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THE |
PR EF A CE,
Hdwiﬁg for along time obferv’d, that
moft of thofe that take in hawid the
Elements of Euclid, are apt 20
diflike them, becaufe they cannot prefently
difcern, to what end thofe Jeemingly inconfi-
derable, and yet difficult Propofitions, can
conduce : I thought I {hould do an accepta-
. ble piece of Jervice, in not only rendring them
as eafie as poffible, but alfo adding teo each
Propofition a brief acconnt of [ome Ufe, thar
2 made of them in the other parts of the Ma-
thematicks. Inprofecuting which defign, I
have been oblig’d 1o change [ome Demonftra-
tions,that [een’d toointricate and perplex’d,
and, above the ordinary capacity of Beginners,
andto [ubfiitute others more intelligible in
their [tead. For the [ame reafon,I \Zdﬁ-'f de-
monftrated the fifth Book after & method,
much more clear, than that by Equimulti-
ples, formerly ufed. Iwould not be thought
20 have [er down all the Ufes, that may be
A 2 wads




The Preface.

made of thefe Propofitions: to have done |
that would have oblig’d me to have compris'd

the whole Mathematicks 77 this one Book 3
which would have render’d it both too liroe

36
and_too difficult. But I have contented my

| Jelf with the choice of fuch, as may ferve to || k
h point out [ome of the Advantages they afford ||
s, andare alfo in them(elves moft clear and
moft eafie to be apprebended. I have diftin-
guifb’d ’em by * Inverted Commas, that |
o the Reader may know ’em ; not defiringhe
| fhould dwell too long upon ’em, or labour to |
underfland ’em perfeitly at firft, fincethey § ~
&pmﬁf on_ the Principles of the other Parts.
This Ii’fﬂ_"f gre 585?}3 the defign of this [mall
Treatife,I voluntarily offer it to the publick,
in an Age, whofe Genius feems more adds-

¢ted to the Mathematicks, than any thar | |
bas preceded it. {

* Inftead of the AuthorsItalick Character.

Eight



(1)

Ejgbt Books of the Elements

of EUCLID, together
with the Ufe of the Propo-
fitions.

LHE FIRST BOOK.

. HE delign of EUCLID in this Book
5 is to lay down-the Firft Principles of -
. Geometry 5 and to do it methodically,
“he begins with Defimitions, and the expli-
¢ cation of the moft ordifary Terms. To thefe

‘he adds fome Poffulata;, and then Propo-
‘fing thofe known Maxims, in which natu-

- “ral reafon does inftruct us, he pretends, not to

¢ advance a ftep farther without a Demonftration,
“ but to convince every man, even the moft ob-
‘ ftinate, that will grant nothing, but what is ex-
‘torted from him. In the firft Propofitions he
* treats of Lines, and the different Angles, which
A 3 *are




2 _*Tbe Elements of Euclid,

¢ arcform’d by their concourfe; and having oc-
‘ cafion to compare divers Triangles together,
‘in _order to demonftrate the Properties of
¢ Angles, he makes that the bufine of the
¢ Eight firft Propofitions.” Then follow fome
¢ Praétical Inftrutions, how to divide an Aﬁgfs
“and a Lime into two equal parts, and to draw a
¢ Perpendicular. Next he fhews the ‘praperties
“ofa Triangle, together with thofe of Paralle!
¢ Lines 5 and having thus finifh’d the Explica-
® tion of this firfk figure, he pafles onto Paral-
¢ lelograms, teaching the manner of reducing
“ any Polygome, or multangular figure into one
‘more regular. Laftly, he finifhes the firft
“Book with that famous Propolfition of Pytha-

“ goras, 'That in ewery reétangular Triangle the
¢ Square of the* Bafe is equal to the Squares of
€ bo:h the other fides.

* He calls that the Bafe, which is commonly call’d the
Hyporenufe, i, €. the Line that is oppefite to the right
Angle. '

DEFINITIONS.

! A Point 13 that awhich bath no parts.

¢ This Definition muft be underftood in
“this fenfe: That quantity, which we conceive
“without diftinguifhing its parts, or fo much as
* confidering whether or no it hasany, isa Aa-

“themarical point; which is therefore very
¢ dif-
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"¢ different from thofe of Zemno, which were {up-

¢ nos'd to be abfolutely indivifible, and there-
‘Earc fuch, that we may reafonably doubt whe- -
¢ ther they are poffible; but the former we can~
¢ not doubt of, if we conceive them aright.

"~ 2.4 Line is &ﬂ‘gré without breadth.

¢ The fenfe of this Definition is the fame

¢ with the former That quantity, which we

¢ conceive as length, without refleting on its
¢ breadth or thicknefs, is that, which we under-
¢ ffand by a Line ; though it be impofiible to
¢ draw a real Line, which will not be of a cer-
¢ tain breadcth. “T'iscommonly faid, thata Line
¢ is produc’d by the motion of a Point; which

_“ought to be carefully obferv'd; for motion

may on that manner produce any quantity
oever : Bu e, we muft imagine a
¢ whatfoev But here, w ft imag

¢ Point to be only fo mov'd, asto leave one

¢ trace in the fpace, through which it pafles, and
¢ then, that trace will be a line.

3. The two Extreams of a Line are Pomnts.

4. Aright Line is thaty whofe pownts are equal-
ly plac’'d berween the two Extreams.

“Or thus. A right Line is the fhortelt that
¢ can be drawn from one point to another. Or
¢ yet. The Extreams of a right Linc may calt
¢ a fhadow apon the whole Line. 3

5. A Superficies or Surface is a quantity, to
which is attributed length, “and breadii, 2wt hous

the confideration of any thicknefs,
A 4 6. The




The Elements of - Euclid.

6. The Extreams of a Superficies ave Lines,
7. A plane or vight Superficies is that, whofe

— e N T i T .

lines are equally pluc’d beraeen its two Extreams,
Or that, to which a right line may be every way
apphy’d. |
d A D I have before obferv’d, that
i | ¢ motion may produce any quan-
! ~ “tity whatloever : accordingly
g NS ‘we fay, when one line moves

B ¢ | over another, it produces a Su-
| % ¢ perficies, or a Plane ; and that
o= “ that motion has a kind of affinity with Arizh-
© metical Multiplication.  Suppofe then  the
“line AB to pafs along the line BC, retaining
i “ ftill the fame fituation, without any inclination
i “to one {ide or other: the point A will deéferibe
‘ “the line AD, the point B the line BC,#and
8 “the intermediate points the lines parallel to
o “ thofe, which will make up the Superficies' A
iy ¢ BCD. 1 add further, that this motion anfiwers

'- “to Arithmetical Multiplication; becaufe did

“in both thofe lines, AB, and DC; by multis
* plying them together, I fhould find a product,
“ which would give me the number of points,
* which conititute the whole fuperficies ABCD.
“ As for example, if AB contain’d four points,
“and BC fix, by faying four times fix make
“twenty four, Ifind, that the whole fuperficies
" ABCD confifts of twenty four points, Now

{ by

T —— Sl
*
o

“1 know the number of points, that gre contain’d-
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The Firft Book. 5

¢ by a Mathematical point, may be underftood

“any quantity whatfoever; e. g. a Foort, provi-
¢ ded it be not fubdivided into parts.

8. A plain Angle isthe * diftance or opening o
#wo lines touching cach other, (o as not to compofé ..
only one line.

*overture, Gall, weds daanras xaigig. Eucl,

B € As the diftance D betwixt the
¢ lines AB, and BC; which are not
¢ parts of the fame line.

9. A Reitilineal Angle is the di-

D [tance betwixt two right lines.

A C  *Tis chiefly of this fort of An-
“gles that I would be underftood at prefent ;
* which [ define by diffance or opening, becaufe
¢ Experience teaches, that the greateft part of
¢ Beginners deceive themfelves in meafuring the
¢ greatnef§ of an Angle by that of the lines,
* within which it is contain’d. "

- A ¢ The Angle that is more

- *open, is the greater; that
¢ 15, when thelines of one an-
¢ glelie more apart from each

¢ other than thofe of another,

g / :

G.H._ L ©raking them at the famedi-
¢ ftance from the points of concourfe, the for-
¢ mer is greater than the later. Accordingly,

¢ the angle A is greater than the anglell; be-
% e, ! caufe




6 The Elements of Euclid.
¢ caufe taking the points D and B as remote
b o ¢ from the point A, as the points G and L are
! | ¢ fromthe point E ; the points D and B lie far-

1 ¢ ther apart from each other, than the points G
f “and L: from whence I infer, that if the lines
4 ¢ EG and EL were producd farther, the angle

i ¢ E would be always of the fame largenefs, and
¢ ¢ always lefs than the angle A.

‘We ufe three letters when we fpeak of an
¢ Angle, of which ‘the middlemoft denotes the
¢ point of concourfe: - as the angle BAD is the

;'; ¢ angle which by the lines BA arid ADisform’d

a. “at the point A: the angle BAC is that made
A * by the lines BA and AC: the angle CAD is
g “ compris'd by thelines CA and AD.

J ® A Circle isthe meafire of an Angle. There-
“fore to know the magnitude of the Angle
i *BAD, I place the foot of the Compafs upon
A “the point A, and defcribe the circle BCD :
¥ « the angle is fo much the greater, by how
i ¢ many more parts of 2 circle the arch, that mes-
it * fures 1t, contains: and becaufe a circle is ufu-
4 “ally divided into 360 parts, or degrees, there-
“fore an angle is faid to have twenty, thirty,
| * forty degrees, according as the arch, com-
| ' pris’d betwixt the lines that form 4t, conrains
{o many. So the angle is the greater, which
contains mote degrees, as the angle BAD is
greater than the angle GEL. “T'he Jine CA
. divides the angle BAD in the middle, becaufe
| the

¥
L
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¢ the arches BC and BD areequal ; and the an-
¢ gle BAC is part of the angle BAD, becaufe
¢ the arch BC is part of the arch BD.

10. When one line falling upon another makes
#aw0 equal angles, they are borh right angles 5 and
the line perpendicular.

A ¢ As for example: if the line

X, “ AB, plac’d upon the line C
L | D, make the angles ABCand
B K. ABD equal; that is, if, ha-

& B Dying deferibd a  femicircle’

¢ CAD from the center B, the arches AC 4nd
¢ AD are equal: the angles ABC, and ABD
¢ are call'd right angles, and the line AB per-
¢ pendicular. Therefore becaufe the arch CAD
¢ is a femicircle, the arches CA and AD are
¢ each of them a quarter of a circle, that is, the.
¢ fourth part of three hundred and fixty degrecs,
¢ that is, ninety. |

11. An Obtufe angle is that which w greater
than a right one.

., *Asthe angle EBD is an obtufe or blunt an-

¢ gle, becaufe its arch EAD contains more than
€ a quarter of a circle. |

12, An Acure angle 35 that which i lefs. than
4 right one. :

¢ As the angle EBC is an acute, becaufe the
¢ arch EC, which meafures it, has lefs than
¢ ninety degrees.

13. A Term # the extremity or end of any
quantity 14 A
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. The Elements of Euclid,
4. A Figure is a quantity comprebended by

ene or migre Terms,

¢ That whichis call'd a F igure ought to be
* limited and inclos'd on every {ide.

15 A Gircle is & plain figure, terminated by
the encompaffing of one line, which is call d the

Circumference 5 and is every where equally re-
mote from the middle point. |

S ‘The Figure RVSXisa

¢ Circle, becaufe all the
“lines TR, TV, TS, K o
v L L—Jx *drawn from the point T,
¢ to the line RVSX, aree-
\‘J f quaL

| R 16.  The middle point is

; call d the Center.,
17. The Diameter of 4 Circle is any line paf-
fing ra’:rrgiégﬁ the Center, and terminated at the

Circumferencey dividing the Circle into ta, equal
parts.

¢ As the lines VTX, and RTS,

But if any fhould douit; . whether the line
* VTX does indeed divide the: circle into two
“equal parts, fo that the part. V.SX be equal to

‘the part VRX; it may on this manner be
[

4 PI'GV:{?].

* Suppolfe the part VRX to be plac’d upon the
“other VSX: I fay, they will not exceed ope
{ the

lllll

e i
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s ¢ the other. For ifone, fiippofe

U X ¢ VSX exceed the other ‘.?EDX,
ﬁ ‘the line TR will be lefs than
be *TS ; and in like manner T'Z
V. T X “than TY,which iscontrary to
Dl e the definition of a Circle, which affirms all the
e | <8 lines drawn from the center to the circumfe-
E.

¢ rence to be equal.

18. A Semicircle is a figure terminated by the
o | Diametery and balf the Circumference.

be of & 19. Rellilineal figures are fuch as ave termi-
Y | nated by right lines, i;mg three, or four, or five,
: f or as many [ides as you pleafe.

- ¢ Euclid divides Triangles with refpect either
¢ to their angles, or fides.

20. sin  Equilateral Iriangle is

A
% that which has its three fides equal:
'BA c ABC,

b i

-

_—_

A 21: dn Hofceles, or equicrural Tri-

angle, is that whick bas s fides equal :

| “ As if the two {ides AB, and AC be

, ‘equal, ¢ the triangle ABC is an Ifo-
y 4B C fceles,

I H

22. A Scalenum is 4 rriﬁngfr ba-

ving all the three fides unequal, as
GHI

23. A

s
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23. A Reftangle tria?;gfe z that
D which bas one right angle.

i , ¢ As DEF, fuppofing the angle E to
. ¢ be a right one.
H a4 An Ambligone, or Ob-

tufangle triangle 1s that which |
has one angle obtafe, As IGH. §

| G

2§. Oxygone, or an Acutang’e |

1rjﬂugfe # that whofe angles are
all acute. As ABC.

1.6. A Reétangle (properly fo call’d)
% a figure mﬂﬁfiﬁg of four (fides, and

baving allits angles r{g-ér.
27. A Square bas all its fides

g $qual, and itsanglesright, as AB.

28. 4n Qbling Reétangle has its
Jides unequal, butits angles righs
A as CD.

29. A Rhombus;, or Lofange, has equal fides,
out rmegsz ﬂrigfﬂ O O
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G by 30. A Rhomboides, or oblimg
Lofange, bath both irs fides and
/ angles unequal : as GH, |

; H 3%. Other irregular figures of
four fides are call d Trapelia.
A

B 33. Parallel lines aye
Juch,as being inthe fame

iy

TG ' D plane will never concyr,

keeping ftill an equal di-
ftance one from the other: as 4B, CP. =
As H B

33. A Paraffefﬂgmm is a

figure, swhbofe two oppefite fides

Y are Parallels : © a the Figure

S p ABCD, whofe fides AB,CD; .
‘and AC, BD, are parallels.

34. Tbe Diameter of a Parallelegram is a

. right line drawn from one angle to amother : as

BC.

35. .Tbe Camp[emfﬂt: are the twe (mall Pa-
rallelograms, through which the Dianseter does
not pafs : as AFEH, and GDIE.

DEMANDS, o SUPPOSITIONS.

y TIS fuppos'd that a right line may be

drawn from any point whatfoever
to another.

2. That a right line may be continu’d to what
length you pleafe.

3. That
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3. That from a Center given a Circle may
be defcrib’d atany diftance whatfoever.

it

MAXIMS, or AXIOMS.

I. TH@I& quantities thatare equal to 4§ 'f
third, are equal betwixt themfelves. &

2. If equal quantities be added to thofe that § %
are equal, the produéts will alfo be equal. . |

3. If equal quantities be taken away from # 4
thofé that are equal, the remainders will be e- |

ual. g <
4. If youadd equal parts to quantities une- r

qual, they will remain unequal. ' T
5. If from equal quantities you take away |

unequal parts, the remainders will be unequal. B

6. Quantities thar are double, triple, qua- o
druple, &vc. in refpect of the fame, are equal Bs
among themfelves. . :
- 7. Thofé' quantities are faid to be equal, o
which being apply’d one to the other, ntither il
exceeds. |

8. Equal lines and angles being placd one

upon another, do not furpafs each other. kol

-1 9. The whole is greater than its part. it
10, All right angles are equal to one ano-
ther.

“ Lgt
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“Let the two |
‘right:mgle'spru-, '
) ‘pos’d be ABC,

YR

DH ™F G ' EFH,Ifiy they

ard equal. Forif

two equal circles CAD, HEG, be deferitd
*from the centers B and F 3 the fourth'parts of

“thofe circles CA, HE, which ara the"me
¢ of the angles, ABC, EFH, will be
¢ therefore the angles ABC, EFH,
£ equal meafures, will be equal,: * ©*

A€/

afures
equal :
having- i

4 The eleventh Maxiti*"of

gy g

Euclid is to this effe@. If two
lines AB, CL); being cut by a

1 "q /E‘

two right angles; the lines AB,
- duc'd, will at length concur towards the points

B and D.
= ¢ Which,

- “enough to be receiv’d for a Maxim
{ I have'fubftituted another in

11: If two lines be paralle], all the

¢ the lines A

D third" EF, make the internal

angles, BEF, DFE, lefi than
CD being pro-

though it be true, is not clear

: therefore
its place.

.perpen-

diculars contain’d betwixt them will be equal, *
AE GB ¢ As for example, if the liries AB,
LT CD, are parallels, the perpendi-
* cular lines FE, HG, are equal.
CE HD ¢ porif EF was greater than GH,
B and CD, would be more remote

B

from
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¢ from each other towards the points E& F

" ¢ than towards G and H; which would be con-
* trary to the definition of Parallels, where tis

‘ faid, they are fuch as always keep the fame |

¢ diftance, meafur'd by perpendiculars.

12. T'wo right lines cannot enclofe any fpace ;

that is to fay, they cannot encompafs it on all
fides. -

13: T'wo right lines cannot have one com-
mon fegment.

“By which I mean, that two

¢ CB, meeting at the point B,
¢ cannot together make one fole

¢ other feparate again immedi-
“ately after their rencounter. For, if you de-
“fcribe a circle from the point Bas a center,
¢ AFD will be a femicircle, becaufe the right
“line ABD, pafling through the center B, will

“* divide the circle into two equal parts. The

* fegment CFD will be alfo a femicircle, be-
¢ caufe CBD will be alfo a right line, and will

¢ pafs through the center B: therefore the feg-

* ment CFD will be equal to the fegment AFL).
* the part to the whole; which is repugnant

f 1o the mnth Maxim.

Adver-

¢ line’ BD; but cutting one an- |

“ right lines, fuppofe AB, and { '

L

th]
the
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ADVERTISEMENT.

* P Here are two forts of Propofitions : Iti
; fome we have nothing but the bare Spe-
¢ culation of a Truth, without defcending to
¢ Pradtice, which we call Theorems; in the
“other fomething is propos’d to be done, and
¢ thofe are call'd Problems. |

¢ The firft number of the quotations denotes
‘ the Propofitions, the fecond the Book. As
“by the 2 of the 3. that is, by the fecond Pro-
¢ pofition of the third Book : but if only one
“ number occur, it fignifies fuch a Propofition
¢ of the book you are then upon.

PROPOSITION L
A Prozirs um.

To draw an Equilateral Triangle upon
any bine given..

ET the line AB be propos’'d for the bafe

s of an Equilateral Triangle ; from the
center A at the diftance AB defcribe the cir-
cle BCD ; and likewife from the center B at
the diftance BA defcribe the circle DAC cut=
B2 Al ting
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ting the. former at the point C. 'Then draw
the lines AC and BC; and all the fides of the
triangle ABC ‘will be equal.” ' *
Demonftration
The Lines AB, and
\ AC being diawn from
the fame c¢enter A to
the circumference of |
I ' the circle BCD" aré e- |
qual, by the Definition of a Circle ; the linés BA,
and BC are likewife equal being drawn from
the center B to the circumference of the cir= "
cle CAD. Laftly the lines AC and BC being
equal ‘to the fame line AB, are alfo equal be-
tween themfelves.  All the three fides therefore
of the triangle ABC are equal.

The U S E.

= “The defign of E#cﬁd}.r
— ° placing this Problem ' Rere
= “wasonly to demonftrate the
¢ two following Propofitions. -
 But it may be alfo further
“ferviceable for the meafuring
“an inacceflible line, as for example, the line
¢ AB, which by reafon of a River or Precipice
‘ cannot be approach’d. " In fuch a cafe make
“afmall Equilateral Triangle BDE, either of
* Wood, or Copper, or the like ; and having
*placed ir Horizontally upon B, obferve the
: point




My
|* “pointA, by the fide BD, and any other point

o
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‘G, by the ide BE. Then transfer your Tri-
“angle along the line BC, and place it upon
¢ divers parts of the fame line ; till at length
‘you find 2 point C, upon which placing thé
¢ Triangle you fhall {ee the point B, by the fidé
¢ £G, and the point A by the ide CF. I fay
¢ the lines CB and CA are equal j fo- that by
- meafuring the line BC, you may know the
“line AB, I might further demonftrate that
“the lines AB, and BC are equal ; but let it
*fufhice that in this Propofition you are raught
¢ the way, of making. an Inftcument proper to
¢ take the dimenfions of an inacceffible line.

i

<« ., .PROPOSITION IL

&
D siitall A Pro L eM,

From a point given to draw & line equal to ano-
- ther line given. |

_ LET the point propos’d be
B, from which a line is to

be drawn equal o the line A.
Take with the Compafs the
length of the line A, and at that

, interval, making B the Center,
deferibe the circle CD. Drawing then from
B 3 the
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the point B to which fide you pleafe, 2 line BI,
or BD, ’tis evident it will be equal to the |
line A. .'

¢ Euclid propofes a more myfterious and in- ;‘
£ tricate method of demonftrating this Pro- |
* pofition; but in praétice we always make ufe |
£ of this; in as muchas, having taken with the
‘compafs the line A, ’tis as eafie defcribing a
“circle from_the center B, as from the cen: |
“ter A. '

PROPOSITION 1L

A Prosygwm,

Fronz a greater line to take 2 pert equal to a lefs.

SUppofE: you wer¢ to take from the line BC,
a part Bl, equal to the line A. Take be-
twixt the points of the compafs the length of
the line A, and at that diftance, from the cen-
ter B defcribe a circle, which fhall cut the line
BC at the point 1. *T's certain the lines BI,
and A, are equal,
 The Ufe of thefe two preceding Propofi-
“tions is fufficiently evident ; for as much as
¢ we are frequently oblig’d in praitical Geome-
¢ 71y to draw one line equal to another ; and to
! take a part of a greater line equal toa line that
P is lefs, | PROP-
.
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PROPOSITION IV.
A THEORE M.

¥f towo Triangles bave twe fides Efdz, each to
the other refjse&iw{y,md the angles alfo,form’d
by thofe t3wo fides, equal 5 their bafes and other

angles will be equal. :

E T ‘the triangles A

D A
oy BC, DEF, have two
fides equal each to the
I other refpetively ; that
3 £ L = B

is to fay, let AB be

equal to DE, and AC to
DF ; and let the anglées BAC, EDF, form’d by
thofe fides be alfo equal ; I fay, the bafes BC,
EF, are equal, and the angles ABC, DEF ;
ACB, DFE, are ec{ual : and laftly, the whole
triangles equal in all refpetts,

Demonftration.

Suppofe the triangle DEF to be plac’d upon

the triangle ABC : the {ide DE being upon

AB, they will not exceed each other, becaufe
they are fuppos'd to be equal ; fo that the point
E will be upon B, and the point D upon the
oint A. For the fame reafon the line DF will
fall upon AC. For if it fhould fall on the out-
: B 4 fide
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2o qu.jEZemmﬁ*@‘,' Euclid,
fide of it, the angle EDF would be greater than
the angle ‘BAC 5 and if it fhould fall ‘within
AG, the angle EDF would-be lefs - and yet they
are fapposd to be equal. Therefore lince the
gnint D is upap gpg;%igtjﬁ, and the line DF
alls upon the Iine AC, to which it is equal,
they. will tnot exceed each other, byt the point
Ewill lall upon C..* Laftly, fince the points I
and F of “the line EF, fall upon B and G the
ine EF will- fall bpon BC ; ‘becaufe it tan ‘mei-
ther fall higher as in BHC, “ nor lower ‘as’in
BGC ;- for thentwo right lines would enclofe
fpace s which s contrary to the twelfth Ma-
xim. & Therefore, the ‘two triangles do not at
all exceed  each other ;. but nor only the bafes
BC, EF; bur alfo the angles ABC, DEF ; and
ALB, DFE, are equal,. .,
. Coroll. | An Equilateral triangle hath all s

«angles equal. 4 .
sdl 7 g sl v daGn
- IJ'_ was o mea~

E* fire an “in-
¢ acceflible -,
¢line AB. 1
¢ obferve -

¢ from the point C the points A, and Bj;: and

* then mieafure the angle C. . This done, placing

¢ 2 Board horizontally, and obfirving fucceflive-

S |
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=“'r..1_},. by alll*u'le the points A and B, Idraw_ two

¢ lines according to the rule, which make the
‘angle C; and meafure with a yard the lines
*:SXC’ agd BC, which. arg fuppos’d acceffible.

- ©Then going into an open; field, and placipg'

¢ my Board again horizontally upon the point
“F.-and obferving the lines that I drew upon it;
¢ | make an jangle DFE;equal to. thejangle C;
] make likewife FD, FE, equal to CA, CB,
“ Then accordigg ]:'Dnlily-s: Propofition the lines

. ¢ AB, and DE, are equal. ~ So that meafuring

“by_the, yard the acceflible line DE, 1 fhall

“Knaw ABj which i insccefible.
dnorbet YR 4 A ke

od oot ords s |
4y B ¢ Thefame propofition may
s o 17 elis £ferve to teach how to hit 2
C Lok S bowlja Billiards ' by refle-
N e Gion, Suppofe one bowl to
.« \J1. £ be at the point A, and that
-+ 1y EL Swhich youwould hit at the
¢ point B, and CD the Billiard table. . Imagine
¢ then a perpendicular + BDE,. and  take -the

' ¢line DE equal to” BD. I'fay, if you dirett

¢ the bowl from the point A to E; the reflexion
¢ will carry. it to B.. Forin the triangles BFD,
“EFD,  the fide FD. .being common, and the
¢ fides BD and DE equal ; the angles. BFD,
¢ E¥ /3 arecqual, by this-propofiticn. ~"Thean-
A7 . : . :
A gles
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32 The Elements of Euclid.

* gles AFC, DFE, being oppofite, are allo equal,
©as 1 fhall demonftrate hereafier. Thercfore
“ the angle of Incidence AF C, is equal to the

¢ angle of Refle&tion BFD; and by mniégucnce: |

the RefleGion will be by AFB.

PROPOSITION' V.
TrEsore M.

In Ifofceles, or Eguicraral trianples, the angles
téfa{ are above the Bafe drﬂge;gwf 2 as alfo
thofe that are below it.

A D

| Et the Ifofceles be
ABC, that is to fay,
let the fides AB, AC
be equal. I fay the an-
gles ABC,ACB are e-
qual ; as alfo the an-
G HT1 . K gles GBC, HCB,that
are below the bafe BC. Suppofe another tri-
angle DEF, having the angle D equal to the
angle A ; and the fides DE, DF, equal to AB,
AC. “Since the fides AB, AC are equal, all the
four lines AB, AC, DE, DF will be equal,
Demorftration. Since the fides AB, DE ; AC,
DF, are equal ; asalfo the angles A, and D -
if the triangle DEF be plac'd wpon ABC, they

will

. e "
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will not exceed each other, but the line DE
will fall upon ABj; DF upon AC; and EF
upon BC (by the 4#h) therefore the angle
DEF, will be equal to ABC.  And hecaufe one
part of the line DE falls upon AB, - the whole
ine DI will be upon AG ; otherwilfe two
right lines would have a common feg-
ment ; therefore the angle IEF will be equal
to GBC. Su Enfé then the triangle DEF
turn’d, and appEr d another way to the triangle
ABC, that is to fay, foas DF may fall upon
AB, and' DE upon AC. Since the four lines
AB, DF; AC, DE, are equal ; asalfo the an-
gles A and D : the triangles will likewife agree
this way, and the angles ACB, DEF ; HCB,
IEF, will be equal. Now by the firft comparing
them itappeard, that the angle ABC was e-
qual to the angle DEF ; GBC to IEF : there-
?ar the angles ABC, ACB being equal to the
fame DEF; and GBC, HCB, alfo equal to the

fame IEF, they are equal among them-

> _I?:lves.

‘1 was unwilling’ to make ufe of Euclid’
¢ demonftration, becaufe being very difhcult,
* it might difcourage beginners, '

PROR-
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[ a0l 8 I : 1 | s ton T
%3 bas RROPOSITIQN. "

¥ up - A ] 3 '-{ (i

I 10 angles of a triangle b equal, 5 s

will be an ﬂﬁﬁefe:.

LET the arll'glLlsls ARC, ACB of the'ltfiéngIc
ABC be equal : ( fee Fig. preced.) 1 fay
it is ang Ifofceles ; that is to fay, “the two fides

AB,7AC; which are oppofite o the equal an-~

gles; areeqlial,”; Suppofe the triangle DEF . to
have™a' bafe EF. ¢qual ‘to BC, and ;the angle
DEF ‘equal'to ABC, as alfo DFE equal to ACB:

fince the “angles"ABC,” ACB ‘are fuppdsd to be

equal, ‘all the four angles "ABC,"ACB, DEF,
DFE; will be equal.’ Suppof¢ again ' therefore
the bafe EF 10 be plac’d upon the bae BC, fo
that the point E lie upon the'point B, 'the bafes
being “fuppos’d ” equal” it is evident. they  will
ot exceed éach other, * Further, the angle E
being equal to the angle B, and the angle F to
the angle'C; 'the line . ED will fall upon the
hne BA; and ¥D upon CA': ‘{0 that the lines
ED and FD will meer-at the poifit ‘A. ~ From
whence it follows, that sthe line EC is equal to

BA 3z
Let then the triangle DEF . be turn’d to the
other fide, and be applied another way to the
tri-

L.

A B0 Bk i it

PR g g
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~ triangle ABC: that is to fay, fo that the point -

- Elieupon C, and F upon B: the bafes BC,
FE will perfectly agree, being fuppos’d to be
equal : and becaufe the angles ¥, and B ; E, and
C, are alfo fuppos'd to be equal, the fide FD,
will fall upon BA, and ED upon CA'; and the
point D ‘upon A: Therefore the lines” AC,
DE will be equal. Whence it follows, that the -
fides AC, AB are equal between ' themfelves,

being equal m;tﬁ? ﬁlm;: fide DE o dbicd.
RN . The U S E. oim
A . 35 This Propofition may ferve

‘ for taking, the dimenfions of
“any fort of inacceffible lines.
| .. *"Tis faid that Thales was the
oemme. ¢ firfl that meafur’d the heighth
- T € of Obelisks * by * their {ha-
¢ dows : . it may be. done by this Propofition.
¢ For if you were toimeafure the height of the
* Obelisk AB; do but expect tll the Sun be
‘elevated 45 degrees above the Horizon'; that
‘ is to fay, ull theangle ACB be 45 degrees;
¢ and, Bj the fixth Propofition, the {hadow BC
© will be equal to the Obelisk AB. For fince
® the angle ABC is a right angle, and the angle
¢ ACB half a right cne, or of 45 degrees ; the
angle CAB will be half a right one, as I fhall
¢ prove hereafter. Therefore the angles BCA,
' | {BAC,
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“BAC, are equal: and (by the6.) the fides AB; |
*BC, are alfo equal. I can alfo meafure the fame |
¢ height without mﬁkinfg ufe of the fhadow, by
‘taking a {tand o far from the point B, as that
¢ the angle ACB may be half?: right angle, |
¢ which may be knownby a Quadrant.

* Thefe Propofitions are of frequent ufe in
“ Trignometry, and in all other trads. %

* The feventh Propofition may. be omitted,
‘ becaufe ’tis of no other ufe but to demonftrate
* the eighth, which may be done without it.

PROPOSITION VIIL
Ti’inoanﬁ.

If swo Triangles bave all their fides equal, their
oppofite angles will alfo be equal.

ET the fide

GI be equal to

LT; HI, to VT;

GH, to LV; 1 fay,

that the angle GIH,

will be equal to the

angle LTV ; IGH,

to the'angle L3 and IHG, to the angle V.,
From the center H, at the diftance HI, defcribe
the circle IG ; and from the center G, at the
diftance GI, the circle HI. Demom,




ST S AR e T D AR e wer & TR

The Firft Book. 24
: Demonftration.

Suppofe the line LV brought upon HG:: they
would not exceed each other, becaufe they are
fap ’d to be equal. I add, that the point T
Mﬁaﬂ precifely upon the point I: For it
ought to reach precifely to the circumference
of the circle IG, becaufe by the fuppofition the
lines HI and VT are equal. It ought in- like
manner to reach to the cireumference of the
circle IH, becaufe the lines Gl and LT are e-
qual. So then it will light upon the point I,

' ‘being the point where thofe two circles cut
each other. Indeed if it fell any where elfe, as

upon O, the line HO, ‘that is to fay VT,
would be greater than HI; and the line GO,
that is LT, would be lefs than GI; which is
againft the fuppofition. - Whence 1 conclude,
that the triangles will exaltly correfpond, and
the angle GIH be equal to the Angle LTV,

The USE.

“ This Propofition is neceffary for the proof
€ of thofe that follow. And further, when we
¢ connot take the meaflre of an angle, becaufe,
€ the lines meeting in a folid body, we cannot
“apply our Inftruments to it; we muft take
“ the three fides of the triamgle, and make an-
“ other upon a paper, Whofe angles we may
* meafure, This is a very ordinary prallice in

Gro-
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28 The Elements of Euclid.
“ Gnomonicks, or'Dialkug ; and in the T'reatifes
* concerning cutting precious ftones, {0 as to fit
© the pannels; and to' retain the waters. '

il

~.+PROPOSITION I%:
1 ] -__'.“1 Sl I BTy 1)

o ProOB L B ML
T divide an dAngle into two equak parts. . >

R o E T the angle SRT be

| ~propos’d te  be  divi-

ded into two :equal’ parts.

Take the Compafs, -and from

the center R, at any diftance,

draw the arch ST, cutting oft

. two equal lines RS; R'T. "T'hen

draw, the right line ST, and (by the 1.) defcribe

an equilateral triangle STV I fay, the line VR

divides the angle’into two equal parts: that is
to fay, the angles VR'T, and VRS, are equal.

Demonftration.

The triangles VRS, and VRT, have the
fide VR common ; and the fide RT was taken.
equal to the ide RS: the bafe alfo SV, is e~
qual to V'T, becaufe the triangle SV'I is equi-
lateral. Wherefore (4y the 8 ) theangles SRV,
VRT, are ¢ ual The
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The USE.

¢ This Propofition” is very ufeful ' o divida

€ the fourth part of a circle into degrees: for tis
“the fame thing to divide an arch, as an angle
finto two equal parts ; and the line RV does
*both, that is,it divides both the arch ST, and
“the angle SRT. Having therefore a ply’d the
¢ femidiameter to the fourth part “of a ¢irele,
*you cut off an arch of o degrees, which divi-
“ded equally gives an arch of 305 and that
- again?ivided, miakes one of 15 degrees. Tis
“true, to finifh this divifion, we muft divide an
*arch into three equal parts, but that is ot o
“be done Geometrically. * Pilots alfo divide the
- Compafs ‘into 32 wirds by the help of this
¢ Propofition only. - F 2 _.

- - - i - I.. \ rd-'.
: l;. N W

#

PROPOSITION X

r|;|-.'| ’ '. 1'-.-

A ProBygsum.

To divide 4 right line into two equal parts.

g E’ o Sllppof& the line AB was to
R o * be divided into two equal
o ,  parts; upon the line AB de-

- i___p Icribe an equilateral triangle AB
BT C (4 1hat) and v
"-“ : ‘,r" gle ACBinto two equal parts by

H the line DC, (by the ¢.) I fay
D C

- -

L

#5

T R
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the line AB is divided equally at the pointE; |

that is to fay, the lines AE and EB are equal.
' ﬂemqrsﬂmrim.

The triangles ACE, and BCE have the fide

CF, common, and the fides CA and CB are e-
qual, becaufe the triangle - ACB is equilateral =

and the angle ACB being divided equally, the |
angles ACE and BCE are alfo. equal. . "Fhere- |
fore (%y the 4.) the bafes AE 20nd BE areequal.: |

The U S E.

¢ Great ufe is made of this Propolition, ordinary |
e Era_&ices frequently fcqﬂiz;_ing us todivide a |

“line in the middle, which Geometricians re-

*quire {hould be done exaltly at the firfk dafh, |
¢ by a method that is infallible, and nor by ef- |

¢ fays.. This pratice is-likewife principally ufe-
 ful for dividing the parts; . F““‘

(]
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PROPOSITION. XI

A Prozt g um.

Zo draw a Perpendicular to a line given, wpo% 4

point of the fame I,
4D Sﬂppoﬁ you were to raife
X a perpendicular upon the
Vi “ point A of the line BC,

£

P “) Taketwo equal lines AB
fB' o é—i—— and AC onboth fides the

omt A,and make anlequi~

teral triangle BDC up-
on the line BC, (Jy tke 1.) I faythe line AD is
perpendicular, that is to fay, the Angles BAD
and CAD are equal. |

Demonftration:.

The triangles BAD, and CAD have the fide
AD common, the fides AC and AB are equal,
and the bafes BD and DC alfo equal : therefore
(b rbe 8.) theangles BAD, and CAD, are e-

; and (by the 10. def.) the line AD per-
ggdicular to BC. %

C a2 PROP.
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PROPOSITION. XIL

AProBLEM.

To draw a perpendicular to.a line given, from &
point which is out of the line.

',4.'[\‘ dicular'to the line from
o & |E ™7 thepoint A : having fet the
B e € foot of the compafs upon' A,de-
“\,I fcribe the Circle BC, which

; D fhall cut the line BC, at the
points B and C. Then divide the line BC in-
to two equal partsat the point E, I fay the:line
AE s perpendicular to. BC. Draw the lines
AB, AC, W,
Demonftration. The trianglesBEA,and CEA
have the ide AE common; and the fides EC
and EBequal, the line BC having been equal-
ly divided at the point E5 the bafes AB-and
AC, being drawn from the center A to the cir-
cumference BC, are likewife. equal : therefore
the angles AEB, and AEC,are equal,(by 1he 8 )
and the line AL perpendicular, (by defin. 10.)
The method, in pfactice,of dividing the line
BC in the middle, ir to defcribe twoarches at D,
2t the fame interval, from the centers B and C.

A .. YF youwould draw a perpen-
ol B

o B =8 B . 5 m

(e

ey
b
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The USE.

* We have need of 2 Plummet or Squaring-
¢ line almoft in all our operations : no angles
€ are of ufe in buildings but the right; and-all
“chairs, beniches, tables, buffets, and other move-

+ ables, are fram’d by the fquare. No furvey  of
%, Land can be taken without making ufe of per-
¢ pendieular lines; nor can Dialling be per-
¢ torm'd without them; The Carpenter’s Le-
“ vel contains a right angle, and the fame is
“ preferr'd before any other, efpecially by the
‘ French, in Fortifications, Laftly, not only
¢ Matbematicians, but alfo the greateft part
¢ of pradtical Artifans, require that we fhould
* know how to draw a perpendicular.

PROPOSITION Xii,

A THEORE M.

One line. fallin upon another makes wirh it ei-

ther dwo right angles, or two angles equal to
two right ones.

A Et the line AD fall upon BG;

i I fay, "twill make with it either

: two rightangles; or twe angles,

: one obrufe, and the other acute,
B D G Which joyn’d together fhall be of |

equal value with two right ones, .
& 3 Demon-
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Desnonftration.
~+ Suppofe’ the line AD to fall perpendicularly
upon BG, then tis evident (by defin. 10.) that
theangles ADB, and ADG, are equal, and by
confequence right angles.  Or.

E "~ A Secondly, fuppofe the line
: ED not to fall perpendicular-

ly upon BC, and draw a per-

pendicular AD (by the 11.)
% C the angles ADB.and ADC are

right angles, which are of e-
qual value with the three angles ADC, ADE,
EDB. But the obtufe angle EDC, and the
acute angle EDB, are of equal value with the
three angles ADC, ADE, and EDB: therefore
the angles EDC, and EDB, are of equal value
with two right ones.

This Propofition may be more eafily de-
monftrated by defcribing a femicircle from the
center D upon the line BC. For the angles
EDB, and EDC, will require a femicircle for
their meafure, which is the meafure of two
right angles, as I have fhewn before ; i the 8
definition. -

Coroll. 1. If the line AD falling upon BC,
make one right angle ADGC; itisevident the
other, ADB, willbe alfo a right angle.

Coroll. 2. If the line ED, talling upon BC,
make the angle EDB acute; the angle EDG
will be obtufe. | -5 = SR

The
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The USE.
€ By 'this means, when we know one of the
¢ angles which is madeby one line falling upon
" another, we know alfo the other: as for ex
¢ ample, if the angle EDB be oneof 70 de-
‘grecs, taking away 7o from 188, there
¢ will remain 10 for the angle EDC. This
* operation does frequently occur in Trigomo-
“metry; and alloin Affronomy, for finding the
of the circle through which the
“ Sun anually paffes. '

PROPOSITION XIV:

If two lines meeting together at the fame point of
another line; make awith 1t two angles egial
to two vight ones; they will make but one and

the ﬂ:me%

A%y

ATarore nm.

ine,

5/

fay,

LS

Uppofe the lines CA, and

DA to meet ac the point A of
the lihe AB; and that the an-
gles adjoyning,CAB, and BAD,
gare cqual ro two right ones. 1
the lines CA and DA are
but one afid the faine line ; {0 that CA being
continued, will fall precifely upon AD.
g e

Im.ig .
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Imagine, if you pleafe, that CA continuw'd
will pafs on to E, and from the center A de-
feribe a circle,

o

Demonftration.

If you fay that CAE is a right lme, the arch
CBE W;H bea femicircle. But ’tis fuppos'd,
that the angles CAB, and BAD are equal totwo §
right ones, and that therefore their meafure isa !
femicircle.  Therefore the arches CBE, and |
CBD will be equal ; which is 1mpniﬁb1c, one |
being a part of the other. Therefore the line CA |
being continu'd, will make but one and the |
fame line with AD.

PRQP;USITIQN XV.

A Tusore m.

.[f' 1320 ri‘br lines cut eacﬁ other, the oppofite ;mrgfes
* it the top will be egm:f

?h,. MFU@HP Eucl, aufommet, Gall,

C ET thelines AB and CD
cut each other atthe point
E:[ fay, theangles AEC, and
T DEB, whiclware oppofite at
the top aredau

B .DE??:IHH ation.
Phe line CE fulhng upon thc line AB, makes
the

*
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the angles AEC and CEB'equal to two riéh’t
ones, (b7 the 13.) In like manner the line BE
falling upon the line CD, makes the angle CE, 3
and BED equal to two right'ones. Therefore
the angles AEC, CEB, ‘taken together, are e-
qual to theangles CEB, BED ; therefore taking
away the angle CEB from both, the angle AEC
will remain equal to DEB, (by the 3. Maxim.)
i Coroll, 1. It two lines DE, and EC, concur-
ring at the fame point E of the line. AB, form
with it the, oppofite angles AEC, DEB equaly,
DE and EC make bur one right line, e

' Demonftration.

Theline EC falling upon the line AB, makes

the angles AEC, and CEB equal to two righe

=5

ones, (4y the 13.) Tis fuppoied likewife that

| the antglc DEB is equal to the angle AEC.

Therefore the angles DEB, BEC, are equal to
two right ones. And (4 the 14.) the lines CE

and ED make but one right line.

Another U S E.

A*The two preceding Propo-
7 ¢ fiions _are made ufe of to
o/ ©prove, that two lines make
P :but one total. As for exam-
/-" Ple, in Catopericks or Perfpe-
Cls” ¢ ctives, where that is required
‘ to prove, that all the lines
thar
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¢ that can be drawn by reflexion from the point
*A to the point B, thofe aré the fhorteft,
¢ which make the angle of Incidence equal to
¢ the angle of Reflexion. As for example ; if the
“angles BED and AEF beequal; the lines AE,
¢ and EB, are thorter than AF, and ¥FB. From
¢ the point B draw a perpendicular BD, and
¢ make the lines BD and CD equal ; then draw
“EC, and FC. Firlt in the triangles BED and
¢ CEDthe fide DE is common; and the fides
“BD, and DC being equal, as aifo the angles
¢ BDE, and CDE ; the bafés BE, and CE will
“ be equal ; as alfo the anglesBED, and DEC,
“(by the 4.) In like manner I may prove, that
¢ BF, and CF are equal: L
Demonftration.

¢ Theangles BED and DEC are equal,and the
“angles BED and AEF are fuppos’d likewife to
“ be equal 3 theréfote the oppofite angles DEC
¢ and AEF will be equal ; and (by the Coroll. of
€ the 15.) AEC one right line ; and by con-
¢ fequence AFGis a triangle, of which the fides
¢ AF and FC muft be longer than AEC, that is
‘ to fay, than AE, and EB. But the lines AF
¢ and FG are equal to the lines AF and FB;
“therefore the lines AF and FB are longer than
¢ the lines AEand EB. And fince natural cau-
¢ fes alwaysact by the fhortelt lines, the Refie-
s xion will always happen in fuch a manner,that
¢ the angles of Reflexion and Incidence may be
¢ equal, Yur-
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* Further, becaufe we can eafily prove, that
¢ all theangles that can be made upon a plane

€ about the fame point, are equal to four right

€ angles; for as much as in the firlt figure of
¢ this propofition, the angles AEC and AED
¢ are equal to two right ones, as alfd BEC and
¢ BED to two more : 'wé make a general rule
“ to determine what Polygones may be joyn'd in
¢ paving a Hall. Accordingly we fay, that four
“{quares, {ix triangles, and three hexagones,

* may be ufed for thar purpofe; and that there-

angle ABC to be mov'd along the line BD,

¢ fore Bees are always obferv'd to make their
¢ little cells of the laft, that is, of figures confift-
¢ ing of fix fides.

B
"

PROPOSITION XVL
A TuHzorzmwm.

The external a#iie of a triangle is greater than
either of the insernal oppofite angles.

A E Roduce the fide BC

& of thetriangle ABC

I fay the external angle

D ACD, is greater than ei-
ther of the internal op-

\\P ofite angles, ABC, or
AC.  Suppofe the tri-

ahd




40 The Elements of Euclid.
and carry’d into the “place of CED. 0% *

B Dimnenftration. 2 limd

' *T'is impoffible thar the triangle. ABC fhould"
be {0 mov'd, but the point A muft come into®
the place of the point E; and then t'will ap-
pear, that the angle ECD, that is to.fay; ABC;,
s lefs than the angle ACD: therefore the in-’
- ternal angle ABC vis lefs than the  external
ACD. 55 ;
. "T'is likewife eafie to prove, that the angie A’
is lefs than the external angle ACD v for hav-'
ing prolong’d the fide AC as far as F, the oE-’
polite angles BCF, and ACD, are equal (47 rae’
15.) Therefore caufing the triangle:ABU ro’
{lide along the line ACF, I fhall demonftrate,

the angle BCF to be greater than the angle
A. “ b ;

The USE.

We may draw from this propofition many.

¢ moft ufeful conclulions. As firft, that from a
- .fﬂim given only one perpendicular can be
‘drawn 1o the fame line. For example, Sup-
‘ pofe the line AB to be

A
7 ¢ perpendicular to the line
// l\ “BC: Ifay, that AC will
Ll s ¢ not be perpendicular; be-
2R C B

‘caufe the right angle
¢ ABD muft be greater than the internal angle |
¢« ACH 2 Ihereﬁ}rc A CB cannot bEEl I'ight ﬂﬁglf‘? .4
¢ nor AC a perpendicular. | Se- |
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- * Secondly, that from the fame point A can-
*not be drawn more than two equal lines; for
¢ example, AC, and AD j; and it you; draw a
€ third as AE, it will not be equal to the for-
* mer. For fince AC and ADare equal, the an-
¢ gles, ACD and ADC, are equal, (4y rbe 5.)
s but o the triangle AEC, the external angle
¢ ACB is greater than_ the internal AEC : and
¢ therefore likewife the angle ADE, is greater
¢ than the angle AED. Therefore.the lines AL,
s and AD, are not equal ; mor by confequence
. & Thirdly, that if the line AC makes the an-
¢ gle ACBacute, and ACF obtufe, the’perpen-
¢ dicolar drawn from the point A willfall on
¢ the {ide of the acute angle. =For if you fay
“ithat AE is a perpendicular, and that AEF isa
¢ right angle; *the right angle AEF ‘would be
. ‘greatf:; than the obtufe ACE.. Thefe conclu-
‘lions are ferviceable for meafuring Parallelo-
“lograms, Triangles, and Trapefia, and to re-
* duce them into reCtangular figures, .

i
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PROPOSITION XVIL

A Tuzorz u.

I
i
!

Any two Angles of o triangle are lefs than two

r:'gbr ones. |

ET the triangle be ABC; 1
& fay, that any two of its angles
taken together, as BAC, and BCA,
are lefs than two right ones.  Pro-
duce the fide CA to the point D.
B C . Demonfiration.

The internal angle C, ‘is lefs than the exter-
nal BAD, (&y rhe 16. ) Add therefore to both
the angle BAC; the angles BAC, and BCA,
will be lefs than the angles BAC, and BAD ;
yet thofe are but equal to two rigtit ones, (by
the 13.) therefore the angles BAC, and BCA,
are lefs than two right ones:

After the fame manner I can demonftrate the
angles ABC, and ACB, to be lefs than two
right ones, by pmducing the fide BC.

Corall. If one angleof a triangle be a right, or
obtufe angle, the others are acute.

“ This Propofition is neceflary to demon-

ftrate thofe that follow.

PROP.
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PROPOSITION XVII.
ATn nqln.n M.

In every triangle swhatfoever the greateft [ide is
" oppos’d to rﬁ; greateft angle,

& A 'Sﬂppuf& the fide BC of the

' triangle ABC,to be great-
| / er tlimg ih&ﬁde AC: Ifay,the
o\ angle BAC, thatis oppos’d to

B D C the ide BC, is greaterliﬁoanthe

_angle B, which is oppos’d to the fide AC.

Cut the line BC in D, o that CD may bee-

qual to AC; then draw the line AD.

: iy - Demenftration. | o
Since the fides AC, and CD, are equal, the

triangle ACD will be an Jfo/éeles, and (by the 5.)

the angles CDA, and CAD, equal. ‘Now the

whole angle BAC is greater than the angle CA

D : therefore the angle BAG is greater than

the ang_le CDA ; which yer, being an external

angle in refpedt of the triangle ABD, is. great=
er than the internal B, (by the 16.) Therefore

the angle BAC is greater than the angle B.

PROP.




PROPOSITION XIX.

ATA Fora M
Is cvery triangle the gr;*'#:eﬁ angléis opposd te
/ ~ ‘.grbs greareft fide. ‘

Y “ET the angle A of the

; N ' triangle BAC, be grea~
f % , ter' than the angle ABC. 1
B y o

C fay, the fide BC which is op=
adlt il pos'd to the angle A, is great-
er than the fide AC, “that is oppos'd to the an<

gle B../ LB S
. Demonfvation. ' | :
If the fide BC be not greater than the fide
AQ, ’tis eitherequal ; and then the angles Aand
B would be equal, (4y the §.) which is'contrary
to the fuppofition: or lefs ; and if fo, the fide’
A.C, being greater than BC, the angle B would
be greater than the angle ‘A, 'thau%h the con<
trary be fuppos’d. ' lt-remains therefore that the
fide BC be greater than the fide AC.

