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TO THE HONOURABLE
Charles Frederick, E{q

Surveyor-General of his MajEsTY's
OrDNANCE, &, &¢, &c.

HoNouRABLE Sir,

H E f{ubject of the ftheets which I here

beg leave to lay before you, is of fo
much confequence to mankind, as juftly to
claim the regard and fanction of the Great.
Genmetry is, not only a moft accurate, but a
very extenfive {cience, whofe application and
great utility, as well in the arts of peace as of
war, are well known to You. ‘

But though this work, if the manner in
which it is executed be correfpondent to the
importance of the fubjet, may not want
fufficient merit to render it worthy of the
approbation of a Gentleman, who, amidit a
- mualtiplicity of public employments, pre-
ferves an undiminifh’d ardor for the {ciences,
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and a knowledge of the works of art and
nature ; yet I have, Sir, {lill farther motives
for this addrefs: Your great influence and
zeal to promote the good of an inftitution
under which I am placed; and the favours
that I have received at your hands, make me
earneft to embrace this opportunity of teftify-
ing publickly, that I am,

HoNoURABLE SIR,
With great refpeét,

Your much obliged,

and moft obedient

humble fervant,

Royal Academy,
Marck 3, 1760,

Thomas Simpfon.
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Y defign in writing upon the fubjel? of Geo-

meiry, was to open an eafy way for young

beginners to arrive at a proficiency in that
ufeful fcience; without either being obliged to go thro’
a number of ummeceflary propofitions, or baving re-
courfe to the ungeometrical methods of demonfira-
tion, that abound in moft medern compofitions of this
nature.

Tbe difficulty of the undertaking, I was not unap-
prifed of s and objeliions occurred that were not eafy
to be removed : Neverthelefs, I bave grounds to bope,
from the reception my firft attempt bas met with, that
my endeavours bhave not been entirely unfuccefsful. No
pains bave,indeed,been [pared torender the work ufeful :
And 1 flatter myfelf, that the [pirit and rigour of de-
monfiration, [o elfential to the fuljell, are alfo tolera-
bly well preferved 5 though I bave not been fo intent to
guard againft the attack of Criticks, as te lofe fight
of my main defign of furnifbing a plain, eafy infli-
tution for learners: Xet 1 bave firong bopes, that
there will not be found in thefe fheets, any inaccura-
cies, or overfights, that are abfolutely unpardonable.
To expelt a faultlefs piece is impoffible ; Apd I well
know that the moft elaborate and beft-approved [y/-
tems of Geometry extant, are not without many imperfec-
tions. But, were the fmalleft imperfeliion to be areal
Jault, my ambition would rather be, to fhew [ome de-
gree of judgment, by avoiding a multitude of fuch
faults, than by expofing and magnifying the flaws of
other writers, 1t is more eafy to Je¢ a fault, than ta
aveid one : And thofe men who are the moft [anguine
to diflinguifb themfelves at the expence of otbers, are

& 7 genzrally
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generally obferved to fland in need of greater indulgen-
cies, than even the perfons whom they unmercifully
attack. But 1 fball put an end to this digreffion by
pointing out one okjeliion, that may be brought againft
this work 5 which is, that in demonfirations admitting
of feveral cafes, the mofi eafy ones are fometimes omit-
ted ; and that the converfe of fome propofitions is
not at all demonflrated. But this, I conceive, will
be found a real advantage to the learner 5 without
awhich, it would bave been impaffible to bave comprifed
the Elements in the compafs they now take up. Be-
Jides, the greateft part of the demonfirations omitted
being [uch as may be inferred from thofe given, by means
of Axioms onlys they may, therefore, be eafily fup-
plied by any reader, fbould they happen to become ne-
ceffary, which 1 bave [carce ever found to be the cafe.
But, even allowing this to be a defefd, it is abun-
dantly compenfated by the extenfive application given
in the three laft [feliions 5 which is infinitely more
ufeful, in itfelf, and more neceflary to the forming an
able Geometrician, than any thing of the kind we
bave been fpeaking of. :

In this, fecond, edition (which is, in a manner, a
#ew work) many confiderable alterations and additions
bave been made. The order of fome of the firft pro-
pofitions is changed : And fome difficult propofitions in
the fecond book are remdered more plain. In the
fourth book feveral new Theorems on proportions are
added. The folid Geometry is mow conneéled with
the plane, and is demonfirated with the fame accuracy,
Tbe menfuration of Superficies and Solids is alfo more

5 explicitly bandleds and the demonfiration of the [e-

veral rules is bere eftablifbed on a better foundation,
than even in authors who have wrote profefledly on
the fubject. The Maxima and Minima, and the con-
Sirullion of Geometrical Problems, are likewife confi-
derably extended and improved, And, at the end,

Notes
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Notes geometrical and critical, very ufeful to improve
the judgment of young ftudents, are now added.

But, whilt 1 am talking of improvements and
matters of criticifm, I am called upon to anfwer to a
charge, which, [bould it appear to deferve credit,
would indeed leave me but littie room to pafs myfelf
upon the world for a judge in thefe matters. s the
gentleman by whom I fland accafed, is known to the
world by bis bolding one of the moft confiderable ma-
thematical pofts in the kingdom 5 1 /ball, in order to
do all due bonour to the manner and fmp::lrmmeqf bis
writing, give you his own words.

¢ There bas lately been publifbed a book under the
« title of Elements of Plane Geometry, defigned for
¢ the ufe of [chools, which is an incorrei? copy of the
$¢ firft eight [eflions of this work, lent the pretended
““ author on a particular occafion, and printed in a
< [urious manner, witbout my knowledge or confent 4
¢ an allion too [candalous for any man of bonour to
“ be guilty of. The Editor imagined, 1 [uppofe, that
- Ibe coanging fome propofitions, and mangling the
““ demonfirations of others, was a [ufficient difguife
¢ to make it pafs for bis own performance 3 but how
“ far this will juftify fuch a picce of piracy, muft be
“ Jeft to the judgment of the publick.”

Were I to attempt to defcribe the ideas excited in
my mind by the fingular modelty of this important
and folemn appeal to the publick, 1 fhonld be at a lofs
for fit words to exprefs them, without tranfgreffing the
bounds of decency. But I bope that I bave not de-
Jerved [0 ill of the publick, to be thought capable of
acling fo very bumble a part, asthat of copying from
this author, and of mangling his demonfirations, in
order tomake them pafs for my own.—That a mant-
Jeript of bis (coniaining between 20 and 30 of the

principal

Vil
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principal Theorems in Geometry, extremely i/l digefted)
came into my bands, is indeed true; but it was not
lent me, but forced upon me, by bimfelf (the very
JSirft night after my removal to Woolwich) in wvirtue
of an article in the original rules and infiruitions for
the Academy; whereby it is ordered, that the fecond
mafler fhall teach Geometry under the direflion of the
Jirft mafter. But this well intended article, which
bas been made [ubfervient to the purpofes of ignorant
tyranny, and daring calumny, bas fince, in confequence
of a publick examination, been anmulled by an expre/fs
order of the Mafter-General of the Ordnance.—I could
mention fome particulars, fupported by good authority,
¢hat occurred in the courfe of that examination, which
would but ill agree with the importance be affumes
in bis confident accufation y, but 1do not think it worth
while : This Gentleman has, bimfelf, by bis different
publications, fo well convinced the world of bis abili-
ties, as to render any fartber comment om that bead
intirely unnecefJary and ineffeiiual,

A DYV ER-
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S in every work of this nature, defigned to

contain whatever may be moft requifite to
the forming of a regular and complete {yftem of
Geometry, a number of propofitions muft necef-
farily have a place, whofe chief ufe and application
lie in the higher branches of the Mathematics;
and there being many perfons, particularly young
gentlemen in publick fchools, who want to learn
fo much Geometry only, as is neceffary to give
them a proper introduétion into the practical and
moft common applications thereof ; {fuch as Men-
furation, Trigonometry, Navigation, Fortification,
Peripective, &f¢c, For thele reafons, I thought
that it might be of fervice, to point out to fuch
Readers, what propofitions in thefe elements may
be omitted, as leaft ufeful to them ; without ei-
ther hurting the connection, or taking away from
the evidence of the other demonftrations. The
numbers. of thefe propofitions, in the feveral
books, are as follow, '

In Book I. the 6, 17, 19, 21, 22, 23, and
2gth. ,

In Book II. the 4, 5, 10, 11, 12, 13th, and the
2d Corol. to the gth.

In Book III. the 4, 5, 6, 7, 8, 9, 15, 18, 19,
20, 25, 26, 2%, and 28th.

In Book IV. the 4, 5, 6, 9, 11, 13, 16, 17, 20,
21, 22, 23, 25, 26, 27, 28, and 29th,

In
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In Book V. the 1, 2, 16, 17, 18, 19, 20, 25,
26, 28, and 31ft.

In Book VI. the two or three firft propofitions
only, nced be read; except by thofe who are
concerned in furveying and dividing of lands ; to
whom the whole Book will be highly ufeful.

Alfo, with regard to the {eventh book, if Per-
fpective be the only application in view (which I
have known frequently to be the cafe) the ift,
2d, 4th, and 12th propofitions may fuffice. But
if a more general idea of the properties of in-
terfecting planes thould be required, fuch as is ne-
ceflary in the doctrine of folids and {pheric geo-
metry ; then all the propofitions, to the rzth,
ought to be taken. -

The 17th, 19th, 20th, 21ft, 22d, and 23d pro-
pofitions of this feventh Book fhould alfo be read
by thofe who would be able to find the content and
proportion of folid bodies; as fhould, likewife, the
whole eighth book ; except, perhaps, the firft and
ninth propofitions, together with the three firft
lemmas ; which may be thought too plain, by
thofe who are not very folicitous about geometri-
cal rigour, to need a demonftration.

An
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An INDEX or TABLE referring to the places in thefe
Elements, where all the moft material propofitions in the firf fix,and
in the eleventh and 1welfth books of Euclid, are demonfirated.
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GEOMETRY.

BOOK L

DEFINITIONS.

1. EOMETRY is that {cience, by which
we compare {uch quantities together as
have extenfions

Extenfion is diftinguifbed into length, breadth, and
thicknejs,

2. A Line is that, which has length without
breadth,

The terms, bounds or extremes of a Line are
points,

3. A Surface is that, which

Iéﬂﬁ length and breadth, only, as C

The bounds of a Surface are Enés.

B‘ , 4aﬁ
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Elements of Geometry.

4. A Solid is that, which has length,
breadth, and thicknefs, as D.

=7

The bounds of a Solid are Jurfaces.

X

5. A Right (or ftrait) line is that which lies even-
ly between its extremes, or which every-where tends

the fame way, as AB. : A B

6. A Plane furface is that, which is every-where
perfeétly flat and even, or which touches, in every
part, any right line extended between points any-
where taken in that furfaees—

7. An Angle is the inclination,
or opening of two right-lines meet-
ing in a point, as D.

8. When one right-line (A
DC, ftanding upon another *
AB, makes the angles on
buth fides equal, thofe an-
gles are called right an-
gles, and that line CD is

faid to be perpendicular to D ILgRIC
the other AB on whlch it
infilts.

9. An Acute-angle is that, which
is lefs than a right-angle, as E. 11 <

10. An Obtufe-angle is that,
which is greater than a right- 33
angle, as F. E

11. The
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11. The diftarce of two points, is the Right-
line reaching from the one to the other.

12. The diftance of a point from a line, is a
Right-line drawn from that point, perpendicular
to, and terminating in, the line given.

13. Parallel (or equi- C i)
diftant) right-lines AB, y
CD are {uch, which bes
ing in the fame plane-
furface, . if infinitely pro-
duced,would never meet, =

A B

14. A Figure is a bounded fpace, and is either
a furface, or a folid,

. 15. A right-lined plane Figure is that, formed:
in a planefurface, whofe terms, or bounds, are
right-lines.

_ 16. All plane Figures bounded by three right-
lines, are called Triangles,

~ 17. An equilateral Triaﬁgle
1s that, whofe bounds or fides are
all equal, as A.

18, An ifofceles Triangle is, when
two fides are equal, as B, B

B 2 19. A
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19. A fcalene Triangle s, when
all the three fides are unequal, as ﬂ
CI 4

20, A right-angled Triangle is

B
that, which has one right-angle,
as ACB; whereof the {ide AB
oppofite to the right angle, is cal-
led the Hypothenufe. <

A C

21. An obtufe-angled Triangle is that, which
has one obtufe angle.

22. An acute-angled Triangle is that, which
has all its angles acute,

23. Every plane Figure bounded by four right-
lines, is called a Quadrangle, or Ch.ladrilateral.

24; Any Quadrangle, whofe
oppofite fides are parallel, is / D /

called a Parallelogram, as D.

25. A Parallelogram, whofe an-
gles are all right-ones, is called a E
Redflangle, as E. '

26. A Square is a parallelogram :
whofe fides are all equal, and its an- F
gles all right-ones, as F.

2%. A Rhombus is a parallelo-
gram whofe fides are all equal, but G
its angles not right, as G.

28. All
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28. All other four-fided figures, beflides thefe,
are called trapeziums. .

29 A right line joining any two oppolfite angles
of a four-fided figure, is called a Diagonal.

go. That fide AB upon C F
which any parallelogram
ACEB, or triangle ACB
is {uppoled to {tand, 1s
called the bafe; and the A D L

perpendicular CD falling thereon from the oppofite

angle C, is called the altitude of the parallelogram,
or triangle,

31. All plane figures contained under more than
four fides, are called polygons ; whereof thofe hav-
ing five fides, are called Pentagons ; thofe having
fix fides, Hexagons; and fo on.

32. A Regular Polygon is one whofe angles, as
well as fides, are all equal.

33. A Circle is a plane L

figure, bounded by one

curve-line APCD, called

its circumference, every- p

where equally diftant from a 1
point E within the circle,

called the center thereof. 5

34. The Radius of acircle, is the diftance of the
center from the circumference, or a right-line EA
drawn from the center to the circumference.

B 3 AXE
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AXIOMS, or Self.cvident "Traths.

‘1. Things, equal to one and the fame thing, are
alfo equal to each other.

2. Every whole is greater than its part.

3. Every whole is equal to all its parts taken
together,

4. If to equal things, equal things be added,
the wholes will be equal. '

5. If from equal things, equal things be taken
away, the remainders will be equal.

6. If to, or from unequal things, equal things
be added, or taken away, the {fums, or remainders,
will have the fame difference, as the unequal things
firlt propofed.

7. All right-angles are equal to one another,

8. More than one right-lire cannot be drawn
from one given point A to an- B
other given point B, "

9. If two points M0
D, F, in a right- N
Jine MN,are pofited
at unfqual ditances 7 5"

DC, FE, from an- e T
other right-line AB in the fame plane-furface; thofe

two lmﬁs being infinitely produced, on the fide of
the leaft diftance EF, will meet each other.

10. If
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10. If two C
right-linesCA,
CB, makingan
angle C, be re-
fpectively equal
to two other
right-lines FD, A B
FE, making an angle F, and the angles which they
make C, and ¥, be likewife equal ; the right-lines
AB, DE joining theii extremes will be equal, and
the two triangles ACB, DFE equal in all re-
{peéts. -

If this fhould not appear fufficiently evident for
an axiom ; conceive the triangle DFE to be remov-
ed, and fo applied to the triangle ABC, that the
point F may coincide with C, and the fide FD fall
upon the fide CA ; then, becaufe FD is fuppofed
equal to CA, the point D will alfo fall upon A.
And, the angle .F being equal to the angle C, the
fide FE will fzll upon CB; and confequently the
point E upon the point B, becaufe FE is fuppofed
equal to CB. Therefore, feeing all the bounds of
the two triangles coincide, it is manifeit, that not
only the bafes AB, DE, but the angles oppofite
to the equal fides, are alfo equal. '

When all the four lines CA, CB, FD, FE are
equal; the triangle DFE, being contrariwife applied
to ACD fo that FE may coincide with CA, will,
alfo, agree with the triangle ACB (as is manifelt
from the reafoning above) : and {o, the angle E (as
D did before) now coinciding with the angle A, the
two angles E and D muft neceflarily be equal to
~ each other, in this cafe, where the triangle DFE
is an Hofceles one,

B 4 POSTU-
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Elergents. of Geometry.
POSTULATES, or PETITIONS.

1. That, from any given point, to any other
given point, a right-line may be drawn.

2, That, a nght line may be produced, or con-

tinued out, at plealure,

That, from any ppint as a center, with a
radlus equal to any right-line ailigned, a circle may
be defcribed.

4. That, a right-line may be drawn perpendi-
culat‘ to another, Cat any point affigned ; and that
it is alio poflible for to make a rlcrht line, or a
right-lined angle, equal to any right- hnt:, or rights

~ lined anglﬂ afligned, or to the half thereof.

This ﬁmrtb Poltulate 75 added, more for the [ake of
wmaking the proper references, than through abfolute
neceffity : fince, what is bere barely a_ﬂ'umfd as poffi-
ble is effelied, and aflually aemonfirated, in the begin-
ning of the Fy‘tb Book, intirely independent of every
2hing but Axioms and the other Poftulates, above laid
down. It may alfo be proper to note bere, that,
shough thefe Poftulates are not always quoted, it will
be eafy to perceive where, and in what fenfe, they arg
o be underftood.

NoTEs and OBsErRvATIONS, with the figni-
- fications of Signs ufed in this Trait.

A ProrosiTion is, when fomething is, either,
propofed to be done, or to be demonitrated, and
s either a Problem, or a Theorem.

A PropLim is, when fomething is propofed to

bﬁt done.
A TrEQ=
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A THEGREM 15, when fomething is propofed to
be demonftrated.

A Lrmwma is, when fome premife is demonftrac:
ed, in order to ‘render the thing in hand the more
f:afy
A COROLLARY I8, 2 confcquent truth, gained
from fome preceding truth, or demonftration.

A ScuoLium is, when rcmarks and obfervations

are made upon fomething going before.
The [ignification of SI1GNS.

The fign =, denotes that the quantities betwixt
which it ftands, are equal.

The fign c, denotes that the quantity preceding
it, is greatcr than that which comes after it,

The fign =3, denotes that the quantity preced-
ing it, is “lefs than that which comes after it.

The fign <, denotes that the quantity which it
Brcccdcs, 1s to be added.

The fign —, denotes that the quantity which it
precedes, is to be taken away or fubtracted.

A figure, or number, prefixed to any quantity,
fhews how often that quantity is to be taken, or re-
peated ; as 5A fhews, that the quantity reprefemed
by A, Is to be taken 5 times.

When feveral angles are C D

formed about the fame point

(as at B), each particular angle

is defcribed by three !etters,

whereof the middle one thews & B E
the angular paint, and the

other two, the lines that form the angle : thus CBD
or DBC ﬁgmﬁes the anglé formed by the lines CB
and DB,

.

When,
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Efgmaﬁzfi' | ryf Geometry.

Wnen, in any demnnﬂ:ratmn you meet with fe-
veral quantities joined . the one to the other conti-
nually by the mark of equality (=), the conclulion
drawn from thence, is always gathered from the firlt
and laft of them ; which are equal to each other, by
virtue of the ﬁrﬁ axioms Thusif A=B=C=D,
then will the firlt (A) and the laft (D) be equal to
each other.

Alfo, when in the quotations you meet with two
numbers, the firlt fhews the propofition, and the
fecand the book. Moreover, Ax. denotes axiom s
Polt. poftulatum ; Def. definition ; Hyp. hypothe-
{is. Note alfo, that, when-ever the word Line oc-
curs, without the addition of ecither #ight, or curved,
a right-line is always underftood : and that, when
a line is faid to be drawn to, or from an angle,
the angular point is meant.

d i 5 190 Dl D N el S

A line (AB) ffanding upon another line (CD) makes
with it two angles (ABC), (ABD) which, taken to-
getber, are equal lo two right angles. '

If the an les ABC, ABD
are equat,glt is plain they . B A
make two right-angles?; if
unequal, let BE be perpen-
dicular to CD®Y, dividing
the greater of them (ABC) C B 5
into the parts EBC, EBA;
then the former part EBC bemg a right-angle 2,
and the remaining part EBA together with the
whole leffer angl: ABD, equal to another right-
angle EBD ©; the whole, of both the p opnffd
an,gjl::s, taken [ﬂgﬂthtn, muft neceflarily be equal
to two right-angles “.

COROL-
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COROLIIXR Y.

Hence all the angles at the fame point {B) on the
{ame fide of a rtght line (CD) are equal to two
right-angles <. AX. 3

THEOREM I

If -one line (AB) meeting two others (BC, BD)
in the fame point (B), makes two angles with
them (ABC, ABD) which together are equal to two
right ang!ﬁ, thefe lines (BC, BD) will form one con-
tinued right-line.

For, if poffible, let BH,

and not BD, be the con- A

tinuation of the right-liné )

CB : then the angles ABC i3

and ABH being = two flag o>

right anglesc = ABC and € B D v 1.

ABD f; if from thefe equal quantities, ABC, com- f Hyp.
mon to both, be taken away, there will remain

ABH = ABD« ; which is impoffiole ® - ﬁi Z
THEOREM IIL

The oppofite angles (DEB, AEC), made by two
lines (DC, BA) interfedling each other, are equal,

For DEB 4+ DEA — two :
right-angles' = AEC 4+ DEA; D B 3
whence, by taking away DEA, -
common, there remains DEB b -
el AE-C k. i k Ax, 5.‘

| | )
A

LELE O
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1 Poft.
= Poft, 1.

s Def. 8.
2 Ax. 10,
¥ Hyp.

9 2. 1.

* Ax. 8.

: Ax. 9.
and Def.
3.

¢ Poft. 4.,

Elements of Geometry.

THEOREM IV.

Tawo right-lines (AB, CD) perpendicular to one and
the fame right line (EF), are parallel to each other.

[f you f;y, they are not parallel ; then let them,
when produced out, meet in fome point, as G.
In EA, pro- c F

duced (if necel-
fary) let there

be taken EH = A E T G

- EG!, and let

the right-line FH be drawn ™. The triangles EHF
and EGF, having EH=EG, the angle HEF =
GEF ®, and ' F common, are therefore equal in all
relpects ¢ : and fo, the angle EFH being = EFG
(FFD)=a nght-angle?, HFDG (as wellas HEG)
muft be one continued right-line *: whbich is im-
pofidle*. Therefore AB and CD are parallels,

SCHOLIU M.

In this theorem, the poffibility of parallel lines
(or fuch, which being infinitely produced, in the
fame plane, can never meet) is demonftrated : for
EF may be drawn perpendicular to AB%; and CFD,
again, perpendicular to EF '; which laft, it is de-
monftrated, will be parallel to AB. :

T HEORENM"V
Perpendiculars (EF, GH) to one (AB) of two pa-
rallel lines (AB, CD) terminated by thofe lines, are

equal to each other 5 and alfo perpendicalar to the otber
ef the two parallels (CD).

For, AB and CD being parallel to each other,
GH can neither be greater, nor lefs than EF*;
and therefore muftybe equal to EF. If you fay,
that EF is not perpendicular to CD ; then let FM
be perpendicular to EF Y, meeting GH produced (if

: ne-
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neceffary) in M : fo fhall M

FM be parallel to AB¥; ¢ F H D 4
and confequently GM = o

EF ¥ = GH ; whichis 1m- Ml Yo e
poffible*. Therefore LF is s *Ax, 3,

perpendicular to CD. And
bythe fame argument, GH
is perpendiculat to CD.

A E GR: I F

COROLILARY.

Hence, through the fame point F, more than
one parallel cannot be drawn to the fame line given
AB.

$:C-H OL1UM

. From the preceding propofition, the confiftence
of the twenty-fifth definition, or the poffibility, that
all the properties afcribed to a2 G H
rectangle, can fublfift togetherin 1 1)
the fame figure, will appear,
together with the method of
conftruction. For at any two
pownts C, D ihﬁght-lin'e RS, :
two perpendiculars CG, DH R C D S
may be ereCted ¥ ; and a perpendiculir to one of ¥ Poft. 4.
thefe, at any point E, meeting the other in F,
may be drawn. The figure CEFD thus conftrufled
will be a retangle : for CE and DF are parallel =; * 4- 1
as are alfoCD and EF*: therefore the angle F (as
well as C, D, and E) is a rnight-angle *, If CE be?s. 1.
made =CD, then will the rectangle CEDF have all

its fides equal . 'Which anfwers to the definition® 5.1. and
of a fquare, Ax. 1.

T HEOREM VI

Right-lines (AB, EF) parallel to the fame right-
oo line (CD) are parallel to each other.

For
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€51
¢ 4o 1. parallel to each other "

L% 8

f

4 1.

Elements .of Geormnetry.

For let the line HIG oa 0
be perpendicular to CD: : _ B
then, that line being ' alfo E L ®
perpendicular to both AB |
‘and EF ¢, thele lalt are C By = D

T HE'OREN VI

A line (AB) interfeiling two parallel /ines (SR,
QP) makes the alternate angles SDC, PCD) equal
to each other. i

Let CF and DE be per-  © 2o '
pendicular to QP, and SR °5; S_. K. 13/ R
then thefe lines FC and DRE
are likewife parallels’; and

fo the triangles CED and Q

"~ CDF, having the. fide CF A./Q E P.

g Ax. 7.
B Ax, Jo. FDC |{®) B

...I-"JE I:‘D"—CE" and _
the anuic =, they will allo have the angle

COROLLARY I

Hence, a line interfeing two parallel lines,
makes the an gles (BDR, BCP on the fame fide,

131 equal mfachuther for BDR (= CD‘S ) —BORE

? T

11,1

COROLLARY 1I ez

Hence, alfo, a line falling upon two ﬁaraliel lines,
makes the fum of the two internal angles (SDC+
QCD) on the fame fide of ‘it, equal to two right="".
angles: for the angle SDC being = PCD, and"
PCD 4 QCD = two right-angles'; thencé IS

m Ax. 4. SDC 4 QCD = alfo to two right-angles ™. 5 oy

T"HEORE M VUI.
If aline (AB) inter[edling two ather lines (PQ,
RS), makes the alternate angies (DCP, CDS) equal

10 each other s then are thofe twa lines parallel.
For



Book the Firfl. 15

For, tfapﬂﬁ'lble let

fome other line DT, 4nd 'I‘L___T_____h/]:I R
not DS, be para'llﬁl 10 “UQ TIRTIgTE y e LI

o Sch to

PQ *; then muft CDT . =71 7o

=TCP>"T=VEDP3'? . - 5%

which is impoffible qf ol f{’ i EIJ"IPr
f COROLIAR Y.  aftost Ax. 2.

Hence, if a line falling on two ﬂ‘thers, Hakes
the angles (BDR, BCP) abnﬂ: them, on the fame

fide, cquai to each other; then’ thuﬁ: two imcs
are paralicis ‘becaufe SDC = BBR o

If one fide (AB)of a triangle ( ABC) be produced,
the external aﬂgfa (CBD) will be equal to both the jn-
vernal oppolite angles'(A, C) s‘a}ém :.:rge:ber |

For, let BE be pa-' -
rallel to AC* 4 then
will the angle C =
CBE®, and the angle
A E=DBE: thetesigliifa® - i I3 SRS S 2 & e
for¢. C A CREAHE . BNJAR-HET OV T, 4v. 4.
+DBEZ":CBD" e oy Ak R

COROLLARY |

Hence the external angle of a triangle is grf:atfr
than either of the internal, oppolite anglcs. ) (29l
THHPERD RS N9 X, d fiumn 4 #A
The three angles of any plane triangle (ABC) taken
together, are equal to two right-angles. o
‘For, 1f ABbe produced to C .
D,then C + A = CBD",'to
which equal quancities let the |
angle CBA. be added, then , ¥ Y
will C + A 4- CBA = CBD & — 8- D
+CBA*=tworight-angles”.

3e s

103 g, 1,

14 St 20 Ax g,
CORODL-bi, ;.
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¢ Ax. 5.

4 o, 1,

€ Ax. 4.

Elements of Geometry.

COROLLARIES.

1. If two anglesin one triangle, be equal to two
angles in another triangle, the remaining angles
will alfo be equal “.

2. If one angle in one triangle, be equal one
angle in another, the fums of the remaining an=
gles will be equal .

3. If one angle of a triangle be right, the other
two taken together, will be equal to a right-angle.

4. The two leaft angles, of every triangle, are
acute. |

2
THEOREM XI.

The four inward angles of a quadrangle (ABCD)
taken together, are equal to four right-angles.

Let the diagonal AC be o]
drawn ; then the three angles
of the triangle ABC being
= two right-angles ¢, and
thofe of the triangle ACD
equal alfo to two right an- \
gles? ; icfollows that the fum A B
of all the anglesof both trian-
gles, which make the four angles of the quadrangle,
muft be equal to four right-angles <,

ORGP R ™G

Hence, if three of the angles be right ones, the
fourth will alfo be a right-angle,

COROLLARY IL

Moreover, if two of the four angles, be equal to
two right-angles, the remaining two together will
likewife be equal to two right-angles,

SCHO-
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SHONEINO SES] T N

If from any point P, within a polygon ABCDE,
lines be drawn to all the angles, {o as to divide the
whole inte- as many triangles
APE BPC, CPD, DPEJEPA,

as the polygon has fides ; the

fum of all the angles of thefe B P
triangles, (which together make v

up, or compofe the angles of the

polygon, over and above thofe A =

about the poin®P) will be equal to twice as many
right angles as the polygon has fides ‘by 10. 1.)
Therefore, feeing all the angles about the point P,
whereby the angles of all the triangles exceed thofe
of the polygop, are equal to four right angles, it
1s manifeft, that all the angles of the polygon,
taken together, will be equal to twice as many right-
angles, wanting four, as the polygon has fides.

THEOREM XII.

The angles (A, B,) at the bale of anifoficles trians
gle (ABC) are edhal to cach otber. ;

For, let the line CD bife&, C
or divide the angle ACB in-
two two equal parts ACD,
BCD, and meet AB in D:
then the triangles ACD,

BCD, having AC = BCf, f Def. 18.
CD common, and the an- b B

gle ACD = BCDs, will alfo have the angles myp.
R B h Ax. 104

COROLL ARY I

Hence, the line which bifects the vertical angle
of an ilofceles triangle, bifeéts the bafe, and is alfo
perpendicular to it B,

C CORO L-
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Elements of  Geometry.

COROLLARY IL

Hence it appears alfo, that every equilateral tri-
angle is likewife equiangular,

THEOREM  XIIK

In any triangle (ABC) the greateft f de [ubtends
the greatelt angle,

Let AB be greater than AC; )
in which let thcre be tai-;en .
AD = AC; drawing CD. /\
The triang ]c ADC being s\oo 2
ilofceles, thf.' angles ACD and A~ DB

ADC are therefore equal’; whence ACB, which
exceeds the former of them, mult alfo exceed the

® Ax. z. latter ADC¥, and confequently, much more exceed
! Cor. to B, which i is lefs than ADC

Q. 1.

@ p3, 1.

COROE E AR X,

Hence, in any triangle, the fide that fubtends
the greate(tangle, is the greateft; becaufe ACB can-
not be greater than B, unlefs AB is greater than
AC*=,

T'HEOREM=XIV

If the three fides (AB, AC, CB) of one triangle,
be equal to the three fides (DE, DF, FE) of another
triangle, each to each refpeiiively 5 then the angles op-
pofed to the equal fides will alfo be equal.

Let the an- C ¥
gle BAG = D,
AG = DF, and L
let GB and GC A — B .
be drawn; f{o D 2
fhall the trian-
gles ABG and G

= Ax. 10. DEF be equal in all refpets™: therefore, AG

{11 H)rp'

being = DF = AC", and BG = EF — BC",

the
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the angle ACG is alfo = AGC-°, and BCG°1z. 1.
— BGC °3 and confequently ACB = AGB? —? Ax. 4
DEFE : therefore the triangles ABC, DEF are equal or 5.
.n all refpects ™. ' '

SCHOL1U M.

