginning of the P?I{;}r, whic!ﬁ‘ﬁﬂ-
pofition neither affetts € nor D, it follows that the fum of
the Gains between B and A4 ought to be divided equally ;
and their feveral Gains will ftand as follows,

e 1‘-I_____ 2700
A= 149 22201 P-}
B‘ — 13 — 2700
. 149 223al IG
Gain of R L Sttt
= 149 2220l P;
gl 21 4224
P e TR Tieea— P'.I
Sum of the Gains = o o

—

JEigrg gl iadoa P, which is the Gain of A or B, be

149 22201

made = o; then p will be found = 2227 . From which

it follows, that if each Man’ Stake be to the Fine in the
proportion of 2700 to 1937, then A and B are in this cafe
neither winners nor lofers ; but € wins —-— which D lo-

fes.
And in the like manner may be found what the proportion

between the Stake and the Fine ought to be, to make € or
D play without Advantage or Difadvantage ; and alfo what
this proportion ought to be, to make them play with any
Advantage or Difadvantage given.

Corollary 1. A fpeCtator R might at firft in confide-
ration of the Sum 4+47p paid him in hand, undertake to
furnifh the four Gamefters with Stakes, and to pay all their

Fines.
Corollary 11. 1f the proportion of Skill between the Game-

fters be given, then their Gain or Lofs may be determi-
ned by the methods ufed in this and the preceding Pro-

blem.

Corollary 1I1. 1If there be never fo many Gamefters play-
ing on the conditions of this Problem, and the propor-
tion of Skill between them all be fuppofed equal, then the ;
Probabilities of winning, or of being Fined, may be deter-

mined as follows.

Let
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Let B, C/, D, F, F', 4’ denote the Probabilities which
B,C, D, E, F, A have of winning the Set, or of being Fined,
inany number of Games; and let the Probabilities of winning
or being Fined in any number of Games lefs by one than the
preceding, be denoted by B7 C7 D" E”7 F" 47: And fo on.

Then I fay thar,

P A At o
Cl o=t Bl b e Bl oh = B o
U=+ 0+ 1T BF+4F4 -F
E=2+D4+—C++B"4+ - F
F'= A F o+ =D == C N T
A =—F+——F+ —D"+ =

Corollory 1V. 1f the Terms 4, B, C, D, E, F&c. of a Se-
ries be continually decreafing, and that the Relation which
cach Term of the Series has to the fame number of preceding
ones be conftantly expreft by the fame number of given
Fractions £y o -+, L &c. For Example, if E be equal
to D4 LC+ L B, and F bealfo equal to - E + +D
+ L €, and fo on: Then I fay that all the Terms 44
infinitwm of fuch Series as this, may be eafily fummed SE:
by following the fteps of the Analyfis ufed in this Pr
lem; of which feveral Inflances will be given in the Prob-
lem relating to the duration of Play.

And if the Terms of fuch Series be multiplyed refpeét-
ively by any Series of Terms, wholfe laft differences are equal,
then the Series refulting fiom this multiplication is exaétly
fummable.

And if there be two fuch Series or more, and the Terms
of one be refpetively mulciplyed by the correfponding Terms
of the other, then the Series refulting from this multiplica-
tion will be exatly fummable.

Laftly, If there befeveral Series fo related to one another,
that each Term in the one may have to a certain number
of terms in the other certain given porportions, and that the
order of thefe proportions be conftant and uniform, then will
all thofe Serics be exallly fummable. The
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The foregoing Problem having been formerly Solved by
me, and Printed in the Philofophical Tranfaitions N° 341. Dr.
Brook Taylor, that Excellent Mathematician, Secretary to the
Royal Society, and my Worthy Friend, {foon after communi-
cated to me a very Ingenious Methoed of his, for finding the
Relations which the Probabilities of winning bear to one-
another, in the cafe of an equality of Skill between the Game-
fters. 'The Method is as follows.

Let B Ac D reprefent the four Gamefters ; let alfo the two
firft Letters reprefent that B beats 4 the firk Game, and
the other two the order of Play.

This being {uppofed, the circumftances of the Gamefters
will be reprefented in the next Game by BCDA or CBDA.

Again, the two preceding Combinations will each of them
produce two more Combinations for the Game following,
{fo that the Combinations for that Game will be four in all,
viz. BDACy DBAC, and CDAB, DCAB; which may be fitly
reprefented by the following Scheme.

BAcCD

‘Becp A CBDA'
e
BDAC DBAC feDAB DCAB

It appears from this Scheme, that if the Combination CBD 4
Happens, which muft be in the fecond Game, then B will be
in the fame Circumftance wherein A4 was the Game before ;
the conformity of which Circumf{tances lies in this, that B is
beat by one who was juft come into Play when he engaged
him. It appears likewife, that if the Combination DBAC
Happens, which muft be in the third Game, then B is again
in the fame Circumitance wherein 4 was two Games be-
fore.

But the Probability of the firft Circumftance is -, and
the Probability of the fecond is .

Wherefore the Probability which B has of winning the
Set, in any number of Games taken from the beginning, is *-
of the Probability which 4 has of winning it in the fame

sumber of Games wanting one, tak;n from the beginning ; as
D allo
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alfo — of the Probability which he has of winning in the

fame number of Games wanting two. From which it fol-
lows, that if the Probability which B has of winning the Set,
i1 Five Games for inftance, and the Probabilities which 4
has of winning it in Four and Three, be refpetively denoted
by BY, 4", A", we {hall have the Equation, B = 1 4"

" L] .'1
+ - 4", which is conformable to what we had found

before. And from the Infpection of the fame Scheme may
likewife be deduced the Relations of the Probabilities of win-
ning, as they lye between the other Gamefters. And other
Schemes of this nature for any number of Gamefters ma
eafily be made in imitation of this, by which the Probabi-
lities of winning or being Fined may be determined by bare
Infpection.

PROBLEM XXXIIL

WO Gamefters A and B, whofe proportion of Skill is as

a to b, each having a certain number of Pieces, play to-
gether on condition that as often as A Wins a Game, B [ball
give him one Piece, and that as often as B Wins a Game, A [ball
give him one Piece; and: that they ceale not to Play till [uch time
as either one or the other has got all the Pieces of his adverfary.
Now let us [uppofe two Spectators R and S to lay a« Wager a-
bour the Ending of the Play, the firfl of them laying that the Play
will be Ended in a certain number of Games which he affigns ;
the other laying to the contrary. What is the Probability that S
has of Winning his Wager ?

SOLUTION.

CASE L

LET Two be the number of Pieces which each Game-
{ter has, let alfo Two be the number of Games about
which the Wager is laid : Now becaule two is the number
of Games contended for, let 444 be raifed to its Square,
viz. aa4 2ab 4 bb; and it is plain that the Term 245 favours
S, and that the other two are againft him, and confequently

oys . . . aab
that the Probability he has of Winning is -

CHSET]
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C 48 E ]l

LET Two be the number of Pieces of each Gamelter,
but let Three be the number of Games upon which
the Wager is laid: Then 444 being raifed to its Cube
vViz. & 4 Jaab 4 3abb 4 b3, it is plain that the two Terms
a’ and & are contrary to §, fince they denote the number of
Chances for winning three times together ; ’tis plain alfo that
the other Terms ]ddf-l,- 34bb are partly for him, partly again(t
him. Let thefe Terms therefore be divided into their proper
parts, viz. 3aab into aab, aba, baa,and 3abb, into abb, bab, bba,
Now out u? thefe Six parts there are four which are favou-
rable to 8; wiz: aba, baa, abb, bab or 24ab < 24bb ; from whence
it-follows that the Probability which § has of winning his
- . - 2aabt-anbb . L | T
Wager will be = Or dividing both Numerator
s ab

and Deénominator by a4, it will be found to be ==
which is the {ame as before.

CASE I

LET Two be the number of Pieces of each Gamefter,
* and Four the number of Games upon which the Wager
is laid: Let therefore 24 be raifed to the fourth Power,
which is a* 4 44% 4+ 6asbb + 4ab® 4 4% The Terms
a* + 4 4% 4 4403 4 b* are wholly againft S, and the only
Term 6aabb is partly for him, partly againft him: Let this
Term therefore be divided into its Parts, wiz. aabb, abab,
abba, baab, baba, bbaa 5 and Four of thefe Parts abab, abba, basb,
baba, or 4aabb will be found to favours §; from which it

- - g2 T : _gusEd
follows, that his Probability of winning will be Tk

C A48 E IV.

F Two be the number of Peices of each Gamelter, and
Five the number of Games about which the Wager
is laid ; the Probability which § has of Winning his Wager
will be found to be the fame as in the preceding Cafe,

: 4aabb *
ViZs AT . G EN E-
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GENERALLY.

Let Two be the number of Pieces of each Gamelter, and
2 -+ d the number of Games about which R and § contend,
and it will be found that the Probability which § has of

e BT B
Winning will be %IW But if 4 be an odd Number,
{ubftitute 4 —1x in the room of it,
C. A8 EVY:

¥ ET Three be the number of Pieces of each Gamefter,

I_, and 3 + 4 the number of Games upon which the Wa-

ger is laid ; and the Probability which § has of Winning
1l e 2200 pcif d e adiCldd N Rah

will be = ut i an umber, you are

to fubftitute 4—1 in the room of it.

CASE VL

F the number of Pieces of each Gamefter be more than

Three, the Expettation of §, or the Probability there is
that the Play will not be Ended in a given number of Games,
may be determined in the following manner.

A General RV L E for Determining what Probability there
is that the Play will not be Ended in a given number of

Games.

ET » be the number of Pieces of each Gamefter ; let

allo #4-d be the npumber of Games given., Raife a+&
to the Power #, then cut off the two extream Terms, and
multiply the remainder by 4a 4- 246 4 bb : then cut off again
the two Extreams, and multiply again the remainder by
aa + 2ab + bb, ftill rejetting the two Extreams, and fo on,
making as many Multiplycations as there are Units in ——d;

Let the laft Produét be the Numerator of a Fra&ion whofe

Denominator is 7375\ "4, and that Fra&ion will exprefs the
Proba-
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Probability required, or the Expectation of S.  Still obferving
that if 4 be an Odd Number, you write d—1 in the room

of it,
EXAMPLE L

ET Four be the number of Pieces of each Gamefter, and
Ten the number of Games given: In this Cafe » = 4,
and #4d = 10. Wherefore d = 6,and - d = 3. Let

therefore 4+4 be raifed to the Fourth Power, and rejecting
continually the Extreams, let three Multiplications be made
by a2+ 24b + bb. thus,

at) + 4a3b -+ 6aabb 4 4ab? (+ bt
az & 2ab -+ bb

ash) -+ 6ashb + 4a3b3
* -+ 8athh 4 12a3b3 -+ 8aal+

+ a3k’ 4 aab+ (4 4abs

14a%bh -+ 20a3h3 -+ 142ab+
aa -+ =2ab 4+ bb

14a¢hh)+ 2cashs 4 14a4h+
-+ 28a5h3 4 qoaibs 4 28a3bs
-} 14atb+ 4 20a305 ( -+ 14aab°

48a°h3 4 63#4.&—4 -+ 48a3bs
aa + 2ab + Db
48a7h3) -} 68a°b+ - 48a5hs
-+ 9éa®ht -+ 136a5h5 4 obatlé
-+ 48ashs 4 68ath® (-+48a207

- “164ab4 + 232305 4 164a4)°,

Wherefore the Probability that the Play will not be ended
in Ten Games will be “5*“"5“4-13_;::!:4-164-:‘&‘
preflion will be reduced to “i%‘ or 22, if there be an e-
quality of Skill between the Gamefters. Now this Fraétion
being fubtrated from Unity, the remainder will be e
which will exprefs the Probability of the Play Ending in

E e Ten

3 which ex-~
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Ten Games: And confequently it is 35 to 29, that two e-
qual Gamefters playing together, there will not be Four Stakes
loft on either {ide 10 Ten Games.

N. B. The foregoing Operation maz be very much con-
tralted by omitting the Letters 4 and &, and reftoring them
after the laft Multiplication ; which may be done in this man-
ner. Make 4 Ld— 1 =p,and - d+ 1 =¢: Thenan-
nex to the refpeCtive Terms refulting from the laft Maltipli-
cation the literal Produéls arb9, aP-1bha+i, ab-2pi+2 &g,
Thus in the foregoing Example, inftead of the firft Multi-
plicand 4% -+ 6aabb -+ 44b% we might have taken only
4 + 6 + 4, and inftead of Mulriplying Three times by
as 4 2 ab -+ bb, we might have Multiplyed only by 1 4 2 + 1,
which would have made the laft Terms to have been 164 4
232+ 164. Now fince that zis = 4 and d = 6, p will
be = 6, and ¢ = 4; and confequently the literal Produéts
to be annext to the Terms 164 4+ 232 4 164 will be re-
{pe&tively a%*, a%65, a't®, which will make the Terms refult-
ing from the laft Multiplication to be 164 464 4 232 4545
=+ 164 a*b% as they had been found before,

LET Five be the number of Pieces of each Gamefter, and
Ten the number of Games given. Lecalfo the propor-
tion of Skill between 4 and B be as Two to One.

Since # is = §, and 24-d = 10, it follows that dis = g,
Now d being an odd number muft be leffened by Unity,
and {uppofed = 4, fo that ——d = 2. Ler therefore 214 be

raifed to the fifth Power ; and always rejeting the extreams,
Multiply twice by as 4 2 ab 4 bb, or rather by 1 42 + 1

il

thus,
)45+ 10+ 104 5(+1 20+ 35 <35 20
I-t2-+t1 I+ 21
s)+ 104 1045 20)+ 35 + 35+ 20
+ 10 4+ 20+ 20+ 10 40 -+ 70 470+ 40
-+ 5+ 104 10(+ 5 20+35-+35(+20.
20 -+ 35 - 35 + 20 75 +125+125+475

Now
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Now to fupply the literal Produ&s that are wanting, let
# 4L d—1be made = p, and ——d 4 1 = ¢, then p will
be = 6 and 4 = 3. Wherefore the Products to be annext,
viz. &P b1, a?~1 b3t &e. will become a3, 2504, aths, asbe
and confequently the Expetation of § will be found to be
7585 B4 1as it rasatii 754308

N, B. When # is an odd number, as it is in this Cafe,
the Expectation of § will always be divifible by 4+4. Where-
fore dividing both Numerator and Denominator by 4-14, the
foregoing Expreflion will be reduced to

75 .mf&?i:_:;fl.ij_sisf}__, or 25 Sy ;nn-;h-:r_a;j- 3bb

Let now 4 be interpreted by 2 and & by 1, and the Ex-
pettation of § will become 200,

PROBLEM XXXIV.

HE [ame Things being given as in the preceding Problem -
to find the Expectation of Ry or ﬂt.bf?‘:rf/g what the Probabi-
lity is that the Play will be Ended in a given number of Gamer,,

SOLUT 1 .O°N.

Irft, It is plain that if the Expe€tation of §, obtained by
the preceding Problem, be fubtratted from Unity, there
will remain the Expe&tation of R.

Setondly, Since the Expeftation of § decreafes continually
as- the number of Games increafes, and that the Terms we
rejected in the former Problem being divided by a4 4 246 4 04
are the Decrement of his Expetation ; it follows, that if thofe
rejefted Terms be divided continually by a+5* they will be
the Increment of the Expeftation of R. Wherefore the Ex-
pectation of R may be exprefled by means of thofe rejected
Terms. Thus, in the fecond Example of the preceding Pro-
blem, the Expe&ation of R exprefled by means of the re-
je€ted Terms will be found to be

&’ 4 b
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A s a%bt-s5abs AL aoalhh4 20mab? or
Py w7 o )
af 4= bt -E__ﬂ”é cscaabkh

e XT T + atd*
In the like manner, if Six were the number of the Pieces
of each Gamefter, and the number of Games were Fourteen ;

it would be found that the Expeétation of R would be

Gab 27 aabb

2% t,g,ﬂ ' b 1104 b3 429 a*bt
;;:*_ﬂﬁ, K I + .ll_-_+£"" + #_i_éiq. + lﬂ'_I_' E]-ﬁ = 53 -

And if Seven were the number of the Pieces of eachGame-
fler, and the number of Games given were Fifteen; then
the Expectation of R would be found to be

caabb 154838 | 637444

p SR = o

FL 61 ] =

hxr+ et
N. B. The.number of Terms of thefe Series will always

be equal to —4d + 1, if d be an even number, or to 4!

if it be odd. i

Thirdly, All the Terms of thefe Series have to one another
certain Relations; which being once difcovered, each Term
of any Series refulting from any Cafe of this Problem, may
be eafily generated from the preceding ones.

Thus in the fir® of the two laft foregoing Series, the Nu-
merical Coefficient belonging to the Numerator of each Term,
may be derived from the preceding ones, in the following
manner. Let K, L, M be the Three laft Coefficients, and
let N be the Coefficient of the next Term wanted ; then it
will be found that N in that Series will conftantly be equal
to6 M—g L 4+ 2 K, Whereforeif the Term which would

follow _%‘;}L, in the Cafe of Sixteen ‘Games given,
were defired ; then make M = 429, <L = 110, K =27,
and the following Coefficient will be found 1638. From
whence it appears that the Term it felf would be 'f E;’.:' .

Likewife, in the fecond of the two foregoing Series, if the
.Law by which cach Term  is related to the preceding ones
were




The DocTRrINE of CHANCES.  To3

were' demanded, it might be thus found. Let K, L, 2, be
the Coefficients of the three laft Terms, and N the Coefficient
of the Term defired ; then &V will in that Series, conftantly
beequal to 7M—14 L 4+ 7 K,0rto M—2LF K x 7.
Now this Coeflicient being obtained, the Term to which it
belongs is formed immediately.