The U S E.
¢ We may prove from thefe propofitions

¢ not only. that no more than one perpendicular
¢an
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¢ can bedrawn fiom the fame point to the fame

¢ line; but alfo thag it is the fhorteft of all. As
R “for example ; if the liné RV

A “be perpendicular to ST, it will

‘be lefi than RS: becaufe the
“angle RVS being a right angle,
| ¢ the angle RSV will be an acute,
S v T (b the Coroll. of the 17.) and
“the line RV willbe lefs than

* RS, (by the preceding.) Therefore Geométri-

~ “cians do always make ufe of 2 perpendicular,

when they take the dimenfions of any thing,
and reduce irregular figures to fiich as have
one or more right angles. Iadd, that it being
¢ impofible that more than three perpendiculars

L2
&
1

~ “fhould meet at the fame point, it cannot be

¢imagin’d that there fhould be more than three
¢ Ipecies or kinds of quantity, a line, a {uperfi-
“cies, and a folid body.

“ By thefe propofitions we likewife prove, that
*a bowl exaltly round cannot reft, but upon
£ fiuch a certain point. For example ; let the
“line AB reprefent a plane,
“agd C the center of the

|[ATSD “earth, and that CA be
“ drawn perpendicular to
|~ "theline AB; I 'fay, that a

L:
C 4 b . i fe
owl being plac’d upon
" the point B, cannot reft'théte. ~ For a heavy:
¢ body cantior reft, when ity defiend. Now
L ?. * the
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“ the bowl B moving towards A continua lly de- 1 .
¢ {cends, and approaches nearer the center of |
¢ the earth C; becauf¢ in the triangle CAB, the |
¢ perpendicular CA is {horter than BC.
¢ In like manner we prove, that a liquid body
¢ muft flow from Bto A, and that its fuperh-
¢ cies muft be round.

m—

PROPOSITION. XX

A Tuzorseu.

Any two fides of a triangle taken together are
greater than the third.

R Ifay that thetwo fides TL, LV,
are greater than the fide TV
Some men prove this Propofition
| by the dehinition of a right line,
which 1s the {horteft that can be
v 7 drawn from one point to another :
therefore the line TV, 1s lefs than §
the two lines. TL and LV.

But it may alfo be demonftrated another way.
Continue the fide VL. to R, fo that the lines
LR, and LT beequal; then draw the line
RT. Demonftvation.

The fides LT, and LR of the triangle LTR,{
arc equal; therefore the angles R, and LTR,J#
arc equal, (by the 5.) But the angle RTV isjf *L

greater e fi
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ngreatenthan;the angle RTL .. thereforethe an-

gle RT'V is greater than the angle R :
ri#ber 39.) in ‘the triangle,RT'V, sthe fide RV

~that is to fay, the fides LT and LV, are gma-au::r
.erthan the, fide TV,

"PROPOSITION - XxI.

A THEoRE .

—

If a fmall triangle be deferib’d withiv 4 greater,

upon the famebafe, the fides of the frnall one wiil

be lefs than thofe of the grearer 5 but they wilj
form agrater angle, '

G L E'T the fmall triangIEﬂDB be
E deferib’d. within | the! triangle
. +ACB, upon the fame bafé AB. 1 fay

> s brit,the tides AC and BC are great-
-er than the fides AD and ED. Con-
«tinue the line AD to E. i
Demonftration, _
In the triangle ACE, the fides AC and CE,
are greater than the {ide AF. alone, (by the' 20 )

Therefore addiag to them the fide E8 ; the
fides AC, and CEB, are greater than the {ides

AE; dnd EB. In like manner in the triangle
DBE; the two fides BE and EDare greater than
the fide BD alone, and adding the fide AD,

D 2 the

s.and (by -
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the fides ADE, and EB, will be greater than

AD and BD.

I fay further, thatthe angle ADB is greater
than the angle ACB : for the angle ADB is an
external angle in refpect of the triangle DBE,
and therefore greater than the internal DEB
(by the 16.) In like manner the angle DEB,
being an external angle in refpeét, of the trian-
gle ACE, is greater than the angle ACE,
therefore the angle ADB is greater than the

angle ACB.

The US E. =

¢ By the help of this Propofition we demon- § !
¢ ftrate in Opticks, that the Bafe AB viewd | mat
¢ from the point C, will appear lefs, than when i £,
¢ it is beheld from the point D3 according to § ynt
¢ thatprinciple, ~That quantities view’d under the
¢ 2 greater angle will appear greater. Therefore | e i
¢ tis, that Vitruvius adviles, not much to leflen | AL,
¢ the tops of very high Pillars, becaufe they
¢ being {o remote from our fight, quickly} T
:nppﬂar {lender enough without being dimi=| tmd
nith’d.
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PROPOSITION. XXII

A THEOREM.
Zo defcribe a triangle, whofe | fides [ball be equal

to three fid:s given, provided that any two of
them. be greater than the third.

—

Fis il ET it be proposd to de-
| e fcribe a  triangle, . whofe
. \F} {ides fhall be equal to three

lines given, AB, D,and E. Mea-
E lure with the compafs the line
D IJ, and fetting one foot thereof
upon the point B make an arch. Then take the
line E, and. placing the foot of your compafs
upon the point A, make another arch, cuttin
the former at the point C. Which done draw
the lines AC, and BC. I fay that the triangle
ABC, isfuch a one as you defire.
| Demonftration.

The fide AC is equal to the line E, becaufc
it reaches to the arch, which is drawn from the
center A at the diltance of the line E ; and for
the fame reafon the ide BG 15 equal to the line
D : therefore the three fides AC, BC, and
AB, are equal tothelines E D, and AB,

I added a Provifo, that the two lines fhould
be greater than the third; becaufe otherwife fi
v D 3 the

- 4
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the lines D and E were lefs than the line AB,
the Arches'could not cut each other.

The U S.E.

¢ This Propofition may be ufeful for .defcrib-
‘ing'a figure equal or'like to aniother: for ha-
¢ ving" divided that, which'is propos'd to be
“ equall’d or imitated; into triangles; and made
‘ other triangles, having equal fides with the
¢ former;* we fhall have a'hgure‘exadlly equal.
“ Bl if we defiré only'one that is‘like, butlefs ;
“as'when we would defcribe 2 Plain, or Coun-
“ try'upon paper ; having divided it into trian-
“gles, and meafur’d all their fides, we muft
¢ make {imilar triangles; giving to each of their
¢ fides fo many parts of a Scale, or line divided
“into cquial pars, as the fides of the triangles
¢ propos’d have of yards or feet.

———

PROPOSITION XXIIL
A Prosre M.

 Tomake an ;:?:gfe equal to another af a point of a

lime given. e
A Uppofe you were to make
: ,-: 5 an angle at the point A
}E" > ¥ of the line AB, equal to the

_ . angle EDF. Defcribe from
g~ %\ the points A and D as centers
tWo

.....
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wo arches BC, and EF, at the fame widenefs
of the compals; then take the diftance EF,
and having meafur’d as much at BC, * dfaw the
line AC. 1 fay the Englﬂs BAC, and EDF, are
equal. e .

bl |

Demonfiration.

Ti# triangles ABC, and DEF, have the
fides AB, and AG, equalto the fides DE, and

~ DF; fince the arches BC and EF v. re de-

ferib’d; with, the fame widenels of the compafs :
the bafés alfo BC.and EF  are: equal, therefore
the angles BAC and EDF are cqi_ia_i, (by the 8.?

T?JE?;E US. E,

This Problem is fo neceflary in Geod¢fia, Fer-
tificdtions, Perfpectiv’, Diallmg, and all"oth&r
parts of the Mathematicks, that the greateft
part of their Operations would be impoflible, ' if
we did not know how to make one angle equal
to another, or of fuch a number of degrees a8
we pleafe. T g P
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PROPOSITION XXIV.

A Tusore M.

Of two triangles, baving each two fides equal to
two of the other, that which basthe greateft

angle, bas alfo the greateft bafe. X
A ET the triangles ABC, DEF,

have the {ides AB and DE ;|
E-\ AC and DF equal; and let-the  §
€ angle BAC be greaterthanthean- |

G gle EDF. 1fay, the bafe BC is
greater than the bafe EF.
Make the angle EDG equal to

: the angle BAC, (by the 23.) and

" the line DG equalto AC'; then draw the line
Firlt the triangles ABC and EDG; ha-

EG. ,
ving the fides AD and DE, AC and DG, equal,

and the angle EDG, equal to the angle BAC;
their bafes 5C and EG will be equal (byrhe 4.)

and the lines DG and DF being both equal to°

AC, will be equal betwixt themielves.
Demonftration.

In the triangle DGFE, the fides DG and DF
being equal, the angles DGF and DEG will be
equal, (by the 5.) But the angle EGF is lefs
than the angle DGF, and the angle EFG is
greater than the angle DEG. Therefore 11':1
* the

0fi
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the triangle EFG, the angle EFG will be great-
er than ‘the angle EGF: and therefore (by
she 18.) the line EG oppos’d to the greater
angle EFG, will be greater than EF. Therefore
BC, being equal to EG, s greater than EF.

PROPOSETL TO N XN

A T ueoRrs M.

" Of two trianglesy: having each two fides equal to

two of the other, that wbhich has the greateff
bafe, bas likewife the greateft angle.

ET the two triangles AB

- A A
\ C, DEF, have the fides
. AB, DE; and AC, DF, equal:
. and let the bafe BC be great- .
Y Vs

er than the bafe EF. 1 fay,
that the angle A willbe great-
er than the angle D. .

| - Demonfiration.

- If the angle A be not greater than the angle
D; it will be either equal, and then the bafts
BC, EF, will be equal, (5y.the 4 ) or it will be
lefs, and the bafe EF greater than the bafe
BC, (4y the 24.) but both are contrary to the
fuppofition,

*“ Thefe Propofitions are neceflary to de-
£ monfirate thofe thar come after,

PROP;




ST

p = s T
= g, e T T R R, T
T B T - =

il - — - —— - =

el B TR
]

-
T S S i L TR VLT A T T

e —

54 The Elements of Euclid.

PROPOSITION  XXVL

A TrueorB M,
If one triangle bas one fide, and tawo anglesgqual

to thofe of another triangle 5 tis equalioat 18

all ﬂjfﬁf?s.
ET the angles ABC, DEF

A
ACB, DFEE, of the triangles’
/ E ABC, DEF, be equaly and the
£ B fides BC,and EF, which arebe-~

tween thofe angles, alfo equal.

D
& I fay, that the other {ides are e-

» qual 5 forexample, AC, and DE.
E £ imagine, if you pleafe, the fide DE

to be greater than AC, and cutting GF -::qual_ta_:

AC draw the line GEL.
- Demonffration.

The triangles ABC, GEF, havethe fides EY,
BC; AC, GE,equal; the angle Cis alfo fup-
pos'd to be equal to F. Therefore (by #be 4 )the
triangles ABC, GEF, are equalinall refpelts 5
and the angles GEF, and ABC, are equal. But
we fuppos'd the angles ABG, DEF, to beequal:
and fo, the angles DEF, GEF, would be equal:
that is, the whole to the part ; which is im-
poiflible. Therefore the fide DL will not be
greater than the fide AC, nor AC greater than

DF,

e e 8 P
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DFy becaufe the fame demonlifation: may be
made in the triangle ABC. '

Again, fuppofe theangles A and D, Cand F
to be equal ; andalfo the fides BC, and EF, op-
pos’d to the angles A and D, to be equal.. I fay,
the other fides are  equal. For if DE be greater
than AC, cut GF:equal to AC, and draw the
line GE. Demonftration.

Thetriangles ABC, GEF, having the fides -
EF, BC; FG, CA, equal, will (4ythe 4) be

‘equal in all refpects;: and’ the: angles iLGF,

BAC, will be equal. But we fuppos'd, that
the angles A and: D/were: equal, therefore the
angles D, and EGF, muft be equal, which is
impoflible, {ince the:angle EGF; being the ex-
ternal angle:in: refpect: of the triangle EGD,
muft be greater than the internal D, (4y rhe 16.)
therefore the fide DF is not greater than AC.

The U S E.

* Thales made ufe of this Propofition to mea-

* fure inacceflible diftances.  For example : the
B ——3p diftance AD being
= ¢ propos’d, he would

¢ draw from the point
¢ A,the line AC per-
; === ¢ pendicular to AD;
then defcribing a femicircle at the point C,
¢ would meafure the angle ACD, and take an-

¢ other
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¢ other equal to it on the other fide, prolonging
¢ the ling CB till it met with the line DA at the
¢ point 'B; and' then demonftrated the lines
¢ AD and AB to be equal; fo that meafuring
¢ the line” AB,  which was ccceflible, he could ;|
¢ know the other which wasmnot. - For the two
¢ triangles ADC, and ABC, have the right an- ;
¢ gles CAD, and CAD equal, the angles ACL), |
¢ and AGB are alfo taken equal; andthe fide
¢ AG is. common to both : therefore (by the 26.)
¢ the {ides AD and AB are equal.

P_\. ;;EMMA'

A line which is perpendicular to one of two. pa-
vallels; s alfo perpendicular to the other.

CD, and let EF be perpendicu-
¢ Jar to CID. 1 fay, tis allo perpendi-

D ¢ cularto AB. Cut the line CF e-

¢ qual to FD, and upon the pairts
¢Q and D raile two perpendiculars to’ CD,
¢ which, by the definition of Parallels, will be es
¢ qual to FE; then draw the lines EC and ED.

Demonftratitn.

¢ The triangles CEF, and FED, have the
¢ fide FE common, the fides CF, FD equal,
¢ and the angles CFE and EFD, right, and by
¢ confequence equal; therefore (by the 4.) the
: bafcs

A B . % Let the parallel lines be AB, and
C

-
E
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¢ bafes EC,ED, and the angles FED, FEC, and
‘FCE, FDE, will be equal; the two laft of .
¢ which being taken away from the right angles
¢ ACF and BDF, leave the two angles ACE,
¢and ' BDE, equal; therefore the triangles
¢CAE, DBE, will have (b7 the 4.) the angles
¢ DEB, CEA, equal; which being added to the
“equal angles CEF, FED, make the angles
¢ FEB, and FEA, equal; therefore the line EF
¢ is perpendicular to AB.

PROPOSLT LON XXVII

A Tusorsgu.

Jf 4 line, ﬁzﬁfﬂg upon 100 ﬂrf?é:-".f, makes with them
the alternate angles equal, thofe two lines are

parallel.

\“’? ET the ine EH, falling
“ —+ upon the lines AB and

A B~ CD, 'make with them the

\ 2L alternate angles AFG,FGD

e ¢ equal, I fay hrit, the lines

- &\ - ﬁ]B, and 'LJ_ZI_)jF will nevey

concur,  though continu d as

far as you pleafe. Yor luppofe them to concur

in I, and that FBl, and GLL, be two right lines.
Demonfiration,

If FBI, and G, betwo righe lines, FIG
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~is a triangle ; ‘and (by the 16 ) the external an-

gle AFG, Ivis: greater «than 'the internal FGL

They ‘cannot therefore be equal, ! if the lines' AB
and « D ever concur.

~ “But becaufe we have Examples of fome

€ crooked lines, ‘which never concur,. and yet

¢ are not parallels, approaching {kill nearer and
¢ nearer to each other.

I fay fecondly, that if the line EH; falling

upon the lines AB.and CD;makes

/; the alternate angles AFG, and

/8 FGD equal ; the lines AB, CD,

A1X- “are parallel, or in all refpe&s e-

/7 | . qually remote from each other,

fo thatthe perpendiculars between

them will be equal. | From the

point G «draw the perpendicular
GA to the line AB; and taking GD equal to
AF, draw FD,

Demanfiration.

The triangles. AGF, and FGD, have the
fide FG common; the ide GD isalfo taken
equal to the fide AF, and the angles AFG and
FG.) fuppos’d to be equal: Therefore (&ytbe
4 ) the bafes AG and FD are equal, and the
angle CDF is equal to 'the right angle CAB ;
therefore FD is perpendicular. Iadd, that the
line AB is parallel to CD: for the only paral-
lel line that can be drawn from the point F'to
the line 1CD, ought to pafs by the point A, dc-

cording
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cording to the definition of Parallels; which re-
"quires, that the perpendieular liges' AG and FD
be equal.

— —

—— e e Te———

PROPOSITION XXVIIL

il

A Turorse M.

If & line, falling upon tao othersynakes the extey-
nal a#g#’:’, equalto the internal oppofite ansle om
the fame fide ; or the twointernal angles on the
Jame fide equal to two right omes ; thofe tao

lines will be parallel.

. PN the precedent figure, fuppofe the line EH,
falling upon AB; and CD, to male i {t the
external ‘angle EFB equal to the incernal oppo-
fite angle on the fame {ide FGD. I fay, ‘that the
lines AB, and CD, are parallel.
Demonftration.

The angle EFB is equal to the angle ATG,

" being oppos'd to it at the top (by the 15.) and

i’tis fuppos d that the angle FGD is alfo equal to

“the angle EFB; theretore the alternare angles

AFG, FGD, will be equal ; and (4y rhe 27 )

 the lines AB, and CD, wil] be parallel.

1 fay in the fecond place, that if the angles
EFG, and FGD, which are the internal angles
on the fame fide, be equal to two right ones, the
' lizes
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lines AB and CD will be parallel.

Demonftr. The angles AFG and BFG are
equal to two right angles, (by the 13.) and ’tis
fuppos’d that the angles BFG, and FGD, are
alfo equal to two right angles; therefore the
angles’ AFG, BFG, ure equal to the angles
BFG, and FGD; therefore taking away the
angle 5FG, which is common to both, the al- |
ternate angles AFG and FGD will be equalj |
and (by she 27.) the lines AB and CD will be
parallel,

I

PROPOSITION XXIX.

ATurorse M.

If a line cut tao parall:ls, the alternate angles
swill be equaly the external angle will be equal
1o the internal oppofite angle;, and the two in-
sernals om the [ame  fide will be equal to 1wo
right angles,

ET the line EH [ fée fig: preced. | cut the two
parallels AB, and CD; [ fay hrft, the al-
terpate angles. AFG, and FGD, are equal:
From the points ¥ and G draw the perpendicu~
lars GA, and FD, which by the definition of
Parallels are equal. ¢
Deinonftration.
In the reGangle tiiangles AY'G, and FG?:
the
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the fides FD and AG being equal, as alfo the
right angles A and D, and the fide FG com mon
to both. I fay firlt, that the fide GD s equal
to AF. For if GD be greater; baving cut the
line DI equal to AF, and drawn the line FI;
the triangles AFG, and FDI, would have their
bafes GF and FI equal, which is impoffible.
For fince the angle Dis a right angle, the angle

. FID isan acute,and FIG an obtufe, (bythe 13)

therefore (by the 18.) in the triangle FIG, the

fide FG opposd to the obtufe angle, is greater

than FI. ‘Therefore DG is equal to 4F; and
the triangles 4FG and FaD, having all their
fides equal, will have the alternate angles AFG
and FGD equal, asbeing opposd to the equal

. fides AG, and FD.

I fay again, that the external angle EFRB is
equal to the internal EGD, becaufe (by the 15 )
it is equgl to its oppofite 4FG, which is equal
to its alternate FGD. :

Laftly, fince the angles 4FG and GFB are
equal to two right ones ; taking away AFG,
and ﬁ.t'l}ﬁituting ‘in its place its alternare FGD,
the two internal angles GFB, and £GD, will
be equal to two righs angles,

The US E.
¢ Eratoffenes found out by thefe Propofitions

%a way of mealuring the circuit or circumfe~
E ‘ rénce
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¢ rence of the Earth. Inorder to which he fup-
¢ pos'd two rays, proceeding from the center of
¢ the Sun to two points of the earth, to be phy-
¢ fically parallel ; and alfo that at Syeme;a town
¢ in the higher parts of Egypt, the Sun comes
¢ exaly to the Zenith upon the day of the Sol-
¢ fice, obferving the Wells there to be then
¢ {lluminated to the very bottom : and likewile
“ computed the diftance between Alexandriaand
¢ Syene by miles or furlongs.

¢ Let us therefore fuppofe Sy-
¢ ene to be at the point A, and

% D
& K ¢ Alexandria at B, where we
G ¢ eret aftyle BC perpendicu-
- ¢ lar to the Horizon ; and let

¢ the two lines DF and EG re-
¢ prefent t he two rays proceeding from the cen-
“ter of the Sun upon the day of the Solftice,
“which are parallel to each other. DA,
¢ which paffes by Syeme, s perpendicular, that
¢ 15, it pafles through the center of the earth.
¢ Having obferv’d by the perpendicular ftyle
¢ BC the angle GCB, made by the ray of the
¢ Sun EG;I fay, the rays DA and EG being pa-
¢ rallel, the alternate angles GCB and BFA are
¢ equal ; by which means we have got the angle
¢ AtB, and its meafure AB; which gives us n
¢ degrees the diftance between Alexandria and
¢ Syewe. And having fuppos’d it to be known

¢ in miles, the circumference of the carth may
‘be
19
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| € befound by the fimple Rule of Three, Ifayings

* If fo many degrees give fo many miles, bow ma< -
S my will 360 give?

PROPOSITION XIX.
| ATarerorRE M.

Lanes parallel to a thirdy are alfo parallel among
themfelves.

G JUppofe the lines AB,
A j\ B S and FE to be pa,l'allci
to the' line CD: I fay,

1 D they are parallel betwixt
i - \ _ themfelves. Let the line
E :{.\ E

GL cut them all three.
Demonftration.

For asmuch as the lines AB and CD are pa-
rallel, the alternate angles AHI, and HID, are
equal (by the 29) and becaufe the lines CD
and FE are alfo” parallel, the exrernal an le
HID will be equal to the internal ILE ; (4
the fame] therefore the alternare angles AHI,
and ILE, will be equal, and the lines AB and
EE parallel [by rhe 27.]

E a
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PROPOSITION XXXIL

A ProzLE M,
To draw aline F;:.fmff:.’ to another é} y Pafﬂr g;'q:rfﬂ.

J line by the point C,

i 2 4 which fhall be parallel to the

o N e line AB. Draw the line GE;

i % 5 and make the angle ECD e-

qual to the angle CEA. I fay the line CD is pa-
rallel to AB. Demonftration.

The alernate angles DCE and CEA are e-
qual : therefore the lines CD and AB are pa-
rallels.

¢« The eleventh Maxim, 1. e If a fiﬁeﬁ:ﬂing
¢ uporn 1120 others make the internal angles lefs than
¢ yao right angles, thofe lines will concur,may alfo
¢ now be ealily demonftrated.

E  Let the line AG, falling

. : upon the lines AB and CD,
M\j\\n make the internal gizgles

C 2P AcD, and CAB, lefs than
' G two right angles: 1 fay that

the lines AD and CD will concur. Let the an-
ies ACD and CAE be equal to two right an-

-5+ the lines AE and CD will be parallels

(97§

it oL P ET it be requir’d to draw
2 I 4
“-
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(oy the 28.) Take the line AB as long as you

pleafe, and by the point Bdraw EF paralle] tc

CA. Then take the line EB {0 oft as it is necef:

fary, tomake it reach lower than the line CD;

as in the prefent hgure 1 have taken it onl

‘twice’; b that EB and BF are_‘equal. By the

point I draw a parallel FG equalto AE, and
‘Joyn theline GB. “1 fay that the'line ABG is

only bue line; and that thercfore the line* AB
concurring in FG, - if the line CD be conti-
nwd, fince it cannot cut its parallel FG, ic will

cut the line EG between 3 and G.

\ Demonfiration. -\

.. The triangles AEE and BFG Have the fides
ALK and FG, BE and BF, equal; dsalfo the al-
ternate angles AEB, and BEG, (bytbe 29.)

therefore they are equal in all refpeéts, (4y rbe

4.) And the oppofite angles ABE, and FEG,

are equal; and by confequence [y tbe coroll. of

(#4e 15 ] AB and BG make but gne righe line:

The U S E.

o) .+ The ufe of parallel lines is very common;

(4

o asun Perfpeétives, for s much  as the appeag-
j" ances or images of lines parallel to the picture

[ ]

“or table, are parallel among themfelves, I

. Nawigation, tue lines of the fame Rhomb of

‘-t_hﬂ wind are delerib’d by Paralle's. Pelgs

5, Dsals have. the hour Tines Parallels. "The Com-

¢ pafs of Proportion is founded alio up;ju' Paral .

¢ Iels, E 3 PROD

H
%,
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PROPOSITION XXXIL

A TUHEORE M.

The external angle of a triangle is equal to borh
the internal oppofite angles taken together; and
all the three angles of a triangle are equal to1wo
right angles.

A £ LET the fide BC of the
triangle ABC be pro-
ducd to D. 1fay, that
the external angle ACD
5 - is equal to both the inter-
D pal angles A and B taken
together. By the point C draw the line CE pa-
rallel to the line AB.
Demonftration.

The lines AB and CE are parallels, therefore
[by the 29.) the alternateangles ECA andCAB
areequal ; and [by the famc] the external angle
"ECD is equal to the internal B. And by con-
fequence the whole angle AGD, being equal to
both theangles ACE, and EC D, of which it is
compos’d, will be equal to both the angles A
and B taken together.

In thefecond place. The angles ACD and
ACB are equal to tworight angles, (by the 13.)
and I have demonftrated the angle ACD to be
equal to both the angles A and B taken toge-

ther ;
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ther ; therefore the angles ACB, A, and B,

that is to fay,all the angles of the triangle ABC,

are equal to two right angles, or which is all
one, to 180 degrees.

Corollary 1. All the three angles of one tri-
angle are equal to all the three angles of another
triangle. |

Coroll. 2.: If two angles of one triangle be
equal to two angles of another triangle, their
third angles are alfo equal.

Coroll. 3. If a triangle has one right angle,
the other «wo will beacute; and taken roge-
ther will be equal to one right angle.

Coroll: 4. From a point given only one pet-
pendicular ean be drawn to the fame line ; be-
caufe a triangle cannot have two right angles.

Coroll. 5. A perpendicular is the fhorteft of
all the lines, thatcan be drawn from the faime
point to the fame line.

Coroll. 6. Ina reétangle triangle the righe
angle is the greateft angle, and the fide oppos’d
to it the greateft fide.

Coroll. 7. Every angle of an equilateral tri-
angle contains 6o degrees ; that is to fay, the
third part of 180.

The USE.

¢ This Propofition is of ufe in Afrosomy, to
¢ determine the Parallax. Suppofe the point’

E 4 ‘A

e e e T ————————m —
- - T — —
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¢ A to be the center of the earth; and that from

L “the point B upon the fuperfi-

¢ cies be taken the angle DDBG,

¢ that is to fay, the diftance of a

¢ {ftar from the Zenith'D. If the

¢ earth was tranfparent the ftar

¢ would appear remote from the

¢ Zenith D, according to the bignefs of the an- |

¢ gle CAD, which is lefs than the angle CBD.

¢ For the angle CBD being an external angle

“in refpect of the triangle ABC, it is (by rbe

¢ 32.) equal to both the oppofite angles A and

“C. Therefore the angle C will be equal to

‘ theexcefs of ‘the angle CBD above the angle

¢A. Whenece I infer, that if I can know by

“the Aftromomical tables how far remote from

® the Zenith the ftar ought to appear to him

¢ that {hould be at the center of the earth, and

“ obferve it at the fame time from the [uperficies,

¢ the difference of thofe two angles will be the
“Parallax BCA.
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PROPOSITION. XXXIIL

A Tusorenum,

Two lines drawn towards the fame parts, from
the exfrfm:—jt] of two other limes that are equal
)

and parallel, are alfo themfelves equal and pa-
rallel.” |

BY: ET the lines AB .and CD

N

i be parallel and, equal;
A and let the lines AC and BD
] s )

c

be drawn from  their extremi-
ties towards the fame parts’;
I fay, that the lines AC and BD are equal and
parallel. Draw the Diagonal line BC.
| Dewmonftration,

Since the lines AB and CD are parallel, the
alternate angles ABC and BCD will be equal ;
(by the 29 ) therefore in the triangles ABG

_and BCL), - which have the fide BC common,

and the fides AB and CD equal, together with
the angles ABC and BCD equal alfo, the bafes
AC and BD will be equal, (by tbe 4.) and alfo
the angles DEC, and BCA ; ‘which being al-
ternate angles, the lines AC and BD will be pa-
rallel, (by the 27 )
Zbe -U S E.

£ This Propofition is reduc’'d to pracice for

‘ the
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“ the meafuring, the perpendica-
X “lar hights, AG, of the vafteft

“ Mountains ; and alfo their hori-

“ by their bulk, Take a large fquare

o

C PG ¢ ﬁDBJ; and PlﬂCE it {fo at the pﬂinr i ol

¢ A, that the fide DB may fall per-
pendicularly 5 then meafiire the fides AD
and DB. This done, do the fame again at the

4
4
e
[ 4

“ther give the horizontal line CG; and the
“ perpendicular fides DB and EC, give the per-
¢ pendicular hight AG. Thisway eof meafur-
¢ ing is called * Cultellation.

¥ Meafaring by piece-meal.

R s

PROPOSITION XXXIV.
A Tusore u.

The oppofite fides and. angles of @ Parallelogram
" are eqaaly and the diameter divides it into two
equal parts.

SUppoﬁ: the figure ABDC [ fee rbe fir. of the
preceding Prop.] to beaParellelogram, that
is to fay, that the fides AB,CD; AC, and BD,
are parallel. I fay, the ﬂppﬂﬁ_tﬂ fides AB, CD ;
AC, and BD, are equal; asalfo that the angli

7 H‘ zontal lines; CG, which are hid §

|

point B, and meafure BE and EC: the fides §
parallel to the horizon, AD, BE, added toge-
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‘A and D, ABD, and ACD; and that the dia-
smeter BC equally divides the whole figure.

' Demonftration.

The lines AB, and CD, are fuppos'd to be
parallels : therefore the alternate angles ABC
and BCD will be equal, (by the 29.) In like
manner the fides AC and BD being fuppos’d to

'be parallels, the alternate angles ACB and CBD

will beequal. And further, the triangles ABC,
BCD, having the fame fide BC; and the an-

' gles ABC, BCD ; ACB, and CBD equal, will

be equal inall refpects, (4 the 2.6.) Therefore
the fides AB, CD ; AC, and BD, and the an-
gles A and D, are equal: and the diameter

~ divides the figure into two equal parts. And

fince the angles ABC, BCD ; ACB,and CBD,
are equal,joyning together ABC and CBD; and

 likewife BCD and ACB, we infer that the op-

pofite angles ABD, and ACD are equal.
The US E.

A E B *Surveyors have need of this Pro-

e ¢ pofition for dividing grounds. If
/ 5 ¢ the field be a Parallelogram, they

¢ can divide it into two equal parts

céG D ¢by the diameter AD. But if you

¢ be oblig’d to divide it by the point E: divide
¢ firft the diameter into two equal parts by the
¢ point F, then draw the line EFG, which will

¢ divide the figure into two equal parts. For

{ the
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- ¢ the triangles ALF, and GFD, having the alter-
¢ ternate angles EAF, FDG;and AEF, FGD ;
*and the fides ‘AF and FD equal, are equal,
€(by the26 ) Andfince the Trapezium BEFD
¢ with the triungle AEE ; that is to fay, the tri-
“angle ADB, is half the parallelogram, (4y the
¢ 34.) the fame Trapezium EEFD with the tri-
“angle DGF will ‘be half the fame. . Therefore
¢ the line EG divides' it in the middle.

s

PROPQSIT ION XXXV.

Y

A | HEORE M.

Perallelograms, baving the fame bafe, ‘and being

berweep the [ame parallels, are equal.

C D ET the Parztlielngrafﬁs
A

B ol+B
-._._.__E-I‘--.'f‘r-‘_' i | “n
0 be ABEC, and ABDF
-l 7 2
{“ having the fame bafe AB,
—— s and being between the fame
parallels AB and CD. Ifay,
they are equal. D monftration.

The fides AB, CE are equal, (by the 34 ) as
alfo AB, FD: therefore CE and FD are equal;
and adding to them EF, the lines CF and ED

*will be’ equal. - The triangles therefoie CEA, |l

and EDB, have the fides CA, £B, asallo CFyand |

EDiequal, together with theéngles DES, .and
q S o] = |

FCA, (by toe 20.) enc being an externalyiand Jf#

the |
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| the other an internal angle on the fame fide.
Therefore (by the'4.) the tiangle ACF and
BED are equal; and taking from them both,
that which 1s common, wiz. the ljttle triangle
EGF, the Trapezium FGBD will be equal to
the ‘T'rapezium CAGE : and adding to- both
«| the triangle AGR, the Parallelograms  ABEC

and ABDF will be equal.

The US E. -

¢ Scotus, and“fome Divines fince him, have
“ made ufe of this Propofition to prove, that
¢ dAngels may extend themfelves to whar [pace they
¢ pleafe.  For fuppofing they can aflume any
* hgure, provided {they have not a greater ex-
* tenfion : it is evidenr, that if an Angel: thauld
€ potiefs the fpace of the Parallclogram ABEC,
* it may likewife occupy the fpace of the Paral-
“lelogram ABDF ; and becaufe parallels may
¢ be continu’d iz infmitum, (without end,) and

* Parallelograms may be flill form’d longer and
® longer, which will all be equal to ABEC; an
¢ Angel will be able to extend it felf fill farther
¢ and farther. 3

o add bcmﬂnﬂrﬂr 107 of the fame Propefition by
e Indzvifibles., e

“ This method was lately invented by Cawa-
: lerius 5 which has found different acception in

the
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¢ the world, fome approving, and others reject-
“ing it. His method confifts in this ; that we
¢ imagine fuperhcies’s to be cumpos’d of lines,
“like fo many threds. And tis certain, that |
¢ two pieces of linnen will be equal, if they have |
“both the fame number of threds, of equal "
¢ length, and equally compaéted. |
¢ & g D ‘Let two Parallelograms §
— ¢ therefore ABEC, and ABDF, |
| 7" ‘be propos’d, having the fame
paan " “bafe AB, and being between
AAB ¢ the fame parallels AB, CD.
¢ Divide the Parallelogram
¢ ABEC into as many lines as you pleafe, pa-
¢ rallel to AB, which continue to the other Pa-

¢ rallelogram  ABDF. “Tis evident there will
‘be no more in one, thanin the other; and
¢ that they will be of equal length, being all
¢ equal to the bafe AB; andthat they will not
¢ be more clofely compacted in one, than in the §;
¢ other : thcrcé;re the Parallelograms will be

¢ equal.
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" PROPOSITION 'XXXVL
ﬂﬁl : 5
&4 ATurore m.
e -
W) Parallelograms, upon equal bafes, and berween the
! Jame parallels are equal.
s |
IEALE - G E ET the bafes CB and OD
me [/ —+" of the parallelograms AC
e / L | BF, ODEG, be equal 5 and
D, & O let bothbe between the fame
rat parallels AE, CD. I fay the
pi-| parallelograms are equal. Draw the lines CG,
f-} and BE. Demonftration.
illf * The bafes CB,and OD,are equal : OD, and
wdf GE, are alfo equal: therefore CB and GE are
/l} equal, and parallel; and by confequence (zc-
k) cordimg to the 33.) CG and BE will beequal and
e parallel; and CBEG will be a parallelogram
|w} equal to CBFA, (by the 35.) having both the
fame bafe. Inlike manner, taking GE for the
bafe,the parallelograms GODE and CBEG will
be equal, (4y the [ame) Therefore the paralle-
| lograms ACBF, and ODEG, are equal.

i | The US E.

" Weoft reduce parellelograms, which have
" oblique angles, as CBEG, or ODEG, to re-
Sétanglis; as CBFA : fo that meafuring the

¢ latteryt’
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¢ latter, which is eafie, ' being only to muliply
¢ AC by GB, the produt bemg equal ‘to the
¢ Parallelogram ACBF, we may by confequence
¢ know the other Parallelograms CBEG, or

¢ ODEG.

R

PROPOSITION XXXVIL

A T aeOoRE M.

Triangles having the [ame bafe, and being be-
toween the [ame Pm'.:;fffﬁ.r, are equal,

E F YF the triangles ACD and
; ) CDE, have the fame bafe
N\ b \\l‘ CD, and be inclos’d between
LA s N the fame pamll{:ls AF, and
cD G H CH, they willbe equal. Draw
the lines DB, .and DF, parallel to the lines AC,
and CE, and you will bave form’d two Paral-
lelograms,

Drmwgﬁn:réaﬂ.

"The Parallelograms ACDB, and ECDF, are
equ:ll (by the :‘;5.) and the triangles ACD,
CDE, are the halts of thofe Parallelograms ( by
the 34.) Therefore the wiangles ACD, CDE,

are r:qua,l.

PROP,
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"PROPOSITION XXXVIII

A THEORE M.

Triangles, 'that have equal bafes, and ave inclosd
within the (ame parallelsy are equal,

F the triangles ACD, and EGH, [ fee 7.
preced. ] have equal Bafés CD, and GH, and

* are inclos’d within the fame parallels AF, and

CH, they are equal. ' Draw the lines BD and
HF parallel to the fides AC, and EG; and you
will have form’d two parallelograms.

: Demonftration.

The Parallelograms ACDB, and EGHF, are
equaly (by the 36.) and the triangles ACD and
EGH are the halfs of thofe parallelograms, (by
75e 34.) therefore they aré alfo equal.

The US E.

“We have in thefe propofitions direCtions for
¢ dividing a triangular field into two equal parts;

A ¢ for example the triangle ABC:
¢ Divide the line which you will .
: ¢ take for the bafe, as BC, into two

» “equal partsin D; | fay the trian-

33 DL toles ABD, and ADC, are equal.

For if you fuppofe a line-drawn by A, parallel
4 - - " F -

. to BC, thofe triangles will have equal bafes,

: £ “and

a - A = —T .
e e g = .

___
3

e . e

- i

= wm=
= S e
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¢ and be inclos’d within the fame parallels, and |
* by confequence will be equal. Other Divifi- §
o W

‘ons, grounded upon the fame propofition,

“might be made ; but I omit them, that I
‘might not be tedious.

PROPOSITION XXXIX.

A TuroRrE M.

Equal trinagles, upon the [ame bafe, are wishin
the fame parallels.

F the triangles ABC, and
# I DBC, having the fame
‘? bafe BC, be :qqal the line

AD drawn by the tops will

T be parallel to the bafe. For

if AD and BC be no paral-

lel 5 if you draw a paralled by the point A, it

will fall either below the line AD, as AO'; or

above it, as AE. Suppofe it to fall above, and

produce BD till it meet the line AE, at the
pomnt L ; then draw the line CE.

Demonftration.

'I he triangles ABC and EBC are equal, (&

5) nce the lines AE and BC are paral-

1--,4; “tis ]w:wﬂc: fuppos'd that the tir mglcs

ABC, and BDC, are equal : therefore the wi-

angles

F.Tlg
il 1

{&h

- e = O’ [
= k£ o E t
o T L E
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angles DBC and EBC would be e ual; which
is impofiible, the firft being part -::rElrhe fecond,
Whence I conclude, that a line parallel to BC
cannot be drawn above AD, as AE,

I add, that that parallel cannot be below AD,
as. AO: becaufe the triangle BOC would be
equal to the triangle ABC, and by confequence
to the triangle DBC ; that is to fay, the part
would be equal to the whole. It muft there-
fore be confefs’d,  that the line AD is paralle] to

~ the lineBC,

PROPOSITION. XL.
AT u roR B M,

Equal triangles, baving equal bafes, if they be ta-
ken upon the [ame line, are between the fame pa-
rallels.

IF the equal triangles ABC
and DEF, have equal ba-
fes AB and DE, taken upon
the fame line AE ; the line
CF drawn by their tops will
A B D E beparallel to AE. For if it
be not parallel, having drawn

| by the point C a line purallel to AE, it will pafé
i § either above CF, as CG ; or below it, as CI.

Demonftration,
If it pafs above CF, as CG, continue PF till
by in
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it meet with CG in G; and draw the line EG.
The triangles ABC and DGE would be equal,
(by the 38.) and ABC and DEF being fuppos’d’
to be equal, DEF, DGE, would be alfo equal ?
which, ‘one being part of the other, cannot pof-
fibly be : therefore the parallel cannot pals a-
bove CE. 1add, that neither can it pafs below
it, as CI; becaufe then the triangles ABG and
DEI would be equal, and by confequence DEI,
and DEF ; the part and the whole. Theretore
only CF can be parallel to AE.

[ —— e ———— — B e i e i o

PROPOSITION XLL

A TuEoORE M.

A Pm*aﬂc!afmm will be double to a triangle, if
they be besween the fame parallels, and bave

equal bafes,

A7 the Parallelogram ACBD,

EXF |
/ 1 and the triangle EBC, be if A~
4 between the fame Parallels \
FEAL AE and BC; and have the
C B fame bafe BC, or only equal § ‘u
bafes ; the Parallelogram will
te double the triangle. Draw the line AG,
Demonftration.
The triangles ABC and BCE are equal, (&7
the ll
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\ #he 37.) But the Parallelogram ACBD is dou-

ble the triangle ABC, (by the 24.) It -is there=
fore double the triangle ;EL{E %ﬁmuld be alfo
double a triangle, that, having 2 bafe equal te
BC, fhould be between the fame parallels.

The US E,
HA G ¢The ordinary methed of meafur-
Z F : “ing the area or fuperficies of a trian-

: © gle is built upon this Propofition, If

B DE C ‘thetriangle ABC be proposd; from

“the angle A we muft-draw AL per-
® pendicular to the bafe BCj; then multiplying
* the perpendicular AD by half the bafe BE, the
* produét gives the ares of the triangle : becaufe
¢ multiplying AD, or what is the fame, EF by
"BE, we havea reCtangle BEFH, which is e
® qual to the triangle ABC. For (4y the 41.)
“ the triangle ABC. is half the reftangle HBU
*G; and o likewife is the retangle BEFH.

“ We meafure all forts of retilineal figures,
nas “as ABCDE, by dividing them

/ /{;\ ¢ into triangles, as BCD, ABD,
A1+ p “AED; drawing the lines AD,
' ¢and BD ; and the perpendi-

E ¢ culars CG, BF, and EL. Fer
:mu]ﬁp}}:iﬂg half of BD by g and half ok
¢AD by BF, and by EL, we have the area of
“allthofe triangles: adding which together the
‘flumm is equal to the rectilineal figure AB
R DE. Pi3 AR




82 The Elements of Euclid. 4

¢ We find the ares of the regular Polygones, by
* multiplying half their circuit by a perpendi- |

D “ cular drawn
HM N ¢ from theircen-

F [ [ ¢ ter to one of | o
. ¢ their fides. For i} .
¥ L O ¢ multiplying A | '

e ‘G by IG, we |

®f{hall have a reftangle HKLM equal to the'
© triangle AIB: and repeating the fame for all f |
¢ the other triangles, taking always half of the |§ £
€ bafes, we fhall have a re€tangle HKON, which §
¢ will have the fide KO compounded of all the |
* half bafes, and by confequence equal to half §f 11,
¢ the circumference ; and the fide HK equal to §f (¢
$ the perpendicular 1G. e
¢ T'is according to this principle, that Arebi- |
¢ medes has demonftrated, thar a circle is equal §f m
“to a reCtangle compris’d under the femidia-§f ;.
¢ meter, and a line equal to half the circumfe- §f
‘Tence.

wlgs,
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PROPOSITION XLIL

A ProzizewMm.

To make a Parallelogram equal to a triangle pi-
ven, having one angle eqaul to an angle given.

AFYE ET a Parallelogram be de-
4@ f'r d, Equai to the triangle
L ABC, and having an angle e-

B qual to the angle E, divide the

bafe BC into two equal parts

‘at the point D; and draw the line AG paral-

lel to BC, (%y “the 31.) then make the angle
CDF equal to E, (by the 23.) and laftly draw
the line CG parallel to DF : the figure FDCG

»is a Parallelogram,becaufe the lines FG, DC ;
- FD, and GC, are parallels, and its angle CDF

is equal to the angle E; and farther, tisalfo equal
to the triangle ABC.
Demaﬂﬁmnm

Thetriangle ADC s half the parallelogram
EDCG, (by the 41.) ’tis alfo halt the triangle
ABC; fince the triangles ADC, and ADB, are
equal, (ﬁ oy the 38.) Therefore the triangle AB
Ci equal to the Parallelogram FDCG.

F 4
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PROPOSITION XLIIL

A T 1 o E M.

The complements uf a parallelogram are equal.

n the Parallelogram ABD

C, the complements AF
éiﬁ EH, und EGDI, are equal,

Demon(t mt:m

The trmnglr.s ABC, and

BCD, are equal, (by the 34.) therefore if the
triangles HBE, and BIE; FEC, and CGE,
wh lch are alfo f:qua.l (by the fame,) be fubftra-
&ed, the complements AFEH, GDIE, which
remain, will be equal.

PROPOSITION XLIV.

APRUILEM

To defcribe a parallelogram upon a.line given,
swhich [hall be Eqﬂmfru a nmn_gfe,amz’bawfmb

a certain angle 5 ie. equal to one given.

e 3 T B3 4 SUppDﬁ: you be rcqulrd

to make a parallelogram,
Eé\ﬂﬂ\

¢ which fhall have one of its
k% les equal to the dnﬂ'le K

e E angles equa .
? g L ”‘lf‘l ong of its fides eqml to

the
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the &1& D, and be equal to the triangle ABC.
Malée the Parallelogram BFGH, (by the 42.)
which has the angle BEG equal to the angle E,
and is equal to the triangle ABC. Produce the
fides GF, and GH, fo that HI may be equal to
the line D ; and draw the line IBN till it cuts
GF produc’d to N; and from the point N draw
the line NO parallel te Gl, and 1O parallel to
BH; producingalfo the fide FB to K, and HBto
M. The parallelogram MK is that which you
defire. Demonftration.

GF and HM being parallels, the alternate
angles GFB or the angle E, and FBM, are e-
qual (by the 29.) In like manner the lines KB
~and ‘MN being parallel, the alternate angles
FBM, and BMO, are equal ; therefore the an-
gle BMO is equal to E, and the fide KB is e-
qual to the line HI or D: and laftly, the Pa-
rallelogram MK is equal to the Parallelogram
GFEBH, (by the preceding,) and that was made
equal to the triangle ABC. Therefore the Pa-
rallelogram MK is equal to the triangle ABC.,

The US E.

B This Propofition contains a kind
/D ¢ of Geomerrical Divifion: for in
-JH ¢ Arithmetical Divilion a number
* 15 propos'd, which may be lookt

G “on asa reftangle: for example,
_ fthe rectangle AB. confifting of
twelve
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¢ twelve fquare feer, which is to be divided by
¢ another number, fuppofe, two ; that is to fay,
¢ another rectangle is defir'd to be made equal
“to AB, having one of its’fides, BD equal to |
€ two ; and the queftion is, how many feet the |
¢ other fide ought to contain; which'is, asit were, |
® the quotient. 'This is done Geometrically by |
¢ the Rule and Compafs, 'Take BD confifting |
“of two feet, and draw the Diagonal DEF : |
¢ the line AF is that which you feek. For hav-
¢ ing compleated the reCtangle DCFG, the com-
¢ plements EG, and EC, are equal, (by the 43.)
*and EG has for one of its fides EH, equal to
*BD, of two fect in length ; and EI equal to
“AF. This kind of Divilion, is call'd Appli-

® cation, becaufe the reftangle AB is apply’d to
“the line BD, or EH: and from hence tis, that
“all Divilion is frequently calld Application
“ becaufe the ancient Geometricians made {more
“ufe of the Rule and Compafi, than of Arith-
* metick.
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PROPOSITION XLV,

APros i B M.

To deferibe a parallelogram, which [hall have a
certain angle; and be equal to a rectilineal fi-
gure given.

FLE ET the reftilineal fi-

@D [77 gure propos’d be AB
Z_ CD, to which you are re-
i urred to make an equal
ParalIelogmrn, which fhall .
have an angle equal to the angle E. Divide the
rectilineal into triangles by the line BD: and
(by the 42.) makea Parallelogram FGHI, which
has the angle IHG equal to tlec angle }1 and is
equal to the triangle ABD ; and (& rEre 44.)
make the Parallelogram IHKL equal to the tri-
angle BCD, having one {ide equalto IH, and
the angle LIH equalto the angle E. The Pa-
rallelogram FGKL will be equa.i to the rectili-
neal f’sBCD
Demaﬂﬁmnﬂﬂ
Nothing need be prov’d, but that the Paral-
lelograms FGHI, and HKLI, make up but
one; that is to ﬂw GH, and HK, make bue

_one right line. The angles GHI, and LEKH,

are equal to the angle E. And the anglﬁ:a LKI—fi
an
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¢ twelve fquare feer, which is to be divided by

¢ another numbser, fuppofe, two; that is to fay,
¢ another reCtangle is defir’d to be made equal
“to AB, having one of its*fides, BD equal to |
€ two ; and the queftion is, how many feet the |
¢ other fide ought to contain ; which'is, asit were,
“the quotient. 'This is done Geometrically by
¢ the Rule and Compafs. 'Take BD confifting |
¢ of two feet, and draw the Diagonal DEF : |
¢ the line AF is that which you feek. For hav- |
¢ ing compleated the reCtangle DCFG, the com-
¢ plements EG, and EC, are equal, (4y the 43.)
“and EG has for one of its fides EH, equal to
*BD, of two feet in length ; and EI equal to
®AF. 'This kind of Divifion, is call'd Appli-

® cation, becaufe the reCtangle AB is apply’d to
“the line BD, or EH: and from hence tis, that
“all Divilion is frequently calld Application ;
“ becaufe the ancient Geometricians made {more
“ule of the Rule and Cempafs, than of Arith-
¢ metick,
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PROPOSITION XLYV.

AProz i B M.

To deferibe a parallelogram, which [hall have a
certain angle s and be equal to a rectilineal fi-
Lure given.

FIL ET the re&tilineal fi-

gure propos’d be AB

@ / ;' X Z_ CD, rto which you are re-

u:red to make an equal

P&rallelogram, which fhall .

have an angle equal to the angle E. Divide the

reftilineal into triangles by the line BD: and

(by the 42.) makea Parallelogram FGHI, which

has the angle IHG equal to tlee angle E, and is

equal to the triangle ABD ; and (4y rrﬁe 44.)

makr: the Parallelogram IHKL equal to the tri-

angle BCD, having one {ide equalto IH, and

the angle LIH equalto the angle E, The Pa-

rallelogram FGKL will be EE}_LI;].I to the rectili-
neal ﬂB(;D

Demonftration.

Nothing need be prov’d, but that the Paral-

lelograms FGHI, and HRLI, make up but

one; that 5 to fay, GH, and HK, make but

_ one right line. The angles GHI, and LKH,

are equal to the angle E. And the angln:a LKI—&
an
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and KHI,are equal to two right angles, becaufe
KHIL is'a Parallelogram. Therefore the angles
GHI and KHI are equal to two right angles,
and (by the 14.) GH and HK make one right
line.
Fhe U S E. j
“The ufe of this propofition is the fame with |
¢ the preceding ; ferving to meafure the capa- |
¢ city of any figure whatfoever, by reducing it |
¢ into tringles, and then making a rectangular
¢ Parallelogram equal to them.
¢ Tis ealie likewife tomake a reCtangular Pas
¢ rallelogram upon a determinate {ide, which
¢ may be equal to many irregular figures. In
¢ like manner having many figures a rectangle
¢ may be defcribed equal to their difterence.