The demonftration of the laft theorem, in ob-
tufe-angled triangles, may admit of another cafe ;
which, however, is not neceffary ; becaulfe, if the
triangle AGB (equal to DEF) be conceived to be
formed on the longeft fide of ABC; then, all the
angles CAB, CBA, GAB, GBA being acute 9, the"'tf‘i‘;; 4

line CG will, always, fall within the figure ACBG ', , 4, .
as in the prefent cafe.

THEOREM, XV.

If two triangles (ABC, DEF) mutually equiangu- ¥
lary bave two correfponding fides (AB, DL) egual to
each other, the ather correfponding fides will alfo be
equal,

If you fay c F
BC 1s great- _
er than EF; . G
from BC let '

a parr BG &
be taken — -

EF°, and let A B D * Poft. 4.
AG be drawn. The triangles ABG, DEF having

AB = DE, BG = EF, and B = E (4y bypoth/is), . ., i
will alfo have BAG=D *; but D = BAC"; there~« gyp,
fore BAG = BAC ¥ 5 which is impoffible. . v A% L

and z,

COROLLARY.:

Hence, equiangular triangles, having any two
correfponding fides equal, are equal to each other %,

C 2 T HE O-

*AX.I0.0.



20

¥ Hyp.
= AX. 7.

i Ay, 10.

b2, 1.
c Cor. 1.

to 10. I.

L L

E .'5L X ?l

Elements of  Geometry.

y T'HE O REM.:. XVL

If two right-angled triangles (ABC, DEF) bav-
ing equal hypothenufes (AC, DF), bave two other
Sides (BC, EF) likewife equal; the remaining fides
(AB, DE) will be equal, and the two triangles equal
in all refpefis.

In AB produced, c ! F

take "BG " =L BDj; | |
and * e’ - GG She i ,
drawn : then, thc/’\

triangles BCG and &

G T

DEF, having BG i e S
= ED, BC = EF 7,  and the‘angle CBG = E=,
will alfo have the angle G = D, and CG = DF %,
= AC" : whence, the triangle ACG being ifofceles,
the angle G, or D, will be = A *; and confequently
F alfo = ACB ©; therefore the triangles ABC and
DEF, being mutually equiangular, and having AC
— DF, they are equal in all refpects “.

THEOREM XVII.

jf two triangles (ABC, DLF) baving two Jfides
(AC, BC) of the one equal to two fidzs (DF EF)
of the other r.e_;‘;tv.fﬂ:wsjr, bave alfo the angles (A, D)
Jubtended by two of the equal jides (BC, EF ) equal to
each others—and if the angles (B, E) Hé;mded by the
other equal fides, be either, both acute or both obtufe ;
then will the two triangles be equal in all refpesls.

Let CG and FH be perpendicular to AB and
C o

TR TR D & H

DE: then, the angle AGC being'= DHF *,
=
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A =D, and the fide AC=DF?, CG will alfo be * Hyp-
= FH 8; whence, CB being = FEf, the angles®15- 1.
GBC and HEF are likewife equal ", and fo, the® 16. 1.
tnangles ABC and DEF, being mutually equi-
angular !, and having the fides AC and DF equal, ! Cor. 1.

are equal in all refp:&s B. Co R

The demonftration is the fame, wht‘n both the
angles are obtufe, as in the triangles AJC, Dek :
for, if Cé (= CB =FE) = Fe, the angles G#C
and HeF being equal (as before), the angles AbC
and DeF will likewile be equal %,

THEOREM XVIIL

If two angles (A, B) of a triangle (ﬂB{f] be
equal, the fi a'f.r (BC, AC) fubtending :bem will like-

W{;@ ﬁ'f Ei#ﬂf

k1. 1.and

AXi ST,

&
Let CD bifect the angle

ACB, and meet ABin D:
then the triangles ACD,
BCD being equiangular®, k Cor. 1.
and having CD common to to 10,

both, they will alio have
AC =BC. A D T e

TI'HEOREM XIX.

Any two fides (AC, BC) of a triangle (ABC)
taken together, are greater than the third fide (AB.)

In BC produced, let D
there be taken CD = CA,

x
and let AD be drawn. The €
angles D and DAC are
equal #; therefore BAD, " 12,14
which exceeds the latter ?, ; e 7

muft alfo exceed the for- A
mer D and confequently

BD (or BC 4+ AC) muft exceed AB-. ° Cor. to
C 3 THEG %

i
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THEOREM XX.

Of all the right lines (PA, PB, PC) falling from
a given point (D) upon an infiniteright line (RS), that
(PA) is the leaft which is perpendicular to it 5 and,
of the reft, that (PB) which is the neareft the per=
pendicular is lefs than any otber (PC) at a greater
diftance.

For BAP being a right- P
» Hyp. angle?, ABP will be a-
a Cor. 4. cute 9, and therefore AP
caee m BR
71 Again, when PB and R X
PC are both on the fame l
fide of the perpendicular CraBiaay. 2
s Cor. to PA ; then 1s CBP T right angle * BCP 9, and
9- 1. confequently PC = PB.
If B be on tle eontrary fide of the perpendicu-
lar to PC ; from AC; let AB betaken = AB; then
t Ax. 10. the two lines PB, PB will be alfo equal *5 and there-
fore PC, which exceeds the one (by the preceding
cafe) will alfo exceed the other,

THEOREM XXL

Of two triangles (ABC, DEF) baving two fides
(AB, BC) of the one, equal 20 two fides (DE, EF)
of the other, each to each refpectively, the baje of that
(ABC) will be the greatelt, awbich is [ubtended under

1he greateft angle
Let the angle ABG =E, BG = EF (= BC)allo

A B

D E,

\/ O G HC
E

let AG and CG be drawn, upon the laft of which,
_ produced,
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produced, let fall the perpendiculars Bl and Al w, " 4. 1.
Since BG = BC ¥, and, confequently, GH=HC*, ] I'éﬂ:
it is evident, that GI (whether the point I be confi- '
dered as falling between G and K, "or between G

and H) will be lefs than CI #; and therefore AG, = Ax, z.

or its equal DF ¢, alfo lefs than AC®. * Ax. 10.

s P 20w B

THEOREM  XXII

Of two triangles (ABC, DEF), baving one angle
(BAC) in the one equal to one angle (EDF) in the
other, and the fides (BC, EF) oppofed to them alfo
equal, that (ABC) will bave the greateft bafe, where-
of ithe oppofite angle (ACB) differs ibe leaft from a
right-angle,

Let BG, and EH be perpendicular to AC and
DF, in which produced, take HK = HE, Gl =
GB, and BM = EH ; alfo let MN be parallel to
GA, meeting AB, produced if neceffary, in N ; and
let CI and KF be drawn,

The angle ICG being = BCG ¢, and the latter of
thefe greater than EFH © (or KFH ?), thence is ¢ Hyp.
ICB"KFE; and confequently BIcEK °; whence‘i Ax. 10,
alfo BG (:BI) — EH (£EK) or its equal BM ¢; and g
therefore BA — BN, becaufe AG and MN being
parallels, both the points M and N will fall on the
fame fide of AG. But BN (as the triangles NBM, i ged
DEH are equiangular, and have BM = EH {) is ;P,“
= DE ¢: therefore BA is alfo greater than DE. ¢ 15, 1.

€ 1 T HE O-



24

B 9. I.

i Ax. 6.
kAx. 3.
I Cor.g.1.

Elements of Geometry.

THEOREM XXIII,

Ifs of two triangles (ABC, ABD) fanding upon
the fame bafe (AB), the one be wholly included within
the other, the two fides (AD, BD) of the included one
taken together, will be lefs, and the angle (D) con-
tained by them greater, velpedtively, than the two fides
(AC, BC), and the contained angle (C) of the other.

Case I. If the wertex of the contained triangle
be in one fide of the olber: I

Then, AD is lefs than AC + I
CD " ; whence, by adding BD
common, AC 4+ BD will alfo

be lels than AC4-CD 4~ BD ¥, A B
or than its equal AC 4 BC*™. :
But the angle ADB is - ACB L

Case IL. If the vertex be within the other triangle.
Let AD be produced to
meet BC in E : then (y zhe e
preceding cafe) the fum of AD
and BD s lefs than the fum of
AE and BE; which laft fum,
and confequently the former,
1s, again, lefs than the fum of
AC and BC. Morcover, the v
angle ADB-BED—C. A B

THEOREM XXIV.

T be oppofite fides (AB, DC) of any parallelogram
(ABCD) are equal, as are alfo the oppofite angles
(B, D); and the diagonal (AC) divides the paralls-
logram into two equal parts.

For,
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For, AB, DC, and AD, BC p - C
being parallels ", the angle  }° }| o Def. 24,
BAC is = DCA®", and BCA \ °7. L.
— DAC °, therefore the equi- e o2
angular triangles ABC, ADC* A B,P Cors
having AC common, are equa e %

in all refpects ®. :

CORGLIL ARY.

Hence, if one angle (B) of a parallelogram be a
right-angle, all the other three will be night ones:
for D, being = B, is a right angle; and BCD is
— B, and DAB =D, by Theor. V. '

THEOREM ‘XXV.

Every quadrilateral { ABCD) whofe oppofite fides

are equal, is a parallelogram. (See the preceding
fcheme).

Let the diagonal AC be drawn ; then the trian-
gles ABC, ADC being mutually equilateral *, they r gyp.
will alfo be mutually equiangular®; confequentlys 1, 1,
AB will be parallel to DC, and AD to BC . 8.0,

THEOREM XXVL

The lines (AD, BC) joining the correfponding ex- ] ,f’“' "

tremes of two equal, and parallel lines (AB, DC)
are themfelves equal and parallel,

Let the diagor{qﬂ. BD be drawn. Becaufe AB" Hyp.
and DC are parallel v, the angle ABD is =CDB™; " 7 L.

therefore, BA being = T s %

DC=* and BD dommon, B~ Hrp-
the remaining {ides and

angles will Likewife be

reipectively equal? ; and A B ¥ Ax. 10,
confequently AD parallel to BC 7, et

THE O-
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THEOREM XXVIL

If, in one fide (AB) of a triangle (ABC), from
three points (D, ¥, H) at equal diftances (DF, FH),
lines (DEM, FG, HI) %e drawn parallel 1o the
bafe, the parts (EG, GI) of the other fide (AC)
intercepted by them, will alfo be equal to each other.

Let NGM be parallel A
to AB, interfecting HI
and DE in N and M.
Then, the triangles

IGN, MGE, having the E
angle IGN = EGM ?, D M
ING = Mb and GN g/ Va
(=.FH*® = FD %) = }I/ /\I
GM ¢, will alfo have / N \
Gl = GE". B 7SS C

CORGEEAR Y 0L

Hence it appears, that, if one [ide of a triangle
be divided into any number of equal parts, and
from the points of divifion lines be drawn parallel
to the bafe, cutting the other fide, they will alfo
divide it into the fame number of equal parts.

C.O R @l iR e~ 1k

Hence, alfo, if two lines FG, HI, cutting the
fidesof a triangle, be parallel to each other, and
another line DE be fo drawn as to cut of FD =
F'H and GE = Gl, this line DE will be parallel to
the two former. ,

THE O~
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THEOREM XXVIIL

If in the fides of a Jguare (ABCD), fgm’:’i diftant
from the four angular points, there be taken four
other points (E, F, G, H,) the figure (EFGH) form-
ed by joining thofe points, fball alfo be a [quare.

For the wholes AD, A E D

DC, CB, BA being e-

qual’, and alfo the parts f Def. 26,
AE,. BE, CG,  BHS F : Hyp.
the remaining parts ED,

FC, GB, HA muft con- H s
fequently be equal®; Ax. 5. =
whence, all the angles P

D, C,B, Abeingequal’; B G C e
the fides EF, FG, GH, k Ax. 10,

HE will be equal likewife ¥, and the angle DEF =
AHE*, Therefore, becaufe DEH 1s = A 4-
AHE/, if from thefe, the equal angles DEF,!9. 1.
AHE be taken away, there will remain HEF =

A® = aright-angle £ By the fame argument (or

by Theor. 25th, and the Corol. to the 24th) the
other three angles will be right-angles,

THEOREDM- XXIX.

If all the fides of any quadrilateral (ABCD) ée
bifected, the figure (EFGH) formed by joining the
points of bifeflion, will be a parallelogram,

Draw the diagonals AC C

and BD. Fecaule EF and B G .

HG are parallel 1o AC®, g
they are alfo parallel to each e
other°, = Afier( the fame H oL
manner is FG 'parallel to
EH ; therefore EFGH is a
parallelogram », A I

The End of the FirsT Book.

Bl Def, 24,
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N a parallelogram ABCD, if two right-lines

EF, HI, parallel to the fides, interleéting

the diagonal in the fame puiht G, bc drawn,
dividing the parallelo-

gram into four other
parallelograms ; thofe two /\/ /
GD, GB through which

the diagonal does nﬂt /
I

pafs, are called Cumplc-
ments; and the other
two, HE, FI, parallelo-

grams about the diagonal.

A

2. Every re€tangle is faid to
be contained under the two
right lines AB, BC that are the
bale and altitude thereof.

The
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The refangle contained under two right-lines AB
and BC is often, for brevity [ake, denoted by ABXBC.
Bur when the figure is a fquare, it is ufually repre-
fented by placing the number 2 over the letter, or letters
expreffing the fide thereof: thus AB" denotes the [quare
made upon the line AB,. ;

THEOREM I

The redangles (BD, FH) contained undir equal
lines, are equal, .

For, let the di- D C Y H G

agonals AC, EG
be drawn : then,
becaule :ABT —=
EE, BC = HG;
and B=F?* the A B F F = Hyp.
triangles  ABC,
EFG ae equal >. And, in the very fame manner ® A%. lo.
will ADC and EHG appear to be equal. Therefore
the whole rectangle ABCD is alfo equal to the
whole rectangle EFGH *. '

THEOREM 1II.

Parallelograms (ABCD, BCFE) fanding upon the
fame bafe (BC) and between the [ame parallel ( BC,

AF) are equal,

¢ AX.4.1.

ey ot D S W, WU Lok BEN

! o |
g

B Rt

For, fince (in Fig. 1.) the angle ¥ = BEA“, 4 ¢y, 1.
and CDF = A% the triangles FDC, EAB are 107.1.
equiangular® ; they are alfo equal f, becaufe CF' = ° Cor. 1.
BE #: therefore, if each be taken from the whole  © -

figure ABCF, there will remain ABCD=EBCF*. ; ;3° |’
CORO L-b Ax, §e
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COROLLARY "L

Hence, triangles BAC, BFC (Fig. 2.) {tanding
upon the fame bafe, and between the fame parallels,
are alfo equal, being the halves of their refpettive

*24. 1. parallelograms ',

COROLLARY " 1L

Hence all parallelograms, or triangles, what-
ever, whofe bafes and altitudes are equal, are equal
among themielves ; becaufe all fuch parallelograms
are equal to rectangles ftanding on the fame bales,
and between the fame parallels 5 and thefe laft are
equal, by the preceding propofition,

THEOREM: EE

The complements (EC, EA) of any parm’f‘ﬂ’agmm
(AC) are equal,

For, the whole tri-

angle DCB being equal D T C
to the whole triangle 7.,
ka4 1. DABYX, and the parts HN \ F
and  DIE, EFB refpective- \ EN
Def- 111y equal to the parts ;
DHE, EGB *, the re- A G B

'Ax. 51 maining parts EC, EA muft likewife be equal .

THEOREM 1V.

A trapezium (ABCD) whereof two jfides (AD,
BC) are parallel, is equal to half a parallelogram,
whafe bafe is the fum of thofe two fides,and its altitude,
the perpendicular diffance between them, :

For,

|



Book the Second, 31
For, in AD produced,

B & H E
take DF = BC; and let .
CG, DH and FE be all
parailtl to AB, meeting P
]II .
Al G i B b o

AF and BC produced, in
G,Hand E. . Then AE 1 _
is a parallelogram of the fame altitude with ABCD,

having its bale AF equal to the fum of AD and " Conflr.
BC * : but this parallelogram, becaufe BG = HF °, ° ¢or- 2.
and CGD = CHD*, is equally divided by the line, '** *

CD 7; and {fo ABCD is the half thereof. i 1
VESEHEOREM. Vi -
The fum of all the reflangles contained under a given
line, (AD), and aill the parts (AH, HG, GB) of
another (AB), any bow divided, is equal to the reil-
angle contained under the two whole lines.
Let ABCD be the re&- G2 Y
angle contained under the DY B G
two whole lines, and let
" HF, GE be parallel to AD,
meeting DC in F and E,
Then will AF, HE, GC A ¥ G B
be rectangles® of the fame Bt
altitude with AC*; therefore AF — AD x AH, 2;,',,0

HE = AD X HG, and GC = AD x BG*; and®24. 1. &
confequently AD x AB(AC = AF 4+ HE 4 GC) Ax. 1
= AD x AH + AD x HG + AD xBG , A
THEOREM VI, i

. If a right-line (AB) be, any-wife, divided into
two parts (AC, BC), the fquare of the whole line will

be equal 10 the fquares of both the parts, together with
iwo reclangles under the [ame parts,

Let
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W 241,
and De-
fin. 26.

*AX. 5.1,

¥ Cor. to
24. 1.

z Def. 26.

a1, 2.

B AX. 3.1,

¢ Cor. 24.
JAX.24.1

Elements of Geometry.

Let ABGI be the fquare 1 M G
of AB, and CBEF that of
BC, and let EF and CF b= N i3 E
produced to meet the fides
of the fquare ABGI in M
and N.

From the equal quantities
CM, EN* take the equal A © B
quantities CE and EF, and there remains FM =
EFN * ; therefore, all the angles of the figure being
right ones”, NM is a fquare “ upon FN (=AC);
and AF, FG are equal to two retangles under
BCand AC*: but AG = BF + Fl 4+ AF + FG,
or AB* = BC* 4+ AC* 4+ 2AC X BC ",

COROLLEAR X.:1.

Hence, the fquare of any line is equal to four
times the {quare of half that line.

COROLILARY I

Hence, alfo, if two {quares be equal, their fides
muft be equal ; becaufe unequal lines BA, BC have
not equal fquares.

THEOREM. - YVIL

The difference of ihe fquares (ABEH, ACIK) of
any two unequal lines (AB, AC), is equal to a reii-
angle under the fum and difference of the fame lines.

In EB, produced, take BF = g P e
AC; let ¥G be drawn parallel to
EH, and let Cl be produced y
both ways, to meet EH and FG
in D and G. It is evident that
DF is a rectangle ¢, whofe bafe =
GF (=CB*? — the difference A C B
of the given lines AB, AC; and
whofe altitude FE (becaufe BE G

I
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= BA ", and BF=AC) is—=the fum of the fame ¢ Def.z4.
lines : but this re¢tangle DF 1s = DB 4 GB¢ = H}’P
DB+ DK (becaufe DK " = GB) = the fquare AE., f.x;g
— the fquare Al

THEOREM VIIIL

The [quare made upon the fide (AC) fubtending the
right-angle of a plane triangle (ABC), 15 equal to both
the fquares (BE, BG) made upon the fides (AB, BC)
containing that angle.

Let the fides of the B A D
fquares BE, BG be pro-
duced to meet each o- B C

each equal to AE (or K
.AB) ; and let CI, IK, and
KA be drawn. L e

Since ABH and FBC i SR L
(wluch are continued right-lines ') are equal to each
other¥, EL, DG, ED, and LG will be all fqua!
among themfelves !'; and {o the angles E, D, Gy 4 4
and L. being all right ones™ E].)GL will be am Hyp. &
iquare, and confequently ACIK a fquare likewife™. 5. 1.
Now, if from the fquare DL, the four equal ° tri- , fx I;ﬂ
angles ADC, CGI, ILK, and KEA be taken away, ;
there will r::main the fquare Al : and, if from the
fame DL, the two equal ? paralleluarams DB, BL. |
(which are equal to the faid four triangles, becauie
DB = two of them ') be taken away ; then there
will remain the two {quares BE and BG Con-

fequently the fquare Al is = the two {quares BE |
and BG 4. VA

The fame demonfirated otherwife.

Let AD be the fquare on the hypothenufe AC,
and BG, Bl the two fquares onthe fides AB and
D B

ther in L and Dy in B
which take KL and IG

PI.2.
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8 o A

* Ax. §.

¢ Def. 26.

nIg. 1.

Elements of  Geometry.

BC: let MBH be parallel to AE, meeting GF
(preduced) in Hj and let EA be produced to
meet GH in N.

If from the equal * angles ¥ .~ tH
GAB, CAN, the angle NAB, Nt kX
common to both, be taken G :
away, there will remain NAG BN
— BAC *; whence, as the an- ;
ole G is alfo = ABC*, and the A
fide AG = AB?, the fides AN
and AC ( = AE) are likewife
equal *; and therefore the pa- :
rallelogram AM = the paralle- ES ™MD

Cnr to lugrafﬂ AH ¥; which laft, and

!2- 3.

¥ Ax. 4.

< T Ax, g

ﬂyt 2.

“confequently the former, is equal to the {quare BG *
ftanding on the fame bafe AB, and between the
fame para]lt:ls By the fame argument, the paral-
lflﬂgram CM i1s= the fquare Bi : and, confequent-

y, the fquare AD ( = AM + CM) = both the
fquares BG and Bl 7,

COROLLARY.
Hence, the {quare upon either of the fides in-

cluding the right angle, is equal to the difference

of the fquares of the hypothenufe and the other
fide * y or, equal to a re¢tangle contained under the
fum and difference of the hypothenufe and the other
fide 2, :

THEOREM TX.

The difference of the [quares of the two fides (AC,
BC) of any triangle (ABC) is equal to the difference
of the [quares of the two lines, or diflances (AD, BD)
included between the extremes of the bafe (AB) and the
perpendicnlar (CD) of the triangle. y

For, {ince AC* = DC* 4+ AD? and BC*=DC*
+ BD* (by the precedent), it is evident that the
difference
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difference of AC* and BC: will be equal to the dif-
ference between DC* 4+ AD* and ® DC*+ BD:, orb Ax. 5.

C c

——+ BE |
R R D A 0 B 5D
between AD* and © BD?, by taking away DC?,< Ax. 6.
common, from both.

COROLLARY "L

Since the reftangle under the fum and difference
of any two unequal lines, is equal to the difference
of their fquares ¢, it follows, thatthe difference of¢ ,, 5,
the {quares (or the rectangle under the fum and dif- -
ference) of the two fides of any triangle, is equal
to the rectangle under the fum and difference of the
diftances included between the perpendicular and
the two extremes of the bale.

COROLLARY I

It follows, moreover, that the difference of the
Jquares (or the reflangle under-the fum and difference)
of the two fides of a triangle, is equal to twice a
refiangle under the whole bafe, and the diftance of the
perpendicular from the middle of the bafe.

For, let E be the middle of the bafe, and let
EF be made =ED; then AF being=BD *, the ex-« Ay, ,
cefs of AD above BD (or AF) will (s# Fig. 1.) be
= DF = 2DE; therefore the reftangle under the
lum and difference of AD and BD { = * AC* —¢ 4. 2,
BC*) is = ABx 2DE, Again (in Fig, 2.) AD+4
BD being = AD 4+ AF* = FD = 2ED, and* Ax. 4.
AD — BD = AB, we have, alfo, in this cafe ,
AC* — BC* = ABX2DE,

D 2 T HE O-
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! Cor. 2:
o Q. 2

" (2AB x BDj; therefore, if from the firft and laft

i -1 8

e Ax. 4.

Elements of Geometry.

THEOREM X.

The fquare of one fide (AC) of a triangle (ABC)
is greater, or lefs than the [um of the [quares of toe
bafe (AB) and of the other fide ' BC), by a double refl-
angle under the whole bafe ( AB) and the diftance (D)
of the perpendicular from the angle (B) oppofite to the
Side firft mentioned; that is, greater, when the perpen-
dicular falls ﬁ'jfﬁﬂd the faid angle (as in Fig 1.); but
lefs, when it falls on the contrary fide (as in Fig. 2.
and 3.)

Let the fquare ABHF, on the bafe AB, be di-
vided into two equal ! retangles KF and EH by

&) B ks
1 /E\\ 3

A [E B |In [AlD B A [EE

;R T O R ¢ S e

the line EG, bifeéting AB in E ; and let the per-

pendicular CD be continued out to meet FH
(produced) in L.

In Fig. 1. AC* — BC* = twice the reclangle
El' = 2EH 4+ 'oBI* = "AH (AB'] - "2BI

of thefe equal quantities, AB* be taken away, then
AC* Jefs both BC* and AB* = 2ABX BD ",

In Fig. 2. and 3. BC*—AC*=2El' = 2BI —
2BG™ —= 2AB x BD — AB*; and,fo, by adding
AB* to the firft and laft of thefe Equal quantmts,
we have here AB* 4- BC*—AC* —2AB xBD-.

THE O-
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T H EO.RE M “XT

The doudle of the [quare of a line (CE) drawn
Jrom the vertex to the miadle of the bafe of any tri-
angle (ABC), togetber with double of the [quare of
the [emi-bafe (ARE), is equal to the [juares of both
the fides (AC, BC) taken together.

For, let CD be perpendi-
cular to AB: then, becaufe
(by the precedent) AC= ex-
ceeds the fum of the two
fquares AE* and CE:* (or
BE*and CE*) by the double
rectangle: 2AE x ED (or 3 S R
2BE x ED); and becaule
BC* is lefs than the fame {um by the fame double
rectangle; it i3 manifeft that both AC* and BC»
together muft be equal to that fum twice taken 5
the excels on the one part making up the defedt

on the other,

C

THE OREM XILK

The two diagonals (AEC, BED) of a parallelogram
(ABCD) bifeiz each other; and the fum of their
Jquares is equal to the fum of the fquares of all the
Jour fides of the parallelogram.

For, the triangles D

AEB, DEC being <
equiangular ?, and L P 3. and
baving AB = DC 9, gty
will alfo have AE RS L
= CE, and BE — A

DE *. Moreover, be- 8 e

caufe 2AE* + 2ED* = *AD* 4 CD?, by taking® 11. z.

the double of thefe, we have 4 AE* (*AC?) 4 4ED* “Cor. 1.

(DB*) = " AD® + BC* + CD* 4 AB*. o
D 3 T E Q- and::':‘t.
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THEOREM XIIL

If from any point (F), to the four angles of a ref?-
angle (ABCD) four lines be drawn 5 the fums of the
[quares of thofe drawn to the appofite angles will be
equal (I fay, that FA* 4 FC* = FB* 4 FD?),

For, let the diagonals AC D C

and BD be drawn, bifecting T

¥ 12. 2. each other in E*, and let

E, F be joined ; then the

triangles ABC, BAD being

w 24. 1. ¢equalin all refpects ¥, thence

and Ax. will AE(ZAC)=DE(;DB).

10. . Bur BFA* - FC* = TglfiFEs A
T1t.2. (DB} 4 2EF* = FB* +

FD:,

End of the Seconp Book.
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BO OK I,

DEEINLEION S

T NY iight-line C
AFD, palling /_\
through E the /

center of a circle, and A B
terminating in the cir-

cumference at both ends, r
is called a Diameter.

2. An arch of acircle,
1s any portion of the pe- Q
riphery, or circumference, as ACB.

3. The chord, or fubtenfe of an arch ACB, is
a right-line AB joining the two extremes of that
arch,

4. A femi-circle is a figure contained under any
diameter and either part of the circumference cut
off by that diameter.

1D 08 : Bai iX
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5. A fegment of a circle is a figure contained
under an arch ACB and its chord AB.

6. A Se&tor of a circle i1s a figure contained
under two right-lines EF, EG, drawn from the
center to the circumference, and the arch FG in-
cluded betwixt them. When the two lines EF, EG,
ftand perpendicular to each other, then the Seétor
is called a quadrant,

7. An angle ABC is B
{aid to be in a fegment
of a circle ABC, when,
being in the periphery
thereof the right-lines i
BA, BC by which it
is formed, pafs through
the extremes of the
chord AC bounding D
that fegment,

8. An angle ABC in the periphery, compre-
hended by two right-lines BA, BC, including an
arch of the circle, ADC, is faid to ftand upeon that
arch.

9. A right-line AB is
faid to touch a circle, when,
pafling through a point (C)
in the clrcumh:renm:th:.reof
it cutteth off no part of the
circle,

10. Two
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10. Two circles (PCQ, RCS) are faid to touch
each other, when the circumferencesof both pafs

5 S C

Q

through one point (C) and yet do not cut each
other. -

11. Two circles, in the fame plane, are faid to
cut one another, when they fall partly within, and
partly without each other ; or, when their circum-
ferences cut each other.

12. A right-line is faid to be applied, or infcrib-
ed in a circle, when both its extremes are in the
periphery thereof,

13. A right-lined figure is faid to be infcribed in
a circle, when all its angles are in the circumference
of the circle.

14, A circle is faid to be defcribed about a
right-lined figure, when the periphery of the circle
pafies through all the angles of that figure.

15. A right-lined figure is faid to be defcribed
about a circle, when all the fides thereof touch
the circle,

16. A

41
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16. A circle is faid to be infcribed in a right-
lined figure, when it is touched by all the fides of
the right-lined figure,

17. A right-lined figure is faid to be infcribed
in a right-lined figure, when all the angles of the
former are fituate in the fides of the latter,

THEOREM I
If the fides (AB, BC, CD, &c.) of a polygon in-
feribed in a circle, be equal, the angles (AOB, BOC,
COD, &c.) at the center of the circle, fubtended by
them, will likewife be equal,

For AO, BO,
CO &c. being e-
qual to each o-
aDef, 33. ther , as well as
of 1. AB, BC, CD &c.
the trianglesAOB,
BOC, CQOD, are
mutually equila-
teral; and there-
fore have all the
angles AOB, BOC
&c. equal to each

b34.1, other ”.

SCHOL1TD M.

On this propofition depends the divifion of ma-
thematica! inftruments for taking and meafuring of
angles. For, if, by repeated trials, or any other
means, the circumference of a circle defcribed
about a center O, be divided into any number
of parts AB, BC, CD &ec. fo that the chords
be equal ; then it is-evident, from hence, that all
the angles AOB, BOC, COD &c. which make up
the four right-angles AOD, DOG, GOK, KOA

at the center, will alfo be equal to each other, let
the
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the radius OA of the inffrument be what it will,—
In the divifion of the circle for prattical ufes, the
number of parts into which the circumference is
thus divided, or the number of equal angles at the
center, is 3603 which equal angles are called de-
grees; fo that a right angle, confifting of go of
thele equal angles, is faid to be an angle of go de-
grees ; every angle being denominated, from the
degrees and parts of a degree, contained therein;
each degree being conceived to be {fubdivided into
60 equal parts, called minutes ; each minute again
into 60 equal parts, called feconds; and fo on to
thirds, fourths, fifths, &¢. at pleafure,

THEOREM. L

Any chord (AB) of a circle, falls wholly within the
Jaine : and a perpendicular (CD) let fall thereon,
from the center of the circle, will divide it into 1wo
equal parts.

LetC, A,and C, B be joined
and thro’ any point I in the
chord AB, let the right-line
CEF be drawn, meeting the
circamference in F,

It 1s evident, becaule CA =
CB¢, that thefe equal lines are
on different fides of the perpen-
dicular CD ¢; and fo, CE being -2 CA or CF?,
the point E (take it where you will in the line AB)
and confequently the line AB itfelf, will fall wichin
the circle °. Moreover, becaule the triangles ACD,
BCD have CA = CB and CD common, thence
will AD be alfo = BD,

COROLLARY.

Flence a line bifecting any chord at right-angles,
pafles thro’ the center of the circle.