But if the general Law, by which each Coefficient is ge-
nerated from the preceding ones, be demanded, it will be
expreft as follows. Let » be the number of Pieces of each
Gamefter : Then each Coefficient contains

#» times the faft,
~— # x-221 times the laft but one,

+ 7 x 254 x 222 times the laft but two,

2z

— 7 x 255 x A2E i 2T times the laft but three,

+ 7 x =5 x =L x 22 x 222 times the laft but four,
&e¢.

Thus the number of Pieces of each Gamefter being Six,
the firct Term » would be = 6, the fecond Term » x 23

would be = g, the third Term # x 224 x s would be = 2 ;

the reft of the Terms vanithing in this Cafe. Wherefore if
K, L, M are the three laft Coefficients, the Coefficient of the
following Term will be 6 M — 9L + 2 K.

Fourthly, The Coefficient of any Term of thefe Series may
be found, independently from any relation they may have
to the preceding ones: In order to which it is to be obfer-
ved that each Term of thele Series is proportional to the
Probability of the Plays Ending ina certain number of Games
precifely : Thusin the Series which exprelles the Expeftation
of R, when each Gamefter is fuppofed to have Six Pieces,
Viz.
a®4 56 a 27 anbb 110a% 62 29 atpt
gt v A e T
the laft Term, being multiplied by the common Multipli-

ab4 b8 . .
cator == fet down before the Series, that is the Pro-
duét M:::fom , denotes the Probability of the Plays
Ff End-
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Ending in Fourteen Games precifely. Whereforeif that Termx
were defired which exprefles the Probability of the Plays End-
ing in Twenty Games precifely, or in any number of Games.
denoted by #-d, I fay that the Coeflicient of that Term will:
be,
xS = f' X% """‘:"* X """:"" &c. continued:
to fo many Terms as there are Units in —2—4 + 1.
o L nd-d—1 xﬂ-l*d’—-z
L 1 2 3 syl
nued to fo many Terms as there are Units in ——d 4 1 ~— ..

o TRV L3 s d — 1 * ntd—2 % ntd—
2 3 &

X "'"’:‘3 &ec. conti--

= X i &c.continu--

ed to fo many Terms asthereare Units in 2-d 4 1 —2 7.

Las ; X j;rf " r:--‘-:ir-l % #+t:—“1 % ndd—13 8rc. con--

tinued to {o. many Terms as thereare Unitsin L-d + 1.— 37
&ec.
Let now #-d be qu:ofed = 20, # being already fup-

pofed = 6, then the Coefficient demanded will be found from:
the general Rule to be,

1 & 19 18 17 18 1% L 1
S B B K T T W T e e R 23256
1 18

——-—-—x

1 1

= 18

Wherefore the Coefficient demanded will be 23256 — 18
=23238: And then the Term it felf to which this Co.-

efficient does belong, will be —:Li&:l‘# Confequently the
Probability of the Plays Ending in T'wenty Games precifely.

: a8 232384787
will be g i “'_3:"4'-?_“-_*

Fifthly, By the help of the two Methods explained in this
Problem ( whereof the firft is for finding the relation which:
any Term of the Series refulting from the Problem, has to a-
certain number of preceding ones; and the fecond for find-
ing any Term of the Series independently from any other-
Term) together with the Method of fumming upany given-

num-
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number of Terms of thefe Series, (which fhall be explained
in its place) ; the Probability of the Plays Ending in any gi-
ven number of Games, will be found much more readily than
;:‘:a.n1 be done by ecither of the two firt Methods taken
ingly.

PROBLEM XXXV.

S Uppofing A and B to play :de:aﬁfr, till [uch time as Four
Stakes are Won or Loft on either [ide : What muft be their pro-
portion of Skill, to make it as Probable that the Play will be End-

ed in Foar Games, as not ¢

SOLUTTION.

THE Probability of the Play Ending in Four Games, is
by the preceding Problem L% . Now becaufe, by

N ne
Hypothefis, it is to be an equal Chance whether the Play
Ends or Ends not in Four Games; let this expreffion of the
Probability be made equal to —1; And we fhall have this-
Equation -—‘_f:é'-g— = X which, making é,4: : 1, 2, is re-

a4+8* T  a.?

duced to %{- = 1, 0rz*=42'—6zzc—4z41=0.
Let 122z be added on both fides the Equation, then will

2t — 4 2' F 623 —— 4241 be = 12225 and extralting
the fquare Root on both fides, it will be reduced to this
Quadratick Equation 2z — 22 + 1 = z V12, whofe double

Root is = = 5,274 and . Wherefore whether the Skill-

of A4 be to that of Bas 5,274 t0 1, Or as 1 to 5 274, there
will be an equality of Chance for the Play to be Ended or
not Ended in Four Games..

PROBLEM XXXV

SUppaﬁHg that A and B Play till [uch time as Four Stakes
are Won or Loft : What muft be their proportion of Skill,
to make it a Wager of Three to Ouey that the Play will be End-
ed in Four Games?

SOL U-
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SOLUTION.

HE Probability of the Plays Ending in Four Games,
arifing from the number of Games Four, from the
number of Stakes Four, and from the proportion of Skill

is %. The fame Probability arifing from the odds of

‘Three to One, is -%-; Wherefore {%% = -_:_, and fup-

pofing b, a : : 1, 2, the foregoing Equation will be changed

s 4
10to ':44:1'* = i,ﬂrzé_lza!_xaxz-—liﬂ-bI:o.

Let 562z be added on both fides the Equation, then we
fhall have z*—122% 4 3822z — 122 4 1 = 5622. And
Extralting the fquare Root on both fides, we fhall have
zz— 6z 4+ 1 = 2V56, the Roots of which Equation will

be found 13.407 and T;u?‘ Wherefore, whether the Skill
of A be to that of B as 13.407 to 1, or as 1 to 13.407, ’tis

a Wager of Three to One, that the Play will be .ended in
Four Games.

PROBLEM XXXVIL

Uppofing that A and B Play till fuch time as Four Stakes
are Hfm or Loft; What muft be their ﬁmpaﬂjan of Skill,
to make it an equal Wager that the Play will be Ended in Six

Games ¢

SOLUTION.

TH E Probability of the Plays Ending in Six Games, arifing
from the given number Six, from the number of Stakes

Four, and from the proportion of Skill, is ,_}__::“:1 X1 4 a

The fame Probability arifing from an equality of Chance for
Ending or not Ending in Six Games, is equal to —, from
whence .rel'ull:s the Equation ““_tr:,_ ; 2% -}--—--hl‘:‘i . =+ which
by making b, 4:: 1, z may be changed into the following,
Viz, R4 625 —132% =202} — 13224 62+ 1 = O,

In
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In this Equation, the Coefficients of the Terms equally
diftant from the Extreams being the fame, let it be fuppofed
that the Equation is generated from the Multiplication of two
other Equations of the fame nature, viz. 22— )z 1 = o,
and z* 4 p2? + 922 4+ pz+ 1 = o. Now the Equation
refulting from the Multiplication of thefe two will be

—_ ) + I wule 2P + I + 72
<4 b pyzt L 23— py 2z z4+1=0,
e fiedigh <9 ot o ERE - (R D

which being compared with the firft Equation, we fhall have
P—1=61—p+9=—13 2p—qy=—20.
From hence will be deduced a new Equation, wiz. y* 4+ 6 yy
— 16 y — 32 = 0, one of whofe Roots will be 2.9644 ;
which being fubftituted in the Equation sz — yz + 1 = o,
we fhall at laft come to the Equation 22 — 2.9644 2 + 1 =0,
of which the two Roots will be2.476 and —_ It follows

2.576 *
therefore, that if the Skill of either Gameﬁer?be to that of
the other as 2.576 to 1; there will be an equal Chance for
Four Stakes to be Loft, or not to be Loft, in Six Games.

Corollary. 1f the Coeflicients of the Extream Terms of an
Equation, and likewife the Coeflicients of the other Terms
equally diftant from the Extreams, be the fame, that Equa-
tion will be reducible to another, in which the Dimenfions
of the higheft Term will not exceed half the Dimenfions of
the higheft Term in the former.

PROBLEM XXXVIIIL

Uppofing A and ‘B, whofe proportion of Skillis as a to b, to
S ﬁiﬁ{:ﬁgﬂhr till fuch time n.f A e;’f&g‘ Wins a certain num-
ber q of Stakes, or B [ome other number p of them : What is
the Probability that the Play will not be Ended in a givew num-
ber of Games ?

SOLUTION.

T AKE the Binomial 445, and rejetting continually thofe
4 Terms in which the Dimenfions of the quantity a ex-

ceed the Dimenfions of the quantity &:by g, rejetting alio
Gg thofe
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thofe Terms in which the Dimenfions of the quantity & ex-
ceed the Dimenfions of the quantity & by p; multiply con-
ftantly the remainder by 446, and make as many Multipli-
cations, as there are Units in the given number of Games
wanting one. Then fhall the laft Produét be the Numerator
of a Fration exprefling the Probability required ; the Deno-
minator of which Fration always being the Binomial 4 4 &
raifed to that Power which is denoted by the given num-
ber of Games.

EXAMPLE

LET p be =3, g = 2, and let the given number of
Games be = 7. Let the following Operation be made
according to the foregoing direétions,

a4t b
a-t b

aa) + 2ab 4 bb
a-tb

2aab+ 3abb+ (+ b3
a4 b

2 a¥h) -+ saabb + 3 ab3
a- b

5 asbh 4 8 aabs -+ (3 abt
a -+

sa*ﬁb)--{- 13 a3hs 4 8 aab+
a-+ b

13a4h3 4+ 21 ashs (4 8 aabs.

e

_From this Operation we may conclude, that the Proba-
bility that the Play will not Z: Ended in Seven Games

is equal to 3£ E 1@t Now if an Equality of Skil
be fuppofed between 4 and B, the Expreflion of this Proba-

biliry
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bility will be reduced to 2321 or £7-: Wherefore the

Probability that the Play will Ead in Seven Games will
be =L ; from which it follows that ’tis 47 to 17 that in Se-

ven Games, cither 4 wins two Stakes or B wins three.

PROBLEM XXXIX.

HE [ame Things being [uppos’d as in the preceding Problem,
l to find the Probability q‘P the Plays being Eadfd ina gi-

wen munber of Games.

SOLWUTI ON

Ffrﬂ, If the Probability of the Plays not being Ended jn
the given number of Games be fubtratted from Unity,
there will remain the Probability of its being Ended in the
fame number of Games.

Secondly, This Probability may be exprefled by means of
the Terms rejefted in the Operation belonging to the prece-
ding Problem; Thus, if the number of Stakes be Three and
Two, the Probability of the Plays being Ended in Seven
Games may be exprefled as follows.

. ag 2ab saabb

e y T LT T 0 R o L
- b3 ab Baabb
e S D s s

Suppofing 2 and & both equal to Unity, the fum of the
firft Series will be = 2Z, an the fum of the fecond will

be = 2% which two fums being added together, the ag-
gregate 42 exprefles the Probability that in Seven Games

either A fhall win Two Stakes or B Three.

Thirdly, The Probability of the Plays being Ended in a
certain number of Games, or fooner, is always compofed of a
double Series, when the Stakes are unequal; which double
Series is reduced to a fingle one, in the Cafe of equality
of Stakes.

The firlt Series always exprefles the Probability there is that
4, in a given number of Games, or fooner, may win of B the

num-
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number ¢ of Stakes, excluding the Probability there is, that
B, before that time, may be in a circumftance of winning
the number p of Stakes. Both which Probabilities are not
inconfiftent together; for A in Fifteen Games, for Inftance,
or fooner, may win Two Stakes of B, though B before that
time may have been in a circumflance of winning Three
Stakes of 4. . :

"The fecond Series always exprefles the Probability there is
that B, in that given number of Games or fooner, may win
of A a certain number p of Stakes, excluding the Probability
there is that 4, before that time, may win of B the number
g of Stakes.

The firlt Terms of each Series may be reprefented refpeét-
ively by the following Terms.

ad gab Xg43Xaabb x X g5 xa3h?
iy ey + ?::=x4+£“ E—fi'r_ﬂ_i.z—ﬁﬂ;x‘_i_ — &c¢. and

bb pab pip 4 3%anbb Pr{giﬂxpj.i;xﬂﬁs

."_"FEP 5.8 +4——f—ﬁ' o IH:H;:-[—.!J" ¥ IXaX3Xa+é -

Each of thefe Series continuing in that regularity, till fuch
time as there be a number p of Terms taken in the firft, and
a number ¢ of Terms taken in the fecond ; after which the
Law of the continuation breaks off,

Now inorder to-find any of-the Terms following in either of
thefe Series, proceed thus ; let p 4 g — 2 be called /; let the
Coeficient of the Ferm-defired be 7°; -let alfo the Coeflicients
of the preceding Terms taken in an inverred order be §, R,
2, P %c. Then will T"be equal to / § — Lot 2 R + =2
x Slw o Q — Loy izt 458 L2E P& Thus if pbe=3,
and g =2, then / will be 342 —2 =3. Wherefore /§—
(=1 =2 « R would in this Cafe be equal to 3 §— R;

—l—!xﬁu—-ﬂ

1 2

which fhews that the Coefficient of any Term defired would
be conftantly three times the laft, minzs once the laft but one.
To apply this, let it be required to find what Probability
there is, that in Fifteen Games or fooner, either 4 fhall win
two Stakes of B, or B three Stakes of 4; or which is all one,
to find what Probability there is, that the Play fhall end in
Fifreen Games or fooner, 4 and B refolving to Play, till fuch

time as A either wins three Stakes, or B two.
Let
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Let Two and Three, in the two foregoing Series, be fub-
flicuted refpedively in the room of 4 and p; then the three
firk Terms of the firft Series will be, fetting afide the com-

mon Multiplicator, 1 4+ —2= saabb .

atbl " * FES A
firft Terms of the fecond will be 1 4 -32%., Now becaufe

eI

the Coefficient of any Term defired in cach Series, is re-
{petively three times the laft, minus once the lalt but one,
it follows, that the next Coefficient in the firft Series will
be 13, and by the fame rule the next to it 34, and fo on.
In the fame manner the next Coefficient in the fecond Se-
ries will be found to be 8, and the next to it 21, and {o on.
Wherefore, reftoring the common Multiplicators, the two Se-
ries will be

Likewife the two

a® _2a8b saalb 13 a%5? at bt 8gatéi
yo oy TR o .:+ﬁ‘+ a4t + .1+.s-*"+ nﬁs.ﬂ + a4
2 #6&‘
+ "+'§ju &
b3 3ab Baablb 2radhl 5 5a%bt 144 a%ht
.+siixl+ atb* 32 el + a8 i3 até 8 a4 )
377a° 5%
a5l

If we fuppofe an equality of Skill between 4 and B, the
fum of the firft Series willbe 22728, the fum of the fecond

will be o and 'the aggregate of thc{.'e‘ two fums will
be 21175, which will exprefs the Probability of the Plays

Ending in Fifteen Games or {fooner. 'This laft Fra&tion be-
ing fubtratted from Unity, there will remain 222, which
exprefles the Probability of the Plays continuing tor Fiftcen
Games at leaft : Wherefore tis 31171 to 1597, or 39 to 2
nearly, that one of the two equal Gamefters, that {hall be
pitcht upon, fhall in Fifteen Games, or {ooner, either win Two
Stakes of his adverfary, or lofe Three to him.

N. B. The Index of the Denominator in the laft Term of

cach Series, and the Index of the common Multiplicator pre-
H h fixt
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fixt to ir, being added together, muft either equal the num-
ber of Games given, or be lefs than it by Unity. Thus, in
the firlt Series, the Index 12 of the Denominator of the laft
Term, and the Index 2 of the common Multiplicator being
added togecher, the fum is 14, which is lels by Unity than
the number of Games given. So likewife in the fecond Series,
the Index 12 of the Denominator of the laft Term, and the
Index 3 of the common Multiplicator being added togecher,
the fum is 15, which precifely equals the number of Games
IvErn.

It is carefully to be obferved, that thefe two Series taken
together, exprefs the Expe€lation of one and the fame Perfon,
and not of two different Perfons; that is properly the Ex-
pectation of a fpectator who lays a Wager that the Play will
be Ended in a given number of Games. Yer in one Cafe
they may exprefs the Expetations of two different Perfons:
For Inltance, of the Gamefters themfclves, provided that bocth
Series be continued infinitely ; for in that Cafe, the firft Se-
ries infinitely continued will exprefs the Probability that the
Gamelter 4 may fooner win two Stakes of B, than that he
may lofe three to him: Likewife the fecond Series infinitely
continued will exprefs the Probability that the Gamefler B
may fooner win three Stakes of 4, than that he may lofe
two to him. And it will be found, when we come to treat
of the method of fumming up thefe Series, that the firft Series
infinitely continued will be to the fecond infinitely continued,
in the proportion of aaX aa+ab+bb to H*%x a4} ; that is,
in the Cale of an equality of Skill, as three to two; which
is conformable to what we have faid in our IXth. Problem,

Fourthly, Any Term of thefe Series may be found indepen-
dently from any of the preceding ones: For if a Wager be laid
that 4 fhall either win a certain number of Stakes denomina-
ted by ¢; or that B fhall win a certain number of them deno-
minated by p, and that the number of Games given be expreffed
by g+4d; thenI fay that the Coeflicient of any Term in the
firft Series, anfwering to that number of Games, will be

b Lox Ly ohdor '?4‘:_’ x2¥X43 &c. conti-

4
aued to fo many Terms as there are Unitsin —-4 + 1.

—--—I_..
L
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— ; x ‘f":” X 1"“‘;"‘ X ‘?‘*":‘1 X "'"’:’_’ &ec. conti-
nued to fo many Terms as there are Units in ——d 4 1—p.