PROPOSITION. XLVL

A ProsLEM,
To deferibe a (quare upon a line f’?’ﬂh

S O defcribe a fquare.upon the

line AB, draw two perpen-

diculars AC and BD equalto AB,
and draw the line CD.
Demonftration.

B The angles A and B being right

angles,
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angles, the lines AC and BD are patallels (by

. the 28.) They are alfo equal ; therefore the

lines. AB and CD are parallels and equals, [by
the 33.] and the angles A and C equal to two
right angles; asalfo B and D, [by rbe 29.] and
fince A and B are both ri ght angles, the angles
C and D will be {6 likewife. Therefore the f-
gure AD hasall its fides equal, and all its angles
right angles, and by confequence is a fquare.

PROPOSITION XLVIL

A Tusora .,

The [quare of the bafe of a rectan ular triangle, 7
e;ml to fj;JE fquares of both I.’E‘E%JL{?E?‘ fides taken
together, :

thj/\ Sllppﬂﬁ:: the :mglle BACto
. G be a rightangle, and that
LA Iquares were defcribed upon
C allthe fides BC, AB, and A

C: that of the bafe BC,
which is oppos’d to the right
D g g angle, will be equal to the
fquares or both the fides AB,

and AC. - Draw the line AH parallel to' BD,
and CE; and joyn the lines AD, AE, FC, and
BG. Iwil prove the fquare AF is equal to the

rectangle BH, and thefquare AG to the reCtan~

gel
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gle CH ; and therefore the fquare BE is equal
to both the fquares AF and AG.
' Demonftration.

The triangles FBC, and ABD, havethe {ides
AB,BF ; BD, and BC, equal: apd the angles
FBC, and ABD, are equal, each containing the
angle ABC more than their refpective right an-
gles. Therefore [ by the 4.] the triangles ABD
and FBC are equal.  But the fquare AF is deu-
ble the triangle FBC, [by the 41.] having the
fame bafe BF, and being between the fame pa-
rallels BF, and AC. In like manner the re-
&angle BH is double the triangle ABD, having
likewife the fame bafe BD, and being between
the fame parallels BD and AH. Therefore the
fquare AF is equal to the triangle BH. By the
fame method the triangles ACE, and GCB;
may be prov’d to be equal, [by the 4 ) and the
fquare AG to be double the triangle GCB ; and
the reftangle CH, double the triangle ACE,
L&y the 41. ] therefore the fquare AG isequal to
the retangle CH ; and by confequence the
fquares AF and AG are equal to the fquare
BDEC.

The US E:

¢ >Tis faid that Pythagoras, having found out
- = ~ -.‘-J ¥ 5L I‘I -
¢ this Propofition, facrihcd a Hecatomo, 1. €. 2

¢ hundred Oxen, to the Mufes, to return them

{eems

[ A ——

¢ thanle for their adhiltance; fuppofing it, it |
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* feems, above the power of bare humane in-

* vention. Nor was his efteem thereof {0 irra~ -

¢ tional, as to-fome perhaps it may appear ; this

¢ Propofition being the foundation of a very con-

¢ fiderable part of the Mathematicks, For in

Sthe hrlt  place Trigomometry cannot poilibly
¢ fubfift withour it, it being neceflary to com-
¢ pole a table of all the lines that may be in-
¢ ferib’d in a circle, as Chords, Sines, Tangents,
f Secants; as may appear by one example.
¢ Suppofe the femidiameter AC to

- ¢ be divided into roccoo parts, and

“grees. Since the Chord, or line
s ¢ that fubtends 6o degrees is equal
¢ to the femidiameter AC; BD the
“fine of 30 degrees, will be equal to half AC,

G
E “that the arch BC contains 30 de-
A

¢ and therefore contain 50000 parts. Now in

¢ the reCtangular triangle ADB, the fquare of
© AB is equal to the iquares of AD, and BD.
* Make therefore the fquare of AB, by multi-
*pPlying 100000 by 100000, and from the pro-
*du@ fubftract the [quare .of 50000 o BD ;
* the remainder will be the fquare of AD, or
® BF the fine of the complement : and extract-
‘ing the IE_luarE reot of that number, you will
“ have the line FB. This done, making as AD
:to BD, o ACto CE, you will have the tangent -
%5 then adding together the fquares of
+ AC and CE, the product [by the 4.7 will give
[ the
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¢ the fquare of 'AE; extrading therefore from
¢ that number the fquare root, you will know. @
¢ the length of the line AE, which is the fe-

|

¢ By thisalfo we may aug- |
€ 'D_ 'E ¢ ment figures, as much as |

' [T % ¢ we pleafe. For example 5 |
¢ to double the fquare ABG §
B A ¢ D, continue the fide CD,

G “fo that AD and DE may |
‘be equal: the fquare of |
¢ AF. will be donble the fquare of ABCD; fince
¢ (by the 47.) it is equal to both the fquares of §
¢ AD and DE. Making the right angle AEF,
¢and taking EF equal to AB, the fquare of AF
¢ will be triple the fquare ABCD. Again,
¢ making the right angle AFG, and taking FG
¢ equal to AB, the fquare of AG will be qua-
“druple, or four rimes the fquare of ABCD.
¢ And that which I fay of the {quare, may be
¢ underftood of all {imilar figures.
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PROPOSITION. XLVIIL
A TRroreM.

If in a triangle the (quare of ome fide be equal to
the [quares of both the other fides, taken toge-

ther; the angle oppofite to that [t} fide will be
a right angle.

R IF the fquare of the fide NP be
L

equal to both the fqdires of
the fides NL, and LP, taken to-
2\ gether; the angle NLP will be 2
N P right angle. Draw LR perpen-
dicular to NL, and equal to LP; then draw
the line NR.
Demonftration.

In the reCtangular triangle NLR, the fquare
of NR is equal to the fquares NL, and RL,, or
LP, (by the 47.) Now the fquare of NP is al-
fo equal to the fame fquares of NL, and LP:
therefore the fquare of NR is equal to the
fquare of NP, and by confequence the lines NR
and NP are equal. And becaufe the triangles
NLR, and NLP, have the fide NL common ;
the fides LP and LR equal, and their bafes
NP and NR alfo equal; the angles NLP and
NLR will be equal, (by the 8.) and the angle
INLR being a right angle, the angle NLP muft

o roo, G The
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THE SECOND BOOK

ELEMENTS
EUCLID.

- U CLID in this Book treats of the
. E powers of right Lines; that is to fay,
3 of their Squares; comparing the di-
¢ vers ReQtangles, which are made upon a Line
¢ divided, as well with the Square, as the
¢ Reftangle, of the whole line. ”Tis a part
¢ exceeding ufeful, ferving for the foundation
¢ of the principal Operations of Algebra. The
¢ three firlt Propofitions demonftrate the third
¢Rule, or Operation of Arithmetick, Multi-
¢ plication.  The fourth reaches to extra&t the
¢ fquare Root of any number whatfoever. Thofe
¢ that follow to the Eighth ferve upon many oc-
¢ cafions in <Igebra. The refkinftruct us in O-
¢ perations proper for Trigonometr). "This Book
¢ {tems at hrlt view very difficult; becaufe
€ men are apt to imagint there isfomething my-
* {teriovs containd therein; neverthelels the

‘ great-
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¢ greateft partof its Demonftrations are gtotind-
ed on this moft evident Principle, That the
¢ whole is equal to all its parts taken together.
¢ But it ought not 1o difcourage any, if they
“fhould not at the firft attempt fully compre-
“hend them.

DEFINITIONS.

1. Aveétangular parallelogram is compris'dunder

two lines, that form a right angle.

AF L) Bferve that hencefor-
; ward by a re¢tangle we

“fhall intend fuch a paralle-

G i3 “logram, whofe angles are
BE c © dll right angles, diftinguith~

“ing it by giving its longi-
“tide and latitude, naming two of its fides, -
“ which contain one of its angles, as the lines
“ABand BC. For the reftangle ABCD is
* compris’d under the lines AB and BE 50 BC
- denoting »its longitude, and AB its latitede ;
*and the other being equal to thefe it will not
“be neceflary to name them. 1 have alfo for-
“meily intimated that the line AB, remain-
“ing perpendicular to BC, and being mov’d
¢ from one extremity thereof to the other, pro-
¢ duces the reftangle A3CD; and that that
' {92 ¢ mo.
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¢ otion has fome refemblance to Arithmetical
¢ multiplication: fo that, as the line AB mov-
“ ing over the line BC, that is, taken o many
¢ times, as there are points in BG, compofes
“the rectangle ABCD: fo the multiplication
¢ alfo of AB by BC, will give the reCtangle |
¢ ABCD. As, fuppofe 1 knew the sumber of |
“ Mathematical pomnts, that are in AB, for |
¢ example 40, and that there were 60 in BC:
¢itis evident that the reGtangle ABCD will
¢ have fo many lines equal to AB, as there are
¢ points in BCj; and that multiplying 40 by
¢ 60, the product will be 2400, which is the
¢ number of Marhematical pomts in the reCtan-
¢ gle ABCD.
¢ I may take what quantity I pleafe for a Ma-
¢ thematical point; provided I do not afterwards
« fubdivide it; it muft therefore be obferv'd ;
« that when I meafure a line, for a Mathemati-
. cal point I take that meafure which beft fuits
. with my occafions; for example, when I fay
2 line of five foot in length, my Adathema-
 tical point s 2 line of a foot long; which I
_take without conlidering that it is compos'd
. of any parts. In meafuring a fuperficies like-
. wife I do the fame, taking fome known fuper-
ficics, for example, a foot{quare; which Ido.
*  not afterwards (ubdivide. I make ufe of a
_ fquare rather than any other figure; becaufe
its length and bredth beng equal there 1s no
“need

4
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¢ need of naming more than one of its dimenfi-
* ons to defcribe it Accordingly when 1 would
‘mark out the Area of the retangle ABCD,
I.do not confider the fides as fimple lines, but
“as rfeCtangles of a determinate bredth: for
¢ example, whenT fiy that the reCtangle ABCD
* has the fide AB of four foet long, fince a foor
‘15 to me inftead of a Marhematical point, 1
* conceive the fide AB to have alfoa foor in
“bredth, and to be as the retangle AEBEF.
¢ Thercfore knowing how many times the
“bredth BE is contain’d in the line BC, 1
“thall know how many times the line AB is
¢ contain’d in the retangle ABCD ; that is to
¢ fay, multiplying AB which has four foor
¢ fquare,by 6,the product will begf24 foot fquare.
* In like mannier knowing the magnitude of the
“ reCtangle ABCD to be 2 4 foot fquare.and one
* ofits fides ABto be 4 dividing 24 by 4
® the quotient will give me the other fide BC,
¢ conbifting of fix foot fquare.
A E D 2 Having drawn the diameter of 2
[ /(A ¢ rectangle, oneof the lefler rectangles
# /G thro which it pafles, together with
the two complements, is call’d the
B H C Gnomon. * As the rectangle EG,
¢ thro which the diumeter BD pafles,
“together with the complements EF and GH,
* is calld the Gnomon ; their figure togethers
© reprefenting 2 Carpenters fquare. »;
o e G 3 PROP
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PROPOSITION I
A Tuzsores M.

If tao lines be propos'd, whereof one is divided in
to drvers parts, the rectangle contain’d under
tholé two lines 1 equal to the reftangles con-
cain'd under the line which isnot divided, and
the parts of the lime divided. '

S A E T the lines PTDXGS’d be
{*i \ AB, and AC; and let AB

‘ be divided into as many parts as
iR

| you pleafe. The retangle AD

contain’d under the lines AB and

AC, is equal to the reftangle AG contain’c

under AC and AE; to the reftangle EH con-

tain’d under EG equal to AC, and EF ; and to

. the retangle FD contain'd under FH equal
to ACand FB. |

A Demonfiration.

The reftangle AD is equal to all its parts
taken together; which are the reCtangles AG,
EH, and FD; and no other. Therefore the
retangle AD is equal to the reCtangles AG,
EH and FD taken togerher.

By Numbers.

This propofition holds true likewile in num-
bers. Suppofe the line AC to be five foor
long; AE two, EF four, FB three; and by
confequence AB nine: the rectangle contain’d

| ' under
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under AC five; and AB nine, that is to fay,
five times nine, which makes forey five, is e«
qual to twice five or ten, four times five or
twenty,and three times five, or fifteen ; for ten,
twenty, and fifteen, make forty five.

The U S E.

fA, 53| .. By this propofition is demonftra-
B, 8] “ted the ordinary operation of mul-

| (':"?5': : -“ tiplications * For example, if you

B g “were to ‘multiply the number A,
[5': “which is '§3, by the number B,

> 24 “thatis 8: Divide the number A
E, 490| ¢ineofo many parts as there are'char= |
E, 424 ©a&ers:thatis; two, 50,and 3 ; which
* multiply, by 8, faying, cight times-three is
* twenty feur; and {0 you make one reftangle.
¢ Then multiplying "the number 50 by 8, the
¢ product *aj.r'iﬁ be 400. But ’tis evident that
¢ the product of eight times 53, being' 424,
¢ is equal to the product of 24, and the produck
$ 470 taken together, pe e

PROP.
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PROPOSITION IL

A T uzorewm.

The [quare of any line is equal to the rectangles

contain’d under the whole line, and all its parts.

~ CGHD E T the line propos’d be AB,

and 1s {fquare ABCD. I fay
the fquare ABCD is equal to the ret-
: angle contain'd under the whole line
AE FB Ap and AE; another under AB and
EF; and a third under AB and FB.

Dem&nﬂmrfan.

The {quire ABCD is equal toall its parts
taken together, which are the retangles AG,
EH, FD. The frft AG 15 contain’d under
AC equalto AB, and AE. The fecond EH
s'contain’d under EG equal to AC or AB.and
FE. The third FD is contain’d under FH e-
qual to AB, and FB: and ’tis the fame thing
to be contain’d under a line equal to AB, and
to be contain’d under AB it felf. Therefore
the fquare of AB is equal to the rectangles

contain'd under AB, and AE, EF, FB, the
parts of AB;

By Numbers.
Let the line AB reprefent the number nine :
its
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| s fquare will be 81: Let alfo. the part AE be

four ; EF three , and EC two : nine times four

make thirty x; nine times three twenty feven,
i L] ® @ 2 = =
. and nine times two eighteen, and ’tis plain that
' 36,27, and 18 make 81.

The US E. |
¢ This Propofition ferves likewife to: prove
¢ multiplication ; as alfo for Equations in -

gebra.

PROPOSITION II

A Tusorz M.

If 4 line be divided into two parts, the rectangle
contain d under the whole line, and one. of its
parts, is equal to the [quare of the [ame part,
and the veétangle contan’ d under both the parts.

D E FY ET the line AB ‘be/divided
into two parts at the point
| C; andlet areCtangle be made
AL C B of the whole AB, and one of
its parts AC, that s to fay, let AD be equalto
ACsand then if the reCtangle AF be compleated,
it will be, equal to the fquare of AC, and the
retangle contain’d under AC and CB. Draw
the perpendicular GE,

Ne-
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Demonftration.

The re€tangle’ AF contain’d under AB and
AD equal to AC, is equal to all its parts,
which'are the reCtangles AE, and CF. "The
firlt AE is the fquare of AC, thelines AC
and AD being equal; and the reftangle CF
is contain’d under CB, and CE equal o AD
or AC: ‘T'herefore the re@angle contain’d
under AB and AC is equal to the fquare of
AC, and the retangle contain’d under AG
and CB.

By Numbers.

Let ABbe2; and AC3; and CB g: the
reftangle contain’d under 1AB and AC, will
be three times eight, or 24: the fquare of AC
3, isnine; and the reftangle contain’d under
AC 3, and GB g, is three times § or 1§5. Bur
it is evident that 15 and 9 make 24.

The USE.

A, | * Theufe of thisPropofition is fHill to
C;45, 3|'! r_icmﬂni%ra‘tﬂ the ordinary pratile
B, 3] “of multiplication. For example, if
* you would multiply the number 43
by 3 ; having divided the number
129, ‘43 into 40, and 3: three times 4.3
* will amount to as many as three times three, or
“nine, thatis the fquare of three ; and three
° imes 40, that is, 120; for three times forty
{threeis 129. Beginners ought not to be dif-
¢ cour-

120. 0.
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¢ courag’d, if they do not prefently apprehend

¢ thefe Propolitions; which yet, in truth are
¢ not difficulr, but as they are conceiv’d to con-
¢ tain fome ftrange myftery.

PROPOSITION 1IV.
A TungorEe M.

If a line be divided into two parts, the (quare of
the whole line, will be equal to the [quares of
both the parts ; and twe rf&aﬁgf o5 CONLaAIn &
under the (ame paris.

E FD ET the line AB be di-

| — vided in C,and its fquare
N G r ABDE deferib’d; let its di-
] agonal alfo ' EB be drawn and

K A . CB 3 perpendicular cutting it CF :
and by that point let the line GL. be drawn
parallel to AB. 'T'is evident that the fquare
ABDE, is equal to the four reftangles GF,
CL, CG, and LF. The two firft of which
are the {quares of AC and CB: and the two
Complements are contain’d under AC  and
CB.

Demenftration.

The fides AE and AB are equal : therefore
the angles AEB, and ABE are half right
angles
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angles: and becaufe the lines G, and AB are
parallels; the angles of the triangles of the
fquare GF (by the 29. 1.) will be equal ;
as allo their fides (4y the 6. 1.) Therefore GF is
the fquare of AC. In like manner CL is the
fquare of CB: the retangle GC is contain’d
under AC, and AG equal to BL or BC; and
the reftangle LF is contain’d under LD equal
o AC, and FD equal to BC.
* Coroll. If you draw the diagonal of 2 fquare
the rectangles which it cuts are {quares.
T.Iéf s k.
B, 22| thod of extratting the fquare root of
C, 12| any number propos’d. Let the num-
~ ‘berbe A, or 144, reprefented by the
“fpuare AD, and its root by the line AB.
* Iuppofe it known from other principles that
¢ it requires twO characlers. I imagine there-
¢ fore that the line AB is divided in G fo
“that AC may reprefent the frlt chara&er,
“and BC the fecond:  Then fearching the
* root of the firft chara&ter of the numbe 144,
¢ which is 100, I find it to be 10: and making
* its fquare 100 reprefented by the fquare GF,
£ I fubftract it from 144; and there remains 44
“for the rettangles GG, FL; and the fquare
* CL: But becaufe the figure of 2 Gnomon is
“ not proper for this operation, I tranfport the
¢ reflangle FL. unto KG, making one :vhn:zie
rect-

ld,:q.q_, ¢ This Propofition teaches the me-
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re€tangle KL, that is, 44. I know al!"ﬁ al-
ready almoft the whole fide KB: for AC be-
ing 10, KC muft be 20. I muft therefore di=

F. I . o~

(Vide 44 by 20; that is to fay, for my Di-
g vifor doubling the root found; Ienquire then
bow many times 2.0 I can have in 447 and
find twice ; and therefore take 2 for the fide
| *BL; and becaufe 2.0 was not the intire fide
KB, but only KC ; that two which -came
“in the quotient I add to Divifor, making
t%it 22; which number being found precifely

twice in 44,adding 2 to the root before found,
| Iconclude the whole fquare root of 144, to be

“12. You fee then that the fquare 144 is e-

" qual to the fquare of 10, which is 1co, the
" fquare of 2, that is 4 3 and twice 20, which

_ makes the two reStangles contain’d under two
. and ten,




106 The Elements of Euclid.

PROPOSITION V.

A Tusore M.

e line be divided into two equal parts and tiwo B

| parts that are umequal;, the reétangle contain’d |
under the unequal parts,pogether withthe jquare |
the intermediate part ; is equaltothe [quare |

of bﬂ%f the line.

E G F FF the lire AB be divided
o\l | into two equal parts in C;
| ' and two unequal parts in D
A C OB the re€tangle AH ct:-ntam’-.j
under the unequal fegments
AD, and DB, with the fquare CD, will
be equal to the fquare of G5, that is, the
fquare CF. Compleat the figure as you fee;
the reftangles LG aad DI will be fquares.
(by the coroll. of the 4 ) | will prove then that
the reftangle AH, contained under AD, and
DH equal to DB, with the fquare LG, is e-
qual to the fquare CF.
' Demonftration.

The re@angle AL is equal to the reCtangle
DF, both being contain’d under half the lme
AB, and DB, or DH, which is equal to it
Add to both the reftangle CH,; the reétangle
AH will be equal to the Gnomon CBG. Add

Lacre-
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therefore again toboth the fquate. LG ; andthe
rectangle AH, with the fquare LG will be &
qual e the fquare CF,

4 By Numbers,

Let ABbe 10; AC will be 5y and CB like-
W wife; andlet CD be 2, and DB 3. the reét-
va|  angle contain’d under AL 7 and DB 3, that is
wl to fay 21, with the fquare of CD 2, that is
el 4, will be equal to the fquare CB 5, ‘which is

24" The US E.

PAREITHR Propofition is very ufeful in the third
| “Book:' It isalfe us'd in Algebra,  to demon-
G| ¢ ftrate the manner of finding the root of an af-
D;| ©feéted or impure {quare,
PROPOSITION VI

" A Tuporzwm, .
J'.Lj If a line be divided into t30 equag parts, and to
[It 3t another lime added ; the redangle conpai
under the line compounded of thofe trwo,and thas
which is added, with the [quare of balf the di-
" vided line, is equal to the fguare of the lins
K compounded of tbat balf, and the line thar s
v ﬁ{fﬁfﬂf.
% .G E YF totheline A B, divided
: & R 1nto two equal parts in C,
e E IR N0 | be added.the line BD ; the
4 9 ¥ reftangle AN, conmain’d un~
B4 .- C 3 p derthe ling AD, and: DN e-
L qual to BIDJ ~with the fquare

of
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of CB, is equal to the fquare of CD. Make
the fquare of CD, and having drawn the diago-
nal FD, draw alfo BG parallel to EC, cutting
FD at the point H, through which patles the |
line HN parallel to AD. KG will be the {quare §
of CB; and BN, that of BD. '.

Dema#ﬁmrian;
The reCtangles AK, and CH, being upon

equal bafes AC and CB, are equal(by the36.1.) |

The complements CH and HE are equal, (by
the 43. 1.) therefore the reCtangles AK and
HE are equal. Add to both the rectangle CN,
and the fquare KG : the reCtangles AK and CN
that is, the reGtangle AN, with the {quare KG,
will be equal to the retangles CN and HE,

and the fquare KG, that is, the fquare CE.

By Numbers.

et AB confift of 8 parts,: AC of 45 and
CB of 4; BD of 3. fo that the whole AD be
11, Tis evident the reftangle AN is three
times 11, that is 33; Which with the fquare
of KG, equal CB 4, that is 163 make 49, and
therefore is equal to the fquare of CD 7. which
is 49; for 7 times 7 make 49.

The US E. 3

¢ Maurylocus, by the help of this Propofition

« eafir'd the whole Earth at one fingle Obfer-
' vation.
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Vation.  To effed which, he advifes, that

* from the top of a mountain of

A ‘known height A, you obferge the
4B “angle BAC, made by the

line
0 1

AB, touching the fuperficies of
& © the earth at B, and the line AC
- pafling through the center » and

* that in the triangle ADF, know-
¢ . :“ing the angle A, and the right
“angle ADF, you tind by Trigonometry the fides

" “AF and FD: and becaufe tis eafie to demon-
* ftrate that FB and FD are equal, you will then
now the line AB, and alf6 its fquare. Now

¥ we have demonftrated in the preceding Pro-
¢ pofition, that the line ED being divided into
*equal parts in C, and the line AD added to
‘it the,re&angie contain’d under EA, and
* AD, with the fquare of CD, or CB, is equal
“to the fquare of CA 5 and the angle ABC,
© being a right angle, (as is prov'd in the third
“ book) the fquare of CA is equal to the {quares

> of AB and BC; therefore the re&a.ngle un-
“der AE and AD, with the fquare of BC, is
‘equal to the fquares of AB and BC. Take
" therefore from them both the {quare of BC,

L4

tid) “and the re€tangle under AE, and AD, will be

equal to the fquare of AB. Divide therefore
¢ theknown {quareof AB, by the height of the

2ol £ mountain AD, and the Quotient will be the

o fline AE; from which fﬁbm’i&iﬁg the hight
. 1 H
{ohg

of




110 The Elements of Euclid.

¢ of the mountain, the remainder will be the

¢ diameter of the earth DE. '
¢ We have made ufe likewife of the fame pro-
¢ pofition in our Algebra,to demonftrate the thir-

_ ¢ teenth propofition of the third Book, to find ¢
 the root of a fquare equal to a more eertain |
¢ qumber of roots. The two that follow do

¢ allo ferve for the proof of the like operati-

¢ ons.

-

PROPOSITION. VIL
A T uso0REM.

Jf & line be divided, the [quare of the whole
limepwith that ﬂf one df s parts, is equal totwo
vectancles contain’d amder the whole line, and

that ﬁ,’? part together with the [quare of the
erher part. '

E E'T the line AB be divided

% any where in C; the fquare
H G ( AD of the line AB, with the
fquare AL, will be equal totwo
C.B right angles contain’d under AB |
K L and AC, with the fquare of CB.
Make the {quare of AB, andhav-
ing drawn the diagonal EB, and the lines CF
and HG1; prolong EAfo far, as that AK may |
beequalto AC: fo AL will be the fquare of AG,
.od’ HK will be equal to AB; For HA is equal

A
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to GG, and GC is equal to CB, becaufe Cl is.
the {quare of CB, (by the Coroll of theg) '

Demonftration.

T'is evident, that the [quares of AD and AL
are equal to the rectangles HL and HD,and the
fquare CI. Now the rectangle HL is contain’d
under HK equal to AB, and KI, equal to AC,
In like manner the rectangle HD is contajn’d
under HI equal to AB, and HE equal to AC.
Therefore the fquares of AB and AC are equal
to two rectangles contain’d under AB and AC,
and the fquare of CB,

In Numbers. ..

Suppofe the line AB to confit of 9 parts,
AC ﬂfp.q., and BC of §.. The fquare of AB g
is 81, and that of AC 4 15 163 which 81 and
16 added together make 97, Now one rean-
gle under AB and AC; or 4 times 9, make 36,
which taken twice is72.: and the fquare of CB
5 15 255 Which 72 dnd 25 added together make
alfo 97, : ; -

FRO P




W TRl v - e i
b : T i =
X e

T I ey -
e = Wy
R = i S = v

The Elements of Euclid.

PROPOSITION VIL

ATHEORE M,

If you divide a line, and add anotber to it eqnal I:-::"

ome of its parts, the [quare of the whole compoun-

ded line will be equal to f:sr reftangles contain'd, |
under the firft lime, an

that part that is added

together with the [quare of the other part.

G

A D
I K IR

LET & line AB be disided

 NJo
T'I'i""L

ENTP

the {quare

and having
wife the perpendicul
the diagonal in I, &

MOH, and GIR, p
lesGC, LK, PH, MB, and NR;, will be {quares,

&

(by the C aroll. o

and BD equal to CB added
H ¢o it: the fquare of AD will be

v equal to four re&tangles contain’d

under AB, and BC or BD, and
of AC. Make the fquare of AD,
drawn the diagonal AE, draw like-
ars BP, and CN, cutting
nd O: and alfo the lines
arallel to AB. The rectan-

of the 4.)

Dfmunﬂmriﬂ#.

The fquare ADEF s equal to all its parts;
and the reGtangles LB, OD, PM, are contain’d

under lines equalto AB, and BC, an

d if you add

the reGangle MI to the reGtangle PH, they to-
gether will give you another redtangle contain’d

under

any where in the point C, |

L —

™
=]

=1 =%
- R B =7

A
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under a line equal to AB, and another equal to
CB or BD: 'Befides which there remains no-
thing but the fquare GC, which is the [quare of
AC. Therefore the fquare AD js equal to four

| re€tangles contain’d under AR and BD, and
11 fquare of AC, o, v 4

the

In Numbers,

Let the line AB confit of 7 parts, ACof 3,
and CBofy4 ; asalfo BD: tha fquare of AD 1 ¢
will be 121, And one reCtangle under, AB 7

|- and BD 4, makes 28 ; which taken four times
M s 112; and thofe together w

ith the fquare of 3
% which is ¢, make alfo 127. :
bl 3
ni PROPOSITION IX.
H | | _
D, AProsraswum
o
:g:g If @ lime be divided ins, two equal parts, and o
| #mequal, the (quares of the uncqual parts will be
a0 double the (quare o balf the line,and the Jquare
e, of the intermediate part,

E

et the line be divi-
iy ded into two equal
ind 3 parts at the point C, a}'ld
afd tWo unequal at the poinc
fl0e _— - D: the {quares of the une-
il s LT qualparts A D, and DB
ﬂﬂ H 3 will
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will be double the fquares of AC, whichis half <}
AB, and CD the intermediate part, Draw CE ¢
erpendicular to AB, and equal to AC; draw §
alfo the lines AE and BE, and the perpendicu- &
lar DF, as likewile FG parallel to CD. Then 1
joyn the line AF. |
Demonftraticn. -.
‘The lines AC and CE are equal, and the an- |
gle Cis a right angle: therefore (by the §.1.)the §
angles CAL, and CEA, are equal ; and confe- |
quently half right angles. In like manner, the
angles CEB, CBF, GFE, and DFB, are half
right angles; and the line GF and HE, DF and
DB, equal, (by the 6. 1.) and the whole angle
AEF is a right angle. Now the fquare of AE(4y
the 47. 1.) is equal to the fquares of AC and
CE, which are equal: therefore it is double the
fguare of AC. tor the fame reafon, the fquare
ot EF is double the fquare of GF or CD. Now
the fquare of AT 1s equal to the {quares of AE,
and EF, becaule the angle AEF is a right an-
gle: thercfore the fquare of AF is double the
" {quares of AC, and CD. The fame fquare of
AF is likewile equal to the fquares of AD, and
DF or DB, the angle, D being a right angle.
Therefore the fquares of AD, and DB, are dou-
ble the fquares of AC, and CD. ;

In Numbers.

Let AB be 10, AC 5, CD 3, and DB
S i 2.5

o
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| 2: the fquares of AD 8, and DB 2, that is to

fay, 64 and 4, which make 68, are doublethe -
fquares of AC g, that is, 25, and of CD [ &
which is 9: for 25 and g make 34, which js
half of 68. '

. . The US E.

~ “I have not met with this Propofition, ex-

“cept in Algebra; no more than that which
¢ follows.

. ' .PROPOSITION X

:A THEOREM.

f @ line be added to anther that is divided into

two equal parts; the [quare of the line com-
pounded of thofe two, with the Jquare of that

whichis added, makes double the [quare of balf
the line, and the (quare of that which is com~
pounded of bhalf, andthe line that is added.

ET the line AB be

| : E
: / middle at the point C,
o £ C_ B _Ip andthe line BD added

\ to itz the fquares of
G AD, and BD, will be

double the fquares of
AC, and CD. Draw the perpendiculars CE

B and DF equal to AC: and then draw the lines

H 4 AE,




ERNPE & Cp ot =
P e T

11§  The Elements of Euclid.

AE, EF; and producing FD toG, fo that DG & [
_. may be equal to BD, joyn the lines AG, and 8 st
i | EBG. '
1 iy Demonftration.

The lines AC, CB, and CE being equal, and
the angles at the point G being right angles :
i the angles CAE, AEL, CEB, and CBE, will | .,
il be half right angles. Inlike manner theangleD §f

l being a right angle, and the lines BD and DG | ¢
equal, the angles DBG, and DGB, will be half Jf !
i right angles; and fo will likewife GEF, the §

i angle F being a fight angle; ‘therefore thelines § p.

L FG and FE are equal, (4 the 6. 1.) and EF § .
E

e

T

| s equal o CD, (by the 33 1.) Now the fquare A
O of AE is double the fquare of AC, and the 18
i fquare of EG alfo double the fquare of EF, or §

gl CD, (by the 47. 1.)But the fquare of AG is ¢- 4
qual to the fquares of AE and EG, (by ‘the fame :)
therefore the fquare of AG 1s double the fquares § &
of AC,and CD. The fame fquare of AG is | Il
likewife (by the fame) equal to the fquares of | ke
AD, and DGequaltoDB: therefore the fquares § i
of AD and DB are double the fquares of AC and e

CD.
By Numbers. g n

Let AB contain 6 parts, AC 3, and CB
1N 2, BD 4; the {quare of AD ro is ‘160 ; § af
e the fquare of BD 4 is 16, which make toge- § tu
ther 186. The fquare alfo of AG 3 15 9: the | £
s AW B ' {quare

i
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fquare of CD 7 is 49. Now 49 and g make
5 ,thehalfﬂfllﬁ. |

Sl

—— —

S

PROPOSITION XI.
o UHPR o3 Sttt

frﬂ divide a line in fuch o manne;,rédr the re&tan-
- ghe under the swhole line, and one of its parts,

{hall be equalto the fquare of the other part.

C S__I.Ippnfé the line AB tobe di-

“vided in fuch a tanner, that

the reCtangle under the whole

g line AB, and BH, mdy be equal

L_]H to the {quare of AH. "Make the

fquare c} AB,(by the 46. 1 )and

- dividing ADin the middle in E,

draw EB,and take EF equal to EB. Then make

the fquare of AF, that isto fay, let AFand AH

be equal. Ifay, the fquare of AH will be equal

to the reftangle HC, contain’d under HB, and

BC equal to AB. i
8 Demonftration.

The line AD is divided equally in the point
E, and the line FA" added to it; “therefore (by
the 6.) the rectangle DG contain’d under DF;
and FG equal to AF, with the fquare of AE, is
equal to the fquare of EF,equal to EB: now the

g

am 'ﬂ

Iquare EB is equal to the fquares of AE and

L BB
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AB, (by the 47.1.) therefore the fquares of ABand 8
AT are equal to the retangle DG, and the fquare §
of AE: and fubtra&ing from both the fquare of
AE; the fquare of AB, that is, AC, will be e-
qual to the reftangle DG : taking away there-
fore the reftangle DH, which s common to
both, the reGtangle HC will be equal to the
fquare of AH, thatis, AG.

The U S E.

¢ This Propofition teaches how to cuta line
¢ according to the extreme and middle propor-
¢ tion, as willbe fhewn in the 6tb Book, *Tis
¢ alfo frequently made ufe of in the 1425 Book
¢ of Euclid’s Elements, to find the fides of regu-
¢ 1ar Solids. It is ufeful alfo in the 1 1. of she
¢ 4.to infcribe a Pentagone in a circle, asalfo a
¢ Pentedecagone (or a figure with 15. angles)
¢ You will fee alfo other ufes thereof in divi-
¢ ding lines on this manner, in the 3oth Pro-

¢ pofition of the 6.
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PROPOSITION XIIL

A Tunoreum.

E In_an Obtufe triangle, the fquare of the fide
oppos’d to the obtufe angle, is equal to the
[quares of both the other fides, and two reét-
angles contain'd under the line upon which a
perpendscular will fall, and the line which lies
betwixt the triangle and the perpendicular.

A LET the angle ACB,  of the
- triangle ABC, be an ebtufe,
Wies and let AD be drawn perpendi-
cular to BC 5 the fquare of the

fide AB' is equal to the fquares of the fides AC
and CB, and two reCtangles contain’d under the

fide BC, and DC.

i

Demsonftration.

The fquare of AB is equal to the fquares of
AD, and DB, (&y the 47.1.) But the fquare of
DB is equal o the fquares DC, and CB, and
two reftangles contain’d under DC and CB,
(9y the 4.) Thercfore the fquare of AB is equal
to the Iquares AD, DC, and CB. and two re-
¢tangles contain’d under DC and CB. In ftead
of the two firft fquares AD, and DC, put the
fquare of AC,which is equalto them, (& y the 47
(‘1 The fquare AB will be equalto the fquares
AC
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AC and CB, and twe reftangles contain’d un- |
der DG and CB

The US E ,E

¢ This Propofition is ufeful in Trignometry fi L
¢ to meafure the area of a triangle, whofe fides .-; i
¢are known. For Example, Iuppof&r the ﬁd:: B
¢ AB toconlift of twenty foot, AC of 13 y
‘of 11 : the fquare of AB w1|l be 420, \tha.t c:f' B
*AC 169, and that of BC 121. The fumm |
¢ of the two laft Is 290, which fubtradted from
¢ 400, there will remain 110 for the two reét-
¢ angles under BC and CD. The half of which, §§ /
“ 55, will make one half of thofe rectangles; Z—'
¢ dividing which number by BG, 11, we fhall =
€ have 5 for the line CD ; whofe fquare 25 be- §
¢ ing fubtraéted from the {quare of AC, 169, f{bi
¢ leaves the fquare of AD, 1414, whoferoot 12 § tm
¢ will 'nr: the fide AD, which being multiplied § fu
by 5° the half of BC, will give the aree of

¢ the triangle ABC, that i is, 66 foet fquare. ' § T
I::.

b,

o

PROP. |-




PROPOSITION XII
ATHrorEMN.
wy | 1o amy triangle whatfoever, the fuare of the fide -
ides oppos’d to the acute an le, with two reifangles
(ide contain'd under the fide upon which the perpen-
8 dicular falls, and the line wihich # betwixt the
wl ) perpendicular and thas angle; 35 equal to the
mafl s fquares of both the other fides,
irout . :
- A Uppofe the triangle to be
ich, /(\ ABC, and the acute an gle
s C, and AD the perpendicu-
hal . lar falling upon BC: the
hee B 2 ‘ S {quare of t%e ﬁf:i}e AB, oppos’d
iy § o theacute angle C, with two reCtangles con-
yf tain’d under BC and CD, will be equal to the
dedf 1quares of AC, and BC.
cof Demonftraticn, | _
| Theline BC being divided in D, (by the 7 )
the fquares of BC and DC are equal to two re-
Ctangles under BC and CD, and the {Quare of
BD. Add o both the fquare of AL): the
fquares of BC, D)C, and AL, will be equal to
0P8 two rectangles under BC, and CD, and the

The Second Book.

fquares of ED, and A D. Inftead of the fquares
ot CD), and AD, put the fquare of AC, which
18 equal to them, (47 the 47. 1) a nd inflead of
the
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122 The Elements bf Euclid.

the fyuares of BD, and AD, fubftitute the
{quare of AB, which is equal to them, (by the |
fams) the fquares of BG, and AC, will be e- §
qual to the fquare of AB, and two reftangles |
contain’d under BC, and CD

The U S E.

¢ Thefe Propofitions are very ufeful in T?‘I;gﬂ;

¢ pometry: 1 have made ufe of them in theeighth |
¢ propofition of my third book, to prove, that §
¢in a triangle the Sine total has the fame pro- |

¢ pgrtiﬂn to the fine of an angle, as the reCtangle W

¢ contain'd under the {ides, which form that §

¢ angle, to double the triangle. I have usd
¢ them likewife in the feventh, and divers other

¢ Pmpoﬁtionﬁ.

PROPOSITION. X1V.
A Pro®sLEM.

To deferibe a fquare equal 1o a rectilineal fighre

gfwfﬂ.

H O defcribe a fquare e |
: qual to the rectilineal !

/ ; AN\ A, make (by the 45.1.)a reGt=
o angle BCDE equal to the |
D

F
G Bl e&ilineal A.  If the {ides ¢

i CD, andCB were equal, We
(hould'
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fhould have what wedifir'd: bue bein g unequal;
continue the line BC, 6 that CF may be equal
to CD ; and dividing the line BF, in the mid- |
dle at the point G, defcribe the femicircle FH
B this done, prolong DCto H. 'The fquare
of CH is equal to the relineal A. Draw the
line GH. \ _
Demonftration, % s

The line ,BFrisldividcd into two éq.ulal parts

f, inG, and two ﬁnéqu::l in C: therefore ( by the

5:) the reQangle contain’d under BC, CFlor
CD, thatisto fay, the reGtangle BD, with tlie

| Iquare of CG, is equal to the Iquare of GB, or

GH, which is equal to it. Now (by the 47. 1)
‘the fquare of GH is equal to the fquares of CG,
and CH: therefore the reCtangle BD, and the
fquare of CG, are equal to the fquares of CG,
and CH; and therefore rakin g away the fquare
of CG, which is common to both, there wil]
remain the fquare of CH equal to the reclangle
ED, or, which is the fame, the reGilineal A’

Tbe US E.

¢ Thhis Propofition teackies us in the firft place
to reduce any retilineal bgures into fquares ;
“which being the chief meafure of all {upers-
* cies, becaufe its dimenfions are both equal,
¢ we can by this means take the magnitude of
 all forts of reilineal figures. Again it helps
$us to find 2 middle proportional betwixt two

line

€
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¢ lines given, as we fhall fee in the thirteenth
< Propofition of the Sixth Book.

¢ ¢ Arifforle brings this Propofition as an in-
- ftance of a Formal Definition : foryi bis fecond
book, de Anima, [ecF. 1% ditinguifhing be-
; tWixe a Formal and a Caufal Definition,he ex=
. plains them thus. If, when. tis demanded . |
. What it is tofquare a ReGangle? anfwer be |
] return’d, that it is to defcribe 2 fquare equal |
- 1o a rectilineal; this anfiwer contains the for- |
* mal definition. = But if it be faid, that it is to
¢ find a middle proportional betwixt two lines;
¢ this gives the Caufal definition. For to fAind
s 2 middle proportional is the caufe of making a
“ {juare equal to the reilineal propos’d. .

. * This Propofition may alfo be farther ufeful
“fo the fquaring of crooked figures; and alfo,
¢ 45 far as is poflible, even the Circle it felf; for
¢all forts of crooked figures may, at leaftas far
¢ a5 is difcernible by fenfe, be reduc’d to recti-
¢lineals. As for example, if we infcribe ina
¢ circle a Polygone confifting of 2 thoufind
¢ fides, there will be no {enfible difference bes
¢ ewixt it and the circle : therefore reducing this
¢ Polygone to a fquare, We do, ‘asfar as our fen-
¢ fes are capable of judging, {quare the circle.

¥

THEL™
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HIS Third Book explains the pro-
- perties of a Circle, and compares di-
8., vers lines which may be drawn with-
. In, or without it’s circumference. It confiders

[ 1

‘ L] 0 M
y likewife: the circumftances of circles, that cut
| © each others or touch a right line; and the

b

£\
' * differences of angles that are made either at

‘ L]
the centers or circumferences.  In fine it lays

| © down the firft principles for the eftablifhing the

:praf_fi:ical part of Geometry ; for which the cire
cle is moft com :nudinuﬂj]; made ufe of in al-

$moft all Treatifes of the Matbematicks,

1 DE-
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The Elements of Euclid.

DEFINITIONS.

1. 'Thofe Circles are equal,
whofe diameters or femidiameters

are tqual.

2. A line is faid to touch a cir- §

2 % le, when, meeting with its cir- § |y
_. cumférgfice, it does not durits As
theline AB. : o

f

3. Circles touch,when '5
meeting, they do not ‘\

" cut each other. As the
circles A, B; and C. E

A L\ 4. Thofe lines are equally re-
A mote from the center ;When the per-
1! : ndiculars, drawn from the center /
; Yo the lines, are equal.” ¢ As ford}
L p—""D *example, if EF, and EG; ‘perpen= l
| ¢ diculars to the lines ABy and CD, '3'<
AB and CD will be equally remote,
becaufe * the diltance ought’
perpendicular lines..

¢be equal,
* from the center;
“always to be meafurd by
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5. A fegment of 2 circle isa
higure terminated on one fide by .
1 w & rightline,and on the other by
M o the drgpference of a cirele
As LON, LMN.

6. The angle of the fegment is the angle
which the circumferénce makes with the right
“line. % As the angles LNO, NLM.

7- An angles in that fegment in
which are the lines that form e,
* As the angle FGH, is du the fig -
¢ ment EGH. brg M 3nion

8. An a}lgle is upon that ;aqul, to which i
is oppos’d, or which is as its bafe, “8s the
& angle FGH, is upon the arch FIH.

9. The Sefltor is 2 figure con-
tain’d under two femidiameters,
and the arch which ferves them

I:‘:'F.'F for a bafe. ¢ As the ﬁgurc FIGH.
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PROPOSITION L 5
A Proz L s m. i
T find the center of a Circle.

O find the center of thecir- | |

cle AEBD, drawtheline | "

3 T AB, and divide it in the middle
\_ec_/% at the point C; through which
draw the perpendicular ED,

which alfo divide into two equal parts at the
point F, and that point F will be the center of
the circle.  Ifit be not, fuppofé the point Gto ¥ /4
be the center ; and draw the lines GA, GB, b

and GC,

Demonftration. £

If the point G be the center, the triangles
GAC, and GBC, will have the fides GA, and  §||
GB equal,(by the defimition of a circle:) and AC  JIiK

1 and CB will be equal, the line AB being divi- &

11 ded in the middle at the point C, and CG being |
| common, the angles GCB, and GCA will bee- #*¢
qual (bynrhe 8.1 ) ¢nd CG a perpendicular, not
CL,which is contrary to the fuppolition. There- |
fore the center muft of neceflity be in the line

ity g
IEE | . i ¥ B = -,
11K GD*  add, that i®®muft-be at the pont F, E ;‘f'
where it 15 divided into two r.qual parts: other- | lﬁ{

A

wile
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wife the lines drawn from the center to the cir-
cumference would not be equal.

Coroll. The center of a circle is in that line, -
which falling perpendicularly upon another, di-
vides it into two equal parts.

The U S E.

* This Propofition is neceffary to demonftrate
¢ thofe that follow.

.PROPOSITION 1L

ATuaorEM.

Aright line drawn from one !fﬂfﬂﬁ ?" the circums-
ference to another, falls who ly within the circle

ET aline bedrawn from
the point B tothe point C.
I fay, it will be wholly contain’d
within the circle. To prove that
it cannot fall without the circle,
as BVC ; having found the cen-

ter of 'the circle A, draw the lines AB, AC, and
AV&

Demonftration.

The fides AB, and AC,of the triangles ABC-
are equal: therefore (by the §. 1.) the angle,
ABC and ACB are equal, and fince the angle
AVC is an external angle in refpet of the tri-

I3 angle
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arigle AVByit 18 greater than the angle ABC,
(by the 16. 1) and" then alfs it will be greater
than the angle ACB. " Therefore (by the 19.1.)
in the triangle AGV, the fide AC, oppos’d to
the greater angle AV will be greater than
AV : and by cotifequence. AV ought not to
ceach to ther, circumference of the cirdle,: if the
line BVC was a right line.

The U S E.

¢Tis by this Propofition that they demon-
¢ fkrate, that a circle. can touch a right line but
¢in one place. For if the line touch’d twa
¢ points of “the circumference, it would be
¢ drawn from one of its points to another : and
“by confequence, according to this Propofition,
¢ grould’ énter the'cirele ; though by its defini-
¢ tion, ‘the line thit touehes eught not to cut
¢ fhe citeumbsrence;  Théddofims makes ufe of
¢the f{ime Demonltration to prove, that a
¢ Globe can touch a plané only inone point;
¢ for otherwife the plaiie would enter within the
*Globe. :
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- PROPOSITION IL.
| A Tﬁn;nnﬁu;l .

If the Diameter divide a linewhich does not pafs
thromgb the center, into two equal partsyit awill
cut it at r{g.t angles; and if it cut it at right

- angles, it will divide it into two equal parts,

/}i’ F the diameter AC, cut the

: s ling BD,awhich does not
E pafs through the center F, in-
/ to two equal parts at the point
B\\E.E//n E, it will cucit at right an-

gles. Draw the lines FB, and

FD. Demonftration. '
In the.;riangles FEB; and FED, the fide EF
15 common ; the fides . BE and ED are equal,
becaufe the. line BD is equally divided in E,

~ and their bafes FB and FD are equal : therefore.

(by #he 8. 1.) the angles BEF and DEF are e-

fual, and by confequence.rightangles. 1 add,

that if the angles BEF and DEF be rightangles,
the line BD will be divided into two equal
parts at E, that is to fay, the lines BE and ED
will be equal.
Demonftration. .

The triangles BEF and DEF are rectangu-
lar : therefore (by the 47. 1.) the fquare of the
I 4 {ide
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fide DF will be equal to the fquares of the fides
ED, and EF. Now the {quares of-BF and FD
are equal, becaufe the lines are equal, therefore
the iquares of BE and EF are equal to the
fquares of DE and EF ; and taking away the
fquare of EF, the fquares of BE, and ED will
be equal, and by confquence thﬂ‘liines.

L

PROPOSITION IV.
AT xHzorE M.

Two lines drawn within a circle cannot cur each
other into two equal parts, unlefs they both
pafs through the censer.

A F the lines AC and BD cut
E each other at the point I,
which is not the center of the
* circle, they will not equally
'_BQ D divide each other. Firft, if
G one of thofe lines,as AC, pafs
' through the center, ’tis evi-
dent it canniot equally be divided but at the
senter. But if neither pafs through the cen-
ter, as BD and EG, draw the line AlC through
the center. Demonftration.
" If the line AC divide the line BD into two

gqual parts in J, the angles AID and AIB wé)lj
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be right angles, (by the 3.) In Iike manner if
the line EG was equally divided in I, ‘the angle

. AlE would be a right angle; and confequent- -

ly the angle AIB and AIE would be equal,
which is impoffible, one being part of the other.
In a word the line AIC, which pafies through
the center, would be perpendicular to the lines

BD and EG, ifthey weré both equally divided
at the point I

|I ] Téﬂ US E-

f Thefe two Propofitions are us’d in Trigono-

* metry, to demonttrate,. that the half of a chord
" of an arch is perpendicular to the femidjame-

\ “ter; and confequently, that it is the fine of

“ half the arch. By thefe alfo they demonftrate
¢ that the fides of a triangle have the fame pro-
| © portion, as the fines of the oppofite angles. We
<alfo make ufe of it to find the Eccentricity of

« the Circle, which the Sun defcribes in his an-
[ ¢« nual motion.

g PROPOSITION. V.
, A TrHeorEM,

* Circles that cut each other, hawe not the fame
; center.

A HE circles ABC,and ADC,
which cut each other in A

o8 and C, bave not the fame cen-

ter. If they had the fame center,

, SUPf
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fuppofe E, the lines EA and ED would be e-
qual, (by the defimition of a circle;) as alfo the
lines EA, and EB: therefore the lines ED and
EB would be equal, which is impoffible, one
being part of the other.

PROPOSITION VL

A TurorE M.

Towo circles that touch each other on theinmer fide
hawe net the fame center.

\ HE circles BD and BG,
P e c which touch each other on

the inner fide at the point B,
have not the fame center.  For

fhould the point A be fuppos’d
to be the center of both the circles; the lines
VAB and AC, AB and AD, would be equal, (&y
the definition flf.fll circle,) and r:{mﬁfquentl}’ the
lines AD and AC would be equal, - which is im-

poflible, one being part of the other,

PROP
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PROPOSITION VIL

ATnrnzore u.

If many lines be dyawn from an ) 0n¢ posnt withis
the circle, which s not its center,
ference: 1. that which paffes through the cen-
ter is the greateff: 2. the remginder of it,
contini' d to the oppofite pare of the circunfe-
rence; % the leaft : 3. that swhich neareft
to the greateft, exceeds thofe that are more ye-

mote: 4. Theré can be 5o more thyy 1 0 of
them equal to each other,

to the circum-

g _C Suppnﬁ: many lines to be
l drawn from the point A,
B G being not the center of the cir-

i

cle, to the circumference ; and
y the line AC to pafs through
the center B: 1 will demon-

for

Demonftration.