TH E O-

43

¢ Def. 33.
1.

d 20, 1.

e ﬂxr zl

f 16. 1.
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Hyp.
f De}?gg.

of 1.
g Conftr.
B 36. 1.
A
k Ax. 4.1,

P 1o, 1.

1 Def. 3
ot

(=]
Ax, 2.

F 2]- Ii

q 3. 3.

Elements of Geometry.

THEOREM IIL

Any two chords (AB, DE) equally diftant from the
eenter (O) of a circle, are equal to each other.

Let the perpendiculars OF,
OC be drawn, and let O, D B 2
and O, A be joined, Becaufe
OF = OC % ODi=(p" <
and F and C are both right-
angles &, therefore 1s DF =
ﬁC e and confequently DE
SR =y (I A

A I
T HEOREM IV;

In a circle (AEFB) the greateft line (AB) is the
diameter 5 and, of all others terminating in the cir-
cumference, that (CD) whick is neareft the center (O),
15 greater than any other (LF) further ﬁ'ﬁm i,

1. Draw OC and OD; ’_\
/”\

then it will appearthat AB
(or OC 4+ OD) - CD ™.
2 Liee2 QP I::e the dif- €

tance of CD from the cen-

/“\
N
ter, and OQ_that of EF, K

D
B

both taken in the fame
radius OR 5 Draw OE and
OF. Becauie the triangles
3. DOC, OFE, have WO fides equal each to each?,
and have the contained angle DOC c the cun:amed
angle FCE °; therefore, aIﬁ:r, will the bafe DC be
greater than the bafe FE?, ; and, confequently,
greater than any other chord at the fame diftance,

with EF 9,
COROLLARY.

Hence, a right-line greater than the diameter,
drawn from any point within a circle, will cut thc’
circumference,

THE O-




Book the Third. 45

TNH-E @ REM: "V

If 1o the circumference of a circle (AFEB), from
any point (D) which is not the center, right-lines ‘DA,
DF, DE) be drawn, the greateft of all (DA) fball
be that which pafJes through the center (C); and, of
the reft, that (DV) whofe other extreme (F) is placed
neareft, in the circumferenee, to the extreme (A) of the
greateft, will exceed any other (DE) whofe extreme (E)
is at a greater diftance,

A
B
y oLl
QN C
10 .
B B
B )
From the center C, let CE and CF be drawn.
EAAD (= DG4 CPr)E DFY, r Ax, 4

2. Since DC is common CF = CE, and DCF: 19. 1.
c DCE ¢, therefore is DF = DE ", X: 7.

ey T.
CORG.ELAR Y =l

Becaufe no two lines, DE, DF, drawn from D,
on the fame fide of the diameter AB, can be equal
to each other ¥, three equal right-lines cannot pof-v ¢, 5,
fibly be drawn from the periphery to any point,
beflides the center of the circle: and, therefore, if
from a point in any circle, three equal right-lines
can be drawn to the periphery, that point is the
center of the circle. '

COROLLARY IL

Hence it alfo follows, that no circle can be de-
feribed to cut another FBG in more points than
two: for, if it were poffible to cut it in three points
G, E, F, then right-lines drawn from the center

Q'l
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“Def.33.Q, to thofe points, would be all equal %, which is

Il-
Y ilor. a4

fhewn. to be impoffible 7, unlefs when the center

10 4. 3. Q coincides with C ; and then the circles themfelves

2 20. 1.

will neither cut, nor touch, but coincide, and be-
come one circle *.

THEOREM VL

A rfgbrdiﬂe (FD) drawn through any point (A)
in the circumference of a circle, at right-angles to the
radius (E.A) terminating in that point, will touch the
circle.

From any point in FD, F AR B
to the center E, let the e 4
right-line BE be drawn;
which being greater than
AE * the point B muft,
neceflarily, fall out of the E

® Def. 33.circle P : and therefore, as
and AX. the fame argument holds
2. of 1. 550d with regard to every

other point in the line FD (except A), it is manifeft
that this line cuts off no part of the circle, but
touches it, in one point only.

T H EOQRE N _»VIL

If the difiance (AB) of the centers of two circles,
be equal to the fum of the two [emi-diameters (AM,
BN), the circles will touch each other, outwardly ;
and the right-line (AB) joining their centers, will
pafs through the point of contaéi,

in
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In AB, take AC = AM,
and let DCE be drawn per-
pendicular to AB : then, BC
being allo = BN ¢, the cir-
cumferences of both circles
will pafs through the point
C ?: but the right-line DE
(&y the precedent) falls wholly
above the one, and wholly
below the other ; therefore the
circles themlelves fall wholly
without each other, and
tcuch in one point C only.

COROLLARY.

Hence, if the centers of two circles be placed
at a diftance, from one another, lels than the {fum
of the two femi-diameters, a part, at leaft, of the
one will be contained within the other: but, if the
- diftance be greater than that fum, the two circles
will then neither touch, nor cut each other.

THEOREM VIIL

If the diffance (CD) of the centers of two circles
(CAF, DAE) be equal to the difference of the two
Semi-diameters (CA, DE), then will thofe circles touch
inwardly ; and that radius (CA) of the greater,
which is drawn through the center (D) of the leffer,
will meet the two peripberies in the point of contals,

Frem any point E in the A
circumference of the lefler, to '
the two centers, let EC and
ED be drawn. Becaufe CA

exceeds DI by the line DC ¢, ° Hyp

or becaufe DE 4+-DC =CA ¢ FAx. 4.
— DA 4 DCs, therefore is & AX. 3.
DA =DE"®; and {o the cir- b Ax. 5.

cumference of the circle D
likewile
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likewife paffes through A : but CA is greater than
CE ! : therefore every point in the periphery of the
circle D (except A only) falls within the circle C:
which was to be demonfirated, :

CiOR . Ol iREY o 1;

Hence, if the centers of two circles be placed at
a diftance from each other, greater than the differ-
ence of the two femi-diameters, a part, at leaft,
of the one will fall without the other; but, it the
diftance be lefs cthan that difference, the lefier circle
will chen be contained wholly in the greater, but
without touching it.

COROIE ATRY "1

Hence, and from the precedent, it likewife ap-
pears, that if two circles touch, either inwardly or
outwardly, a right-line, drawn through their two
centers, will alfo pafs through the point of contact :
becaufe they can only touch, when the diftance of
their centers is equal to the fum, or to the differ-
ence of their femi-diameters *.

PHE O R E N 1X.

If the diftance of the centers (F, G) of two circles
(DL, MH) ée lefs than the fum, and greater than
the difference of the two femi diameters (FL, GM),
thofe circles will cut each other.

For, fince the
diltance of the

two centers 1S F ML G -

fuppofed  lefs Di— . |

than the fum of \/

the femi-diame- \A_/
ters,a part of the

one circle M H,falls within the cther DL ; and fince
that diftance 1s greater than the difference of thofe
femi-diameters, a part of the fame circle MH alfo
falls withoutthe circle DL ™: which wasto be provea ",

THE O-
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THEOREM X.

The angle (BDC) at the center of a circle, is double
2o the dﬂgfﬂ (BAC ) at the circumference, when both

angles frand upon the fame arch (BC).

e

Let the diameter ADE be drawn.

In the firft cafe (where AB pafles through the
center) BDC=A J Co=2A" Pf_;';
In the fecond cafe, BDE — 2BAE, (bycafe1.);
to which adding CDE = 2CAE, we have BDC :
= 2RAC L ' 1 Ax, 4.
In the third cafe, CDE = 2CAE (2y cafe 1.)
from whence fubtratting BDE = 2BAE, there
remains BDC = 2BAC", r Ax, 5.

THREROREM XL

All angles (EAF, EBF) in the fame [egment
(EABF) of a circle, are equal to each otber.

Case 1. If the fegment be great-
er than a femi-circle ; from the
center C draw CE and CF 5 then /
EAF and EBF being each of |’/ _
them=to half ECF°, tht‘j? muft \|[f~ €

neceflarily be equal to each other. EW

E CasE
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Case II. If the fegment be
lefs than a femi-circle; lee H
be the interfeétion of EB and
AF : then the triangles AEH F
and BFH, having the angle
AHE = BHF*, and AEH
=BFH (by cafe 1.) they will
alfo have EAH = FBH ".

THEOREM XIIL

Angles (D, G) in the circumferences, flanding
upon equal fubtenfes (AB, EF) of circles baving equal
diameters, are equal to each other. And the fubtenfes
of equal angles, in the circumference of circles having
equal diamelers, are alfo equal,

D
A 7‘

From the centers P, and Q, let PA, PB, QE,
QF be drawn.

1. Hyp: Since AB=EF ", and AP'= BF* =
EQ = FQ ¥; therefore is P =Q?7, and confe-
quently D (= BFf =21 Q)=

2. Hyp, Becaufe: D'='G,, thenefore: P =40 =3

whence, PA being = QE, and PB = QF *, AB
will alfo be = EF %,

COROLLARY.

Hence angles in the circumference, ftanding
upon equal chords of the fame circle, are equal,

THEO-
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THEOQOREM XIII
The angle (ACB) in a femi-circle, is a right angle.

Let the diameter CDE (&
be drawn.

Becaufe ACD = half
ADE, and BCD — half

BDE b, therefore is ACD A L By 10, 3»
+BCD (= ACB) = half

of ADE afd BDE ¢ = half ¢ Ax.4.1
two right angles ! = one ¢ 1. 1,
right angle, L

THEOREM XIV.

The angle (CA B) inciuded by a tangent to a circle
and a chord (AC) drawn from the point of con-

taii (A), is equal to the angle (AEC) in the alter-
nate fegment. |

Let the diameter AOF be drawn, and E, F be
joined.

The line DB falling wholly p A B
above the circle 5, OA is the N

—n

: ¢ Def: g;
leaft line that can be drawn 3.
to it from the center O * 5 and f Def. 31,
OAB 1s therefore a righe- e A
y . - C .Axo 2,
angles: but FEA is allo a "
right angle * : therefore; if E i)

from thefc equal angles, the
equal ' angles FAC, FLC o 3
(ftanding on the fame arch FC) be taken away,

there will remain BAC = AEC " ¥ AX. s,

E 2 T HE O-
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THEOREM XV.
The angle (DEC) made by two lines (DEB, CEA)

interfelling each other within, or without a circle, is,
in the former cafe, equal to the fum, and in the latter,
equal to the difference, of two angles in the circum-

ference, ftanding on the two ares*(DC, AB) inter-

cepted by thofe lines.

j 0%

A B

IR

Let the chord CB be drawn.
Then DEC = DBC + ACBS, i the firft cafe.
And DEC = DBC — ACB?*, in the fecond cafe.

COROLLARY,

Hence an angle (E) formed below, or above
the circumference of a circle, is greater, or lefs
than an angle in the circumference, ftanding on
the fame arch.

T HEOREN:"“23VI

The vertical angle (ABC) of any obligue-angled tri-
angle (ACB) inferibed in a circle (ABCD) is greater,
or [efs than a right-angle, by phe angle (CAD) com-

prebended
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prebended under the bafe (AC) and the diameter ( AD)
drawn from the extremity of the bafe.

For, BD being drawn, ABD will be a right-
angle !, and CAD = CBD *; therefore, in thei s 3.
firft cafe, ABC=right-angle + CAD '; and in the * I!-3.

fecond, ABC = right-angle — CAD =, mtx,fg_

THEOREM  _XVIL

If any fide (BC) of a quadrilateral (ABCD) in-
Jeribed in a circle, be produced out of the circle, the
external angle (ECD) will be equal to the oppofite,
internal angle (BAD),

Let the diameter BF be E D
drawn, and let AF and CF ﬁ\
be joined : then the angle |/ -

BAF being a right angle

(="BCE) =ECF *, and 2,
DAF alfo = DCF °, ftand- ¢ e
ing both on the fame arch B |

DF; thence will the re. vﬂl
mainders BAD and ECD be

alfo equal 9, 1 Ax. g
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COROLLARY.
Hence the oppofite angles BAD, BCD of any

quadrilateral infcribed in a c1r-::1e, are together,
equal to two right-angles. For, fince BAD =

ECD, therefore is BAD+BCD = ECD 4+ BCD*
— two right-angles °.

THEOREM XVIIL

Through any three points (A, B, C) wot filuate in

the fame right line, the circumference of a circle may
be deferibed.

Draw AB and BC, B
which let be bifeéted
by the perpendiculars
DG and EH, infinite-
ly produced on that

on which the angle

ABC is formed.
Thefe perpendicu-
lars, I fay, will inter-
fe¢t each other; and
the point of interfec-
tion O, will be the
center of the circle.
For,if DE be drawn, it is plain, that the angles
GDE, HED are lefs than two right-angles * ; there-
fore DG, FH, not being parallels®, they will meet
each other ¥.  Ience, if from the point of inter-
fe€tion O, the right lines OA, OB, OC be drawn,
the triangles ADO, BDO, having two fides equal,
each to each *, and the ang les A DO, BDO, contain-
ed by them, equal ¥, will hkﬂw:fe have AO=BO %,
After the very fame manner is CO = BO ; there-
fore AO = BO = CO *: whence the cucumﬂ:-
rence of a circle defcribed from the center O, E‘?t
the
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the diftance of AO, will alfo pafs through B

and Cb, “Deﬁﬂ-

SCHOLIUM.

Hence the method of defcribing the circum-
ference of a circle through three given points, 18
manifeft.

THEOREM XIX,

If the oppofite angles (BAD, BCD) of a quadri-
lateral (ABCD) e equal to two right-angles, a cirvle
may be defiribed about that quadrilateral.

For the circumference of a
circle may be defcribed thro’any
three points B, C, D, (&y the pre-
cedent,) But, if you deny that it
pafles thro’ A ; then, thro’ the
center O, let OAF be drawn,
and let it (if poflible) pafs
through fome other point F in
the line OAF, (for it muft cut 7
this line fomewhere ©) ; alfo let ¢ Cor. to
BF and DF be drawn. Becaufe BFD 4+ BCD = #+ 3
two right-angles* — BAD 4 BCD*¢; therefore Cor. to
mult BED=BAD f: which is impoffible 5. There- 17- 3
fore the circumference of the circle defcribed:iip'
through B, C and D, mutft alfo pafs through A. =

g Z3. 1.

E-:I- THE Q.
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THEOREM XX.

If from twe points (B, C) in the fame diameter
(AD), equally diftant from the center (O) of a circle,
right-lines (WE, CE 3 BY, CF) be drawn to meet, two
by two, in the circumferencey the [um of the [quares
of any two corre/ponding ones, will be equal to the fum
of the fquares of any other two, meeting in like manner.

E
¥
For, if OF and OF be
drawn; then will BE* 4
CE* = * 2BO* + 20E* A| D
b 3¢, 2. (20F* = ® BE* 4 CF2 B

THEOREM XXI

If two lines (AB, CD", terminated by the periphery
on both fides, cut each other within a circle, the rec-
tangle (AP X BP) contained under the paris of the
one, will be equal to the reflangle (CP X DP) contained
under the parts of the otber.

F:
B<—\\_D
3
5 A
Ol o
B

Case 1. If one of the two lines (AB) pafles
through the center O3 thenlet OQ be drawn per-
pendicular to the other CD, and let OC be joined.

It
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It is plain, becaufe QD =QC"?, that DP 1s Lz, 3.
equal to the difference of the fegments CQ and
PQ *: butthe retangle under the fum and diffe- * Ax. 5.
rence of the two fides OC, OP, of any triangle COP,
is equal to the re®angle under the whole bafe CP,
and the difference of igs rwo fegments's therefore,the
fum of the two fides OC, OP being (=OA+OP)
— AP, and their difference (—=OB—OP)=BPF,
thence is the re@angle contained under AP and BP
equal to the rectangle contained under CP and DP.
Cask 11, If neither of the two lines pafs through
the center 3 let the diameter EPF be drawn; then,
by the preceding cafe, AP X BP = FP XEP = CP
SEIR. -

! Cor. 1.
tog. 24

THEOREM XXIL

IF from two points (A, C) in the circumference of
a circle, two lines (AP, CP) be drawn, to pafs through
and meet without the circle 5 the rectangle (AP X BP)
contained under the whole and the external part of the
one, will be equal to the reflangle (CP xX DP) con-
tained under the whole and the external part of ihe
otber,

Through the center O,
let PF be drawn, meeting
the circumference in E
and F; lec OQ be perpen-
dicularto AP, and let A,
O be joined.

Ehem, 2y Cor. 1. 10
9. 2.) the rectangle con-
tained under PF { = PO
+0OA)and PE (=PO—
OA) is = the reftangle
contained under AP and PB.  After the very fame » 4, |
manner, PEXPE=CPxDP : therefore APxBP g
=CEREX s

COROL-
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COR QIR T T

Hence, if PS be a tangent at S, and the radius
OS be drawn ; then, PF being = the fum of PO
and OS, and PE = their diffegence ; it follows,thac
'Cé“*- to PS* — PF x PE ° = PC x PD.

THEOREM XXIIIL

If from the center (C of a circle, to a point (A)
inany chord (BD), a line (CA ) be drawn ; the [quare
of that line, together with the reflangle contained
under the two parts of the chord, will be equal to a
[quare made upon the radius of the circle.

Let EAF be another chord, B

perpendicular to CA, and let E/(\_A\'F

C, E be joined.
24 3e Since AF = AE 9, thence
1. 2o WS SR e AR D
;I' > ABx AD'; to which equal
' quantities adding AC*, we have

ChE=AD 3 AD + ACS

COROLLARY,

Hence the fquare of a line (AC) drawn from
any point in the bafe of an ifofceles triangle (BCD)
to the oppolfite angle, together with the retangle
of the parts of the bafe, is equal to a fquare made
upon one of the equal fides of the triangle.

T HEOREM® “XXIY.

The rectangles contained under the correfponding fides
of the equiangular triangles (ABC, DEF) taken alter-
nately, are equal,

Ffag, if - A=, B =E «nd- C' = E,‘thén
will AB X DF = AC ¥ DE,

In
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In BA produced, let
AG be taken = DF;
let GCB be the circum-
ference of a circle pafling
through the three points
B, C, G ¥, meeting CA
produced in H ; and let
G, H be joined.

Becaufe the angle H
=87 =k, HAG= o, Y11 3.
*BAC =D ? and AG = DF #, thence 1s AHsz';P
= DE ®; and therefore ACX DE = ACX AH s 1¢, 4,
="AB x AG ‘= AB x DF:" © 1. 2.

821, 3.

¥ 18. 3,

THEOREM XXV.

The redfangle under the two fides (AC, BC) of any
triangle (ABC), s equal to the reflangle under the
perpendicular (CD) to the bafe thereof, and the dia-
meter (CE) of the circumfcribing circie,

For, B, E being joined, C

hi ahalce Ay E: il 7/

equal f, and ADC, EBC AL B*' It 3,
both right-angles & ; and, D § Hyp.
confequently the triangles O and 13,
ACD,ECB equiangular® : B E"Dr =
therefore AC, EC; CD, £ to 10.1.
CB being correfponding

fides, oppofed to equal F

angles, the rectangle AC
% CB, contained under the firlt and laft of them,

will be equal to the rectangle EC x CD contained
wnder the other two’, ' 24- 3.

T HEO-
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THEOREM XXVIL
The [quare of a line (CD) bifetting any angle (C)
of a triangle (ABC) and terminating in the oppofite
Jide (AB), together with the reflangle (AD X BD)
under the two fegments of that fide, is equal to the
refiangle of the two fides including the propojed angle.

Let CD be produced

to meetthe circumference

*18.3. of a circle, defcribed*
through the points A, C,

B, in E; and let AE be

drawn,
The angles E and B,
ftanding upon the fame 4
‘11. 3. fegment AC, are equal ’;
and ACE is equal DCB &

(by hypothefis); therefore the triangles AEC,
m Cor. 1. DCB are equiangular ™; whereof AC, CD; CE,
_ toto-1. CBare correfponding fides,oppoled to equal angl:s :
ocrs therefore AC x CB = CD-X CE* =CD* + CD
Pz21.3. A PES=C[)* + AD x DB®.

and Ax. THEOREM XXVIL

I
The redangle of the two diagonals (AC, BD) of
any quadrilateral (ABCD) inferibed in a circle, is
equal to the fum of the two reftangles (AB x DC, AD
X BC) contained under the oppofite fides.

Let BF be drawn, making
the angle CBF = ABD, and
meeting AC in F.

Becaufe the angle BCF =

111.3. ADBY and CBF = ABD ",
* Conftr. the triangles CBF, DBA are
2 ?fr'ﬁl; equiangular *; and therefore,
**"BC, BD; CF, AD, being
correfponding fides, the rec-

tangles BC X AD, and BD X
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CF will be equalt. Again, the angle ABF being® 24. 3.
=CBD® and BAF=BDC *; the triangles ABF® Ax. 4.1.
and BDC are, likewife, equiangular ; Siid. confe-" il 3
quently, AB, BD; AF, DC being correfponding

fides, AB xDC = BD x AF'; to which adding

BC x AD = BD x CF (/o proved above) we have

alfo ABxDC + BCx AD =BDxAF + BD x

CF =BD x AC=. *c, 2,

THEOREM XXVIIL

If the radius of a circle (OADF) be fo divided
into two parts, that the reilangle under the whole
and tbe one part fball be equal to the [quare of the other
part s then will this (aft p fr: be equal to the fide (CD)
of a regular decagon {HBL..DEF &c.) inferided in
the circle; and that line whofe fquare is equal to the
two fquares, of the whole and of the fame part, will
be equal to the fide (AC) of a regular pentagon in-
[crived in the fame circle.

Draw the radii OA,
OC, OD, OF; alfo draw
AD, cutting OC in G,
and let AH be perpen-
dicular to OG.

The triangle ODG,
having the angle COD
(=210F.Y = QA" LY 7
—=O0ODA 3, is ifofceles ®: - *10. 3.
moreover the triangle e
AOG, having AGO ( = GDO + DOG ° =. ' ™
2DOC ") = AOC, is likewife ifofceles ¢ ; as is alfoﬂ 190 12
the triangle CDG, becaufe, CGD being = AGO °, ¢
and CDG (CDA) = FADS, the tri mg]es AOG ; C'E'r to
CDG are equiangular, Therefnre CD, AQ; CG, 133
GO being cnrrﬁipandmg fides, we have CGx AO
(CG x CO) CD x GO & = GO, becaufe GO« 24. 3.

= @D
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GEOMETRY.

BOOK IV.

DEFINLTION S,

1i A T I O is the proportion which one
magnitude bears to another magpni-
tude of the fame kind, with refpect
to quantity,

T be meafure, or quantity of a ratio is conceived by
confidering what part, or parts the magnitude referred
called the antecedenty is of the other, to which it is
referred, called ibe confequent,

2. Three quantities, or magnitudes A, B, C, areA, B, C.
faid to be proportional, when the ratio Df the firft 2 4. 8-

A to the {fecond B, is the fame as the ratio of the"
fecond B, to the third C.

3. Four quantities A, B, C, D, are faid to be a,B,C,D.
proportional, when the ratio of the firft A to the z.4.5.10.
fecond B, is the fame as the ratio of the third C to
the fourth D,

Ta
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To denote that four quantities A, B, C, D are pro-
portionalythey are ufually wroie thus, A : B:: C:D
and read thus, as A is to B, fo is C to D. But when
three quantities A, B, C are proportional, the middle
one is 1epeated, and they are wrote thus, A :B:: B :C,

4. Of three proportional quantities, the middle
one is faid to be a Mean-proportional between the
other two ; and the laft, a Third-proportional tothe
firft and fecond.

5. Of four proportional quantities, the laft is
faid .to be a Fourth-proportional to the other three,
taken in order.

A, B, C, 6. Quantities are faid to be continually propor-

. D.' E'
. 245 B

10.

tional (or in continual proportion) when the firft
is to the fecond, as the fecond to the third, as the
third to the fourth, as the fourth to (he fifth, and
{fo on.

7. In aferies, or rank of quantities continually
proportional, the ratio of the firft and third, is faid
to be duplicate to that of the firft and fecond ; and
the ratio of the firlt and fourth, triplicate to that
of the fult and fecond.

3. Anynumber of quantities, A, B, C, D being
given, or propounded, the ratio of the firft (A) to
the laft (D) is faid to be compounded of the ratios
of the firft to the fecond, of the fecond to the third,
and fo on to the laft,

9. Ratio of equality, is that which equal quan-
tities bear to each other. '

1t may be obferved bere, that ratio of equality, and

equality of raties, are, by no means, [ynonymeus terins :
Since
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Sfince two or more ratios may be equal, though the
quantities compared are all unequal, Thus, the ratio
of 2 to 1, is equal to the ratio of 6 to 3, (2 being
the double of 1\, and 6 the double of 3); yet none of
the four numbers are equal,

10, Inverfe ratio is, when the antecedent is made
the confequent, and the confequent the antecedent.

Thusyif 2 :1::6: 33 then, snverfly, 13252 3 3.6

11. Alternate proportion is, when antecedent is
compared with antecedent, and confequent with
confequent.

As, if 2 : 1::6: 3 then, by alternation (or
permutation) ¢ will be 2:6::1: 3.

12. Compounded ratio is, when the antecedent
and confequent, taken as one quantity, are com-
pared either with the confequent, or with the an-
tecedent.

Thus, if 2 : 1::6: 33 then, by compofition,
2+1:1::643:3,and2 4+ 1:2::643:6.

13. Divided ratio is, when the difference of the

antecedent and confequent is compared, either with -

the confequent, or with the antecedent.
Thus, it 3 :1::12: 45 then by divifion, 3 —
I:1::12—4:4,and 3 —1:3::02—4: 12,

Thefe four laft definitions, which explain the names
given by Geometers to the different ways of ma-
naging and diverfifying of proportions, are put down
bere for the [ake of order s but are ot to be ufed, or
referred to, in any Jhape, till thofe properties and rela-
tions are demonftrated ; which is effeiied in the three

Jirlt Theorems of this book.

14. Similar (or like) right lined figures are fuch,

which have all their angles equal, one to another
J refpec-

63
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refpe&ively, and alfo the fides about the equal
angles proportional. ‘

C

i M
Tbus, if the angle A =D, B =E, C = F; alfo
ACTAB IR DESBA G RBC: BD: EF, 6.
then the figures ABC, DEF are faid to be fimilar,

AXIOMS.

1. The fame quantity being compared with ever
fo many equal quantities, fucceflively will have
the fame ratio to them all.

2. Equal quantities, have to one and the fame
quantity, the fame ratio.

3. Quantiries having the fame ratio to one and
the fame quantity, or to equal quantities, are equal
among themlelves. |

4. Quantities, to which one and the fame quan-
tity has the fame ratio, are equal.

5. If two quantities be referred to a third, that
which is the greateft will have the greateit ratio.

6. If two quantities be.referred to a third, that
is the greateft which has the greateft ratio. |

7. Ratios, equal to one and the fame ratio, are
alfo equal, one to the other. :

8. If two quantities be divided into, or com-
pofed of parts, that are equal among themfelves, or
all of the fame magnitude ; then will the whole of
the one, have the fame ratio to the whole of the
other, as the number of the pares in the one, has
to the number of equal parts in the other.

9. If the double, treble, or quadruple, &¢. of
every pait of any quantity be taken, the aggrﬂgﬂ-jlﬁ

wi
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will be the double, treble, or quadruple, &, of the
whole quantity propounded.

"THEQREM:J,

Equimuitiples of any two quantities (AB, CD)
are in the fame ratio as the quantities themfelves.

AoafpiBorf il 8

a

L
i I [Feret b = i : b

e T DR Sy TR R 4

Let the ratio of AB to CD be that of any one

number M (3) to any other number N (4), or,
which is the fame, let AB contain M (3) duch equal
garts (Aa, ab,bB*), whereof CD contains the num- 2 Ay. 8.4

er V(4). Let there be taken Ef, fz, gF any equi-
.multiples of Ag, ab, IB, refpeively ; and let Gp,
29, qr, vH be the fame multiples of Ce, ¢d, de, eD -
fo thall the whole EF be the fame affigned multi ple
of the whole AB, and the whole GH of the whole
CD, as each part in the one, is of its corre{pon-
dent in the other®, And, fince the parts Az ab,"Ax. 9.4,
B, Ce, cd, &c. are all equal ¢, their equimuitiples ¢ Hyp.
Ef, fg, £F, Gp, pg, &c. will alfo be equal ¢. There. «
fore EF is in proportion to GH, as the number of
the parts in EF is to the number of equal parts in
GH *, or (which is the fame) as the number of parts
in AB to the number of parts in CD, that is, as AB
15 to CD * : which was to be demonftrated.

ﬂ:{. 4... I

COROLLARY.

Hence, like parts of quantities, have the fime
ratio as the wholes ; becaufe the wholes are €qui-
multiples of the like parts.

F'a T HE O-
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THEOREM IL

The two antecedents (AB, DE) of four propor-
tional quantities, of the fame kind (AB, BC, DE,
EF) are in the fame ratio with the iwo confequents
(BC, EF).

IA&E i 1 3 1B i T (}

1 L u .| i I 1 L 1
B ol Heg: F
et {

Let the common ratio of AB to BC, and of
DE to EF, be that of any one number M (5) to
any other number IV (3) 5 then will AB contain M
(5) fuch equal parts (Ae) whereof BC contains
©N(3); and DE will, in like manner, contain M
(5) fuch equal parts (Dd), whereof EF contains
N (3). Andfo, ABand DE,as well as BCandEF,
being equimultiples of Aaand Dd, thence will AB
: DF :: Aa (Bb) : Dd(Ee) : : BC: EF "

COROLLARY.
That the proportionality will fubfift, when the

confequents are taken as antecedents, and the an-
tecedents as confequents, alfo appears from hence.
For BC : AB :: number of parts in BC (or EF) :
number of parts in AB (or DE): : EF: DE =

THEOREM IIL

Of four proportional quantities (AB, BC, DE,
EE) the fum, or difference of the firft antecedent and
confequent (AB + BC) is to the firft antecedenty or
confequent, as the fum, or difference of the fecond an-
secedent and confequent (DE = EF) is 1o the fecona
antecedent, or confequent.

=

Let
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Let what was premifed in the demonftration of
the preceding theorem, be retained here: then will

i 1 ]
L L] »

AC (AB + BC) be in proportion to AB, as the
number of parts in AC i3 to the number of equal

69

parts in AB &, or as the number of parts in DF © Ax.8.4.

(DE + EF) to the number of equal parcs in DE,
thatis, as DF (DE + EF) is to DE &, Again,
if from AB and DE, be taken away Be = BC, and
Ef = EF, then will the difference A¢ be in pro=
portion to AB, as the number of parts in A¢ (or
Df) is to the number of parts in AB (or DE #), that
is, as Df is to DE. In the fame manner it will
appear, that AB 4 BC: BC:: DE + EF : EF;
and AB—BC : BC:: DE —EF : EF.

GOROLEARY,

It will appear from hence, that the fum of the
greateflt and leatt (AB+EF) of four proportional
quantities (of the fame kind) will exceed the fum
(BC + DE) of the two means: becaufe, AB
being fuppofed greater than DE, Ac will be grearer

than Df, in the fame proportion ® : ‘and, if to thefe® 3. 4.

there be added BC + EF (common ;) then will
thefumAc 4 BC 4+ EF (AB 4+ EF) be alfo great-

er than the fum Df 4 BC 4 EF ! (DE 4 BC.) YAx, 6.n.