+ ——x “T” X H”:_' X '?4":"" x L2473 & continu-

ed to fo many Terms as there are Units in —~d+t1—p—gq:

— : X ”'1"”' X ‘H"‘;“ % ‘H":_’ % Tj"——-?-‘i" &c. contt-

nued to fo many Terms asthere are Unitsin L d 4 1 — 2p—g"

i +d—1 ., -2 — -
+ — n.”";”x” : 'h3+f K*"*“i 3. &c. continued

to fo many Terms as thercare Units in id41—2p—24.

6 d— d— - i
L gwkop obd—s }:q+3 13?4‘:’ & &c. continu-

ed to fo many Terms as there are Units in Ld4 1—3p—24.

+ : 3 1'3'-!1-6.:- b a-‘-i—l % 9+d;= B q+i—; &c. conti-
nued to fo many Terms asthere are Unitsin Ld + 1 — 3p—3¢-
&e.

And the fame Law will hold for the other Series, calling
p+¢ the number of Games given, and changing ¢ into p,
and p into ¢, as alfod into &

But when it Happens that 4 is an odd number, fubfti-
tute d4—x in the room of it, and the like for <.

PROBLEM XL

F A and B, whofe proportion of Skill is [uppofed as a to b,
play together 3 What is the Probability that one of them, [up-
pofe A, may in a number of Games not exceeding a number given,
win of B a certain number of Stakes? Leaving it wholly indiffe-
rent whether B before the expiration of thofe Games may or may
not have been in a circumfbance of winning the [ame, or any othex
number of Stakes of A.

SOLUTION.

Uppoling » to be the number of Stakes which 4 is to.
win of B, and #--dthe given numbe- of Games; let a6

be raifed to the Power whole Index is #-+d : Then if 4 be
an
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an odd Number, take fo many Terms of that Power as there
are Units in 4+%; rake alfo as many of the Terms next

following as have been taken already, but prefix to them, in
an inverted order, the Coefficients of the preceding Terms.
But if 4 be an even number, take {o many Terms of the faid
Power as thereare Units in ——d -+ 1; then take as many of

the Terms next following as there are Units in -4, and

prefix to them, in an inverted order, the Coefficients of the
preceding Terms, omitting the laft of them ; and thofe Terms
taken all together will compofe the Numerator of a Fraétion
exprefling the Probability required, its Denominator being

mu+d.
EXAMPLE I

Uppoling the number of Stakes which 4 is to win to be
Three, and the given number of Games to be Ten; let
a-+b be raifed to the tenth Power, viz. 4'° 4 10 4°6+ 45 a°bb
4 120478 4 210480 4+ 2524565 + 210 440° 4 12043867
4 45 aab® + 1046° &+ b*°. Then by reafon that » is = 3
and #+d = 10, it follows that 4 is = 7, and sty S 4e

Wherefore let the Four fitft Terms of the faid Power be
taken, viz. 4 4 1046 4 454°bb 4+ 1204747, and let the
Pour Terms next following be taken likewife, without re-
gard to their Coefficients; then prefix to them, in an Inverted
order, the Coefficients of the preceding Terms: Thus the Four
Terms following with their new Coefficients, will be 120 4¢ &4
ot 45865 4+ 104%0° 4 14307, And the Probability which
A has of winning Three Stakes of B in Ten Games, or foas
ner, will be expreffed by the following Fraétion,

a0t 10a°h 4 48a%hb 4 1204708 4 1200%h4 Y 450505 - 10a4h¢ -a3h?
PR

which, in the Cafle of an equality of Skill between 4 and B,

will be reduced to 322
1024 Of =53

E X-



The Doctrine of CHANCES. 121

"EXAMPLE IL

SUppnﬁng the number of Stakes which 4 is to win to be
Four, and the given number of Games to be Ten ; let
a—+b beraifed to the tenth Power, and by reafon that # is = 4,
and #+d = 10, it follows, that d = 6and Ld + 1 = 4;

wherefore let the Four firft Terms of the faid Power be ta-
ken, viz. 4 + 104° 6 + 454°bb 4+ 120470 ; take alfo
Three of the Terms following, but prefix to them, in an in-
velted order, the Coeflicients of the Terms already taken,
omitting the laft of them. Hence the Three Terms following
with their new Coefficients will be 4§ 4°6* —+ 10 a5 b5 + 1 a*4°,
And the Probability which 4 has of winning Four Stakes of
B, in Ten Games or fooner, will be exprefled by the follow-
ing Frattion

a®t 10a’ b+ 45a* bbb+ 120a7 b3 4 4504+ 102505 - 1 cjr_*ﬂ‘
m_{_ 10

which, in the Cafe of an equality of Skill between 4 and B,
will be reduced to 232 5 25,

Another SOLUTION.

SUppc-ﬁng, as before, that » be the number of Stakes which
A is to win, and that the given number of Games be #+-4d
the Probability which 4 has of winning will be expreffed by
the following Series, viz.

an ﬁﬂﬂ& HHH-‘I‘!_E#H_I'IE- ':KH+*:{H+§NH=$3

at ol ity a4kl + p%ax et ot W 1X2X3 N a-f519
T TITE TR STk

a7 1X2%X3%XgXa+61" &e.

which Series ought to be continued to fo many Terms as
there are Units in -4 -+ 1; always obferving to fubfti.
tute A—1 in the room of 4, in cafe d be an odd number, or

which is the fame thing, taking fo maoy Terms as there are
Units in 5L

L

Ii Now
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Now fuppofing, as in the firft Example of the preceding
Solution, that Three is the number of Stakes, and Ten the
given number of Games, as alfo that chere is an equality of
Skill between 4 and B, the foregoing Series will become

e 3 9 T bt g ¥
e R ol e 31,asl:neﬂ:u':a-.
REMARK

Onlieur de Monmort, in the Second Edition of his

Book of Chances, having given a very handfom So-
lution of the Problem relating to the duration of Play, (which
Solurion is coincident with that of Monlflieur Nicolas Bernoul-
Iy, to be feen in that Book ) and the Demonftration of it be-
ing very naturally deduced from our firft Solution of the fore-
going Problem, I thought the Reader would be well pleafed
to {ee it transferred to this place.

Let it therefore be propofed to find the number of Chan-
ces there are, for A either to win Two Stakes of B, or for B
to win Three of 4 in Fifteen Games.

The number of Chances required is exprefled by two Bran-
ches of Series ; all the Series of the firft Branch taken together
exprefs the number of Chances there are for 4 to win Two
Stakes of B, exclufive of the number of Chances there are
for B, before that time, to win Three Stakes of 4. All the
Series of the fecond Branch taken together exprefs the num-
ber of Chances there are for B to win Three Stakes of A4,
exclufive of the number of Chances there are for 4, before
that time, to win Two Stakes of B.

Firft Branch of SER ILES.
a'sarah avibr arzfs avbt awehs  aoh  a®h7  atb®  ath?  ashie qibnigifizgafis
1-+15+105+455+ 13653002+ 5005+ 5005 +3003+ 13651455+ 105+ 15+ ¢
— 1 == 15 = 10§ = 455==455 — 10§ — I§=— 1
e WA S01 e d a3 1R 10y

Second Branch of SERIE S.
b's brsa briad b:as bias bwas  ba®  Bla7  Bra®  bfas bsar®  fiart figrs
1154105 +455 -+ 13653003+ 5005 +3003+1365+455-+105 + 15+ 1
m— 1= 1§5== 105—455—1365 —455= 105 = I5=— 1%
4+ 14 154+ 1 The



The Doctrine of Cuances. 123

The literal Quantities, which are commonly annext to the
numerical ones, are here written on the top of them; which
is done, to the end that each Series being contained in one line,
the dependency they have upon one another, may thereby be
made the more confpicuous.

The firft Series of the firlt Branch exprefles the number of
Chances there are for 4 to win T'wo Stakes of B, including
the number of Chances there are for B, before the expira-
tion of the Fifteen Games, to be in a circumftance of winning
Three Stakes of 4; which number of Chances may be de.
duced from our foregoing Problem.

The fecond Series of the firft Branch is a part of the firft,
and exprefles the number of Chances there are, for B to win
Three Stakes of 4, out of the number of Chances there are
for A in cthe ficft Series, to win Two Stakes of B. It isto
be obferved about this Series, Firff, that the Chances of B
exprefled by it are not reftrained to Happen in any Order,
that is, either before or after 4 has won Two Stakes of B.
Secondly, that the literal Produéts belonging to it are the fame
with thofe of the correfponding Terms of the firft Series, -
Thirdly, that it begins and ends at an interval from the firft
and laft Terms of the firft Series equal to the number of Stakes
which B'is to win. Fourthly, that the numbers belonging to
it are the numbers of the ﬁ{ﬁ Series repeated in order, and
continued to one half of its Terms; after which thofe num-
bers return in an inverted order to the end of that Series:
Which is to be underftood in cafe the number of its Terms
fhould Happen to be even, for if it fhould Happen to be
odd, then that order is to be continued to the greateft half,
after which the return is made by omitting the laft number.
Fifthly, that all the numbers of it are Negative,

The Third Series of the firft Branch is a part of the fe--
cond, and expreffes the number of Chances there are for 4
to win Two Srakes of B, out of the number of Chances
there are in the fecond Series, for B, to win Three Stakes of
A ; with this difference, that it begins and ends at an inter-
val from the firft and laft- Terms of the fecond Series, equal
to the number of Srakes which 4 is to win; and that the
Terms of it are all Pofitive.

It
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It is to be obferved in general that, let the number
-of thefe Series be what it will, the Interval between the
beginning of the firft and the beginning of the fecond, is to
‘be equal to the number of Stakes which B is to win ; and
that the Interval between the beginning of the fecond and
the beginning of the third, is to be equal to the number
of Stakes which 4 is to win; and thac thefe Intervals re-
curr alternately in the fame Order. It is to be obferved like-
wife, that all thefe Series are alternately Pofitive and Nega-
tive. -
All the Obfervations made upon the firt Branch of Series
belonging alfo to the fecond, it would be ncedlefs to fay any
more of them.

Now the {fum of all the Series of the firft Branch, being
added to the {um of all the Series of the fecond, the aggre-
gate of thefe fums will be the Numerator of a Fra&ion ex-
prefling the Probability of the Plays terminating in the given
number of Games; of which Fra&tion the Denominator is the
Binomial 44 raifed to a Power, whofe Index is equal ro
that given number of Games. Thus, fuppoling that, in the
Cafe of this Problem, both 4 and 4 aie equal to Unity, the
fum of the Series in the firft Branch will be 18778, the fum
of the Series in the fecond will be 12393 ; and the aggre-
gate of both 3r171: And the Fiftcenth Power of 2 being
32768, it follows, that the Probability of the Plays termina-
ting in Fifccen Games will be %ﬁ-, which being fub-
trated from Unity, the remainder will be _t22_: Prom
whence we may conclude, thatis a Wager of 31171 to 1597,
that either 4 in Fifteen Games {hall win Two Srakes of B,
or B win Three Stakes of 4: Which is conformable to what
we had before found in our XXXIXs4, Problem.

PROBLEM XLL

O Find what Probability there isy that in a given number

of Games, A may be winner of a certain number q of Stakes ;
and at [ome other time, B may likewife be winner of the number p
of Stakes, [0 that both civcumflances may Happen,

SOL U-
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SOLU.T1ON.

IND, by our XLth Problem, the Probability which 4

has of winning, without any Limitation, the number 7 of
Stakes : Find alfo by our XXXIVs Problem the Probability
which 4 has of winning that number of Stakes before B ma
Happen to win the number p ; then from the firft Probabilic
fubtra&ing the fecond, the remainder will exprefs the Probabi-
lity there is, that both 4 and B may be in a circumitance of
winning, but B before 4. In the like manner, from the proba-
bility which B has of winning without any Limitation, fub-
tra&inﬁ the Probability which he hasof winning before 4, the
remainder will exprefs the Probability there is, that both 4
and B may be in a circumftance of winning, but 4 before B.
Wherefore adding thefe two remainders together, their fum
will exprefs the Probability required.

Thus, if it were required to find what Probability there is,
that in Ten'Games 4 may win Two Stakes, and that at fome
other time B may win Three. The firlt Series will be found
to be,

as  agb saabb 14453 4 2atht
,..:F'ai'“ s at+ o < a+ bl* e FEEL e a4H"

The fecond Series will likewife be found to be

aa 1ab dabkb 13 a43b3 34 86
Prs ;le 1 + #+iil + ;_*_51 + ':+£1T e mg *

The difference of thefe Series being.ﬁ.i—l X f-‘::ﬂ + :iir
exprefles the firft part of the Probability required, which, 1n
the Cafe of an equality of Skill between the Gamefters, would

be reduced to 22

256 ¢

The Third Series is as follows,
b3 L bb 8 a?b?
‘Tﬁi 3 M I + ﬂ+&]‘ "+ ‘:&-I‘—- + '.'l-‘ +! .

The Fourth Series is

Baakh 21434

__&3 Eu:i
e iy bl g ey A

- ; . . B aabb alps
The difference of cthefe twoSeries being asl XaFas . + 0
K k exprei-
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exprefles the fecond part of Probability required, which, in
the Cafe of an ¢quality of Skill, would be reduced to —Lti_

513 "

Wherefore the Probability required would in this Cafe
be 2 4 i = =, Whence it follows, that %is a Wa-

258 502
ger o 495 to 17, orof 29 to 1 very nearly, that in Ten Games,
A and B may not both be in a circumltance of winning, viz,
A the number ¢, and B the number p of Stakes. But if, by
the conditions of the Problem, it were left indifferent whether
A or B fhould win the Two Stakes or the Three, then the
Probability required would be increafed, and become as fol-
lows, viz.

aatbb Kﬂ_ al p? + 3;*&*_
atb) atb° a+4)°
al-p? aasbb 15353

B ST T s

which, in the Cafe of an equality of Skill between the Game-
fters, would be the double of what it was before,

PROBLEM XLIL

O Find what Probability there is, that in a given pum-

ber of Games, A may win the number q of Stakes ; with
this farther condition, that B, during that whole number of Games,
may never have been winner of the number p of Stakes.

SOLUTION.

Rom the Probability that 4 has to win without any limi-
F tation the number g of Stakes, fubtratt the Probability
there is that both 4 and B may be winners, viz. A of the
number ¢, and B of the number p of Stakes, and there will
remain the Probability required.

But, if the conditions of the Problem were extended to
this alternative, wiz. that either 4 fhould win the number
g of Stakes, and B be excluded the winning of the number p;
or that B fhould win the number p of Stakes, and 4 be ex-
cluded the winning of the number ¢, the Probability that
either the one or the other of thefe two Cafes may Happen,
will eafily be deduced from what we have faid.

L E M-
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LEMMA L

I N any Series of Terms, whereof the firft Différences are equal,

the Third Term will be twice the Second, minus once the Firft;
and the Fourth Term likewife will be twice the Third, minus once
the Szcond : Each following Term being always related in the [ame
manner 1o the two preceding ones.  And as this relation is expref
fed by the two Numbers 2. — 1, I therefore call thole Numbers
the Index of that Relation.

In any Series of Terms, whofe [econd Differences are equal, the Fourth
Term will be three times the Third, minus three times the Second,
plus once the Firft : And each Term in [uch a Series is always re-
lated in the [ame manner to the three next preceding ones, ac-
cording to the Index 3—3--1. Thus, if there be a Series of
Squares, [uch as 4, 16,36,64, 100, whofe [econd differences are known
to be equal when their Roots have equal Intervals, as thy have
in this Cafey it will be found that the Fourth Term 64 is =
3%36—3 X 16 -+ 1 X4, and that the Fifth Term 100 is =
3x64—13 %36 +1x16. In like manner, if there were a Se-
vies of Triangular numbers, fuch as 3, 1o, 21, 36, 55, whofe fe-
cond Differences are known to be equal, when their fides have equal
Intervals, as they have in this Csﬂ, it will be fouwd that the Fourth
Term is = 3 x 21 — 3 X 10+ 1 x 3, and that the Fifth Term
is = 3 x36=—3X21+ 1x10; and [0 on.

So likewife, if there were a Series of Terms whofe Third Diffe-
vences are equaly or whofe Fourth Differences are = o [uch as is
a Series of Cubes or Pyramidal numbers, or any other Series of num-
bers generated by the Quantities ax® + bxx + cx <+ d, when a, b,
C, d being conftant Quantities, X is ipterpreted [ucceffively by the
Terms tfg any Arithmetic Progrelfion : Then it will be found that

Term of it is related to the Four next preceding ones, accor-
ding to the following Index, Viz. 4~— 6 + 4— 1, whofe parts are
the Coefficients of the Binomial a—b raifed to the fourth Power,
the firft Coefficient being omitted,

And generally, if there be any Series of Terms whofe laft Diffe-.
rences are = 0. Let the number denoting the rank of that diffe-
rence be Ny then the Index of the Relation of each Term to as
many of the preceding onmes as there are Waits iz 0, will be ex-
preffed by the Coefficients of the Bimomial a — b raifed to the
Power n, omitting the firft. Bat
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Bat if the Relation of any Term of a Series to a conftant num-
ber of preceding Terms, be expreffed by any ather Indices than thofe
which are comprifed under the foregoing general Law ; or even if,
thofe Indices remaining, any of their Signs ++ or — be changed,
that Series of Terms will have none of its differences equal to
Nothing.

LEMMA 1l
IF in .any Seriesy the Terms A, B,C, D, E, F . be conti-

nually decreafing, and be [0 related to ome another that each of
them may have to the [ame number of preceding Terms a certain
given Relation, always exprelfible by the [ame Index ; I [ay, that
the [um of all the Terms of that Series ad infinitum may ahways
be obtained.