The fides AB and BF of the triangle ABF,
are greater than AF alone, (by the 20, 1 ) But
BF and BC are equal, (by the definition of a cir-
cle :) therefore AB and BC, that is to fay, A
C, is greater than AF.

l'add in the fecond place, that AD is the

leaft;

—

.. " ——— - o - —
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Jeaft ; for example, that it is lefs than AE,
Draw BE. Demmoftration.

The fides EA and AB are greater than BE
alone, but BE is equal to BD, therefore EA
and AB are greater than BO: taking therefore
from both that which is common AB, AE will
remain greater than AD.

Further, AF, which is nearer AC than AE,
is alfo greater than it.

Demonftration.

The triangles FBA, and EBA, have the fides
BF and BE equal, and BA is common to both :
but the angle ABF is greater than the angle
ABE: therefore (by the 24. 1.) AF is greater
than AE,

Laftly, 1fay, that no more than two lines,
that are equal to cach other, can be drawn from
the point A 10 the cicumference. Take the
angles ABE and ABG equal ; and draw the
lines AE and AG.

Demonftration.

The triangles ABG, and ABE, having the
Gdes BE and BG equal; the fide AB common
to both, and the angles ABE and ABG equal;
eherefore their bafes AE, and AG will be equal,
(by the 4. 1.) But all the lines that can be drawn
either on one fide or the other, will be either
nearer AC, than AE, and AG ; or more remote
from it; and accordingly will be either great-

er or lefs than AG. Therefore there can no
more
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more than two lines equal betwixt themfelves
be drawn  from the point A to the circumfe-
rence.

The USE.

- Theodofius advantagioufly pfes this Propofi-
tion to prove, that if from any point of the {i;-
perficies of a fphere, which Is not the pole of
any certain circle, divers arches of greater cir-
cles be drawn to the circumference of that cir-
cle, that which paffes through s pole will be
the greateft. For example: If from the pele
of the world, which is diftinc from the pole of
the Horizon, (for the Zenith is its pole,) divers
arches of greater circles be drawq to the cir-
cumference ; the arch of the Meridian, which
pafles through the Zenith, will be the greateft
arch,  This Propofition is alfo brought to

prove, that the Sun, when in his Apogeum,
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PROPOSITION VI

A TusoREM.

If from a tpoint taken without the circle, many
Lines be draswm to its circumference, V. of @l
thofe that extend to the concave circumference,
that which paffes through thelcenter isthe great-
eft : 2 thofé that lye neareft toit, are greater
than thofe that are moreremore: 3 among thofe
that fall upon the convex circumiference,  that
swhichbeing continu'd paffes through the censer
is the leaft : 4. the mearer 10 that are lefs than
shofe farther off 2 5- there can be but two equal
lines drawn from the Jame point either to the
concaUe OF CONTEX CircuTference.

S‘Llppofe many lines were
drawn from the point A to]

the circumference of the circl
GCDE. ]

Firlt, the line AC, which ‘pafs}
fes through the center B, s theg ",
greateft of all thofe that reach to§ |
3 concave circumference ; fofd =
example, it is greater than AD. Draw the line§ '
BD. Demonftration. nl
In the triangle ABD;, the fides AB and BD
are greater than AD alone; but the fides ABJ
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and" BC are equal to'AB and ED: therefore
AB and BC, or AC, is greater than AD,
2..AD is greater than AE.
' : Demonftration,

The triangle ABD and ABE, have the [ide
AB common to both, and the fides BD and BE,
equal, and the angle ABD is greater than the
angle ABE : therefore ( by the 24. 1.) the bale
AD is greater thin the bafe AF. ' |

3- AF, which being continu’d pafles through
the center, is the leaft of all thofe that are
drawn to the convex circumference LFIK; for
example; it is lefs than AL Draw IB.

Demonftration. |

In the triangle AIB the fides AT and IB are
greater than AB alone, (by the 20. 1.) therefore
taking from both the equal lines Bl and BF, AF
will remain lefs than AL

4. Alisles than AK. Draw the line BK.

Demenftration.

In the triangles AIB and AKB, the fides AK
and KB are greater than the {ides Al, and IB,
(by the 2.1. 1.) therefore taking from both the
§ equal fides BK, and BL, Al will remain lefs

than AK. :

1 5- There can be but two lines equal betwixt
*Y themfelves drawn. “Take the angles ABL, and
ABK; asalfo ABE, and ABG equal,
I ' Demonfiration.
B Thewiangles ABL, and ABK, will have E;?“ir
- €s
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bafes AL and AK equal, (by the 4« 1.) and by
the fame alfo AE and AG will be equal; but
o other line can be drawn, that will not be ei-
ther nearer to, OFf more remote from AF, or

-AC; and confequentlyy’ that will not be either
greater Of lefs than AK and AL, AE and AG.

i

PROPOSITION IX
A THEOREM. |

That point. from whence three equal lines can be
drasn to the circumference of & circle, 15 13
CENLET.

F the point were not the center of a circle,

there could be but two equal lines drawn
from itto the circumference, (by tbe 7, and 8.)

e

PROPOSITIONI xX.
A THEORE M.

Tswo circles cut each other only in pwo points.
E
B EA

\
Bl £ 1

IF rwo circles AEBD, and
ABFED, fhould cut each o-
ther in three points A, B, and
' 1D; find (by the 1.) the cemter
p C of the circle AESD; and
draw the lines CA, CB, and
CD. | De-

_
Lo

|

.

-3
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1,5 . Demonferation. _

The lines CA, CB, and CD, drawn from
the center C to the circumference of the circle
“§ AEBD, are equal: but the fame lines are alfo
k¥ drawn to the circumference of the circle ABFD.
Gf therefore (by the 9) the point C will be the
~| ecenter of the circle ABFD. ~ So that two circles,
| Which cut each other, will have the fame cen-
- ter; which is contrary to the fifth Propofition

b “PROPOSITION. XL
A Thuwzorzum,

d zf‘ 10 circles touch each other on the infide, & line
wl  drawn through both the centers, will #lfo pafs
i) through the point where they touch.

T, IF the two circles EAB and
| . EFG touch each other on
B the infide, at the point E; 3 .
line drawn through both their
centers will pafs through the
. point E. For if the point D
ad Was the center of the lefler circle, and C that
308 of the greater, {0 that the line CD pafling
ud through both fhould not pafs through the point
¥ E: “draw the lines CE and DB,
od Demonftration.

"d - The lines f)E, and DG, drawn from the
| s K

center
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center of the lefler circle D to its c1rcumfe-
fence, ‘would be equal : * and adding the line
CD, " thelifies ED, and DC, would beequal to
cG. ‘Now ED 20d'DC e greater than BG
alone,’ (by the 20. 1.) and {o'CG will be grea-
ter than'CE ¢ yet C being the center of the
greater circle, CE and CB areequal : therefore
CG will br.. greater than CB, which is 1mpoﬂi-
ble.

PROPOSITION, XL

A Tuannhm

{f to c:rc:'f: touch s.’:m-f: other on the au@@de, ,

line draswn through both their cemters, wz[!
pr,rf 5 through the pumr wf{era they touch.

IF the line AB,which does not pafs
through t‘nc point C where the
circles touch br:: {aid to be drawn

from the cenrer A to theeenter B 3§ **

draw the lines’ AC and BC.
Demonftration.
In the triangle ACB, the fides
AC and BC would not be greater
than the {de AB alone, (which is
contrary toithe 20. 7.) becaufe AD and AC
. asalfo BE and BC, argequal.

' PROP.
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"PROP'OSITION X117,
| A THEGORF M,

Twoe Clrcles can touch each other mfy n one
point, o
el if ewo'circles touch each
ather on the infide, they will
‘touch but in one point only, the
point C; - which is marke out by
the line BAC paffing through beth
. o their centers, A, andB. For if
they fhould touch likewife in the point D, draw
the lines AD, BD.
Dewmonftration.
- The lines AC and AD, drawn from the cens
ter of the lefler circle to its of reumference, are
equal : and adding AB, the lines BA, AC, and
BAand AD, would be equal, Now BC and
BD, drawn from the center of the greater cig-
€ to is circumfererice, will be equal :
therefore the fides BA and AD will be e-
Qual, to the fide BD alonie, which is contrary

Secondly, if. two ecircles
touch each other on the out-
fide ; drawing the line AB
from ane cefiter to the ather,

5 5 :

1%
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it will pafs through the point C, where the cir-
cles touch, (4y the 12..) But if you fay that they
touch alfo at the point D: having drawn the
lines AD and BD ; the line BC and BD, AC |
and AD, being equal, the two fides of a trian- |
gle taken together, would be equal t6 the third, §
which is contrary to the zo. 1. -
Tbe US E.

¢ Thefe four Propofitions are very clear, and
¢ evident; and alfo neceflary in Afronomy,
¢ when we make ufe of Epicyeles, to explain the
¢ motions of the Planets.

PROPOSITION XIV,
A THEORE M.
Equal lines drawn within a circle,are equally re-

mote [rom the center; and thofe that are e-
qually remote from the center, are equal.

A —C Uppofing the lines AB and CD I

' to be equal: I prove, that the
G| perpendiculars EF and EG, drawn

from the center, are alio equal

B P Draw the lines EAand EC.

L emontration.
'The perpendiculars EF and EG divide the
lines AB and @D in'the middles at the points
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F and G, [by the 3.) therefore AE and CG are
equal.  The angles F and G are right angles :
therefore [by rhe 47. 1.] the fquare of EA s e-
qual to the fquares of EF and FA; as alfo the
{quare of EC is equal to the fquares of EG and
C%C; but the fquares of EA and EC are equal,
becaufe the lines EA and EC are equal : there~
fore the fquares of EF and FA are equal to
the fquares of EG and GC: and taking away
the equal fquares AF and CG. there will re-

-main the fquares of EF and EG equal ; and con-

fequently the lines EF and EG, which are the
diftances of the lines AB and CD from the cen-
ter, are equal.

But fuppoling the diftances or perpendiculars
EF and EG to be equal; [ will prove after the
fame manner that the {quares of EF and FA are
equal to the fquares of EG and GC; ' and tak-
ing away the equal fquares of EF and EG,there
will remain the fquares of AF and CG equal. .
And therefore the lines AF and CG, and their

2

double AB and CD, are equal, |
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'PROPOSITION XV.

A Tﬁﬁnnnu.

The Diameter % the greateft jgf all lines inferibed
in @ Circle;, and of the reft that is the greai-
eft which is neareft the Genter. |

-/./"h_n THEdiameter'ABis the

Cf greateft of all lines
g that can be drawnin the
N7 |~ circle GIDC.  As for ex-

L8 M o
ample, it is greater than
G H |

CD; for draw the lines
EC and ED.
| | Demonytration.
_ In the triangle CED, the {ides EC.and ED
are grearer, than CD alone, [ 4y the 20. 1. but:
AE and EB, or AB, isequal to EC and ED 3
¢heréfore the diameter AB is greater than €D,
" Secondly, let the line, GI be more remote
from the center than the line CD; that is to,
fay, let the perpendicular EH be greater than
the perpendicular EF. 1 fay that CD is greatet
¢han GL. Draw the lines EC, and EG. S
i Demonftration. '
“The fqtiares of CF and FE [by the 47. 1.} are
equal to i:lhe fquaré of EC: but the {quare of EC:
is equal to the fquare of EG, and the fquarriz of’!
b L g 3 & c
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EG equal to the fluares of GH and HE : there-
fore the fquares of CEand FE are equal to the
fquares of GH and HE ; and taking from one
fide the fquare of HE, .andfrom the other the
fquare of EF, which is lefs than the {quare of

(E, the fquare of CF will remain. greater than
the fquare of GH. 'Thercfore the line GF will
be greater than the line GH; and the whole
line CD, the double of CF, will be greater
than GI, the double of GH.

The USE.

* Theodsfius makes ufe jof thefe two Propofi-
¢ tions to demonitrate, that in a fphere the lef:
¢ fer circles are more. remote from the center.
¢ I have alfo made ufe of them in Aftrolabes.To
¢ thefe Propofitions may likewife be referc’d that
“ Mechanical propofition of Arifforle, by which
“he fhews, that the Rowers ar the middle of a -
* Gally have greater force, than thofe that are

| ¢ at, either the fore, or hinder part thereof; be-

¢ caufe the fides of the Gally being crooked, ‘the
£ Qars of the middle pare are longer, 4 e reach
§ farther, than the reft.  The Demonftrations
érelatin g to the Iz, or Rain-bow, do alfo {up-
: Fuﬁ: the truth of thefe propofitions.

K 4 FROP.
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PROPOSITION XVL
ATueoremnm.

A line drawn perpendicularly upon the extremity
of the diameter, falls wholly on the out [ide df the
circle, andtouches it. But any other line drawn
betwixt that and the circungf{rmce of the circle,
enters within the circley, and cuts .

E'T the perpendicular AC
be drawn 'upon the thint A,
which is the extremity of the dia-
meter-AB: I fay firft, that all the
other parts of the fame line, for
example the point C, fall on the
outlide of the circle. Draw the line DC.

Demonftration.

Since the angle DAC of the triangle DAC | 'y

" is a right angle, DCA will be an acute: and | ‘i
(by the 19. 1.) the fide DC will be greater thramr:'| i
the fide DA therefore the line DG reaches be- | ek
yond the circumference of the circle. | i
Iadd, that the line CA touches the circle,
becaufe that meeting with it at the ‘point A it |
does not cut it, but all its points are on the out={ll ‘
fide of the circle. |
I fay alfo that no other linc can be drawn | ',

' ) from |
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from the point A below CA, which does not
cuc the circle. 1If there could, fuppofe EA'to
be fuch an one; and from the point D draw a
perpendicular to it, DI,

T Demonftration.

Sincethe angle DIA is aright angle, and the
angle TAD an acute, AD will be greater than
DI : thetefore the line DI does not reach to
the circumferencey but the point 1 is within the
¢ircle. '

The U S E.
*Some Philofophers ufe this Propofition, but
“ altogether in vain, to prove, that quantity is
*not divilible # infinitum, or that there really
“are in the world {uch things as Zenanical, i, e.

“ ablolutely and in their ewn nature indivifible
¢ points.  For the Propofition does not, as they
¢ would have it, prove, that a circle touches a
¢ rightline in a Zenonical, but in a Mathema-
" tical point, which is nothing elfe but a quanti-
“ty confidered without diftinCtion of parts, that

ufl ¢ is to fay, withour cmiceiving them diftin&t and

# feparate one from the other, whetherin reality
*it has fuch parts or not making no matter.
* We can thercfore take any quantity whatfoe-
“ver for a Mathematical pomnt 5 which being
fonce eftablifh’d, our circle will confiflt of fiich
‘points, and will be mathematically perfect,

* provided it touch not a right line, but ina
{ part equal to' that quantity which we havckta-
: : - Kel
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¢ ken for a point. But if we afterwards take &
¢ 1¢fs part for our M athematical point, the circle
¢ which ‘was exa@ly perfect according to the
¢ firft fuppofition, will be imperfet in the fe-
¢ cond, and degenerate into a Polygone. I be-
¢ Jieve, tis as impoffible to defcribe ‘a circle,
¢ that according to any fuppofition whatfoever
¢ (hall be moft exactly pertect, as it is o, con-~
¢ ceive the leaft pofhble quantity.
¢ Secondly, thofe cnni’éclue'ig::es, which fome
¢ men draw from this Propofition relating to the
¢ angle of contact, which they take to be lefs
¢ than any reilincal angle, are grounded upon
¢ this milthke, that they imagine an angleto be
¢ 2 true quantity ; the contrary of which may
¢ appear from hence, That the lines, that con-
¢ tain an angle, being produc’d to any longi-
¢ tude, the angle becomes not at all the greater.
¢ Further, it ought to be duly confider’d, what
¢ we mean, When we fay, thatoneangle is great-
¢ er than another; for this is all we unders
¢ ffand, that a circle being defcribed from the
¢ point of concourle at any diftance whatloever
¢ the lines of that we call the greater angle will
¢ contain betwixt them a greater, arch of that
¢ circle, than thofe of that which we call the
¢ lefs; which is the fole meaning of the Exeefs
¢ of one angle above another. From whence 1
¢ infer, that the angle of contact can no more be
¢ compar’d with a rectilineal angle, than a fu-
' ' perficics
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 fuperficies with a line, being at the fame time
¢ both equal, and greater and Jefs than a re&i-

. lineal angle. As for ex-
A B\ 6 \z ‘ample; from the point

¢ the angle of conta&t:

¢ For if we fuppofe divers circles deferibd

‘ from the point A, as the geater, whereby to
‘ meafure thofe angles; it is évident that, ac-
 cording to the arch drawn bejond the point D,
“thatis the arch EF, the angle of contack
¢ 15 greater thanthe reGilinea angle. Buten the
¢ contrary according to the arch CB, the re-
y &ilinea{angfe is the greater of the two.  And
“ Laltly, according fo the arch DG, pafling
; through the point in.which AD cuts the cir-
® cumference, they are both equal.  From
¢ whence it follows, that the angle of contact is
fat the fame time both lefs and greater than,
“Fand equal to, the reilineal angle: and con~
* fequendy, they ought notatall to be com-
* par’d together. In a word, Angles are no quan-
" tities 3 hor-are they call’d lefs or greater- one
¢ than another, bur with refpect to:the arches
* which they contain : fo thatall the difputes
. 2bout the angle of contact, and all the VPara-

doxes

* Adraw the line AD,

Nb ‘ making with AE a re-

H  ctilineal angle; Ifay
% ‘it % both greater and

I ¢ lefs than, and equal to,
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¢ doxes, conclude - nothing either for or againft
¢ vhe divifibility of quantity; an Angle being
¢ no fpecies, but only a property thereof.

i

. PRQPOSITION XVIL

A Prozr s M.
b

From a point given 10 draw a line that may touc
a Circle.

O draw a line from the

point A touching the cir-

" ¢cle BD, draw the line AC to its

center; and atthe point B draw

a perpendicular BE, which may

cut an arch of a circle, deferib’d

from the center C through the

point A, atthe point E.  Draw alfo the lineg
EC, and AD. 'I fay the line AD touches the

circle in D,
Demonftration.

The triangles EBC and ADC have the fame
angte C; and the fides CD and CB, CE and
CA equal, (by rhe definir. rif # Circle 1) and
therefore they are equal in all refpects, (by the
4 1.) and the angles CBE and CDA arec ual
But the angle CEE is a right angle, therelore
the angle CDA will be fo too, and (by rhe 16.)
the line AD will touch the circle. :
| ' g PRQ:
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PROPOSITION XVIIL.
A Tueoreu,
A line drasn from the centér of 'a circle tothe poise

where & right line touches i, is perpendicular to
that line.

o D T, e line CD be drawn
A

‘\.\/B from the center C to the
{ATF point of conta D, CD will
-/ be perpendicular to AB. For if
it be not, draw the line CB
perpendicular to AR
3, Demonftration. _
Since the line CB is - fuppos’d to be rpen-
dicular, 'the angle B will blngsright angll}:, p;nd
confequently CDB an acute, (by the 32. 1.)

. Therefore ‘the line CB, oppos’d to the Jeller

angle, will be lefs than CD, which isim poiiible;

becaule CF, which is but part of CB, is equal
to CD,
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PROPOSITION XIX.
A T ausoRE M.

if @ line, peypendicular to the tangent, be drasws:
from the point of contatty it Wil pafs through
the center of the circle. |

ET theline AB [ fee Fig. preced.] rouch the
. circle at the point D, and the line DC be
perpendicular to AB. 1 fay, that DC paffes
through the center.  For if it did not, drawing
a line from the center to the point D, it would
be perpendiculer to: AB, (by the grecesﬁﬂg} and
{5 there would be two perpen iculars drawn
to the .fame poinit D of the fame lide, which
cannot be.
The  TSE.
¢ The ufe of lines Tangents is very common
¢ in Trigonometry 5 upon which account it is that
¢ ] have made a table.whereby to meafureall forts
¢ of triangles, as well fpherical as reCtilineal. In
“my Opticks likewife are divers propolitions
¢ founded upon Zangents; as when is determin’d
¢ what part of a Globe is enlighten’d. The pha-
¢ f¢s or Appatitions of the Moon are eftablifh’d
¢ alfo upon the fame do&trine; and that famous
¢ Problem of Hipparchus's, by which he found
¢ the diftance of the Sun; by the difference of
the
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" thetrue and apparent Quadratures. 1n Digl-
“ling the Italian and Babylonian houts age fre= |
" quently deferib’d by lines Tangents,  Laftly
" we take the dimenfions of the Earth by a line
¢ that fouches its fuperficies 5 ‘and in the art of

¢ Navigation, takea Tun gent line for our Hori-
* 4
zon,

e e s

PROPOSITION, xx

A THEGREM.

The angle at the center is double the angle at the
circamference, awhich has 4

be [ame arch for its
bafe.

D N F the anole ABC, which is at

/A /—-J\\ the cenf::r,, and the angle A

) DG, ar the circumference, have

N uthe fame arch ' AG for their bafe,
¢S A the firfh

: cond.
different; cafes - the fi
line ABD pafles thy
AB dnone triang]
ot the other,

will be double the fe-
This Pmpnﬁtion has three
it of which 15, When the
ough the cenrer B, the line
€ concurring ' with the line BD

itluc!, Demonfiracics,
. Ihe angle ABC ;s the ext
Apect of the.l:r.iangle BDC.

32.1.) 1tis equal to both the

ernal angle in re-
therefore /(by the
angles D and C,
which
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which being equal, (by the 5. 1.). becaufe their
fides-BC and 8D are equal, the angle ABC is .
the double of either.. .
The {econd cafe is; when oné angle inclofes
the other, but none of the lines |
that form them concur in one; as
you fee in the next figure. The
angle BID is at the center, and
the angle BAD at the circum-
feterice. Draw the line AIC’
through the center.
Demonftration. :
'The angle BIC is double the angle BAC;
and CID is double the angle CAD, (by the
preceding cafe 1) therefore the anlge BID is dou-
. ‘ble the angle BAD,
~ The third cafe is, when it happens, that nei-
ther one angle inclofes the other, nor does any
of the lines that form them, concur in one.
Which cafe is wholly omisted by my Authory but
for the Readers [atisfaction #s here fu plied
Let the angle atthe cen- |
ter be BED, and the angle |
i at the circumference BCDy |
having the fame arch for
B their bafe BD. ' 1 fay, the
D angle BED is double the
angle BCD. Draw the ling|

EC, and consinue it %o the point A.
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Demonftration.

o

k! AEB is double the angle ACB :

| remainder of the one BED is doub]

| der of the other BCD,

hg be US E.

ol * That Problem, which s ordinaril

wf ©pos’d, thewing how to deferibe an Horizontal

Cl © Dial by one fole opening of the Cnmpaﬁ, 1s

| “builtin part on this Propofition. And again,
| '* when we would determine the Apogeum of the

G} ¢ Sun, or the excentricity of hi
be

] ‘ter to be double that ar
"l ¢ P{afﬂmey makes fr:quent ufe of this
1 € to determine both the excentrick ¢
. Sun, and the Epicycle of the Moonp. The
o« Propofition of the third book of Zrigono
T: ¢ is grounded alfo upon this here.

5 The angle AED s~ double the angle ACD,
(by the 1. cafe ;) and (by the fame) ~the angle

therefore the
e the remain-

y  pro-

s Circle, by three
¢ obfervations, we fuppofe the angle at the cen-

the circumference.

Propofition

ircle of the

??rfi‘r_y
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PROPOSITION XXL

A TuEORE M.

The angles, that are i the [ame ﬁf}ffﬁﬂr of & cir-
cle. or that have the fame arch_ for their bafe,
are equal.

A F the angles BAC and BDC

/- Ty are in the fame fegment of
\\ acircle, which is greater than
k Iy ’i“‘\\u a femicircle, they will be e-

e quIal. Draw the lines BI and
CL
Demenftraticn.

The angles A and D are each of them the
hilf of the angle BIC, (by the preceding, ) there-
fore they are equal. They have likewife the
fame arch BC for their bafe.

24D Secondly, let the angles A and D
: E be in the fame fegment BAD, which
' is lefs than a femicircle; they will ne-
w verthelefs be equal.

Demonftration.

All the angles of the triangle ABE are equal
to all the angles of the triangle DEC, (4y 1. Co-
voll. of the 32 1.)but theangles ALD and DEC
are equal, (by rhe 15. 1.) Alfo the angles ECI;

an
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| and ABE are equal, (by the preceding cafe.) bding

The Third Book, 15Q
in the fame fegment ABLD, greater than a
emicircle; therefore the angles BAE and ED
C are equal ; which, the angles at E being e-
qual, and confequently (by the Coroll. of the 15.
1.) ‘the lines AE and EC, making but one right
line, as likewife DE and EB another, are the
angles A and D, in the fame fegment ABCD,
and having the arch BC for their bafe.
The US E.
¢ This Propofition is producd in Opricks to

¢ prove, that the line BC will appear of the

¢ fame greatnefs, when tis view'd from A, and
D, becaufe it is feen in both cafes under equal
¢ angles.

¢ "The fame Propofition is us’d to defcribe large
circles without having their cenrters: for ex-
ample, if we would make large Copper bafons of
a {pherical figure, fuch as we might work upon

i polithing Spectcales, and glatles to fee at a
4

great diftance. For having made in Iron an an-

E
4
6
1

¢ gle BAC equal to thar, which is contained in
| the fegment ABC, and at the points B aud C

§ ftrongly faftn’d two fmall iron pins; if the
“triangle BAC be mov'd (o, that the fide AB
¢ may always touch the pin B, and the {ide AC
¢ the pin C, the point A will deferibe an arch
¢ of thecircle ABCD. This manner of deferib-

ing a circle may alfo be us'd in making great

Adteolabes, '

L2 PROP.
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a 10§
PROPOSITION. XXIL 10

A TugrorEe M. 4,

Quadrilateral figures, inferib’d in a circle, bave § —
their oppofite angles equal totwo right angles. ;

A LET a quadrilateral fi- 1
/ﬁfl\s gure, or a figure of four
\\ =ip fides, be infcrib’d in a cir- Tu

-'"r- S e y, . .
By cle, in fuch fort thatall its
angles may terminate at the
circumference of the circle

i ABCD: I fay the oppolite § //
angles BAD and BCD are equal to tworight § |/
angles. Draw the diagonals AC, and BD, A
Demonfiration.

All the angles of the triangle BAD are equal j§ o
to two right angles. In ftead then of the angle A § i
BD put theangle ACD, which is equal to it(5y tid
the 2.1.) being in the fame fegment ABCD: and § u!
inftead of the angle ADB, put the angle ACB, § %
which is in the fame fegment of a cirele BCD
il A. Therefore the angles BAD, and the an- § |
L gles ACD and ACB, that is to fay, the whole J§ I
1 % angle BCD, are equal to two right angles. 16

1 The US E. by

¢ Prolomey makes ufe of this Propofition to §
‘ frame the table of Chords, or lines fubtend- §iui

ing
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“ing arches. [have alfo us’d the fame in my
¢ third book of Trigonometry, to prove, that the
© fides of an obtufangle triangle would have the .
¢ fame proportion among themfelves as the {ines
* of the oppofite angles.

PROPOSITION XXIII,

A Tusorsz M.

Two fimilar fegments of a circle, deferib’'d upon

the [ame line, are equal.

c call thofe fimilar fegments
D of a circle, which contain
equal angles; and I fay, that

N o B if fuch be deferib’d upon the

. fame line AB, they will fall
one upon the other, and not exceed each other
in any part.. For if either did exceed each other,
as do the fegments ADB, and ACB, they would
not be fimilar : to demonftrate which, draw the

lines ADC, BD. and BC.

Demonftration.
The angle ADB is an external angle in re-
fpect of the triangle DBC: therefore (by rhe
16, 1.) it is greater than the angle ACB, and

by confequence the fegments ALB and ACB

contain unequal angles, which I fay is to be dif*

A fimilar.

| R PROP.
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PROPOSITION XXIV:
A TusoRE M.

Two [imilar Jegments of acircle defcrit’d upon
equal lines, are equan.

. E PF the fegments of the circles |
| AEB, and CFD, be fimilar, § A
| A Bl and the lines AB and BD equal,

B v the fegments alfo will be equal.

Ll /\ Demonfiration. i
! o p)  Suppofe the line CD to be § i

AR placd upon the line AB, being ¥ ui

Al fuppos’d to be equal, they will not exceed each

il other; and thenthe fegments AEB and CED § !

will be defcrib’d upon the fame line, and there- § i

fore will be equal, (by the preceding.) i

. The US E.
F
:
i

¢ Crooked figures are frequently reducd to §
¢ retilineals by this Propofition. As for ex=§ °

i

A ¢ ample : if two fimilar fegments|

D ¢ of 2 circle AEC, and ADB, be
¢ defcrib’d upen AB and AC, the

¢ equal fides of thetriangle ABCH

B ¢ © tis evident, that, tranfpeling the |
¢ fegment AEC unto ADB, the |

¢ triangle ABC is equal to the figure ADBCEA,
PROPy

&
e

.-
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PROPOSITION XXV.
I A Pros Lz m.

Tocompleat a circle, of whichawe bave but 4 part.

Aving the arch ABC

' given, to compleat
the circle we muft find its
"YW

center; to which end draw

the lines AB and BC, which

ke having divided in the middle

at the points E and D, draw their two perpen-

2 -

x diculars EI and DI; which will meet at the
§ point I, the center of the circle.
Al Demonftration.
D The center is in the line DI, (&y tbe coroll, of

s rhe 1.) it is alfo in EI, (by the fame;) therefore
it muft be at the point I
The US E.

¢ This propofition occurs very frequently

"= ¢but fometimes it is exprefi’d in other terms;
b ¢ a5 to infcribe a triangle in a circle; or to de-
% < B -3~  “{eribe a circle through three
s B i S points given, provided they
]he L3\ “be not plac’'d in aright line
5[.:"' A X E 17 ¢ Ler the points propos’d be

i ¢ “;I;u.,‘ } ¢A, B, and C; and placing

3 . __,.:-"' ‘ the foot of the compafs at
o i “ the point C, defcribe two
M L 4 arches
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¢ arches F and E, at any diftance whatfoever.
* Then remove the foot of the compafs to the
¢ point B, and at the fame diftance defcribe two
“ other arches cutting the former in Eand F ;
“alfo from the point B, as the center, defcribe
¢ at any diftance the arches G and H, and at
“ the fame diftance from the center A two other
¢ arches cutting them in G and H. Which done
¢ draw the lines through F and E, G and H,
¢ which fhall cut each other at the point D, the
¢ center of the circlee. The Demonftration is
‘ obvious enough: for if you had drawn the
“ lines AB, and BC, you had, by this opera-
¢ tion , divided them equally and perpendicu-
“ larly. ‘This Propofition is exceeding necefla-
~ “ry to defcribe Aftrolabes, and compleat cir-

® cles, of which we have but three points. That
¢ Propofition in Aftronomy, which teaches how
¢ to find the Apogenm, and excentricity of the
¢ circle of the Sun, virtually contains this. And

- ¢Ialfo have made frequent ufe of it in my
¢ Treatife concerning the Cutting of Stones.
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PROPOSITION XXVI.

A Tusore m.

Equal angles , whether at the centers, or the cir-
cumferences of equal circles, bawve equal arches

far their bafes.

A F the angles D and 1, at the
centers of equal circles ABC, .
and EFG, be equal; the arches
BC and FG will be equal. For
B C if the arch BC was greater or
les than the arch FG, fince the
E angles are meafur'd . by arches,
the angle D would be greater or
lefs thﬂfI-l the angle L

But if the equal angles be fup~
3 i pos'd to be acil: the cir%umferencis
of equal circles, as A and E ; the
angles which they enclofe at the centers, as D
and I, being their doubles, will be likewife a-
qual, and confequently require equal arches for
their bafes, BC and FG; which arches are like-

wife the meafures of the angles A and E.

FROP,
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PROPOSITION XXVII

‘A TueoREM

Angles, wwbether at the centers or civcumyf eremces
ﬂbf equal cireles, baving equal arches for their
afes, are alfo equal.

F the angles D and 1 (fiz. preced.) at the
centers of equal circles have equal arches
BC and FG for their bafes, they will be equal
becaufe their meafures BC and FG are equal:
And iftheangles A and E, at the circumferences
of equal circles have equal arches BC and FG
for their bafés, fince the angles they enclofe at
the centers will be equal, they alfo that are the
halves of thofe angles (by the 20.) will be equal.

——

BN

pROPOSITION XXVIIL

ATusoRrEM.

Equal lines, within equal circles, anfwer to equal
arches.

“F the equal
( Fines YHC
J.-‘ , and EF be ap-

F plied to equal
circles, ABC,
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and DEF, they will be the chords of equal at-
ches, BC, and EF. Draw the lines AB, AC,
ED, EF. Demonftration. :
In the triangles ABC and DEF, the fides AB
and AC, DEaad DF areequal, being the femi-
diameters of equal circles; and their bafes BC
and EF are fuppos'd equal,therefore (4y #be 8.1.)
the angles A and D will be equal; and (&y the
2.6.) the arches BC and EF will be alfo equal.

PROPOSITION XXIX.
A_ THEORE M.

The lines that ﬁ;étf?f(f Effsz arches tjf egﬂai circles

are f-f‘f 4

F the lines BC and EF- (fee fig. preced. Prop.)

fubtend (or gre the chords of ) equal arches

BC and EF in equal circles, they will be cqual.
Demonftration.

The arches BC and EF are equal, and parts
of equal circles; therefore (t':jr the 27 ) the an-
gles A and D will be equal. * Therefore in the
triangles ABC, DEF, the fides AB, AC, DE and
DF being equal, as allo the angles A and 5 &1
the bafes BC, EF will be equal, (4y rbe 4. 1.)

The USE.

{ Theodsfins by the 28 and 29 demonftrares,
that
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¢ that the arches of the circles of the Italian and

¢ Babylonian hours, contain’d between two pa-

¢ rallels, are equal. We have alfo demonftrat-,
¢ ed after the tame manner, that the arches of
¢ the circles of the Aftronomical hours, contain’d

¢ between two lines parallel to the Equator, are

¢ likewife equal. Tgefé Propofitions are almoft

* of continual ufe in fpherical Trigonometry, and

¢ alfo in Dialling. -

PROPOSITION XXX.

A Prosir=wm.

To divide an arch of a circleinto two equal parts.

| ? Sllppni?: the arch AEB was to

#® LY

be divided into two equal

p parts, Place the foot of the com-

pafs at the point A, and defcribe

two arches I and G; then remov-

ing it to the point B at the fame

' diftance defcribe other two arches,

cutting the former in F and G; the line GF

will cut the arch AB equally at the point E.
Draw the line AB.

Demonftration.

By this operation you have divided the line AB

into two equal parts, For fuppofe there were

drawn
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drawn thelines AF, BF ; AG, and EG; (which

I have not done, leaft the figure (hould appear’

confus’d,) the triangles FGA and FGB would
- have all their {ides equal, therefore (by te 8.1.)
the angles AFD, & BFD would be equal.Again
the triangles DF A and DFB have the fide DF,
common, the fides AF and BF equal, and the
angles DFA and DFB equal : therefore (by rhe
4.1.) the bales AD and BD are equal, and alfo
the angles ADF and BDF. We have therefore
divided the line AB equally and perpendicular-
ly at the point D. - Therefore (by rhe 1.) the
center of the circle is in the line FG: Suppofe
it then to be the point C, and draw the lines
CA and CB; all the fides of the triangles ACD
and BCD' are equal: therefore [y the 8, 1.]
the angles ACD and BCD are equal, and [y rbe
26.] the arches AE and EB.

 The USE.

¢ Having frequent occafion to divide an arch
¢ into two equal parts, the exercife of this Pro-
“fition is very common. Tis thus that we
. divide the Mariners compafs into 32 winds:
“for having drawn two diameters cutting each
¢ other at right angles, we divide the circle in-
. to four, and fubdividing each quarter in the
" middle, we have eight parts; and again fub-
. dividing thofe twice, we make 32.  We have

alfo
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¢ 2l occafion for the fame operation in the di- .
¢ viding a femicircle into 180 degrees; and be-

¢ caufe to compleat that divifion we are oblig'd

¢ 1o divide an arch into three equal parts,all Geo-

¢ metricians have fought after a method of do-

¢ ing that Geometrically, but have not yet been

¢ {o happy as to find one.

PROPOSITION XXXL

A T HEORE M.

The angle in 4 femicircle 5 a 11 bt angle, that
which is in a [egment greater rﬁan a femicircle
i an acute, and that which is i a leffer feg-
ment is an obtufe.

E—:-;__,_ A IF theangle BAC be in a femi-
circle, 1 will prove that it is
a right angle. Draw the line

DA Dewmnonftration.
The angle ADB being an ex-
ternal angle in regard of the tri-
angle DAC,is equal to both the internals DAC,
and DCA( by the 32.1.)and thofe being equal(by
the 5.1.) becaufe the fides DA and DC are equal
it will be double the angle DAC. In like man-
ner the angle ADC is double the angle DAB:
therefore the two angles ADB, and ADC,

which are r:qual to two right angles, are dGUbllze
: the
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the whole angle BAC, and confequently the
angle BAC is a right angle.

Secondly, the angle . AEC, which i in the -

fegment AEC lefs than 2 femicircle, is an ob-
wie angle. For in the quadrilateral figure AB
CE, the two oppofite angles E and B are equal
to two right angles, (by the 22.) but the angle
Bis an acute; therefore the angle E will be an
obtufe.

Thirdly, the angle B, which is in the feg-
ment ABC greater than a femicircle is an acure 3

' becaufe in the triangle ABC, the angle BAC i3

a right angle.
The USE.

¢ Mesbanicks make ufe of this Propofiton

“to try if their Squares be juft ;
“for having deforibd a femie
“ circle BAD, they lay down
“ the point A of their fquare B
“AD upon the circumterence,
“and one of its fides AB upon

* the point of the diameter B-
* and then the other branch AD ought to pafs

* precifely to ‘the point D, which is the other

* extreme of the diameter.

* Prolomiey ufes this Propofition to compofe his

¢ table of Chords or Subtendants,_ of which he
* has oecafion in his Trigonometry,

* There §s alfo 2 method of raifing a perpen-

dlcl.uar
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¢ dicalar at the end of a line, grounded upon
¢ this Propofition: For example to raife a perpen-
¢ dicular at the point A of the line AB. Iplace
¢ the foot of the compafs upon the point C ta-
¢ ken any where, and defcribe a circle through
¢ the point A, cutting the line AB at the point
¢B. Then I draw the line BCD ; and {o’tis
¢ evident, that the line AD is ina femicircle.

—

PROPOSITION XXXIL

A Tuzrorz M,

o

A line cutting a circle at the point of contact,makes,
with the tangenty angles, equal to thofe in the
alrernate [egments. \

Cc ET the line BD cut the

circle at the point B,

which is that where the line A

B touches it. I fay the angle

CBD), made by the line BD and

the tangent ABC, is equal to

the angle F in thealternate feg-

ment BFD; and that the angle ABD is equal
to the angle E in the {egment BED.

Firft, if the line pafs through the center, as
the line BE, it will make with the tangent two -
right angles, (b the 18.) and the angles of the
(emicircles would be alfo right angles, (by the

P?’E-
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preceding,) therefore in this
tion would be true.  But if the line do ot pafs .
through the center, gs BD; draw the line EE
through the center, dn joyn the line DE,
RELW. . Demanfiration. .
. The line BE makes, with the tangent, two
right angles; -and all the angles of the triangle
BDE are equal to two right angles, (4y the 32.
1.) therefore taking away the right angles CtE,
.~ and D which is in the femicircle; and likewife
the angle EBD which i common to both, there

will remain the angle ABD equal to the angle
E

i73
cafe the propofi-

Again, the angle CBD s equal to the angle
F'; becaufe in the quadrilateral figure BFDE,
which is inferib'd in"a’ circle, the oppolfité an-
glesEand F are equal to two right angles, [y
the 32.] but the angles ABD and CBES are al=
fo equal to two right angles, Loy the 13:'1.] and
the angles ABD and E are equal, as ] have now

demonftrated : therefore the angles CBD and
F are equal. -

| The USE.

* This Propofition is fieceflary to prove thay

* which follaws,
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PROPOSITION XXXIIL

A ProsLiE M.

Upen a line given to deferibe a [egment of acircle
capable of an angle given.

LET it be propos'd to de-
fcribe a fegment of a cir-
cle upon the line AB capable of
the angle C. Make the angle
BAD equal to the angle C, and
draw AE perpendicular to AD ;
make alfo the angle ABF equal
fo the angle BAE: and in fine, from the point
F, where BF and AE concur; at the diftance
BF or FA, defcribe a circle. - The fegment
BEA is capable of an angle equal to the angle C:
; Demonftration. -

The angles BAF and ABE being equal, the
lines FA and FB are equal, [by the 6.1.] and
the circle, which is defcrib’d from the center F,
by A, pafles by B: Now the angle DAE being
a right angle, the line DA rouches the circle
in A, [y the 16.] therefore the angle contain’d
in the fegment BEA, as the angle E, is equal
to the angle DAB, that is the angle C, [y the
Pr;cedir;%. But if the angle given be an obtufe,
we mulf take an acute, its complement to 180

degrees.

PROP.

/
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PROPOSITION XXXIV.

A Prosy:zu.

A circle being Ziven, to cut 4 fegment in it capable
of a certain angle.

o D O cut a fegment of the
T circle BCE capable ' of

€ theangle A, draw [by the 17.]
the tangent BD, and make the

A_< angle DBC equal to the angle
A. Tis evident [by rhe 32.]

that the fegment BEC is capable of an angle

equal to DBC, and confequently to the angle
A,

The U S E.
“T have made ufe of this Propofition to find

* Geomerrically the excentricity of the Annual

¢ circle of the Sun, and his 4 ogeuns, having
“three obfervations given. 'Fis ufed likewife
*in Opticks, to find a point where two unequal
*lines propos’d may appear equal, or under
“equal angles, by making upon each line feg=

| ¢ ments which will contain equal angles.

M 3 PROP-
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PROPOSITION XXXV. e

A. T usORE M.

rr——

If two Jimes cut each other within a circle, there-
Gtangle comtain’ dunder the parts of one 5 equal
tothe rectangle contain’d under the parts of the |
other. .

=
B

Fh‘i%, if the two lines. cut each other in the § |
center, they will be both equal, and both | i
equally divided ; fo that in that cafe it is evi- § |
dent, the reftangle contain’d under the parts of § v
one, will be equal to the rectangle contain’d :
under the parts of the other.
Secondly, if one of the lines |

pafs through the center I, as q =
AC, and divide the line BD, § "

™ into two equal parts at the § ¥
g/ p point E: 1 fay the rectangle § lte
c|B contain'd under AE and EG § ind

i

is equal to the retangle con- *
eain’d under BE and EL), that is to fay, to the : ,&!

fquare of BE. The line AC is perpendicular to |

BD, (& the 3'] ' |

Demonftratin. |

Since the line AC is divided equally in Fyand |

umequally in E, the reGtangle contain’d under U

AE. and EC, with the fquare of FE, is equal jgis
(o

i
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to the fquare of FC or FB [y the 5. 2 ] Now
the angle E being a right angle, the fquare of
B is equal to the fquares of BE and FE ; there-
fore the reftangle under AE, EC., with the
[quare of FE, is equal to the fquares of BE and
EF: and taking away the fquare of EF, there
remains the retangle under AE, EC, equal to
the {quare of BE. .

Thirdly, let the line pafs
through the center F, and di-
vide the line CD into unequal
parts at the point E: draw FG
perpendicular to. CD, and [by
the 3. the lines CG and GD
will be equal.

Demonjtration.

Since the line AB is divided equally in F
and unequally in E, ‘the rectangle contain’d
under AE, EB, with the fquare of EF, is-equal
to the fquare of FB, ‘or FC, [by the 5. 2.] In-
tead n?the [quare of EF put the fquares of FG
and GE, which are equal to it; [4y the 47. 1.)

In like manner the line CD being divided
vqually in G, and unequally in E; the reCtan-
giennder CE, ED, with the fquare of GF, is e-

- qual to the fquare of GC.Add the {'quare of GF;

the rectangle under CE, ED, with the fquares
of GEand GF, will be equal to the fquares of
CG and GF, that is to fay, [by the 47. 1.] to
the (quare of FC, Therefore the rectangle un-
der
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der AE, EB, with the fquares of EG and GF,
is equal to the rectangle under CE, ED, with
the fame fquares: and confequently taking away
the fame fquares from both, the reCtangle AE,
EB, will be equal to the reftangle CE, ED. l
Fourthly, it the lines CD and HI, cur each § 1/
other in E, neither of the two paffing through '
the center: 1 fiy, the reftangle CE, EU 5 e~ |
qual to the reCtangle HE, EI.  Fordrawing the
line AFB, it is plain the re¢tangles CE, ED,
and HE, EI, are both equal to thereftangle AE,
| EB, [y the preceding cafe ;] therefore they are
K equal betwixt themielves.
F The USE.
&l We are taught by this Propofitiona method §
¢ of finding a fourth proportional to three lines |
¢ given, or a third proportional to two. I”

==

PROP.
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PROPOSITION XXXVI.
A Tusors m.

If from a point taken without the circle a line be
drawn to touch, and another to cur the circle;
the [quare of the Tangent will be equalto the
rectangle contain’d under the whole [ecant,and
the external line.

A Uppofe the line AB to

B B S l;?e? drawn from the point
‘A, taken without the circle,
to touch the circle in B; and
the line AC, or AH cutting
it. The fquare of AB will
be equal to the reétangle con-
tain’d under AC, and AO
as alfo the reGtangle contain’d under AH, and
AF. ' If the fecant pafs through the center, as
AC, draw the line LB.

Demonftration.

Since the line OC is divided in the middle
at the point E, and the line AO added to it;
the reCtangle contain’d under AO and AC,with
the fquare of OE or EB, will be equal to the
fquare of AE, [by the 6.2.] Now the line AB
is fuppos'd to touch the circle at the point B ;
theretore [ by #be 18.) the angle Bisa right an-

M 4 gle,
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gle, and (b the 47. 1.) the fquare of AE is e-
qual to the fquates of EB and AB; therefore
the reQangle under AC and AO, with the
fquare of EB, is equal to the fquares of EB and
AB # and taking away the fquare of EB from
both, the rectangle under AG, AO will be e-
qual to the fquare of AB.

Secondly, fuppofe the fecant AH not to pafs
through the center ; and draw the line EG per-
pendicular to FH, which will divide in the mid-
dle the line FH at the point G; draw alfo the
line EF. -

v Demonfiration.

The line. FH being divided equally at the
point G, ‘and the line AF being added to itz
the rectangle contain’d ;under AH, AF, with
the fquare of LG, will be equal to the {quare of
AG. Add to both the fquare of EG . the rectan-
gle under AH, AF, with the fquares of FG and
GE, thatis (&y the 47.1,) the fquareof FE, or
EB, will be equal to the fquares of, AG and
GE, thatis, (by the 47. 1.) the fquare .of AE.
Further, the fquare of AE (by the fame) is equal
ro the fquares of EBand AB: therefore the re-
Gangle contain’d under AH,AF ,with the fquare

of BE, is equal to the fquares BE and AB: and

raking away the fquare of BE from both,the re-
érangle contain’d under AH, AF will be equal
1o the fquare of AB.
Coroll. 1. If you draw divers fecants from the
‘ R
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fame point, as AC and AH, the reGangles un-
der AC and AO, AH and AF, will be equal
betwixt themfelves, fince they are both equal to ' -
the fquare of AB, |
Coroll. 2. 1f you draw two tangents from tha
- fame point, as AB, Al, they will be equal: be-
caufc the fquares will be equal to the fame rec-
angle under AC, and AQ, and conlequently
betwixt themfelves; as alfo the lines.

-

PROPOSITION XXXVIL.
AU e 0RE M

g" the rectangle contain’d under the [ecant and the
external line be equal to 1he [quare of 4 [ine

that fa!f; upon the circle, that line will touch the
- circle.

Sllppof?s: the fecant to be AC of AH, and the

reCtangle AC,AO; or AH,AF, (fee fig. pre-

ced.) to be equal to the fquare of the line AR,

the line AB will touch the crcle.  Draw the

tangent Al, (by the 17.) and the line IE,
Demonftration.

Since the line Al touches the circle, the reQ-
angle AC, AO; or AH, AF,will be equal to the
« | Iquareof AL, Bur the quare of AB is fuppos’d
I | to be equal to either of thofe rectangles ; there-
fore the fquares of Al and AR are equal, and

gonfequently the lines Al and AB.,  Therefore
R ' the
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the triangles ABE and AIE, having all fides
equal, will be equiangular, (by the 8.1.) and

becaufe the angle AIE is a right angle (by the

18.) the line” AI being a tangent, the angle
ABE will be a right angle, and the line AB a
fangent, (5:}* the 16.)
The U S E.

¢ Maurylocus makes ufe of this Propofition
¢ to find the diameter of the Earth. For obferv-
¢ ing from the top of a mountain OA, the fu-
¢ perficies of the Earth by the line BA, he takes
¢ notice of the angle OAB, made by the line A
¢ B,and a perpendicular AC : and by Trigonome-
¢ try calculates the length of the line AB. Then
¢ multiplying AB by AB to have its fquare,
¢ he divides the product by AO the height of
¢ the mountain, which gives the quotient AC,
¢ the diameter of the earth, with the height of
¢ the mountain; from which having fubducted
¢ AO, there will remain OC the diameter of
¢ the earth. This Propofition ferves alfo to prove

¢ the fifth of the third book of Trigonometry.
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THE FOURTH BOOK
OF THE

ELENgEENTS
B CLID.

¢ His fourth Book is exceeding ufeful in
‘T Trigonometry. For by infcribing Poly-
“gons in a Circle, we learn the methods ‘of
* compofing :the Table of Subtendants, Tan-
© gents, and Secants; 2 practice moft neceflary
ff%r taking all forts of Dimenfions,

* Again, by infcribing Polygons in 2 circle,
¢ we find the divers Alpects of the Stars, which
© alfo take their names from thofe Pof ygons.

* Thirdly, the fame Opsrations give us the
¢ Quadrature of the C wreley, as exall

as 1s needful.
“And by them we alfo demontftrate, that Cis-

* cles are in the duplicate proportion of that of
¢ their Diameters,

* Fourthly, Military ArchiteGture does fre-
' quently
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¢ quently require to infcribe Polygons in a Cir-
¢ cle, to compofe the defigns and platforms of
“segular Fortifications.

DEFINITIONS.

I, Re&tilineal figure is in-
{fcrib’d .in acircle, or a
circle is defcrib’d about it, when
all its angles are inthe circum-

ference of the fame circle.
¢ As the triangle ABC is n-
¢ erib'd in acircle, and the circle is defcrib'd
¢ about the triangle; becaufe its angles A, B,
¢ and G, do all terminate at the circumference.
¢ The triangle DEF is not infcrib'd in the cir-
¢ cle, becaufe the angle D does not terminate at

¢ the circumference of the circle.

2. A re&ilineal figure is deferib’d about a
circle, and the circle inferib’d within that h-
gure, when all the fides of the
H ¥ ¢ fgure touch the circumference
N N-—=p,/ of thecircle. “As the trian-
R:j/; ‘gle GHI is deferib’d about

M L ‘ thecircle KLM becaufe 1its
1 ¢fides touch the circumierence

¢ of the circle in K, L, and M.