SCE O LT M,

In the demonftration of this, and the preceding
theorems, the antecedent and confequent are fup.
pofed to be divided into parts, all mutvally equal
among themfelves, But it is known to Mathe-
maticians, that there are certain quantities, or mag-

s nitudes
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nitudes that cannot poffibly be divided in that
manner, by means of a common meafure. The
Thearems themficlves are, neverthelefs, true, when
applied to thele incommenfurables: fince no two
quantities, of the fame kind,can pofiibly beafligned,
whofe ratio cannot be exprefied by that of two num-
bers, fo near, that the difference fhall be lefs than the
leaft thing that can be named. But if the marter,
viewed in this light, fhould not appear fufficiently
[eientific, and you will not (in the preceding theo-
rem) allow the ratio of AC to BC, to be exafly the
{fame with that of DF to EF, when AB, BC, and
DF, EF, are incommeafurables ; then let it, if
poffible, be as fome quantity aC (lefs than AC)
is to BC, foi1s DE to EF. Let B2 be a part or
mealure of BC lefs than the difference (Aa) be-
tween AB and 4B ; let Bp be that multiple of B2,
which leaft exceeds Bz, and let gE be to EF, as

2B to BC.
It is evident, that A .94 &
#B is lefs than AB HirE 4 1
(becaufeapaBS 3 p g E F
 Hyp, *“Aa)jandthatgEis = {

alio lefs than DE,

becaufe the ratio of ¢gE to EF, being equal to that

of pB to BC*, it muft neceffarily be lefs chan thac

1 Ax.5.4-0f AB t0o BC', orof DE to EF, and fo ¢E lefs
m Ax.6.4-than DE ™,

Now, if (asis fuppofed) the ratio of 4C to BC

can be = the ratioof DF to EF, it muft, of con-

n Ax. 5. lequence, be greater than the ratio of gF to EF ", or

and 7.4 (which 1s the ° fame) than the ratio of »C o BC,

o Prootof ¢yhich is impaffible. 1n like manner ic will appear,

3% that no quantity, that is greater than AC, can pof-

{ibly be to BC, as DF isto EF. Therefore AC:BC

. +:DF:EF. And by the fame kind of argumen-

tation (authorized and adopted by Euc/id himfelf,

D
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in his twelfth book) any difficulties, or fcruples,
that may be elfewhere brought, from the incom-
menfurability of quantities, may be obviated and
removed. _
THEOREM 1IV.

If, of four proportionals (AB, BC, PQ, QR)
equimultiples of the antecedents (AB, BQ) be taken,
and compared with any equimultiples of their re-
Jpedtive confequents (BC, QR), the ratios will be the

 Jame, and the four quantities proporiionals.

Let the common ratio of AB to BC, and of
PQ to QR, be that of any one number A/ to any
other number N: fo fhall AB contain M fuch
equal parts whereof BC contains * N, and PQ, in? Ax.8.4.
like manner, M fuch equal parts whereof QR
contains IV,

Let CD, DE be taken each = BC, and RS,
ST each = QR, fo that BE and QT may be equi-
multiples of BC and QR ; and let CD, DE ; RS,
ST be conceived to be divided, each into the fame
number of parts with BC, or QR. In like man-

.3 L 3 . = 3 e i 1 3 i L T L 1 :dﬂ
r iy e At ' . ] ] f ] l. T T — I‘ Ll L l_
1 i | ! 1 i ¥ 1 | o |
i ] 1 L L | i ¥ ] | i 1 ¥ 1 - [ §

ner, let aB and pQ be taken as equimultiples of
AB and PQ, &¢, Then will the number of
parts in BD = number of parts in QS ", and the
number of parts in BE =number of parts in QT 1:9°'Ax.4.1.
and fo likewife with refpect to 2B and pQ. "L'here-
fore 2B is to BE, as the number of parts in 4B to
the number of! (equal) parts in BE ', or, which
is the fame thing, as the number. of parts in pQ 10
the. number of parts in QF,. that is, as pQ_Is to
QT, which was to be demonfitated.

F 4 T H EO-
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THEOREM V.

If of two ranks of quantities (AB, BC, CD3
PQ, QR, RS), the ratio of the firft and [econd, in
the ene, be equal to the ratio of the firft and fecond in
the other, and the ratio of the fecond and third, in
the one, equal likewife to the ratio of the [econd and
third in the other ; then, alfo, fball the ratio of the firft
1o the third, be tbe fame in lhe one rank, asin the
other.

Let the common ratio of AB to BC, and of
PQ to QR, be ftill expreffed as in the preceding
demonitrations. Let, moreover, CD and RS be
conceived to be divided, each into the {fame num-

- ber of parts with BC and QR.

At LB G ey R

1
T ¥ =3 i . y ] |

:'EZJ: ' —EQ;Z ¢ ]?“'F o T

Becaufe the quantities BC, CD, QR, RS,

* Hyp.  are proportional %, their like parts B, C¢, Qg, Rr

* Cor. to (being in the fame ratio with the wholes *) will alfo

I+ 4+ be proportionals ; or, becaufe Az =B/ and Pp =

FAx 204 Qg Y, itwillbe*Ag:Ce:: Pp: Rr. But ABand

PQ are equimultiples of the antecedents Aaand Pp 7

and CD, RS are eguimultiples of the confequents

%424, Ceoapd'Rr ; thefefore * AR CD: v PO : R5™
© awhich was to be demonfirated.

* Woen in tavo ranks of quantities, the Iprepﬁrrfnm are in-
ordinate, as AB : BC : : QR :RS,and BC: CD :: PQ_: QR ;
the jame thing may bs demonfivated ; and ‘that in the wery Jame
manner, except cily, that QR muft bere by divided irgo the fame

number of parts avith AB, and PQ.
COROL~
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COROLLARY._ L

If other quantities DE, ST be taken, ftill pro-
ortional to the two next preceding them, fo that
CD : DE : : RS : ST ; then, by the fame argu-
ment (regard being had to AB, CD, DE in
the one rank, and PQ, RS, ST in the other)
it is evident, that AB: DE : : PQ: ST* And*5-4
thus we may go on, {till afluming other quantities,
as many as we pleafe ; and the ratio of the firft and
laft, will always be the fame in one rank, as in the
other. Therefore ratios ¥ compounded of the fame” Def. 8.
number of like, or equal ratios, are equal. o ¢

COROLLARY IL

It is alfo evident from hence, that if any two
quantities be taken proportional to the two conle-
quents of an affigned proportion, they will alfo be
proportionals when compared with antecedents 3
and wice verfé. For, the two quantities CD and
RS, when compared, fucceflively, with the confe-
quents,and antecedents of the given proportion AB
: BC : : PQ_: QR, appear to. be proportional, in
the one cafe, as well as in the other =. 2 5. 4o

THEOREM Vi

If, to the two confequents (BC, KL.) of four pro-
portionals (AB, BC, IK, KL), any rwo quantities
(CD, LM ) that bave the fame ratio to the refpeclive
antecedents be added 5 thefe fums and the antecedsnts
will fiill be proportionals (I fay, if AB : BC:: IK :
KL, and AB : CD:: 1K : LM ; then fhail AB : BD
2: 1K : KM.)

For,
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* Hyp.

‘314.-

€ 6. 4

Elements of Geometry.
For,CDand LM A B Gl L OGUE

bein% proportional | - 5

to the antecedents 4

AB and IK?, they ]-.: R L }:LTF
and the confequents '

(BC, KL) will alfo be proportionals (2y Corol. 2.
of the precedent) : whence ® (by compofition) BC :
BD:: Kl : KM. And fo again, (4y the fame
Corel.) AB : BD : : IK : KM,

COROLLARY.

From this Theorem it will appear, that, if the
ratios of tie correfponding quantities of two ranks
with refpect to the two firft, are the fame in both
ranks (AB: BC: : IK: KL, AB:CD::1K: LM,
&¢.) ; then the ratio of all the quantities to. the
firft, will alfo be the fame in the one rank, as in the
other. -For, by adding DE and MN to the laft
confequents (BD, KM there will be had < AB: BE
:: IK: KN (and fo on, to any number of quanti-
ties whatever.) Then (by compofition) AB : AE
s AK . IN. '

When the quantities in both ranks, are of the
fame kind, it will appear (by alternation) that the

" ratio of the two fums, and #bat of every two cor-

refponding terms, will be the fame,

The fix Theorems here delivered, on propor-
tions of magnitudes in general, comprehend all
that 1s mott vleful in that {ubjet.—What relates
to the proporzions of extended magnitudes, under
different limitations, and figures, as far as regards
right lines and furfaces, will be the fubject of the
remaining part of this book, |

3 I‘frﬂff,

¥ n
- b g L ! > .
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Note, when-ever, in any demonfiration, you meet
with [everal proportional quantilies, connelied conti-
nually by the fign : : (like thefe, A: B:: C:D::E
+ F:: G : H) the conclufion to be drawn, is always
Sfrom the firft and laft of the two equal ratios.

THEOREM V.

Triangles (ACD, BCD), and alfo paralleiograms
(ADCQ, BDCP), baving the fame altitude, are to -
one anoiher in the fameralio as their bafes (AD, BD).

Let the bafe AD be to the
bafe BD in the ratio of any * = Q
one aumber m (3) to any other
number # (2), or which is the
fame <, let AD contain m (3) ¢ AX. 8.44
fuch cqual parts whereof BD
contains the number #z (2), Bl _
Then, the triangles ACp,5Cq, ~ D TP A
BCr, &¢. made by drawing

lines from the points of divifion to the vertex C,
being all equal among themfelves ¢; the trianglea cor. 2.
ACD will therefore be in proportion to the triangle to 2. 2.
- BCD, as the number of equal parts in the former

to the number of equal parts in the latter, or as
the number of parts in AD to the number of parts
in BD, that is, as AD to BD ¢, whence, alfo, the
paraliclograms ADCQ, BDCP, being the doubles
of their relpective triangles ¢, are likewife in the
{ame ratio as their bafes AD and BD".

¢ 3. 4.

SEHOLIU M.

If -the baﬁ:] AD and BD are incommenfuralle to

each other, ::E:e ratio of the trigngles cannor be other
than that of their bafes.

For,
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*Lem. 1.

fHyp.

&8 Ax. 5
of 4_
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For, if poflible, let the tri- C
angle BCD be to the triangle
ACD, not as BD to AD, but
as fome other line ED, greater
than BD, is to AD.

Let AN be a part, or mea- E . .
fureof AD, lefsthan BE¢,and TB D N A
let DF be that multiple of AN
which lealt exceeds DB ; allo let CE and CF be
drawn. [t is manifeft that the point F falls between
B and E, becaufe (dy Hyp.) BF is lefs than AN,
and AN lefs than BE. Moreover, the ratio of
FCD to ACD is the fame as that of FD to AD
(by the precedent.) But the ratio of BCD to ACD
~ (or of ED to AD¥) is " the ratio of FD to ADs,
or of FCD to ACD; and confequently BCD —
FCD*; which is smptyfﬂel by the fame argu-
ment it will appear, that the trmngie BCD cannot
fbe to the triangle: ACD, as a line, lefs than BD is
to AD. Thercfure BCD: ACD 3 ::BD» AD.

If this Scholium [hould appear difficult to the
Learner, it may not be amifs to omit it intirely 5 fince
it 1s only put down for the [ake of thofe who may be
Jerupuious abous the bufinefs of incommenfurables; to
whom it may not be inproper to obferve, that nothing
amore is taken for granted berein, than what is ef-

feéled by means of the firft Lemma in the 8th book 5

which being demonfirated from axioms, and one fmgf:
theorem in the firft book, is referred to bere, though
not given till bereafter, for reafons already binted at,
in this note,

THEO-
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THEOREM VIIL

Triangles (ABC, DEF) flanding upon equal bafes
(AB, DE) are to one another, in the [ame ratic as
their altitudes (CH, FL.)

F
Al H BB i)

Let BP be perpendicular to AB, and equal to
CH ; in which let there be taken BQ = FI, and

let AP and AQ be drawn.
The triangle ABP is = ABC¥, and ABQ = Cor."2,

DEF*; but ABP (ABC): ABQ {DEF)::'BP, °"*
(HC) : BQ (FI). -

THEOREM IX

If, parallel to the bafes of any two parallelograms
(AC, EG), two lines (PQ, MN) be drawn, fo as to
cut the fides proportionally (AP : AD : : EM: EH),
then will thofe parallelograms and their correfpond-
ing parts (AQ, EN) be alfo proportionals.

For, AQ: AC p C
S SR B T H G
EM:EH"::EN P QJ}‘I N

F

: EG:™; and there-

fore,byalternation,
AQ:EN:: AC A L opl—
s EGS, §2 e
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THEOREM X.

If four lines are proportionai (AB : CD::DE ¢
BF), the reflangle (AF) under the two extremes will
be equal to the reciangle (CR) under the two means.

And, if the redlangles under the extremes and means of

Sfour given lines (AB, CD, DE, BF) e equal, then
are thofe four lines proporiional.

In DE let DG be taken = BF, and let GH,
parallel to DC, be drawn.

1, Hyp. AF:CG

e "

py. 4 cisABEBLDR: DF i G
aHyp. :BF%::DE:DG" '
*A%.14. . CE+ CG?; there- [

fore, the cunfequ»:nts A BcCp D

of .the firlt and laft

of thefe equal ratios being the fame quantity CG,
s Ax. 3. the two anteczdents AF and CE muft be equal °.
¢ Ax.z.4. 2+ Hyp. AB:CD:: AF:CG?::CE:CG"::

DE :DG* (BF.)

SACHH © L.-T UM,

From the fame demonftration, and fcheme, it
will appear, that the two antecedents of four pro-
portional lines (AB, CD, DE, BF) are in the fame
ratio to each other, as the two confequents: for,
if in DC there be taken DP = BF, and PQ be

t 5, 4 drawn parallﬂl to DE ; then AB: DE s PR

LB PE €D = PD (PE), |

THEQ-

B i b e = Bl o B B i, I T e i et S L

NS S S R
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THEOREM XL

T e redlangles under the correfponding lines, of twa
ranks of prapar:fanaf.r, are themfelves propaﬁfamzs’.r.
(Lfay, if AB:BC::CD : DH, and BF : BG :
DH : DI, then w:ﬁ'a‘be redlang. AF : reflang, BM :

. CH:red. DQ).

For, in BG and DI (produced if neceflary) let
-there be taken BF = BF, DH = DH, and let

& M o B
R P T o b
A B R o C 2t ‘D E IS

FP be parallel to BC, and HN to DE : then AF
$BO: LABGBE Ve  CDYVDE 22 2 CH . DN ??4
whence (alternately) AF : CH : : PB : DN, a-.nd S

fo likewile is BM to DQ ® whence (agam &y rz.e’r.er- 9+ 40
nation) AF : BM :: CH : DQ

COROLLARY 1

Hence, the Iquares of four proportional lines,
are themiclves proporticnal,

COROLLARY II.

Hence alfo, the fides of four proportional [quares .
(AB=, BC?, CD*, DE*®) will be proportional. For,
let the line RS be taken fuch, that, AB : BC ; :
CD: R84 thenl fince AB*: BC*::CD? s RS* (%7, 4
Corol. 3.) and AB*: BC*: : CD*: DE? &y fup-. Cm,*;

pofition) : thence will ® RS* = DE*; therefore RS of¢.,
= DE, and confequently"AB : BC::CD: DE 4 % Ax 1.4,

THEO-
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THEOREM XIL

A line (BE) drawn parallel to one fide (CD) of a
triangle (ACD) divides the other two fides propor=
tionally. (1fay, AB: AC:: AE: AD, AB: BC
.. AE : ED, and AC: BC:: AD : ED).

-

T.et AB be to AC, as
any one number (3)1s
to anv other number #
(5), or, which 1is the
fame, let AB contain 7
(3)fuch equalparts where-
of AC contains 7 (5).
Then, if from the points
of divifion, lines be drawn
parallel to the fide CD, they will alfo divide AE
and AD into the like numbers of equal parts S,
therefore AE is to AD, as the number of -equal
parts in AE to the number of equal parts in AD,
or as the number of equal parts in AB to the
number of equal parts of AC, that is, as AB
to ACf. In the fame manner, AE is to ED, as
the number of partsin AE to the number of parts
in ED, or as the number of parts in AB to the
number of partsin BC, that is, as AB to BC. Alfo,
in the fame manner, AC : BC:: AD : ED.

The fame otherwife.

Draw CE and DB. Then will the triangles BEC
and EBD be equal to each otherf; whence, by

10 2. 2. gdding BEA to both, AEC will be allo=ABD &,
B AX, 41 :

But,

e i e P

i -

- ..1- o e il

B SR W S T SR -
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But, AB: AC :: triang.
AEB : rtriangle AEC™"
(ABD):: AE: AD"; and
AB:BC:: triang, AEB :
triabgle ' CEE " (DEB)%¢ :
AE : ED. ,

C

COROLLARY.,.

Hence a right-line, which divides two fides of
a triangle proportionally, is parallel to the remain-
ing fide: becaufe AD is divided in the fame ratio
with AC, when BE is parallel to CD ; but noti Ax. 2.1,
elfe’, and 5. 4.
SCHOLIU M.

From this laft Thecrem, whatever relates to the
compolfition and divifion of ratios, when thefe re-
{pect the comparifon of right-lines will appear
exceedingly obvious.

For,lzt AB, A B o P
BC, AD, and B & |
DE, be pro- A : : 133
portionals:and D
from any point
A, let two in-
definite right- . ‘
ies AP, RQ - n® ) e i
be drawn ; in which take AB — AB, BC = BC,

AD = AD, and DE = DE ; alfo take Bc = BC,
De = DE, and let BD, CE, and ¢z be drawn.

Since AB: BC:: AD: DE ¥, thence is EC pa- « Hyp.
rallel to DB'; and fo, Be being = BC, and De! Cor. of
=DE, ez will alfo be parallel to DB, Therefore, e

AC (AB4BC): AB: : AE (AD+DE) : AD; 5,7 5.

AC (AB+BC) :BC: GﬂE (AD<4DE): DE ;

Ac
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Ac (AB—BC): AB:: Ae (AD—DE): AD;
Ac (AB—BC):BC:: Ae (AD —DE) : DE;

And, AC (AB 4+ BC): Ac (AB—BC):: AE
(AD + DE) : A¢ (AD —DE),

THEOREM XIIL
The parts (DE, FG) of the two fides of a triangle,

intercepted by right-lines (DF, EG) drawn parallel

©12. 4.

PR

1AX, 7.4

to the bafe (BC), are in the fame ratio with the
wholes. (DE : FG:: AB : AC).

For, DF and EG A
being parallel to each
other, thence will DE 5 P

« ARV MFG . BG og
therefore, by (alterna-
tion) DE : FG: : AE: B G
AG?®. In the fame man- / x
ner, AE + AG : : AB: B

AC °, Confequently DE B
2 FG o AB D ACH,

COROLLARY.

Hence, if ever fo many lines be drawn parallel
to the bafe, curting the {ides of a triangle, every
two correfponding fegments will have the fame

ratio 4

-

THEOREM XIV.

In triangles (ABC, abc) mutually equiangular the
correfponding fides (AB, ab, AC, ac) containing the
equal angles (A, a) are proportional.

In
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In AB and AC (produced if neceflary) tak
AD =4, and AE = 4¢, and join D, E.

The tri- T
angles abc o
and ADE, /\
g e,

= AE, and the angle 4 = A, have alfo the angle
ADE* = gbc = ABC*; whence DE will be pa-’ A% 1o.
rallel to BC*; and therefore AB: AD (ad) : :, I;;,p_

AC: AE"Y (ac). t Cor. to
E* ll
The [fame otherwife. E2: 4,
Becaufe AB x AC = ab x AC ", therefore is AB¥ 24. 3.
s AT ar. X 10. 4.

COROLLARY.

Hence equiangular triangles are fimilar to each

other”, ¥ Def, 14,

£ 4.
THEOREM XV. &,
If two triangles (ABC, abc) bave one angle (BRAC)
in the one, equal to one angle (bac) in the other, and
the fides (AB, ab, AC, ac) about thofe angles pra-
portional 5 then are the iriangles equiangular.

In AB and AC, take AD =45, and AE = ac,
and let DE be drawn,

/C\

| b Hiyll
A D B a ‘6 ¥ Cc:;rl!} to
Since AB:ab (AD) :: AC: ac (AEY), there- 12 4.

fore is DE parallel to BC ¢; whence the angle B= t:r;'.l.

ALt =5, aud the angle C'= AED = ¢ ¢ a% 1o,
G 2 THECO- 3,
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THEGREM XVIL

If two triangles (ABC. abc) bave one angle (A)
in the one, equal to one angle (a) in the other, and the
Jfides (AB, ab, CB, cb) about cither of the other
angles proportional; them will the triangles be equi=
angular, provided thefe laft angles (B, b) be, cither,
both lefs, or both greater, than right-angles.

In AB, let AD be taken = ¢b, and let DE be
drawn parallel to BC, meeting AC in E.

Then will E C
the triangles . . N
ABC, and '
ADE, . ‘be T3 it

: D B 2 b
equiangu-
lar f ; therefore, CB : ED:: AB: ADs:: AB:

ab®:: CB:¢b's and confequently ED = ¢b* :

whence the triangles bc and ADE (having ab =

"AD, ¢4 =ED, and a = A) will be equal in all

k Ax. 4.4. refpects !, provided the angles ab¢ and ABC ( =

137, 1

ADL) are either both lefs, or both greater than
right-angles. Therefore, fince the latter of thefe
equal triangles (abe, ADE)is equiangular to ABC,

&

the propolition 1s manifelt. :

THEOREM, XVIL

ff two triangles (ABC, abc) bave all their fides,
re/pecdively proportional (AC : ac :: AB:ab:: CB
: cb) then are thofe triangles equiangular.

In AC and AB, take AE =ac, and AD =
ab, and join E, D.

Since
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Since AC
: AE (ac)::
AB : AD W
{gg}} Ty the E} P
triangles

ABC, ADE are equiangular *; hénce CB:ED: ;158
AB: AD° (ab) :: CB: ¢&™; and confequently ® 14. 4
ED = 6 ?: therefore the triangles abc, ADE,” Ax.4.4.
being mutually equilateral, they muft alfo be mu-

tually equiangular 9; and confequently abc, as wella 14. 1.
as ADE, equiangular to ABC.

ITHEOREM: XVIII.

A right-line (CD) bifefiing any angle (ACB) of
g triangle (ABC) divides the oppofite fide (AB) into
rwo fegments (AD, BD). baving the [ame ratio with
tbe fides (AC, CB) containing that angle.

Let AE and BF be
perpendicular to CDE.
Then the triangles ACE,
CBF, and ADE, BDF
being, refpettively, equi-
angular %, it will be AD :
BE) 2 AE . BF * 2 AC
st RES

THEOREM: XPg

A perpendicular (CD) let fall from the right- angle
(C) upon the hypothenufe (AB) of a right-angled
triangle (ABC) will be a mean propertional between
1he two fegments (AD, BD) of the hypothenufe : and
each of ihe fides containing the right angle, will be a
mean proporiional between its adjacent fegment, and
the whole bypotbenyfe, |

G 3 For
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Laxo,

LA
to 10. I.

¥ 13, 3.

¥ 10. 4.

Elements of Geometry.

For fince the angle BDC
iIs = BCA %, and B common,
the triangles BDC, BCA are
equiangular *: after the fame
manner ADC and ABC ap. AT
pear to be equiangular,

L

Therefore, by Theor. XIV.
BD:CD::CDh: AD
AB: BC::BC:BD
AB:AC:: AC:AD,

COROLLARY.

Becaufe the angle in a femi-circle is a right-
angle ™, it follows, that, if from any point C, in
the periphery of a femi-circle ACB, a perpendi-
cular CD be let fall upon the diameter AB, and
from the fame point C, to the extremities of that
diameter, two chords CA, CB be drawn ; the fquare
of that perpendicular will be equal to a re@angle
under the two fegments of the diameter; and
the fquare of each chord, equal to a retangle
under the whole diameter and its adjacent fegment :
for, becaufe of the above proportions, we have
CD* =BDxAD, BC* = AB ¥ BD, and AC* =
*tAB X AD, B!

THEOREM. XX,

If, in fimilar triangles (ABC, EFG) from any
two equal angles (ACB, EGF) to the oppofite fides,
two right lines (CD, GH) be drawn, making equal
angles with the bomologous fides (GB, GF), thofe
right-lines will bave the fame ratio as the fides (AB,

EF) on which they fall, and will alfo divide thofe
Jides propartionally,

For,

E S W

e e o pme—
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/C\ |
AN
A D s H

For, the triangles ADC, EHG, and BDC, FHG
(as well as the wholes ABC, EFG) being equi-

angular 7,

¥ Hyp.

thence is* AB: EF (: : AC: EG)::CD: GH; '+ 4

and AD : BFL (:: DC 1 HG): : BR cFH, 37 4%

THEOREM XXI.

If in two triangles (ABC, ABD) baving one lide
(AB) comiman to both, from any point H in that fide,
two lines (HE, HG) refpediively parallel to 1wo
contiguous fides (BC, BD) be drawn, to terminate
in the two remaining fides (AC, AD); thofe lines
(HE, HG) will bave the fame ratio as the fides
(BC, BD) 10 which they arc parallel.

For, AB: AH:: BC
: HF* and AB: AH ::
BD : HG *; therefore,
by equality, BC : HF
: : BD : HG ; whence,
alternately, BC : BD : ;
FHELHG A

COROLLARY,
Hence, if BC = BD, then alfo will HF = HG.

Gz T HEO-
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Elements of Geometry,

THEOREM :XXII
| If, at any two points (F, G) in two lines (AB,

- AC) meeting cach other, two perpendiculars (FD,

¢ Hyp.

% 19 3.

& bl 9.
fCor. 1.
to 10. 1.

© 140 4o

GD) be ereiied, fo as to meet each other y the diflance
(AD) of their concourfe from that of the propofed lines,
will be to the diftance (FG) of the two points them-
Jetves, in the ratio of one of the faid lines (AC)
0. .a perpendicular (CE) falling from the extreme
thereof upon the other (AB), |

Let FD be produced to meet AC in H,

Since the angles AFD | G
and AGD a%c right- E I/
ones *, the circumfe- G
rence of a circle will
pafs thro’ all the four D
points A, F, D, G¢; -
and fo the angles GFD, ¢ :
GAD, ftanding on the A*
fame fubtenfe GD, will
be equal ® 5 and confequently the- triangles AHD,
FHG equiangular ©: therefore AD : FG :: AH :
BE e Ai ICEL

e

THEOREM XXIIL

If thro’ any point (P) . in a triangle (ABC) three
vighi-lines (AE, BF, CD) be drawn, from the an-
gular points to cui the oppofite fides, the fegments
(AD, BD) of any one fide (AB) will be to each
other, as the refiangles (AF % CE, BE x CF ) under
the fegments of the other fides taken alternately.

Let




Book the Fourth. 80

Let GCH be parallel ‘G c i
to AB, and let AE and
BF be produced to meet
it in H and G.

It is manifeft, that the
triangles FBA, FCG3

EﬂB, EHC, ﬂPB, Al D
GPH, are equiangular”: - ?;:_‘ﬂlﬂ 3¢
Therefore AE :CF:: AB: CG', f 14, 4.
CE :BE::CH: AB%
Whence AFXCE:CF xBE::CHxAB:CG,
2 AB*3: CH~CG 'y bot!CH : CG-:: AD : BD»,, "

therefore, by equality, AF X CE : CF X BE : :n'20. P

AD : BD. .

COROLLARY.

Hence, if AD = BD, then alfo will AF x CE
— CF x BE, and therefore AF : CF : : BE: CE"" 10. 4.

THEOREM XXIV.

Equiangular triangles (ABC, EFG) are in pros
portion to one another, as the [guares (AK, EM) of
their bhomologous fides. '

Upon ABand c G
EF let fall the
perpendiculars A B E AN
CD and GH, D “H

and let the dia-
gonals B, FL
be drawn. 1 K ¥ M

Becaufe ABC: ABI::CD: Al (AB)°:: GH?:°8. 4.
EF (EL):: EFG: EFL °; therefore, alternately,? 0. 4.
ABC:EFG:: ABl : EFL%;: AK:EM"~ %4

r Cor, 2.

THE O- toz, 2
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THEOREM XXV.

Triangles (ABC, DEF ) baving one angle (A) in
the one, equal to one angle (D) in the other, are in
the ratio of the reflangles (ACx AB, DF XDE) con-
Yained under the fides including the equal angles,

P D Q E

Upon AB and DE, let fall the perpendiculars

CP and PO, ThanCxAB:CPxAB::AC: :
* 7. 4 CP’::DF:FQ'::DFKDE:FQxDE’;
:Et;r"*'l whence, alternately, AC x AB : DF xDE :: CP
4r " xAB: FQxDE: triangle ABC : : triangle DEF ¥,

TN AR LR R e

W W WO, L

COROLLARY.

. Hence, if the re@angles of the fides containin
the equal angles, be equal, or the fides themlelves

¥ 10. 4. reciprocally proportional *, the triangles will be
equal. The fame alfo holds in parallelograms,
being the doubles of fuch triangles,

T HE O-
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THEOREM XXVIL

Al fimilar right-iined figures (ABCDE, FGHIK)
are in proportion ta one anotber as the fquares of their
bomalogous fides (AB, FG).

D

A B U G

Draw the right-lines BE, BD, GK, GI.

Becaufe A—F, and AB: AE:: FG: FK?%, thexDef. 14.
triangles BAE, GFK are equiangular” ; therefore, ©f 4-
if from AED — FK1~*, there be taken AEB — 715 4
FKG, the remainders BED, GKI will alfo be equal®, * Ax. 5.
Wherefore, fince ED: KI (: : EA : KF*):: EB of 1.

: KG ™, the triangles EBD, KGI are likewife equi-" 14. 4.
angular?. In the fame manner it will appear, that
DBC, IGH are alfo equiangular. |

Therefore, becaufe ABE: GFK (: : * BE*: GK*)* 24. 4.
::BED : GKIL (::*BD*: GI*) :: * BDC : GIH,
it is evident, that the fum of all the antecedents
(ABCDE) is to the fum of all the conlequents
(FGHIK) as the firft antecedent ABE is to the
firlt confequent. GFK *, or as AB* to * FG* ; which® Cor- ©
was to be demonfirated. 6. 4.

A H B Q-
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THEOREM XXVIL

If three right-lines (AB, DE, PQ) are propor-
tional, the right-lined figure (ABC) upon the firft,
will be in proportion to the fimilar, and fimilarly de-
Jeribed, figure (DEF) on the Jecond, as the firft line

(AB) 2o the third (PQ).
_ For, AB: PQ C
svs AR AR % F
e TPOSSEEDEY) - /\
“Hyp.  ABC:DEF - /\
of 4. X A B D ER . Q

COROLLARY.

Hence, fimilar right-lined figures, are in the
* Def. 7. duplicate ratio of their homologous fides

THEOREM XXVIII
If four right-lines (AB, CD, EF, GH) e pro-
portional, the right-lined figures deftribed upon them,

being like, and in like fort fituate, [ball alfo be pro-
portional (ABI : CDK : : EM : GO).
O
H

L M

ANA T8 vy

Al B C D I G

®26.4. For, ABI:CDK (::5 AB*: CD*::EF*: GH* %)

T HEO-
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THEOREM XXIX.

If upon the three fides of a right-angled triangle
(ABC) as many right-lined figures (CD, BE, BF)
like, and alike fituate, be deferibed, that (CD) upon
the bypothenufe (AC) will be equal to both the other
two (BE, BY') taken togetber. - e

| For, BE : BF s < nEE

: 'BC?; therefore (by com- C_p ! 26. 4,
pofition) BE + BF : BE (7
s+ AB* 4 BC* (= "AC*) dlali's s

: AB*:: CD : BE'; and
confequently BE 4 BF

= CD" D : P
J.ﬂ!. \ —@J

The End of the FourThH Book.



B L E -M:E N-T 8

F

GEOMETRY.

B:O O'K ‘ Vs
P RIQBL E M TL

ROM the greater |

(AB) of two unequal C D

lines (AB, CD) o
-eut off, or take away a
part (AE) equal to the A E B
éffer (CD).