Firlt, Let the Relation of each Term to the two preceding ones
be expreffed in this manner, viz. Let C be = mBr — n Arr;
and let D likewife be — m Cr — n Brr, and [o on : Then will

the [um of that Infinite Series be equal to ﬂli “Bn__ +m;f? o

Thus, if it be propofed to find the [um of the following Series,
A B C D E F G

Viz. IT+3 =+ 50 470t 4+ o5 + 1115+ 13 17 da
whofe Terms are related to one another in this manner, viz. C —
arB—11rAy, D =2r C—110B&. Let m andn be made
refpectively equal to 2 and 1, and thele Numerical Quantities be-
ing Subflituted, in the room of the literal ones, in the general
Ifearem, the [um of the Terms of the foregoing Series will be

r+3rr—arr r 4 rr
found to be equal to ——— T orto LI,

Let it be allo propofed to find the [um of the following Series
A B +C D E F G
1r+ 3440 +7rt a1+ 1816 + 2917 G,
whofe Terms are related to one another in this manner, viz. C =
IBr+ 1Arry D= 1 Cr + 1 Brr &c. Let m and n be re-
Jpectively made equal to 1 and — 1, and then that Series will be
r43mr—rr orto refarr

i=r—g3r 7 I=—r=—1r"

found equal to
DEMO N-
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DEMONSTRATION.

Let the following Scheme be written down, viz.

A=A
B=2EB
C— m Br—ndrr
D=mCr — nBrr
E=mDr—unCrr
F=mEyr —unDrr

&c.

This being done, if the fum of the Terms 4, B,C, D, E,
F &c. .ad infinitum, compofing the firft Column, be fuppofed
equal to x, then the fum of the Terms of the other two Co-
lumns will be found thus: By Ehpothefis, 4 +- B+ C+ D +E
&c. = x,or B+C + D+ E & = x — A4; and Multi-
plying both fides of this Equation by m r, it will follow that
mBr +~mCr+mDr +mEr&c.1s=mr x—mr A.
Again, adding 4 + B on both fides, we fhall have the fum
ofgthe Terms of the fecond Column, viz. 4 4+ B+ m Br
4+ mCr—+mDr &c. equalto 4 +B +mrx — mr A. The
fum of the Terms of the third Column will be found by bare
infpe&tion-to be — #rrx. But the fum of the Terms contain’d
in the firft Column, is equal to the other two fums contained
in the other two Columns. Wherefore the following Equa-
tionwillbehad, viz. x=A+B4+mrx — mrA—unrrx;
from whence it follows that the value of x, or the {um of all
the Terms 4 + B + € ~+-D -+ E &c. will be equal to

A4 B—mrd
1 —mr=arr

Secondly, Let the Relation of each Term to the three next
preceding ones be expreffed as follows, wiz. let Dbe=mCr
—n Brr+p A} and let E likewife be = mDr ~— 2 Crr
-+ pBr?, and fo on: Then will the fum of all the Terms
A - B + C + D+ E &c. ad infinitum, be equal to

A4B4C—mratnrr A
—mrB
i =—mrad-nrr—pr?

L1l To
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To apply this Theorem, let it be propofed to find the fum-
of the following Series,

S el c D E F G

47—+ 167r + 367 + 64rt =4 10075 + 14476+ 196 r7XC.
whofe Numerical Quantities are related to one another accor-
ding to'the Index 3 — 3 + 1, correfponding tom—an-+ p:.
Let therefore 3, 3, t be fubftituted in the room of m, »,p;
let alfo 4 r,— 1677, 36 »* be fubltituted in the room of 4, B, C:
Then the fum of the Terms of the foregoing Series will

4r4-16r 4+ 367 — 137k — 4873 4 127%
be found equal to Sy g g » Or
gr =4 arr

1 —r|?

Aad in like manner the fum of the Terms of the following
Series, viz.
7+ 2rr = 573 201t 4 7208 4 261 r¢ 49477 &c. whofe
Numerical Quantities are related to one another according to
the Index 3+ 2 —+ 1, will by a proper fubftitution,. be found-

' Pt p— g pd
to be equal to —— S S o

Thirdly, Let the Relation of each Term of a Series to four
of the preceding Terms be exprefled b%r means of the Index:
m — # =+ p — ¢, and the Sum of that Series will be.

4+ Bt CHD—mrat nrrd—pria
—gir B - nrr B
—mrC

1= mr=tnurr—prd 4 gré

Fourthly, The Law of the continuation of thefe Theorems,
being manifeft, they may be all ealily comprehended under
one general Rule,

Fifihly, 1f the correfponding Terms of any two or more
Series, generated after the manner which we have above de--
fcribed, be multiplyed by one anothery the new Series refult=
ing from that multiplication, will alfo be exaftly fummable:
‘Thus, taking the two following Seri¢s, viz.

r a2+ 35V g7t - BrS - 1378 e,
¥ -+ 3rr + 403+ 70t + 110’ + 28 r° &, in both of
which
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which each Numerical Quantity is the fum of the two Frecediag

ones; the Series refulting from the multiplication of the cor-
refponding Terms will be

rr ++ 6rrt 4 129° 43527 - 880+ 234 &,

in which each Numerical Quantity being related to the three
preceding ones, according to the Index 2 + 2 — 1, the fum

of that Series will be found to be = ~Ztart—aré

1—arr—artd s
as will appear, if in the room of m — # < p ‘there be ﬁt’bm_
tuted 2 + 2 — 1, and »r be written inftead of ».

When the Numerical Quantities belonging to the Terms of
any Series are reftrained to have their laft differences equal
to Nothing, then may the fums of thofe Series be alfo found
by the following. elegant Theorem, which has been commu-
nicated to-me by Mr. de Monmort.

Let Ar be the firft Term of the Series, and let the firft,
fecond and third differences, &c. of the Numerical Quaantities
belonging to the Terms of the Serics, be refpetively equal
to d’ d”, d", &c. Then will the fum of the Series be equal
to

ar y2d" d" rid"

wd | -
=r + 1—A" +—m'?'+w +‘;"_'_rﬁ‘ &e.
Thus, if it were propofed to find by this Theorem the
fum of the following Scries, viz. .
Ay 4 16rr + 3673 4+ 6374+ 10073 &0,

It is plain that in this cafe 4 is = 4, ' = 12,d"” = 8,
d" = o ; and therefore that the fum of this Series is equal to

4r rare §r3 1 1 s <
Xk *+ ===, Which is reduced to “—=.

1—7r 1e=rlt

REMARK

Ur Method of fumming up all the Terms-which in thefe
Series are related to one another according to conftant
Indices, may be extended to the finding of the fum of any
determinate number of thofe Terms. Thus, if 4, B, €, D
be the firft Terms of a Series, and U, X, I, Z, be the laft,

then will the fum of the Series be
A ==
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Ae=mr A4y Ae—pri A 4 qriU
4 B—mrBt+nrr Bepri X 4 gr+ X
d Cmmr C A nrr Y =pr3T 4 qrs T
A D—mrZ+nrrd —prid & qraZ

J =—imr = B — pri o gri

And if a general Theorem were defired, it might cafily "be
formed from the infpeétion of the foregoing.

Thefe Theorems are very ufeful for fumming up readily
thofe Series which exprefs the Probability of the Plays being
Ended in a given number of Games.. For example, fuppofe
it be required to find what Probability there is, that in Four
and twenty.Games, either A fhall win Four Stakes of B, or
B Four Stakes of 4, The Series exprefling that Probability is,
from our XXXIVrh Problem '

at + ab Taamab a¥ b3 A
—;',‘;_ST‘X L+ ,+f.i‘ + a-{-&if i .:r:-f“’ sk Tji—ﬂﬁﬁi &Q
or, fuppoling an equality of Skill between the two Game.
fters, -% 14 = + & + 4+ 55+ &c. which
ought to be continued to eleven Terms independently from
the common Multiplicator. Let this Series, whofe Terms are
related according to the Index 4 — 2, be compared with the
Theorem, making 4 =1, B = =1, m=4,n = a.
and negle€ting the Terms €, D, U, X, the {um of the afore-
faid Series will be found = 8 4+ T'— 7 Z; which being mul-
tiplied by the common Multiplicator - prefixt to it, the
Probability required will be exprefled by 1 + -7 — 2.7,
Wherefore nothing remains to be done but to find the two
laft Terms Tand Z : But thofe two Terms, by our XXX1V¢4,

Problem, will be found to be —2552%- and 282222, o

0.2902, and 0,2477 nearly; Which numbers being {ubfticuted
refpeétively in the room of T"and Z; the Probability required
will be found to be equal to 0.8193 nearly. Let now this
laft number be fubtratted from Uhity, and the remainder
‘being 0.x807, it follows, that’cis a Wager of 82 to 18, or
of 41 to 9 nearly, thatin Twenty four Games or fooner, either
A (hall win four Stakes of B, or B four Stakesof 4.

If
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If the number of Stakes were Five, the fum of the Terms
of the Series belonging to that Cafe would alfo be expreit by
means of the two laft Terms, fuppofling any given number of
Games, or any proportion of Skill. If the number of Stakes
were Six or Seven, the fum of the Series belonging to thofe
Cafes would be exprelt by means of the three lalt Terms;

If Eight or Nine, by means of the Four laft Terms, and fo
on. '

B EAM AN

F there be a Series of Numbers, as A, B, C, D, E &c. whole

Relation is expreft by any conflant Index, and there be another
Series of Numbers, as P, Q, R, S, T &c. whofe laff Differences
are equal to Nothing ; and each Term of the firft Series be Multi-
plied by each corre[ponding Term of the fecond, I [ay that the Pro-
awéts AP, BQ, CR, DS, ET &c. conflitute a Series of Terms,
whofe Relation may be expreft by a conflant Index. Thas if we
take the Series 1, 2, 8,28, 100 &c. whofe Terms are related by
the Index 3-t+2, and each Term of that Series be refpeitively
Melsiplied by the corref[ponding Terms of an Arithmetic Progre/~
fion, [uch as 1,3, 5, 7, 9 &c. whofe laff Differences are equal
to Nothing: Then it will be found that the Products 1, 6, 40,
196, 900 &c. conflitute a Sertes of Nambers, each Term of which
is Related to the preceding onmes according to the Index 6 — 5 —
12 — 4. Now the Rule for finding the Index of this Relation
is as follows.

Take the Index which expreffes the Relation of the Terms in
she firft Series, and Multiply each Term of it by the correfponding
Terms of the Literal Progreffion v, try 13 &c. which being done,
fubtrait the [um of thefe Products {mm Unity; then let the remain=
der be raifed to its Sgware;ff the [econd Series be compofed of
Terms in Arithmetic Progreffions or to its Cube, if it be compofed

Terms whofe third Differences are equal to Nothing 5 or to its

ourth Power, if it be compofed of Terms whofe fourth Differences
are equal to Nothing ; mJM 0 one Let that Power be [ubtraifed
from Unity, and the remainder, having cancelled the Letter v, will
be the Index required. Thus in the foregoing Example, having ta-
ken the Index 32, which belongs to ?Ee }ﬁj{f Series, and Malti-
plied its Terms by v and 1y refpectively, let the Prodult 3r —+ 111'
L M m €
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be [ubtralled from Unity, and the Square of the remainder being
=61 — 511 — 1213 —+ 4 1% let that Square be alfo fubtracted
from Vnity, then the remainder, having cancelled the Letter v, will
ve 6 — § — 12 — 4, which is the Index required.

But in cafe neither of the two firft Series have any of their
laft  Differences equal to Nothing, yet if in both of them the Rela-
tion of their Terms be expreffed by conftant Indices, the third Se-
riesy refulting from the Multiplication of the corre[ponding Terms
of the two firft Series, will alfo have its Zerms related to one ano-
ther according to a conftant Index. Thus, taking the Series 1, 3,
§y 11, 21, 43 &c. the Relation of whofe Terms is expreffed by
means of the Index x—2, and Multiplying its Terms by the cor-
ve[ponding Terms of the Series 1, 2, §, 13, 34, 89 &c. the Rela-
tion of whole Terms is Exprﬁﬂ}éf by the Index 3—I, the Prodults
will compofe the Series 1,6, 25, 143, 714, 3827, whofe Terms are
Relared to one another according to the Index 3 + 13— 6 — 4.

Generallyy If the Index exprelfing the Relation of the Terms in
the firft Series be m~-n, and the Index expreffing the Relation z
the Terms in the [econd Series be p—+q ;3 then will the Index of ¢
Relation, in the Series re[ulting from the Multiplication of the cor=
refponding Terms of the Two firft Series, be expre[fed by the fol-

lowing Luantities,

-+ mmgq
viz. ~ Mp-+ npp -+ mnpq— 0nqq.
-+ 2nq

But if it fo Eappen that p be equalto my and q to n; then the
foregoing Theorem may be coptraited, and the Index of the Rela-
: ., MMm-+mmn
tion may be expre(fed as follows, viz. e T
Jo that the Relation of each Term to the preceding ones need not be
extended, in this Cafe, to any more than three Terms.
And in like manner other Theorems may be found, which may

i;.;# ;xrmﬂed Jarthery and at Iaf} be comprized ander ome general
2,

PR O
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PROBLEM XLIIL

Svppgﬁ'ﬂg A and B, whofe proportion of Skill is as a to b,
to Play together, till A either wins the number q of Stakes,
or lofes the number p of them ; and that B Sets at every Game the
Jum G to the fum L: It is required to find the Advantage, or
Difadvantage of A.

SOLUTION.

I, Let the number of Stakes to be won or loft on ei-
ther {ide be equal, and let that number be p; let there

be alfo an equality of Skill between the Gamefters: Then
I fay, the gain of A4 will be pp x-S=L  that is, the Square

2
of the number of Stakes which either Gamelter is to win

or lofe, Multiplied by one half of the Difference of the va-
lue of the Stakes. Thus, if 4 and B play till fuch time
as Ten Stakes are won or loft, and B Setts a Guinea to
Twenty Shillings ; then the gain of 4 will be a hundred
times half the Difference between a Guinea and Twenty
Shillings, wviz, 3{— 15

Secondly, Let the number of Stakes be unequal, fo that 4
be obliged either to win the number ¢ of Stakes, or to lofe
the number p; let there be alfo an equality of Chance be-
tween 4 and B: Then I fay, that the gain of 4 will be
P g x -S=L; that is, the Product of the two numbers of Stakes,

and one half of the Difference of the value of the Stakes Mul-
tiplied together. Thus, if 4 and B plar together till fuch
time as either 4 wins Eight Stakes, or lofes Twelve; then
the Gain of 4 will be the Produt of the Three numbers
8, 12, 9, which makes 864 pence, or 3/— 12%"

Thirdly, Let the number of Stakes be equal, but let the
number of Chances to win a Game, or the Skill of the Game-
fters be unequal, in the proportion of 2 to 4. Then I fay,

par— b7 aG—hL
al 4 oP 4—b

Fﬁ'ﬂ.’a"fﬁ!}j

that the gain of 4 will be
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Fourthly, Let the number of Stakes be uncqual, and let al-
fo the number of Chances be unequal : Then I fay that the

qad xa'?’—;'-—-p&?w 2 9—b7 v a G—bL
APt s p P4 a—b

gain of 4 will be

DEMONSTRATION.

]N order to form a general Demonftration of thefe Rules,
let us refolve fome particular Cafes of this Problem, and
examine the procefs of their Solution: Let it thercfore be
propofed to find the gain of 4 in the Cafe of Four Stakes
to be won or loft on eicher fide, and of an equality of Chance
between 4.and Bto wina Game. There being.an equalit

of Chance for 4, every Game he plays, to win'G or to lofe
L, it follows, that the gain of every Game he plays is to be
reputed to be €=X. But it being uncertain whether any

more Games than Four will be play’d, it follows, that the
gain of the Tenth Game, for inftance, to be eftimated be-

forc the play begins, cannot be reputed to be =X ; for it

would only ‘be fuch . provided the Play <were not Ended be-

fore that Tenth-Game: Wherefore the gain of the Tenth
Game is the Quantity S-X Multiplied by the Probability

of the Plays not being Ended in Nine Games, or before,

for the fame reafon, the gain of the Ninth Game is the Quan-
tity <=L Multiplied by the Probability that the Play will

2

not be Ended in Eight Games: And likewife the gain of the
Eighth Game is the Quantity €= Multiplied by the Pro-

bability that the Play will not be ended in Seven Games,

and {fo on. From whence it may be concluded, that the gain
of 4, to be eflimated before the Play begins, is the Quan-
tity ==X Multiplied by the fum of the Probabilities that the

2
Play will not be Ended in o, 1, 2, 3, 4, 5, 6, &c. Games
ad infinitum.

Let thofe Probabilities be refpettively called 4/, B, €/, D,
E', F', G', &c. Then, becaufe the Probability of the Plays
not being Ended in Five Games is equal to the Probability
of its not Ending in Four, and that the Probability of its
.not Ending in Seven, is equal to the Probability of its not

Ending
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Ending in Six, it will follow, that the fum of the Probabilities
belonging to all the Even Games is equal to the fum of the
Probabilities belonging to all the Odd ones: We are therefore
only to find the fum of all the Even Terms, 4’ + ¢’ +
E’ + G’ &c. and to double it afterwards.

Now it will appear, from our XXXIII4d Problem, that
thefe Terms conltitute the following Series, viz.

L] 184 540

4 14 48 1912
e 4 o 7 i o 64 +955+ Lazq."l"qu:;cs &C.

In which Series, each Numerator being Related to the two
preceding ones according to the Index 4 — 2, and each De-
nominator being a Power of 4, it follows, that this Series may
be compared with the firft ‘Theorem of our fecond LZemma ;
by making the firlt and fecond Terms 4 and B, ufed in that
Theorem, to be refpettively equal to 1 and —4—, making alfo
the Quantities 7, », r refpettively equalto 4, 2, —— Which
being done, it will be found that the fum of all thofe Terms
ad infinitun will be equal to 8.