2. A line is apply’d to, or inferib’d in 2 ci{'«-
cle,
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cle, when its two extreams touch the circum-
ference of the circle. * ‘As the line NO. Buc
¢ the line RP is not inferib’d in the circle,

iy

PROPOSITION I:
A ProstiE M,

o inferibe in a circle a line, that dpes not exceed
! 1ts Diameter. '

ET a line be Proposd to

be inferib’d in the circle
AEBD, not exceeding irs di-
ameter.  Take the length of
the Line proposd wpon the
diameter ; for example, let i
be BC. Place the. foot of the compafs upon the
point B, and defcribe a circle at the diftance of
BC, which may cut the cirde AEBD in D and

E. Thendraw the line BD ot BE:( 2 Tis. evi-

dent they are equal to BC, (&y the definition of
acircle,)

The USE.

" This Propofitionis neceflary for the perfor-
* mance of what is requir’d inthe following.

PROP.
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PROPOSITION IL

A Pros L &M,

To inferibe in acircle a triangle equiangular to an-
other triangle.

¥ D ET thecircle be EGH;

A in which’ a triangle 1s

to be inferib'd, equiangular

£ ¢ to the triangle ABC. Draw

the tangent FED, (by zbe

17. 3. and at the point of contaét E make the

angle DEH equal to the an le B, and the angle

FEG equal to the angle G, %b; the 2.3- 1. and

draw the line GH; the triangle EGH will be
equiangular to the triangle ABC.

Demonftracion.

"The angle DEH is equal to the angle EGH
of the alternate fegment, [by rhe 32. 3.] But
theangle DEH s t*qual to the angle B, and con=
fequently the angles B and G are equal. By the
fame reafon the an gles C and H are alfo equal,
and[by Coroll. 2. of the 32. 1. the angles A and
GEH will be equal. Therefore the triangles E

GH and ABC are equiangular.
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- Thefe tangents will concur ; becaufe the
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PROPOSITION I

AProsiEeum.

Zo deferibe a triangle about a circle equiangulay
to another triangle.:

L F you would
A 0 G defcribe a tri-

angle equiangu-

EC. BD _I lar to the trian=-
N H M gIE ABC abour

_ the circle GKH
Centinue one of the fides of the triangle given
BC to Dand F, and make the angle GIH equa}
to the angle ABD, and HIK equal to the angle
ACF: then draw the tangents LGM, LKN,
and NHM, through the points G, K, and H.

angles

IKL and IGL being right angles, if you fhould
draw a line KG, the angles KGL and GKL,
would be lefs than two right angles: therefore

the lines GL and KL, muit coneury [by the 11.
Axiom ]

Demonfration,
All the angles of the quadrilateral GIHM
are equal to four right angles, becaufe i ma
be. divided into two triangles, The angles (G

and. IHM, which are made by the tangents,

al'é
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are right angles; therefore the angles Mand I
are equal to two right angles, as are alfo the an-
gles ABGand ABD. But the angle GIH is e-

qual to the angle
willbe equalto the angle ABC. By the fame
reafon the angles N and ACB are equal, and
therefore the triangles LMN and ABC are equi-

angular.

i e e

i e ——

CPROPOSITION 1V.

A ProsLEM.
To inferibe a Circle in a Triangle.

A F you would inferibe a cir-

_ cle in the triangle ABC

Ff’ divide the angles ABG anci

{\ ACB into two equal parts, [y
F_C the 9. 1.] drawing

BD and C1), which will concur

at the point D. T his done, from the point D

draw the pcrpendiculars DE, DF, and DG,
which will be equal; {o that a circle defcrib’d
from the center i), at the ditance DE, will

paﬁ through F and G.

Demonffration.

The triangles DEB and DFBhave the angles
DEB and DFB equal, being both right angles = §
the angles DBE and DBF are alfo cqual, the

angle i

ABD, therefore the angle M .}

the lines |
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angle ABC having been divided into two equal
parts; ‘and the fide DB is common : therefors
(by the 26..1.) the triangles will be equal inall .
tefpects, and the fides DE and DF will be equal.

After the fame manner ‘might I demonftrate
the fides DF and DG to be equal. *T's poflible

therefore to defcribe a circle, which fhall pafs

through the points E, F, and G; and becaufe
the angles E, F, and G are right angles, the fides
AB, AC, and BC will touch the circle, which
by confequence is inferib’d in the triangle.

"PROPOSITION V.

A Prost s M.
o deferibe a Circle about 4 Triangle.

A F you would defcribe 2 circle
about the triangle  ABC, di-

| (ﬁ,&k vide the fides AB and BC into
B "‘ ¢ TWo equal parts, at the points D
: and E, drawing the perpendicu-

lars. DF and EF, which will concur at the point
F. Which done, if you deferibe a2 circle from
the center F, at the diftance FB, it will pafs
through A and C; thatis to fay, the lines FA,
FB, and FC, are equal. '

Demonftration. y
R The triangles ADF and BDF have the fide
= N RF
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DF common, and the fides AD and DB equal,
the fide AB having been divided equally in D3
and the angles at D are equal, being right an-
gles. Therefore (b the 4 1.) the bafes AF
and BF are equal; as alfo the bafes BF and CF:
The USE.

¢ I have frequent occafion to infcribe a trian-
¢.gle in a circle; as, for inftance, in the firft
¢ propofition of my 3. book of Tri etry.
¢ "This performance alfo is neceffary for the mea-
¢ furing the area of a triangle; and upon many
«other occafions.

PROPOSITION VL

AProsLEm.
To inferibe a [quare in & circle.

A TO infcribe a fquarein the cir+
cle ACBD, draw the dia-
meter AB, and perpendicular to
it the line DC pafling through
D the center E ; then draw the lines  §
AC, CB, BD, DA, and you will |
have inferib’d in the circle the fquare ACBD.
~ Demonfiration.
The trian gles AEC and CEB have their fides |
equal, and the angles AEC and CEB equal, |
] being '
i |
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being both right angles: therefore their bafes
AC and CB are equal, (i'? the 4. 1) Further,
becaufe the fides Ak and EC are equal, the an- -
gles EAC and ECA will be equal : and the an-
gle E being a r'feht angle, they will be h
right angles,(by rbe 32. 1.) therefore the ang
ECB is half a right angle, and confequently -
the angle ACB will be a right angle. And the
fame reafon holds for all the reft: therefore the
figure ACBD is a fquare.

PROPOSITION viIIL.

A Prosirxwm.
To defcribe @ fquare about a circle.

%A W Aving drawn the two diame-
c D ters AB, and CD, which cut
E ) cach other perpendicularly at the
B, center E, draw the rangents FG,
GH, HI, and IF, by the points A,

D, B, C, and you will have defcrib'd ¢ e fquare
FGHI, about the circle ADBD,

_ Dersonfiration.

The angles E and A are right angles, there-
fore (by the 27.1.) the line, FG and CD arc
parallels. After the fame manner I may prove
that CD and HI, Fland AB, AB and DH, are
parallels.  Therefore the figure FCDG is a

Noa paralle -
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parallelogram, and (¥y the 34. 1.) the lines FG
and CD are equal, asalfo the lines CD and 1H,
FI and AB, AB and GH; andconfequently the
fides of the figure FG and HI are equal. Fur-
ther, {ince the lines G and CD are Pparallels,
and the angle CDG is a right angle, the angle
G will alfo be a right angle, [ by the 29.1.) Af-
ter the fame manner [ may demonflrate the an-
gles F, H, and I, to be right angles. Therefore
the figire FGHI is a fquare, whiofe fides touch
the circle.

PROPOSITION VIIL

A ProztL M.
To infivibe a Cirele in a Square.

F you would infcribe a Circle in the Square
FGHLI, [ fee the fig. preced.] divide the fides
FG, GH, HI, IF, in the middles at the points
A, D, B, C, and draw the lines AB and CD,
which may cut each other at the point E. 1
demonftrate that the lines EA, ED, EB, and
EC are equal, and the angles A, D, B, C, right
angles: and that therefore you may defcribe a
circle from the center E, which will pafs
through A, D, B, and C, and touch the {ides of

the fquare FGHI,
Demon-
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DemonfEration,

Since the lines AB and GH do conjoyn the
lines AG and BH, which are parallel and equal,
they alfo will be parallel and equal : therefore
the figure AGDE 152 parallelogram ; and the
lines AE and GD, AG and ED are equal : and
AG and GD being equal, AE and ED will be
equal alfo. 'T'is atter the fame manner that the
lines AE, EC, EB, are prov'd equal. - Further,
AG and CD being paraﬂei, and the angle G a
right angle, the angle D" will befo likewife,

- Therefore the circle ADBC may be deferib’d

from the center E, which will pafs through the

points A, D, B, C, and touch the fides of the
iquare. -

PROPOSITION IX.

A Prosniam.

To d{(?riﬁé aCircle about & Squape.

O deferibe a circle about the fquare ACB
D, [ feefg. in Prop. 6.] draw " the diago-

nals AB, and CD, which will cut each other
at the point E ; the point E will be the center
of the circle, which will pafs through the points
A, CB,D. It ought therefore to be demon-
ftrated, that the lines AE, EB, CE, and ED are
equal. N 3 Deman-
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Desmonftration.

The fides AC and CB are equal, and the an-
gle C is a right angle; therefore the ahgles
BAC and ABC are equal, (by rbe §.1.) and
halfr}i(ght angles, (by the 33. 1.{

After the fame manner I demonftrate, that
the angles ACD, ADC, BDC, and BCD, are
half right angles.  Therefore the triangle AEC
having the angles EAC and ECA half right an-
gles, and confequently equal, will have alfo (by
the 6. 1.) its fides AE and EC equal. The fame
may be prov'd of the lines EC and EB, EB and
ED, that they likewife are equal.

Tbe US E.

¢ We fhew in the 12 Book, that Polygons
¢ inferibd in a circle, degenerate into circles ;
¢ and as thefe Polygons are always in the dupli-
¢ cate proportion of that of their diameters, {0
¢likewife are circles. In practical Geometry
¢ we have frequent occafion to_infcribe a fquare
¢ and other Polygons in a circle, orto defcribe
* ¢ them about ity to reduce a cirgle to a fquare.

PROP.
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PROPOSITION. X.

A Prosi:zwm

To defcribe an ofceles (or equicrural rriﬂuﬁle)
ng #s angles at the bafe, each of them dou-
ble to the third angle. :

A O defcribe an Ifofceles ABD,
having each of its angles
ABD and ADB, double the an-

- gle A, divide the line AB (by the

B D  11.2.) fo that the fquare of AC

may be equal to the rectangle un-

der AB and BC; and from the center A at the

diftance AB defcribe the circle BD, in which

jafcribe BD equal to AC; and drawing the

line DC defcribe a circle about the triangle
ACD, (by the 5) @

Demenftration.

Since the fquare of AC or BD isequal to the

‘~rectangle contain’d under AB and BC, the line

BD will touch the circle ACD at the point D,
(by the 37. 3.) therefore theangle BDC will
be equal to the angle A, being in the alternate
fegment CAD, (¥y th¢ 32. 3.) Now the angle
BUD, being an external angle in refpect of the

mmangle ACD, s cquif:} o the angles ﬁ(l:_ Bn:
3 4 2
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CDA ; therefore the angle BCD is equal ta
the angle BDA. Further, theangle ADB is e-
qual to theangle ABD, (by the 5. 1.) therefore
DCB and DBC are equal, and (bythe 6. 1.)
the fides BD and DT will be ::cluaf)_; and fince
BD is equal to AC, the fides ACand CD will
be equal ; and fo likewife the angles A and
CDA. Therelore theangle ADB is double the
angle A.

PROPOSITION XL

A ProsirEM.

L

Toinferibe avegular Pentagon in a circl,

D O infcribe a Re-

ular Pentagon in

A 3] G ai:irclg, defcribe (gigy the

10.) an Ifofceles ABC,

h?ving gicgcof its an-

es AB B, at the

B S 4 Ig)aﬁ:, double the angle
A. Inferibe in the circle the triangle DEF
-equiangular to ABC : then divide the angles
DEF and DFE into two equal parts, drawing
the lines EG and FH. Laltly, joyn the lines
DH, DG,GF, EH, and you will have deferib’d
a regular Pentagon; that is to fay, a Pentagon
having equal (ides, and equal angles.
y ' Demon-
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Demonftration. -

The angles DEG, GEF, DFH, and HFE
being the halves of the angles DEF and DFE:‘ -
each of which is double to the angle EDE, are e-
qual to the angle EDF': and confequently the
hve arches, which are their bafes, are equal, (by
the 2.6. 3.)and the lines DH, HE, EF,FG, and
GD, are equal, (by the29. 3.) Secondly, the
. angles DGF, GFE, and fo of the reft, having
cach three of thofe equal arches for its bafe, will
be alfo equal, (by the 27. 3.) Therefore the fides
and angles of the Pentagon DHEFG are equal.

LT = S — i R e R =

=

PROPOSITION XII,
A ProsrEwm.

] To deferibe a Pentagon about a Civcle

: C. WX INfcribe a regular Penta-~
L gon ABCDE in the
B “circle, (by the 11,)and hay-
ing drawn tangents throu
the points A, B, C, D, E,
(by the 17.3.) youwill have
deferibd a regular “Penta-
gon abour the circle.  Draw the lines FA,
#G, FE, FH, FD.
: | Demontration, |
The tangents GE and GA are equal, (by co-

roll,

= oSs I O iE T
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voll. 1. of the 36. 3.) as alfo EH and HD : the
lines FA and FE arealfo equal (by the defnit. of
4 circles) therefore (by the 8.1 ) the triangles
FGA and FGE are equal in all refpeéls 5 and
the angles AFG and EFG are equal, as alfo the
angles EFH and DFH. And becaufe (by the
27. 3.) the angles EFA and EFD are equal,
their halves EFH and EFG will be equal; and
(by tht 26. 1.) the tridngles EFH and EFG will
be equal in all refpeéts, and the {ides EG and
FH will be alfo equal.  After the fame manner
I can demonftrate all the fides to be divided in-
to two equal parts; and confequently, fince the
lines GE and GA are equal, GH and GI will
be alfo equal. Further, the angles G and H
being double the angles FGE, and FHE, are
alfo equal. 'Thercfore we have defcrib’d a re-
gular Pentagon about the circle. '

PROPOSITION XIIlL
A Pros L EM.

To infcribe a circle in a vegular Pentagon.
L]

infcribe a circle in

the regulir’ Pentagon

ABCDE, divide the angles

A and B into two equal

H parts by the lines AF and
c  BF, which concur at the

Pﬂlﬂt
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point F. "Then drawing the line FG perpen-
dicular to AB, defcribe a circle from the cen-
ter I at the diftance FG. 1 fay it will touch all
the other fides ; that is to fay, baving drawn
FH perpendicular to BC, IH and FG will be

. equal. DemonfEration.

Since the equal angles A and B were divided
into two equal parts, their halves GAF and
GBF will be equal: And fince the angles at G
are right angles, the triangles AFG and BFG
will be equal in all refpects, (by the 26. 1.)
therefore the lines AG and GB are equal.

Further, I may prove the lines BG and BH,
as alfo the lines FG and FH, to be equal; aad
the fides AB and BC of a regular pentagon be-
ing equal, the lines BH and HC will be equal,
and confequently, the angles at the point H
being alfo right angles, and equal, thetriangles
BFH and HFC will be equal in all refpetts, and
the angles FBH and FCH will be equal. And
fince the angles B and C are equal, the angles
FBH will be half the angle C. So paffing from
one to the other I will demonftrate, that all the
perdendiculars FG and FH, and the reft, arc
equal.
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PROPOSITION XIV.

A Pros L e M.

To deferibe a circle about a regular Pentagon.

Ay TO defcribe a circle about the

ﬂ \ regular Pentagon ABCDE,
B

divide equally two of its fides
% AB and BC at G and H, and
draw the perpendiculars GF
and HF. The cirgle drawn from
the center F, at the diftance
FA, will pafs through B, C, D, E.
Demonftration.

Suppofe the cirdle defcrib'd, it is evident (by
the 1. 3.) that having divided the line AB in
the middle in G, and drawn the perpendicylar
GF, the center of the circle muft be in that per-
pendicular: It is alfo in HF; therefore it is at
the point F.

c

Tke US E.
¢ "Thefe Propofitions are folely ufeful for the

¢ compoling the table of Sines, and drawing the
¢ platforms of Gittadels, for their ordinary fi-
¢ gures are Pentagons.  Obferve alfo that thefe
¢ methods of defcribing Pentagons about a cir-
¢cle, may be apply’d likewife to other Poly-
gons,




e I &~ s

=y

s =

The Fourth Book. 201

y gons. But in my book of Military Archite-
¢ €ure, 1have'fhewn another way of infcribing
" aregular Pentagon in a circle. |

PROPOSITION XV,

A ProB1LcEmM.

To inferibe a regular Hexagon in a Circle.

T Oinferibe a regutar Hex-
v agon in the circle ABC
DEF,draw the diameter AD,
and hxing the foot of the
B compafs at the point D de-
\ fcribe a circle at the diftance
of DG: then draw the dia-
meters EGB, and CGF ; and the lines AB, AF s
FE, and the reft. Demonftration,
Tis evident, that the triangles CDG, and
DGE, are equilateral; therefore the angles

| CGD, DGE, and thofe oppos'd to them at the

top BGA, and AGF, ate each of them the

| third part of two right angles: that is to fay,

contain 60 degrees. Now all the angles that

§ can be made about the fame point are equal to

four right angles, that is fo fay, 360 degrees.
Therefore taking away four times 60, that is
240, from 360, there will remain 110 for
BGC and FGE; which therefore each contain

Se
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5o degrees. 'Therefore all the angles at the
fenter being equal, all the arches and all the
“des will be equal; and every angle as A, B,
C, &-. will be compounded of two angles of
60 degrees each, that is, 120 degrees, and
therefore will be equal. .

Coroll. The fide of a Hexagon is equal to the
{emidiameter.

The U S E.

¢ Becaufe the fide of a Hexagon is the bafe of
¢ an arch of 62 degrees, and is equal to the fe-
¢ midiameter, its half will be the fineof 30; by
¢ which fine we begin the table of Sines, Euchd
¢ treats of Hexagons in the laft Book of his Ele-

¢ sments.

PROPOSITION XVL

A ProeL EM.

T inferibe aregular Pentedecagowin a circle.

A Nfcribe in the circle an
equilateral triangle ABC

K (by the 2) and a regulac
pentagon (by the 1 1.)fo that
the angles may meet at the

& point A. The lines BF, B,
F and IE, will be the fides of

a Pentedecagon : and if you infcribe in the other
arches
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arches lines equal to BF and B, you will com-
pleat the Polygon.

Demonftration,
Since the line AB is the fide of an equilateral
triangle, the arch AEB will be the third part

of the whole circle, that is, five fifteenths. But
the arch AE being the fif

th part, will contain
three fifteenths; therefore the arch EB contains

two: and if you divide it in the middle ar the
pomnt ], each parc will be a fifteenth.
The USE.

* This Propofition ferves only to open the
¢ way to other Polygons, We have in the Com -
" §afs of Proportion fome moft eafie methods of
¢ infcribing all ordinary Polygons, but they are

grounded on this here.  For it would be jm-
poflible to mark Polygons upon that inftru-
ment, if their {ides were not firlt found by
. this, or other like Propofitions.

L
L]
L 1
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¢ par'd with the lefs; whether it do really con-
¢ tain the lefs, of not.

The Elements of Euclid.

¢ A Part taken in general is ordinarily divided
“into (that which is call’d) an Ahigaor part, and
¢ an Aliquant part.

1. An Aliquot part (which alone Euclid de-
fines in this Book) is a magnitude of a magni-
wide, 2 lef§ of a greater, When it exactly mea-
fiires the greater. ¢ That isto fay, tis a leffer
¢ quantity compar'd with a greater, which pre-
¢ cifely meafures the greater. As a line two foot
¢ long taken three times, is equal to 2 line of fix
¢ feet in length.

2. A Multiple is a magnitude of a magni
tude, a greater of a lefs, when it is exaltly mea-
fur'd by the lefs. « Thatis to fay, a Mulu-
“ tiple 1s a greatet quantity compard with a
¢ lefs, which it contains exactly fo many times.
¢ For example, aline fix foot long is triple 2
¢ Jine two foot long. i '

An, Aliguant. part, 1523 lefler quantity com-
par'd with a greater, which it does not exactly
meafure. As a line of four feet in Jength is an
aliquant part of a line ten foot long. “Ina
¢ word, An Aliquot part fo many times repeat-
¢ ed will equal the whole: but an Aliquant part,
¢ though it contains fuch a quantity of the
* whole, yet repeated as you pleafe will never
¢ exactly equal, but-either come fhort of, orex-

cded, the whole.

r

Equi-
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Equimultiples are magni-
'2, 4; 6, 2.| tudeswhich equally contain .
A, B;: C, D] “their aliquot paits.  That 7s

~  tofly, {0 many times. As
¢ for example, if A' contains
* B as many times as C contains D;Aand C will
“ be equimultiples of B and D,

3-* Proportion isarefpe® of one magnitude
to another of the fame kind.
* Gree. 76y G-, Gall Raifon,

4 Quanties are faid to have a certain pro-

- portion to each other; ‘when being mutiply’d

they cani exceed each other. * For which rea-

¢ fon they ought to be of the fame kind. For

“indeed a line has no proportion toa fuperfi-

‘cies; becaufea line taken Mathematically ‘is
“ confider’d without any breadth at all ; and
“therefore multiply’d as much as you pleafe

* will never give any breadth, which yet a fu-

¢ perficies contains,

“For as much as Proportion is a refpeét or
¢ relation founded upon quantity, it ought to
have two terms. That which fome Philofo-
¢ phers would call the Fundamentum, or Foun-
* dation, Mathematicians name the Antecedent,
“andthe Zérm is call'd by them the Confequent.
“ As if we were to compare the quantity A with
* the quantity B, that refpect or proportion
“would have for the Antecedent the quantity
A, and for the confequent the quantity B,

O 2 ‘Qn
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¢ On the contrary, if B be compar’d with A,that
¢ proportion of B to A would have B for the an-
¢ tecedent, and A for the confequent.

¢ Proportion, or the refpect of one quantity e
¢ another, is divided into Rational Proportion,
¢ and Irrational.

¢ Rational Proportion is the refpeét of one
¢ quantity to another, which is commenfurable
¢ to it, that is, when both the quantities have the
¢ fame common meafure,by which both may be
¢ exadtly meafur’d.  As the proportion of a line
¢ four foot long to another that is fix, is rational,
“ becaufe a line two foot long may exaltly mea-
¢ fure both. A when this happens, thefe quan-
¢ tities have the fame proportion as one number

¢ toanother.  For example, fince the line two
¢ foot long, which is their common meafure, is
¢ found twice in the four-foot line, and thrice
¢ in that which is {ix foot long; the firlt has the
¢ fame proportion to the fecond, as 2 1o 3.

_¢ Irrational Prc:-ic-rtion is betwixt two quan-

¢ rities of the fame kind, which are incommen-
¢ furable, i. e. have no common meafure. As the
¢ proportion of the fide of a fquare to its diago-
¢ nal.  For there is no meafure fo fmall, as will
¢/precifely meafure both.

‘ Pour quantities will be proportionals, when
¢ the proportion of the firft to the fecond, 1s the
¢ fame with, or like to, that of the third to the
¢ fourth 3 fo that, to fpeak properly, Proporti-

} * onality




The Fifth Book! 209

:nnali;}j' is a fimilirude of Emportians.' But it is

no ealie matter to underftand in what confifts
* this fimilitude of proportions ; that is to fay, .
“how two refpelts of relations may be alike.
¢ For Exclid has not given us a juft definition
¢ thereof, or fuch an one as might explain the
¢ narure of the thing, but contented himfelf to
“fet down fome marks or figns, by which it
¢ may be known, whether or no quantities have
¢ the fame proportion. And ’tis the obfcurity of
¢ this definition, which has render’d the whole

- Book {o difficult to be underftood ; which de-

¢ fect therefore I fhall endeavour to fupply.

§. Euclid makesfour magnitudes ro have the
¢ fame proportion, when taking the Equimulti-
¢ ples of the firft and the third, and likewifé the
¢ Equimultiples of the fecond and the fourth,
“according te any multiplication whatfoever :
¢if the multiple of the firft exceed that of the
‘ fecond, the multiple of the third will alfo ex-
“ ceed that of the fourth; and if it be equal to,
© or lefs than the fecond, the third will be equal
“ to or lefs than the fourth. In fuch a cafe the
® fift has the fame proportion to the fecond, as
€ the third to the fourth.
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A, B:C, D 4¢ As for example,  if four
2, 41 3, 6] °magnitudes were propos’d,
E) F = G, H . A,, B, C'.l D; hlVing taken
10, 8 n15,32f ° the Equimultiples of A
K, LaM,N ° and G, as their quintuples
8, 8 n12,12| °Eand G; and Fand H the
O,P Q. R ‘doubles of B and D; In
!5, 16 3 9, 24 ¢ like manner taking K and
* M the quadruples of A and
¢ C,and L and N the doubles of Band D3 A-
¢ gain taking O and Q_the priples of A and G,
¢and P and R the quadruples of Band D; Re-
“caufe E being greater than ¥, G is greater
¢ than H; and %(bein equal to L, M is equal
¢to N; and laftly, gbﬁing lefs than P, Qs
¢ lefs than R: therefore A will have the fame
¢ proportion to B, as Cto D, But methinks Exu-
¢ ¢lid ought to have demonitrated this Propofi-
< tion, it being too perplex’d and obfcure to pafs
¢« for a Principle.

¢ To explain aright what Proportionality is,
¢ or how four magnitudes may be in the fame
¢ proportion ; though it may be fufficient to fay
,in general, that the fuft ought to be a like
¢ part, or a like whole in refpect of the fecond;
¢as the third is, compar’d with the fourth : yet
¢ becaufe this definition agrees not to the pro-
¢ portion of Equality, I {hall give a more gene-
¢ neral one; and to make it the more intelligible,
¢ explain firft what is a fimilar or like Aliquot |
¢ part. ' pa ¢ Similar
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¢ Similar Aliquot parts, then are fuch asare

¢ contain’d in their wholes as many times one
* as the other : as 3in refped of 9, and 2 in re~
“ fpect of 6, are fimilaraliquot parts;becaufe they

. are each contain'd three times in their refpe-

¢ etive wholes.
* The hrit quantity will have the fame propor-
® tion to the fecond, as the third to the fourth,
¢ if the firlt contains fo many times fuch aliquot
¢ parts of the fecond, as the third contains “the
¢ like aliquot parts of the fourth. As
A,B,C,D, | “if A contains the hundredth, thou-
“fandth, or hundred=thoufandrh
“part of B, asoftas C contains the hundredth,
¢ thaufandth, or hundred- thoufandth part of D;
“(and the like may be faid of all other aliquot
© parts imaginable:) there will be the fame pro-
¢ portion of A to B, as of Cto D.
‘ To render this Dehinition ftill more clear, I
* will prove firfk that, if A hasthe fame:propor-
*tionto B as Cto D, A will contain the ali-
© quot parts of B, as oft as C does the like of D :
¢ and fecondly, if A contain the aliquot parts ot
¢ B as oft as C does the like of 12, then there
* will be the fame proportion of A to B, as of
*Cro D.
“The firlt point feems fufliciently evident
¢ from the very notion of the terms: for it A
¢ contains the tenth part of B once more than an
* hundi¢d times, and C containg the tenth pars
W ¢

. :'1
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* of D an hundred times only; the quantity A
* will be 2 grcatf:r Whole compar’d to B, than
¢ Ccompar’d to D; therefore it cannot be com-
par'd after the fame manner, the refpet or re-
* lation being not the fame.
“ The fecond point feems more difficult, viz.
* if a quantity, fuppofée AB, contain the aliquot
¢ parts of another, CD, as oft as-a third, E, con-
“ rains the like of a fourth, F : there will be
¢ the fame proportion of AB to CD, as of E to
. ¢ F. But if it beother
G ¢ wife, let us fuppofe
A i—E | AB to have a greater
HIEK proportion to CD,
Crmmms [oroa]oo=[--D ¢ than E hasto F;that
E - . ‘is to fay, that AB is
F * too great to have the
‘ fame proportion to
CD, that E has to F: Therelore a quantity lefs
¢ than AB, as AG, will have the fame propor-
¢ tioni to CD, as E to F. Divide therefore CD in
¢ the middle in H, and HD in the middle in I,
¢and ID inthe middle in K; continuing the
¢ like divifion till you arrive at analiquot part
¢ of CD lefs than GB, which Lwill fuppofe to
¢ be KD.

Demonftration.
¢ Since there is the fame proportion of AG
‘to CD, as of E to F3; AG will contain KD,
¢ an aliquot -part of CD, as oft as E contains lt‘T
1K
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A 1 “like aliquot partof F. Now AB will contain
1 * KD once more than E contains the like aliquét
I : part of F; which is contrary to the fuppofiti-
“ i Ton.

6. The firft Quantity is faid to have a great-
L | er proportion to the fecond, than the third to
it | * the fourth, when the firft contains a certain ali-
r | quot part of the fecond oftner than the third
& |  contains the like aliquot part of the fourth: As
W | “101 hasa greater proportion to 10 than 200 i ||
@ | “to 20, becaufe 101 contains the tenth part of il |
¢ |+, 10,that is, 1,0nee above a hundred times; and |

| ¢ 200 contains the tenth part of 20, 7.6 2, a i'

/] “ hundred times only.

it 7. Magnitudes or Quantities having the fime i |
5 | proportion, are call'd proportionals. | i |

e 8. * Proportionality, or Analogy, is a imi- 1
uw | litude of Proportions or Refpedts. ' l
el * "Avaroyia. Eucl. i
i 9. In each proportionality are required at

i | the leaft three terms. “ For that there may be
*a fimilitude of proportions, there muft be two
v § Cof them: and every proportion having two
w § ¢ tems, an Antecedent and a Confequent, there
v ©feems to be a neceflity of four terms; as when

“we fay, that A has the fame proportion to B

“as Cto D; but becauft the confequent of the
G § ©frit proportion may be the antecedent of rhe t
) : fecond, three terms may fuffice; as when A is i
te § " fad to have the fame proporticn to B asB |
@t C 10, Mag- i
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10. Magnitudes are faid to be continually
proportionals, when the intermediat< terms are
taken twice, 7. e. both as antecedents and cen-
fequents. ““ As if there be the fame proportion
‘of AtoB, as of Bto G, and of Cte D.

11. In that cafe A will have the duplicate
proportion to G, and the triplicate to D,of what
1t has to B.

¢ But hereit is to be ebferv'd, that there is a
¢ great deal of difference between double pro-

¢ portion, and duplicate. We fay that the pro-;
¢ portion of four to two.is double, becaufe four -
¢ is the double of two ; the number two giving

¢ the name to the proportion, or rather to the

¢ antecedent thereof. Accordingly double, tri- ||

¢ ple, quadruple, quintuple, €r¢. arc denomina- |

¢ tions drawn from the numbers two, three, four,

¢ five, €. compard  with unity; which 1 in-2

¢ {tance in, becaufe we more ealily conceive the |
¢ proportion, the lefs are its terms. But, as T
¢ faid, thefe denominations do rather atiect the °

k.

¢ antecedents, than the proportions themfelves; &

* for we call that double or triple proportion,

|
¢ whofe antecedent is double or triple 15 con- 5
: ]

* fequent. But by duplicate proportion we un-

¢ derftand fuch an one, as is compounded of two 1

¢ fimilar proportions. As, if there be the fame

;]

¢ proportion of two to four, as of four to eight ;"

¢ the proportion of two to eight being com-

¢ pounded of the propertion of two to four, and
that
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¢ that of four to eight, which are fimilar an
‘equal, will be the duplicate of each of them,
* Sothree to twenty feven is the duplicate pro-

¢ portion of that of three to nine. The propor-

¢ tion of two to four is call’d the fub-dauble, be-
caufe two is the half of four; butthat of two
to eight is the duplicate of the fub-double :
which is as much as to fay, that twois the half
¢ of half of eight, as three is the third part of
“the third partof twenty feven; where you

¢ may obferve, that the Denominators £ and}

# are taken twice.

“In like manner the proportion of eight to
¢ two is a duplicate proportion of that of eight
* to four, becaufe eight is the double of four,
¢ but it is the double of the double of two.  If
“there be four terms in continual proportion,
f the proportion of the firft to the Jaft is a triplie
* cate of that of the firft to the fecond; as in
* thefe four numbers, T'wo, Four, Eighr, Six-
¢ teen ; the proportion of two to fixteen is a tri-
¢ plicate of that of two to four, becaufe two is
¢ the half of the half of the half of fixteen. So al-
* fo the proportion of fixteen to two is a tripli-
¢ cate of that of fixteen to cight, becaufe fixteen
¢ is the double of the double of the double of

* two.

12. Antecedents to antecedents, and confe-
ol € quents to confequents, are call'd Homologous
o £ magnitudes. As if there be the fame proportion

of

€
L
L 1
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‘of AtoB, asof CtoD; Aand C, BandD_

¢ are homologous. :

¢ The following Definitions explain the divers
¢ manners of arguing frem proportionals: for the
¢ demonftration of which this Book was princi-
¢ pally compos'd.

13. Alternate proportion is when we com-
pare the antecedent uf the one with the antece-
dent of the other, and the confequent of the
one with the confequent of the other. ““ As for
¢ example, if becaufe there is the fame propor=-
¢ tion of A toB, as of C to D, I infer, that there
¢ is the fame proportion of A to C as of B to D.
¢ This manner of argumentation holds only when
¢ all the four terms are of the fame [pecies or
¢ kind; i.e. ecither all lines, or all fuperficies’s,
¢ or all olids. Tis demonftrated Prop. 16.

14.*Inverted proportion is the comparing of
¢ the coniequents with the antecedents.

'Avemaaty Eucl. Converfe Gall,

¢ As, if becaufe there is the fame proportion
‘of A toB, as of C to D, I conclude that there
¢ is the fame proportion of Bto A, as ot D to
¢ C. Coroll. of Propof. 16. |

15. Compofition of proportion is the com-
paring of the antecedent and the confequent
raken together, with the confequent alone. As

* if, becaufe there is the fame proportion of A
¢ to B, as of C to D, I conclude that there is
¢ the fame proportion of A and B to B, as of C
‘and D to D, Prop. 18. 16. Di-

il
fan
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) 16. Divifion of Proportion is the comparing”
"} of the Excefs of the antecedent above the con
i[' fequent to the fame confequent. * As, if there
WY ¢ be the fame proportion of AB to B, asof CD
“1  "to D; from thence I infer, that there is the

¢ the fame proportion of A to B, as of C to D,
il Propofition '17. 1o
v t7. Converfion of Proportion is the compar-
1 ing of the antecedent with the Difference of
1 the Terms: © As, if there be the fame pro-
':'[". ¢ portion of AB to B, as of CD to D. T thence
=1 ¢ conclude, that there is the fame proportion of
DY <aB to A, as of CDto C, Corol. of Prop.18.
s 18, Proportion of Equality is the comparin o
or hof

of the extream magnitudes, and omitting thofe
b in the middle. * As if, there be-

A.B.C.D.[ ®ing the fame proportion of A to
&} |EFGH,] ¢ to B, as of E to F; and of B to

¢GC, asof F toG; and of C to D,

“as of G to H; linfer, that there is the fame
¢ proportion of A to D, as of E to H.' -

19. Proportionality or Equality orderly
plac’d,, is that in which the terms are compar’d
together in the fame order. * As in the fore-

by going example. Prop. 2.2.

"1 -2c. Proportionality of Equality diforderly
% plac'd, is that in which the terms are compar’d
'*'t': in. a different order. ¢, As if, there being the
|

e * fame proportion of A to B, as of G to H ; and
’h. “of BtoC, asof FtoG; andof Cte D, asof
8 E
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¢ E'to T3 I conclude that there is the fame pro-
¢ poftion of A to D, as of E to H. Prop.23.
¢ See in fhort all the different manners of ar-

¢ gumentation by Proportion.

¢ As A toB, fo Cto D; therefore
¢ By Alternate proportion: as A to G, foB
‘to D:
¢Inverted: AsBto A, o DtoC
¢ Compofition. As ABto B, fo CDto D.
¢ Divilion. IfasABto B, 0 CDto D:then
As A to B, 1o C ro D.
¢ Coniverfion. As AB to A, fo CD to C.
Orderly Equality. Ifas A to B, fo Cto D; and
as Bto E, fo DtoF: then
asAto E, oG toF.
Diforderly Equality. 1f as A to B,fo D te F,and
asBto £, fo CtoD: then
as A toE, o CtoF.

¢ Euclid’s ffth Book contains but 24 propefi-
¢ tions; to which nine more have {ince been ad-
¢ ded, and are commonly receiv’d. And thehrit
¢ figin Euelid, ferving only for the proof of
¢ thofe that follow by the method of Equimul-
¢ giples, fince Lintend not to make ufe of that me-

¢ thod, I fhall wholly omit; begining with the

¢ Qeventh, without changing either the order or

¢ number of the propolisions.
Demands
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Demands, or Suppofitions,

Three quantities A, B, C, being proposd, it
is requir’d to be granted, that there is a fourth

poflible, to which the quantity C has the fame
proportiofi as A to B.

PROPOSITION VIL

ATuzorzEM

Equal quantities have the [ame proportion to ange
ther quantity, and another quantity has the fame
Prapartfpm Yo quantities that are equal,

A, 8. IF the quantities A and B be equal,
C.4 . they will have the fame propor-
B, 8

tion fo the third C.
Demonftration.

If one of the two, fuppofe A, had a greater

proportion to Cthan B: A would contain any

aliquot part of C, oftner than B could contain

the faime ; and confequently A would be greater

Iha{iz] B, which is contrary to what was fup-

os'd.

i Again, 1 {ay, if the uantit'es A and B be e

?lh:we the fame propor-

tion to A as to B,
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Demonftration.

If the quantity C had a greater proportion
to A, than to B, it would contain a certain ali-
quot part of A, oftner than the like part of B;
which part therefore of A muft be lefs than the
like aliquot part of -B. and confequently the
quantity A would be lefs than B, which is con-
trary to the fuppolition.

PROPOSITION VIIL
A T"HEorE M.

The greater of two quantities bas a greater pro~

- portiom to the [amie, than the lefs; and the [ame

quantity has a leffer proportion to the greater,
than to the lefs.

Arsrgeinmsi] LB Uppofe * the

C 4 & quantities AB
G and C be com-

E P (LR pard with the
fame EF,and that _

AB exceeds C. Ifay,that AB will have a great-,
er proportion to EF, than C will have to the
fame. Cut AD equal to C, and divide EF in
the middle, and again one half .in the middle, -
and {0 on, till you come to an aliquot part of

EF lefs than DB, as' GF.

Dewion -
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Demanﬂmﬁiaﬂ.

AD and C being equal, AD has the fime

propartion to EF, asCto EF, (&y the7) and

therefore AD will contain GF an aliquot pars
of EF, as oft as C will contain the fame, (&y de-
fn. §.) But AB contains the famne aliquot part
once more than AD, DB being greater than
GF; therefore (by defin.5.) the proportion of
AB to EF is greater than that of C to the fame
EF.

Secondly, Ifay, that EF has alefs proportion
to AB, than to C. Takea certain aliquot part,
as the fourth, of C, asoft as you can in F F,
which fuppofe to be five times; either there
will remain fomething of the quantity EF, or
nothing; if nothing remain, it is evident, that
five times the fourth part of AB making a great-
er line than {6 many times the fourth part of C,
the fourth part of AB could not be five times
contain’d in EF. But ifthe fourth part of C
taken five times reach rio farther than G, the
fourth part of AB taken 10 many times will pro-

| ceed either as far as F, orto |, fomerhing (hort

of F. Ifit reach as far asF, EF will have the
fame proportion to ABasEG to C, But (by the
preceding. parr) EF has a greater proportion to
C, than EG ro the fame C; therefore EF has
%reater proportion to C, than to AB. Bur if the
ourth part of AB reach no faither th.n I, EI
will have the fame proportion to AB 25 EG to

C,
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C. But EI has a gyreater prupurtiun to G, than
EG to C; therefore EF, greater than El, has
a greater proportion to C, than the fame EF to

Ab,

The Elements of Fuclid.

i

PROPOSITION IX
A TusoRrRE M.

Quantities that bave the [ame proportion to andther
quantity, or 1o awhom another quantity has the

[ame proportion, are equal,

F the quantities A and B have

FT BT_(: th:‘l funje proportion to a third

tn. 12 6 | quanuty C, I fay, A and B are

e T B equal. .
Desnonftration.

If one of the tiwo, ©. g. A, were greater than
B, it would have a greater proportion to the
quantity C, (b 75 8.) which is contrary to
the fuppolition.

Secondly, if the quantity C has the fame
proportion to the quantities A and B ; I fay A
and B are equal. For if A were greater than B,
¢ would have a greater proportion to the quan-
tity B thanto A, _(f;)' the 8.) which is allo con-
teary to the fuppofition,

PR O-
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PROPOSITION Y.

A T'u EoRr » M.,

The quantity that bhas the greater proporticn 1o an
otbery is the greater quantity 5 and that the Jef-
[ery to which that other quantity bas the greater
proportion.

. J F the quontity A has a greater pro-
l A, B, G| portion to the quantity C,than B to
the fame C, 1 fay, A is greater than
B. For if A and B were equal, they would have
both the fame proportion to C; and if A were
lefs than B, B would have a greater proportion
to C, than A to the fame C; both which are
contrary to the fuppofition.

Secondly, if C has a greater proportion to B

. than to A, I fay thar A “will be greater than B.

For it A and B were equal, ' C would have the
fame proportion to both, [y the7.) And ifA
were lefs than B, C would have a lefs propor-
tion to B than to A, (by rhe 8.) both which are
contrary to what was fuppos’d, :
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PROPOSITION XL

A Tusonrsm.

Proportions that are equal one to another, are aljo

fqm:l atmongt réemﬁﬁvls.

| F A hasthe fame pro-
1A, By GyD 3 EF portion to B, as C to
]4, 2 5 By 63, D ; and C the fame pro-

[ fay, A will have the fame proportion to B, as

EtoF.
Demonftration.

Since A has the fame proportion to B, as G
toD; A will contain any certain aliquot part
of B, as oft as C contains the like aliquot part
of D, (by defn. 5.) Andin like manner,as oftas
€% conitains that aliquot part of D, fo oft will E
contain the like aliquot part of F. Sothat as
oft as A contains any certain aliquot part of B,
fo many times alfo will E contain the like ali-
quot part of F.  “Therefore A has the fame pro-
portion to B, as Eto L. '

PROP.

portion to D, asEto F 5 =

p— T

eSos T
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PROPOSITION. XII.

A'THEoRE M.

If many quantities be proportional, ome Antecedent
will hawe the fame proporrion to bis confequent,
as all the dntecedents taken together to all the
Confequents.

A B. F A h3s the fame proportion to B,
3 12, asCroDj; Ifay that A and C
C,D,| taken together will have the fame pro-
2, 8! portiontoBapdD, asA to B.

oo Demonftration,

Since A has the fame proportion taB, as Cto
D; the quantity "A will ‘contain any certain
aliquot part of B, as oft as C contains the like
aliquor part of D, (by defin. 5 ) fuppofe the
fourth part. Now the fourth part of B and the
fourth part of D, make the fourth part of BD;
and accordingly AC will contain the fourth
part of BD, as oft as A contains the fourth part
of B; and the like may be faid of any other “ali-
quot parts. Therefore A has the fame propor-
tion to B, as AC to be BD.

P ; PROP.
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A THEORE M.

of two equal. proportions
third, the other will be fo

.C, D:E,F|

PROPOSITION Xk

ome is  greater than a
f-;ktﬂ)iﬁ‘.

A has the fame pro-
portion to B, as C to
D ; buta greater pmpurtion

to B, than E to F: 1 fay, that Calfo will have
a greater proportion to L), than E to F.

Demaﬂﬂrarjm.

Since A has a greater pmpartiml to B than
E to F, A will contain a certain

aliquot part of

B, oftner than E contains the like aliquot part

of Fy (by defin.
quot part of D, as o
becaufe A has the fa

part of I3,
quot part of F ;and confequently,G
er proportion to D, than E to

6.) but C contains a like ali-
ft as A contains that of B
me proportion to B, as C to
I): and therefore C contains a certain aliquot
oftner than E contains the like ali-
has, a great= &

(by 4.6

PROP.
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EROPRSIT RON XV,
ATHEoRE M.

J"frﬁe firft quantity has the [ame proportion to the
[econd, as the third to the fowrtt 5 according  as
the firft is greater, or equal, or lefsy than the
third, the fecond will be greater, or equal, or

lefs, than the fourth.

1 IF A has the fame proportion
G, D B, asCtoD; I fay firft,
if A be greater than C, B will
be alfo greater than D.

Dewmonftration.

|A, B:

.

Since A is greater than C,A will have a oreat-
er proportion to B, than C to the fime B,
(4y the 8.) But there is the fame proportion of
Ato B, as of Cto D: thercfore C has 2 greatdr
proportion to L, thun C to 8, -and confequent-
ly (&y the 10 ) B.is greater thin b.

Secondly, if A be equal to C, B will be alfo
Ectu_al to D. Demonfivarion. ;

Since A and G are equal,  there will be the
fame proportion of A toB, as of C to the fime
B, (by the 7.) Butas A to B, {6 C to D; thiere-
ore U has the fame proportion to B, as the fame
C to ), and confequently B and D are equal,
(oy the 9.) P4 Third-




o &

S

o e e . At T e e . T |

228 The Elements of Euclid.

Thirdly, if A be lefs than C, B will alfo be
lefs than D. Lemonftration.

Since A is lefs than C, A will have a lefs pro-
portion to B, than € to the fame B, (by rhe 8)
But as A isto B, fo Cto D: therefore C will
have a lefs proportion to D, than the fame C
to B. and confequently B will be lefs than D,

(by the 10)

PROPOSITION XV,
A THEORE M.

Equimultiples, and [imiliar aliquot parts, are in
the [ame proporiion.

A, 5; G0, JF the quantities C and D be
2,336, 9| 3 the Equimultiples of A and
E,2;H, 3, B, their aliquot parts, A will
F,2;1, 3,/ have the fame proportion to B,
G,2K,3,| 3G to D. Divide the quantity
C into parts equalto A, v. g. E,
F, G, and the quantity D into parts equal to

B Becaufe Cand D are the equimultiples of

A and B, there will bg as many parts of one, as
of other other. Let the parts of 'D therefore be
HiL K Demonftration. '

E has the fame proportion to H, and Fto 1,

and G to K, as A to B, becanfe they are all e-

qual. |

|

i Lie
| il

mn
i
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qual. Therefore (bythe12.) asAto B, fo E,
F,G,toH,I, K, zefoCroD,

Coroll. 'The fame numbers of the aliquot parts
of two quantities are in the fame proportion
that the quantities are For {ince E has the fame
proportion to H, as C toD; and Fto I, as C
to D; E and F will have the fame proportion
toHand I, asCto D.

PROPOSITION XVIL
Ay a0y
Alternate Proportion, »

If four magnitudes of the [ame kind be proportio-
naly they will be aljo alternativvely fo,

F A has thE ﬁme PTGPDI'-

A,B; C,D, tionto BasC to D, and all
12,8;9. 6 the four quantitics are of the
L -' fame kind, that is, either all

Lines, or all Supercifies's, or all- Solids; A
will have the fame proportion to C, as B to D,
For if not, fuppofe A to have a greater propor-
tionto C, than B to D.

Demon(ivation.

Since tis fuppos'd, that A has a greater pro-
portion to C than Bto D, the quantry A will
contain a certain aliquor part of C, <. g.athird
part
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part, oftner than B contains a third part of D,
Let A therefore contain a third part of C four
times, but B the third part of D only three
times; having then divided A into four parts,
each will contain one third part of C; bur B
being divided into four parts, they will not con-
tain each of them a third part ot D ; therefore
three fourths of A will contain three thirds of
C, thatis, tho whole quantity of C; but three
fourths of B will not contain three thirds, or

the whole quantity of D. But on the contrary, *

{ince there is the fame proportion of A to B, as

of C to D, there will be alfo the fame propor- &
tion of three fourths of A to three fourths of |
B, as of C to D, (bythe corcll. of the 15 ) and §
(by th: 14) if three fourths of A be equal to C, |

w By

three fourths of B will be equal to D; therefore §f pi

A cannot have a greater proportion to G, than

B to D.
A LEMAMA.

If the firft bave the [ame propertion to the [e- &
cond, as the third to the fourih ; amy aliguot part 3
of the firft awill hae the fame pr;portion to tae fe- 3

cond, as the like aliquor pare of vhe third to the
(fourth.

If A has the fame propor-
tion to B, as € to D; and
E be an aliquot, part of A,
and F a like aliquot partgf
“3

”’i: 35 32, '5=l|
1:@, U 1)
I, F,

‘4’1-1 8

| e

s

————
[
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C: Ifay, that E will have the fame proportion
to B, as F to D.
) Demonftration.. )
If E had a greater proportion to B than F to
D, E would contain a certain aliquot part of B,
oftner than F contains the like aliquot part of
D ; and confequently, E taken twice,'thrice, or
four tims, would contain an aliquot part of B,
oftner than I taken twice, thrice or E:ur_ tiinles
containd the like aliquot part of D. But E taken
four times is equal to A ; and likewile F taken
four times is equal to Cj therefore A would
contain: an aliquot part of B oftner than C con-
tain'd the like aliquot part of D, and by confe-
quence A would have a greater proportion to
B than Cto D ; which is contrary to the fup-
polition.
A COROLLARY,
= which Euclid places after his 4th Propofition

Inverted Proportion

If the firt has the [ame propertionto the fecond, as
the third to the ﬁlm“rﬁ; the ﬁmﬂd will have

the fame proportion to the firft, as the fourth to
the third.

A,B; C, D, IF A hasthe fame prnporfion

A BT, 244 to B as G to D, Bwill have
., el the lame proportion to A as

Iy 40 D to C.

De.
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Demonftration.

If B had a greater proportion to A than D to
C, B would contain an aliquot part of A, fup-
fe a fourth of E,oftner than D contain’d F the
ourth part of C. ~ Let us fuppofe then that B
contains eight times the quantity E; D muft
contain but feven times the quantity F. Now
fince A has the fame proportion to B asC to
D, E will have the fame proportion to B as F
to D, (by the preceding Lemma, ) and (bythe 15 )
E taken eight times will have the fame propor-
tionto B, as I taken eight timesto D; but E

taken eight times is contain’d in B, therefore

F taken eight times muft be contain’d in 2,
notwithftanding what was fhewn to the contra-
1y; therefore B cannot have a greater propor-
tion to A, than D to C.
, The U S E.

“The Followers of Awerroes feem to have
“ made ufe of a manper of argumentation not
¢ much unlike this, to prove that the werld bad
¢ exiffed from Eternity ; urging, that there is the
¢ fame proportion between an eternal aék of the
¢ will of God;and the eternal production of the
¢ world, as between a temporal act, ar_td a tem-
¢ poral eftet; therefore by a kind ot Alterna-
¢ tion, there is the fame proportion of a tempo-
¢ ralact of the will, z e. anuct beginning in time,
“ to an cternal effect; as of an eternal will to a
‘temporal effet. Now tis evident, .that IEJE

W
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*will, or an aét of the will that begins in time,
‘cannot produce an eternal effect; therefore
“ the erernal aét of God could not produce an
¢ Effect in time.  But this argument is faulty in
¢ two refpects; firft, m that it fuppofes it pofii-
¢ ble for an a& of the divine will to begin in
“time; and fecondly, in that it is drawn from
“ Alternate proportion, though the terms be of

¢ a different kind or pecies,

PROPOSITION XVIL
A THRORE M.