From A as a center,

with a radius equal to

CD, let the circumference

*Poft. 3. of a circle be defcribed 2,
*Ax.z. cutting * AB in E ; and the thing is dones

PROBLEM'IL

4

At a given point (A) to make a line (AB) equal

{0 a given line (CD).

Draw

¥
-

il

e -
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c———-D Draw the indefinite
A— F line AF ©; from which € Poft. 1.
B take away AB=CD *;dl"“;d 2.

and the thing is done.

PROBLEM IIL

At a given point (A) in an infinite right-line (PQ)
to erelt a perpendicular.

In the line pro- ' N
pounded, take L B
two equal dil-
tances AC, and

ﬂD“; and from PR CF\ A D Sﬁ:;;i'
the centers Cf kel &. 1.
and Dg, with any oft. 1.

equal radii great-
er than AC (or AD), let two circles EMR and FNS
be defcribed; which will cut each other: and, if from
the point B of their interfe&tion, you draw BA,
the thing is done.

For let the points R, E, and F, S, be thofe
wherein the infinite line PQ interfelts the circums
terences of the two circles EMR and FNS " : thent Ax. 2,
AF being 2 FD* (or CR*) 2 AR *; and AS ' Hyp.
DS*® (or CE ) — AE", the point F falls within,
and the point S without the circle EMR ; and {o
the two circles cut each other!. If therefore, from ' Def. 11.
the point of interfection, BC and BD be drawn; E,: :
then the triangle CBD being ifofceles ™, the angles T Der
BCD, BDC at the bafe thereof, will be equal®; 33.0f1.
and fo, CA being = AD¥, and CB = BD », the" 04/ o#

angle CAB is allo = DAB-, ; éﬂ.;{::

P Ax. 10.

Otherwife.
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Elements of Geometry.

Otberwife.

From any point
D above the line
PQ, as a center,
thro’ the given
point A, let the P
circumference of
a circle be de-

. 4 Poft. 3. fcribed 4, interfeét-

* Cor. to

4- 3.
¢ Poft. 1.

f13. 3.

ing PQ in E 75 draw the diameter EDB, and alfo
BA ®; then the angle EAB, being in the {emi-
circle EAB*, is a right-angle; which was to be
done.

COROLLARY.

From the former of thefe conftruétions it ap-
pears, that, if from any two points, with two
equal radii, greater, each, than half the diftance ot
thofe points, two circles be defcribed; ; thofe circles
will cut each other.

PROBLEM IV.

From a given point (A) upon an infinite right-line
(PQ) to let fall a perpendicular (AB)

‘From the given point A
A, as a center, let an /\
arch of a circle be de- |
{cribed, fo as to pafs be- \ /
Jow PQ and interfect it — z
in M a?dN from which PD : _B/IKQ
points, with any equal
radii, greater than half

MN, let two other
arches be alfo defcribed,
and from the point of

their
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their interfe@ion C, let the right-line CBA be
drawn ; which will be perpendicular to PQ,

For, let AM, AN, CM, and CN be drawn;
then AM being = AN %, and MC = NC ¥, the " Def. 33.
angle AMB 1. = ANB % 'and \ CMB —€NB *; [?If I,
and confequently AMC = ANC” : whence, (as ../ [.r
AM = AN, and MC = NC) the triangles AMC, 33.4.
ANC are equal in all refpects # 5 and fo, the angle * 04/ on
MAB being = NAB, the angle MBA is likewife | ii :::.

— NBA?= T ey

The fame otherwife.
" From any point C NAT

in the line PQ, as a
center, let the circum- _ /
ference of a circle p__C Bl \D 3

be defcribed thro’ the

given _pr}inl' A % i:?' *Polkl 3.
terfecting PQ in D %3 m 1L b Condtr.
and from the center E

D, with a radius equal

to the diftance of the points A and D, let another
circle mEn be alfo deferibed, cutting the former
ADI:I'. in E; then draw ABE for the perpendicular
required.

For, conceiving right-lines to be drawn from
Cand D, to A and E, the triangles ACE, ADE
will be both of them ifofceles *; and fo the demon-
ftration is the fame with that of the preceding
method.

PROBLEM V.,

To bifed, or divide into two equal parts, any given
right lined angle (PAQ),

H In
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In the lines contain-

ing the given angle,

¢1, 5. fake’AC = AD “{and

upon the centers C and

D, with any equal ra-

| dii, let two circles be

¢ Poft, 3. defcribed?, fo as to

interfe&t each other;

and from the point of
interfection E draw EA, and the f,éfﬂg is done.

¢Poft. 1. For, let CD, CE, and DE be drawn*; then,

: C“d"%r‘t. the triangles ACD and ECD being both ifofceles £,

a;;ﬂ]ftl:thﬂ angle ACD will be = ADC, and ECD =

t Ax. 10.EDC®; and confequently the whole angle ACE

b Ax. 4. = the whole angle ADE *: whence (AC being

= AD, and EC = ED), the angle CAE is allo
= the angle DAE®,

PROBLEM VI
To bifeil a given right-line (AB).

From the extremes
A, B, of the given line,
with equal radn, de-
{cribe two circles, fo as
i Poft. 3. to cut each other *; and
and Cor. between the two points
to 3. of ofinterfe@ion draw CD,
5 cutting AB in E; and D
the thing i3 done.
x Conftr.  For, if AC, AD, BC and BD be drawn, the
andDef- trignoles ACB, ADB being ifofceles ¥, thence is
33,21 the angle CAB = CBA, and DAB =DBA';
Ax. 10. and confequently CAD = CBD ™: whence the
m Ax. 4 triangles ACD ard BCD are equal in all refpects ";
® Ax.10.and fo the angle ACE being = BCE, AC = BC,
and CE common, thenceis AE alfo = BE ".
COROL- .
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COROLLARY.
Hence, it is manifeft, that CD not only bifeés
AB, but is alfo perpendicular to it ?,

PROBLEM VI

Lirom a given point (A ) in a given right-line {AQ)
to draw a line (AK) which fbail make with the former
an angle, equal to an angle given (HHBG).

In BG and AQ take two

equal diftances BC,AD °; and .| H
at C and D ere&t the two b
perpendiculars C[ and DF to

- BG and AQ?; and in DF . 1< G
take DE equal to the parcCD E Tk
of the former, intercepred by %

the Imes containing the given
angle HBG %; then thro’ E
draw AEK *, and the thing is TF i e
done *, :

S C.H OL T 15 M.

Having, in the feven preceding problems,effected
and demonftrated, &y means of the axioms only, what-
ever was aflumed in the fourth poltulate, as darely
poffible; we are now authorized, by the moft rigid
laws of geometrical reafoning, to make ufe of any
theorem or conclufion, whatfoever, derived in the
preceding books, in virtue of thofe aflumptions,
by which the procefs and refult can be rendered the
moft obviousand eligible.— Accordingly, by having
recourfe here to Theorem X|[V. of the firft book,
we fhall be able to arrive ar a conftruction of the
laft problem, better adapted to practice than that
above laid down.

H 2 From

99

D Ax. 10,
and Def,
8.0of 1,
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From the centers A and H
B, at any equal diftances ¢
AD, BF, let two arcs of
circles, FC, DR, be de-

¢ Pott. 3, fcribed !, interfecting the G
iven lines in D, F, and 2 i
C; alfo from D, with a F‘*\E = K
radius equal to the diftance L

of the points F, C, let
anothercirculararchpEr be
defcribed, cutting the for-
mer DR, n E 3 t%ﬁ-n draw £ o
AEK, and the thing is done.

For, conceiving right-lines to be drawn from
F to C, and from D to E, the triangles BFC and
ADE will be equilateral to each other, &y confiruc-

®14. 1 tion, and therefore equiangular alfo,

PROBLEM VIIL
To defcribe a triangle, whofe three fides fhall be

equal to three given lines (A, B, C) ; provided any two
of them, taken together, be greater than the third,

B C

¥ 2.5, Make FG = B ™, and from the centers F and
G, with the intervals, or diftances A and C, let
WO
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two circles DKL, HKL be defcribed * ; which * Pott. 3.
will cut each other ; and, if from the point of
interfection K, the lines KF and KG be drawn,
then will FKG be the triangle required.

For, the diftance FG of the two centers, is lefs
than the fum of the radii A and C”; and greater
than their difference (becaufe B4-A being o C 2 : ¥ Ax. 6.1,
thence is B - C — A 7) ; therefore the two circles * HyP-
* cut each other *: confequently FK = A, FG = B, h%}?_'m
and GK =Cb, | of 1,

PROBLEM IX,

Through a given point (A), to draw a right-line
(RS) paraliel to a given right-line (PQ).

At .any point B in m
the given line, make R A E}.?S

BCequal to the diftance P
of the points A and :
B¢: and from the cen- €3z,

ters A and C, with an - =g

interval equal to CB, let P: L .

2 circles be defcribed ¢, 4 Pott. 3.
then thro’ their interfetion D, let the line RS be
drawn, and the thing is done.

Let AB, and AC be drawn®. Tt is plain thate pyg ..
the two circles will cut each other !, becaufe therg_ _
fum of their femi-diameters ( = AB + BC 8) is ¢ Confir.
greater than AC " : therefore, if ADS and CD be s 19. 1.
alfo drawn, then will AB=BC =CD = DA, i ax :.
and therefore RS will be parallel to PQ - o

The fame otherwife.
From A, to any point in PQ, draw AB }; make, Poft. 1

the angle SAB = PBA™; and then AS will bewy. ¢,
parallel to PQ ™, it

H 2 P R O-
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Elements of Geometry.

PROBLEM X.
Upon a given line (AB) to deferibe a. fyuare (ABCD).

Make AC perpendicular, D C
and equal to AB°;and from | —~
the centers B and C, let two
circles, with the radius AB
or AC, be defcribed P, inter-
iecting each other 9 in D
from which point draw DB A
and DC, and the thing is b
done.

For, all the four fides being equal, by conftruc-
tion, the figure is a parallelogram * 5 and therefore
the angle A being a right-angle®, the cther three
will be all right-angles*, and ACDB a fquare *.

SCHOLIUM.

By the fame method a rectangle may be de-
feribed, the fides thereof being given.

PROBLEM' XI.

To divide a given line (AB) into any propofed num=
ber of equal parts.

From the extremes C=P
of the given line
AB, draw two inde-
finite lines AP, BQ
parallel to each o-
therv; in each of A
which lines let there
be taken as many
equal diftances AM,
MN, NO, OC; Bo, Q
on, nm, ma, (of any

R P e L

il g
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length at pleafure) as you would have AB divided
into ¥; then draw Mm, N#, O, interfecting AB™ 1. 5-
in E, F, G, and the thing is done.

For, MN and m» being equal and parallel %,
FN will be parallel to EM7; and in the fame
manner will GO be parallel to FN : therefore,
AM, MN, NO, &. being all equal *, AE, EF,” <o 1-
FG, will likewife be equal % s

x Conftr.
Y 26.1.

The [ame otberwife.

In any rightline
AP, drawn from A,
take as many equal
diftances (AM,MN,
NQO) wanting one,
as you would have
AB divided into;
then, having drawn
the indefinite line
OBQ, in it take an
equal number of parts or diftances OB, BC, CD,
each of the length of OB, and let DN be drawn,
cucting AB in G ; make GF, FE, each equal to
BG, and the thing is done. g

For, if AD and BN be drawn, they will be
parallel %, becaufe OA:ON:: 0D :QBP®); and Ca e
fo, the triangles BNG, ADG, being equiangular ©,, i
it will be BG: AG :: BN:AD?::ON : 0A %<3, apd
Therefore BG is the {ame part of AG, as ONis 7-I.
of OA. 4 140 4o

PROBLEM XIL

To two given lines (AB, BC) to find a third pre-
portional, |

H 4 From
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Eg‘. 5-

k12 4.

Elements of  Geometry,

From any point
A, draw two in-
definite lines AP,
AQ, in which
take A/ — AB,
Ac = ‘BC; riand
oD = BC ®; draw
be, and parallel
to ¢, draw DE g,

cutting AQ in E then ¢E will be the third

proportional required : for, A5 (AB) : Ac (BC)
:: 0D (BC) : cE B,

PROBLEM XIIL

To three given lines (AB, AC, BD) #o find a
JSourth proportional,

Having drawn AP
and AQ, as in the A B E_R
preceding problem, A C

take therein A3 = B
AB, Ac= AC, and
6D = BD i; draw
be, and parallel to
it, draw DE, inter- A G D P
fe&ting AQ in E;
then is cE tke fourth proportional required. -
For, Ab(AB): Ac(AC): : 4D (BD) : cE™.

PROBLEM XIV.

Between two given lines (AB, BC) to find a meas
proportional,

In

i B oo kit .
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In the indefiniteline
AP, take Al = AB, A———B
and /C = BC®; bi- B C

LI &7
fet AC in Ee¢, and D *6. 5.
from the center E, at
the diftance of EA,
or EC, let a femi- _
circle ADC be de- P c B L A
fcribed ?; ere&t 2D P Pott. 3.

perpendicular to AC 9, cutting the circumference? 3. 5.
in D; then will 2D be the mean-proportional re-
quired.
For, A5 (AB): 46D :: 2D : 5C (BC)". ' 19. 4.
and i’
Corol.

PROBLEM XV:

To divide a given line (AC) into two parts (AB,
BC) baving the fame proportion as two given lines
(AM, AN).

From A drawAD,making A M
any angle with AB; in which N7 n. N
take Am=AM, and mn = . B0
MN *; draw #C, and mB X -
parallel thereto ¢, meeting t0.5e
ACin B. Then will AB: -

BC:: Am(AM): mn* (MN). D1z, 4,
HWhich was to be done. %

PROBLEM XVL

To add a line (BC) to a line given (AB), fo that
the whole compounded line (AC) fball be in proportion
Yo the part added, as one given line (AN) is to ane-
ther (MN),

From
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From A draw AD, making A N
any angle with BA ; in which '
take Az=AN ", andmn = M——N
NM ; draw mB, and #C pa- A C

rallel thereto *, meeting AB 2
produced, in C; then will \
7

7

AC:BC:: An (AN) : mn?
(MN). Which was to e
doneé.

5D

PROBLEM XVIL

To divide a given line (AB) into twe fuch parts
(AC, BC) that the refiangle contained under them,
Jbail be equal to the reiiangle under two given lines
(PM, MN); previded that the given reiiangle is not
greater than the [quare of balf the line (AB) to be
di‘ﬂfiﬂdai v

Between PM B.Dih R

and MN take (9
a mean-propor-

=14 50

2 6. 5.

9. 5.
< Hyp.

tional MQ *; —
make BD per- €1 Q. LB B N
pendicular to AB, and equal to MQ ; bife&t AB
in O * from which, as a center, letr a femi-circle
be defcribed; and draw DE parallel to BA®,
which (becaufe BD is lefs than the radius©) will
meet the circle in fome peint” E; from which,
upon AB lct fall the perpendicular EC: fo fhall

¢Cor.to AC w BC =*EC* = DB* = QMY S PM X

1G. 4.
L H?P-

MN &, #bichk was to be done.

and ro.

4

PROBLEM XVIIL
To a given line (AB) to add anotier line (BC),
Juch, that the reflangle under the whole compounded
line (AC) and the part added, fball be equal to a

reciangle under two given lines (PM, MN).
Between

it B o e e i -

SR RGO
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Between PM and MN . D

take a mean proportio- sead T
nal RS f; make ED R f 14 5.

erpendicular to AB S8, . £ 3. 5.
Endpequal to RS * ; bifect REIL. \ I:E -
AB in O}, draw OD, A G el s
and take OC = OD*": p M N
fo thall ACxBC =PM Il IS8

X MN, as was to be done.

For, if thro® A and B, from the center O, the
circumference of a circle be defcribed, cutting
DO in E, and E, C be joined ; then, the triangles
OCE, ODB (having OE =08, OC=0D"%, % Conftr.
and the angle EOB common) will be equal in all
refpects'; and fo, EC being a ™tangent to the'Ax. 10.
circle in E, we have " AC X BC = CE* =~ BD‘T%uf_' -
=R =DM s MNP R :

2279,
b ey T
P 10. 4o

PROBLEM XIX.

To divide a given line (BH) into twa fuch parts,
that the fquare of the one (BC) fball be equal to the

reslangle under the other (CH) and a fecond given
fine (AB). -

Taking BA in the fame D
ftraitline withBH,between
them let a mean propor-
tional BD be found 9; bi-
feét ABin O " Draw OD, |
and make OC = 0D ; fo .
thall BC* = CH x AB,
as was to be done,

For, by the demonftration of the precedent,

AC x BC (=CE* = BD*) = ABxBH; from each
of which rtaking away AB x BC, there remains
SC*=AB X CH", ¢ " g.2.and

CORG - AX. 5. 1s
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COROLLARY.

If AB—BH, then will BC*=BH x CH; in
which cafe the line BH is faid to be divided ac-
cording to extreme and mean-proportion.

PROBLEM XX.

In a given circle, to apply, or infcribe a line (AB)
equal to a given line (CE), lefs than the diameter of
2he circle.

: _ £ R
From any point A in i

the circumference, with
the radius CE, let a circu-
¢ Poft. 3. lar arch mmn be defcribed *, A
cutting the given circle in
:% 3. B"; then draw AB, and

ef. 33. the thing is done ™.
of 1. 4 4

PROBLEM XXI.

To draw a tangent to a given circle (C) thro’ a
given point (A).

B A D A [.-f—m:}lj D

NEE
<

Casz I. If the given point be in the circum-

ference ; then, to the center C, draw AC, and

y perpendicular to ACY draw BAD; which will
3. 5 : 4

35 30 touch the circle at A =,

Case 1,

e L oot . Wl e e i

R P L P S L S
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Case II. If the point A be without the circum-
ference ; then draw AC, which bifect in P *; and b 6. s.
from th: center P, at the diftance of AP, or CP,
let a {emi-circle AEC be defcribed ¢, cutting the © Pof. 3.
given circle in E¢; then draw AED, which will® 9. .
be the tangent required ®; becaule (CE bcmg 6. 3.
drawn) AEC is a right-angle & f13.3.

PROBLEM XXII.

Upon a given line (PQ) to defcribe a fegment of a
circle (PEQ) 1o contain an angle (E) equal to a given -
angle (BAC).

Make AD perpen-
dicular to AB¢; allo
make PQO,andQPO, £ 3.5,
each, equal to DAC* /\
( the difference be- B
tween the given angle
and a right one); O
then upon the point
of interfetion O, as
a center, at the dif-
tance of OP (or OQ), let a circle be defcribed ;
and the thing is dons,

For the angle E = right-angle 4+~ QPO =1 16. 3.
PDAB - DAC* = BAC.  Conftr.

SCHOLIUM.

In the fame manner the problem may be con-
firuted, when the given angle is acute; only the
lines PO, QO muft then be drawn on the other

fide of (PQ) as is manifeft from the 16th theorem
of the 3d book.

P R O-
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PROBLEM XXIIL
 About a given triangle (ABC) to deferibe a circle.

Let any two fides,

AB and AC, be bifec-

ted by two perpendi-

¥6.5. culars DF and EF %,
which will interfe@

each other in the center

1 Proof of (F) an the required

19. 3. cirele’; from whence

- the circle may be de-

fcribed, 1

k)

SCHOLIUM.

By the fame method, the circumference of a
circle may be defcribed thro’ any three given
points, not fituate in the fame right-line : alfo
from hence, the center of a circle may be found,
by having a fegment of the circle given.

4TI

PROBLEM XXIV,
o inferibe a circle in a given triangle (ABC).

Bifect any two c
of the angles, A
and B, by the
lines AD and
L BD ey meeting
each otherin D,
make DE per-
pendicular to
° frsu BB 23 theny THPSA I D) - B
from the center
D, at the diftance of DE, a circle be defcribed,
it will touch all the fides of the triangle.

For,

& S LR S
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For, let DG and DF be perpendicular to AC
and BC?; then the triangles ADE, ADG, having? 4. 5.
two angles equal, each to each (by conftruction)
and AD common, will not only be equiangular %, 1 Cor, 4.
but allo have DE=DG"*. By the fame argument to 10. 1,
DE = DF; therefore the circumference of the ' !5+ 1.
circle alfo paffes through G and F * ; but it touches® Det. 33.
the fides of the triangle in thofe points ?, becaufe of 1.
G and F are right-angles " A
PROBLEM XXV,

In a given circle (AFB) to defiribe a triangle, equs-
angular to a given triangle (PQR).

From the center C,
draw the radii CA,
CE, CB, making the R
angles ACE and BCE /‘: C
equal, each to the 3
aggic R ; join A, B, o AXC e
- and make the angle -
ABF =Q v, and from
the point F, where BF cuts the circle, draw FA ;
{o fhall AFB be the triangle required.
For, ABF = Q <) == ACE =R * 3 and * Contftr,
confequently BAF =P =, Y 10. 34
and
Conftr.

z Cor. 1.
t0 10, I

T

PR O-
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PROBLEM XXYVI.

About a given circle (O), to deferibe a triangle,
equiangular to a given triangle (ABC).

S P ¢ LA b T e B . &

Produce out the fide AB both ways; and draw
the radii OP, OR, OQ, {o as to make the angle
ss.5.. POR = EBC, and POQ = DAC*; then draw
three right-lines to touch the circle in the points
b21.5. P, Q and R®, and the thing is done.

For, if PQ be drawn, the angles SQP and SPQ,

will be lefs than the two right-angles SQO and
‘a‘:l‘;";';'SPO “; and {fo PS and QS, not being parallels ¢,
d Cor. 2. they will meet each other ¢; therefore, as the like
to7. 1. may be inferred with regard to PT and RT, &,
and it js manifeft that the three tangents form a triangle
Cor-©oSTH. Now, POR + T being = two right-
¢ Cor 2. angles <= ABC 4 EBC', and POR = EBC&;
to11.1.thence will T = ABC: and, by the fame argu-
:Ea:';ﬂr ment, S = BAC; whence alfo H = C,

PROBLEM XXVII
In a circle given (ABCD) o infecrice a fquare,

Draw two diameters AC and BD perpendicular
to each other "3 then draw AB, BC, CD and DA ;

fo thall ABCD be a fquare infcribed in the circle.
For,

® 3.5

I ——
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For, the angles AOB, B
BOC, DOC and DOA
(as well as the fides OA,
OB, OC, OD, contain-
ing them) being equal i, i
thE oppolfite fﬁieg AB, & i\’;]};e}
BC, CD, DA will like- 33. 1.
wife be equal *: and the k Ax. 10
anglesABC,BCD,CDA, f L
DAB, are all of them
right-angles’, and there- | 113. 30

fore are equal,

SCHOLIU M.

If two other diameters ac, 4d be drawn (
prob. 5.) to bifect the angles AOB, BOC, a regular
octagon AaBéCcDd may be infcribed in the circle.
And if all the angles at the center O, be again bi-
fected, a regular polygon of fixteen fides, may in like
manner be determined ; and {o on, at pleafure.

PROBLEM XXVIIIL

In a circle given (ABGE) to inferide a regular
pentagon, ' .

Atthe center O, upon
the diameter FG, erect
the perpendicular OB ,
meeting the circumfe-
rence in B ; divide OG
in H 12y prob. 19.) lo
that OH'=GHxOG ;
thatis, take OR=10F,
and RH=dit. RB: 'E~—_——D
Then draw BH ; which
will be equal to the fide of the pentagon *; fromr zs. 5,

whence the figure itfelf may be defcribed. and 3. gz,
SCH O-
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© 28. 3.

of any diameter AD,
apply AB, AF, DC, // /
' and DE equal, each, to *’Lf‘
the radius AOP; then - 'f 9 :
join B, C, and E, F;
and the thing is done. \/\/
For, if the radii OB,

P zD. 5

Elements - of  Geometry.

SCHOLIUM.

Hence a regular decagon may be infcribed in
the circle ; the fide thereof being = OH °.

PROBLEM XXIX.

In a circle given, to infecribe a regular bexagon
(ABCDEF.)

From the extremes T TR

OC,OE, OF bedrawn ; E>~— E

~the triangles AOB and

9 Conftr.
r lq.' | 9

‘& Cor. to

t 26. I:

tAX. 4.1,

DOC, being equilateral %, will alfo have the an-
gle OAB = DOC"; whence AB is parallel (as
well as equal) to OC °; and confequently BC and
AO are likewife equal, and parallel ‘: There-
fore, fecing the triangles AOB, BOC, COD, &,
are equilateral, and alike in all refpects; not only
the fides, but alfo the angles ABC, BCD, &, of
the hexagon, will be equalamong themfelves °,

COROLLARY.

Hence it appears, that the fide of a regular
hexagon, infcribed in a circle, is equal to the
{femi-diameter, or radius.

SCHOLIU M.

Befides the figures conftructed in the preceding
problems, and thofe arifing from thence by con-
tinual bifections, or taking the differences, no other
regular polygon can be defcribed, from any known
method, purely geometrical, by means of right-lines
and circles only.

PR O-

il s, S il Wil iy
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PROBLEM XXX,

About a given circle to deferide a regular pa{ygaa;
of the fame niumber of fides with a reguiar polygon
(ABCDEF ) infcribed in the circie.

From the center O, Fhi - LG Q
to the angles of the in-
fcribed polygon, draw 1
OA, OB, OC, &g¢. and
perpendicular theretoV,
draw PAQ, QBR,
RCS®, &e. interfett-
ing"in P, Q, RISTE ' E
V; fo thall PQRSTYV -
be the polygon that T
was to be defcribed, .

For, by taking away the equal * angles OAF, v Hyp,
OAB, OBA, OBC, &¢. from the equal (right)
angles OAP, OAQ, OBQ, OBR, ¢J¢. the re-
mainders FAP, BAQ, ABQ, CBR, &¢ will alfo
appear to be equal *: therefore the triangles FAP, » Ax. 5.1.
ABQ, BRC, &¢ (having alfo FA = " AB = BC,

&¢.) are equal in all refpects” ; and fo the anglesy | ;,
P, Q, R, &. as well as the fides PQ; QR, RS,
e are equal among themfelves =, 2 A¥. 401

E RO B 1. E'M . XXX
Any two circles (ACE, ace. being given, to deferibe
a polygon in, or about the one (ace) that JShall be fimilay
$0 any polygon defcribed in, or about the other (ACE, )
Firlt, having drawn B C g
the radii OA, OB, &,
totheanglesofthe given ®

all o
infc, polyg. ABCDEF; A\ D\
make, at the center o, @/ 2
the angle 20b — AOB, F E }l

ﬁa{:BOC *, &¢. Then, the chords ab, be, cd, .2 4
being drawn, [ fay, the polygon abedef will be fimi-
lig lar

R

A ; 3. 5-
£ Proof of
26., 5-

D S

a 5'1-
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bCﬂr. [
to 10. 1,

and 12.1.
€ Ax. 4.1.
414 4.

- Dﬂf-. 14.'
q_u

hAX. 7.1,

I Conttr.

kYT,
and Ax,

116. 1.

M y4e 4o

n Def. 14.

?14. 4+
and Cor.
to1t. 4.
P 26. 4.

Elements of Geometry.

lar to the given one ABCDEF. For, the triangles
AOB, aok; BOC, boc , &c. being equiangular *, the
angles ABC, abc muft alfo beequal *; and ¢ AB : ab
(: :OB : 0b) : : BC: be. Inthefame manner,the other
correfponding angles are equal, and the fides con-
taining them proportional : Therefore the two po-
lygons are fimilar®, -

Again, having @
drawn the radi
OA, OB, OC, &e.
to the points of
contactof the given
circum{cribing po-
lygon PQRSTU ;
draw likewife the radii oa, 0b, oc, &c. making
the angle aob=AOB, boc = BOC, &c. perpendi-
cular to which & draw pg, gr, 7s, &c. fo fhall the po-
lygon pgrsiv be fimilar to the given one PQRSTU.
For, the angles OAQ, OBQ), oag, okq, being all
equal ', and AOB alfo=a0l'; the remaining angles
AQB, agb of the two quadrilaterals AOBQ, aobq
muft be equal ¥ as muft likewife their halves OQB,
ogh (for the right-angled triangles OAQ, OBQ,
having OA = OB, and OQ common, have allo
QQA = OQB"). In the fame manner is ORB =
orb, &c. whence, the triangles POQ, pog ; QOR,
gor, &c. being equiangular, it follows™that PQ : pg
(::0Q:0g9)::QR:gr: And {o of the reft, There-
fore PQRSTU and pgrstv are {imilar ™

COROLLARY.

It appears from hence, that the fimilar infcribed
polygons, as well as the circumficribing ones, are in.
proportion, as the fquares of the radii of their re-
{petive circles. For, in the former cafe, AO* : ao™ i 2
o AB* : ab* : : ®? ABCDEEF : abcdef; and, in the
latter, © AOQ* : a0*: : PO*:po: PQ:pg +:?
PQRSTU : pgrstv.

The End of the FirTa BooOk.
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PROBEEM . L
To make a [quare equal to a given reflangle (ABCD).

N one fide AB of I
I the rectangle, pro- /\
duced, take BE =
the other fide BC ; bifect o \
) E3 6. 5.

AE in O*; and from 1r
B

the center O, at the
diftance of OA, or OE, -
let a femi-circle AFE be
defcribed ; and let CB be produced to meet the
circumference thereof in F 5 then a {quare delcribed
on BF (by 10. 5.) will be equal to the given
retangle ABCD °, b Cor, to
19+ 4

= C

13 PR O-
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d 8. 2,
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PROBLEM N

To make a fquare equal to the fum of two given
Squares.

Let AB and BC be Q
the fides of the two given A B Iy
fquares, B—m

Draw two indefinite C——— E

lines BP, BQ, at right- e
angles to each other ¢; in
which take BA = BA,
BC = BC, and join A, C; P
then a {quare defcribed TR B
on AC (&y 10. 5.) will

be equal to the fum of the two fquares defcribed
upon AB and BC 4, :

SCHOLIUM.

In the fame manner a fquare may be made equal
to the fum of three, or more, given {quares : for
if AB, BC, CE be taken as the fides of the given
fquares, then, by making BH = AC, BE = CE,
and drawing EH, it is evident that a fquare upon
EH will be equal to the fum of the three fquares
upon AB, BC, and CE; or that, EH* = BH*
(AC*) 4+ BE* = AB* 4 BC* 4 CE™.

PROBLEM Il

To make a [quare equal to the difference of twe
given fquares,

Let
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Let AB and BC (taken

in the fame ftraic line) be E
equal to the fides of the |
two given {quares,
Upon the center B, with
the radius BA, let acircle LR A

be defcribed, and make CE
perpendicular to BC ¢, meeting the circumference ° 3 5.
thereof in E: fo fhall a fquare defcribed on CE

(4y 10. 5.) be equal to BE* (BA*) —f BC?, ‘(.'.‘snr. to
_ s

PR OB Bl N

To make a triangle equal to a given quadrilateral
(ABCD.)

Draw the diagonal AC, D

alio draw DE parallel to s &

ACs, meeting BA pro-

duced in E, and join

CE ; then will the triangle

BCE = the given quadri-

lateral ABCD. o B
For, the triangles ACE, A

ACD, being upon the

fame bafe AC, and between the fame parallels AC

and ED, are equal " ; therefore, if ABC be added ® Cor. 1,

to each, then alfo will BCE = ABCD ', to 2. 2,
I Ax. 4+ To

gg-s-

14 e R
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1Cor. 1.
toz, 2.
B AX.4.1.

59. 5.

ﬁﬁ.s'

i 15

Elements of Geometry,

PROBEEREM V.,

To make a triangle equal to a givew pentagon
(ABCDE). -

Draw DA and DB,
and allo EH and CF
parallel to them ¥,
meeting AB pro-
duced in H and F;
then draw DH and
DF; fo fhall the /
triangle DHF = the H
pentagon ABCDE.