We may therefore conclude that the fum of all the Terms
A’ + B' 4+ C'+ D'+ E’ &c. isequal to 16, and that.
the gain of A is equal to 16 x ——E;".

But if the number of Chances which 4 and B have to win
a Game, be in a proportion of inequality, then the fum of
the Series A/ + C/+ E'+ G' +1' &c. will be found
thus; Let === be called 7, and the Terms of that Series

will be Related to one another as follows, wiz. E' = 4 ¢’y —
z‘-ﬂiﬂ', G/ — 4 E'rw=—2 CTF?’, ﬂﬂdﬁ fo on. Let therefore 4y
2, 1, 1, be refpectively fubftituted, in the firt Theorem of our
{econd Lemma, in the room of #,#, A’, B’; and the fum of

this Series will be found t0 be ———2"—; in which ex-

preffion, reftoring the value of 7, viz. —tom the fum of the
Series will become *“"‘"ffi_’::""“‘ , the double of which
is the fum of all the Terms 4’ + B/ + ¢’ + D' + E’ &c.
But becaufe, in every Game, the Gamefter 4 has the num-
ber 2 of Chances to win G, and the number 4 of Chances
to lofe .L; it follows, that his gain in every Game is equal

n o
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to _"_f__;”?&. From whence it may be concluded, that the
Advantage of 4, to be eftimated before the Play begins,

3 aas+ 486 % a4 b) aG —kL
will be s e

Before we proceed farther, we muft obferve, that the Se-
ries 4’ + B’ 4+ ¢’ + D’ 4+ B’ + F' &c. which we haveaf
fumed to reprefent in general the Probabilities of the Plays not
being Ended in o, 1,2, 3, 4, 5§ &c. Games, whether the Stakes
be equal or unequal, being divided into two parts, viz. 4’ +
C’'+E 4 G'&c. and B’ 4+ D'+ F' 4+ H' &c. anfwer-
ing to o, 2, 4, 6 &c. and 1, 3,5, 7, &c. each Term of thefe
two new Series will be related to the preceding ones, accor-
ding to the fame Law of Relation, as are the Terms of thole
Series which exprefs the Probabilities of the Plays being End-
ed in a certain number of Games, under the like circum-
ftances of Stakes to be won or Loft. The Law of which
Relation is to be deduced from our XXXIV#h, and XXXIXzk
Problems.

If the number of Stakes to be won or loft on either fide
be equal to Six, and the proportion of Chances to win a
fingle Game be as 4 to &; then the Relation of each Term
to the preceding ones, in the Series 4’ + C’ + E' + G’ &,
will be exprefled by the Index 6 — ¢ 4 2. Wherefore to
find the fum of thefe Terms, let the Quantities 6, 9, 2, 1,
1, 1, be refpettively fubftituted, in the third Theorem of
our fecond Lemma, in the room of m, », p, A’y B, ¢’, and
the fum of thofe Terms will be found to be

l+l+1-—gr+9rr
x — 6r+4 grr.— ar?
b B . .

preflion fubftituting 'fﬁF in the room of 7, the fame will

3—12r4 9rr z
Of =5 Forr—arr+ In whichex.

become 322t 3":??_‘_“;3“ Xed$V .. From whence we may

conclude, that the gainof 4 will be

Ga* + Gaabh 4 66% X g+ B° ¥ 2C=bL
a° 6% a6

Again,
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Again, if the number of Stakes to be won or loft on ei-

ther fide be Bight, it will be found, that the gain of 4 will
Ba® I 8atbbt Basb = 86°X st H° . 4G—bL

be g L. R

But the Numerators of the foregoing Frattions being in
Geometric Progreflion, if thofe Progreffions be fummed up,
the gain of 4, in the Cafe of Four Stakes to be won or loft,
may be exprefled as follows,

— S
- 54,53;]‘ aG— &L ,

* L] J
VI, b}' thﬂ Fraalﬁn -:Tﬁm-‘ﬁé K_"Tr{-ﬁ'—’ or

dividing both Numerator and Denominator by a4 5%, the
fame may be expreft by the Fraction _Jr_::_-;:f* R a7
His gain likewife, in the Cafe of Six Stakes to be won or

loft, will be expreft by the Frattion '5:: ;i i~ x2E=3L ;and

in the Cafe of Eight Stakes to be won or loft, it will be ex-

preft by the Frattion 3::_;53," X 2G—fL : So that we

may conclude, that ip any Cafe of an Even and equal num-
ber of Stakes denominated by p, the gain of 4 will be ex-

preft by the Frattion P:::iip b4 _'..':_:_';E_.

But if the number of Stakes be Odd and ‘equal, as it is
in the Cafe of Five Stakes to be won or loft, then the two
Series 4’ +-C' + E' + G’ + I' &c. and B’ + D'+ &'
&c. will be unequal, and the excefs of the firft above the
fecond will be Unity. Wherefore to find the ‘%ain of 4, in
the Cafe of Five Stakes, having fet afide the firft Term of
the firft Series, let all other the Terms be added together,
by comparing them with thofe that are employed in the
firft Theorem of our fecond Lemma; which will be done
thus. Since €' =1, E/=1,and G' =g E'y — 5 C'rr,
let the numbers 1, 1, 5, 5, be refpetively fubftituted in the
aforefaid Theorem, in the room of the Letters 4, B, m, :;;15

a
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and the fum of that Series will be found to be —: ;_’i_‘;”:

To the double of which adding Unity, which we had fet
afide, it will appear that the fum of the two Series together

;  §=righ o) § eniin iting =&~ j :
will be -3 or writing =5+ inthe room of 7,

satdsardbAsanbtds5abl 4 gbt
at — a3 b4 aabl — abi bt 3
Terms of both Numerator and Denominator of this laft
Fraction compofe a Geometrick Progreffion, the Numerator

will be reduced to —=—5°__ and the Denominator will

5
¥ 4B 1
#‘+b . From whence it follows, that the

fum of thefe two Series will be ﬁf."_iﬂ.:‘.;‘!;é, and that

aft+bix g — b

the gain of 4 will be T::;;f’ % "-’j:iﬁ. If the
gain of A4 be likewife inquired into, in the Cafe of Seven
Stakes to be won or loft, then it will be found to be
1o 70 o 4G6—¢L, And the fame form of expreffion

sl b1 a— b .
being conftantly obferved in all cafes wherein the number
of Stakes is Odd and agual, we may conclude that if that
number - be denominated by p, then the gain of 4 will be

pa?—pb? v aG-—EI
aF—l—bP d-—'& h

gain of A4 having been found to be the fame in the Cafe
of an Even number of Stakes, as it is now found in the
Cafe of an Odd one; we may conclude, that it is general,
and belongs to any equal number of Stakes whether Even
or Odd.

If the number of Stakes be unequal, the Inveftigation of the
gain of 4 will be made in the fame manner asit was in the
Cafe of an equality of Stakes, Thus, let us fuppofe that the
Play be to continue till fuch time as either 4 wins Two
Stakes, or B Three. In order therefore to find the gain of
4, let the Series 4" 4+ B’ + ¢/ + D’ + E' + F/ ag:

e

Now by reafon that the

be reduced to

Now this expreffion of the
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be divided into two parts, viz. 4’ 4+ €' + E' &c. and
B’ + D’ + F’ &c. then it will appear, from our XXXIII4,
4 oy Al 2ab-4 bk
aﬂd }xXK[XﬂE .Prﬂblﬁ:l'.ﬂs, thﬂ.t .!g! = I, C.ﬂ' = ——m—,
E' =3 C'r— 1 4" rr. Having now obtained the firft
Terms of the Series, and the Relation of each Term of it
to the preceding ones ; it will be eafie to find the {um of all
its Terms, by the help of the firt Theorem of our fecond
Lemma, making the Quantities, 4, B, m, » therein employed
to be refpectively equgl to 1, —"‘;f-r'i—_%i‘;—, 3, 1. This done,

the fum of that Series will be found to be equal to

a8 ——_ap + 26k ¥ PR

I . . .
e A TS T T n like manner it will appear,

2aab 4 3abb -
aef-83 ’

F’ = 3 D'r— B’ rr; from whence the fum of all its Terms
- & ab 2bb m‘ .

will be found to be —; +:!:+j‘;“_‘f‘“+ ~—: And both

fums of thofe Series being added together, the aggregate of

i 28 o+ gab+ Gabb+ 163 % a4t b .
i S Py ] T Buti'ehe

Terms of this Denominator compofing a Geometric Progref-
fion, whofe fum is ‘“':_'1' , the foregoing Fraltion may

be reduced to 281k 278 2eabb =344 — 36%Xatb . which

Py ey ?
Fraétion is ftill capable of a farcher redution; for the three
firlt Terms of its Numerator compofe a Geometric Progrefli-
on, and the two lalt Terms may be confidered as being in
Geometric Progreffion, and confequently the Fration may
at laftbe reduced to —2feX 2’3 xae—dixeth |

Al —bFXa—b

from which expreffion, the gain of 4 will be found to be

that in the fecond Series B’ is = 1, D' =

:4#?':.!;-::5‘*—_3551;:5 ¥ aG —§L
¥ 3[_‘__55 i = 2 F-é L]

Oo- By
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By the fame method of Procefs, it will be eafy to ‘deter-
mine the gain of 4 under any other circumftance of Stakes
to be won or loft: Aod.if it be remembred always to fum
up thofe Terms which are in Geometric Progreffion, all the
various expreflions of the gain of 4, calculated for differing
numbers of Stakes, will appear to be uniform: From whence
it may be colleted by bare infpeétion, that the gain of 4 is .
what we have afferted it to be, viz.

qa.?]{dp--—_-fj_ﬁ—-lpbpxﬂ_f-:b? e ﬂ@_lrj-[r H
T alig-=ptty a—0b-

It is to be obferved, Firff, that if p and ¢ be equal, the fore=

going expreffion may be reduced to p:i:_";‘:",r o 2 il' ’
a —_—

as will appear if both Numerator and Denominator be divi-

ded by #» — 4%, having firft fubftituted p in the room of g.

Secondly, that if #.and & be equal, the fame expreflion. may

be reduced to p 4 x =%, which will appear if both Nume- -
rator and Dénominator be divided by a—".

After I had Solved the foregoing Problem, I wrote word
of it to Mr. Nicolas Bernoally, the prefent Profeffour of Ma-
thematics at Padoza, without acquainting him with my So-
lution: [ only let him know in general that it was done by
the Method of Infinite Series; whereupon he fent me two
different So'utions of that Problem : And as one of them has
fome Affinity with the Method of Series ufed all along in
this Book; I fhall tranfcribe ic here in the Words of his Let-
ter, “ My Uncle has obferved that this Problem may alfo
“ be Solved after the fame manner as you have Solved the
“ Ninth Problem * of your Tract de: Menfura Sortis, it be-
“ ing vifible that the Expettations of the Gamelters will re-
“ ceive no alteration whether it be fuppofed that the Pieces
¢“ which 4 and B Set every time to each other, are refpe&ive-

“ ly L and G, or whether it be fuppofed that thofe Pieces .
“ conftitute the following Progreffion, viz.

“ L,6,6+LyGoL,6+ I 78 , 6L 6+ T35, 2

xG—L &c. the number of whofe Ferms is p+4, whereof
2 bee the LNtk Froblem of vbus Book,

the
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¢ the firlt, whofe number is p, denote the Pieces of 4; ang
“ the laft, whofe number is g, denote the Pieces of B: For iy
“ either Cafe the gain of 4 willbe 2622, Now it being
poffible to find the fum of any number of Terms of thisPro-
greffion, it follows that the different values of all the Pieces
of each Gamefter may be obtained: Let therefore thofe
“ values be denoted refpectively by § and 7; let alfo the
““ Probabilities of winning the number of Srakes agreed up-
“ on be called 4 and B refpettively, which Probabilities are

- — i
R v
“ derived them, your felf in your aforefaid Problem, and I
% in Mr. Montmort’s Book. This being fuppofed, the gain of 4
% will be found tobe 47— BS, or A5 =21 « 4 9—Bp.

€
[

L]

[ o

fuch as we had feverally

N. B. Tho' I may, accidentally, have given a ufeful Hint
for that elegant Method of folving the foregoing Problem, yet
I think it reafonable to afcribe it entirely to its proper Auchor; -
the Hint having been improv’d much beyond what I could
have expetted.

REMARK

IT is to be obferved, that the gain of 4 is not to be regu-
lated by the equal Probability thereis that the Pliy may,
or may not be Ended in a certain number of Games. For
inftance, If two Gamelters having the fame number of Chan-
ces to win a Game, defign only to play untill fuch time onl

as two Stakes are won or loft ; it is as Probable that the Play
may be Ended in two:Games as not, yet it cannot be con-
cluded from thence, that the gain of A is to be eftimarted
by the Product of the Number 2 by one half of the Diffe-
reace of the Stakes: For it has been Demonftrated that this
gain will be Four times that half difference. In like mannery
if the Play were to continue, till either A4 fhould win Two
Stakes, or B Three; ir will be found, that ic is as Probable
that the Play may End in Four Games as not ; and yet the
gain of A is not to be eft.mated by the Produt of the Num-
ber 4 by one half of the Difference of the Stakes; it ha-

ving. .
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ving been Demonftrated that it is Six times that half Diffe-
rence. To make this the more {enfible, let us {uppofe that
A and B are to Play till fuch time as 4 either wins one
Stake, or lofes Ten: It is plain, that in this Cafe it is as Pro-
bable that the Play may be Ended in One Game as nort, and
yer the gain of 4 will be found to be Ten times the Diffe-
rence of the Stakes. ‘From hence it is plain, that this gain
is not to be eltimated, by the equal Probability of the Plays
Ending or not Ending in a certain number of Games, but
by the Rules which have been prefcribed in this Problem.

PROBLEM XLIV.
XF A and B, whofe p:;farriﬂu of Skill is as a tob, rgﬁu’-w':ﬁ

to Play together till fach time as Four Stakes are won or lo
on either fide, agree between themfelves, that the firft Game that
is play'd, they fball Sct to each other the refpeitive [ums L 4nd G ;
that the [econd Game they fhall Set the f[ums 2. and 2G; the
third Game the [wms 3 L and 3 G, and [0 on; the Stakes increas
fing continually in an Arithmetic Progreffion : It is Demanded how
the gain of A # to be ¢ftimated in this Cafe, before the Play

begins. -
SOLUTTO'N.

| ET there be fuppofed a Time wherein the Number p
_.[, of Games has been play’d; then 4 having the Num-
ber 2 of Chances to win the fum p+ 1x G in the next Game,
and B having the Number & of Chances to win the fum
p+1xL; it 1s plain, that the gain of A in that circumftance
of Time will be p+ 1x -2 ‘:+§L 23 But this gain I.::cing to be
eftimated before the Play begins, it follows, that it ought to
be eftimated by the Quantity pa1x-28—2=. multiplied by
the refpeltive Probability there is that the Play will not
then be Ended ; and therefore the svhole gain of A is the
fum of the Frobabilities of the Plays not Ending in o, 1, 2,
35 45 5 6 &c. Games ad infinitum, multiplied by the refpeét.

dve valucs of the Quantity 71 x .._r"“ —tL , p being Inter-
i I
2 preted
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rpreted fucceffively by the Terms of the Arithmetic Progref
fion, o, 1, 2,3, 4, 5, 6 &c. MNow let thefe Probabilitics of
“* the Plays not Ending be refpe&tively called 4/, B/, €' D/,
E’; F', G’ &c. Let alfo the Quantity <C=tL. be called S;
and thence it will follow, that the gain of 4 will be 4’§
+2B'S +3C'S 4+~ 4D'S4+5E'S +~6F'S &c. Butin
the.Cafe of this Problem B’ is equal to 4’, and D’ is equal
to C’, and foon. Wherefore the gain of 4 may be expref-
fed by the Seriess S x 347+ 7C’ &+ 11 E' + 15G' 4 19 I' &c.
But it appears, by our XXXIII4 Problem, that the Terms
A’y ¢" E', G' are refpettively equal to the following

4alb 6aabb+ 4abs A
5 ath+ %
— + Whence it follows, that

Quantities, viz. 1, I,

14a+bb 4 20aib3 4 14aab+
n-i-aﬁ_

the Terms 3 4’ + 7C’ -+ 11 E' + 15G’ may be obtain-
ed: It appears alfo, from what we have obferved in the
preceding Problem, that the Relation of the Terms 4/, C’,
E’ &c. may be exprefled by the Index 4 —2; and by the
Third Lemma prefixt to that Problem, that the Relation of
the Terms 3 4/, 7C’, 11 B’ &c. may be exprefled by the
Index 8 — 20 -+ 16— 4 : And thercfore fubftituting the
Quantities 3 4/, 7C’, 11 E/, 15 G’ in the room of the Quanti-
ties 4, B, C, D, which we make ufe of in the Third Theo-
rem of our fecond Lemma; {ubftituting likewife the Quan-
tities, 8, 20, 16, 4 in the room of =, #, p, ¢; and laftly {ub-

ftituting "ﬁ' in the room of »; the gain of 4 will be

expreft by the following Quantities, viz.

Gy i T aaatbt 420 0b ¥ Gaa b3 ¥ 325007 F 2500 Fiol® X PR
at b7

which, in the Cafe of an equal number of Chances to win a

Stake, would be reduced to 216 §; and therefore if the Quan-

tities G and L ftand refpettively for a Guinea and Twenty

Shillings, which will make the value of § to be Nine pence,

it follows, that the gainof 4 will in this Cafe be 8 /—2 "

Pp Corollary I
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Corollary 1. If the Stakes were to Increafe according to the-
proportion of the Terms of any of thofe Series which we
have defcribed in our Lemma’s, and that there were any gi-
ven inequality in the number of Stakes te be won or left, the
gain of 4 might ftill be found.