The Divifion of Proportion.

If compounded quantities be proportional, they will
be fo likewife being divided,

AB,B; CD,,| F ‘AB has the fame propor-

8, 3; 16, 6" tion to B as CD w0 D,

A, B; C, D,!] A will have the fame propor-

§, 35.10, 6}[ tion to B, as C to D,

‘ Demonftration.

| Since AB isf{uppos'd to have the fame proporti-

' ontoBas CD to D, AB will contain a certain
al!'quut part of B, as oft us CD contains the like
| aliquot part of D. Now that aliquot part muf

» fl be found as oft in B, as the like aliquor part is

| found
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234 The Elements of Buclid.
found in D. Thereforé taking away B from AB,

and D from CD, A will contain as many aliquot
parts of B, as C contains thelikeof D, and con-
fequently A will have the fame proportion to
B, as Cto D. |

e

PROPOSITION XVIL
ATuneorEM,

"The Compofition of Proportion.

If guantities, being divided, be Praparﬂmaf, the
= owill be (o likiwife When compounded. i

YATB: 10, i, F A has the fame proporti-
25311056, qntasC to.D, AB al-
AB,B; CD,D, {6 will have the fame propor-
8, 35 16, 6, tion to B as CD to D. |
Demonftration. :
Sincs A is i"upp-:}:;’d to have the fame propor-
fion to B as C to D, A will contain any aliquot
part of B, as oft as C contains the like aliquot

i

 pari of D, Now the quantity B pontains any of

its own aliquot parts, as oft as D contains the
like of his; thercfore adding Bto 4, and D to
C, AB will contain any aliquot part of B as oft
as CD contains the like aliquot part of D, and

confequently (by defim. 5.) AB will have the

fame proportion to Bas CID to D.
' A
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A COROLLARY.

The Converfton of Proportion:

If AB has the fame proportion to B as CD to
| D, then AD will have the fame proportion to
| A as CD to C. For (by the preceding) A has

the fame proportion to B, as C to D+ and (by
the Coroll. of the 16.) B will have the fame pro=
portionto A, asD to C; and therefore com-
pounding them, AB will have the fame
tion to A, as CD to C.

The U S E.

“ We have frequent ufé of this manner of ar-

gumentation in almoft all parts of the A2s1e-
“ maticks, '

Pl"ﬂle' =

[ {4

PROPOSITION XIX.

A Tunore um.

If the Wholes be in the Jame proportion,as the parts
that are taken away from toem, the Rem qin-
ders will be alfo in the (ame proportion.

AB,ub); B, FF the quantity AB has
16, &5 4y 2., . the fame proportion to
A, C; AB,CD,] CD, as the part B to the
2, 6; 16, 8, | part D: I fay, A wil
have
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have the fame proportion to C, as AB to ClI-

Demonftration.

AB is fu']:ipns'd to have the fame prf:-portion
to CD, as B to D: therefore altermatively (ac-
cording to the 16.) AB has the fame proportion
to B, as CD to D; and by converfion of pro-
portion, AB will have the fame proportion to
A, asCDto C; and again alternatively, there
will be the fame proportion of AB to CD, as
of A to G,

The U S E.

¢'This Propofition is commonly made ufé of
¢ in the rule of Fellowfhip. For inftead of work-
¢ ing by the rule of Three for every particular
¢ Affociate or Partner, having done it for the
¢ reft. to the laft they affign the Remainder of
¢ the Gain; fuppofing that if there be the fame
¢ proportion of the ihole fum of all the Prin-
¢ cipals to the whole Gain, as of the Principal
¢ of one Affociate to his part of the Gain : there
¢ will be alfo the fame proportion of the Princi-
» pal that remains to the Remainder of the
¢ Gain.

*The 20 and 2.1 Propofitions are not necel*
¢ fary.

PROP.
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PROPOSITION XXII
A T iuxoRrzwnm.
The propottion of Equality orderly plac’d.
If divers terms be propos’d, and an cqual number

of others compar'd with them, fo that thofe
which anfwer to each other in the [ame order be

proportional; the firfts and the lafts il be alfo
proportional.

§206.2; 6,71, F the quantities A,B,C
A,B,C; D E,F. and the quantitied D,E
F, be proportional ; that
15, if there be the fame

| propottion of A to B as of D to E, and of B to

Casof Eto F 5 A will alfo have the fame pro-
portion to C, as D to F.

) Demonftration. \
If A has a greater proportion to C than D to

| F, A will contain an aliquot part, @. g. the half

of C, oftner than D ¢an contain the half of F.
Let us fuppofe then the half of Cto be’conrain’d
twelve timesin A, and the half of F only eleven
times in D. Now becaufe B has the fame pro-

portiofi to C asEtoF, the quantity B will

contain the half of C, as oft as E contains the

half of F : Supbofe then thofe halves to be compe

Q tain"-
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tain’d fix times in each, B and E. A, which con-
tains the half of G twelve times, will have a
greater proportion to B, which contains the
{ame half of C fix times, than D, which con-
tains the half F eleven times only, to E,
which ‘contains the fame half of F {ix times; and
confequently A will have a greater proportion
to B, than D to E, which is contrary to what
was fuppos’d.

PROPOSITION XXIL

A ProsL E M.
The.proportion of Ej[uality diforderly
pluc’ o
if tawo Orders of terms, bein the [ame propertion,
diforderly placd.: the firft and laft of both Or-

derswill be pr-uyartﬁamz!.-

IA,B,C.D, E,F. G, IF the quantities A,B,C,
125 6,3. 85 44 2- 1, and the others D, E,
i W F, equal in number, be

in the fame proportion, diforderly plac’d, that

is, if A has the fame proportion to Bas E to F, |
andBto CasD to E: A will have the fame

proportion to G, as Dto F. Suppofe B tohave
the fame proportion t C, as F to G.

Demon-

_L-.ﬂ.‘l

e

.
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Demonftration.

Snce there is the fame proportion of A o B as-
of Eto F, and of B to C asof F to G; A has
the fame proportion to C, as E to G, (by the
22.) Further, fince B hasthe fame roportion
toCas Dto E, and alfo as F o C?i D will
have the fame proportion to E, as F to G, (by
tbe 11.) and alternatively; ( according to the 16.)
D will have the fame proportion to F, as Eto
G. Now we have before provid, thatas E to
G, fo A to C; therefore, as Ato C, 6 D to F.

PROPOSITION XXIV.

A TuroORE M.

If the firft quantity bas the [ame srovortiog to the

/ ﬁfﬂff g: the ?éird to régﬁz;r‘fﬁ ,P and alfo the
fifth to the fecond, as the fixth to the fourth :
the forft with the Jifth will bawve the [ame pro-
portion to the fecond, as the third with the [ixth
to the fourth.

F A has the faime proportion

toBas Cto D, and E to B

as F to D; AE will have the

fame proportion to B, as CFto
D Demongtration.

Since A has the Gme propertion to B asC to
Q.2 D,




e e e — oy g
e = ]

= s gy ML bl R e

240 The Elements of Euclid.

D, A will contain any aliquot part of B, asoft
as G contains the like aliquot part of D, (by de-
fin. §) In like manner, E will contain the fame
aliquot part of B, as oft as I contains the like
of D ; fo that A and E will contain any aliquot
part of B, as oft as C and F contain the like ali-
quot part of D : therefore AE will have the
fame proportion to B, as CF to D.

PROPOSITION XXV.
ATunoreunM.

If four magnitudes be proportiona?, the greateft
f and the leaft will exceed the other two

TP DN IF the four maghitudes 4B,
8, 6, C D, E, F, be proportional;
4,35 40 3,] and AR the greatelt and Fthe
[AC <R} leaft; 4B and F will exceed

CD and E. Since A B has the
fame proportion to CD as E to F, and 4B1s
fuppos'd greater than E ; CD will be alfo great-
er than F, (by the 14.) Divide therefore 4B
fo, that the magnitude 4 may be equal to E ;
and CD fo, that the magnitude C may be equal
to F. DemonfEration.

Since 4B has the fame proportion to CD as A

to C, Bwill alfo have the fame proportion to

D as AB to CD, (by the 19.) and AB being

ﬁlg-
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fuppos’d greater than CD, B willbe greater than
D. Nowif to Aand E, which are equal, be
added F and C, which are alfo equal, A and.
¥ will be equal to C and E, and adding to the
two firft B, which is the greater, and to the two
laft D, which is the lefs, AB and F will be
greater than CD and E.

The USE.

By this Propofition 'is demonftrated a pro-
€ priety of Geometrical proportionality, whereby
¢ it is diftinguifh’d from that which iscall’d 4rith-
“metical, For in this latter the two middle terms
¢ are equal to the two extreams; but in the for-
“mer, (as has been prov'd,) the greateft and
¢ the leaft exceed the two others,

¢ Tho the ninefollowing Propofitions are not
* Euclids ; yet, becaufe many makeufe of them,
*and quote them as if they were his, Ithought
¢ I ought not to omyit them, :

Qg i PRQ-
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PROPOSITION. XXVI.

A Turorse M.

If the firft has & greater proportion to the [econd

4 than the third to the faurgg,':ée fourth will bave
a greater proportion to the third than the [econd
zo the firft.

45 65 35 F A hasa greater preportion
A,B; C: D, Itﬂ B than Cto D, D will have
E. a greater propo:tion to C than B
8. to A Suppofe’ E to have the
A

fame proportionto Bas Cto D
will be greater than E, (4y ke 10.)

Demonftration.

"There is the fame proportion of Eto B, as of
Cto D : therefore (by the Coroll. of the 16.) D

has the fame proportionto C, asBto E. But B

has a greater proportion to E than to A, (&y the

8.) therefore D hasa greater proportion to C,
than B to A. '
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PROPOSITION. XXVII.

A Theorem.,

If the firft bas & greater propertion to the (econd

than thethird to the fourth, the Eﬁrﬁ will alfe
have a greater proportion to the third thaw the

fecond to the fourth.

s G F' A has a greater proportion

?{1 4315 C: ]’i I to B than % to D, I ff;:r that
E A will have a greater proportion
3 |—to CthanBtoD. Let E have
the fame proportion to B,as C to

D ; in that cafe A muft be greater than E,

Demenflration.

E has the fame proportion toB, asC to D :
therefore (4y tbe 16.) E hasthe fame proportion
to C, asBto D. And becaufe A is greater than
E, the proportion of A to Cwill be greater than
thatof E to C  Therefore the proportion of A
to C, is greater than that of B to D.

Q.4 PRO-
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PROPOSITION XXVIIL.
A TurorzwMm.

If the firft has a greater proportion to the fecond
r.f)::m- r&gi.{unf to the ﬁmrtﬁ the firft and the
fecond will have a greater proportion to the fé-
cond, than the third and the ﬁmr:é to the
fourth.

[9, 45 6, 35 IF the Proportion of Ato B be
ALRERNT D, greater than that of Cto D,
E, the Proportion of AB to B will
18' alfo be greater than that of CD

to*D. bl.gpnf& E to have the
fame proportion to B, as C'to D.

Dsma#ﬂmrf&#

E has the fame proportion to B, as C to D:
therefore (by the 18.) EB has the ﬁme propor-
tion to B jasCD to D. And AB being greater
than EB, AB will have a greater proportion to
B, than EB to 'the fame B, and confequently

ha.n CDto D.
h PRO-
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PROPOSITION XXIX.
A Turore M.

d |' . :

£ the firft with the fecond bas a greater proportion

me the [econd, than the third with rbeP faﬂrrb to
the fourth; the firft will bave a greater propor-
tion to the fecond, than the third to the fourth.

- - ™

: 9543 6, 3. IF the proportion of AB to B be
| A,B; C,D, greater than the proportion of
] E. CD to D, the proportion of A to
| e B will be alfo greater than that of

— Gto D. Suppofe EB to have the

* fame proportion to B, as CD to D : EB will be

~ lefs than AB, and E lefs than A:
Demonftration.

Since EB has the fame proportion to B, as CD
to D ; dividing them, E will have the fame pro-
portion to B,as C to D, (by the 17.) And A

| being greater than E, the proportion of A'to B
will be greater than that of E to the fame B, and
| confequently than that of Cto D, y
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PROPOSITION XXX
A THroRE M.

If the proportion of the firft with the fmué to the
[econd, be greater than that of the third with the
fourth to  the fourth; the proportionof the firf¢
with the fecond to the firf, will be Jefs than that
of the third with the fourth to the third.

F the proportion of AB to B
3’ f; (6:: I:,; be gf.:a.tgr than that of CD
3 to D, the proportion of AB to
A will be lefs than that of CD to C,
Demonftration,

The proportion of AB to B is fupgns’d to be
greater than that of CD to D : theretore (by tbe
29.) the proportion of A to B will be greater
than that of Cto D and (by the 26. ) the pro-
portion of D to C will be greater than that of B
to A : therefore being compounded (by the 28.)
the proportion of CD to C, will be greater than

_that of AB to A,

e
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PROPOSITION XXXL

AT usaorFM

If many quaniitiés ave in a greater proportion z-

4 Mﬂﬂg ?&emﬁfﬂes.,:bdr an f;mf #mﬁg'gf other
quantities, plac’d after the fame manner; the
{f2 of the firft order will be in a greater propor-
t10m to the laft of that order, than the ﬁr}:} the
fecond order to the laft of thas.

IF A has a greater pro-
portion to B, than D

toE; and a greater pro-
portion to G, than E to F; A will have a

greater proportion to C, thanD to F.
Demonftrarion.

Since A has a greater proportion to B than D
to E, A will alfo have a greater proportion to
DthanBto E; and becaufe B has = greater
proportion to C than E to F, B will al®> havea
greater proportion to E than C to F. Therefore
A will have a greater proportion to D than C
to F: and Alternatively (by the 27.) A will
have a greater proportion to C, than D to F.

/A, B, G,DEF,
i1 6, 1 Gdsf?i 613

PRO.
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PROPOSITION XXXII

A Tuazsors M,

¥f many quantities are in greater ropovtion among

~ themfelves, than an equal number of other quan-
tities, plac’d after a different manner;, the firfF
of the firft order will bhave a greater proportion
t0 the laft of that Order, than the firft of the
fecond Order tothe laft of that.

Y3, 6,2, IF A has a greater pro-
IV @) DS . portipn to C than [ to
B, F|H,I,K| K,and C a greater pro-
12, 314.2, 1| portiontoEthanHrtol;

o A will have a greater pro-
portion to E, than H to K.  Suppole B to have
the fame proporteon to C as I to K, and C the
{fame proportion to Fas Hto T ; then A will be
greater than B, and F than E. i

Demonftration.
Since ’tis propos’d that B has the fame pro-

porrion toCasI oK, and CoFasHtol;

B will have the fame proportion to F, asHto
K, (by the 23.) ‘But A has a greater proportion
to F, than B to the fame F, (by the 8.) and the

proportion of A to E is greater than thatof A

fo , becaufe F is greater than E: therefore the
proportion of AtoE, is greater than that of H
ro K. | | PRO-

that
1o ¢
théref

40
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PROPOSITION XXXIIL

AT 4EoRrE M.

If the Whole has a greater proportion to the Whols
than the part taken away to the part taken as
way, the Remainder will bhave a greater pro-
g%nf to the Remainder than the Whole to the

ole.

13,456 FF AB has a greater propor-

ﬂqu; ,C,’[i tion to CD than B tE [E A

will have a greater proportion to

C than AB to CD. .
Demonfiration.

We fuppofe that the proportion of AB to CD

is greater than that of B to D ; thereforé (by rhe

27.) the proportion of AB to B is greater than

| that of CBto D: and (by the 30.) the propor-

tion of AB to A, islefs than that of CDto C;

| therefore alternatively, the proportion of AB to

CD is lefs than that of A to C:
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PROPOSITION XXXIV.
A THEORE M.

If two orders of magnitudes be proposd, and the
proportion of the fir[t of the firft, o the firft of the
fecond, be greater than that of the fecond to the
fecond ; and that greater than that of 1he third
+0 the third, &vc. the whole firft order will have

a greater proportion 0 the whole [econd, than

tbe whole firf order except its firft magnitude

10 the whole fecond order except its firft magni- -

tude. But a lefs proportion than that of the firft
magnitude of the firft order, to the firjF magni-
tude of the fecond ; and laftly, a greater propor-

tion, than that of the laft magnitude of the firft

order, to the laft of the fecond.

12,65 4+ | 453 39| F the proportien of A

A,B. G, | E)Y,G, to E be greater than
1200 15 33 that of B to F, andthe

prc}purtiun 0 |
G : 1fay, that A,B,C, will have a greater pro-

portion 10 E, F, G, than the proportion o BG

to FG. _
Dem‘mﬂmmﬂ,

Tis fuppos’d the proportion of A to E is

greater than that of B 1o F ; and therefore al-
tevnatively

B to F greater than thatofGto

the
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| that of E, F,G, to FG:

| that of BC 1o FG, ,

| the Remainder
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ternatively, the proportion of A to

B is greater
than thatof E to F 3 and by ¢compounding them,

the proportion of AB to B greater than thar of
EFto F; and again alternatively, the Proporti-
on of AB to EF greater than that of B toF. And
becaufe the proportion of the whole AR to EF js

| greater than that of the part B rothe part F, the

proportion of the Remainder A to the Remain-
der E will be greater than that of the whole AB
to the whole EF: In like manner, I may prove

the proportion of B to F greater than thar of BC

to FG, and confequenty that of A 1o E much
greater than that of BC to FG. Thercfore al-

ternatively, the proportion of A ta BC is

great-
er than that of E to FG ;and compounding theizn,

the proportion of A, B,C, 10BC, greater than
therefore the proporti-

on of AB,C, to E,F G, will be greater than
Secondly, the proportion of A to E
er than that of A,B,C, 1o G
Demonjtration.
I have demonftrated, that the proportion of

the whole A,B,C, to the whole E,L.G,is great-

, I8 great-

€ than that of the part BC to the part G :

therefore the proportion of the Remainder A to

E,will be greater than that of the

Whole A B C,to the whole E,E,G, (bythe 33.)

Thirdly, the proportion of A,B,C; 1o L, G,
is greater than that of C 1o G.

Dewzon -
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Demonftration. _
"T'he proportion of A to E is greater than
that of B to F ; and therefore alternatively, that
of A to B is greater thanthat of E to F ; and
compounding them, the proportion of ABtoB
will be greater than that of EF to F ; and again -
alternatively, that of AB to EF greater thanthat
of B to F. But the proportion of B to F is great-
er than that of C to G, therefore the proportion:
of AB to EF is greater than thatof C to G; and
that of AB to C greater than that of EF to G;
and therefore by compounding them, the pro
portion of A, B,C, to C, will be greater than
than that of E, F,G,t0 G ; and thatof A, B, G;
to E, F,G, greater than that of Gto G.
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OF THE

ELEMENTS

EUCLID.

THEs Book begins to ap ly the Do&trine of
A Proportions, explain (5, in general in the
* preceding, to particular matters ; and taking
“ 1ts rife from the moft fimple figures, #.e. Tri-
‘angles, it gives Rules to determine not only
¢ the proportion of their fides, but alfo that of
“their capacity, Ares or fuperficies. In thie
“ next place we learn from it how to find out
* proportional lines, and to augment or diminifh
*any figure,according to any proportionaflign’d.
* Herealfo is demanitrated the moft ufeful Rule
¢ of Three ; and the Forty-feventh of the Firft
‘ extended to any figure whatfoever. Laftly, it
‘lays down the moft facile and moft certain
¢ Principles to conduct us in taking any manner
¢ of Dimenfiens, R DE-
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DEFINITIONS.

1. E&tilineal figures are fi-
. mildr, when their an-

I\
gles are equal, and the fides,

B DA S ! that form thofe angles, progor-
tibnal. ¢ As the triangles 4
= F ¢ DEF, will be fimilar, if the

¢angles A and D, Band E, C

¢ and F, be equal ; and AB has the fame propos- -

¢ tion to AC as DE to DF, and AB to BC as

* DEto EF.
2. Figures are reciprocal ,

fa
- u when they may be fo compar’d,
=== that the antecedent of one pro-
. rtion and the conféquent of
B F D E another are both foand in'the

fame Figure, * That is, when

* the Analogy begins and ends in the famie fi~

* gure, As if AB has the fame proportion to
¢« CD, a3 DE to BF. ,

3. A line 1 divided according to the ex-

rreme and middle proportion, when the whole

line has the fame proportion

-1 to the greater part, as the

C 'B

A

.
B R
-

—

i -

greater part to the lefs. ¢ Asif |
¢ AB has the fame proportion |

o |
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‘10 AG, as AC to CB: the line AB is divided

“according to the extreme and . middle propor-

® tion. oo
E A 4- The height of any figure

/ is 2 perpendicular drawn from

its fummity to its bafe: ¢ As

in the triangles’ABC, EFG,

‘ the perpendiculars ; EH -and

: AD, whether they: fall with-

“in or without the triangles, are their heighs.

* Hence it follows, that all triangles and paral-

~ ¢ lelograms, that have equal heights; may be

* plac’d within the fame parallels,, For having

H PGB D C

- © fet their bafes upon the line HG, if the perpen-'

*diculars DA and HE be equal, the lines EA
‘and HC will be parallels. '
5. A Proportion is faid to be compounded
of many others, when the '
* quantities of thofc proporti= * * Denaminaters, *
ons being multiply’d, make |
another. *To underftand. the true intent of
 this definitiori, it muft be obferv’d, that every
2 Proportion, -at leaft, every *ra- R
,,i: tional Proportion, takes its De- m;ﬁ;ﬁii _J
o= nominationfrom a certain num-  _im,
** ber, denotin

. that refpet or relation that'the -
A4 autqgeldenb'n the proportion bears to the con-
' fequent. As if two magnitudes were propos'd,
* one of twelve foot in length, and the other of
" fix, we fhould cafl that proportion of 12 to-
s \ o 6




256  The Elements of Euclid.
° 6 the double proportion. In like manner if

“4and 12 wefe propos’d, we fhould give that

:thcname of fubtriple proportion, ¥ being its
Denominator ; importingas much as that the
oportion of 4 to 12,'is the fame as that of
_i to unity, or as one to three. This Denom-
nator is call’d the quantity of the Proportion.
3 Suppolfe therefore three terms were given, 12,
: 6, and 2 ; the firlt proportion of 12.to 6 being
double,its' Denominator is two ; the fecond of

[ 4 . * ¥ “ .
. 6 toz2 beingtriple, its' Denominator is three ;

* the proportion therefore of 12, to 2 is faid to
‘be compounded of that of 12'to 6, and of 6
‘.to 2, the double and the triple proportion.
“ To find therefore the Denominator of the pro-
¢ portion of 12 to2, multiply threeby two, and
‘ the produt fix will fhew the proportion of
12 to 2 to be fextuple, i. e. as one to fix. This
“is that which Mﬁ:gﬁ'mariciam commonly un-
¢ derftand by compounded Proportion, ‘though
¢ methinks it might more T5:11:-1::_.21'1}' have been
¢ eall'd Proportion multiply’d. '
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PROPOSITION L

A Treorewm,

Parallelograms, and Triangles, of the [ame hight,
are in the fame proportion as their bafes.

A D Uppafe the triangles

ol S E(P.}OC, and _DEgM,
to have the fame hight,

and to be plac’'d  between

G KIBCEFHLM the fameparallels, AD,
and GM: [ fay, they

will have the fame proportion as their bafes
C, and EM. Divide.the bafe EM into as
many equal parts as you pleafe, and draw lines

~ from the point D to each divifion, -as DFy; DH,

DL. In like manner divide the line CG into
rts equal to thofe of the line EM, and draw
ines from its fammity A to thofe divifions, as

. AB, AL & All thofe little triangles. being

enclos'd within the fame Parallels, and having
equal bafes, are equal, (by ke 38 1.) | |
Demonftration. ] |

The bafe GC contains fo many aliquot’ parts

of EM, as there are parts found in it equal

to EF; but as many parts equal to EF as are

found in the bafe GC, fo many little triangles

- are containd in the triangle AGC, equal to

R 3 thofe




the mriangle DEM ; which alfo will happen in
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thofe contain’d in DEM; which being equal
among themfelves, are the aliquot parts of the
triangle DEM. As oft therefore as the bafe GC
contains thofe aliquot parts of EM, o oft does
the triangle AGC contain  the aliquot parts of

every divifion ‘whatfoever : therefore the trian-
gle AGC has the {ame proportion to the trian-
gle DEM, as the bafe GC to the bafe EM.

- Now Parallelograms, defcrib’d upon the fame
bafes, and enclos’d between the fame parallels,
are double the triangles, (by the 41. 1.) there-.
fore they are in the fame proportion as the tri-
angles, 5. e. as their bafes.

The U SE.

“This Propofition is not only ferviceable in
¢ demonftrating thofe that follow, but alfo of
¢ great ufe in dividing large Fields, or Plains,
* As for example, fippofe you were to take the
“ third part of the Trapefium
¢ ABCD, having the fides AD
*and BC parallel ; produce the
¥ “line BC to E, fo that CE
3 | ‘ may be equal to AD; and
B GC E ‘taking BG the third part of
¢ | ‘BE, draw AG : 1fay, the tri-
¢ angle ARG is the third part of the Trapefinn

A D

Demon~
3

Bl P
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ik Deponfration.

¢ The triangles ADF, and FCE, are equian~
:.gular, becaufe the lines AD dnd CE are pa-

¢ rallels, and their fides AD and CE are equal :
¢ therefore ( by the 26. 1.) the triangles are e-

¢ qual, and confequently, the triangle -ABE is
‘equal to the #rapeffum ABCD, But the tri-

€ anglc ABG is the third pant of the triangle

“ ABE, (by the preceding,) thercfore the trian-
¢ gle ABG is the third part of the #rapefiums

- “ ABCD.

PROPOSITION II.
A TuzeorE M.

A line drawn in a triangle parallel to its bafe
divides its fides proportionally; and the lne
that divides the ﬁﬁe: of a sriangle proportional-

Ny, will be parallel to its.-bafe. |

A

F in the triangle ABC the

_ line DE be parallel to the
bafe BC, the fides AB and AC
will be divided proportionally,
4. e. AD will have the fame pro-
B . portion to DB, as AL w EC.
' Draw the lines D C and BE.

"The triangles DBE, and DEC, having the fame
R 4 bafe

E
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bafe DE, and being enclos’d within the fame
Parallels DE and BC, are equal, (4y the 37. 1.)
) Demonftration.

The triangles' ADE and DBE  have the fame
hight E, taking AD and DB for their bafes,and
therefore may be plac’d within the line AB and
another parallel to it drawn through  the point
E, and - confequently have thefame proportion
as their bafes, (bythe 1.) 7 ¢. the triangle ADE
has the fame proportion to the triangle DBE,
orits equal CED, as AD'to DB. But the tri-
angle ADE has likewife the fame proportion
to the triangle CED, as AE to EC; and there-
fore AD has thefame proportion to DB, as AE
to EC.

Secondly, fuppofe AE to have the fame pro-
portion to EC, as AD to DB, I fay the lines
OE and BC will be parallels. 'y

Demonftration.

AD has the fame proportien to DB, as the

triangle ADE to the triangle DEB, (by the 1.)
and AE has the fame preportion to EC, as
the triangle ADE to the triangle CED ; and
“confequently the triangle ADE has the {ame
proportion to the triangle DEB, as the fime
ADE to the triangle CED. Therefore (by the
g. §.) the triangles BDE, and CED, are equal,
and (by the 39.1.) between the fame parallels.
Therefore the lines PE and BC are parallels.

The

the
il
fre
IPJH
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Jhe U S E.

¢ "T'his Propofition is abfolutely neceffary for
¢ the demonftration of thofe that follow. It may
€ alfo be ferviceable in taking Dimenfions. ~ As,
¢ in the following figure, if you were to mea-
¢ fure the hight of BE ; having erected a ftaff or
¢ pole DA, there will be the fame proportion of
*CD to DA, asof BC to BE.

S

PROPOSITION IIL
A Turorzwm.

A line ‘that divides an angle of a triangle into
swo equal parts, divides sts bafc into two parts,
which have the fame proportion- as the fides.
And if it divide the bafe into two ;arrs propor-
tional to the fides, it will divide the angle into
two equal parts.

F the line AD divide the angle
BAC into two equal parts, AB
will have the fame proportion to AC
as BD to DC. Produce the fide CA,
and take AE equal to AB; then
draw the line EB.
, Demonftration.

The external angle CAB is equal to the two
internal angles AEB, and ABE : which being
cqual, (by the 5.1.) becaufe the fides AE :mg

A

8 D
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AB are equal ; the angle BAD, which is the
half of BAC, will beequal to one of them, fup~
pole ABE; therefore (by the27.1,) the lines
AD and EB are parallel, and (by the 2.) there is
the fame proportion of EA or AB to,AC, as of
BD to DC. -

- Secondly, if AB has the fame proportion to

AC as BD to DC, the angle BAC will be di-

vided into two equal parts.
Demonflration.

AB or EA has the fame proportion to AC,
as BD to DC: therefore EB and AD are pa-
rallel 5 and (by the 2.9. 1.) the alternate angles
EBA and BAD), the internal BEA, and the ex-

ternal DAC, will be equal: and the angles
BEA and EBA being ;.'zll.ml, the angles BAD and

DAC will bealfo equal. Therefore the angle
BAC will be divided into two equal parts.
The U S E.
¢ We make ufe of this Propofition chiefly to
¢ find the proportion of the fides of a triangle.

(]
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PROPOSITION 1IV.

A TusorswMm.

The fldes of equiangular triamgles art propor-

tional,

F the triangles ABC, and

L DCE, be equiangular, 7. e.

if the angles ABC and DCE,

BAC and CDE be equal, AB

| will have the {fame proportion

B c E to BCasDC to CE, and alfo

AC will have the fame pro-

portion to CB as DE to EC.  Join the triangles

after fuch 2 manner, that the bafes BC and CE

may be upon the fame line, and produce the

fidesBA and ED till they meet in F ; fince the

angles ACB and DEC are equal, the lines AC

and FE gre parallels, [ 5y rbe 2.8. 1.] and by the

fame reafon CD and BF are Parallels, and there-
fore AFDCa Parallelogram.

Demonftration.

In the triangle BFE, AC is parallel to FE,
therefore [ by the 2.] AB has the fame propor-
tion to AF, or, which is equal to ir, CD, as BC
to CE: and alternatively, AB has the fame
proportion to BC, as CD to CE: In like man-
ner in the fame triangle, CD being parallel to

L S | BF,
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BF, FD or AC has the fame proportion to DE,
as BC to CE, [by the 2.] and alterpatively, 4C
has the fame proportion to AC, as DE to CE.

Tee U S E.

*This Propofition is of o general ufe, that ir
¢ may pafs for a moft univerfal principle in ta-
¢ king all manner of Dimenfions. For in the firft
¢ place, all the methods of meafuring inacceflible
* lines, by defcribing a fmall triangle fimilar to
¢ that which is form’d upon the ground, is
¢ tounded upon it ; as al® the greateft part of
“ thofe AMathemarical Inftruments, upon which
¢ are defcrib'd triangles, (imilar to thofe of which
* we defire to take the dimenfions, as the Ges-
¢ metrical [quare, the Pantometer, the Arbaleft
“or Crofs-ftaff, &c. Nor could we know how to
¢ raife the Plane of any place, but by the help
¢ thereof.  So thatin hine, to unfold all the ufes
¢ of this Propofition, it would be neceffary to
¢ tranfcribe the whole firlt Book of Prgétical Ge-
L omerry. | '

r

0d |
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PROPOSITION V.
A TuHEORE M.

- Triangles, which bave proportional fides, are
equiangular.

A & F the triangles ABC and
DEF have ‘proportional

_ /\ {ides, 7. e. if AB has the fame
B C E\/f proportion to BC as DE to
G EF, and alfo AB the fame

. <% 7 proportion.to AC as DE to
DF; the,angles ABC and DEF, A and D, C
| and F, will-be equal. Make the angle FEG e-
qual to the angle B, and EFG equal to the an-
gle C. . e ) .
2y - Demonfiration. .
The triangles ABC and EEG have two an-
gles equal, therefore (by Corall. 2. of the 32.. 1.)
they are equiangular; and (&y the 4.) AB has
the fame proportion to, BC as GE to EF.  Now
‘tis fuppos’d, that DE has:the fame proportion
to EF as AB to BC, therefcre DE has the fame
| proportion to EF as EG to EF; and confe-
| quently (Jy theg. 5.) DE and EG are equal.

‘§ After the fame manner DF may. be provd equal

! 10 }G, and confequently (4y the 8. 1) the tri-
' angles DEF and GEF are cquiangular.  But the

angle
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angle GEF was made equal to B, therefore the
angle DEF is equal to the angle Bs and the an-
gle DFE to the angle C; and confequently, the
triangles ABC and DEF are equiangular.

PROPOSITION VI

A Tarorewm.

Triangles, which have each one of their angles e-
qual 10 one of the other, and the fides contain-
g that angle proportional, are equiangular.

IF the triangles #4BC and DEF (fee fig. preced.)

have the angles B and E equal, and the fide

AB has the fame proportion to BC as DE to

EF, the triangles ABC and DEF will be equi-

angular. Make the angle FEG equal to thean-

gle B;and the angle EFG equal to the angle C.
Demonftration.

_The triangles ABC and GEF are equian-
gular, (by Coroll. 2. of the 32. 1.) thercfore 48
has the fame proportion to BC as GE to EF,
(by the 4 ) Butas 4B to BC, o is DE to EF;
therefore DE has the fame propottion to EX" as
GE to the fame EF; and therefore (by the 9.

) DE and EG are equal ; and the triangles
DEF and GFE, having the angles DEF and

GEF, each equal to the angle B, and the fides
DE

Eu

4 10 bo
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DE and EG equal, with the fide EF common .

to both, will be equal in all refpecs, (by the 4.

1.) therefore they will be equiangular ; and the

the triangle EGF being equiangular to 45C,

the triangles ABC and DEF are equiangular.
The Seventh Propofision is of no_ ufe.

PROPOSITION VII.
' ATuzore m.

A perpendicular, drawn from the right angle of
a r:&mgalnr rrfang!e to the eppcyg:‘:e :d§ di-

wides the triangle into twwo others fimilar to ir.

F the perpendicular BD be

drawn from the right angle

- ABC to the oppofite fide AC, it

A D ¢ Will divide the reCtangular trian-

gle ABC into two triangles

ADB and BDC, which will be {imilar, or equi-
angular to the triangle 4BC.

Demonftration.

The triangles ABC and ADB have the fame
angle 4, and the angles 4BC and 4D3B right
anfles, thercfore they are equiangular, [4y Co-
| 7oll. 2. 0f the 32.%.] In like manner the trian-

| gles BDC and ABC have the angle C common

to both, and the angles ABC and BDC right
angles ; therefore they alfo are equiangular.
There-
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Therefore the triangles ABC, BDC, and ADB,
are fimilar triangles:

' The US E. :
¢ By the help of this Propolition inacceffible
¢ diftances may be meaftred by a Carpenter’s
¢ Rule. As for example, if I were to meafure
¢ the diftance D C ; having drawn_ the perpen-
¢ dicular BD, and placd my f{quare upon the
¢ point B .in fuch a 'manner, that by one of its
¢ {ides BC I could obferve the point C, and by
“the other the point A: ’tis evident, there
¢ would be the gmc proportion of AD to DB,
¢ as of DBto DC, Therefore muliplying DB
¢ by its felf, and dividing the product by AD,
¢ the Quotient would be DC.

PROPOSITION IX.

A Prozrem.
Of a line given, to cut off what Pﬂri'_)m# pleafe.

Er the line propos’d be
b
Ay
Y n one of its fides CD

D andu ’

8 g e AR take '[E:'): equal parts, three of
which fhall be cnntain‘%: in

E:

{ie to take away three hfth
parts, Make an Angle ECD,

" AB, from which you de- *

A0
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CF: then taking.CE equal to AB, draw the
line DE, and another parallel to that FG : the
line CG will contain three fifth parts of CE or
AB. Demonftration.

In the triangle ECD, FG being parallel to
the bafe DE, CF will have the fame propor-
tion to FD as CG to GE, {4y the 2.] and.com-
pounding them, [ by the 18.5.]] CE will have
the fame proportion.to CG as CD to CF; and
(by the Coroll. of the 16. §5.) CG will have .the
fame proportion to CE as CF to CD. But CF
| contains three fifths of CD, therefore CG will
.contain three fifths of CE or AB,

—

PROPOSITION. X

A Pros 1 ewm.

To divide a line after the [ame manner as ano~
ther line given is divided.

F you would divide
the line AB after the
fame manner as AC is
divided, make with the
two lines the angle CAB
of what magnitude you
pleafe ; then draw the
line BC, and parallel to
S it
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it the lines EO, FV,and the reft. The line AB
will be divided after the fame manner that AC
1. Demonftration. |

Since in the triangle BAC, HX is drawn pa-
rallel to the bafe BGC, 1t will divide the fides
AB and AC proportionally, (by the 2.) and the
fame may be faid of all the reft.

!

|
|

To do this more eafily, you may draw the

line BD parallel to AC; and transferring the
divifions of ACto BD, draw lines from oneto
the other.

il

PROPOSITION XL

APropr e M.

Tawo lines being given, to find a third proportional, |

A—B IF you would find a third
A—D proportional to the lines
pne i ABand BC, #. e. that there

D may be the fame proportion
of AB to BG, asof BC to
¢ the line fought; make at
pleafiire the angle EAC, and
upon one of its fides take

A B

the lines AB and BC, one immediately after the 'I

other ; and upon the other fide take AD equal to
BC: then draw the line BD, and parallel ro it
theline CE; and the line DE will bethat which
you feck. o De:

|
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Demonftration.

In the triangle EAC the line DB is parallel

to the bafe CE, therefore [byrbe 2.7} there is -

the fame proportion of AB to BC, as of AD or
BC to DE.

PROPOSITION: XIIL.

A Prosinmwm.

" Three lines being given, to find a fourth propor-

tional,

ET the three lines pro-
B ’d, to which you are
to ﬁn:Fzs :

fourth proportional,
be AB, BC, and DE. Make
at pleafure the angle FAC,
and take upon AC the lines
ABand BC, and upon AF
the line AD equal to DE ; then draw the line
DB, and paraliel to it FG: I fay, that DF isthe
line fought, 7. e. there js the fime proportion of
AB to BC, as of DE, or AD to DF, [by the 2.]

Demenftration.

In the triangle FAC the line DB is parallel
to the bafe FC : there is therefore the fame pro-
portion of AB to BC, as of AD t DF, (b
I.é; '1--]

g
D—EE
D

A B

S 2 The
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The US E.
*The ufe of the Compafs of Proportion is
¢ grounded - upon thefe four Propofitions ; for
© that Inftrument teaching us to divide a line as
* we plezfe 5 to make ufe of the Rule of Three,
* without the help of Arithmetick ; to extradt
® the Square, and Cubick roots; to double the
¢ Cube; to meafure all forts of Triangles; to
¢ find the capacity of Superficies’s, and the foli-
¢ dity of bodies ;: and tooaugment or diminith
“any figure, according to what proportion we
“defire; all thefe operations are demonftrated by
¢ the preceding Propofitions.

PROPOSITION XIIL
A Prosrewm.

Towo lines being gi*m’?f; to affign a middle propor-

tional.
T F you defire a middle
proportional ‘between
the lines LV, and VR ;
i A VR having plac’d them fo,

—  that they make but one
A right line” LR, divide
V—~R that line into two equal
parts in M; and. "ha-
T i ving
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ing deferib’d a femicircle LTR from the cen-
ter M, draw the perpendicular V'T, which will -

be a midle proportional between LV and VR. -
Draw the lines LTy and TR.

Demaﬁﬂraffa#.

~Theangle LTR,  being defcribd in a femi-
circle, is a right angle, (by the 31. 3.) and (by
the'8.) the triangles LVT and TVR are {imi-
lar; therefore ‘there is the fame proportion of
L.V to VT in theitriangle LVT, as of VT to
VR in the triangle TVR, (by the 4.) there-
fore VT isa middle proportional between LV
and VR.
The USE.

¢ By this Propofition any reGtangular Paral-
¢ lelogram may be reduc’d to a Square. For ex-
¢ ample, in the Rectangle contain'd under LV
“and VR, the fquare of VT' isequal to the
¢ Reftangle under LV and VR ; as| all here-
¢ after demontftrate. -
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PROPOSITION XIV.

A Turors M.

Equal equiangular Pavallelograms bave their
fides reciprocal 5 and equiangular Parallelo-
grams, that bave their fides reciprocal, are

equal.

A B H F the Parallelograms L
L Iy and M be equiangular and
C =g equal, their fides will be reci-
. procal, z.e. CD will have the
M fame proportion to DE as FD

FG 2 g e
FLIG &= o DB. Since they have e-

qual angles, they may be fo joyn'd together,
that the fides CDand DE, FD and DB, will

concur in two right lines, (by the Coroll. of the

145. 1.) producing theretore the fides 4B and
GE, you compleat the Parallelogram BDEH.
Demonftration.
The Parallelograms 7. and A4 being equal,
will have the fame proportion to the Parallelo-

gram BDEH. But the propordon of L to BD _I

EH, is as the bafe CD to the bafe DE; and
that of M, or DFGE, to BDEH, isas the bafe
FD to the bafe DB, (by the 1.) Therefore CD
has the fame proportion to DE, as FD w DB.

Se-
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Secondly, if the Parallelograms L and M be
equiangular, and have their fides reciprocal,

they will be equal.

ﬂemsnﬂmtﬁan.

The fides of the Parallelograms are fuppos'd
to be reciprocal, i.e that there 1 the fame
proportion of CD to DE, asof FD to DB: but
as the bafe CD is to DE, fo is the Parallelogram
I, to the Parallelogram BDEH, (4y the 1.) and
as FD to DB, fo is the Parallelogram M to
BDEH ; therefore L has the fame proportion o
BDEH, as M to the fame BDEH ; therefore
(by the 9. 5.) the Parallelograms L and M are

equal.
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PROPOSITION XV.

A T uzorzewum.

Equal triangles, that have one angle equal each

to the other, hawve the Jides that form that an-

gle, reciprocal s and if thfe fides be reciprocal,
they will be equal.

A F the triangles F and G,

i T being equal, have the

B o angles ACE and DCE e-

: qual, their fides that form

' thofe angles will be reci-

}4 procal, z.e. BC will have

D the fame proportion to CE

as CD to CA. Place the

triangles fo, that the fides CD and CA may

make one right line; and then becaufe the an-

gles ACB and DCE are fuppos'd to be equal,

BC and CE will allo make one right line, (by
Coroll. of the 15.1.) draw the line AE.

Demonftration.

The triangle ABC has the fame proportion to
the triangle ACE, ias the triangle ECD, equal
to the former, to the fame ACE, (bythe 7.5 )
But as ABC to ACE, fo is the bafe BC to the
bafe CE, [by the 1.] having bD[h- the fame
hight A ; and as ECD to ACE, fo is the té‘[f;:

th'
therr
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€D to CA, (by the fame:) therefore BC has
the fame proportion to CE, as CD to CA.-  But
if the fides be fuppos'd reciprocal, # e. that.2C
has the fame proportion to CE as CD to CA,
the triangles ABC and CDE will be equal, be-
caufe they will both have the fame proportion to-
ACE. -

PROPOSITION XVL:

A T wae OREM.

i four lines be proportional, the rectangle contain’d

under the ﬁgff and the fourth, will be equal to
the rectangle contain’d under the fecond and the
third. And if the reltangle contain’d under
the extremes be equal tothat coniain’d under the
middle terms, the four lines will ve proportio-
nal.

oy S

F the lines A, B, C, D, be

3 proportionaly #-e. if 4s A

_,__[ L A 10 B, fo C to D, the retan-

LE_J gle containd under the hrit

B A, and the fourth D, will be

C equal to the re(tangle con-
DT tain’d under B and C.

Demonfiration.
The reétangles have one angle equal each to

TR

| A

A

| th’ other, becaufe ’tis a right angle in both ;
their {ides alfo afe rcciprocal : theretore they ars

Y equal, [ by the 14.] Iy
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In like manner, if they are equal, their fides
will be reciprocal, 7. e. A will have the fame
proportion to B as C to D.

PROPOSITION XVII.

AT HEORE M.

If three lines be Prﬂpuﬂiﬂnaf, the refh:;‘%fe con- .

tain’d under the ﬁ}f and the third, will be equal
to the [quare of the middle term.  And if the
fquare of the middle term be equal to the rect-
angle under the extremes, the three lines are
prﬂparriml.

ll F the three lines A,B,D, be

roportional , the rectangle
l A o mnging:lcunder A and Dwillgbe
B equal to the fquare of B. ‘Take
C G eq.ual to B, and there will be
the fame proportion of A to B
as of C to D ; therefore the four
lines are proportional.

Demonfiration.

The rectangle under A and D will be equal
to that under B and C, (4 the preceding) but the
laft rectangle is a fquare, the lines B and C be-
ing equal : therefore the retangle contain’d un-
der A and D is cqual to the fquare of B.

In like manner, if the reCtangle under A and

D
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%0 D be equal to the fquare of B, A will have the
m §fame proportion to BasCto D : and Band G
being equal, A will have the fame proportion te
- 1B, as BroD. |
The USE.
“ By thefe four Propofitions may be demon-
¢ (brated that Rule in Arithmerick, whichis com-
“ monly calld the Rule of Three; and confe-
¥ ¢ quently, the Rules of Felloafhip, of Falfe, and
““{ ¢ 1l thofe orhers that depend upon t'roportion.
ik} * For example, Suppofe Three numbers given,
8 “A8 Bé,and C 4, and it be requir’d to find
ml “a fourth proportional number ; which taking
“ a5 found, I will call D. * The rectangle then
. ¢ contain’d under A and D, is equal to that un-
y “der Band C. But I may have this latter rect-
8 “angle by multiplying B by C, 4. ¢. fix by four,
%8 “the produé will be twenty four ; therefore the
4“8 ¢ rectangle contain’d under A and D 1s allo
E \ ¢ twenty four; and therefore dividing that num-
W ¢berby A, which is 8, the Quotient three will
“F ¢ be the number foughr.
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PROPOSITION XVIIL. '

A Pros1iswm,

To defcribe a Polygon fimilar to another uon i
une grven,

A

B

8

G D T EtAB be the line
e E ~aflign’d, upon
: which you are requir’d

¥ to deferibe a Polygon

_ fimilar to the Polygon
CFDE; and having divided the Polygon CFDE

into triangles, upon the line AB make a triangle
ABH fimilar to the triangle CFE, . . make the
angle ABH equal to the angle CFE, and BAH
equal to FCE, for then the triangles ABH and
CFE will be equiangular, [by Corel.a. of the 32. .
1.] Make alio upon the line EH a triangle
equiangular to FDE.
Demonftration.

Since the triangles, which are part of the
Polygons, are equiangular, the two Polygons are
equiangular. Further, fince the triangles ABH
and CFE are equiangular, AB will have the
fame proportion to BH as CF to FE, L6y the 4.]
In like manner, the triangles HBG and EFD
being equiangular, BH will have the fame pro-
portion to BG as FE to FD: and by equality,

(‘accord-

EE——
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[according to defin.18.5.] AB will have the famg
| proportion to BG, as CF to FD. And the fame
may be faid of all the other fides. Thercfore (b
defin. 1.) the Polygons are fimilar.

The U S E.

nél  “Upon this propofition is grounded the great-

e} ¢ building, ‘
pnf © having divided a line into equal parts, to an-

¢ eft part of Practical Geometry, that relates to
¢ the raiﬁn% the plane of any place, as of a
eld, foreft, or a whole Country. For

idl ¢ fwer the feet or yards contain’d in the plane,

¢ you may defcribe a figure fimilar to, but lefs

o

Ean ¢ than the Original, in which you may fee the
UR | ¢ proportion of all itslines.  And having by ex-
ge| ¢ perience found it much more eafie to travel
el “upon paper, than to take a tedious journey ei-

{H

nd §

L4

j" |

.| ¢ and Chorography ; and giving Inftructions how

Il

¢ ther by land or water, this propolition gwill
¢ likewife afford vs affiftance in this refpect, in-
' ¢ forming us in almoft all the parts of Geodefia,

' ‘to compole Geographical Charts, and Aaps
- ¢ which are nothing elfe but methods of redu-
' ¢ cing great figures to fmall. Further, the ufe of
- ¢ this Propofition extends it felf to almolt all
- “thofe Arts, that require the defign and model of

¢ their works before-hand.
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PROPOSITION XIX.

ATuzrore M.

Similar triangles are in the duplicate proportion o
their bomologous fides. progeetien of

F the triangles ABC and
DEF be fimilar or equi-

A
a1 angular, they will be in the

BG C &£ ¥ duplicate proportion of their |} °
homologous fides BC, EF,
7.¢. the proportion of the triangle ABC to the |

triangle DEF will be the duplicate of the pro-

portion of BC to EF; fo that inding a third
iomal HI to the lines BC and EF, and |

making BC to have the fame proportion to EF -

as EF to HI, the triangle ABC will have the

fame proportion to DEF as the line 5G to the
Tine HI ; which is to have to it a duplicate pro-

rtion, [ by defin. 11.5.] Take BG equal to
1I, and draw the line AG.

| Demon(tration.

The angles B and E of the triangles ABG
and DEF are equal ; and befides, fince the tri-
angles ABC and DEF are {imilar, AB will have
the fame proportion to DE as BC to EF, [y
the fourth.] Butas BCto EF, fo EF to Hl or
BG; thercfore as ABto DE, fo EF to BG;

and
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and confequently, the fides of the triangles ABG
and DEF being reciprocal, the triangﬁs will be
equal, {4y the 15.] And [by the 1.] the triangle
ABC has the fame proportion to the triangle
ABG, as BC to BG or HI: therefore the trian-

gle ABC has the fame proportion to the triangle
DEF, as BCto HL

The U S E.
¢ Thefe Propofitions may help to correct the
¢ error of thofe, who are apt to imagine {imilar
¢ figures to have the fame proportion as their

| * fides. For if two fquares, two pentagons, two

¢ hexagons, or two circles, be propos’d, and the
¢ fide of the firflt be double that of the {econd,
¢ the firft figure will be quadruple the fecond : it
S the fide of the firft be triple that of the fe-
¢ cond, the firlt figure will be nine times greater
¢ than the fecond.  Therefore to make a fquare
¢ triple to another, you muft feek a middle pro-
¢ portional between one and three, and you'll
¢ find for the fide of your triple figure almoft 1%.
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PROPOSITION XX

ATueorE M,

Similar Polygons may be divided into an fqmsz
number of triangles, and arein the duplicate
proportion of their bomologous [ides. -

A - ¥ the Polygons
: | ABCDE and
B A, GHILM 'be fimi-
HV’\ M lar, they may be
\; divided into an e-

C DI I

T, qual number of fimi-

lar triangles, which
will be the fimilar parts of their wholes. Draw
the lines AC, AD, GI, GL.