For the triangle DHA is = DFA !, and DFB
= DCB'; therefore DHF (= DHA + DAB +
DFB = DEA + DAB + DCB) = ABCDE ™.

PROBLEM VI,

Upon a given line (EF), to make a reclangle equal
to a given triangle (ABC).

Thre' C, the
vertex of the tri- Q P (8]
angle, draw KN AR N

parallel to the bale Kiz—r ,
AB™; and bifec \\
AB with the per- \ e

pendicular LQ °, B A T T

meeting KN in

K; alio draw BP :
perpendicular to AB?®, interfe&ting KN in I; then
in AB, produced, take BM = EF, and draw
MIQ_ cutting LQ in Q; draw QO and MO,
parailel to AM and LQ", meeting each other
in O: then will INOP be the refangle required.

For,
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For, it is evident, that LI, 10 and L.O are all
reCtangles9: therefore IN = BM* = EF*, and?® Cor. to

b u 24, I,
10:].-; -—-ﬁ-BC - 'z4flﬂ-
sC fa
The Jame otberwife. e
From the vertex C o G ut;‘ f:’
C, upon the bafe _
AB, ‘let fall the L
perpendicularCD™; _ ¥ 4 5
make EH perpen- A T e F
dicularto EF *, and X 4.5,

equal to a fourth proportional to 2EF, AB, and
CD 7 : then the retangle EG contained under EF ¥ 13. 5-
and EH will be equal to the triangle ABC. ‘

For, fince, by conftruction, 2EF : AB::CD:
EH, therefore 1s 2EF xEH — ABxCD?, and*10. 4.
confequently EFXEH = ABxCD = ABC~, * Cor. z.

tD 2. Zs
SCHOLI M.

By either of the two preceding methods, a pa-
rallelogram having a given angle may be de-
Jcribed upon a given line, equal to a given tri-
angle ; if, inftead of MBP, MLQ, or BDC, FEH
being right angles, you make them all equal to the
angle given: the reft of the conftruclion being
the {ame,

PROBLEM ™ YIE
Upon a given line (AB) to deferibe a reiangle
equal to a grven right-lined figure (PQRS).
the givenline AB A

Let the given |3 .
2 r[ R S
_STJ r \1
) B
(by the precedent) i :

figure be divided

into triang. PQR, ¢

let a rectangle ABDC, equal tothe triangle PQR,
be

PRS: and upon




X22

b2 1.

¢ Ax. 3.

and 4. 1.

e Ax. 4.

or

5. [

. Elements of Geomerry.

be defcribed ; alfo uwpon CD make the re@angle
CDFE equal to the triangle PRS : o fhall ABEF,
which is a re@angle (becaufe both ACE, and
BDE are continued right-lines ) be = PQR +-
PRS ¢ = PQRS ; which was to be done.

SCHOLIUM.

‘When the figure given has not more than five
fides, the confiruction will be more eafy, by firft
finding a triangle equal to it (&y Pred. 4. or 5.)
and then making a rectangle equal to that triangle.
But if the figure be a rectangle, the eafieft way of
all, will be to take a fourth-proportional BF to
the given line AB and the two fides PQ and PS
of the given rectangle (%y 13. 5.); which fourth-
proportional will be the altitude of the rectangle
required. For, fince AB : PQ :: PS: BF (by
Conjir.) therefore (4y 10. 4.) AB x BF = PQ xPS.

PROBLEM VIIL
To deferibe a reflangle equal to the fum, or difference

of two given right-lined figures.

Let the two

given figures be E N F
ABN and P. P b

By the prece- CJ \_'_D
dent, let two rec- A B
tangles AD and '
AF, refpectively

equal to ABN and E F
P, be defcribed :

on the fame, or different fides of AB, according
as the difference, or fum, of the two figures is
required : then will the re@angle CF be equal to
that fum or difference .

COROL.-
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COROLLARY.

Hence two lines having the fame ratio with
two given right-lined figures, are determined : for
AC: AE:: AD (ABN) : AF¢ (P). L4

PROBLEM IX,

To make a [quare equal to a#y right-lined figure
given (ABCDE).

Upon AB de-
fcribe a rectangle
AE equal to ABC

DFe&; then make C g 7.6,
a {quare BH equal Al B
to that retangle®, - b 1.6,
and the thing is done. &

SRR H

SCHOLILIIM

After the fame manner (from prob. 8.) a fquare
may be defcribed equal to the fum, or difference,
of any two given right-lined figures.

P R O-
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PR OBEEM: X.
To deferibe a figure (FGHIK) equal, and fimilar
to a given right- lined figure (ﬁBCD}:.)

D
B I

C H

A Draw AC and AD, and alfo FG equal to AB!;
~7-5*  make the angle GFH = BACK, HFI —CHD
and 1FK = DAE" likewife make FH — AC,
FI = AD, and FK ...AEI, then draw GH, HI,
" and IK, and the thing is done.
! Ax. 10.  For, fince the triangle FGH = ABC' and
" FHI = ACD!, & ; therefore is the whole po-
lygon FGHIK, alfo, equal to the whole polygon
= Ax.4.1s ABCDE =,

Moreover, thefe equal triangles being alfo equis
angular /, it is manifeft, that G=B, GHI=BCD =,
HIK = CDE, andfo on; thercf'ore, FG being alfn
=AB, GH.=:BCL Hl = CD. & the two
polyguns ABCDE, FGHIK are fimilar to each

" Def. 14, other ™,
.1..

SCHOLIUM.

The figure FGHIK may be otherwife con-
ftruQed, by making the triangles FGH, FHI, &c.
rel"pe&wely equilateral to HBC ACD, Es?:. as is

_evident from 14. 1. and AX. 4.

PR O-
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PROBLEM XL

Upan a given line (AB) to defiribe a figure
(ABCDE) fimilar to a given right-lined figure
(PQRST).

Draw PR S
and PS, and
in PQ (pro- 'f
duced ifneed-
ful) take Pg ¢
— AB; draw
gr parallel to
QR °, meet-
ing PR in 7;
alfo draw 75 and s¢, parallel to RS and ST °, in-
terfeting PS5 and PT in s and /5 then upon AB,
by the precedent, delcribe a polygon equal and
fimilar to Pgrst 5 and the thing is' done.

For, fince any angle BCD (g¢s) of the polygon
ABCDE, is equal to its correfpondent QRS?;p Cor. 1,
and alfo CB (gr) : CD (rs) : : RQ_: RS9, there-  to7. 1,
fore the two polygons ABCDE, PQRST are like? 2! 4

. . r Def. 14,
to each other . of 4,.4

B e B
°9. 5.

S€.HO L 1. M.

This laft problem may be otherwife conftruéted
by making the triangles ABC, ACD, ADE equi-
angular to the wriangles PQR, PRS, PST, re-
{pettively.

For, then the angle BCD being = QRS, CDE
= RST!, & 5 and alfo BC: QR (:: AC3PR): 4, 4ols
::CD: RS, &e. the two polygons mult thereforet 14. 4.
be fimilar to each other®, : I};f‘- T4

of 4

PR O-
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PROBLEM XII.

To deferibe a figure, fimilar to a right lined fizure
given (PQRST), which fball be 1o it in 4 given
ratio of one right-line to anotber.

In PQ (produced if ne-
ceflfary) take P» to PQ in
the given ratioof the figure
to be defcribed to the figure

¥12. 5. given™; and, in the fame
line PQ, take Pgequal to a
mean- proportional between
*14. 5. Pn and PQ *; upon which
(by the precedent) let Pyrst,
fimilar to PQRST, be de-
{cribed, and the thing is done.
For, fince Pn : Pg : : Pg : PQ (by Confir.
¥27. 4+ therefore Pz : PQ : :qurs: :f?l:’(lzfv‘..':?'I‘(JFfr o

PROBLEM XIII

To deferibe a figure that fhall be egual to one
right-lined figure given (P), and fimilar to another

Upon AB
make the rec-
tangle ABFG

2726 =B C D"
and upon AG
make the rec-
tangle AGNE
= Py anAB
take Al equal
to a mean pro-
portional  be- N G
tween AB and

*14. 5. AE *; and upon AJ let AIKH be defzribed fimi-

Yat,
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lar, and alike fituate, to ABCD®, and the thing® 1+ 6.

is done. € 70 4
For ABCD (AF) : P (AN):: AB: AE <. .,

ABCD:AIKH ¢; and therefore AIKH = P<. . ji %

PROBLEM XIV.

* To deferibe a figure fimilar to a given right-lined
figure (ABCD), which [ball be to another given
right-lined figure (P) in a given ratio of one rights
line (S) to another (R).

D
e
ARreEEL
Q-E A4 \\p
R I
S
M N G E

Make the rectangle ABFG = ABCD s, and thee 5, 6,
reCtangle AGNE =P s; alfo in AE, produced,
take AQ = a fourth-proportional to R, S and
AE"; then, by the precedent, make AIKH fimi-b 13. 5,
lar to ABCD, and equal to the rectangle AG x
AQ : then will AIKH (AG x AQ): P (AG x
AEY:: AQ: AE¥: :S: R; which was to bet Contlr,
dune. 57 4o

Tbe End of the Sixtn Book.
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B OOK VI

DEFINITIONS.

T Right-line is faid to be perpendicular
A to a plane, when it is perpendicular to
all right-lines, that can be drawn in

that plane, from the point on which it infifts,

2. One plane is faid to be perpendicular to

another, when all right-lines drawn in the one, per-
pendicular to the common fection, are perpen-
dicular to the other.

3. Parallel planes are thofe, which are every
where equally diftant, the one from the other.

4. A Solid is that, which has length, breadth,
and thicknels.

5. Similar folids are {uch, as are botinded by
an equal number of f{imilar planes.

6. A Prilm
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: 6. A Prifm is a folid, whereof
the planes of the fides are parallelo- 4___\u,q
grams, and whereof the two ends, or

oppofite bales, are plane, rectilinear
figures, parallel to each other.,

\
7. A parallelepipedon is a /\ ~
folid bounded by fix parallelo- |
grams, whereof the oppofite \ \
ones are parallel, equdl, and \/
like to each other. f

8. An upright prifm, or parallelepipedon, is
that, whercof the planes of the fides are perpens
dicular to the plane of the bafe.

9. A reCtangular paral-
lelepipedon is that, whofe
bounding planes are all reét-
angles, and which ftand at
right-angles one to another.

- 10. When all the bounding planes
are fquares, the paralielepipedon i3
called a cube;

11. A Pyrami& is a fo- A
lid, whole bafe is any right
lined plane figure, and

whofe fides are triangles, E L
having all their vertices

tnited in a point, above :
the bafe, called the vertex B C

of the pyramid. . Thus

ABCLE reprefents a pyramid, whofe vertex is A,
and bafe BCLE,
K 12, A
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C c

12, A Cylinder (DCe¢d) is a .
folid generated by the rotation
of a rectangle ACDB about one

of its fides AB, fuppofed at
reft ; which quiefcent {ide AB

is called the axis of the cylin-
der. S~ - ()

13. A cone, (ACc) is a
folid generated by the rota-
tion of a right-angled tri-
angle ABC about its per-
pendicular  AB, called the
axis of the cone.

C

e

o]

14: A Sphere is a folid generated by the rota-
tion of a femi-circle about its diameter,

15. The Fruftum of a pyramid, or cone, 15
that part which remains, when any part next the
vertex, cut off by a plane parallel to the bale, 1s
taken away.

16, The altitude of a pyramid, or prifm, is the
perpendicular diftance of the vertex, or upper
plane thereof, from the plane of the bafe.

17. Every reftangular parallelepipedon is faid
to be contained under the three right-lines that are
the length, breadth, and altitude thereof.

18. A Plane is faid to be extended (or to pafs)
by a right-line, when every part of the latter 1s
placed in, or touched by, the former, 3

- n
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7 . A
Upright prifms (AabcCBA, Ddef FED) of the

fame altitude, {tanding upon’bafes (ABC, -DEF)-

equal and like to ¢ach other, are chemfelves equal,

To [fee the evidence

of this Axiom in the
firongeft light, conceive a
a right lincd plane fi-
gure PQR  to be form-
ed, equal and like in all g
refpetisto the bafesABC, T TR PRRE e TR
DEF of the two prifms;
#pon which, conceive the prifms to be placed, one after
another, fo that their bafes may coincide therewith.
Then, becaufe the planes of the fides fand, in both
cafes, perpendicular to the plane of the bafe, upon the
Jame lines PQ, QR, PR, and are carried up to the
Jame beight, it is manifeft, that the bounds of the two
Jolids, when thus placed, bave the very fame pofition 5
and, confequently, that the [olids themfelves, occupying
(Juccelfively) the fame identical fpace, are equal the
one to the otber, | g

A BOSYPAWEATE:

~ That by any two right-lines (AB, AC) meeting
in a point, a plane may be extended.

In order the betier to : - E
comprebend the [enfe and A |
defign of this Poftulate,
let a plane BDEC, ex-
tended by the right-line P
Jjoining the points B and C, Nc
be conceived to be revolved T N
about upon that line, till it meets with, or takesin, the
Dosnt A 5 then the plane I:;:.*:!mffﬁg, in that pofition, all

2 ibg

 § 3-!
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the three points R, C, and A, it alfo includes, or is
extended by, the right lines AB, AC, BC, joining
thofe points; which are n the fame plane with their
exiremes by def 6.1.)

Hence it appears, that, by any three points, a plane
may be exrended; and that all the three fides of any
vight-lined iriangle, are in the [ame plane.

THEOREM L
The common [ection of two planes (AB, CD) is a

- right line.

1 Poft. 1.

b Def.6.1.
and Ax.
8. 1.

For, between the two ex- c
treme points E, F of the /
common feétion, let a right- /T
line EF be drawn ?; then,that /
line being in the plane AB®, Digp
and alfo in the plane CD®, it
muft, of confequence, be the common fe&ion of
them both,

NE b

THEOREM IL

If a right-line (AB) be perpendicular to two other
right-lines (CE, DF) cutting each other, at the com-
mon feflion (A), it will be perpendicular to the plane
(CDEF) paffing by thofe two lines.

CK

Take AC, AD, AE, AF
all equal to one another ; and,
having joined CD, DE, EF,
CF, let there be drawn thro’
A. in the plane CDEF, any
right-line GH, meeting CF
and DE in G and H}j and
J¢c. BC, BG, BFE, ED, BEIL,
and BE be alfo joined.

H

K
Becaufle
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Becaufe ACP= AE = AD = AF, and CAF — ® Confir.
DAE ¢, therefore is CF=DE ¢, and the angle FCA ¢3. 1.
(or GCA) = DEA or (HEA); and fo, GAC be-*Ax.10.1,
ing likewife = HAE® and AC = AE®, thence
will 'AG = AH*and GC="HE." ® 1575

Again, fince the right angled triangles CAB,

DAB, EAB, FAB have their bales all equal f, and f Hyp.
the perpendicular AB common, their hypothenufes

BC¢, BD, BE, BF will be equal too; and therefore,

the triangles CBF,DBE being mutually equilateral,

the angle FCB (or GCB) muft be =DKB (or
HEBE); whence, GC being alfo = HE, and BC=¢ 14 Te
BE, thence is BG = BH ¢: Therefore, AG being
likewife (as is proved above) = AH, and AB com-

mon, the angles GAB, HAB are cqual, and con-
fequently right-angles . In the fame manner, AB*Def. 8.
is perpendicular to every other ri he line drawn I;?'ff"
thro’ A in the plane CDEF 5 which was to be de- st
monfirated’, . A

COROLLARY.

Hence it will appear, that, if one right-line
(AB), meeting feveral others (AF, AE, &%) in
the fame point (A ), is perpendicular to them all;
thefe laft will be all in the fame plane. Becaufe
it is impoffible for a right line (A%) drawn from
A, out of the plane (FEDC) of the two former
of thefe, to be perpendicular to AB; fecing the
angle BAJ is lels, or greater, than a right-angle (or
BAH ¥), according as Ab is pofited above, or be- 3, 2
low the faid plane FEDC %, 'AX. 2.1,

THEOREM IIL
If thro® any given point (A) in agiven plane BCD),
a line (CD) be drawn, and perpendicular to that
line, at the [ame point (A ), swo other lines (AB, AE)
be alfo drawn, ibe one (AB) in the plane given
(BCD), and the other in any other plane (CDE)

K 3 pnﬁng
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Hyp.

Yy
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paffin the firfp line (CD); then, I fay, that a
rlﬁtfﬁn?(ﬁf‘ ) drawn from the given poini (1’-"}), at
right-angles 1o the firft perpendicular (AB) in the
plane (BAE  of the two, will be perpendicutar to the
given plane (BCD) at the given point (A).

For CA being perpen-

C
dicular both to AB and
AE ", it will likewife be
perpendicular to AE"; A
and fo FA, being per- . 7 E
pendicular to AB™ (as \7
well astoCA)isalfoper-

D

pendicular to the plane

BCD, in which AB and
CA are drawn®.

S'CEOCTE:. T U N
In this laft Theorem, the manner of erecting 3
perpendicular to a plane, at a point given, 1S
indicated, and the confiftence of the ﬁ?‘ﬁ definition,
of this book, evinced.

| THEOREM IV.

Two #ight-lines (AB, CD), perpendicular to the
fame plane {EF), are parallel to each other.

Draw in the plane EF, the p C
right-line AD, andalfo DG per- g j=
pendicular to' AD ; make DG = T Pl D
AB, and let AG, BG, and BD AN,
be drawn. :

The triangles BAD, ADG, - F

o Conftr, having AB = DG?®, AD com-

» Def.1.,. mon, and the angle BAD ( = right-angle?) =
1Ax.10.1, ADG °, will alfo have BD = AG 4: And {o, the
“14: L. griangles BDG, BAG being mutually equilateral,

the angle * BDG muft be =BAG — 7 right-angle :
But the line CD (as.well as BD and AD) being per-
' - . pendicular
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pendicular to DG?, it is therefore in the fame? Defr.7-
plane (CDAB) with BD and AD*; and coniequent-* Cor. to
ly, as theangles BAD, CDA are both right-ones®?, %+ 7-
it mult be alfo parallel to BA @, R

COROLLARY

Hence it follows, that from the fame given point,
to one and the fame plane, more than one perpen-
dicular right-line cannot poflibly be drawn : Be-
caulfe all perpendiculars to the fame plane, are pa-
rallels; but lines drawn from the fame point are
not parallels,

THEOREM V.

If, of two parallel vight-lines(AB, CD)the one (AB)
15 perpendicular to any plane (EF ), the other (CD)
Joall alfo be perpendiculnr to the fame plane (EF).

‘The conftruction of DG, AG, _
&, being fuppofed the fame here P iC
as in the preceding Theorem ; ic & "_‘"”'_'"
appears from thence, that ADG [A
and BDG are both right-angles : ‘
And, becaufe BD, aswell as AD, :
is in the plane of the propofed
parallels BA, CD ¥, the angle *Def.5.1,
CDG is alfo a right-one *, as is likewife the anglex ;. ».
CDA7. Therefore CD is perpendicular to the” 4 1.
plane ADG =, zzjj?e':"f

THEOREM VL

If a right-line (PQ) be perpendicular to a plane
(AB), any plane (ED) paffing by that line, will be
perpendicular to the fame plane (AB).

K 4 In
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In the plane ED, from E P K ¥
any point K, draw KI per- a5 1
pendicular to the common § \
fection CD. Then, the an- D
gle DIK being a right-an- ©\ @ I \

B

¥ Def.1.7. gle = DQP?, IK will be
: & 165 parallel to PQ *, and there-
57° fore perpendicular to the plane AB % By the fame
inference, all other right-lines drawn in the plane

ED, perpendicular to the common fe&ion CD, are

alfo perpendicular to the plane AB. Theretfore the

b Def.2.7, plane EDitfelf is perpendicular to the plane AB b,

COROLLARY I.

Hence 1t will appear, that the plane AB (ac-
cording to the fenfe of the definition) is perpen-
dicular to the plane ED: For aright-line QR drawn
in the former, perpendicular to the common fection

“Hyp.and CD, being alfo © perpendicular to PQ, it¢ (and
Def. 1. 7. confequently the plane AB in which it is) will be

:; ;" perpendicular to the plane ED °,

COROLLARY. H.

Hence it alfo appears, that a line 'ﬁanding at
right-angles to one of two perpendicular planes ac
any point (I)in the common {eétion (CD}, muft be
in the other plane: For the line IK, in the plane
ED, is perpendicular to the plane AB ; befides
which line, another perpendicular to AB, from the

f Cor. to fame point I, cannot be drawnf, .
i '.?.
THEOREM  VIL

Planes (EF, GH) 10 which one and the Jame righi-
line (AB) is perpendicular, are parallel to cach other.

From
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From any point C, in the A
plane EF, IeI: CD be drawn Eﬁ _ —G/r;
parallel to AB; which (as
well as AB) will be perpen-
dicular to both the planes®; | p| %57
and fo the angles A, B, C, | F il
D (when AC and BD are | ,) H
joined) being all right-ones ®, BBef, 1,
the figure ABDC (whereof the fides AC, BD 7
are in the fame plane with the parallels AB,

CD') will therefore be a re@angular parallelo-’ Def.6. 1.
gram “; and confequently CD — AB' By the do kitnd
very fame argument, all other perpendiculars, ter-, 24_':1'
minated by the two planes, are equal among them-

felves; which was to be demonfirated ™, a Def. 3.

COROLLARY.

Hence, all right-lines perpendicular to one of two
parallel planes, are alfo perpendicular to the other,

S .C HIOWE T M;:

From the two laft Theorems, the fenfe, and pro-
priety of the two definitions of perpendicular, and
parallel planes, appear manifeft,

THEOREM VIII.

Right-lines (AB, CD) parallel to one and the fame
right-line (EF), tho’ not in the fame plane with it,
are alfo parallel to each other,

- Let GH and GI be drawn A g1
perpendicular to EF, in the k
planes AF and ED of the pro- 3 \(; _F

ofed parallels. Then ® fhall
pofed p ¢ / e

GF be perpendicular to the

plane paffing by HGI ; and 1

HB, 1D will alfo be perpendicular to the fame

}Jlilnf: ° and therefore parallel to each other?,  °s- 7.
| T HE@* 7
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Tl EROREB W 1%,

If ‘two right-lines (AB, AC) meeting each otber,
be refpeiiively parallel to two other right-lines (DE,
DF) alfo meeting each other, and not being in the
Jame plane with them 5 the angles (BAC, EDF ) cone
tained by thofe lines, will be equal,

Take AB, AC, DE, DF all equal - A
to each other, and let BE, AD, CF, g c
BC, EF be drawn. Then, AB and
ED, as well as AC and DF, being
“Hyp.and equal, and parallel 9, BE and CF will
’ g““ﬂ"be both equal, and parallel, to AD ",
221 and therefore equal, and parallel, to D
* Ax. I. each other®; whence BC isalfo equal
4 8.7t EF ' ; and fo, the triangles ABC, L K
DEF being mutually equilateral, the
" 14 I angles BAC, EDF are likewife equal .

THEOREM X,

If two right-lines (AB, AC) meeting each other,
be refpectively parallel to two other right-lines (DE,
DF) alfo meeting each other, and mnot being in the
Jame plane with them, the planes (BAC, EDF) ex-
tended by thofe lines, will be parallels.

Let AG be perpendicular to
the plane BAC, meeting the A

plane EDF in G; in which laft
plane, let GH and GI be drawn ¢ -
parallel to ED and DF; and :
they will alfo be parallel to AB
ag.», and AC"; whence, feeing the
v Conilr. angles GAB and GAC are both right ¥, AGH and
"5+t AGI muft likewife be right-angles *; and fo AG
being

"
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being perpendicular to the plane EDF * (as well*2.7.
as to BACP?), the two planes are parallel to ¢ach b Conftr.

other °. _ i
THEOREM ' XL

The folfions (EF, GH) made by o plane (EFHG)
cutting two parallel planes (AB, CD), are alfo paral-
lel, the one to the other,

Let EG and FH be
drawn parallel toeach other,
in the plane EFHG ; alfo
let EI, FK be perpendicu-
lar to the plane CD, and let
1G, KH be joined : Then,
EG being parallel to FH ¢, : -
and EI to FK ¢, the angle B - € 4. 7.
GEI is = HFKt; but the f9. 7.
angle EIG is alfo = FKH, being both right-an-
gles®; and El is = FK *: Therefore EG will be f Def.r.7.
equal ' (as well as parallel} to FH; and cnnlb-iﬂfﬂﬁ'?'

quently EF hikewife parallel to GH * k 26, I.

COROLLARY,

It appears from hence, that parallel lines, ter-
minated by the {fame parallel planes, are equal to
each other.

THEOREM XIL

If, from the two extremes of aright-lize (AB) cut-
ting a plane (CD), two perpendicalars (AF, BG) be
drawn to the plarie; the right-line (FG) joining the
points where they mect the plane, will pafs thro’ the
point (V) in which the propofed line (AB) cuts the
plane, fo as to be divided by it into two parts (FE,
EG), baving the fame ratio to each other as thofe

iwo perpendiculars (AF, BG).
- For,
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For, if AF be produced A
to f, the lines Af and BG
i (which are both perpendicu- C F
1Hyp. lar to the plane CD!) will V%
= 4. 7. be parallel to each other ™; / 3 /f
therefore AB and FG being
both in the fame plane with y; o

thefe parallels, in which their
s Def6.1. EXtremes are polited ", they
mult neceffarily (as they are
not themfelves parallels) in- B
terfcét e:ch other; And fo
o7, 1. the alternate angles FAE, GBE being equal >, as
*3. i well as the oppa[‘te ones FEA GEB *, thence will
14 4 FE:EG:: AF:BG*%; which was to be demon-
JSrated.

COROLLARY.

Hence, if in the plane CD, the lines FC, GD be
made parallel, the one to the other, and in them be
taken Fa=FA, and G4=GB; then will the line
(ab) joining the points a and &, cut FG inthe very
fame point in which it is cut by AB. For, if ¢ be
taken as the interfeflion of ab and FG, the trian-

r3.and gles aFe, Geb will be equiangu]ar *5 whence Fe:
7-of1.¢G :: Fa (FA):*Gé(GB) :: FE: EG* There-
:’4 4 fore, feeing FG is divided in one and the fame ra-
«'axls  tio, both by e and E, thefe points muft neceffarily
and 5, coincide
of 4.
THEOREM XIIl.

If two planes (AB, CD) cutting each other, be
_ both perpendicular to a third plave (GH), their com-
mon [efzion will alfo be perpendicular to the [ame plane
(GH ).

For,
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For, from the extreme Chm
point F of the common fec- A i "
tion, lec the right-line FE
be ereéted perpendicular to {
the plane GH : which line 13
being in both the planes G D
AB, CD!, it muft necefla-
rily be their common fetion, Therefore the com-
mon fection is perpendicular to the plane GH ™,

THEOREM XIV.

If, from the angular points (A, a) of two equal
angles (BAC,bac) two right-lines (AD, ad) be drawn,
“or elevated on bigh, above the planzs of the faid an-
gles, fo as to form equal angles with the lines firft
given, each to its corre[pondent (DAB = dab, DAC
= dac), andif, from any points (M, m) in thofe
elevated lines, perpendiculars (MN, mn) be let fall
upon the planes (BAC, bac) of the firlt mention’d ane
gles 5 thefe perpendicalars will be, in proportion, as the
parts (AM, am) of the elevated lines included bea
tween them and the angular points (A, a) firft named

Make AD and ad equal to each other; and in
the planes ADB, ADC, adb, ade, draw DE, DF,
de, df perpendicular to AD and ad; and from their
inter{cctions with  AB, AC, ab, ac, draw EF and
¢f, meeting AN and a5 (produced) in G and g,
and let D, G, and 4, g be joined,

I41

! Cor, 2.
to 6. 2

m Conftr,
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n Conftr.  The angles ADE, ADF being both right-ones *,
©z.7. not only the line AD °, but the plane ADG ex-
?6.7. tended by it, is perpendicular to the plane EDF ».°
Butthe fame plane ADGis alfo perpendicular to the

plane EAF ?: Therefore the comimon fection EF

1137, 18 likewife perpendicular to the plane ADG 93 and
.ﬁ;f_;,?.confe?uent]y the angle EGA aright-one’, By the
& very fame argument, 6ga i1s a right-angle. Now the
triangles ADE, ade; ADF, adf being equal in all
*Hyp.and refpects °, and the angle EAF = eaf ', the triangles
3 H'S' - AEF, aef are alloequal and alike*; and fo, the
uﬁiﬂg_,_gngle AEG being = aeg, EGA = ¢ga, and AE=
w15. 1. aé, thence is AG — ag ¥, and the angle DﬂG]
x 16, 1. (MAN) =*dag.(man), becaufe ADG, adg are both
Y144+ right-angles °©. Therefore MN :mn:: AM : am?.

COROLLARY.

Hence the two perpendiculars MN, m7 fubtend
equal angles at the points (A, @) from whence the
“two elevated (or inclining) lines are drawn.

(g o n THEOREM XV, |
If any folid( Ac), having arestilinear bafe( ABCD);
whereof the plants (Ab, Be, Cd, Ad) of the fides are
parallelograms, be cut by a plane parallel to the bafe,
the feéiion (EEGH) will be equal, and fimilar to the
bafe.

For, the plane EFGH beingparal- [/ ¢
z Hyp. ' lel to ABCD #, EF is therefore pa- e
. H -f?:; rallel to AB *; and fo, AF beinga | I g
< parallelogram *, EF is equal (as well A"’\

fr.
c:l_, :_ as parallel) to AB°. In the fame E

manner is FG equzl, and parallel to pC
FG, &¢c. Whence alfo the angle T
“9:7¢  EFG is—=the angle ABC¢; and fo N B
of the reft. Therefore EFGH is -~
; both equilateral and equiangular to ABCD.
COR O L-

H
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COROLL ARY.

Hence the oppofite bafes of a prifm are equal
and fimilar (as well as parallel) to each other.

THEOREM XVL

If, from one of the angular points (A) of any pa-
rallelogram ( AC) a right-line (AE) be elevated aboye
the plane of the parallelogram, (o as to make any an-
gles (EAB, EAD) with the two contiguous fides there-
of, and there be alfo drawn, from the three remain-
ing angular points, three other right-lines (BF, CG,
DH) parallel, and equal to the former ( AE); then,
the extremes of thofe lines being joined, I fay, the Ji-
gure (AG) thus deferibed, will be o parallelepipedon,

For AE, BF, CG, DH F
being all parallel to each. [

others, AE and BF are in E H Hvo.and
yp-an
the fame plane f, as are alfo - / / 8. 7,
AE and DH, &¢. There- B o "Def. iz,
fore, all thefe lines being el
equal among themfelves, AF, Hyp.

- AH, DG, and BG are paral- 5 VA

lelograms * ; and fo, EF being parallel to AB, Pa-y ¢ ..
rallel to DC, parallel to HG Y, EK and HG are in the, 8. 7 ]
fame plane’; and EG is alfo a parallelogram ¥, equi-g
lateral to its oppofite AC: but EG is equiangular,
and parallel (as well as equilateral) to its oppofite
AC; becaufe, EF being parallel to AB, and EH
to AD, the angle FEH is therefore —= BAD , and;,g
the plane EG parallel tothe plane AC®. Andina ,'G::"?_ '
the fame manner, the other oppofite parallelograms

appear to be equiangular and parallel (as well as
equilateral). Therefore the folid AG, bounded by

them, is a parallelepipedon ™, 8 Def. 7, °

COROL- of7-

25. Is
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COROLLARY.

If the angle A of the parallelogram AC be 4
right-one, and AE be erected perpendicular to the
plane AC; then will the parallelepipedon be a
reGtangular one : for, all the three contiguous
°Hyp.and planes AC, AF, AH being rectangular °, their op-
i lgﬂr- I- pofites will be re€tangular likewife *: and fo, the
*7 " angles HGF, HGC being right-ones, HG will be
12.7. perpendicular to the plane GB ?; and confequently
both the planes EG and DG likewife perpendicular

*6.7. to the plane BG™. And fo of the reft.