Corollary II. There are fome Cafes wherein the gain of 4
would be Infinite: Thus, if 4 and B were to Play till fuch
times as Four Stakes were won or loft, and it were agreed be-
tween them to double their Stakes at every Game, the gain
of 4 would in this Cafe be Infinite: Which confequence
may eafily be deduced from what has been faid before. -

PROBLEM XLV:

FE A and B refolve to Play till [uch time as A’ either wins.

a certain given number of Stakes, or that B wins the [ame,

or [ome other given number of them : ’Tis required to find. in

how many Games it will be as Probable that the Play may be
Ended as nat ?

SOLUTION.

ET it be fuppofed that 4 and B are to play till fuch
time as either of them wins Three Stakes, and that
there is an Equality of Skill' between them. This being
fuppofed, it will appear, from our XXXIV¢h Problem, that
the Probability of the Plays continuing for an Indeterminate
number of Games may be expreft by the following Series,

ViZe
S i+ G RS VG
the Cafe of an Equality of Skill between the Gamefters, will

be reduced to this Series,
m Y VII

X 14—
ly correfponding to the number of Games , 9 &,
Wherefore fo many of thofe Terms ought tg’!fe: t?a’kes::, as

that their fum being multiplied by the common Mulciplica-
tor

TE %&c. whofe Terms are ref; peltive.
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tor -2 or ——, the Produ¢t may be equal to the Fraftion -,

which Frattion denotes the equal Probability of an Events
Happening or not Happening : But if two of thofe Terms be
taken, and that their fum be Multiplied by —-, the Produtt

will be —Z- ; which being lefs than the Frattion -, it may

be concluded that Five Games are too few to make it as
Probable that the Play will be Ended in that number of
Games as not; and that the Odds againft its Ending in Five
Games are 9 to 7. But if Three of thofe Terms be taken,
then their fum being multiplied by the common Multiplica-
tor X, the Produtt will be 22— which exceeding the Fraét-

ion ——, it may be concluded that Seven Games are too ma-

ny; and that the Odds of the Play being Edded in Seven
Games, or fooner; are 37 to 27; or'4 to 3 very nearly.

N. B. It would be needlefs to inquire whether Six Games
might not bring the Play to anequal Probability of Ending
or not Ending; it having been obferved before, that in the
Cafe of an equality of Stakes to be play’d for, it is impoffi-
ble that the Play {hould End in an Even number of Games,
if the number of Stakes be Odd; or that it fhould End
in an Odd number of Games, if the number of Stakes be

ven.

5 In like manner, if the Play were to continue till Four
Stakes be won or loft on either fide: Then taking .the fol-

lowing Series, viz.

,.::: % Toh A 4 ::_'-r:]f +-£557 &e. which, upon

the fuppofition of an -equality of Skill between the Game-
fters, may be reduced to this, viz.
1V Vi VIl X X1l 8{ I ¢ i_

of its Terms be tried, as will make the Produtt of their fum

multiplied by -2-, equal to the Fraftion ——, or as near it

as poffible. Now Five of thofe Terms being tried, and their

fum being multiplied by —2-, or ——, the Produ& will

be' 2222 which not differing much from ——, it may be
COns-
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concluded that Twelve will be very near that number of
Games, which will make the Probabilities of the Plays End-
ing or not Ending to be equal; the Odds for its Ending
being only 1092 to 956, 0r 8 to 7 very nearly. Bur the
Odds againft its Ending in Ten Games, will be found to be
39 t0 29, or 4 to 3 nearly.

By the fame method of Procefs, it will be found that
Five Stakes will probably be won or loft in about Seven-
teen Games: It being but the Odds of 11 to 1onearly, that
the Play will not be Ended in that number of Games, and
10 to ¢ nearly, that it will be Ended in Nineteen.

It will alfo be found that Six Stakes will probably be won
or loft in about Twenty Six-Games, there being but the
Odds of 168 to 167 nearly, that the Play will not be End-
ed in that pumber of Games, and 25 to 22 nearly, that
it will be Ended in Twenty Eight.

If the fame Method of Trial be applied to any other num-
ber of Stakes, whether equal or unequal, and to any pro-
portion of Skill, the number of Games required will always
be found.

Yet if the number of Stakes were great, thofe Trials
would become tedious, notwithftanding the Help that might
be derived from our Second Lemmas, whercby any num%er
of Terms of thofe Series which are employed in the Solution
of this Problem, may be added together. For which reafon
it will be convenient to make fome Trials of another nature,
and to fee whether, from the refolution of fome of the fim-
pleft Cafes of this Problem, any Analogy can be obferved
between the number of Stakes given, and the number of
‘Games which determine the equal Probability of the Plays
Ending or not Ending.

Now Mr de Monmore having with great Sagacity difco-
vered that Analogy, in the Cafe of an equal and Odd num-
ber of Stakes, on fuppofition of an equality of Skill between
the Gamefters, I thought the Reader would be well pleafed
to be acquainted with the Rule which he has given for that
purpofe, and which is as follows.

Let # be any Odd number of Stakes to be won or loft
on either fide ; let alfo 2tt be made equal to p: Then the

‘Quantity 3pp—3p--x will denote a number of Games,
wherein
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wherein it will be more than an equal Chance that the Play
will be Ended ; thus, if the number of Stakes be Nineteen,
then p will be 10, and the Quantity 3pp — 32 + 1 will
be 271, which fhews that ’tis more than an equal Chance
that the Play will be Ended in 271 Games.

The Author of this Rule owns that he has not been able
to find another like it, for an Even number of Stakes; but
I am of opinion, that tho’ the fame Rule, being applied to
that Cafe, may not find the juft number of Games wherein
there will be more than an equal Probability of the Plays
Ending, yet it will always find a number of Games, where-
in it is very near an equal Wager that the Play will be
Ended., Wherefore to make the Rule as extenfive as it may
be, I would Chufe to exprefs it by the number of Stakes
whether Even or Odd, and make it 2 ##, which differs

from his own, but by the fmall Fraftion X

If any one has a mind to carry this fpeculation ftill farther,
and to try whether fome general Rule may not be difcover-
ed for determining, by a very near approximation, the num-
ber of Games requifite to make it a Wager of any given
proportion of Odds, that the Play will be Ended in that pum-
ber of Games, whether the Skill of the Gamefters be equal
or unequal; let him Solve feveral Cafes of this Problem in
the following manner, which I take to beas expeditious as
the nature of the Problem can admit of.

Upon a Diameter equal to Unity, if fo be the Skill of

the Gamefters be equal; or to the Quantity —;._:‘fg;-, if their

Skill be in the proportion of 4 to 4, let a Semicircle be de-
fcribed, which divide into fo many equal parts as there are
Stakes to be won or loft on either fide, fuppoling thofe Srakes
to be equal. From the Firlt, Third, Fifth, Seventh &e.
Points of Divifion, beginning from one extremity of the Di-
ameter, let Perpendiculars fall upon that Diameter, which
by their concourfe with it, fhall determine the verfed Sines of
{o many Arcs, to be taken from the other extremity thereof.
Let the greateft of thofe werfed Sines be called m, the next
lefs p, the next to it ¢, the next s &c. Make alfo

Qq s



150 The Docrtrine of Crances

I—pX1—qxXT1—s$

&c. = 4
M= P X W= XM=
P—gxp—sxp—m
I—sXI=—mX1—p :
g —sXq=—mxq—p, A
F—mXT—pXT—=g i, -1 p

S Se—=DXS=—q

&c.

then will the Probability of the Play’s not Ending in 2 number
of Games denominated by x, be expreft by the Quantities -

mTF A+ pT B 4 g T €+ 5D & if the
number of Stakes be Even, or by the Quantities-

=1 He=q =] Xe=1

m 2 A=+ p 2 B4 g~ 7z C—+ s - D &c ifthe:
number of Stakes be Odd.

EXAMPLE L.

" ET it be required to find what Odds there is, that in 40

-+ Games there will be Four Srakes won or loft on either.
fide.

Having divided the Semicircle into Four equal parts, ac- -
cordiog to the abovementioned diretions, the Quantity -
will be the Perfed Sine of 135 Degrees, and the Quantity p
will be the Ferfed Sine of 45 Degrees, which by the help.
of a Table of Sizes will readily be found to be 0.85355 and
0.14645 refpetively. Moreover the Quantity 4 gcing €
qual to -1=%, and the Quantity B to =5, will- be found "
to be 1.2071 and — o.2071. From whence it follows, that
the Probability of the Plays not Ending in Forty Games may

be expres’d by thetwo following Produéts o.85355*° x 1.2071

— "0.146451*° x 0.2071, of which the Second may be en--
tirely negletted; asbeing inconfiderably little in refpeét ﬂ?f-
e
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the firft. Now the Logarithm of the firft Produt being
2.7063215, to which anfwers the number 0.05085, let that
number be fubtra&ted from Unity; and the remaindér being
0.94915, I conclude that the Odds of the Plays Ending in
Ferty Games are as 94915 to 5085, or very near as 19
£0 I.

EXAMPLE 1L

LET it be required to find how many Games muft be
-/ play’d, to make it a Wager of 1co-to 1; that Four
Stakes will be won or loft on-either fide, in that number of
Games.

Let x be the number of Games required: Then by the
foregoing Example it will appear that we may have the:

Equation "0.85355)*" X 12071 = ——, in which the value

of x may eafily be obtained by Logarithms; it being found
by one fingle Divifion-to be about 6o.

If the Stakes be unequal, the Solution will confift of two
Series, in both which the Quantities m, p, ¢ &c. will be of the
fame value, and will be determined likewife by a Table of
Sines. In this Cafe the Semicircumference ought to be di-
vided into. as many equal parts as there are Units in the
number of all the Stakes: Thus, if the Stakes were Four
and Five, the Semicircumference ought to be divided into Nine
equal parts : But then it is to be obferved that the werfed
Sines of thofe Arcs, which, in the Cafe of Nine Stakes for-
each Gamefter, are alternately omitted, are thofe which, in
the Cafe of Four and Five, are to reprefent the Quan-
tities m, p, 4 &c. It is to be obferved alfo that the Quan-
tities 4, B, €, D &c. by which the Terms of the firft Series
are to be refpetively Multiplied, will be found to differ
from-the Quantities 4/, B/, C’, D' &¢. by which the Terms-
of the fecond Series are alfo to be refpettively Multiplied ;
and that both thofe Series of Quantities may be determined
by proper Theorems contrived for that purpofe.

Before I make an End of this Subjett, 1 fhall propofe an
Inquiry to be made by thofe who have fufficient leifure to
Try the foregoing Methods ; which is, whether the number
of Games, wherein it will be an equal Wager that the P.'aﬁ,;

wilk
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will be Ended, upon the {uppofition of an equal number »
of Stakes to be won or loft on either fide; as alfo of the pro-
portion of Skill expreft by 4 and &, may not be determined
very nearly by the following Expreflion, viz.

f{i"-—?xb" aa—i—ab:i-.ﬂa_
AR D sa—1Ub

PROBLEM XLVL

A F A and B, whole proportion of Skill is [uppofed equal, vl

_[ together till Phﬂfr" i‘rﬂm be w{# or loft J;ﬁpﬂ;‘ber ffﬂde:, ’Lﬂ
that C and D, whofe pmﬁaﬂiﬂn of Skill is alfo [uppofed equal,
play likewife together till Five Stakes be won or loft on either
fide : What is the Probability that the Play between A and B will

be Ended in fewer Games than the Play between C and D 2

SOLUTION,

HE Probability of the Firft Play’s being Ended in any
number of Games before the Second, is compounded of
the Probability of the Firft Play’s being Ended in that num-
ber of Games, and of the Second’s not being Fnded with the
Game immediately preceding: From whence it follows, that
the Probability of the Firft Plays Ending in an Indetermi-
nate number of Games before the Second, is the fum of all
the Probabilities 4d Znfinitum of the Firft Play’s Ending, Mul-
tiplied by the refpective Probabilities of the Second’s not be-
ing Ended with the Game immediately preceding.
But it appears from our XXXIVzh Problem, that the Pro-
bability of the firft Play’s Ending in an Indeterminate number
of Games, may be expreft by the following Serics, viz.

W Vi VIIL X X XIv

e e A 8 10 500 g,

5 ¥ ER g7

It appears alfo, from our XXXIIId Problem, that the Pro-
bability of the Second Play’s not Ending may be expreft by
the following Series, wiz.

T v Vil X X0 Xl

4 Is 200 6

1? "'+' ) + _'_:"E- "l' 1‘ + 1:; : == |=:s &C.
Now
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Now the Correfponding Terms of thofe two Series beine
Multiplied together, the Produéts, fuppofing  equal to the
Fraltion «X-, will compofe the following Series, viz.

27 4+ 3orr + 38573 4+ 4800r* <+ §94007% &c. in which
Series the Index of the Relation of each Numerical Quan-
tity to the preceding ones, may be found by the help of our
Third Lemma: For the Index of the Relation in the Nume-

rator of the Firft Series being 4 — 2, and the Index of the
Relation in the Numerator of the Second being 5 — ¢,

which Relations are deduced from the XXXIVt4 Problem,
it follows, that if in the Theorem of our Third Lemma, the
Quantities 4,~—12, 5,— §, be refpettively fubftituted in the
room of the Quantities m, #, Av, g, the Index of the Relation in
the Third Series will be found to be 20— 110 + 200— 1003
wherefore all the Terms of this Series may be fummed up by
the Third Theorem of our Second Lemma, {ubftituting the
Quantities 20, 110, 200, 100 in the room of the Quantities
m, ny p, 4, therein employed; fubftituting alfo the Terms
27, 3077, 38573 48cor* in the room of the Quantities
4, B, ¢, D: For after thofe Subftitutions, the fum of the Third

Series will be found to be 2r— torr - 53

I— 2or 4 110 rr — 20073 F 1007t
which is reduced to 225~ by changing the Quantity r in-
to its value -1 Now {ubtrating the Fra&tion e
from Unity, the remainder will be the Fration _;..}?'L, ;ﬂe

Numerators of which two Fraltions exprefs the Odds of the
Firft Plays Ending before the Second, which confequently
will be as 476 to 247, or 27 to 14 nearly.

If in the foregoing Problem, the Skill of the Gamefters
had been in any proportion of inequality, the Problem
might have been Solved with the fame eale.

When in a Problem of this nature the number of Stakes
to be loft by either 4 or B, does not exceed the number
Three, the Problem may be always readily Solved without
the ufe of the Theorem inferted in our Third Lemma; tho’
the number of Stakes between € or D be never fo great.
For which reafon, if any one has the curiofity to try, if from
the Solution of feveral Cafes of this Problem, fome Rule may
not be difcovered for Solving tRhﬂ fame generally ; it will be

r con-
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convenient he fhould compare together the different Solutions,
which may refult from the fuppofition that the Stakes to be
lolt by either 4 or B are Two or Three ; and then*the Cafe
of the foregoing Problem may alfo be compared with all the
reft : Yet as thefe Trials might not perhaps be fufficient to
difcover any Analogy between thofe Solutions, I have thought
fit to add a new Theorem in this place, whereby Four Cafes
more of this Problem may be Solved, wiz. When the num-
ber of Stakes to be loft by 4 or B, and by ¢ or D, are
¢ and 6, 4and 7, 5 and 6, 5 and 7 : The Theorem being
as follows.

If there be a Series of Terms whofe Relation is expreffed
by the Index ? 4= -+ », and there be likewife another Series
of Terms whofe Relation is expreffed by the Index p+-4;
and the Correfponding Terms of thofe two Series be Multi-
plied together : Then the Index of the Relation in the Third
Series, refulting from the Multiplication of their correfpond-
ing Terms, will be exprefled: by the Quantities,

+a2mq 4+ Impg +21lnqq
lp+ llg+ np*—mmqq—mnpqq + nng’.
Thmpp -+ 3npg henpey

1t is to be obferved, that altho’ thefe forts of Theorems might
be applicable to the finding of the Relation of thofe Terms,
which are the Produéls of the correfponding Terms of two
different Series, both of which confilt of Terms whofe Jaft
Differences are equal to nothing; yet there will be no necef-
{ity to ufe them for that purpofe, that Relation being to be.
found much fhorter, as follows.

Let e and f denote the rank of thofe Differences which are
refpectively equal to nothing in each Series; then the Quan-
tity e~+f— 1 will denote the rank of that Difference which
is equal to nothing, in the Series refulting from the Maltipli-
cation of the correfponding Terms of the other two ; and con-
fequently the Relation of the Terms of this New Series will
ealily be obtained by our firlt Lemma.

After
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AFt_er having given the Solution of [everal [orts
of Problems, each of them containing fome de-
gree of Difficulty not to be met with in any of the
refl; and having thereby laid a [ufficient foundation
for- folving the moft intricate cafes that may occurr in
this Subjel of Chances, it might almoft [eem fuper-
fluows to add any thing to this Trall: Iet confider-
ing that a Variety of Examples is the properefs
means of making Rules eafy and familiar; and de-
figning to be as ufeful as poffible to thofe of my
Readers, who perbaps may not be fo well verfed in
Algebraical Calculations, I have chofe to fill up the
remaining Pages of this Book, with fome eafy Pro-
blems relating t0 the Games which are mofl in ufe,
fuch as Hazarp, WHisgk, P1QueT, &c, and
to enlarge a little. more upon the Dofirine of
Combrnations.

PROBLEM XLVIIL.

O find at HAZARD the Advantage of the Setter up-
[ on all Suppofitions of Main and Chance.

SOLUTTION.

ET the whole Money Play’d for be confidered as a coms

mon Stake, upon which both the Setter and Calfter have
their feveral Expe€tations; then let thofe Expetations be de-
termined in the following manner.