Demonftration.
Since the Polygons are fimilar, their angles
Band H will be equal ; and AB will have the
fame proportion to BC as GH to HI, (by defin.
z.) thereﬁfre the triangles ABC and GHI are
fimilar, (by the 6.) and (by the 4) BC has the
fame proportion taCA as HI to GL. Further,
becaufe CD has the fame proportion to BC gs
IL to IH, and BC the fame to CA as HI to
IG ; by equality, CD will have the fame pro-
portion to CA as IL to GI. Now the an%g
B
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BCD and HIL being equal, if the angles ACB
and GIH, which are equal,be taken from them,
the angles ACD and GIL will remain equal,
Therefore (by the 6.) “the triangles ACD and
GIL will be fimilar. In like manner, ’tis eafie
to run over all the triangles of the Polygons,
and to prove them {imilar. T
| add further, that the triangles. are in the
farie proportion as the Polygons.
Demonftration.
~ Since all the triangles are fimilar, their fides
will be proportional, (by the 4 ) but each tris
angle to its fimilar is the duplicate proportion
of the homologous fides, (by the 19.) therefore
every triangle of one Polygon to every triangle
of the other is in the duplicate proportion of irs

fides; which being the fame, the duplicate pro-
portion muft be thé fame; and there will be
the fﬁme[pmpurtion of each triangle to its (imi-

lar, as of all the triangles of one Polygon to all
the triangles of the other Polygon,(by the 12.5.)
5. ¢. of one Polygon to the other.

Corck. 1. Similar Polygons are in the dupli-
cate proportion of their fides.

Coroll. 2.. If three lives be in eontinual pro-
portion, a Polygon defcrib’d upon the firlk will
have the fame proportion to a folygon deferib’'d

' § upon the fecond, as the firft line to the third,

| 4. e. it will be in the duplicate propertion of
| that of the firft line to the fecond,
¥ PRO-
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PROPOSITION XXI

A THEOREM.

il
T Polygons, that are fimilar te another Polygon, | im

i are (o alfo amongft themfelves.

B | ) F two Polygons be fimilar
it o /N toa third, they will be ||
L A D {o alfo betwixt themfelves. |
£ i /\ For they may each be di- /
| 4 vided into as many fimilar B
B ¢k F triangles,as are in g{m third. i} [
| But triangles {imiliar toa third, are alfo fimilar 3| |y
'; amongft themfelves becaufe angles equal to a |
.“ third, are equal amongft themfelves; and the | ,
i angles of the triangles being equal, thofe of the I .
! Polygons being compounded of them muftbe fo b
1 Ii likewife. 3 3 f
:' Tadd, that the fides of the triangles being | ,
1 proportional, thofe of the Polygons muft be fo |

alfo, becaufe they are the fame.

g el el

PRO- |
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PROPOSITION. XXIL

A Theorem,

Similar Polygens deferib’d upon four proportional
lines, are alfo proportional. dnd if the Poly-
gons be proportional, the lines are fo oo

F BChas the famé pro-
portion to EF as HI td
MN, the Polygon ABC
will alfo have the fame
c roportion to the fimilar
N Polygon DEF, as HL to its
P— fimilar Polygon MO. Seek
a third proportionil G to the lines EC and EF,
and to the lines HI and MO another third
proportional P, (by rbe 71 ) Since BC has the
fame proportion ‘to EF as HI to MN, and EF
to G as MN to P; by equality, EC will have
the fame propoftionto G, as Hl to P: and this
proportion will be  the double of that of BC
to EF, or HI to MN.
Dﬂ}fm?ﬁi'd!fﬂﬁ.

The Polygon ABC  to the Polygon DEE is
in the 'duplicate proporton of that of B2 to
EF, (by the 20.) that is, as BC to G ; and the
Folygon HL hus the fame proportion to MO, as
Hlto P. Therefore ABC has the fame pro-
T = pertiof:

D

¥
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portion to DEF,

Elements of Euchd.
as HL. to MO.

And if the fimilar Polygons be proportional,

the lines being in

the fubduplicate proportion to

them, will be alfo proportional.
Toe U S E.

" SRR B R
2, 25 65 4
9,45 30, 16,
E, F3 G, H,

This Propofition may be ed-
“ fily apply’d to numbers, if the
¢ numbers A, B, C, D, be pro-
¢ portional, their fquares E, F,
* G, H, will be fo alfo; which

¢ is very ferviceable in Aritbmetick, and more

€in Algeora.

i

—

A

PROPOSITION XXIIL

T uEORE M.

Equiangular Parallelograms are in_the proportion
cwﬁpum;rfﬁd.gﬁ&e proportions of ther edes.

fides BD and DF
-asalfo €D and

F the Parallelograms L

and M be equiangular,
the proportion of L to M
will be compounded of that
of AB to DE, and that ot
BED to DF. Joyn the Pa-
rallelograms, fo that their
may make but one right line,

DE " another; which, the Pa-
ral-

Di
30
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rallelograms being equiangular, may be dong,
[bythe Coroll. of the 15. 1.} and compleat the pa-
rallelogram BDEH.

; Demonfiration.

The parallelogram L has the fame proporti-
on to the parallelogram BDEH, as the bafe AB
to the bafe BH or DE, [by the 1.] and the paral-
Jelogram BDEH has the fame proportion to the
p.ar:aliflngram DFGE, :i.e. M, as the bafe BD)

to DF. But the proportion of the paralleio-

. gram L to the parallelogram M is compounded

of that of L to the parallelogram BOEH, and
of that of BDEH ro the parallelogram M.
Therefore the prqpurtiﬂn of LL to M is com-
pounded of that of ABto DE, and that of BD to
F. For example, let ABbe 8, DE 5, BD 4,
DF 7; and make as 4 to 7, fo 5 to8%; by
which means you wiil have three numbers, 8, 5,
and 81, 8 to 5 being the proportion of the pa-
rallelogram 1to BDEH, which is that of Ab to
DE; and 5 to 8% that of the parallelogram
BDEH to M. Taking away therefore the mid-
dle term five, there will remain 8 to 82 for the
proportion compounded of the two.

T 3
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PROPOSITION XXIV.

ATuaeorEe M,

In all Pmﬁﬂsfqgmm:, thofe through awbich the di-
ameter paffes, are [imiliar to the great one.

A E B Sl]ppnﬁ: the diameter of the

[ f / J Varallelogram AC pafs thro’
6L B ihe Parallelograms EF, GH: I
) - {:&y t_hey are {imilar to the Paralle-
eogram AC,

Demonftration.

The Parallelograms AC and EF bave the
fame angle B: and becaufe in the triangle BCD,
JF is parsllel to the bafe DC, the triangles
BFI and RCD are equiangular. Therefore 4y
the fourth] BC has the fame proportion to (_L)
as BF to FI, and confequently the fides are in
the fame proportion. In' like manner IH being
parallel to BC; DH will have the fame propor-
tionto HI 2s DC to BC; the anglesare alfo
equal, all the {ides being parallels: therefore
(by defin. 1.] the parallelograms EF and GHare
similar to the parallelogram AC,

Tbe USE.
‘I have made ufe of this Propofition to de-

* monftrate the roth Propofition of my laft Book =

¢ of

i}

lo
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¢ of Perfpectives, where [ have fhewn a way te”
¢ draw an Image {imilar to the Original, by a pa
| ¢ rallelogram compos’d of four Rules.

PROPOSITION XXV.

APrOB1LEM.
To deferibe a Polygon fimilar to one Polygon given

and fgemﬁ to another.

@ IF you defire to de-
B {cribe a Polygon e-
E_\ 2 ¥ qual to the rectilineal A,
e G H  apdfimilar to the Poly-
on B, make a paralle-
logram CE equal to the Polygon B, Loy the 44.
1. and upon the line DE make another paral-
lelogram equal to the reftilineal A, by the 45.
1) Then find a middle proportional GH be-
rween CD and DF, [by the 13.) Laftly, make
upon GHa Polygon O, fimilar to B, (bythe 18.}
which will be equal tothe rectilineal A.
Demonftration.

Since CD, GH, and DF, are in a continual
proportion, the re&tilineal B deferib’d upon the
tirf, will have the fame proportion to the recti-
lineal O deferib’d upon the fecond, as CD to
DF, [by coroll. 2. of the 20.] Butas CD to DF,
{o is the parallelogram CE to FE, or Bro A,
T 4 which
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292 The Elements of Euclid.

which are equal to them. Therefore B has the
fame proportion to O as B to A, and confe-
quently, ﬁr_y the 9.5.] A and O are equal. =~

The U125k
* This propofition teaches how to change one
* figure for another, retaining il its equality to
“a third ; which is very ufetil in Praétical Geo-
¢ metry, tor the reducing all Higu es to fquares.

PROPOSITION XXVL
ATnzorsM.

If i one angle of a paralielogram you defcribe a
lefsy fimilar to the formier, the diameter of the

gﬁ?sﬁfﬁ' will ﬁﬂﬂ upen the angle r‘:'f the lefs.

(R IF in the angle D of the pa-

" % nallelogram "AC you de-

feribe a lefler parallelogram G,

funilar to the other, the diame-

rer BG will pafs by the point G.

For if it do not pafs by thar point, fuppofe it
then to pais by the poinr §, and to make the line

BID.  1Jraw the line 1E parallel fo HD.

D fma?y?mrim.
The parallejogram DI would be fimilar to
| s R the
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the parallelogram AC, (by the 24.) But the
parallelogram DG is alfo fuppos’d fimilar to it,
therefore the parallelograms DI and DG would
be fimilar, which is impoffible ; for {o HI would
have the fame proportion to IE or GF, as HG
to the fame GF ; and (by the 9. § ) the lines HI
and HG would be equal. o

o S

PROPOSITION XXX,

A Pros L E M.

To divide a line according to the extyeme and
smiddle propurtion.

- I ET AB be the line pro-
A G B pos d tobe divided according
to the extreme and middle
proportion, #. . {0, that AB may have the fame
proportion to AC as AC to CB. Divide the line
AB (by the 11.2 o, that the rectangle contain’d
under AB and CB may be equal to the fquare of
AC. Demonftration.
~ Since the reftangle under’ AB and CB is e-
qual to the fquare of AC, AB will have the fame
proportion to AC as AC 1o CB, (by the 17.)

The U S E.

¢ This propofition is neceffary in the Thir-
¢ teenth Book of Ewcld, tor the finding the iid?
‘o
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* of five regular bodies. And Friar Lucas, of the |
¢ Holy Sepulcher, has compos’d a whole Boolk |
¢ concerning the properties of a Line divided ac-
! cording to the extreme and middle proportion.

lar triang

A_,_,;] Il

PROPOSITLO N Rl
ATunzerore M.
A Pciffgqn. defcrib’d upon the bafe of a fe;é?:mgn- !

le,is equal to the two [imilar Polygons

defcrib’d upon the other fides of the [ame tri-

* the angle BAC of the
triangle ABC be a right |
angle, the polygon D, de- |

ferib'd upon its bafe BC, will

be equal to the two fimilar po- |
lygons F and E defcrib’d upon
the fides AB and AC, :

Df?ﬁa#ﬁ?m 1072,

The polygons D, E, and i, are amongft them- §
felves in the duplicate proportion of their ho- §
mologous fides BC, AC, and AB,
and if fquares were defcribd upon the fame §
{ides, they alfo would amongft themfelves be in
the duplicate proportion of their fides; bur [ 4y
the 47. 1.) the fquare of BC would be equal to

(by the 20.) |

the

g

il
|
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the fquares of ACand AB : therefare the poly-
gon D defcrib’d upon the bafe BC, will be equal
to the {imilar polygons E, and F, defcribd up-
on AB and AC.

The U S E.
¢ This propofition is made ufe cf to augment
¢ or diminith all manner of figures, being more
¢ univerfal than the 47. 1. which yet is exceed-
¢ ing ufeful, in as much as almolt all Geometry is
¢ grounded upon that principle.
The 32. Propofition ts ufelefs.

PROPOSITION XXXIIL

A THBEORE M.

In equal circles, the angles as swell at the center as
circumference, as alfo the [eétor, are in the [ame
proportion as the arches upon which they ffand.

F the circles

ANC and
DOF are equal,
the angle ABC
will have the
fame proportion
to the angle
DEF as the arch AC to the arch DF.  Sup-
pofe AG, GH, and HC, to be equal arches,

and
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and confequently the aliquot parts of AC; and
let DF be divided into as many parts, equal to
AG, as it contains; and draw the lines El, EK,
and the reft. Demonftration. ' '
All the angles, ABG, GBH, HBC, DEI,
IEK, and the reft, are equal, (by the27.3.) fo
that AG, an aliquot part of the arch'AC, will
be contain’d in the arch DF, as oft as the angle

ABG, an aliquot part of the angle ABC, is |

contain’d in the angle DEF ; theretore the arch
AC will have the fame proportion to the arch
DF, as the angle ABC to the angle DEf. And
becaufe N and O are the halves of the angles
ABC and DEF, they will be in the fame pro-
portion as thefe : therefore the angle N has the
fame proportion to the angie O, as the arch AC
to the arch DFE.

1he fame holds likewife of the SeQors : for
if you draw the lines AG, GH, HC, DI, 1K,and
the reft, they will be equal, (4y the 29.3.) and
each lictle feCtor will be divided into a triangle,
and a fegment. But the triangles will be equal,
(by the 8.1. ) and the little fegments will al-
fo be equal, ( &y rhe 24. 3.) therefore the whole
little SeCtors will be equal ; and confequently,
as many aliquot parts of the arch AC as are con-
tain'd in the arch DF, {0 many aliquor parts of
the fector ABU will be contain’d in the fetor
DEF. Theretore the arch has the fame propor-
tion to the arch, as the feCtor ro the fector.

THE

\

\
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His Book eftablifhes the firft principles re-

" lating to folid bodies ; informuch that it

15 impoffible to know any thing certainly con-
¢ cerning the third fpecies of quantity, without
¢ underftanding what is herein tmg!.t Upon
* which account the knowledge of it is abfolute-
€ly neceffary toa through infight into the great-
4 t-Fr part of Marbematical Treatifes. In the firit
¢ place, the Doclrin of the Sphere deliver’d by
‘ Ii:em:’;fzn does fuppole a pertelt Lnu“]f.L;L
¢ of the whole. In hke manner S; bevical i"nfu
nomelry, the third part of Prattical € Gecmerrys
¢ divers propofitions of Sraticks and Gtrzgmm;
€ are built upon the principles of Solids 1he
“miin difficulties in Gromonicks, Cenick Se-
“ élicms,

&
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& ions, and the Traéls concerning the cuttin of§
L L] - - - g L]

pretious Stones, arifing chicfly front their emi-|
nencies and rais'd parts, not eafily reprefented |

L T T

eafie by the previous knowledge of the doctrin
¢ of Solids.

“1 have omitted the feventh, eighth, ninth,
¢ and tenth Books of the FElements of Euclid, be- ]
¢ ing of little or no ufe in any part of the Aa-§

¢ thematicks. And I have oft wondred how they

¢ obtain’d a place amongfk the Elements; {ince “tis §
¢ evident Ewclid compil’d them for no other end, |
¢ but to fertle the Doctrin of Incommenfurables ; §
¢ which being litle better than a vain curiofity, §
¢ ought rot to be receiv'd into the Books which 3
¢ rreat of the Firf# Principles of the Science, but§

¢ to make a particular Treatife by itsfelf. "The
¢ fame may be faid of the thirteenth Book, and
¢ thofe that follow it. And therefore "tis my o-
¢ pinion, that almoft all parts of the Mathema-
¢ ticks may fufficiently be underftood by the help
¢ of thefe eight Books of the Elements of Eu-

¢ elid:

upon paper, and their being contain’d under |
many {uperficies, are render’d intelligible and 3
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DEFINITIONS.

2 i 8 1 Solid body is a

quantity, that hath
X length, breadth, and depth,
or thicknefs. *¢As the fi-

¢ gure LT, whofe length is
¢« NX, breadth NO, and thicknefs LN.

2. The extremes or terms of a folid body are
fuperficies’s.

A 3. A Line is right, or perpen-

o) dicular to a plane, when tis per-

pendicular to all the lines, which

$ p it meets in the plane. * As the’
‘line AB will be right to the

‘ plane CD, if it be perpendicular tto the lines
¢ CD and FE, which being drawn upon the
¢ plane CD, pafs by the point B, {fo that the
¢ angles ABC, ABD, ABE, and ABEF, are right

¢ angles.

4~ One plane is perpendicular

to anoth€r, when a perpendicular

line drawn upon one of them to

the common feétion, is allo per-
pendicular to the other.

‘ We ecall the line that 1s com-

¢ mop”
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“mon to both the planes the common feétion of | °
¢ the planes : Asthe line AB, which is as well
¢ in the plane AC, as in the other AD. If there-
¢ fore the line DE, drawn on the plane AD,
¢ perpendicular to AB; be alfo perpendicular to
¢ plane AC, the plane AD will be right tb the |
¢ plane AC. |
A g, If .the line AB be not per-
& pendicular to the plant CD, and
trom the point A a perpendicular
2 B\ pedrawntoit AE, and alfo the
| line BE; the angle ABE s the
Inclination of the line AB to the plane CD.
6. The Inclination of one

. B . :
_ plane to another, is lhe acute
.\A angle form’d by the two per-
5 pendiculdrs dfawn upon each

plane to their common feétion.

¢ As the Inclination of the plane AB to the plane
¢ AD, is nothing elfe 'but the angle BLD,
¢ form’d by the lines BC and CL), drawn upon
¢ the two plaies, perpendicular to their common
* fection AE.

7. Planes are inclin’d after the fame manner,
if their angles of Inclination be equal. 1

8. Planes are parallel, it beihg continu d s
far as you pleafe, they fill retain the fame di-
it ance one trom the other.

9. Solid figures are {imilar, which are con-
tain*d withing or terminated by, an equal num-

ber
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Der of fimilar planes; astwo Cubes, “ This
* definition does mnot agree to thofe figures,
* whofe fuperhicies’s are crooked ; as the Sphere
““the Cylinder, and the Cone.

10. Equal and fimilar folid figures are con-
tain'd within, or terminated by, an equal num-
ber of equal and fimilar planes. *“Infomuch,
*“ that if they were fuppos’d to penetrate each
*“ other, neither of them would exceed, having
& their fides and angles equal.

1. A folid angle is the con-
courfe, or inclination, of divers
lines, indifferent planes. ¢ Asthe
“concourfe of the lines AB, AC;
“and AD, which ere in different
* planes.

12. A Pyramid is a folid figure, terminated
by triangles, whofe bafes are in the fame plane.
“ As the hgure ABCD,

12. A Parallelpipedon is a folid figure con-
tain’d within fix quadilateral planes, of which
the oppofites are paralle].

14. A Prifin is a2 Blid f-
gure, having two parallel planes
fimilar and equal, and the o-
thers Parallelograms,  “ As the
“hgure AB. Its oppofite planes
““may be Folygons.

15. A Sphere is a fohd figure, terminated
by one only fuperficies . from whish di;.rc::fs

lines
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1@2 The Elements of Euchd.

lines being drawn to a point in the middle of
the figure, they will be all equal. © Some de-
“ fine a Sphere by the motion of a femicircle,

4 L] = ™ .
¢ turn’d about upon its diameter, which remains

¢ immoveable.

16. The Axisof a Sphere is that immove-
able line about which the femicircle is turn’d.

17. The Center of the Sphere is the fame
with that of the femicircle, by whofe motion it
is made.

18. The Diameter of a Sphere, is any line
whatfoever pafling through its center, and ter-
minated at the fuperficies.

19. If a line, immoveable at one of

its points, taken above the plane of a

circle, be mov’d about the circumfe-

rence, it will deferibe a Cone. ¢ As if

the line AB, being fix’d at the point

‘A, be movd about the circumfe-

¢ rence BED), it will defcribe the Cone ABED.

¢ The point A will be its fummity OF Vertex,
¢ and the circle BED its bafe.

" 0. The Axisof a Cone, istheline drawn

from the vertex to the center of the bafe. ** As

21. If aline be movd about the
circumierence of two pm‘allel cir-
cles, fo that it remains always parallel
toa line drawn from the center of
one of the circles to that ¢f the o-

ther,




The Eleventh Book. 303 .

hér, 4. e the Axis, it will deferibe a Cylinder

22. Cones are faid to be right, when the
Axis is perpendicular to the plane of the bafe.
Alfo right cones are fmilar; when their axis’s
and the diameters of titéir bafes are in the fame
propoition. But inclin’d cones are not fimilar,
unlefs they have a third condition ; that their
axis's be equally inclin’d to the planes of their
bafes.

PROPOSITION I
A Tusore m.

Arightline cannot bawe one of its pavts upow 4
plane, and the other above or below .

F the line AB be upon the

& plane AD, it will not, being

A continud, either rife above or

fall below it, but all its parts

will lie upon the fame. For if

it be poflible that BC cin be a part of AB con-

tinued, draw upon the fame plane AD the line

BD perpendicular to ABy and alfo BXZ perpen-

dicular to £ D upon the fame.

Demonftration.

The angles ABD and [DBE are two right an-
gles ;  theretove (by the 14 1) AB and BE
make but one right line, and confcquently BG

U2 is
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is no partof theline AB continued : otherwife
two right lines CB and EB would have the fame .
part AB in common, which is repugnant to the-
13. Axiom of the firft Book:. |
The U S E.

¢ Upon this Propofition is built a principle in
¢ Gnomonicks, by which we prove, that the fha-
¢ dow of the Style cannot fall out of the plane of
¢ a great circle, in which is the Sun. For the
extremity of the Style being taken for the cen®
tre of the heavens, and confequently of all the
greater circles, and the fhadow being alwaysin
“a right line of a Ray drawn from the Sun to
“ the opacous body, and this ray beingin the
¢ plane of this great circle, the thadow muft be
¢ fo likewile.

[ ™~

PROPOSITION IL
A Tuzorew. "

Lines that cut éach other, are in the (ame plane,
as are ﬁ{ﬁ‘r the parts qf a rriﬂﬁgfe.

D E F the two lines BE and CD
cut each other at the point A,
A and a triangle be form’d by
drawing the bafe BC; I fay, all

B ¢ the parts of the triangle ABC
are
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are in the fame plane, and alfo the lines BE and
CD. -
Demonftration.

It cannot be faidthat any pait of the tiiang
ABC is in a plane, and another past of the
fame triangle not in the fame, but it muft be al-
{o affirm’d, that one part of a right line isin a
plane, and another part of the fame line is not
in the fame plane; which is contrary to Prop. 1.
And becaufe the fides of the triangle muft be in
the fame plane in which is the triangle, the
lines BE and CD will be alfo in the fame plane.

The US E,

¢ This Propofition fufficiently determines a
¢ plane, by the concourfe of two right lines, or by
“atriangle. Ihave alfo made ufe of it in Op-
‘ ticks, to prove that objeCtive paralle] lines,
¢ which meet upon a Table, ought to be repre-
¢ fented by lines that concur in a poiar.
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PROPOSITION IIL
A TusorE M.

The cormon fection of two planes is one right line.

A g [ the planes AB and CD
e :Lﬁ*:x cut each other, their com-
S mon feftion EF will be one
1_&1—-‘]) right line.  For if not, take

L two points common to both

planes, as E and F'; and draw
2 right line” from the point E to the point F
upon the plane AB, which fuppofe to be EHF.
Iraw likewife upon the plane CD a_right line
from the fame point E to F; and if it be not
the fame with the former, fuppoft it to be EGF.
| _ Demonfirasion,
Thefé lines drawn upor two planes are two
different lines, and enclofe fpace;  which is con=

eiary to the 12, Axiom of the v. Therefore

they will make but one right line, which being
in both the planes will be their common fe-
ction, : ol i
The U SE.
¢ This isa fundamental pmpoﬁtinn,ﬁ:ppus’d in
¢ divers parts of the Mathematicks, though it
¢ be not always quoted. Particularly, it is ta-

¢ ken for granted in Guaomenicks;when the hour-
-~ lines

i
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lines are reprefented upon Dials, by marking
¢ only the common fection of their plane, and
¢ that of the wall.

PROPOSITION. 1V,

A TuzORE M.

[a line be perpendicular to two others that cut
each other, it will be alfo perpendicular 1o the
planc of the fame lines.

F the line ABbe perpendi-
cular to the lines CL) and
EF, which cut cach other at
the point B, fo that the an=
gles AEC, ABD, ABE, and
F  ABF,be right angles, (which
cnnot  conveniently be reprefented upon.a
plte,) it will be alfo perpendicular to the
plane of the lines CD and EF, 7 e to all the
lines that Thall be drawn upen the fame planc
through the point B; as, for example, the linc
GBH. Let the lines BC, BD, BE, and BF, be
equal, and draw the lines EC, DF, AG, AD,AL,
AF, AG, and AH.
Demonfiration.

The four triangies ABC, ABD, ABE, and
ABF, have each a right angle at the point B,
and the fides BC, BD, BE, and B equal, with

u 4 the
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the fidle AB common to all. Therefore thejr
bafes AC, AD, AE, and AF, are equal, (by
the 4.1.) : “NAURS 3

2. The ttiangles EBC and DBF will be in
all refpects equal, having their fides BC, BD,
BE, and BF, equal; and the angles CBE and
DBF, being oppos’d at the top, equal : there-
fore the angles BCE, ' BUF, BEC, and BFD,
will be equal, (fy the 4. 1.) and alfy the bafes
EC and ‘DF. :

3. The triangles GBC, and DBH, having
the oppafite angles CEG, and DBH, ‘equal ; as
alfo theangles BDH, and BCG ; and the fides
BC and BU; the fides BG and BH, (G and
DH, will be alfo equal, (by the 26. 1.)

The triangles ACE and AFD, having the
fides AC, AD, AE, and AF, equal,and the ba-
fes EC and DF alfo equal; the angles ADF and
ACE will be equal, (4y the 8. 1.) |

5. The triangles ACG and ADH have the
fides ACand AD, CG and DH equal, with
the angles ADH and ACG ; thereforé their ba-
les AG and AH are equal.

Laftly, the triangles ABH and ABG have
all their fides equal; therefore (by the 8. 1.) the
angles ABG and ABH will be equal, and the
line AB perpendicular to GH. A'ccordingly the
line AB will be perpendicular to any line drawn
through the point ‘B upon the plane of the
lines LD and EF, which I call being perpendi-

cular to their plane, The

=
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The USE.

¢ "This Propofition occurs very oft in the firft
“ Book of Theodofius: for example, to demon-
¢ ftrate that the Auxis of the world is perpendi-
¢ cular to the plane of the Equinocfiat. In like
¢ manner in Gnomonicks, 'tis demonftrated by
¢ this propofition, that the Egquinoélial line in
¢ Hyrizental Dials' is perpendicular to the Ae-
¢ yidian. Nor is it lefs ufeful in other Matbe-
¢ matical Treatifcs ; as thofe concerning Affre-
¢ Jabes, and the cutting of precious ftones,

PROPOSITION V.

A Turrorze M.

{l“ a line be perpendicular to three others, which
cut each other at the [ame point, they will be all
three in the [ame plane.

A F the line AB be perpendicu-
E lar to three lines BC, BD, and
BE, which cut each other at the

fame point B, the lines BC, BD,

kL and BE, are in the fame plane.
& Suppofe the plane AE to be that

of the lines AB and BE, and CF that of the
lines BC and BD. If BE be the common fe-

&ion of both the Plﬂ.tli‘ﬁ, it will be the plam};
E of
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of the lines BC and BD, as was afferted : but if
BE be not, let EG be their common feétion.
Demonftration.
AB is perpendicular to the lines BC and BD,
therefore it 1s perpendicular to their plane CF,

(by the 4.) and (by Defin. 3.) AB will be perpen- |

dicular to BG. Bur it is alfo fiippos'd perpen-
dicular to BE ; therefore the Angles ABE and
ABG are right angles, and confequently equal,
though one be part of the other. Therefore
the two planes can have no other common feéti-

on but BE, BE is therefore in the plane CF:

PROPOSITION. VI

ATusore M.
Lines that are perpendicular to the fame plane,
are parallel.

c, A F the lines AB and CD be per-

pendicular to the fame plane
EF, they will be parallel. "T'is e-
vident, that the internal angles
ABD and BDC are right angles
but that i1s nor emough; it re-
mains to be prov’d, that AB and CD are in the
faime plane. Draw DG perpendicular to BD,
and equal to AB 3 draw alfo the lines BG, AG,
and AD,

Pe-

i
A
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Demaon(tr ation.

The trigngles ABD and BDG have the fides
ABand DG equal, and BD common to both:
and the angles ABD and BDG are right angles,
therefore their bafes AD and BEG are equal, (by
the 4. 1) Turther, the triangles ABG and
ADG have all their fides equal : therefore the
angles ABG and ADG are equal ; and ABG
being a right angle, becaufe AB is perpendicu-
lar to the plane, ADG is alfo a right angle.
Therefore the line DG js perpendicular to three
lines CD, DA, and DB, which confequently
are in the fame plane, (by the 5.) but the line
AB is in the plane of the lines AD and DB, (4y
the 2.) therctore AB and CD are in the fame
plane.

Coroll. T'wo parallel lines are in the fame

plane.

The U S E.
¢ By this propofition we demonftrate, that the
¢ hour-lines, in all planes that are parallel to the
¢ Axis of the World, as the Polars, Meridional,
¢ and others, are parallel among themfelves.
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"PROPOSITION VIl W
ATuEeorz M, lE
A ling drason from one Parallel to another, # in £l
the [ame plane with them. ot |
i, THE line CB, being drawn from F
iEE the point B of the line ABto §
~——%— the point C of its parallel CD, is
T (I fay) in the plane of the lines AB 1
'gllld CD. AT
| Dermonffration. |
The parallels AB and CD are in the fame
plane : in which if you draw a right line from 0,
the point B to the point C, it will be the fame N
with CB; otherwile two right lines would en- 2
clofe fpace, contrary to 12. Axioms of the 1. o

PROPOSITION VIIL

ATHEORE M.

If one of tavo parallel lines be perpendicular to a
y plane, the other will be (o alfo. |

F of the two parallel lines ABand CD, [ fee fiz.
prop. 6.] the one AB be perpendicular to the
plane
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plane EF, the other CD will be foalfo. Draw

| the line DB : fince the angle ABD is a'right an-
| gle, and AB and CD are fuppos’d to be parallels,

the angle CDB will be a'right angle, (by the 29:
1.) therefore if I can prove, that the angle CDG
s alfo> a right angle, it will follow ( by the 4.)
that CD is perpendicular to the plane EF. Make
a right angle BDG, and take DG equal to AB 3
then draw the lines BG and AG.

Demonftration. |

The triangles ABD and BDG have the {ides
AB and DG equal, with the fide BD common
to both; and the angles ABD and BDG are
right angles : therefore (by the 4.1 .) their bafes
AD and BG are equal. The triangles ADG and
ABG have all their fides equal, therefore (by zhe
8.1.) theangles ADG and ABG are equal :

| Bur the lattef is a right angle, becaufe ABis

fupposd to be perpendicular to the plane EF,
therefore the angle ADG is a right angle ; and
the line DG being perpendicular to- the lines
DB and DA, will be perpendicular to the plane
of the lines DB and DA, which is the fame in

| which are the parallels AB and CD. Therefore
| the angle GDC is a right angle, (by defin.3.)

PR O-
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PROPOSITION IX

ATusorzM.

Lines, that are parallel to a third, are alfo Pgmf-
lel among themfelwes, though not all in the fame
plane. |

A }3— B Fthedines AB and GD are
© parallel to the line EF, the
L—F il be parallel to each Gthcr{
\ __ though all the three lines be not
C X D in the fame plane. Upon the
plane of the lines ABand EF
draw the line HG perpendicular to AB; which |
will be alfo perpendicular to EF, [ by the Lenma R
after the 26.1.]) In like manner upon the plane §
of the lines EF and CD draw the line HI per-
pendicular to EF and CD. |
Demonftration.

The line EH being perpendicular to the lines
GH and HI, is o alfo to the planes of the lines |
HG and HI, (by the 4.) therefore (by 1he 8.) |
the lines AG and CI are perpendicular to the
plane of the lines HG and HI, and [ by the 6.}
parallel to each other. :

The U S E. J
¢ This propolition is frequently ufed in Fer- |
* fpectives, to determine the reprefentation of

- parallel |
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| ¢ parallel lines upon a table ; as alfo in the cut-
“ ting of precious Stones, to prove the fides of
“ the Pannels to be parallel among themfelves,
¢ becaufe they are fo to a line in a different

| ¢ plane. * In Gnomonicks likewife we are fome-
nhh € times obliged to prove, that the Vertical cir-
meh ¢ cles ought to be defcrib’d on Walls by perpen-
I “dicular lines; becaufe the lines, that are the
¢ common fections of them and the walls, are
\uf © parallel to a line drawn from the Zewirh to the
terf ¢ Nadir.

& PROPOSITION X:
L[n A TureorEM.
| ,{f two lines, which concur, are parallel to two o-
el ghers comeurring, of a different plane, they will
w|  make equal angles.

b A F the lines AB and CD, AE and
[ CF be parallel, though they be
| not all four upon the fame plane, yet
i1 rhe angles BAE and DCF will be e-
e | qual. Let the lines AB and CD,

11| e E  AE and CF be equal, and draw the
lines BE, DF, AC, BD, and EF.

' Demonftration,

The lines AB and CD are fuppos'd to be

4| both parallel and equal, therefore [y bz 33.1.]

the
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the lines AC and BD are parallel and equal, as |

alfo AC and EF ; and [by the preceding] BD
and EF are parallel, and equal, and confequent-
ly [by the33.1.] BE and DF will be allo paral-
lel and equal. Therefore the triangles BAE
and DCF have all their fides equal : and [ by rbe
8. 1. the angles BAE and DCF will be equal.
Coroll. Many the like Propofitions might be
made, which would not be altogether unufeful :
as for example,  if upon a parallel plane the line
CD be drawn parallel to the line AB, and the
angles BCE and DCF be equal, the lines AE
and CF will be parallel. -

The U S E.
¢ By this Propoliion Wwe demonltrate, thac
¢ the angles made by the planes of the' hour-
“circles with a plane patallel to the Equator,
¢ are equal to the angles made by them with the
¢ plane of the Equasor.

e |
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PROPOSITION XL

A Proz rE M.

70 draw a perpendicular to a plane-from- @ point

given. aut of the plane.

, CN F you defire to draw a per-
i A peadicular from the pointC
_ to the plane AB, draw the line

e n_ EF at pleafure, gnd CF per-

V8 \ pendicular toit, Ly ther2. 1.]
B And:again [by the 11. 1. Jupon
: _ the.plane ABdraw, FG perpen-
dicular to EDj; and CG pérpendicular to FG,
I fay, CG will be perpendicular to the plane
AB. Draw GH parallel 1o FE.
- Demonfiration.

The line EF being perpendicular to the lines
CF and FG,will be'perpendicular to the plane
CEG, [y the 4.} and HG being: parallel to
EF, will be alfo perpendicular to the fame
plane,[by the 8.] And bzcaufe CG 1s perpen-
diculav to the lines ‘GF and!GH, it will be
perpendicular tathe plane AB, by the 4]

PR Qe
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PROPOSITION XIL
A Problem.

'-:ﬁ draw a perpendicular to a plane through &

point of the [ame plane.

IF l'-.‘.] A TD draw a perpendicular to

the plane. AB through the

L: D }éﬂint C, draw from the point

, taken at pleafure out of the

- plane, the line ED . perpendi-

cular to'the fame plane, [by the 11.] Draw allo

[by the 31. 1.] CF parallel to DE. CF will be
perpendicular to the plane AB, by the 8.] .

PROPOSITION XIIL
A TuroRrREM.

Tavolimes perpendiculay to a plane cannot be drawn
Y through the [ame point.

E[—/D F the two lines CE and CD,
A drawn through the fame point

C, were perpendicular to the

Bt F plane AB, and CF the common
' {eGtion of the planes of thofe

kines, with the plane AB; the angles ECF and
; . DCE

Pl

= il 4
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DCF would be both right angles, which is im-
poffible. '

I add, that two perpendiculars DC and DF
to the plane AF cannot be drawn from the fame

int D: for having drawn the line CF, there
would be two right angles, DCF and DFC, in
the fame triangle, comtrary to the 32. 1.

The US E.

¢ "This Propofition is neceflary to fhew, that a
“ perpendicular to a plane was fufficiently de-
¢ ferib’d, in as much as but one fuch can be
¢ drawn through the fame point.

PROPOSITION XIV.

2k T uiaos i,

Planes, to which the [ame line is perpendicular,
' . are parallel. ~

F the line AB be perpendicu-
lar to the planes AC and BD
they will be parallel, . e. they
will in ail places be equally di-
ftant from each other. Draw

‘}  the line DC parallel to AB, L6y the 31. 1.] and

foyn the lines BD and AC. |
Demonftration.

AB is wppos'd to be perpendicular. to the
X'2 planes
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planes AC and' BD, therefore the line. CD,

which is parallel to it, will be alfo perpendicu=
lar'to them, [by rhe 8] and confequently the

angles Band D, A and C, will be right angles;
and' by the 28. 1.] the lines. AC and BD will |
be parallels, and the figure ABDC a parallelo- |

gram. Therefore the lines AB and CDare e-

qual, [ 4y the 34. 1,] # e.the ;ﬁlanes in the points :

AandC, B andD. are equally diftant. Accor-
dingly the line CD may be drawn through any

other -point whatfoever; therefore the planes |
AC and BD are equally diftanc in all places the

one from the other.

é The U S E.

¢ Theodofius-demontratesthe circles, that have

‘the fame poles, as the Equaror, and the two

¢ Tropicks,, ' to be parallel, becaufe the Axis of

¢ the World is perpendicular to their planes,

A
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_ PROPOSITION XL

ATuzrorzwMm

Ul Jfswo lines, meeting at a point, be parallel to two

lines of - another plane, the plan:s of thafe lims
will be parallel. - A

_AD F the lines AB and AC be
parallel to the lihes DE

and DF, which arée-inanother

plane, the planes BE and FE

are parallel. Draw Al perpen-

;. dicular to the plane BC, [&y
| the11.] and Gland IH parallel to D and DE:

| they will be alfo parallel to the lines ABand AC

[by the 9.)
Demonftration.

 The lines ABand Gl are parallel, and the

angle IAB is a right angle, Al being perpendi-
cular to the plane BC: therefore |5y the29. I |
the angle AIG isa rightangle, as alfo the an-
gle AIH. Therefore {5y the 4. ] the line Al is
perpendicular to_the plane CH ; and being alfo
| _perpendicular to the plane BC, the planes BC
and GH, or FE, will be parallel, (47 rhe 14 ]

X 3
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PROPOSITION XVL

A Tuzorem.

¥ a plane cut two others which are parallel, their
" comman [eCtions will together with them be

Pﬂrﬂﬂd.

G F the plane AB cut two other
A parallel planes, AC and BD;
I fay, their common fections

For if not, being continu’d they

Demonftyation.

The lines AF and BE are upon the planes

AC and BD ; and therefore [ by the 1.] can ne-

ver be either above, or below it ; therefore if
they concur at the point G, the planes muft do
{o likewife, and confequently they would not
be parallel, which is contrary to what was fup-
pos’d.
The! U S "E.

¢ By this Propofition we demonftrate, in the
* Treatife of Comick and Cylindrick Seltions,
 that if the Come or Cylinder be cut by a plane
* parallel to its bafe, the fections are circular,
“By the fame we deferibe Afrolabes ; and

“ prove in Gromonicks, that the angles, which

¢ the

|

AF and BE will be parallel. |

e S

e o 5B B
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¢ the hour-circles make with a plane parallel to
¢ great citcle,are equal to thofe which they make
¢ in the circle it felf ; and again in Perfpectives,
¢ that the Images of the objeétive lines perpendi-
¢ cular to the table, concur at the point of ight.

PROPOSITION XVIL

A TiyzeorEM.

Towo lines are divided Prqparti&mﬂy by pdraﬂel
' Ffane.t.

IF the lines AB and CD be

"'}{1 = divided by parallel planes,
LA $7 lc] 16y, AE will have the Bme

proportion to EB as CF to

FD. Draw the line AD,

pafling through the plane EF at the point G :
Draw alfo AC, BD, fG,and GE.

 Demonftration. '

The plane of the triangle ABD cuts the three
planes, therefore (by the 16.) the feCtions BID
and EG are parallel ; and (by “the 2. 6.) AE
has the fame proportion to EB, as AG to GD.
In like manner the plane of the triangle ADC
cuts the planes EF and AC, therefore the feci-
ons AC and FG are parallel; and FC has the
fame proportion to FD as AG o GD, ¢ as
AE te EB,
A

X 4 PRO-
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PROPOSITION XVIIL

A Tuzogrsz m

If a line be pe#pemﬁmfgr to a j!gue, all the planes,

m woich that line is found, are perpendicular
to the fame plane.

i F the line AB be perpendicu-

lar to the plane ED, all the

planes in which it is found will

EV1 8 D\ be perpendicular to the plane

ED. Suppofe AB to be in the

plane AE, having for a common feGtion with

the plane ED the line BE ; to which draw a
perpendicular FL - |

Demonftration.

The angles ABI and BIF are right angles,
thercfore the lines AB and FI are parallel ; and
(4y #he 8.) FI will be perpendicular to the plane
ED. Therefore the plane AE will be perpendi-
cular to the plane ED, (by def.4.) |

¢ The fame may be prov’d of the plane AD.

The U S E.

¢ The firft Propofition in Gromonicks, which
* may pafs for a fundamental one, is built upon
“this propofition ; which is "alfo frequently
. madeufe of in Spherical Trigonomesry, in Per-
: ¢ [pectives,
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¢ fpe&iwl, and generally in all thofe T'reatifes
¢ which are oblig'd to confider divers planes.

PROPOSITION XIX.

A Tusore M.

If two planes curting each other be perpendicular
to another, their common [eltion wil be per-
pendicular to the Jame.

e ' F the planes AB and

ED, which cut
each other, be perpen-

G| g diclar to the plane

. / 1K, their common fe-
B & &ion EF is alfo per-

Pl / pendicular to the plane

IK.

D;muﬂﬁmribﬂ.

. If EF be not pcrpendicular to the plane 1K,
upon the plane AB draw the line GI' perpen-
dicular to the common feftion BF : and the
plane AB being perpendicular to the planc IK,
| the line GF will be erpendicular to the fame
plane. Draw likewife FH perpendicular to the
 common fection DF; it will be alfo perpen=
. dicular to the plane 1K. We {hall have there-
,- fore two perpendiculars to the fame plane,
. drawnthrough the fame point ¥, (comtrar) i the.
L . ' 13.
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13. Propof) it muft therefore be granted that

EF is perpendicular to the plane IK.
The U S E.

- “By this Propofition we demonftrate, that the
*circle which paffes through the Poles of the
*World and the Zenith is the Meridian, and
“cuts all the diurnal arches into two equal
“parts; and thatthe Stars fpend as much time
“in their motions from their rifings to this cir-
“ cle, as from the'circle to their fettings.

(e

PR OPOSLTIO Ny»XE

A ThHrorREM

If three plain aungles make ome folid one,any oo of
them ought to be greater than the third,

D IF the angles BAC, BAD, and
i A CAD, make the folid angle A,
Al and the angle BAC be the greateft

= angle ; thetwo others, taken to-

5 gether, are greater than BAC.

Suppofe the angle CAE to be equal to the an-

gle CAD, and the lines AD and AE to be equal;
and draw the lines CEB, CD; and BD.

Demonftration.
The triangle CAE and CAD have the fides
AD and AE equal, and the fide AC common to

both,

e
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both, and the angles CAD and CAE equal :

therefore (y the 4.1.) their bafes CD and CE
are cqual. But the fides CD and DB are great-

er than the fide CB alone, (i?\y the 20.1.) there-
fore taking away the equ lines CD and CE,

' the line BD will be greater than BE. -Further,

the triangles BAE and BAD have the fides AE
and ADequal, and the ide BA common, and
the bafe BD greater than the bafe BE : therefore
(by the 18. 1.) the angle BAD is greater than

" the angle BAE; adding therefore the equal an-

gles CAD and CAE, the angles BAD and
CAD will be greater than the angles CAE and

BAE, 7. ¢ the angle BAG:

e

PROPOSITION XL
A TueEOREM

AL the plain angles, that make one (olid angle, are
lefs than four right angles.

D, IF the plain angles BAC, BAD,

I\ and CAD, make the folid an-

}‘*,A gle A, they will be lefs than four

; right angles. Draw the lines BC,

. B BD, and CD, and you will have
a pyramid, whole bafe isthe triangle BCD.

Demonfiration.
The folid angle at the point B, has the an-

gles ABC and ABD greater than that of the
bafe
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bafe alone CBD. In like manner ACB and |

ACD aregreater than BCD alone, and the an-

gles ADC and ADB are greater than CDBa-
lone, Bat all the angles of the bafe are equal

to two right angles,therefore the angles ABC,

ABD,ACB, ACD, ADC,and ADB, are great~

er than two right angles. And becanfe all the
angles of the three triangles BAG, BAD, and
CAD, are equal to fix right angles; taking a-

way more thantwo rightangles, there will res ‘.
main lefs than four,for the angles made at the
point A. But if the folid angle A confift of |

inore than three plain angles, fo that the bafe
ot the pyramid be a polygon, it may be divi-
ded into triangles ; and the computation be-
ing made, you will find, that all the plain

angles which make up the folid one, are al- -

ways lefs than four right angles.

The U S E.
¢ Thefe two propofitions thew when many

¢ plain angles may make up one folid one,
¢ which is often neceflary in the treatifes of

“cutting of Stones, and in the following pro-
¢ pofitions,

The 22.. and 23, Propofitions are of no ufe.,

PRO-
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PROPOSITION XXIV.

A TueorEM

If @ [olid body. be terminated by paraliel pianes,
the oppofite fides will be [rmilar and equal pa-
rallelograms.

IF the folid AB be terminated
| by parallel planes,the oppo-
fite fuperficies’s will be fimilar
and equal parallelograms.
5 Demonfiration. |

The parallcl planes AC and
BE are cut by the plane FE : therefore their
common feions are parallel, (by the 16.) and
fo likewife DF and AE; therefore AD will be
a parallelogram. After the fame manner I may
demonttrate, that AG,FB, CG, and the reft,
are parallelograms. I add, that the oppofite
parallelograms, ¢. £. AG and FB, are imilar
and equal. The lines AE and EG are parallel
to the lines FD and DB therefore the angles
AEG and FDB are equal,(by the ro. JAccord~
ingly 1 may demonftrate all the fides and all
the angles of the oppolite parallelograms ‘to
be equal, therefore the pavallelograms are

fimilar and equal,
PRO~
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PROPOSITION XXV.

A TreoRrREM : |

If a Parallelcpipedon be divided by a plane paral~ |
Jel to one ﬂfpfﬁ planes, the two folid bodies which |
arife by that divifion, will bave the fame pro- |
portion as their bafes. |

IF the parallelepipedon AB be
= divided by the plane CD,
& rf_\\ : \, which is parallel to the planes |
BN TG\ AF and BE, the folid AC |

1 will have the fame proportion |

A~ D Eto BD, as the bafe Al to the |
bafe DG. Suppofe the line §

AH which fhews the hight of the figure to be }
divided intoas many equal parts as you pleafe; §
for example,ten thoufand ; which we may take |
asindivifibles, 7.e. without reflecting upon the |
poflibility of their being further {ubdivided.
Suppofe alfo fo many fuperficies’s parallel
to the bafe Al, as there are parts in the line |
AH ; I have defcribed only one OS: fo that |

the folid AB ‘be compounded of all thofe fu- |

perficies’s of the fame thicknefs, as a Reamof |
paper is compounded of all its fheets and quires
laid one upon another. Tis evident that {othe
folid ‘AC will be compounded of ten thoufand

fuper-
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. fuperficies’s equal to the bafe AI, (by the pre-

. ceding,) and the folid DB will contain ten -

. thoufand fuperficies’s equal to the bafe DG.
Demonflration,

Every fuperficies of the folid AC has the

| fame proportion to any of the fuperficies’s of

%1 the folid DB, as thebafe Al to the bafe DG;
|| becaufe they are every one of them equal to

‘their bafes : .therefore (by the 12. 5.) all the
. f{uperficies’s of the folid AC, taken together,
! WEI have the fame proportion to all thofe of
the folid DB, asthe bafe Al to the bafe DG.
But all the fuperficies’s of the folid AC make
up the folid AC, which has no other parts but
. 'thofe fuperficies’s ;and all the fuperficics’s of
. ‘the folid DB are nothing elfe but the {olid DB;
therefore the folid AC has the fame propor-
tion to the folid DB, as the hafe Al to the
bafe DG.
The U S E,
~ “This is Cavaleriu’s demonftration; which
“1s very clear, provided it be ufed as itought;

' | +*and that the line, by which is meafur’d the

‘thicknefs of the fuperficies’s, be rakeninthe
‘fame refpect in both the terms. [ fhall make
‘ufe of it hereafter, torender fome intricate

‘and perplex’d demonftrations more facil
‘and clear,

PRO-
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PROPOSITION XXVI
A THEOREM.

A parallelepipedon is divided into two eqiid}

parts by the diagonal plane. i

B H Uppofe the  parallelepipe-
S dfr?AB to hI::' divided by

5 | &| the planeCD, draw from one
. angle to another : I{ay it will be
divided into two equal parts.
¢ A Divide the line AE into as
many parts as you pleaf¢; and

draw fo many planes parallel to the bafe AF 5

each of thofe places is a parallelogram equal
to.the bafe AF, (by.the 24.)
Demonftration. _

All the parallelograms, that can be drawn
parallel to the bafe 4F, are divided into two
equal parts by the plane CD; for the triangles
which are form’d on both fides the plane CD,
have their bafe common,in each equal to CD,

and their fides equal,being thofe of a paralle-

logram. But ’tis evident, thatthe parallelepi-
pedon. is nothing elfe but thofe parallelo-
grams,which are each divided into two €qual
triangles: therefore the parallelepipedon isdi-
vided into two equal parts by the plane CD.
“ The

fUTee
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The 277, and 28. Propofitionis are of mo ufe ac-
| cording to this way of denaonfir ating.

PROPOS. XXIX, XXX, XXXL

A THEOREM.

Parallelepipedons of the jame hight, baving the
fame or equal bafes, are equal.

F the Parallele-
I pipedons = AB
and CD be of the
fame  hight ac-
cording to the per-
pendiculars  AE
A and FG, and have
' the fame or equal bafes AH and CI, they will
be equal. Suppofe the two bafes to be fet up-
on the fame plane; fince their perpendiculars
are equal, the bafes EB and FD will be in the
fame plane, which will be parallel to the plane
of the bafes AH and CI. Suppofe then the line
AE or FG to be divided into as many equal
parts as you pleale,e. g. ten thoufand, and ac-
cording to them fo many fuperficies’s or planes
drawn of the fame thicknefs: I have defcrib’d
only one for all,asK or M.Each fuperficies will
form in thefc folids a parallel plane, fimilar
and equal to the bafe,(Ly the 24.) as KL, OM{}'

Y AN
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and there will be as many in one folid as in the
other ; becaufe their thicknefs, which I take
perpendicularly according to their refpedtive
hights, is equal.

_ Demonfiration.

The bafe AH has the fame proportion to the
bafe CI, as each plane KL to OM.
being equal in number in both, all the antece-
dents (by the 1 5.5.) will have the fame propor-
tion to all the confequents, 7. e, the whole {folid
ABto the whole folid CD, as the bafe AH to
the bafe Cl. But’tis fuppos’d that the bafes
are cqual, therefore the folids are equal.