SCHOLIUM.

1n this Theorem, a way to defcribe a paraliele-
pipedon of any given dimenfions, is indicated j
and the confiftence of the 7th and gth definitions

evinced.
y THEOREM XVIL

Reﬁangﬂlar parallelepipedons (AG, ag) flanding
upon equal bafes (AC, ac), and baving equal aliitudes

(AE, ae), are eqial

I et the rectangles OK
and KL, equal and like
to the bafes AC and ac
of the two folids, be fo
formed, that NK may be
in the fame firait line EDUS
with KM ; then fhall PK P /e
be alfo in the fame ftraic

s 2.1, linewith KI°; and the N'—-—E'
figures N1, PM, OL,
formed by producingthe H I | L
fides of the two rectan-

t Cor. to gles, will likewife be reGtancles .

24. 1s L
Now
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Now, HK and QK being drawn, the triangle
NHK=IHK* PKQ = MKQ ¥, and the rectangle v z4. 1.
OK = LK *; and confequently (by the addition of * Hyp. -
equals) OQKH =LQKH. Therefore, HKQ be-

Ing a diagonal to the rectangle OL*, dividing it* :4;1:{
1nto two equal, and like triangles OQH, LQH Y, g
if upon thefe, as bafes, two upright prifms be con-

ceived to be erected, of the fame common alti-

tude (K&) with the propofed folids, thefe prifms

will alfo be equal . But the former of thefe is com- ¥ Ax. 1.7.
poled “ of three prifms, on the bafes OPKN, NHK,* C"E"' "
KPQ; and the latter of thrée others, on KMLI, 7
HIK, KMQ; whereof the fecond and third, in

both ranks, are refpectively equal 7. Therefore the
remaining two, on the bafes OPKN, KMLI muft

alfo be * equal. But the former of thefe is =* Ax. 5.
AG?7, and the latter = gg: Therefore, alfo, is® Ax. 1.
AG = go |

THEOREM : XVIH.

If, at the angular points of any given right-iined
Sigure (ABCD), equal perpendiculars (Aa, Bb, Ce,
Dd) be erected to the plane thereof, and the extremes
of thefe (a,b s b, ¢ &¢.) be joined 5 an upright prifm
(Aabcd DCBA) on the given bafe (ABCD) will
shereby be formed.

For, Aa, B4, Cc, Dd being

- all equal b, and parallel -, it is [é?ﬁc’ b Confic
1 c q_‘ ?--

evident that AabB, BécC, &7, @
are parallelograms ¢’ and that
the planes of thefe are all per- 4 26, 1.
pendicolar to that of the bafe
ABCD: (fince Aa, Bé, Cc are B C
io, by conltruction). Maore- /ﬁ? | ¢ 67
over it will appear, that abcd A D
1s one plane figure, parallel to

L AECD;
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ABCD ; for, the lines ac, AC (when a, ¢ and A, C

£,6. 1. Aare joined, being parallelsf (as well as @b, AB,
. ad, AD), the plane abc is, therefore, parallel to
t10.7. ABCS (or ABCD); and acd is likewife parallel to
ABCD. But abc and acd are in one plane; be-

®.Cor. to caufe Aa being perpendicular to both of them ?,
: D;r.t_;v. and! ;:nnfequ::‘:ﬂ[ly to all the lines aé, ac, ad ; thefe
¥ Cor. o2 muft “neceffarily be all in one * plane, parallel to
2. 7. ABCD ; which was to be demonfirated .

! Def. 6. , .
COROLLARY.

Tt appears from hence, that, if upon all the parts
ABC,ACD,into which any retilinear figure ABCD
15 divided, upright prifms (AabcCB, AacdDC) of
the fume altitude be conftituted ; thefe prifms will
form one prifm, on the (whole) given bafe ABCD
feeing that ac and acd form one continued plane
"18.7. {fuperficies abcd ™, parallel to ABCD,

SEESHNG AT M,

After the fame way, a prifm, any how inclining
on the given bafe ABCD, may be conftrutted; by
giving to Aa the propofed inclination, and then
drawing B, Cc, Dd parallel, and equal thereto.,

*26. 1. For AabB,BbcC, &r. will (ftill) be parallelograms
And, that a/cd is one plane, parallel to ABCD, will
allo appear (in the fame manner) ; if a perpendicuiar
from 4 to the plane ABCD, be conceived to be

drawn.

THEOREM XIX.

If, on equal bafes (ABC, PQRS), an upright tri-
angular prifm, and a reflangular parallelepipedon be
ereficd, of the fame altitudey the two Jfolids, them-
Jeluesy, will be equal,

Let
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Lée CDbe perpetis B ¢ #

dicular to AB, I;nd let = B
the rectangles ADCE,
BDCF be completed ;
alfolet GHbedrawn A~ G D B P S

parallel to AE, bifeé-

ing AB in G; fo fhall AGHE = (ABFEDP =b,
ACB © = PQRS % Now, the two prifms on ADC® Cor. to
and BDC, into which, ##s¢ on ABC may be di-, Hz o3
vided °, will be refpectively equal to two others, . sz'm
on the equal and fimilar ¢ bafes AEC and BFC s : 18. 5.
and confequently the priim on ACB = half the ‘A% 24.1°
prifm on AEFB"=half the two prifms on AGHE 4% 17+

and BGHF ! = the prifm on AGHE = the prifm: 4~ &'+
on * PQRS ¥, s Tl

THEOREM XX.
Every upright prifm (AaceA) is equal to a ref-
aff;g;fe:r parallelepipedon (FK) of equal bafe, and ai-
titude, -

Let AC,ac, AD, A At
ad be drawn 3 and ;f 4 -?l /e /I( /‘é’
in the bafe FK of « ef /| ] mfi n
the parallelepipe- £
don, let HL., 1M, g e |1 |||l
be drawn parallel Dl 19 / / K
to FG, in fuch |2 ol «
fort that the re@- £ BB s NE 'y oDl
angles FH, HM,

IN may be refpectively equal to the triangles A
gles ABC,
ACD, ADE *: Then alfo fliall the prilm (AabcCBA)x 6, 6,

' w
3 In this Theorem, the reprefentations of the prifms ave yot dem
Seri ed ; 5!(##{: @ grear puitiplicity of lines, tends 1o produce con-
_{I'_u bom in the mind of a lsarner ¢fpecially avbere folids are repre-
;T:a:} . fﬁ: ﬁéamnb bewewer, may be formed, at large, by thofz
20 thank Proper 1o do it : But every tittle of ¢ frati
] iy, 'y of the demonfivation

Log on
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P1g. 7.

™ 18. 7%
and C‘E-i'-
2.106.7.

= II! '.'
" 9,5. and
1. 2«

°Hyp.and
Ax.8.4.

Elements of  Geometry.

on ABC, be equal to the parallelepipedon (Fb) an
FH'; and the prifm (A2cdDCA) on ACD, equal
to the parallclepipedon (Li) on L1'; and confe-
quently the whole prifm (AaceA) on ABCDE,
equal to all the parallelepipedons on FK, which
form one parallelepipedon (E£); becaufe L. M are
in the plane ¥z ™, and Hb, I in the plane G ™,

COROLLARY.

Hence all upright prifms, having equal bafes,
and altitudes, are equal among themfelves,

SCHOLIUM,

In the very fame manner, the aggregate of any
number of prifms, of one common altitude, will
appear to be equal to one fingle prifm, or paral-
lelepipedon, of the fame altitude, whofe bafe is
equal to the fum of all theirs.

THEOREM XXI,

Rectangular parallelepipedons (Ac, Df) baving
equal altitudes (Aa, Dd) are in the fame proportion
as their bafes (AC, DF). |

Let thefprt-::- Lid i ip gl }g
portion of the I . ,' | ﬂﬁ""“"?
bafe AC to the ¥ /l . :. ’{/{ {ﬁl: ]Cf" — ﬁf‘l

bafe DF, be |
thatof any one |
number m (3)
to any other
number 7 (2).
Let AC be divided into m (3) equal parts (or rect-
angles) AL, IM, KC «(by dividing AD into that
number of equal parts™, and drawing 1L, KM pa-
ralle] to AB)": And let DF be divided, in Lke
manner, into 2 (2) equal paris, or rectangles, DP,
NF : Which parts, taken {ingly, will be equal, in
magnitude, to thofe of the former divifion °; and l*i;u

| the
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the parallelepipedons upon them (A/, I, Ke, Dp,

Nf) will likewife be all equal ¥ : Therefore the folid, 17. 7.
Acisin proportion to the folid Df, as the number of

parts in Ac¢ to the number of equal parts in Df 4, orq oy, 8.7,
as the number of parts in AC to the number of equal

parts in DF, thatis, as AC to DF .—If the bafes

are fuppoled to be fncommenfurable, the folids will

ftill be in the fame ratio with them, as appears

from the reafoning laid down in the Scholium to

Theor VII. Book 1V. ; which is equally applicable

in this cafe,

THEOREM XXIL

Reciangular parallelepipedons (Ac, Eg) flanding
upon equal bafes (AC, EG) bave the fame ratio as
their altitudes (Aa, Ee),

Iet AO be

a parallelepivedon /bf/ <

on the bafe AC, a <

-whereof the ali- |N o/ 9
tude AM is equal ; 5| € %

to that (Ee) of B cl Ir Q
the parallelepipe- Vi

don Eg: So fhall & DE H

the folid AO = the {olid Eg:. (Butif A andsys, 4,
AN be conficered as bafes) it will be Ac: AO (or

Fg):: A0 : AN*:: Aa: AM® (orEe) : which wast 2179
‘0 be proved. 3 ; U2, 4

CO R OQEd AR Y.

Hence, and from the preceding Theorem, it fol-
lows, that all upright prifms are, alfo, as the bafes,
when the altitudes are equal; and as che altitudes,
when the bafes are equal ; all fuch folids being (Zy
- Theor. XX.) equal to rectangular Paralitltpipt“dﬂnﬂ
of equal bafe and altitude.

; L 3 THE Q-
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wal. i
* Hyp.

b Te

z Ax. 4.

of 4.

L2 & 8B

b 26. 4.

Elenents of Geometry.

THEOREM XXIII
Upright prifms and parallelepipedons (Ac, Eg)
which bave their bafes and altitudes reciprocally pro-
pe;rfmdﬁ (AC: EG :: Ee : Aa), are equal to each
other.

Let AO'bea ¢ -——'7
prifm on the bafe @ , fJ
AC, whereof the [N
altitude AM is —'/
equal to that (Ee) M i :
of the prifm Eg. B
Then AO:Eg:: Al Tk
AC:EGY:: Ee D 5
(AM):* Ag:: AO: 7 A¢; and confequently Eg
=5y E | ;

b

G

i R 5

THEOREM XXIV,

Similar upright prifms and parailelepipedons (AG,
ag) are, 10 one another, in the iriplicate ratio of theiy
altitudes (AE, ae.)

" Having made AH F G

= ae, take AE, AH, / T ; / 2
Al AK in continued 5 M s [/
proportion * 3 and lec 5 " _

AM be a prifm on i -

the bafe AC, whereof / - 1/(‘ L 7
the altitude is AK. - 5 .
Then (becaufe of the X e m/ taﬁ

fimilar planes) it will

be AC : ac : :? AB*: g¢*: i * AE? . ae* (AH?)

©Cor. toz : AH*: ¢ AI*:: AH (a¢) : AK*® ; and fo, the
'!' 4+ bafes and altitudes of the folids AM, a7 being

.
E?I dll

reciprocally proportional, the folids themfelves are
equal ;
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equal f; and therefore, AG : ag :: AG: AMg:: 23 7.
AE : AK " : But the ratio of AE to AK is tri- mn’;: =
plicate to that of AE to! AH (or 42). There-» ,,. ;
fore, e, I Def. 7-

ﬂf{-_ﬁ
GO RO E AT YT,

Hence, cubes are in the triplicate ratio.of their
fides, or altitudes,

COR:OIzL AR Y; " IL
Hence, alfo, all fimilar upright prifms,’ are to
one another, as the cubes of their altimdes';' fince
both prifms and cubes, arein the fame triplicatera-
tio of the altitudes.

THEOREM: XXV,

Reffanguilar parallelepipedons, contained under the
correfponding lines of three ranks of proportionals, are
{bemfelves proportionals.

AB: FG:: KL : OP,
! Jay, if JAC:HF:: MK:QO,
AP: FI :: KN ; OR,

Cr———/ . )
S /] A7
B o lf__L R VIR A " — I
lc-é—{/ N ¢
A (‘ l LSS Rl _—:70 l n
/ Lx"nll . ! M I:l/

= H

then fball the folid (Cc) contained under the three firft
antecedents, be to that (IIh) contained under their
three confequents 5 as the folid (Mm) contained under
the three other antecedents, is to that (Qq) contained

ynder the three remaining confequents,
L 4 Let
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E 21. 7.

i g,

B2z 7
= Hyp.

° 5. 4

Elements of Geometry.

Let Hr and Qs be parallelepipedons on the bafes
HI and QR, of the fame altitude with Ce and
Mm refpectively.

Then fhall Ce: Hr : : bafe CD : bafe H*%-

And Mm: Qs: : bafe MN : bafe QR*. But
the four bafes, becaufe of the Proportionality of
their fides, are themfelves proportionals!: apnd fo,
by equality, the ratio of C¢ to Hr, is the fame as
the ratio of Mm to Qs. And the ratio of Hy to
Hb is likewife the fame as that of Qs to Qg (be-
caufe Hr: Hb: : Ff (AB) : FG™: : KL (Oo) :
Op"::Qs:Qq™). Therefore fhall the ratio of
Cc to Hp, be alfo the fame, as the ratio of Mm
to Qg -,

COROLLARY.

Hence the cubes of four proportional lines are

proportional,

The End of the SevexTh Book;
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1. ™ YHAT, of any two unequal magni-
' tudes, of the fame kind, the lefs may

be multiplied fo often, till it exceed
the greater, |

2. That, a right-line may be taken fo fmall,
that the fquare thereof fhall be lefs than any.fu-
perficies afligned.

3. That, the circumference of a circle is greater
than the perimeter (or the fum of all the fides) of
any infcribed polygon ; and lefs than the perimeter
of any polygon defcribed about the circle.

What is vequired to be granted, in the fecond of
thefe three Poftulates, might be effeited and proved,
in form, by means of the Firfty but being itfelf more
obvious (if poffible) than even that, it feemed unnecef-
Jary to make it depend thereon,

L E M-
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2 Poft. 1. P

b Hyp.

€11. 5.

Elements of Geometryi

LEMMA 1.

If from the greater (AQ) of two unequal magni-
tudes (AQ, CD) there be taken the balf (PQ), and
from the remainder (AP) be again taken the balf (PO),
and fo on, continually 5 there fhall at length je left a
magnitude, lefs than the leaft (CD) of the two nagnie

tudes firft propounded,

ke DR == DEe T

CD, EF=CD; A TR Q
and let this be
fo often done, F L A2 P
till the multi- | |

le CF exceed AQ?*, Let the propofed bifeétions
of AQ, AP, J¢. be continued till the parts PQ,
OP, AO be equal in namber to the parts EF, DE,
CD." Now AP(FAQ L ICF b= GR.* And,
in the {fame manner, AO (1AP) -3 :CE (CD);
which was to be done,

SCHOLIUM.

When the magnitudes given (AQ, CD) are
right lines, a part, or meafure (AS) of the one, lefs
thdn the other, may be found at one operation ©;
by taking AS the fame part of AQ, as CD"is of
CF¢ For, the whole AQ being lefs than the
whole CF ®, the part AS will alfo be lefs than the

¢Cor. 1.4. part 19 Yo

THE'ORENT"T

Two polygons may be formed, the one iny the other
about a given circle, which [ball differ lefs from each
other (and confequently from the-circle itfelf) than by
any affigned magnitude (Q) bowever fmall,

L.et
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Let T bethe M, _te N
fideofafquare =R / :
equal to, or Q
lefs than Q °;

. : ¢ Poft, 2,
and in the cir-

cle apply An

—=23 DA T S faa. e

having drawn
the two per-
pendicular di-
ameters AE,
CG, proceed by a continual bifetion of the angles

at the center, till you arrive at an angle AOB lefs

than the angle AO# fubtended by An&: Infcribes §.5.and
theregular® polygon ABCDEFGH, by making '-Thﬂh Lem. 1.
angles BOC, COD, &7e. equal to AOB: and let " Ax.10s
another regular polygon QMNPRSTU, of the 2744 !
fame number of fides, ! be defcribed abeut thei 5o, ¢,
circle ; which will exceed the infcribed one by a
magnitude lefs than Q.

For, if to any angle N of the greater, ON be
drawn, it will bifect the fame %, and will cut thee Gk
fide CD of the infcribed polygon at right angles ' Cor, ta
(in w): And fo, the triangles OCN, 9CN being 12. 1.
equiangular™, they (and confequently their dou-m ,
bles OCNDO, CND) will be in proportion to each ° ¥
other, as "OC* to Cv*, or as® AE* to AB* Ands 24 4
it is manifeft, that the whole circumicribing poly-© y, 4.
gon (OCND 4 ODPE &¢.) muft be to its whole
excefs (CND + DPE,&9¢.) above the infcribed one,

In the fame ° proportion of AE* to AB*., But the

firft antecedent is lels than the Jecond, or than a
Iquare defcribed about the circle?: Therefore ther Ax. z,
firft confequent (CND + DPE &e.)is allo 5 v AR " 2- 4-

3T Ar (T:) 2+ Q. e Hyps

Othber-
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Otberwife.
Let AIO be one quadrant NS
of the propofed circle ; and B = X
t2. 6, ontheradius OI, make *the Q e ;l'% n
reflangle OMNI = Tz, p G|7 ?}7
(T being as before): Take F AL

OD a part of OA, lefs than

“Lem. OM™; and, having made
AB; BC, &9¢. each = 0OF:
draw AP, BFQ,CGR,DHS

¥3.5. perpendicular”to AO, meet- R D O
ing the circumference in A, '

*9.5- F, G, H; through which points, parallel to AO %,
draw PF/, QGm, RH#n, meeting AP, BFQ, CGR,
in P, Q, R: Join PQ, QR, RS, §I, as alfo AF,
FG, GH, HI. Then will the two polygons
OAFGHI and OAPQRSI (whereof one is lefs,
and the other greater than the quadrant) differ
lefs from each other, than by % of the propofed
quantity Q.

For, that the former OAFGHI is lefs than the

y Ax. 2. quadrant, in which it is infcribed, 1s manifeft ”:
And, that the latter is greater than the quadrant,
will alfo plainly appear; feeing two fides AP, SI,

z 6. 3. only, touch the circumference #3 all the relt PQ,
QR, RS, falling wholly above it, as being fides of
triangles PFQ QGR, RHS formed out of the cir-

s Conftr, cie®. Now the excels of the polygon OAPQRSI

and Ax.z.above OAFGHI, is compofed of the triangle PAF

= 1CDp/) and of all the parallelograms PFGQ,

» Ax. 3. QGHR P, RHIS (for they are fuch <, becaufe PF

<26.1. (AB), QG (BC) are equal, as well as parallel %),

¢ Confir. Therefore PFGQ being = pimg*, QGHR. =
f“g;ﬁ'zf' mnH ®, &e, the fald excefs will conlequently be
w0 3. 2. = L+ ODpl . 1SIr 3 0DSEFe 3 OMNE (5 T%)

f ax. 2. 34 Qe which was to be dowe—This laft con-

¢ Hyp- ftruction is equally applicable to other curvilineal
figures ; the former is pecuiiar to the circle.

COROL-
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COROLLARY,.

It follows from hence, that a magnitude, which
is greater than any polycon that can be defcribed
in, and lefs than any polygon that can be formed
about a given circle, muft be equal to the circle
itfelf : {eeing that a polygon may be infcribed,
which (as well as that formed about the circle)
fhall exceed any quantity lefs than the circle itfelf,
be the difference ever fo fmall; and becaufe a po-
lygon may be formed about the circle, which (as
well as that in the circle) fhall be lefs than any
quantity that exceeds the circle.

THEOREM 11
Ewery circle (ACE) is equal to a reclangle (ORST)

under the radius thereof (OR) and aright line (OT)
equal to balf the circumference.

It 1s evident, in the firft place, that the pro-
peled rectangle ORST is greater than any poly-

o 8 ms n

N =Xy

i
oy

gon ABCDEF that can be defcribed in the cir-
cle : For, drawing OA, OB, &¢. And alfo Qo per-
pendicular to ABj it is plain, that the triangle
AOB ("Owv x + AB) will be lefs than ! OA X +ABbB Cor. to
(or ORXIAB): And, in the fame manner, BOC 2. 2
1 ORx1BC, &%. Confequently, the whole 'puly-i s
gon ABCDEF is lefs than * OR x 3 AB + OR » ™ 4%
+ BC, &e. that is Y lefs than a reCtangle (Om)* Ax. 2.1
under (OR and Op —half the perimerer AB-BC' 5. z.
+ CD {Je.) But this re@tangle (Om) is, itfelf, lefs

than




158 Elements of Geometry,
than OS, becaufe, Op (half the perimeter of thé
= Polt. 3. polygon) is lefs than OT ™ (half the circumference
of thecircle). Confequently the polygon ABCDEF
is lefs than the rectangle O3,

Bur, fecondly, 1t will appear that the fame reét-
angle ORST 1is lefs than any polygon HIKLMN
that can be:defcribed about the circle : For, if OH,
Ol, &J¢. be joined, and the radius OP be drawn to
the point where HI touches the circle ; then will

® Cor. tothe triangle HOl="0Px:HI (=ORx:Hl). In
2. 2+ the very fame manner IOK = OR x LK, &e.
and therefore the whole polygon HIKL.MN =
ol OR X 1HI + OR X ;IK, &9c. =* a reétangle
5.2, (On)under OR and Og = half the perimeter (HI
+ IK 4+ KL, &e); which reftangle is, mani-
feltly greater than OS, fince Og (= half the pe-

a Pott. 3. rimeter of the polygon) is greater than OT .

Seeing therefore, that the rectangle OS is greater
than any polygon that can be defcribed in the cir-
cle, and lefs than any polygon that can be defcribed

; ffﬂg toabout the circle ; it muft be equal to the circle

THEOREM Il

Al circles (ACE, ace) are in proportion to one an-
other, as the [quares of their radii (AO*, ao®).

Let Q : circle ace : : AO* : ao*; then 1 fay, that
Q=circle ACE. For, firft, it is evident that Q
is greater than any polygon ABCDEF that can be

L LA

defcribed
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defcribed in the circle ACE : Becaufe, if another

polygon abcdef, limilar thereto, be*defcribed in the® 1. 5.

circle ace; then will polyg. ABCDEF : polyg.

avedef(: : * AO™: a0* ) :: Q : " circle aces where thet Cor. te

firk confequent (polyg. abedef ) being lefs than the 58

Jfecond (or, than the circle in which it is infcribed 5. 1

it is maniteft, that the firlt antecedens ABCDEF

muit alfo be lefs than the fecond Q *, 7.4
In the fame manner it will appear, that Q_ is

lefs than any polygon HIKL.MN that can poflibly

be defcribed about the eircle ACE - For, if about

the other circle ace, a fimilar polygon bik/mn be de-

feribed 7 5 then will HIKLMN : bitimn o 2 G 3. 5.

ao*) 1 : Q : *circle gce; where the firft confequent= Cor. ta

(biklmn) being greater than the jecond (ace) ©, the 3t. 5.

firlt. antecedent HIKLMN muft therefore be alfnhi};f"z

greatcr than the © fecond Q. Gy
Therefore, {eeing that Q is greater than any po-

lygon that can be delcribed in the circle ACE, and

lefs than any polygon that can be delcribed about

the circle; it mult be equal to the circle o Tare tg

l'l 'Ei

SCHOLIUM,

After the fame manner, other fimilar curvilineal
figures are proved to be in proportion, as the
Iquares of their diameters, or other homologous
dimenfions; by means of the fecond conftruction
of the firft propoficion; it being very eafy to de-
monftrate, that the polygons formed from thence,
whether both within, or both without two fimilar
figures, will themfelves be fimilar,

1TEHLE O-
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THE@RE M“IV:

The circumferences of all circles (ABCD, abed
are in the fame proportion as their radii (OB, ob.)

Let OE, oe be Bl G
fquares on the radii / \ J
OB, 6% ; and let OG, o 0o H
og be two retangles C € F
cﬁntained under gthe l// /g[\t_ J
fame radii and right D w
lines OH, ob, refpec- d

tively equal to the

{emi-circumferences ABC, abe. Then, thefe reét.
angles being equal to the circles themfelves®, it
will therefore be, OE : OG ::0¢: g¢°. And in
this fame ratio are f al{fo the bafes OC, ORH ; oc, 0b :
whence (by equality and aliernation) OC (OB) : oc
(0b): : OH : ¢b : : 20H (circumf, ABCD £) : 205
(circomf. abed).

LB NN A e

If a folid (AC) generated by the revolution of any
plane figure (K BCF) about a quicfcent axis (EF), be

‘cut by a plane perpendicular to the axis; the [eclion

will te a circle, baving its center in the point (O)
twbere it meets 1he axis.

For, from O, in the
generating plane EBCF,
draw OR perpendicular
to the axis EF, meeting
BC in R.

Then, fince this line
OR, during the whole >g
revolution, every. where D>~ T

preferves its perpendicu-

KT‘H‘:’
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larity to the axis EF, it is therefore always in the
plane paffing through O perpendicular to the faid
axis " : and confequently, as the length thereof alfo® Cor. to
continues the fame in every pofition, the line Rrrrr 2. 70
defcribed, in that plane, by the extreme point R,

- by which the feion is bounded, muft be the cir-
cumference of a circle!, whereof the point O is! Def 33.
the center. e

COROELARY.

Hence, not only the bafes of cylinders and cones,
but all fections parallel to them, are circles.

LEMMA 3

A right-line (PQ) fanding perpendicular 1o the
plane of a oylinder’s bafe (and not cxceeding the axis
CF) falls wholly within, or whelly without the cylin-
dery according as the point (P) on which i, infiftsy is
ftﬂa!e within, or without the circumference of the

afe.

From the center C, tothe B F QD C
given point P, draw CP; take,
in CF and PQ, any two equal
diftances CL, PN, and let LN P I
be drawn, meeting the furface |
of the cylinder in M. '

Becaufe CL. and PN are pa- =
rallel , and therefore both in Al = G—PI k
the fame plane ,, LN is parallel, 1 ﬁ;f?.q,
and equal to CP », Therefore, = 265 1.

when CP s lefs than the radius CG, LN will belefs  24. 1.
than CG, or than its equal LM "; and fo the " Def.az.
point N muft fall within the cylinder°. And thrzﬂﬁzdﬂ_
fame is equally true with regard to any other point
in the line PQ. But, when CP is greater than
CG, LN will alfo be greater than HG (LM);
and the point N will then fall out of the cylinder®,

M T HE O«
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T H EQREM. N.

Buery cylinder is equal 10 a retangular parallelepi.
pedon of equal bafe and altitude.

I fay, if the bafe ace of the cylinder 4S be equal
to the bafe IKL.M of the rectangular parallelepi-
pedon 1P, and the altitude OH of the former be
alfo equal to the altitude KO of the latter ; then
the two folids will be equal.

For, firft, it is evident, that the cylinder exceeds
any parallelepipedon (Ip), of the fame given alti-
tude, whofe bafe I&/m is lefs than the bafe (ace) of

Nf——gef
C
D K / |
: L/
1i/ ; I-/
oy B 77 g L

- _the cylinder. Becaufe a polygon (abedef ) may be
» 1.9, defcribed in the circle ace, that fhall exceed IK/m ? ;
upon which, an upright prifm (of the given alti-
118.7. tude) may be conftituted ¢; which will be lefs than
the cylinder .as being wholly contained therein;
| fince (by Lemma 3.) all right-lines drawn perpen-
¢ Cor. 2. dicular to the bafe, in the planes of the fides’,
106. 7.from any points in @&, be Ge. fall wholly within the
cylinder, and confequently the planes themfelves,
in which they are. But this contained pri{m is
s 21,7, greater than the parallelepipedon Ip°: therefore
the cylinder itfelf muft, neceffarily, be greater

Az, 5. RN Ip f,
In
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In like manner it will appear, that the cylinder
is:lefs than any parallelepipedon 17 (of the fame
altitude) whofe bafe IKw# exceeds that of the cy-
linder : For a polygon (ABCDEF) may be de-
feribed about the circle ace that fhall be lefs than

163

IKw# *; upon which a prifm may be conftituted - TSI
which, tho’ lefs than 17 %, will, neverchelefs, ex- . ;,E;
ceed the cylinder 7, ¥ Ax. 'z,

Therefore, feeing that the cylinder can neither
be lefs, nor greater than IP; it muft neceffarily
be equal to it.

COROLILARY.

Hence, whatever isdemonftrated in the 21ft,22d,
and 2 3d Theorems of the preceding Book, with re-
1pect to the proportions of prifms, holds equally
true in cylinders alfo; being equal to priims of

equal bafe and alcitude = * 20. 7.

SCHOLIUM,

- From the fame demonftracion, it will likewife _

appear, that every regular folid, whofe fetions,
by planes perpendicular to the bafe, are all re&t-
angles ; is equal to a parallelepipedon of equal bafe
and altitude ; and confequently, that all folids of
this kind (which may be comprehended under the
name of Cylindercids) will be equal among them-
felves, when their alticudes, as well as bafes, are
equal.

LEMMA 4

If two folids (HAH, hah) of the fame altituds
bave their [eftions by planes parallel to the bafes, at
all equal diflances therefrom, equal to each other 5 it
15 propofed to demonfivate (under certain refiriciions
Joecified hereafter) that the [olids themfelves will be

equal,
M 2 Let

and 51- gr
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n.20. 7.
and Sch.
5- Sl-
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Let I, KK &ec. i, kk, &c. be fections of thetwo
folids by planes parallel to the bafes HI, bb,
dividing the altitudes AB, ab into parts BC,CD &c.
be.cd &c. all mutually equal to each other. Then,
every two correfponding fections being equal ™
(HH =hb, l1=ii, &c.) the upright folids HNNH,
bunb 3 100I, fooi 8c. formed thereon, will alfo be,
refpectively, equal one to another ", whether they
be prifms, cylinders, or cylinderoids, that is, whe-
ther the fections themfelves be right-lined figures,
circles, or curvilineal figures of any other kind,

A

N s 1

7
_ ¢
KO 0 ‘(’ "T*-\/-; o

~\I N 24|17 e .

Q

)
¢

K - ot

p

un

° AX, 2.

? Ax, 4

TS

b = =

Now if thefe fe@ions HH, II &. be fuppofed
to decreafe, from the bafe upwards, fo that the fo-
lids (HNNH, I0O0! &¢.) formed upon them, may
exceed the correfpondent parts (HIIH, IKKI &)
of the given folid HAH ; it is manifeft, that the
fum of all the faid folids (HNNH +4- 1001 &)
will likewifeexceed thewhole propofed folid HA He.
But, if within HAH, on the fame fections (but on
contrary fides thereof) another feries of fuch fo-
lids IRRI, KSSK &F¢c. be formed ; the fum of all
thefe will, manifeftly, be lefs than the propofed folid
HAH, in which they are contained ®. And itis al{o
evident, that this lalt feries will be lefs than the
former (HNNH +- I00I &¢.) by the greateft (;_f

: thele
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thefe folids HNNH ; becaufe (this one, alone, be-

ing excepted) to every other folid of the rank, an

equal, in the contained rank, may be affigned, and

gice verfd : For ¢ IRRI = 1001, KSSK =KPPK,320 7.