Firfl, Let it be fuppofed that the Main is wii; then if the
Chance of the Calter be »# or v#ii, it 15 plain that the Set-
ter having Six Chances to win and Five to lofe, his Expecta-
tion will be -~ of the Stake : But there being Ten Chances

out
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out of Thirty-fix for the Chance to be @i or wiii, it follows,
that the Expetation of the Setter, refulting from the Proba-
bility of the Chance being i or wisi, will be 5 multiply-
ed by £, or £ to be divided by 36.

Secondly, If the Main being v#, the Chance fhould Hap-
pen to be v or 7x; then the Setter having Six Chances to
win and Four to lofe, his Expettation will be £ or 2~

Io

of the Stake: But there being Eight Chances in 'I'hirty-ﬁ:t
for the Chance to be v or ix, it follows, that the ExpeGation
of the Setter, refulting from the Probability of that Chance,
will be __%— mulciplied by = or 210 be divided by 36.

Thirdly, If the Main being v, the Chance fhould Happen
to be v or x; then the Setter having Six Chances to win
and Three to lofe, his Expetation will be 5~ or 2. of

the Stake: But there being Six Chances out of Thiriy-ﬁx
for the Chance to be /v or x, it follows, that the Expetation
of the Setter, refulting from the Probability of that Chance,
will be —&- multiplied by 2, or 4 divided by 36.

Fourthly, If the Main being v/, the Cafter thould Hap-
pen to throw #, #i, or xi; then the Expettation of the Set-
ter will be the whole Stake, for which there being Four
Chances in Thirty-fix, it follows, that the Ex tion of
the Setter, refulting from the Probability of thofe Cafes, will
be 2 of the Stake, or 4 divided by 36.

L:j?{}r, If the Main being 4, the Cafter fhould Happen
to throw wif or xi, the Setter lofes his Expettation.

From the Solution of the foregoing particular Cafes it fol-
lows, that the Main being wi#, the Expetation of the Setter will

be expreft by the following Quantities, viz, £ 4 2t 4. & 4 &

36
which may be reduced to =2, Now this Fration being

fubtrafted from Unity, to which the whole Sake is fup
fed equal, there will remain the Expeftation of the Cam
g, cIe

Bur the Probabilities of winning being always proportional
to the Expetations, on fuppofition of the Stake being fixt,
it follows, that the Probabilities of winning for the Setter

and
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-and Calfter are refpectively Proportional to the two numbers
251 and 244, which properly denote the Odds of winning.
Now, if wefuppofe each Stake to be 1, or the whele Srake
to be 2, the Gain of the Setter will be expreft by the Fraftion
——, it being the Difference of the Odds divided by their Sum,

w?ich -i‘u;s‘pnﬁng each Stake to be a Guinea, will be about
3aiz—f.

By the fame Method of Procefs, it will be found that the
Main being vi or wiii, the Gain of the Setter will be e

which is about 64 : X f in a Guinea.

It will alfo be found that the Main being v or ix, the
Gain of Fhﬂ Setter will be ~435 Which is about 4d. :2 — f
in a Guinea.

Coroll. 1. 1If each particular Gain made by the Setter, in
the Cafe of any Main, be refpectively Multiplied by the
number of Chances there are for that Main to come up,
and the Sum of the Produtts be divided by the number of
all thofe Chances, the Quotient will exprefs the Gain of the
Sctter before a Main is thrown: from ‘whence it follows, that
the Gain of the Setter, if he be refolved to fet upon the firft
Main, may be eftimated to be 388 - 1675 - _22_ 10 be
divided by 24; which being reduced will be = very
nearly, -or about 4d.:2 L f.

Coroll. 2. The Probability of no Main is to the Probabili-
ty of 2 Main, as 109 -2 t0 109 —2, Or as 11X 0 107.

Coroll, 3. 'The Lofs of the Cafter’s hand, if each throw
be for a Guinea, and he confine himfelf to hold it as long as
he wins, will be —¢_ or about gd. in all, the Demonftration

of which may be deduced from our XXIV#s Problem.

PROBLEM XLVIIL

F Four Gamefters play at W HISK; What are the Odds thae
R any twoof the Partners that are pitch’d upon, have not the

Four Honours?
S SOL U-
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SOLUTION.

Itft, fuppofe thofe two Partners to have the Deal,and the
laft Card which is turn’d up to be an Honour.

From the {uppofition of thefe two Cafes, we are only to-
find what Probability the Dealers have of taking Three fet
Cards in Twenty five, out of a Stock containing Fifty one..
To refolve this the fhorteft way, recourfe muft be had to
the Theorem given in the Corollary of our XXth Problem, in
which making the Quantities », ¢, d, p, 2, refpetively equal
to the numbers 51, 25, 265 3, 3, the Probability required

. 2§ X 23X 32 z
will be found to be iR snﬁ = or

3

Secondly, If the Card which is turn’d up be not an Honour,
then we are to find what Probability the Dealers have, of
taking Four given Cards in T'wenty five out of a-Stock con-
taining _Fifty one, which by the atorefaid Theorem will be

2 X2 X233 a2y 2 g
found to be S —L‘wﬁpa

But the Probabulity of taking the Four Honours being to
be eftimated before the laft Card is turn’d up ; and” there
being Sixteen Chances in Fifty two, or Four in Thirteen:
for an Honour to turn up, and Nine in Thirteen againft it ;
it follows, that the Frattion exprefling the Probability of the
Rirt Cafe ought to be Multiplied by 4; that the Frattion
exprefling the Probability of the Second ought to be Multi-
plied by 9 ;and that the {um of thofe Produéts ought to be
divided by 13; which being done, the Quotient 1=, or 2

| 29
nearly, will exprefs. the Probability required.

Corallary, By the help of the abovecited Theorem, the fol-
lowing Conclufions may eafily be verified.

It 1s 27 to 2 nearly that the two Dealers have not the
Four Honours.

It is 23. to ¥ nearly that the two Eldeft have not the:
Hour Honours.

It is 8 to 1 nearly that neither one Side nor the other have:
the Four Honours...
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Itis 13 to 7 nearly that the two Dealers do not reckon
Honours,

It is 20 to 7 nearly that the two Eldeft do not reckon
Honours.

It is 25 to 16 nearly that either one Side or the other do
reckon Honours, or that the Honoursare not equally divided.

PROBLEM XLIX.
Of RAFFLING.

IEF any number of Gamefters A, By C, D &c. Play at Raffles:
" What is the Probability that the firft of them having got his
Chance wins the Money of the Play?-

SOLUTION

N order to Solve this: Problem, it is-neceffary to have a
Table ready compos’d, of all the Chances which there
are in three Raffies, which Table is the following. Wherein
The firlt Column concains the number of Points which are
fuppofed to have been thrown by 4 in three Raffles.

The fecond Column contains the number of Chances
which 4 has-to win if bis Points be above xxxi, or the
aumber of Chances he has to lofe if they be either xxxs or
below it.-

The third Column contains the number of Chances which
A has to lofe, if his Points be above xxwi, or to win if shey
be either xxxi or below ir,

The Fourth Column contains the number of Chances
which he has for an equality of Chance.

The Conftruttion of this Table eafily flows from the
confideration of the number of Chances which there are ina
fingle Raffle; whereof xwvisi or 47, have 1 Chance yxvii oriv,
3.Chances; xvi or v, 6 Chances; xv or v/, 4 Chances ; xiv
or wis, 9-Chances ; xiii or viii, 9 Chances ; xi: or ix, 7 Chances ;
xi or %, 9 Chances; which number of Chances being duly
Gombined will afford all the Chances of Three Raffes.

AT{L-:I
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A TABLE of all the CHANCES
which are in three Raffles.

3 Chances to win Chances to  Equality of

Points or lofe, win or lofe. Chance.
77 TR N TP 884735 o I
lit X 884726 I 9
dii X 884681 10 45
4 ik 884534 55 147
l Xiii 884165 202 369
xlxix Xiv 883400 57% 765
xlviii | XU 881054 1336 1446
xlvis XVi 879470 2782 2484
xlvi Xvit 875501 5266 3969
v XViii 869632 913§ 5869

e e el
wliv xix 861199 15104 8433
xliigd OF 3 xx 849706 23537 11493
wlii XXi 834679 35030 15027
xili XXiE 815392 50057 19287
xby o] xxiis 791506 69344 23886
XX XIX xXXiv 762838 93230 28668
XXXV XXV 728971 121898 33867
XXXV XXUE 690100 155765 38871
XXXV XXV 646929 194636 43171
XXXV XXV 599472 237807 47457
HXXIV | xxix 548865 285264 50607
XXXiii Nxx 496314 335871 §2551
xxxiiy, | xxxi 442368 388422 53946
Sum 442368
442368
884736

(TP R
This
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This being once fuppofed, let it be required to find the
Probability which 4 has of winning, when the number of
his Points being x/, there is but one Gamefter B befides
himfelf,

Take the number 791506, which in the fecond Column
ftands over againft the number x/, to be found in the Firft-
Take allo one half of the number which in the Fourth Co-
lumn ftands over againft the faid Number x/, which half is
1194.d;. Let thefe two Numbers viz. 791506 and 11943 be
added together, and their Sum 803449 being divided by
884736, which is the Number of all the Chances, the Quo-
tient, viz. 523445 will exprefs the Probability required.

Now this Fraftion being Subtrated from Unity, and the

remainder being ..g‘.‘fﬁ%, it follows that the Numerators

of thefe two Frattions, viz. 803449 and 81287 do exprefs
the 1‘.'Z)dl:ls of winning, which may be reduc’d to 89 and 9
nearly,

Bu{ if the Number of Points which 4 has thrown for his
Chance being x/ as above, there be two other Gamefters B
and € befides himfelf, the Probability which he has of win-
ning will be found thus.

ake the Square of the Number fet down over againft »Z
in the fecond Column, Which Square is 626481748036.
Take alfo the Product of that Number by the Number fet
down over againft x/ in the Fourth Column, which Produ&
is 18905912316, Laftly, take the third part of the Square
of the Number fet down in the Third Column, which
third part will be 190180332, and letall thofe numbers be
added cogether: Then their Sum being divided by the Square
of the whole Number of Chances, v/z. by 782757789696,

. 645577840484 1 ili %
the Quotient £32277°2222 will exprefs the Probability re

quired ; from whence it may be concluded that the Odds of
winning are nearly as 33 to 7.

N. B. 1f fome of the laft figures in the Numbers of the
foregoing Table be neglelted, the Operation will be fhort-
ned, and a f{ufficient Approximation obtain’d by help of
the remaining Figures.

From what we have faid it follows, that 4 having #/ for
the number of his Poiats, has lefs advantage when he Plays

Tt againft
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againft One than when he plays againft Two : For fuppofing
eggh Man’s Stake be a Guinea, he has in the firft Cafe 89
Chances for winning 1, and 9 Chances for lofing 1:

From whence it follows that his Gain 1s .ﬂ_‘“?.;_i. or 8o

G b
which is about 17 /b. 6 4.

But in the fecond Cafe, fuppoling alfo each Man’ Stake
to be a Guinea, he has 33 Chances for winning 2, and 7
Chances for lofing 1:

Whence it appears, that his Gain in this Cafc is 2x2=Z
or =% which is about 1 /, — 12 fb. — 8 4. But Note, that it

is not to be concluded from this fingle Inftance, that the
Gain of 4 will always increafe with the number of
Gamefters.

If the number of Gamefters be never fo many, let p be
their number, let 2 be the number of Chances which 4"has
for winning when he has thrown his Chance, let 7 be the
number of Chances which there are for an Equality of Chance
between 4 and any of the other Gamefters; Laftly, let the
whole number of Chances be denoted by §: Then the Pro-
bability which 4 has- of winning will be expreffed by the
following Series.

" gkt ¥ LS I S H’—:?mmup_i —!—’—ZIR?HLF midp'q'&m;
it
which Series is compofed of the Terms of the Binomial

a )" " reduced into a Series, all its Terms being divided
by 1, 2, 3, 4, 5 ©c. refpeQively.

The. foregoing Theorem may be ufeful; not only for fol-
ving any Cafe of the prefent Problem, but alfo an infinite
Varietdy of other Cafes, in thofe Games wherein there is-
no Advantage in the order of Play: And the Application of
it to Numbers will be found eafy, to thofe who underftand
how to ufe Logarithms.

RO
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TO find what Probability there is, that any Number of Cards

of each Suit may be contained in a given number of them
taken out of a given Stock.

SOLUTION.

Irff, Find the whole number of Chancés there are for
taking the given number of Cards out of the given
Stock.

Secondly, Find all the particular Chances there are for
taking each given number of Cards of each Suit out of the
whole number of Cards belonging to that Suir.

Thirdly, Multiply all thofe particular Chances together;
then divide the Product by the whole number of Chances,
and the Quotient will exprefs the Probability required.

Thus, If it be propofed to find the Probability of taking
Four Hearts, Three Diamonds, Two Spades and One Club,
in Ten Cards taken out of a Stock containing Thirty-two.

Find the whole number of Chances for tiking ten
Cards out of a Stock containing two and Thirty ; which is
properly Combining two and Thirty Cards Ten and Ten,
To do this, write down all the Numbers from 32 inclufive-
ly to 22 exclufively, fo as to have as many Terms as there
are Cards to be Combined ; then write under each of them
refpeitively all the numbers from One to Ten inclufively,
thus,

32 X 31 X 30 X 39 X 38 M 27 ¥ 26 X a5 X 24 ¥ 33
I X2 X 3 X4 X§5X 6Xx7X%Xx8 X9 xi10

Let all the numbers of the upper Row be Multiplied to-
gether; let alfo all the numbers of the lower Row be Mul-
tiplied tnfether, then the firft Produtt being divided by
the fecond, the Quotient will exprefs the whole number of
Chances required, which will be 64512240,

By the like Operation the number of Chances for ta-
king Four Hearts out of Eight, will be found to be

BxX7X6X5 = 7 o

XaXKFX g - -

X ¥ A 4 Thﬂ
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The number of Chances for taking Three Diamonds out
of Eight will alfo be found to be —:sz:—‘: = §6,

The number of Chances for taking Two Spades out of
Eight will in the fame manner be found tobe 227 — 58,

I X2

Laffly, The number of Chances for taking One Club out
of Eight will be found to be £ — 8. '

W herefore, Multiplgiﬂ% all thefe particular Chances to-
gether wiz. 70, §6, 28, 8, the Produ& will be 878080;
which being Divided by the whole number of Chances, the

‘Quotient 2282%, or —=- nearly, will exprefs the Probabili-

ty required : From whence it follows, thac the Odds againft
taking Four Hearts, Three Diamonds, Two Spades and
One Club in Ten Cards, are very near 99 to 2.

It is to be obferved that the Operations whereby the
Number of Chances is determined, may always be contrat-
ed, except in the fingle cafe of taking one Card only of a
given Suit. Thus, If it were propofed to fhorten the Fraction

1:':-:11?::;32:gktﬂﬁﬂ}t:ﬁ:ﬁi;x:q.!{ﬂ’ which de-

1 X 2 X 3 X 4% ¢ X868 X7 K8 X9 xIo
termines the nuomber of all the Chances belonging to the
foregoing Problem : Let it be confidered whether the Produt
of any two or more Terms of the Denominator, being
Multiplied together, be equal to any one of the Terms of
the Numerator; if {o, all thofe Terms may be expunged
out of both Denominator and Numerator, Thus the Pro-
du& of the three Numbers 2, 3, 4, which are in the Deno-
minator, being equal to the Number 24, which is in the
the Numerator, it follows, that the three Numbers 2, 3, 4
may be expunged out of the Denominator, and at the fame
time the Number 24 out of the Numerator. For the fame
reafon the Numbers 5 and 6 may be expunged out of the
Denominator, and the Number 30 out of the Numerator,
which will reduce the Fraltion to be

32X 31 X 3@ X 290 X 28 X 27 X 26X 2¢ X Z4 X a3
I X & X 3 XA X FREFX 7K 8 X g %X 10

It ought likewife to be confidered whether there be any of
the remaining Numbers in the Denominator that Divide
exaltly any of the remaining Numbers of therNumeratﬂi}
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If (o, thofe Numbers are to be expunged out of the Deng-
minator and Numerator, but the refpettive Quotients of
the Terms of the Numerator divided by thofe of the Deno.
minator, are to be {ubftituted in the room of thofe Terms
of the Numerator. Thus the Terms 7, 8, and g of the De-
nominator dividing exactly the Numbers 28,32 and 27 of the
Numerator, and the Quotients being 4, 4 and 3 refpettively,
all the Numbers 7, 8, 9, 28, 32, 27 ought to be expunged,
and the Quotients 4, 4, and 3 fubftituted in the room of 28,
32, 27 refpettively, in the following manner;

4 4 3
3Z X 3T X 3@ X 20 X 23 ¥ 27 X 26 X 2§ X Z4 x 23

I X2 X 3 XAkAX I x 8 X7 x 8% g x 1o

It ought alfo to be confidered, whether the remaining
Terms of the Denominator have any common Divifor with
any of the remaining Terms of the Numerator ; if fo, divid-
ing thofe Terms by their common Divifors, the refpetive
Quotients ought to be fubftituted in the room of the Terms
of the Numerator. Thus, the only remaining Term in the
Denominator, befides Unity, being 1o, which has a common
Divifor with one of the remaining Terms of the Numerator,
viz, 2§, and that common Divifor being s, let 10 and 24
be refpettively divided by the common Divifor ¢, and let
the refpective Quotients 2 and § be fubftituted in the room of
them, and the Fra&ion will be reduced to the following, viz

& 4 3 y
JZ X 31 X 3@ X 29 X 2§ X 27 X 26 X 2§ X 24 X 23

T TR TR T Ay N 0O O T
2

YLaftly, Let the remaining Number 2 in the Denominator
divide any of the Numbers of the Numerator which are
divifible by it, fuch as 26, and let thofe two Numbers be
expunged; but let the ?Qutieﬂt of 26 by 2, wiz. 13, be fub-
{titured in the room of 26: And then the Fraction, neglett-
ing unity, which is the only Term remaining, may be re-
duced 10 4 x 31 x29 x4 x 3 x 13 X § % 23, the Produ&
of which Numbers is 64512240, as we have found it before.