Caroll. To find the folidity of a parallelepi-

pedon, ’tis ufual to multiply the bafe by the
hight taken perpendicularly, becaufe that per-
pendicular fhows how many fuperficies’s equal
to the baleare contain’d in it. Asfor example,
if I take a foot for my indivifible meafure, 7. e,
which I will not afterwards fubdivide ; if the
bafe contain twelve feet fquare,and the perpen-
cicelar hight ten, I fhall.have an hundred and
twenty cubick feet for the folidity of the body
AB. For the hight containing ten feet, I may
make ten parallelograms equal to the bafe, hav-
ing each a foot ity gMcknefs ; but the bafe with
one foot in thicknefs makes twelve cubick feet:
the whole therefore will make an hundred and
twenty, if the hight contain ten feet.

PR OP.

But they »

fird
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PROPDQIT[ON X XXII.
A THEOREM.

Paraliclepipedons of theame bight are in the [ame
propertion as their bajes.

Have prov’d this propofition inthe preceds

I ing, demonftrating, that the parallelepipe-

“don A B has the fame proportion o the paral-

lelepipedon CD, as the bafe AH to the bafe
CI. (See fig. preced.)

Coroll. Patallelepipedons that have equal
bafes, are in the fame proportion as their
hights. As the parallelepipedons 4B and AL,
whofe perpendicular hights are AK and 4E.
For if you divide the hight AK into as many
aliquot parts as you pleafe, and AE into as ma-
ny as it contdins equal to the former,and draw,
according to each part, planes parallel to the
bafe ; as many as AE contains of the aliquot
parts of AK, {o many will the folid 4B con-
tain of the fuperficies’s equal to the bafe,which
are the aliquot patts of the folid AL therefore
(by defin. 5. 5-)the folid 4B will have the fame
proportion to the folid AL, as the hight AE

to the hight .AX.

‘The
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The T S E. T

¢ The three preceding propofitions contain | }¥
¢ almott all the ways of meafuring parallelepi- |47
¢ pedons, and may be efteem’d as firft prin- | 4

¢ ciples for that purpofe. Tis after the fame |4°
¢ manner alfo that we take the dimenfions of |V

e ——

- £l
st - »
3 = - . E
B I e e
= e = ST P s
tat e mumeE— =

." ¢ the folidity of Walls, by multiplying their | the |
| “ bafes by their hights. i ED,
i ' 2
{ i PROPOSITION XXXHL  {fw
| il com
{h A THEOREM | E4%
I ks 1§ L
“ ; _Similar parallelepipedons are in the triplicate pro- ]E
ar portion of their bomologous [3des. i
IS ok

i i E;I L F the parallelepipe- tfl
| o b gA P dons AB and CD be | 4.
I8 | —f y 113 -] 1 el

i S e 77t limiliar, 4. e. if all the

'f- X /;:/VL_}___ planes ‘of one be like WC'
i DI |7 A thofe of the other ; and b
1-.i_ f all their angles equal, fo | ¢
I N that they may be placd |/
- L in a right line, 7. & that AE and EF, HE and | y
R EI,GE and EC, may make right lines ; and AE | of
i has the fame proportion to EF as HE to EI, § ;

i and as GE > EG: I fay, that here are four fo- | F

| lids in continual proportion according to the

proportion of the fide EA to that,which is ho- §

mologous to it, EF or DL De . |
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| Demonfiration,

The parallelepipedon AB has the {ame pro-
portion to EL of the fame hight, as the bafe
M AH tothe bafc EO, (by the 32.) But the bafe

AH has the fame proportion tothe bafe EO,as
AE to EF, (by the 1. 6.) In like manncr, the
proportion of the folid EL to the {olid ER, is
the fame with that of the bafe EO to the bafe
ED, i. e. that of HE to E[. And laltly, the {o-
lid EK has the fame proportion to the folid
EN, as the hight GE to the hight EC, (by the °
coroll. of the 32.)or (taking the line EF for their
common hight) as the bafe'Gl to the bafe CI,
i.e. as GE to EC. But the proportion of AE:
to EF, of HE to El, and of GE to EC, was
fuppos’d to be the fame; and confequently,the
folid AB has the fame proportion to EL as EL
to EK, and as EK to CD. Therefore (b defin.
11. §.) the proportion to ABto CD will be:
the triplicate proportion of that of AB to EL,
or of AE to its homologous fide EF.

Coroll. If four lines be in continual propor-
tion, the parallelepipedon defcrib’d upon the
firft, has the fame proportion to another {i mi-
lar parallelepipedon defcrib’d upon the fecond,
as the firlt to the fourth ; for the proportion
of the firft to the fourth, is the triplicate pro-
portion of that of the firft to the fecond.

The U SE, -
¢ Yon may perceive by this propofition that
Y 3 ¢ that
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¢ that famous problem of the duplication of the
¢ Cube, propos’d by the Oracle, confifts in find-
¢ ing twomiddle terms in continual proportion.
‘ For if you make the fide of the firft cube the
¢ firft term, and the double of that the fourth ;

¢ having found twe middle proportionals, the .

¢ cubedeferib’d upon the firft line will have the
¢ fame proportion to that defcrib’d upon the fe-
¢ cond, as thefirft line to the fourth, i.e. asone
“ to two. By this propofition alfo may be cor-
¢ rected their error, who fancy fimilar folids to
“ have the fame proportion ag their fides; asifa
¢ enbe of one foot in length was the half of a
¢ eube two foot long ; when indeed it is but the
¢ ‘eighth part thereof. This is likewife the foun-
¢ dation of the Rule concerning the fize of the
¢ bores of Canons; and is applicable not only to
“ bullets, but to all {forts of fimilar bodies. For
¢ example; fhould a man, about to build a Na-
¢ vy, and refolving to retain the fame propor-
¢ tion in all his Veflels, reafon thus with him
“{elf 5 If a fhip of an hundred tun require fifcy
¢foot in Keel, another of two hundred tuns
¢ ought to have an hundred foot in Keel ; he
¢ would be guilty of a great miftake: for in-
¢ ftead of making a Vellel twice as large as the
¢ former, he would make one eight times fo
¢ much. He ought to affign to the fecond Vef-
? fe] fomewhat lefs_than fixty three feet,

PROP,
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PROPOSITION XXXIV.

A THEOREM

Equal parallclepipedons bawve their bafes’s and
bights reciprocal, and thofe that bawe their bas
fes and bights veciprocal are equals

: D F the paralie-
B HfG— lepipedons
e ® AB and CD be
I equal, their bha-
: P {es and’ hights
A cl will ‘be recipro=
cal, i. e. the bafe AE will have the fame pro-
| portion to the bafe CF, as the hight CH to
the hight 4G. Having made CI equal to 4G,
draw the plane 1K parallel to the bafe CF.

Demonfbr ation.

The parallelepipedon A5 has the fame pro-
portion to CK, being of the {ame hight, as the
hafe AE to the bafe CF, (by the 32.) But as AB
to CK, fo is €D to the fame C K, becaunie A8
and €D are equal; andas CD to CK, which
have both the fame bafe, fo is the hight CH to
the hight CI; (by the Coroll. of the 32.) there-
fore as the bafe AE to the bale CF, {o 1s the
hight CH to the hight Cl or AG.

X A I
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I add, that if the bafe 4E has the fame pro- |
portion to the bafe CF as the hight CH to |
the hight 4G, the folids 4B and CD will be

equal.
Demonyftration,
AB has the {fame proportion to CK, being

of the fame hight, as the bafe AE to the bafe

CF, (by the 32.) Alfo the hight CH has the

fame proportion to the hight CI or 4G, as

CD to CK: But we fuppofc that 4E has the
{ame proportion to CF, as CH to CI or AG;
theretore the folid 4B has the fame proporti-
on to the folid CK as the folid CD to the fame

€ K, and confequentlythe folids .43 and CDare

equal, (by the 9. 5.)
The U SE.

“This Reciprocation of the bafes and hights
¢ makes the folid very eafic to be meafur’d, And
¢ the propofition feems to bear fome analogy to
* the 14. Prop. of the 6. which aflerts, That e-
‘quiangular and equal parallelograms have
¢ their fides reciprocal ; and the pra&ice of

“ the Rule of three may be demonftrated from
¢ both, ' |

The 35. Prop. may be omitted,

"
j:' ot
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PROPO g 1TION NXXVL

A THEOREM,

If three Tines be incontinual proportion, a paralle-

lepipedon made of thofe three lines is equal to
an equiangular parallelepipedon which bas alb
its [ides equal to the middle hne.

M

KO

G £ P ABC

F the lines 4, B, C, be in continual propor-
tion, the parellelepipedon £F made of thofe
three lines, the fide FI being equal to the line
A, HE equal to B, and HI equel to C, is equal
to the equiangular parallelepipedon KL, whofe
fides ZM,MNand KN,are cach of them equal
: ine B. From the points and NV draw

the lines HP and Nprerpendicular to the

lanes of the bafes; which lines will be equal,
becaufe the folid angles E and K are fuppos'd
equal, (fo that if they could penetrate, neither

would exceed the other,) and the lines EH
and
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and KN are alfo fuppos’d equal, Therefore the

hights HP and NQ are equal.

Demonytyation,
There is the fame proportion of Ato B, or

of FI to LA,as of B to C,or LA to HI: There- | .
fore the parallelogram Fzz contain’d under FI. I ¥

and IA is equal to the parallelogram LA con-
tain’d under LM and A4\ both cqual to B, (by
the 16, 6.) therefore the bafes are equal. But the
hights AP and NQ are alfo equal, therefote
(bythe 31, ) the parallelepipedons are equal,

PROPO"{SITION XXXVII.

A THeOREM
If four lines be proportional, the parallelepipedons
deferit®d upon thofe Iivies are proportsonal : and
if the fimilay parallelepipedans be proportionaly
thesy bowmclogous fides will be alfo proportional,

—— e

A B F the line 4 has the fame
' il proportion to B as.C to
& v D D,the fimilar parallelepi-

pedons, whofe homalogous
fides are the lines .4,B,C. D, will be i the fame
propottion,
ermonfiration,
"The parallelepipedon 4 is in the triplicate
proportion to the parallelepipedon B, of tha;:_
0

it
' [ 'l:
, I L

N E

i gl




| proportion o
Therefore the paraliclepipedon A

| has the iame prnpm‘timl to the parallelepipe-
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» | of the line A4 to the line. B, or that of the line

C to the line D. But the paraliclepipedon C to

the parallele

(bythe 33.)

pipedon D is al{D in the triplicate
f that of the line C to the line I,

don B, as the paraliclgpipedon € to, the pa-
rallelepipedon D. |

If two planes be perpendictila
pendicular drawn from

planes to
[eéiion.

i

L’PL‘ e

C

PROPOSITION XXXVIIL

A THEOREM

s to each other, a per-
4 poiut 1m one of the
the other will fall upon the common

B '[F,the planes AB and CD being

perpendicelar to each other,
you draw from the point E in the
plane AB a line perpendicular to
the plane CD, it will fall upon
the common fection of the planes.

Draw EF perpendicular to the common {ection

AG.

Demonfiration.

The line EF,perpendicn}ar to AG, the com-

mon feftion of the planes, which are fuppos’d

to be perpendicular, will be per
the plane CD, (by defin. 3. ) and becaule

twe
iines

pendicular ta.

— — -.__
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Jines cannot be drawn from the point E per--
pendicnlar to the plane CD, (by the 1 3.) eve-
ry perpendicular will fall upon the common_

fection AG,
Toe VSE.

- “This propofition ought to have follow’dnext
‘after the 17th, becaufe it refpeds folids in
“‘general. *Tis of ufe to us in the Treatife of

‘ Aftrolabes, to prove that in the Analemma all

‘the circles, perpendicular to the Meridian,
‘onght to be marke by right lines.

PROPOSITION XXXIX,

AT urore .

Ifina pavallelepipedon be drawn two planes, which
divide the oppofite fides into two equal parts,theiy

common [ecion and the digmeter ws] alfo di-
vide edch other info two equal parts,

N7 B Sul}pufe the oppofite fides

3 of the parallelepipedon
ABto be divided into two
equal parts by the planes

=

1/

e CD and EF, their common
\ﬁé&é*" fection GH and the diame-

ter BA will equally divide
cach other at the point O. Draw the lines BG,

GK, AH and HL. 1 fhall prove firft, that the
tWo
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4 two firft of thefe, BG and GK, (and fo- like-
«} wife AH and HL,) make but one right line.
For the triangles DGB and KMG have their -
fides DB and KM equal, becaufe they are the
halves of equal fides ; asalfo GD and GM. Fur-
ther, DB and KM being parallel, the alternate
angles BDG and GMK will be equal, (by the
29, 1.) and therefore (oy the 4. 1.) the trian-
gles DBG and KGM will be equal in all re-
fpects, and confequently the angles BGD and
KGM: and [by the coroll. of the 15. 1.1 BG
and GK make but one right line, as alio LH
and HA : therefore ALBK is one plane, In
" whichare found both the diamater AB, and the
common fecion of the planes GH. The plane
ALBK cutting the parallel planes ANand CD,
their common fetions GH and AK will be
parallel: And [ by the 2.6.7 BG will have the
fame proportion to GK, as BO 1o OA; and
therefore [by the 18. 5.] as BK to GE, fo BA
to BO; and [by the 4.6.] {o GHor AK to
OG. But BK is double to BG, therefore BA is
double to BO and AK, equal to GH, doublke
t0 GO. Therefore the lines GH and AB di-
vide each other equally at the point O.

Coroll. 1. All the diameters arc divided ata
the point O.

Coroll. 2. Here we may add fome Corolla-
ries, which depend vpon divers propofitions.
As for example, that triangular prifms calii the

ame
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fame hight are in thé fame proportion as
their bafes: For the parallelepipedons, of
which they are the halves, are [by the 32.71in
the fame proportion as theit bafes : Therefore
the halves of their bafes, and the halves of the
parallelepipedons, 4. e, the prifins, will be in
the {ame proportion.

Corll. 3. Polygon prifms of the fame hight
are alfo in the fame proportion asfheir bafes,
becaufe they may be refolv’d into triangular
ones, each of wiichi will have the fame pre-
portion as their bafes.

Coroll, 4. The reft of the propofitions con-
ceérning parallelepipedons are alfo applicable
to prifms : asfor example, that equal prifms
have their hights and bafes reciprocal 5 and
that fimilar prifms arein the triplicate pro-
portion of that of their hemologous fides,

The | USE,
“This propofition may help us to find out the
‘center of Gravity in parallelepipedons ; and

“to demonftrate fome other propofitions in the
“chirteenth and fourteenth books of Ewmelid.

PROP.

oIl

P
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PROPOSITION XL.

A T HEOREM.

A Prifm, that bas a parallelegram for its bafe
double to the triangular bafe of another prifm,
and of the fame bight, is equal to if.

ET ABE and CDG be two triangular

prifms, of the fame hight; and the bafe

of one the parallelogram AE, double to the

triangle FGC, the bafe of the other prifm : I

fay thefe priims arc equal.Suppofe the paralle-
lepipedons AH and Gl were compleated.

Demonfration.

*Tis fuppos’d, that the bafe AE is doubleto .

the triangle 1GC, but the parallelogram GK
is double to the fame triangle, [by the 34. 1]
therefore the parallelograms AE and GK are

equal;
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equal; and confequently the parallelepipedons
AH and GI, having the fame bafes and the d
fame hights, are equal; and therefore the

prifms that are the halves, Lby the 26.] will be
likewife equal.

- -

B
'
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|y Udlid, after having in the preceding Books
| <X delivei’d the general principles of folid
 § “bodies, and explain’d the manner cf meafuring
‘¥ “the moft regulur of them, that is, fuch as are
| ¢terminated by plain fuperficies’s; treatsin this
| ¢of fuch bodies as are contain’d in fuperfices’s
| ‘that are crooked, as the Cylinder, Cone, and
| ‘Sphere : comparing one with the other, and
| ¢giving rules, relating both to their folidity,
Al “and the manner of taking their dimenfions.
| ¢The Book is of exceeding great vfe, becaufe
| ¢in it we find the principles upon which the
| ‘moft learncd AMathematicians: have built {o
| ¢many famous demonftrations concerning the

| <Cylinder, the Cone, and the Sphere.
| Z PRO-
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PROPOSITION L.
A Tarorem.

Stmilar polygons. inferil’d in civcles, are in the
Jame proporiion as the [quares of the diamesers
of the fame ciycles.

A F the polygons
4 X IABGDE, and

G FGHKL, infcrib’d
in circles, be {imi-
lar, they will be in
the fame propor-

L A L

: KW H
DMC

of the diameters AM, FN. Draw the lines
BM, GN, AC, and FH.

Demonfiration,
"Tis fuppos’d that the polygons are fimilar,

thatis to fay, that the angles B and G are e-

qual, and that AB has the fame proportion to
BCas FG to GH : from whence I infer, Lby the
6.6.] that the triangles ABC and FGH are e-
quiangular, and that the angles ACB and FHG
are equal : fo that likewife [by the 21, 37 the
angles AMB and FNG are equal. But the an-
gles ABM and FGN, being in a femicircle, are
right angles, [by the 31, 3.7 and confequently,

_ the triangles ABM and FGN are equiangular,

There-

tion as the {quares
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Therefore [by the 4. 6.7 AB has the fame pro-
portion to FG, as AM to FN : and [by the 22.

6.7 if two fimilar polygons be difcrib’d upon
AB and FG, as thofe that ar¢ propos’d ; and
two other finiilar polygons npon AM and FN,
which fhall be two fquares; the polygon
ABCDE will have the fame proportion to'the
polygon FGHKL, as the fquare of AM to the

{quare of FN.
« This propofition is neceflary to demon-~

'¢¢ grate that which follows.

LEMM A.

If a certain quantity be lefs than a circle,a regular
polygon may be inferib’d in the [ame circle
greater than that quantity. -

Suppufa the
figure A

$ to- be 11_3{'5
¢ than thecir-

} ¢cleB; a re-

! ¢ gular poly-

. @ ¢ gon may be
XK ¢ mferib’d i

¢the fame circle, which fhall be greater than the
‘fignre A. Let the figare G be the difference

‘betweenthe figure A and the circle,{o that the
- o figures
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*figures A and G taken togother; may be equal
“to the circle B. Infcribe in the circle B the
“fquare CDEF, [by the 6. 4.] and  if the fquare
‘be greater than the figure A, we fhall have
‘what we wanted. If it be lefs, divide the four
‘quarters of the circle CD, DE, EF, and FC,
‘each into two equal partsat the points H,LK,
‘L, that {o you may have an oftogon.

‘divide its archs, and you will have a polygon
‘of fixteen fides,afterwards of thirty two, and
‘chen of fixty four.I fay,at length you will have
‘a polygon greater than the figure A, 7.e. a po-
‘lygon whofe difference from the circle is lefs
‘than that of the figure A, that is lefs than the
‘figure G. Demonfiration,

“The infcrib’d fquare is more than half of the
‘circle, being half of the fquare defcrib’d about

‘the circle ; and in defcribing the o&ogon you

‘take more than half of the Remainder, 5. e. of
‘the four fegments CHD, DIE, EKF, and CLF,
“For the triangle CHD is the half of the reét-
“angle CO, [by the 34. 1.7 therefore itis more
“than half of the fegment CHD ; and the fame
‘may be f{aid of all the other arches. In like
‘manner, in defcribing the polygon of fixteen
“lides, you take more than half of what was left
“of the circle ; and {o in all the others. There-
“fore you will leaveat laft a lefs guantity than
“G. For’tis evident, that two unepual quanti~
ties

But if
. ‘the otogon be ftill lefs than the figure A fub- -

Miliw
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‘ties being propos’d, if you take away more
¢than half of the greater, and afterwards more
¢t han half of what remains, and again more than
¢half of what is ftill left hehind ; at length that
¢which remains will be lefs than the fecond
‘quantity. Suppofe the {econd quantity to be
¢contain’d in the firft an hundred times : ’tis
¢evident, that dividing the firft intoan hundred
¢parts,in {och fort, that the firft part may have
¢a greater proportion to the {fecond!than two to
‘one; the laft will be lefs than the hundredth
¢part : fo that at laft you will obtain a polygon,
¢swhich will be lefs exceeded by the circle, than
¢the circle exceeds the figure A ; that is to {ay,
¢that what will remain of the circle, w hen the
‘polygon is taken away, will be lefs than G.

| “Therefore the polygon will be greater than the
tfigure A.

PROPOSITION IL

A THEOREM.

Circles are in the [ame proportion as the [quares
of their diameters.,

Prove,that

the circles

A and B are

in the fame

proportion,as

the
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the {guares of CD and EF. Suppofe the figure
G to have the fame proportion to the circle B,
as the fquare of CID to the fquare of EF : if the
figure G belefs than the circle A, [by the pre-
ceding Lemma,] a regular polygon may be in-
fcrib’d in the circle A greater than G. Let a fj-
mular regular polygon be alfo infcrib’d in the
circle B. '
Demonfiration,

The polygon of the circle A will have the
fame proportion to the polygon of B, as the
fquare of CD to the fquare of EF, 4. e, the fame
as G to the circle B; but the quantity G is lefs
than the polygon infcrib’d in A accordingly
therefore [by the 14.5.Jthecircle B muft be lefs

than the polygon inferib’d in it,which is mani- -

feftly falfe. ‘It muft therefore be granted that
the figure G, being lefs than the circle A, can-
not have the fame proportion to the circle B,
as the fyuare of CD to the fquare of EF; and
confequently, that the circle A cannot have a
greater proportion to the circle B, than the
{quare of CD to the fquare of EF : nor can it be
faid to have alefs; for then the circle B would

have a greater proportion to the circle A, and '

the fame demonftration would be applicable
to it. ‘ \ ‘ |

~ Coroll, 1, Circles arein the duplicate pro-
portion of that of their diameters 5 becaufe the
{quares being fimilar figures, are in the dupli-
i ~ ' s - Cate
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cate proportion of that of their fides, [by the
20.6.]

Coroll. 2. Circles are in the fame proportion
as the fimilar polygons, that are infcrib’d in
them.

Coroll. 3. This ought to be well obferv’d as
a general rule: When fimilar figures, being in-
fcrib'd in others, fo that they may approach
{till nearer and nearer to them, and at laft de-
generate into the figures themfclves,are in the
fame proportion; the figures that contain them
are alfo in the fame proportion. What would
fay is this ; That fimular regular polygons, in-
Corib’d in divers circles, are alwaysin the fame

\ proportion as the fquares of the diameters;

and being made of more fides, fo as to approach
ftill nearer and nearer to the circles, they ftill
retain the fame proportion ; and the circles
themfelves are in the fame proportion as the
fquares of their diameters. This manner of
meafuring round bodies, by infcribing in them
others, is of great ufe.
The U S E.
¢ Thisbeing a very general Propofition, en-
¢ables usto argue about circles in the fame man-
¢ner as we do of fquares. For example, we fay
“[in the 47. 1.] that in a redtangle triangle the
“fquare of the bafe alone is equal to the {gnares
¢ofboth the fides taken together. We may {ay
‘the fame of circles, i e, That the circle, de-
y AN {crib’d
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“fcrib’d upon the bafeof a
‘equal to the cj rcles,
“fides. And in

“lucid bodics.

divided into two equal prifms, which

PROPOSITION IIL

A Turors M.
Every Pyramid, whofe bafe is triangular, may be

make up

more than balf of the pyramid 5 and into tug
equal pyramids, '

A

o

| %
5

E

|

Pk 7€
B H&;’}c
D

N the pyramid ABCD

- may be found two equal
prifms, EBFI, and EHKC,
which will he greater than
half the pyramid. Divide the
fix fides of the pyramid e-
qually at the points G,F,E,,
H,K, and draw the lines EG

GF, FE, EI, HI, FH, IK, and ER, ’

Demonflration,

In the triangle ABD, AG has the fame pro-
portion to GB as AF to FD, becaufe AB and

AD

re&angle triangle, is
whofe diameters are the
the fame manner may we aug-
‘ment or diminifh circles, according to what
‘proportion we pleafe. We prove alfo
“Opticks, that the lig
‘cate proportion of t

by it in
ht decreafes in the dupli-
hat of the diftances of the
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AD are equally divided in G, and F; there-
fore [by the 2.6.] GF and BD are parallels; and
GF will be the half of BD, i.e. equal to BH.
In like manner, GE and Bl, FE and HI, will

if be paarllels, and equal: and [y the 15.11.the

planes GFE and BHI will be parallel, and con-
fequently EBFI will be a prifm. The fame
may be faid of the figure. HEKF,which will be
alfo a prifm equal to the other, [ by the 40.11.7]
the parallelogram bafe HIKD being double the
triangolar BHI, [by the 41. 1.]

Secondly, 1 fay, the pyramids AEFG, and
ECKI, are fimilar and equal. '

Rig ] Demonfiration,

The triangles AFG and FDH are equal, (by
the 8. 1.) as alfo FDH and EIK; and likewife
AGE, and EIC, and {0 of all the other trian-
gles of the pyramids: therefore the pyramids
| are equal, (by defin 1011 .] They are al{o imi-
| 1lar to the great pyramid ABDC: for the tri-
| angles AGE, and EClare fimilar, (by the 2.6.)
the lines GE and BC being parallels ; and the
| like may be demonitrated of all the other tri-
angles of the lefler pyramids. :

Laftly,! fay the pri{fm$ are more than halfof
the firft pyramid. For if each wascqual to one
of the lefler pyramids, both would be equal to
the half of the greater pyramid. But they are
each of them greater than one of thofc pyra-
mids; as the prifm GHE contains the pyram}iid
' GBHI
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GBHI,and fomewhat more; and that pyramid

is equal and fimilar to the others, having all
their triangles equal and fimilar to thofe of the

pyramid AGFE,as may be €alily prov’d by the -

parallclifim of their fides: from whence] infer,

that the two prifms taken together are greater
than the two pPyramids, and confequently
greater than half of the great pyramid, -

PROPOSITION IV,

ATHEOREM
If two triangular Lyramids of the fame bight be
divided into two prifns and twe pyramids, and
the latter pyramids [ubdivided after the fame
manner 5 all the prifms of one pyramidwill bave
the fame proportion to il thofe of the other, as
the bafe of one pyramid to the bafe of the other,

F the two pyra-
mids ABCD,
DEFG, of the fame
hight, and having
triangular bafes, be
divided into two
prifms and two py-
ramids, according to the method laid down in
the third propofition; and the two lefler pyra-
mids be fubdivided after the fame manner, and

fo
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fo in order, that, having made as many divifions
of one as of the other, you have the fame num-

ber of prifms in both; I fay, that all the
prifims of one will have the fame proportion

-l toall the prifms of the other, as their bafes.

Dcmuﬂﬂmtiﬂm

The pyramids being of the fame hight, the

“B prifms, produc’d by the firft divifion, will have

¥ alfo the fame hight, becaufe they have each the
half of that of their pyramids. = But prifms of
the fame hight are in the fame proportion as
their bafes, (by the coroll. of the 39. 11.) The
bafes BTV and EPX are fimilar to the bafes
| BDC and EGF; and haying for their fides the

| halfof thofe great bafes, they can make but the

| fourth part of them, but they are in the fame

» | proportionas the great bafes are; therefore the

firft prifms will have the fame proportionas the
great bafes. After the fame manner I may prove
that the prifins produc’d by the fecond divifion,
i-e. of the lefler pyramids, will be in the fame
proportion as the bafes of thofe lefler pyramids,
which are in the fame proportion as the great
bafes. Therefore all the prifms of one have the
fame proportion to all the prifmsof the other,
as the bafe to the bafe.
The U S E.

“ Thefe two propofitions are neceflary to
“compare pyramids together, and to take their
“‘dimenfions.

4 ' PROP.
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PROPOSITION V.
A Tureorem

Triangular pyramids of the Jame bight are in the
Jame proportion as their bafes,

HE pyramids ABCD

and EFGH are in the

fame proportion as their ba-

D fes. For if they were not,
B FN|/H oneof them, e g. ABCD,
i G would have a greater pro-
portion to the pyramid EFGH, than the bafe
BCD to the bafe FGH ; fo that a quantity lefs
than ABCD would have the fame proportion
to the pyramid EFGH,as the bafe BCD to the
bafe FGH. Divide the pyramid ABCD after
‘the manner of the third propofition ; divide
alfo the pyramids,that refult from that firft di-
vifion, into two prifims and two pyramids,and
thofe again into two other prifins, continuing
the divifion as long as there fhall be occafion. _
Since the prifins of the firft divifion are more
than the half of the pyramid ABCD, (by the 3.)
and the prifms of the fecond divifion more than
half the remainder, i.e. of the two lefler pyra-
nuds; and thofe of the third divifion {till more

than the half of what is left ; it is evident,that
{o
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fo many divifions may be made,that that which
remains fhall be lefs than the excefs of the py-

ramid ABCD above the quantity L, that s,

| that all the prifims taken together fhall be great-

er than the quantity L. Make as many divi-
fions of the pyramid EFGH, fo that you may

| have as many prifms as there are in ABCD.

Demonftration.
The prifins of ABCD have the {ame pro-
portion to the prifms of EFGH, as the bafe

| BCD to the bafe FGH : but the proportion of
| the bafe BCD to the bafe FGH is the fame

| with that of the quantity L to the pyramid EF

GH : therefore the prifms of ABCD have the

_ fame proportion to the prifms of EFCH, as the

| quantity L to the pyramid EFGH. But alio the
prifms of ABCD are greater than the quantity
1. therefore (ly the 14. 5.) the prifms con-

' tain’d in the pyramid EFGH would be greater
' than the fame pyramid EFGH, which is evi-
'~ dently falfe, becaufe the part cannot be greater
' than the whole. Therefore it muit be granted,
' that no qhantity lefs than one of the pyramids

can have the fame proportion to the other as
the bafe to the bafe, and confequently neither®
of the pyramids can have a greater proportion

| :o the other than the bafe to the bafe.

PROP.
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PROPOSITION VI

ATueorz um,

All forts af pyramids, of the [ame bight," bave the

Jame proportion as their bafes,

HE pyramids ABC

and DEFG, of the
fame hight, are in the

fame proportion as the
bafes BC and EFG. Di-
vide the baﬁ:s into triangles,
Demonftration,

The triangolar pyramids AB and DE, bemg
of the fame hight, are in thefame proportion as
their bafes, (by the 5.) Soalfo the triangplar
pyramids ACand DF are in the fame proportion
as their bafes. Therefore the pyramid ABC
has the fame proportion to the pyramid DEF
as the bafe BC to the bafe EF, (by the 12. 5.)
Further, fince the pyramid DEF has the fame

oportion to the pyramid ABC, as the bafe EF

to the bafe BC; and again, the p}rramld DGhas |

the fame proportion to the pyramid ABC, as
the bafe G to the bafe BC; the pyramid DEFG
will alfo have the fame proportion to the py-
ramid ABC, as the bale EFG to the bafe BC,

PROP:
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PROPOSITION VIL

A THEOREM.

_ Every pyramid is the third part of a prifin, beiﬂg

upon the fame bafe, and of the fame bight.

D A Uppofe firft the trian-
gular prifm AB be pro-

posd: I fay, a pyramid,

5 having one of the triangles
E E ACE or BDF for its bafe,
and being of the fame hight, as the pyramid
ACEF, will be the third part of the prifm.
Draw the three diagonals AF, DC, FC, of the

three parallelograms.

| Demonflration.

The prifim is divided into three equal pyra-
mids, ACFE, ACFD, and CFBD; therefore
each will be the third part of the prifm. The
two firft, having for their bafes the triangles
AEF and AFD, which (by the 34.1.) are equal,
and for their hight, the prependicular drawn
from the top G to the planeof their bafes AF,
will be equal, (by the preceding,) The pyramids
ACED, and CFBD, which for their bafes have
the equal triangles ADC and DCB, and the
fame top F, will be alfo equal, ( by the preced-
ing.) Therefore one of thofe pyramids, e. g.

AFCE,
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364 The Elements of Euclid. |
AFCE, having the fame bafe BDF with the
prifn, and the fame hight,which is the perpen-
dicular drawn from the point F to the plane of
the bafe ACE, is the third part of the fame
prifm. If the prifm be a polygon, it muft be
divided into divets triangular prifms 3 and the
pyramid;which has the fame bafe.and the fame
hight, will be alfo divided into as many trian<
gular pyramids ; each of which will be the
third part of its prifm. Therefore (by the 12.
§.)the polygon pyramid will be the third part
of the polygon prifin.

PROPOSITION VIII.
AT HEOREM.

Simildr pyramids are in the triplicate proportion

of that of their homoalogous fides.-

IF the pyramids be triangular, compleat the
prifms, which will be alfo fimilar, becaufe
they will have certain planes the fame with
thofe of the pyramids. But the fimilar prifms
are In the triplicate proportion of their homo-
logous fides,[ by Coroll.4.0f the 39.1 1. therefore
the pyramids, which (by the preceding] ate the
third parts of the prifms, will be in the tripli-
cate proportion of that gheir homologous fides.
It the pyramids be polygons, they muft be re-
duc’d to triangular pyramids.
PROP.
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PROPOSITION IX.

A T u £ OREM.

| Equal pyramids bave their bights and bafes reci=
procal, and thofe that have their beights and
bafes reciprocal are equal, |

]'F two equal triangular pyramids be propos’d,
X make prifms upon the fame bafe, and of the
fame hight. Since every prifm is triple his py-
ramid, (by the 7.) they will alfo be equal. But
equal prifms have their bafes and hights recl-
procal, (by Coroll. 4. of the 39. 11.) thereforé
the bafes and hights of the pyramids, which
| are the fame with thofe of the prifins, will be
alfo reciprocal.

Secondly, if the bafes and hights of the py=
. ramids be reciprocal, the prifms will be equal,

as alfo the pyramids, which arethe third parts
of the prifms. -

If the pyramids propos’d bé polygons, they
muft be reducd to triangular pyramids.

Coroll, Other propofitions may be made con-
cerning pyramids : as for exam ple ; That py-
ramids of the fame hight, are in the fame pro-
portion as their bafes ; and thofe that have the
fame bafes, are in the fame proportion as their
bights,

A a The
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: The U S E, '

. From thefe propofitions is drawn the man-
 er of meafuring pyramids, whichis, by mul-
X tiplying their bafes by the third part of their
‘hrghm Other propofitions may alfo be made,
.35, That if a prifm be equal to a pyramid, the
‘bafes and the hight of the prifm, with the third
- part of the hight of the pyramid, will be reci-
_procal 5 which is as much asto fay, that if the
: bafe of the pyramid has the fame proportion to
: the bafe of the prifim, as the hight of the prifm
kit ‘o the third part of the hight of the pyramid,
i the prifm and the pyramid will be equal.
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ALEMM A.

If a quantity lefs than a Cylinder be propos’d, a
pobygon prsfm may be inferil’d in the Cylinder
grater than that quantity,

F the quantity
A be lefs than

“whofe bale is
28 1 “the circle B, a
‘ polygen prifim
; :

_ “fcrib’d in the
“cylinder greater than the quantity A. The
{quare

“the cylinder ,

S AN AR 0 i
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‘fquare CDEF, infcrib’d in, andGHIK circum-
‘ferib’d about the circle. CLDMENFO is an
“octogon infcrib’d. Draw the tangent PLQ: and
“uppofe you had fo many prifins as there are
“polygon bafes, and all of the fame hight with
‘the cylinder. That which has the circumfcrib’d

T-_ ““fquare for its bafe, will encompafs thecylin-

¢der;and that whofe bafe is the infcrib’d {quare,
¢will be alfo inferib’d in the cylinder.
 Demonfr. Prifms of the fame hight are in
‘the fame proportion as theit bafes, (5 caroll.3.
“of the 30. 11.) and the inferib’d {quare being
‘the half of that which is circumicribd, its
‘prifin will be the half of the other, and there-
Yore more than the half of the cylinder: And
‘making the prifm with the oftogon bale, you
| ‘take away more than half of what remain’d of
‘the cylinder, after the prifim of the infcrib’d
¢{quare was taken from it, becaunfe the triangle
“CLD is the half of the rectangle CQ.-And be--
| <“caufe prifms of the fame hight are in the fame
‘propotion as their bafes, the prifm, whoie
“bafe is the triangle CLD, will be the half of
‘the prifm, which for its bafe has the rectangle
‘DCPQ: it will therefore be more than the
‘half of that part of the cylinder, whofe bafe is
‘the fegment DLC. The fame may be fiid of
¢all the other fegments. After the fame manner
‘I may demonftrate, that making a polygen
¢prifm of fixteen fides, I take away more than
A a2z half
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* half of what remains of the cylinder, after the ],
* octogon prifm is taken from it: fo that there |
¢ will remain at laft a part of the cylinder, lefs -
¢ than the excefs of the cylinder above the quan-

“tity A. We fhall have therefore a prifm in~

“ferib’d in the cylinder, which fhall be lefs ex- |
* ceeded by the cylinder than the quantity A.| "
¢ 1.e. which fhall be greater than the quantity A, ©
" The fame way of arguing will hold of the py- ©
“ramids infcribd in 2 cone. 4‘

PROPOSITION X.

A THRORE M.

A Cone is the third part of a eylinder, baving the
Jame bafe, and being of the fame bight.

/

LS] IF a cone and a cylinder have
A l B 1 L thecircle A for their bafe,
X0 and be of the fame hight, the
A cylinder will be triple the cone.
g For if the proportion of the
cylinder to the cone was great-
er than the triple proportion,
the quantity B lefs than the cylinder would
have the fame proportion to the cone as three
to one: and (by the preceding Lemma) a poly-
gon prifm may be infcrib’d in the cylinder
greater than the quantity B. Suppofe that which
has for its bafe the polygon CDEFGH to be
fuch an one. Make alfo upon the fame bafea
pyramid infcrib’d in the cone. De-

il fore!
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Demonftr. The cylinder, the cone,the prifm,
and the pyramid, are of the fame hight ; there-
fore the prifm is the triple of the pyramid, (by
the 7.) But the quantity B is alfo the triple of
the cone ; theretore the prifin has the fame pro-
portion to the py ramid, as the quantity B to the
cone: and (by the 14. 5.) the prifm being great-
er than the quantity B, the pyramid would be
greater than the cone, in which it is inferib’d,
which is impoffible.

But if it be faid, that the cone has a greater
proportion to the cylinder than one to three,
the fame method may be made ufe of tode-
monftrate the contrary.

—

PROP'OSITION XI.
A THEOREM.

Cylinders and Cones of the fame bight are in the
fame proportion as their bafes.
ET two
CONGS 5
or two Cy-
L | J linders, of
the fame
hight, be
propos’d, having for their bafes the circles A
and B3 I fay, they are in the {fame proportion
as their bafes. For if not,one of them, ¢. g. the
cylinder A would havea greater proportion to
A as the
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&

the cylinder B, than the bafe A has to the bafe

B {uppofe then that the quantity L, lefs than
the cylinder A, has the {fame proportion to the
cylinder B, as the bafe A to the bafe B. There-
fore a polygon prifin may be infcrib’d in the
cylinder A, which fhall be greater than the
quantity L. Suppofe it that, therefore, whofe
bafe is the polygon CDEF 3 and infcribe a fi-
milar polygon GHIK in the bafe B, which is
alfo the bafe of a cylinder of the fame hight.

Demonfir. The prifms of A and B are in the
lame proportion as their polygon bafes, (by co-
voll. 4. of the 39. 11) and the polygons: are in
the fame proportion as the circles, (by coroll. 2.,
of the 2.) therefore the prifm A has the {ame
proportion to the prifm B, as the circle A to
the circle B . Butas the circle A to the circle
B, {o1s the quantity L ¢o the cylinder B: there-
fore as the prifin A to the prifm B, fois the
quantity L to the cylinder B. But the prifm A
iIs greater than thequantity L, and confequent-
1y [by the 14. 5.7 the prifm B, infcrib’d in the
cylinder B, would be greater than its cylinder,
which is impoflible. Therefore neither of the
cylinders has a greater proportion to theother,
than 1ts bafe to the other’s bafe.

Coroll. Cylinders are triple the cones, of
the fame hight, therefore cones of the fame
hight are in the fame proportion as their bafes.

PRO
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PROPOSITIONKXIL

A Tusore M.

Cylinders and Cones, that are fimilar, are in the

triplicate proportion of that of the diameters of
their bafes.

g ‘\ L cones or

B two cylinders,
\[ |
EF

that are fimilar,
be propos’d, ha-
ving the circles
A and B for their bafes ; I fay, that the pro-
portion of the cylinder A to the cylinder B is
the triplicate proportion of that of the diame-
ter DC to the diameter EF. Ferif it be not the
triplicate proportion, let the quantity G, lefs
than the cylinder A, be, to the cylinder B, in
the triplicate proportion of that of the diame-
ter DC to the diameter EF3; and infcribe a
prifim in the cylinder A greater than G,and an-
other fimilar toit in the cylinder B : they will
be of the fame hight with the cylinder, be-
caufe fimiliar cylinders have their hights and
the diameters of their bafes proportional, as
well as prifms, (by defin. 22. 11.)

Demonftr. The diameter DC has the fame
proportion to the diameter EF as the fide DI
to the fide EL, or as DC to EF, as 1 bave fhewn
: A ag in

K
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in the firff. But fimilar prifms are in the tri-
plicate proportion of that of their homologons

fides, (by coroll.4.0of 39. 11.) therefore the prifin

A to the prifm B s inthe triplicate proportion

of that of DC to EF. But we fuppos’d that the
quaintity G in refpect of the cylinder B was in
the triplicate proportion of that of DCto EF 3
therefore the prifm A will have the fame pro-

portion to the prifm B as the quantity G to the
cylinder B; and(by toe 14.5.)the prifm A being

greater than the quantity G, the prifm B, in-
fcrib’d in the cylinder B, will be greater than
the cylinder B, which is impoflible. Therefore
fimilar cylinders are in the triplicate propor-
tion of that of the diameters of their bafes.
Cones are the third parts of Cylinders, [y the
10.7] therefore fimilar cones are in the triplicate
proportion of that of the diameters of their ba-
{es.

PROPOSITION Xl
A THEOREM.

If @ cylinder be cut by a plane, that is parcliel to
its bafe, the parts of its axis will be in the fame
proportion as the parts of the cylinder.

S LET the cylinder AB be cut by

Ay the plane DC parallel to irs

e bafe: I fay, the cylinder AF will
have the fame proportion to the cy-

~ linder FB, as the line AF to the

| line

fige !
i
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line FB. Draw the line BG perpendicular to
the plane of the bafe A. Draw alfo upon the
planes of the circles DC and A the lines FE
and AG. Demonftration.

The plane of the triangle BAG cuts the pa-
rallel planes A and DG thereforethe fections
FE and AG are parallel,(by the 16.11.) Sothat
-8 AF has the fame proportion to FB, as the hight
! GF to EB. Take any aliguot part of EB; and
having divided GE and EB into parts equal to
it,draw fo many planes parallel to the bafe A;
then will you have fo many cylinders of the
fame hight ; which, having their bafes and
hights equal, will be equal, (by the 11.)

Further," the lines AF and FB will be divi-
ded after the fame manner as EG and EB, [by
the 17.11] fo that the line AF will as oft con-
tain any aliquot part of the line FB, as the cy-
linder AF contains the like aliquot part of the
cylinder FB ; therefore the parts of the cylin-
der will be in the fame proportion as the parts
of their axis.

Coroll. The parts of the perpendicular, are
in the fame proportion as the parts of the cy-
linder, e

PROP.
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PROPOSITION XIV.

A Tuzrors m.
Cylinders and cones, baving the fame bafes, are in
the [ame proportion as their bights.

i

cylinder of the fame hight with
the lefs, drawing a plane EF pa-
rallel to its bafe. Tis evident [by the 117 thac |

D WO cylinders of equal ba-

B T fes being propos’d, as A |
E @ B and CD, cut in the greater a
A

the cylinders CF and AB are equal ; and that

CF has the fame proportion to CD, as GI to

T

GH, or [by the Coroll. of the preceding’] as the
hight of CF to the hight of CD ; theretore AB
has the fame proportion to CD, as the hight of

CF or ABto the hight of GD.
Cones, being the third parts of cylinders,if

their bafes be equal, will be alfo in the fame

_ proportion as their hights.

PROPOSITION XV.
A 1THEORE M.

Cylinders and cones that are equal, bave their ba- |

Jes and bights reciprocal ;. and thofe, that have
their bafes and bights veciprocal, are equal.

i

q:: E the cylinders AB and CD
= be equal, the bafc B will

e A" have the fame proportion to
- the bafe D, as the hight CD

S B to




- T,&_,r_g Tmefﬁf}g Bﬂﬂ»(’- 37'}'

|to the hight AB. Take the hight DE equal to
the hight AB. -

Demonftr. Thecylinder ABhasthe fame pro-
portion to the cylinder DE, of the fame hight,
as the bafe B to thebafe D, [y the 11.7] But as
the cylinder AB is to the cylinder DE, {ois
the cylinder CD), equal to AB, tothe cylinder

.l DE ; i. e, {o is the hight CD to the hight AB
i+ or DE. Therefore as the bafe B to thebafe D,
¥ o is the hight CD to the hight AB.

; Secondly, if the bafe B has the fame propor-
8 tionto the bafe D, as the hight CD to the hight
@ AB, the cylinders AB and CD will be equal.

W For the cylinder AB is in the fame proportion

to the cylinder DE, as the bafe B to the bafe

. D : and the cylinder CD will have the fame

¥ proportion to DE, as the hight CD to the hight

il DE: therefore AB has the {ame proportion to
@ DE,asCD to DE; and [by the 9.5.7 the cy-

linders AB and CD will be equal.
§  «The 6. and 17. Propofitions are very dif-
§ «ficult, and of no other ufe but to prove the
| <18 which may more eafily be done by the
« following Lemma’s.

LEMMA L
If a quantity be propos’d lefs than a [phere, cylin”
 ders of the fame bight may be inferib’d in the
Jfame [phere greater than that quantity.




376 The Elements of Euclid.

FF 1y |1/ ¢a great femi-
b L NP ¢circle of the§
ILi r R ¢ foh |
CGFE 3 ‘A WMo “Iphere,where-

¢ of we treat,

¢and the quaitity D to be the quantity lefs |

B | ¢ QUppofe A
L ~ BH‘SBCWbE-

| irg

‘than that fphere: I fay, feveral cylinders of *

tthe fame hight may be infcrib’d in the fphere
‘which taken together will be greater than the

‘quantity D, it will exceed it by fome magni-
‘tude; let it then be the cylinder MP, fo that
‘the quantities D and MP taken together may
‘be equal to the femi-fphere. Make a great cir-
¢cle of the fphere to have the fame proportion
‘o the bafe MO, as the hight MN to the hight
¢R. Then divide the line EB into as many e-

‘qual parts as you pleafe, each being lefs than

‘R » and drawing parallels to the line AG,de-
‘fcribe the infcrib’d and circumfcrib’d paralle-

¢lograms. The number of the circumfcrib’d

‘will exceed that of the infcrib’d by one. Butall
¢the rectangles circumfcrib’d will furpafs all the
“infcrib’d by the little rectangles through
¢which the circumference of the circle paffes:
¢a11 which taken together are equal to the rect-
¢angle AL. 1 imagine then the femicircle to
the turn’d about upon the diameter EB ; the fe-
¢micircle will by that motion defcribe a femi-
‘{phere,

| 4

| Bl

4o
oyl

fon
‘But

| ‘he
f il
‘quantity D. For if the femi-fphere exceed the °| 4
1AL

Ty

i



The Twelfth Book. Ve
‘{phere; and the reGtangles infcrib’d fo many
¢cylinders inferib’d in the femi-fphere; and the
‘circumfcrib’d, other cylinders circumfcrib’d.
 Demonftr, The circumfcrib’d cylinders fur-
épafs the infcrib’d more than the femi-fphere

i@ “furpafles the fame infcrib’d cylinders, it being
sfl “contain’d within the circumfcrib’d cylinders.
Sufll “But the circumfcrib’d furfpaﬁ*. the infcrib’d by

| ‘the cylinder AL: therefore the femi-fphere
‘will furpafs thofe infcrib’d cylinders by lefs
‘than the cylinder defcrib’d by the rectangle
‘AL. But the cylinder AL is lefs than the cy=+
| flinder MP : for there is the fame proportion

mj } ‘of a great circle of the {phere, which is the
{8 “bafe of the cylinder AL, to MO, as of MN to

‘R ; therefore (by the preceding) a cylinder,
| “which fhould have a great circle of the fphere

wel “for its bafe, and the hight R, would be equal

‘to the cylinder MP - but the cylinder AL,tho
‘it have the fame bafe, yet its hight CL is lefs
‘than R ; therefore the cylinder AL is lefs than
‘the cylinder MP. Confequently the femi-
‘fphere, that exceeds the quantity D by the cy-
‘linder MP, and the infcrib’d cylinders by a
‘quantity lefs than AL, exceeds the inferibd
‘cylinders by lefs, than it exceeds the quantity
‘D ; therefore the quantity D is lefs than.the

fcylinders infcrib’d in the femi-{phere.
¢That which I have faid of the femi-fphere, 1s
‘applicable to an entire {phere.
- | L E M-
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LEMMA II.

Similar cylinders, infcrib’d in two [pheres, are in |

the triplicate proportion of the diameters of the
Jpberes. .
o) F two f{i-

L
! i milar cy-
r_.“__'_'“ e 'D Q
| i et
" 1
E

P

o

S T “and EF be
\ g ir}:ﬁ:ri{p’d in
“the fpheres
M » A okt B,
¢ they will be in the triplicate proportion of
¢ the diameters LM and NO. Draw the lines

¢GD and IF. Demonytration.

“ The right cylinders CD and EF are fimi- |

‘ lar ; therefore HD has the fame proportion to
* DR as QF to FS, as alfo KD has the fame pro-
¢ portion to DG as PF to FI. Confequently the
¢ triangles GDK and IFP are fimilar, (& the 6.
¢ 6.) therefore KD has the fame proportion to
¢PF as GD to IF, or LM to ON. But the fi-
* milar cylindérs CD and EF are in the tripli-
¢ cate proportion of KDand PF,the femidiame-
¢ ters of their bafes, (by the 12.) therefore the
“fimilar cylinders CD and EF, infcrib’d in the

¢ fpheres A and B, are in the triplicate propor- .

* tion of the diameters of the {pheres.

PRO.

“linders CD
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PROPOSITION XVIIL
A TraEOREM

vl Spheres are in the triplicate proportion of their dia-

meters,

THE fpheres A and B are in the triplicate
proportion of that of their diameters CD
and EF. For if not, one of the fpheres, fuppofe
A, will be in a greater proportion to B, than
the triplicate of that of the diameters CD and
EF ; therefore the quantity G, lefs than the
fphere A, will be in the triplicate proportion
of that of CDto EF, to the {phere B3 and then
fome cylinders may (according to the Lem.1) be
| infcrib’d in the fphere A,greater than the quan-

@ tity G. Infcribe an equal number of cylinders
@ in the fphere B, fimilar to thofe in the {phere A.

{  Demonflr. The cylinders of the {phere A to-
thofe of the {phere B are in the triplicate pro-
portion of that of CD to EF, but the quantity
G to the fphere B is alfo in the triplicate pro-
portion of that of CD to EF: therefore the cy=
linders of the {phere A have the fame propory
tion to the fimilar cylinders of the fphere B, as
the
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the quantity G to the {phere B, Cunﬁ:qutntly‘ *

the cylinders of Abeing greater, than the quan-
tity G, the cylinders ot B, i.e. infcrib’d in the
fphere B, will be greater than the fphere By
which is impoflible. Therefore the fpheres A

and B are in the triplicate proportion of that |

of their diameters.
Coroll. Spheres are in the fame proportion

as the cubes of their diameters; becaufe cubes;
being fimilar folids, are in the triplicate pro-
portion of their fides, L5 the 33. 11.]
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