The foregoing Solution being well underftoed, it will be
€afy to enlarge the Problem, and to find the Probability of

Uau taking
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taking at leaft Four Hearts, Three Diamonds, Two Spades,
and One Club, in Eleven Cards ;the finding of which de.
pends upon the four following Cafes, viz. taking:
s Hearts, 3 Diamonds, 2 Spades, 1 Club,
4 Hearts, 4 Diamonds, 2 Spades, 1 Club,
4 Hearts, 3 Diamonds, 3 Spades, 1 Club,
4 Hearts, 3 Diamonds, 2 Spades, 2 Clubs. |
Now the number of Chances for the Firft Cafe will be
found to be 702464, for the Second 1097600, for the Third
1756160, for the Fourth 3073280; which Chances being
added together, and their {um divided by the whole number
of Chances for taking Eleven Cards out of Thirty two,

. . 6628504 - -
the Qﬂﬂt[ﬂﬂt will be T 3002448a" which may be reduced to
5

— nearly.

From whence it may be concluded, that the Odds againft
the taking of Four Hearts, Three Diamonds, Two Spades,
and One Club, in Eleven Cards, that is, fo many at leaft
of every fort, is about 92 to 5.

And by the fame Method it would be eafy to folve any
other Cafe of the like mature, let the number of Cards be
what it will.

PROBLEM LL

TG find at PYQUETT the Probability which the Dealey
has for taking One Ace or more in Three Cards, .
baving nome in his Hands.

SOLUTION,

Rom the number of all the Cards, which are Thir
two, fubtrafting Twelve which are in the Dealers
Han”s,there remainsTwenty, among which are the FourA ces,
From whence it follows, that the number of all the
Chances for taking any three Cards in the Bottom, are

the number of Combinations- which Twenty Cards ma
afford, being taken Three and Three; which, by the Rule

given 1n the preceding Problem, will be found to be.

'1-::'5'{12‘-{13
T or Ilcyﬂt-

The
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The number of all the Chances being thus obtained, find
the number of Chances for taking one Ace precifely, with
iwo other Cards; find nextthe number of Chances for taking
Two Aces precifely with any other Card; Laftly, find the
number of Chances for taking Three Aces: Then thefe
Chances being added together, and their fum divided by
the whole number of Chances, the Quotient will exprefs

the Probability required.
But by the Direftions given in the preceding Problem,

it appears, that the number of Chances for taking One Ace
precifely are -+ or 4; and that the number of Chances for
taking any two other Cards are %ﬁ— or r20: From

whence it follows, that the number of Chances for taking
One Ace precifely with any two other Cards, is equal to
4% 120 or 480. ;

In like manner it appears, that the number of Chances for
taking Two Aces precifely is equal to 4=3- or 6, and

that the number of Chances for taking any other Card is
X or 163 from whence it follows, that the number of

Chances for taking Two Aces precifely with any other Card

is 6 x 16 or g6.
Laftly, It appears that the Number of Chances for taking

Three Aces is equal ro 4=322 or g4,

IX2X13

Wherefore the Probability required will be found to be
ot o6+ e or S%o; which Frattion being fubtrafted

1140 : : ;
from Unity, the remainder, viz. 3% will exprefs the Pro-

bability of not taking an Ace in Three Cards: From whence
it follows, that it is 580 to 560, or 29 to 28, that the
Dealer takes One Ace or more in three Cards.

The preceding Solution may be very much contralled,
by inquiring at firk what the Probability is of not taking
an Ace in Three Cards, which may be done thus:

The number of Cards in which the Four Aces are con-
tained being Twenty, and confequently the number of Cards
out of which the Four Aces are excluded being Sixteen, it
follows, that the number of Chanceswhich there are for the
taking Three Cards, among which no Ace fhall be found,

18
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is the number of Combinations which Sixteen Cards may
afford, being taken Three and Three; which number of Com-
binations by the preceding Problem will be found to be

16 X 15 X 14 or EGC'-

I X 2 &

But the number of all the Chances which there are for
taking any Three Cards in Twenty, has been found to be
1140; from whence it follows, that the Probability of not
taking an Ace in Three Cards is 3% ; and confequently
that the Probability of taking One or more Aces in Three
Cards is 2>: The fame as before.

In the like manner, if we would find the Probability
which the Eldeft has of taking One Ace or more in his
Five Cards, he having none in his Hands; the feverall
Chances may be calculated as follows.

.. Firft, The number of Chances for taking One Ace and
Four other Cards will be found to be 7280.

Secondly, 'The number of Chances for taking Two Aces
and Three other Cards will be found to be 3360.

Thirdly, The number of Chances for taking Three Aces
and two other Cards will be found to be i o.

Fourthly, The number of Chances for taking Four Aces
and any other Card will be found to be 16.

Laftly, The number of Chances for taking any Five
Cards will be found to be r5504.

Let the {fum of all the particular Chances, ziz. %280
-+ 3360 -+ 480 -+ 16 or 11136, be divided by the fum of
all the Chances, viz. by 15504, and the Quotient T will
exprefs the Probability required.

Now the foregoing Pration being fubtratted from Unity,
the remainder, viz. 4% will exprefs the Probability of not

taking an Ace in Five Cards; wherefore the Odds of taking

an Ace in Five Cards are 11136 to 4368, or § to 2 nearly,
But if the Probability of not taking an Ace in Five Cards

be at firft inquired into, the Work will be very much

fhortened ; for it will be found to be “i i‘fn’:{u X 13 5;:;

or 4368, to be divided by the whole number of El;anﬂﬁ,
viz. by 15504, which makes it as before, equal to 9

But
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But fuppofe it were required to find the Probability
“which the Eldeft has of taking an Ace and a King in Five
‘Cards, he baving none in his Hands: Let the following
Chances be found, _ Viz.

For One Ace, One King and Three other Cards.

For One Ace, Two Kings and Two other Cards.

For One Ace, Three Kings and any other Card.

For One Ace and Four Kings.

For Two Aces, One King and T'wo other Cards.

For Two Aces, Two Kings and any other Card,

For Two Aces and Three Kings.

For Three Aces, One King and any other Card.

For Three Aces and Two Kings.

For Four Aces and One King,

For taking any Five Cards in Twenty. _
Among thefe Cafes, there being four Pairs that are alike,
viz. the Second and Fifth, the Third and Eighth, the Fourth
and Tenth, the Seventh and Ninth ; it follows, that there are
only Seven Cafes to be Calculated, whereof the Firft, Sixth
and Eleventh, are to be raken fingly ; but the Second, Third,
Fourth and Seventh, to be doubled. Now the Operation
is as follows.

MO\ 00N AV B e

The Fa Cife His %~ x Tt or . 3520
Chances. '
The Second, - £23- 5 XL or 1484, the double

of which is 3168 Chances.

' L o AR e -
The Third, -4 x T T T L the double

of which is 384 Chances.

The Foarth, =% » 423234 or g, the double of
which is 8 'Chances, .

The Sixth, <=3 % 4°3- % —= or 432 Chances.

I L3 1

4 % 3 itk XY Kl
The Seventh, 223 y =2—2 5 Or 24, the double of

which is 48 Chances.

26 X 19 X.18 ¥ 17.X 16 A :
The Eleventh, e S R RS RO being the

number of all the Chances for taking any Five Cards out
-of Twenty,

X x% From
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From whence it follows, that the Probability which the
Eldeft has for taking an Ace and a King in Five Cards,
he having none in his Hands, will be expreft by the
Fration

352043168 4 384 + 8-+ 432 + 48 . 7560
15504 15504
Let this Frattion be fubtratted from Unity, and the re--

mainder being 7, the Numerators of thefe two Fractions,
viz, 7560 and 7944, will exprefs-the proportion of Proba-
bility that there is, of taking or not taking an Ace and a
King in Five Cards; which two numbers may be reduced
nearly to the proportion of 20 to 2r. |
By the fame Method of Procefs, any Cafe relating to
W HISK might be Calculated, tho® not fo expeditioufly,
as by the Method explained in the Corollary of our XXih
Problem: For which reafon: the Reader is defired to have
recourfe to the Method therein explained, when any other

Cafe of the like nature happens to be propofed.

PROBLEM LIE
TD find the Probability of taking any mumber of Suits, iz

a given number of Cards taken out of 4 given Stock;
without [pecifying what number of Cards of each Suit foall b
taken.

SOLUTION.

Uppofe the number of Cards to be taken out of the given-
Stock to be Eight, the number of Suits to be Four, and
the number of Cards in the Stock to be Thirty-two,
Let all the Variarions that may happen, in taking One
Card at leaft of each Suit, be written down in order, as.
follows,

Iy I - D
1, Ty 2, 4,
Iy I, 35 35
I’ ‘1, I, 3,

B eIy 2.
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Then fuppofing any particular Suits to be appropriated
at pleafure to the Numbers belonging to the Firlt Cafe, as
if it were required, for Inftance, to take One Heart, Onc
Diamond, One Spade and Five Clubs; let the Probability of
the fame be inquired into, which, by our L#4 Problem, will
be found to be 22572 _; but the Problem not requiring the

Ioglb3oco
Suits to be confined to an number of Cards of each Sort,
it follows, that this Probability ought to be increafed in pro-
portion to the number of Permutations, or Changes of
Order, which Four Things may undergo, whereof Three are
alike. Now this number of Permutations is Four, and
confequently the Probability of the Firft Cafe, that is, of taking
Three Cards of three different Suits, and five Cards of a
Fourth Suit, in Eight Cards, will be the Fra&tion 28572

L los1¥300
multiplied by 4, 0r 11222,

T the fame manﬂlgrﬁ lthltlat:‘:‘':i’n::d:r:ad:uilit:j,r of the Second Calfe,
fuppofing it were confined to Qne Hearr, One Diamond,
Two Spades, and Four Clubs, would be found to be 1235242,

105183007
which being multiplied by 12, wiz. by the number of I%fer..
mutations- which Four Sorts ma[¥c undergo, whercof Two
are alike, and the other Two differing, it will follow, that
the Probability” of the Second Cafe, taken without any re-
ftrition, will be exprefled by the Fraltion —tsos280

10515300 :

The Probability of the Third Cafe will likewife be found
to bE T204224

The Probability of the Fourth- will be found to be

4214784
10818300

Laftly, The Probabilit of the Fifth: will be found to
b —S14856 Thefe Frattions being added together, their

fum, viz, 2823632, will exprefs. the Probability of taking
the Four Suits 1n Eight Cards. :
Let this laft Fraction be fubtrafted from Unity, and the

remainder being .lﬂ.‘is-.ii‘.‘., it follows that ’tis the Odds of

os1i3o0
652632 to 2864668, or 8 to 3 nearly, that the Four
guiftg r%my be taken i:;- Eight Cards, out of a Stock-con--
ining Thirty-two. : :
m'ri'lhg only d?ﬂicult remaining in this-matter, is the find--

ing readily the number of Permutations which any. numbei’ '
: i
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of Things may undergo, when cither they be all different,.
or when fome of them be alike. "The Solution of which
may be deduced from what we have faid in the Corollary
of our XVIIth Problem, and may be explained as follows,
in words at [ength.

Let all the numbers that are from Unity to that num-
ber which exprefles how many Things are to be Permu-
ted, be written down in order; Multply all thofe Nambers
together, and the Produét of them all will exprefs the num-
ber of their Permutations, if they be all different. Thus the
number of Permutations which Ten things are capable of, is the
Productof all the Numbers 1 x2& 3 %4 % §Xx6X 7x8X9% 10,
which is equal to 3628800. - :

But if {fome of them be alike, as fuppofe Foui of One
{ort, ‘Three of another, Two of a Third, and One of a
Fourth, write down as before all the Nnmbers 1-x 2 x 3
X 4 % § %6 x 7% 8x9x103then write under them as many
of thofe Numbers as there are Things of the Firft fort that
are alike, which in this Cafe being Four, write the Numbers
1 X2 X3 X4,beginning at Unity, and following in order.
Write alfo as many of thofe Numbers as there are Things
of the fecond fort that are alike, viz. 1x2x 3, ftill be-
‘ginning at Unity. Inthe fame manner write as many more
as there are Things of the Third fort that are alike, wiz.
1 x2; and fo on: Which being reprefented by the Fraltion

I XAXIN LN X HXg XE Mg X0
IX2X3XgXpXNaXJRIX32 X I

let all-the numbers of the upper Row be Mulciplied toge-
ther, let alfe all the numbers of the lower Row be Mulriplied
-together, and the Firft Produ& being divided by thé Second,
-the Q_ucétienl: 12600 will exprefs the number of Permutations

réquired,
qu this Method of Permutations, the Probability of
throwing any determinate number of Faces of the like fore,
with any given number of Dice, may eafily be found. Thus,
fuppofe it were required to find the Probability of throwing
an Ace, a 'Two, a Three, a Four, a Five, and a Six
with fix Dice. It is plain that there are as many Chances
for doing it as there are Changes or Permutations in the
Order
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Order or Place of fix different Things, {uppofe of the Six
Letters 4, b, ¢, 4, ¢, f, which by the Rule above given
would be 720, wiz. the Produtt of the numbers 1, 2, 3,
4s 5, 6: For tho’ the Dice are not confidered as changing
their Places, or as affording any Variation upon the fcore
of the different Situation they may have in Refpet to one an-
other, being thrown upon a Table; yet they ought to be con-
fidered as changing their Faces, which is equivalent to their
changing of Place. Now the number of all the Chances
upon Six Dice, being the,number 6 Multiplied into it felf,
as many times wanting one as there are Dice, viz.
6 X6 x6x6x6x6or 46656, it follows, that the Pro-
bability required will be expreft by the Fraftion 222,

46658
and confequently, that the Odds againft throwing the Faces
undertaken, will be 46656 — 720 to 720, or 64 to 1 nearly.

In the fame manner i'u(gpofe it were required to find the
Probability of throwing One Ace, Two Two’s and Three
Three’s with Six Dice. The number of Chances for the doing
it being equal to the number of Permutations which there
are in the fix Letters zbbcce, it follows, by the Rule before
delivered, that the number of thofe Chances will be 60,

. H IXaX3XgaXgx6 |
viz, the Fraltion S-S5 3 and confequently

that the Probability required will be —£2—, and the Odds

466567
againft the doing it 46656—60 to 60,0r 776 to 1 nearly.
If it were required to find the Probability of throwing

Two Aces, Two Two’s and Two Three’s with 6 Dice, the
L . - IX2MIXgaNgXE
number of Chances for doing it being ————— 4"

or 90, and the number of all the Chances upon Six Dice
being 46656, it follows, that the Probability required will
be expreft by the Fraftion 22—,

Again, if it were required to find the Probability of

throwing Three Aces and Three Sixes, the number of
h for doing it being —=—2—JX4XSX6 4 56 and
Chances for doing it being ~5 5551 %2 x 3 Oy

the number of all the Chances 46656, the Probability re-
quired will be expreft by the Frattion —22—.

Yy PRO-
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TU find at HAZARD the Chance of the Cafter, when
: the Main being given, he Throws to any given number of

Points.

His being ealily reduced to,our XLVIIth Problem,ic
is thought fufficient to exhibit the Solation of its dit-
i g Table, which fhews the Odds

ferent Cafes in the followin
for or againft the Cafter.

Points
Throws
to

£
i
7iL
v
v
Ui,

e Al >
z
i
il
iv
v
Ule

ey =

i
it
it
v
L]
Vi,
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PROBLEM LHL

SOLUTION.

MAIN V.,
exaltly nearly

| Againftthe Cafter 538 to 407 or 37 to 28,

For the Cafter — 989 to 9oz or 45 to 41.
For the Cafter — 2293 to 1487 0r 37 to 24.
For the Cafter— 2293 to 1487 or 37 to 24.
Againft the Cafter2117 to 1663 or 14 to 11.
Againft the Cafter 236710 1313 or 62 to 33
MAIN VL
Againft the Cafter 2879 to 1873 or 83 to 54.
Againft the Cafter 2483 to 22690r 58 to 53.
For the Cafter —2621t0 2131 or 16 to r3.
For the Cafter — 2621t0 2131 or 16.to 13,
Againft the Cafter 2483 to 2269 or 58 to 53,
Againft the Cafter 2483 t0 2269 or 58 to 53.
_ MAIN VIL
Againft the Cafter 629to 361 or 7.to 4.
Againft the Cafter 277 to 218 or 14 to 11.
For the Cafter — 251 to 244 or 3? to 35.
For the Cafter — 251 to 134. or 36 to 35.
For the Cafter ~— 601 to 389 or 20to 13!
For the Cafter — 263 to 232 or 17 to 15

nAIN



Points
Thrown

to

it
iii
v

.

iz

TR

v

The DoctriNe of Cuances. 175

MA1lN VIII
Againft the Cafter 3275 to 1477 or 51 to 23.
Againft the Cafter 2483 to 2269 or 58 to 53.
For the Cafter — 2621 to 2131 oOr 16 to 13.
For the Cafter — 2621 t0 2131 or 16 to 13,
For the Cafter — 2483 to 2269 or 58 to 53.
For the Cafter — 2665 to 2087 or 83 to 65.
MAIN IX,
Againft the Cafter 2467 t0 1313 or 62 to 33.
Againft the Cafter 2117 to 1663 or 14 to 11,
For the Cafter = 2293 t0 1487 or 37 to 24.
For the Cafter = 2293 t0 1487 or 37 to 24.

For the Cafter — 989 to 901 or 45 to 41.

Againft the Cafter §38 to 407 or 37 to 28.