LTTL = LQQL. and Sch,

Now, fince the altitude BC, of the folid HNNH > 8.
whereby the contained, and containing feries, differ

1 g" ather, may be taken fo fmall a part of

" *ofelf {hall be lefs than any ai-

o aatever " ; it is manifeflt (fromr« em, .
ol. to Theor. I.) that a magni- and 22.7.
ter than any feries of folids (of

;ified) that can be formed within

4"  HAH, and lefs than any fe-

i - formed about HAH, muft be

eqUar..  But the folid bab, being greater

than any feriesov folids (irri+kssk &c.) contained

therein *, is therefore greater than any feries of {o-+ Ax, 2.

lids IRRI4KSSK &¢. contained in HAH (zhefe,

being, refpectively, equal to thafe) : And the fame

folid hab, being lefs than anv {eries of folids (bunb

-4 igoi &c) formed about it, is alfo lefs than any

feries of folids (HNNH -4 [OOI &¢.) that can be

formed about HAH. Therefore the folid bab is

equal to HAH.

In this demonftration, the fections are fuppoled

to decreafe, continually, from the bafes upwards ;

{o as to have the fides of the upright folids formed

thereon, placed wholly without, or wholly within,

the fuperficies of the given folids HAH, bab :

Which can only be the cafe, when all perpendicu-

lars, from any points in the furface of either, to

the plane of the bafe, fall within the limits of the

bafe. If, however, the fections be fuppofed to de-

creafe to a certain diftance, only, and then to in-

creafe again ; the two folids will, ftill, appear to

beé equal : Becaunle the parts of the one, terminated -

M2 by

., 'f”‘_

Q)
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by fuch limits of decreafe; or increafe, will (by
the fame demonftration) be refpectively equal to
the correfpondent part of the other. But, as no
fuch folids have a place in the Elements of Geo-
meiry, to fay more about them here, would be
improper.

LEMMA A s

If pyramids and cones (ABCDEFG, TPQRS)
baving equal altitudes (AM, TN), be cut by planes
parallel to the bafes the feftions (bedefg, pqrs), at
all equal altitudes (Mim, Nn), will be in the fame
proportion as the bafes.

For, the plane b¢defz being parailel to BCDEFG,
thence is 4¢ parallel to BC#, 47 to BG, F¢. and
confequently the angle c2g = CBG®, 4cd = BCD,
&e. alfo bc: BC (:: Ab: ABF):: bg : BG., And,

1n the {ame manner, the fides about the other equal

angles are proportional. Therefore, the two po-

N

R AR
S

lygons bedefy, BCDEFG being fimilar & they are
in proportion ¢, as &¢* to BC?, or as Aé* to f AB?,
or, laftly, as AM* to f AM?*; becaufe (BM and ém

™
1)

.4 being drawn) the angles AMB, améb will be right-

4
¥ Cor. to

Y
il Y

ones %, and &m, therefore, parallel to BM b
: But
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But the fection pgrs is alfo to the bafe PQRS in
the fame proportion of Am* (T#')to AM* (TN*);
becaufe pg7s, PQRS, being ! circles, they are as thet Lem. 2.
iquares of their radii pr, PN¥, and confequently as ¥ 4. 8.
T#* to! TN*.. Theretore, feeing that the two fec- Cor. to
tions have both the fame ratio to their refpective ;.'f'
bafes, the propofition is manifeft™ |

COROL EARY:

It appears from hence, that the fetion of any
pyramid, by a plane parallel to the bafe, is fimilar
to the bafe.

THEOREM VI,

Al pyramids of the [ame allitude flanding upon
equal triangular bafes, are equal among themfelves
-and every fuch pyramid (ABCD) is equal to a cone
(QRSTU) of equal bafe and aliitude.

Case L. If the perpendicular, let fall from the
vertex D of the pyramid upon the plane of the bafe
ABC, falls not out of the bafe, or beyond the li-
mits of the triangle: Then it is manifeft, from
Lemma 4, feeing the feCtions of the folids ABCD,

v
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t Lem, g.

t Lem. 4.
w Ax. g.

P AX. 1.

¥ Def. 14,
e
= Def.6.7.
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QRSTU, at all equal diftances from the bafes, will
be equal *, that the folids themfelves will likewife
be equal.

- Case 1I. If the perpendicular (DE) from the
vertex to the plane of the bafe, falls beyond the li-
mits of the triangle : Then, to the point K where
it meets the plane, let BE and CE be drawn ; and
on BE let a triangle | BF be defcribed equal to
ABC (or QRST), and Ict K, D be joined. So
fhall the pyramid CBFED, ftanding on the bafe
CBFE, be equal to the pyramid CABED, ftand-
ing on the equal bafe CABE®Y, from each of
which, let the common pyramid CBED be taken
away ;5 and there will then remain the pyramid
BFED = pyramid ABCD ¥: But the former of
thefe is (Jy cafe 1.) equal to the cone QRSTU ;
therefore it is evident, that the latter ABCD will
alfo be equal to the * cone QRSTU ; and, confe-
quently, that all pyramids of the fame altitude,
ftanding on equal triangular bafes, will be equal
among themfelves *; feeing every fuch pyramid is
equal to a cone (QRSTU) of equal bafe and al-

titude,
THEOREM VII

Every prifm (ABCDEFA) baving 4 trianguiar
bafe (AFE) is equal to the triple of a pyramid of the
Jame bafe and altitude.

In the planes of the three fides, G
let the diagonals BE, BF, FD be /\
drawn, Then will the part FBCD g . D
of the prifm cut off by a plane |[%. /

extended by FB and FD, bea |\ [ /
pyramid on the bafe BCD, hay- Nk, A
ing the fame altitude with the
prifm itfelf%, both folids being :
contained between the fame * pa-

rallel planes AFE, BCD. More- 4 I
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over, the remaining part FABDE of the prifm, if

a plane be extended by FB and FE, will be divided

into the two pyramids FBAE, FDBE, which are
equal to each other *, as ftanding on the equal b tri- | % 8-
angular bafes ABE, BDE., But the former of “* '
thefe pyramids FBAE, if B be now confidered as

the vertex thereof, will appear, alfo, to be equal

to the firlt mentioned pyramid FBECD % the two
bales AFE, BCD (as well as the alticudes) being
equal b. Therefore, fince the three triangular py-
ramids (FBCD, FABE, FBDE) into which the
prifm is refolved, are all equal to each other; the
propofition is manifeit.

COROLLARY.

Hence, every prifm having a triangular bafe, is
equal to the triple of any pyramid of the fame al-
titude, ftanding upon an equal triangular bafec, ©6-8.and

Ax. 1.
THEOREM “VHI.
If a prifm (AbcE) and a pyramid (PQRSTU)
ftand upon equal and fimilar bafes (ABCDE,
PQRST), and bave both the fame altitude; the
prifm will be equal to the triple of the pyramid.
If the bafes e
be refolved into £ A
triangles, ABC,
ACD &e. it is |\
manifelt, that | # £
BbacCA will be a
prifm, on the bafe c
ABC; becaufe | ~ID
Ce  being equal B 7j\ Q S
and parallel 1o \/:é 7
*Aa, AacC will T ¢ Def. 6.

be a parallelogram © (as well as BézA and BécC 1), 2985, 7+

7 25‘ ['I

‘I'here-fDef.6. 5.
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Therefore BbacCA is equal to the triple of the
pyramid PQRU ¢, ftanding on an equal * bafe
(PQR). And, in the fame manner, the prifm
AacaDC, on the bafe ACD, is equal to the triple
of the pyramid PRSU, on the equal bafe PRS ;
and fo on. Therefore, alfo, fhall the whole prifm
Ad, on the bafe ABCDE, be equal to the triple
of the whole pyramid PQRSTU, on the equal bafe
PQRST.

r

COROGLLARY L

Hence, all pyramids having the fame bafe and
altitude, are equal; being like parts of one and
the fame prifm.

COR O:6..[ A R Y &Il

Hence, alfo, all prifms having the fame bafe
and altitude, are equal ; being equimultiples of one
and the {fame pyramid.

COROL AR ST

Therefore it appears, that every prifm inclining
on its bafe, as well as every upright one, is equal
to a reftangular parallelepipedon of equal bafe
and altitude *; and, confequently, that all prifms
whatever, having equal bafes, and altitudes, are
equal to ‘each other*: which muft be alfo true
in pyramids and cones, every fuch folid being fub-
triple to a prifm, or cylinder, of the fame bale and
altitude ',

CORIOLL AR Y "IV,

Hence it alfo follows, that whatever is demon-
ftrated in the 21{t, 22d, and 23d Theorems of the
preceding Book, coacerning the proportion of
prifms, holds equally in pyramids and cones ; 25¢fe

being like parts of tbofe’, S i
COROL.
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COROLLARY.\WV.

It follows, moreover, that all correfponding fru.
ftums of pyramids and cones of the fame altitude,
are alfo, in proportion, as their bafes. For, the
fections, at all equal alritudes, being in that propor-
tion ?, the parts cut off (as well the wholes) will » Lem. 5,
be in the fame proportion ™ § and, cunfequEntljr,the“ Cor. g+
remaining parts likewife °, e TR T

C OROLL ARY VI
Laftly, it will appear, that all cones, which have
“their altitudes and the diameters of their bafes di-

rectly proportional, are in the triplicate ratio of
their ‘altitudes *; being to each other in the famer 24, 5,

proportion with pnfms of equal bafe and alcitude, ¢ Cﬁrcs.
dll Ors

whereof they are like parts 4 to 1. 4
THE O R E N IX.

All fimilar prifms, and pyramids, are in the tripli-
cale ratio of their altitudes. '

From the extremes of the homologous fides Aa,
Ee, upon the bafes ABCD, EFGH of the pro-
pofed i'uhds Ay He, let fall the perpendiculars

50

aP, ¢Q. The angle BAD being = FEH, BA"FDef;

= FEe, and Df—‘m = Hilz 2, thence 18aP e} :

gA:cET::AB:EF 1z AD: EHY T herefore« Def. 140
(WO 4.
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two upright prifms conftituted on the bafes ABCD,
EFGH, of the fame altitudes (4P, Q) with the

~ two folids Ac¢, Eg, will be fimilar, the one to the

* Def.5.7. other * 5 and, therefore, in the triplicate ratio of the
* 24.7. altitudes®. But the folids A¢, Eg, when taken as
prifms, are refpectively equal to the faid upright

ones; and, when taken as pyramids, are like parts

t Cor 5. Of them®. Therefore the folids A¢, Eg are alfo in

to 8. 8. the triplicate ratio of the altitudes aF* and ¢Q ",

®Cor. 1.4+
COROL L AR Y:

Becaufe aP : ¢éQ : : Ag: Ee:: AB:EF &0, it
follows, that all fimilar prifms, and pyramids, are
to one another, in the triplicate ratio of the ho-
mologous fides of the like planes by which they

¥ Cor. 1. are bounded ”.

to §. 4.
THEOREM : X,

The fruftum (ABCDEFA) of any pyramid baving
a triangular bafe, is equal to a whole pyramid, of the
Jfame bafe and altitude, together with two otber pyra-
mids that are, in proportion thereto 5 the one, as any
Jfide (BD) of the upper bafe (BCD) is to its correfpon-
dent (AV) of the lower bafe (AFE); and the other,
as the [quare of the former jfide is to the fquare of
tbe latter. |

In the planes of the three C

fides, let thediagonals BE, BF,

FD be drawn. gTl-uﬂm will the p /\ D

part FBCD of the fruftum, % 4

cut off by a plane extended by “*::\h

FB and FD, be a pyramid, “11}‘1

on the bafe BCD, having the Y

fame altitude with the fruftum /B\
< Def. 16.1tlelf 2, both folids being cen- AL ;

: tained between the fame * pa-
2 Def. 15. rallel planes AFE, BCD.
r 3

More-
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Moreover, the remaining part FABDE of the
fruftum, if 2 plane be extended by FB and FE,
will be dW!dEd into the two pyramids FBDE,
' FABE, having the fame ratio, one to the other, as
theip bafes BI:.D ABEPY, or as BD to AL 5. But®z1. 5.
the Jatter of thefe pyramids (BAFE), takmg B as and Cor.
the vertex thereof, has the fame bafe and altltudcf;us &
with the fruftum given: And the pyramid FBCDu 2, +?
(firft mentioned) is therefore, in proportion thereto, and Cor.
as the bafe BCD to the bafe AFE ¢, that 15 (be- 4- t0 8. &.
caufe the bafes are fimilar®), as BD* to f AE? .~ Cor-

N : Lem.
whence the propofition is manifeft. £aE. 4,5

COROLLARY,.

Since, of the three folids (FABE, FBDE,

FBCD) into which the propoled fruftum is di-
vided, the ratio of the firft and third, is the dupli-
cate of that of AFE to BD, or of the ratio of the
fir(t to the fecond &3 it 1s evident, that thefe three& Cor. to
folids are proportionals " From whence it appears, 27: 4-
that the fruftum of any triangular pyramid is- Sl g
equal to two {whole) pyramids of the fame alti-
tude, on bafes equal to the two oppofite bafes of
the fruftum, and to a third pyramid, which is a
mean proportional between the two former. And
it is alfo evident, that whatever is above demon-

* ftrated, in relation to triangular pyramids, muft
hold equally in all pyramids and cones, whatever:
Becaufe every fuch folid is equal to a triangular
pyramid, of equal bafe and altitude*; and every! Cor,
fruftum of the one, alfo equal to the currefpnndmg m . 8
frultum of the other*, Cor. 5.

to 8. 8,
L. B M M oA 6, '

If with radii, refpeciively equal to the three fides of
any right-angled triangle, three civcles be deferibed
that whofe radius. is equal to the hypotbenufe, will be
equal to both the other two, taken together.

It
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It has been proved (in Theor. 3.) that circles
are in proportion, as the fguares of their radii g
therefore the demonftration here, is the very
fame, as in {imilar right-lined figures (Theor. 29.
Bagk 4.): Which (if neceflary) you may recons

ult.
CTTHEOREM 25

,' Every [phere is two-thirds of its ;ir:nmﬁr;’&ing £y-
linder (Or, of a cylinder ¢f equal diameter and alti

tude.)

Let AB be the axis A |

. about which the fphere ¥t =g /”

and cylinder are gene- {7 H > ? i[_.

rated, by the revolu- i 7 ™ a2

tion of the femi-circle i/ %

AGB and the rectangle jﬂ : G

'Def. 12. ADCB'; let HL be 7 : o

d 14-apy right line perpen- |

dicular to AB, meet-  *_

ing DC in L, and the ri.. mn.,, | c
periphery of the {femi- Bhiad

circle in K ; and from the center O, let OK and

OD; interfeéting HL in I, be drawn. |

“Hyp.  Since AQis = AD ", and HI parallel to AD*,

o4 1 therefore isHI =OH °: But OHK being right-an-

° 144 oled at H, the circle whofe radius is OH (or HI)

will (by the preceding Lem. and Ax. 5.) be equal to the

difference of the two circles whofe radii are OK

(HL) and HX : Or, in other words, the circle *?

defcribed by HI, or the feftion of the cone gene-

rated by the triangle AOD, in its revolution about

the axis AB, will be equal to the difference of the

two circles generated by HL and HK; that is,

‘94z, z,1.equal to the ammulus defcribed by KL 9, or' the

{ection of the folid which remains, when the fphere

is taken out of the cylinder, Theretore,: fecing
thefe

PLem. 6
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thefe two fections are, every-where, equal to each

other, the folids themf{elves will likewife be equal * ; r Lem, %
that is, the cone (EOD) will be equal to the ex.

cefs of the cylinder (GDEg) above the infcribed
hemifphere (GAg): whence, as the cone, or ex-

Ct‘{s, is one third part of the C}']Endcr 1, the he-*6. 8. and
mifphere muft neceffarily be equal to the two re- Cor-3-
maining thirds. And what is here proved, with © % ®
refpect to the halves of the propofed folids, holds
equally in the wholes. Therefore every fphere

is two-thirds of its circumfcribing cylinder.

COROGIIARY .

Hence, a cone, hemifphere and cylinder, of the
fame altitude, and ftanding upon equal bafes, are
in proportion, as the numbers 1, 2 and 3, refpec-
tively. -

COROLLARY I

Hence it alfo appears, that all fpheres are to each
other in the triplicate ratio of their diameters * 5 be-« Cor. to
ing in the fame proportion as the circumfcribing s. 8. and
cylinders, whereof they are like parts. 244 7+

Enp of the ELEMENTS.
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MENSURATION
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Superficies and Solids.
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VERY quantity is meafured by fome other
E quantity of the fame kind ; as a line by a

line, a {urface by a furface, and a folid by

a folid : And the number which thews how often
the lefler, called the meafuring unit, is contained in
the greater, or quantity meafured, is called #be con-
tent of the quantity fo meafured. Thus, if the quan-
tity to be meafured be the re&tangle ABCD, and
the little {quare E, whole fide is one inch, be the
meafuring unit propounded ; then, as often as the
faid little {quare is contained in the rectangle, fo
many {quare inches the rectangle is faid to contain :
So that, if the length DC be fuppofed 5 inches,
and the breadth AD 3 inches; the content of the
reCtangle



Of the Menfuration, &e.
rectangle will be 3 times 5, or 15 fquare inches
Becaule, if lines be drawn parallel to the fides,
at an inch diftance one from another, they will di-
vide the whole reftangle ABCD into 3 times s,
or 15 equal parts, of one inch each. And, ge-
nerally, whatever the meafures of the two fides may
be, it is evident (from EL 7. of 4.) that the ret-
angle will contain the fquare E, as many times as
the bafe AB contains the bafe of the fquare, re-
peated as often as the altitude AD contains the
altitude of the fquare. Therefore, 70 find the con-
zent of any reflangle, multiply the bafe by the altitude,
and the produst will be the anfwer. Thus, let the
length be” 38 inches, and the breadth 15; then

the content will be 15 times 18, or 270 fquare
inches,

The method of find-
ing the content of a
reCtangle being thus
known, the content
of any parallelogram
ABCD, or triangle
ABD, will alfo be
known ; the former of

thefe figutes being equal to a rectangle of the fame

bafe and altitude ; and the latter equal to the half -

of fuch a reétangle (by Cor. 3. to 2, 2.). There-
fore, multiply the bafe by the perpendicular, for the
content of any parallelogram 3 and the bafe by balf the
perpendiciulary for that of any triangle. Thus, for
example, let the bafe AB be 18 feet, and the per-
pendicular DE 12 feet; then the content of the
parallelogram will be 216, and that of the triangle
108, fquare feet,

N From
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From the manner of D
finding the area of a :
triangle, the area of any
right-lined plain figure,
as ABCDE, may be de-
termined, by dividing
the whole into triangles,
and finding the content
of each triangle. "fi"hus, let the dividing lines
AC and AD, be 20 and 16 inches, and the per-
pendiculars BF, DG, EH, falling thereon, 8, 12,
and 10, refpectively ; then, the content of the

- ABC 80
Triangle  ACD » being < 120 &, it is evi-
ADE 8o ) . :

dent, that the content of the whole ficure will.
be the fum of all thefe, or 280 quaFﬂ'inchcs.
But, when the given lines are exprefied by frac-
tions, or very large numbers, the work will be
fomewhat fhortened, by. finding the content of
every two triangles, having the fame bale, at one
operation ; that is, by firlt adding the two per-
pendiculars together, and then multiplying half
their fum by the common bafe of the two tri-
angles. Thus, in the laft example, the half-
fum of the two perpendiculars BF and DG be-
ing 10, if this number be, therefore, multiplied
by 20 the mealure of the common bafe AC, the
produ, which is 200, will be the content of
the trapezium ABCDA ; to which 8o, the con.

tent of the triangle ADE, being added ; the fum

will be 280, the fame as before. But, if the po-
lygon propofed be a regular one, that is, one
whole fides, and angles are all equal, the fhorteft

way
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Way of all, is, to multiply balf the fum of all the
Jides by the length of the line drawn from the middle
of any fide to the center of the polygon. The rea-
fon of which 1s obvious, from the demonftration

to Theor. 11. B, VIII. :

~_ Having fhewn how the area of any right-lined

figure may be computed, it will be proper here,
to fay fomething with regard to the area, and pe-
riphery of the circle.

It is well known, that to determine the rrue
area of a circle, and to find a right-line exaZly
equal to the circumference thereof, are looked
upon, by mathematicians, as abfolutely impoffi-
ble : But, though neither the one nor the othet
can be accurately known, yet feveral Ways have
been invented by which they may, be approxi-
mated, to any affigned degree of exaétnefs.
That, which I am now going to lay down,
though lefs expeditious than fome others, feems,
neverthelefs, to be the moft proper for this place,
as deperdding on the moft fimple and evident
principles: 1 fhall therefore begin with premifing
the following

LEMMA.

If AD be a diameter, and AB, BC two equal
ares of the fame circle, and if the chords DE, DC
be drawn ; then, I fay, thai DB* = $AD X DC +
iAD

N 2 ¥or,

o
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For, if in DA produced, there be taken AF =
DC, and BF, BA, BC and the radius BE be
drawn; then, the external angle FAB, of the
trapezium ABCD, being equal to the internal op-
pofite angle DCB (%y 17. 3.) alflo AF = DC, and
AB =CB (&y Hyp.); it is evident, that FB is
alfo — DB, and confequently the angle F = FDB
— DBE: And fo the ifofceles triangles DEB,
DBF being equiangular, it will be as DE (;AD):
DB:: DB:DF (DC + AD); and confequently
DB*=+ADx DC+ 1AD%. 2. E. D,

COROLLARY.

Hence, if the diameter AD be denoted by
the number 2, the chord DB will be denoted
by +/DC + 2: whence, it appears, that, if
the meafure of the [upplemental-chord of any arch
be increafed by the number 2, the [quare-root of
the fum will be the [upplemental chord of half that
arch.

Now, to apply this to the matter propofed, that
is, to the finding of the area and circumference
of the circle; let the arch ABC be taken equal
to + of the femi-periphery ACD; then will the
chord AC be equal to the radius AE (&y 29. 5.) 3

and
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and therefore, fince ACD is a right angle (Jy
13. 3.) DC* (= AD* — AC?, &y 8. 2.) will be
= 4—1 = 3; and confequently DC = /3 =
1,7320508075, &¢.  Wherefore, {eeing the fup-
plemental chord of I of the femi-periphery is

1,7320508075, we fhall, by the preceding Co-
rollary, _

- F

[ V/2¥1,7320508075=1,9318516525 )3 [ % )&
4/5+1,93|85165:5:1,982889?22? E < ;E:_‘

o }V/2+1,0828897227=1,0957178465 | 2% } 2% (%
= -‘«|V’z+ 1,0957178465=1,9989291743 E"é \ iz (&
v'z+:,ggsgzg:?43::,999?332}'5? .EE a5 | &

| V'2+1,9997322757=1,9999330678 VT [ iz |2
/' 2+1,9999330078=,/3,9999330678 /= L {73

Now,therefore, finceitisfound that 3,9999330678

is the fquare of the fupplemental-chord of i of

the {femi-periphery, let this number be fubftracted
from 4 the {quare of the diameter, and the re-
mainder 0,0000669322 will be the fquare of the
chord of the fame arch; therefore the chord it-
felf being = 4/0,0000669322 = 0,00818121, let
this number be multiplied by 768, or twice 384,
and the product 6,28317 will be the perimeter of
a regular polygon of 768 fides, infcribed in the
circle 3 which, as the fides of the polygon very
nearly coincide with the circumference or the cir-

cle, muft allo exprefs the length of the circums-
ference itlelf, very nearly.

N 3 But,
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But, in order to
fhew how near this
1s to the rtruth, let
AB reprefent one
fide of a regular po-
lygon of 768 fides,
infcribed in thecircle
(whofe length, we
have found above,
to be 0,00818121)
and let a4 be a [ide
of another fimilar
polygon, defcribed
abour the circle ; and from the center O let ON
be drawn, biﬁ:é‘tmg AB and 4/ in M and N
Then, fince AM 1s = 1AB = 0,0040906, and
AO = 1, it is plain that OM: (AO* — AM?)
will be = 0,99998327, and confequently OM =
0,99999163 ; whence, becaufe of the fimilar tri-
angles AOB, - :305, &c. we have 0,99999163
(OM):1 (ON):: AB:ab:: 6,28317 (the peri-
meter c:-f the infcribed poly gon) 0,28322 the pe-
rimeter of the circumficribed polygon. But the
circumference of the circle being greater than the
perimeter of the infcribed polygon, and lefs than
that of the circumfcribed one, it muft, con-
fequently, be greater than 6,28317, and lefs than
6,28322; and muft, therefore, be equal to 6,2832,
very near ; fince this number exceeds the perimeter
of the infcribed poiygon by no more than 0,00003,
and is lefs than the perimeter of the circumicribed
one by o,00002, only.

From the periphery thus found, the area of the
circle will alfo be known 3 being r-.qual to the pro-
duct of half the periphery into the radius (&y 2. 8.)
that Is, = 3,1416 X &I = 3,1416.

There-
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Therefore, fince it is proved (in Theor. 3 and 4.
of 8.) that the peripheries of circles are in pro-
portion as their diameters, and the circles them-
felves as the {quares of thofe diameters; it fol-
lows, that, as 2 is t0 6,2832,0r as 1 to0 23,1416 : :
the diameter of any circle to its periphery ; and
as 4.10 3,14i6, oras 1 to 0,7854 : : the fquare
of the diamerter to the area.

But, if you had rather have the proportions in
whole numbers, and the cafe propofed does not
require any great degree of accuracy ; then, in-
ftead of the foregoing, thofe of Archimedes may be
ufed, viz. 7:22 :: diam. : circumf. and 14 : 11:2
fquare diam. : area. Which proportions differ but
little from thofe above, as will appear from the
following example: wherein the diameter of a
circle being given 28, its circumference and area
are required, Here, according to the firft propor-
tions, 1 multiply 28 by 32,1416 for the circum-
ference, and the fquare of 28 (or 784) by-0,7854
for the area; and there refults 87,964 and 615,75,
refpectively. But, according to the proportions of
Archimedes, the circumference will be found equal
to 88, and the area 616 ; which differ very little
from the former.

By knowing the proportion between the diame-
ter of a circle and the circumference, and between
the fquare of the diameter and the area, the con-
vex fuperficies of folid bodies may be determined,
Thus,

The convex fuperficies of a cylinder is found,
by firlt finding the circumference of the bafe, and then
multiplying by the altitude of the folid. T herefore,
if to that produét, the area of the two circular
ends be added, the fum will be the whole fuper-
ficies of the cylinder.

N 4 To
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Of the Menfuration of

To find the convex fuperficies of a cone, mul-
tiply balf the length of the flant fide thereof by the
circumference of the bafe,

The convex fuperficies of any fruftum of this
folid is found, &y multiplying the fum of the peri-
pheries of the two ends into balf tbe length of the

Slant fide of the fruftum.

To find the {uperficies of a fphere, multiply
the periphery of the greateft, or gemerating, circle by
its diameter : Or, multiply the [quare of the diameter

by 3,1416.

The convex fupcrﬁmes of any fegment of a {phere
is found, by multiplying the periphery of the greateft
circle of the Jpherg into the altitude of the [egment.

The demonftration of thefe laft rules, for find-
ing the curve furfaces of folid bodies (which is not
given in the Elements, for reafons mentioned here-
after) is inferted at the end of this {ection.

OF THE MENSURATION OF SoLIDS.

As “every' B ' F
fuperficies 1s
meafured by a yr{~~ G
{quare, whofe /

fide is unity
(as -one inch, /
one foot, one 5’/
yard, &c ) fo
every folid is | C

meafured by a / / / / 5
cube whereof / / / / o
the fide is alfo A’ -+ 3
an unit. Thus,

leg
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fet the folid  to be meafured, be the reGtangular
parallelepipedon AF, and let the cube P, whofe
fide is one inch, be the meafuring unit 5 alfo let the
length AB, of the bafe AC, be 4 inches, the
breadth BC 2 inches, and the altitude AH of the
folid 5 inches: Then, becaufe the area of the bafe
JABCD is 2 times 4 (or 8) {quare inches, it is eafy
to conceive, that, if the folid were to be only one
inch high (inftead of 5), the content thereof would
be juft the fame number (8) of cubical inches;
becaufe then, upon the eight equal {quares into
which the whole bafe ABCD is divifible, a cube of
one inch might be ere€ted, {o as to compofe a pa-
rallelepipedon on that bafe, of one inch high.
Therefore, feeing that the content of the folid, at
one inch high, is 8 cubical inches, the whole con-
tent at 5 inches high, muft confequently be 5
times 8, or 40 cubical inches (fince the whole fo-
lid AF may be confidered, as compofed of 5 fuch
heights of cubes, one ranged above another.) And,
generally, whatever the dimenfions may be, it is
manifelt (frem 21 and 22. of 7.) that the parallel-
epipedon will contain the cube P, as many times
as the bafe ABCD contains the bafe of the cube,
repeated as often as the altitude AH contains the
altitude of the cube. Therefore the conrent of any
parallelepipedon will be found, by multiplying the area
of the bafe by the altitude of the parallelepipedon.
Thus, for example, if the two dimenfions of the
bafe be 16 and 12 inches, and the height of the
folid 10 inches; then, the area of the bafe being
192, the content of the folid will be 1920 cubical
inches.

From the content of a parallelepipedon, thus
known, that of a prifm, or a cylinder, will like-
wife be known ; every fuch folid being (&y 20. 7.
or 5. 8.) equal to a parallelepipedon of equal bale,

and
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and altitude. Therefore, multiply the area of the
bafe (found by the rules for fuperficies) into the

beight of the prifm, or cylinder, and the produtt will
be the content.

Hence the content of any pyramid, or cone, is
alfo obtained ; being (&y Cor. 3. 10 8. 8.) equal to

3 part of a prifin, or cylinder, of the fame bafe
and altitude. ~ Therefore, multiply the area of the

bafe by ; of the altitude, and the produt will be the

anfwer. '

Every fphere being (2y 11, 8.) equal to 2 pares
of a cylinder of the fame diameter and alritude ;
the content of any [phere will, therefore, ke Sfound,
by multiplying the area of its greateft, or generating,
circle into 5 of its diameter : Or (becaufe the area
of {uch circle is to the fquare of the diameter, in
proportion as 0,7854 to 1), Jet the cube of the dia-
meler be multiplied by the fraftion ,5236 (= = of
0,7854), and the produé? will be the content. Thus,
if the meafure of the diameter be 20, the cube
thereof will be 8000 ; which, multiplied by ,5236,

will give 4188,8 for the meafure of the {phere’s
folidiry. '

The manner of finding the r
content of any fruftums of ~ /
the folids above determined,
is colletted from Theor. 10,
and 11. B. VIII. Let the fru-
ftum (MN), firt propofed, be f
that of a pyramid ; then, hav-
ing found the content of a ;/
whole pyramid, of the fame |
given bale and altitude; fay, i
as any fide- A of the lower end or bafe, is to its
correfpondent B of the upper, fo is the faid con-

tent

e ke i e o et il T o =
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content to a fourth-proportional ; and, as A 1is
(again) to B, fo is the quantity laft found to an-
other proportional : which two proportionals, add-
‘ed to the content firft determined, will give the
true content of the fruftum. But when the op-
pofite bafes of the fruftum are fquares, the rule
will be more fimple, and put on a better form :
For then the area of the bafe being A*, the con-
tent of a whole pyramid thereon, of the fame alti-
tude with the fruftum, will be eéqual to the paral-
Jelepipedon C x A*, € being + of the given alti-
tude of the fruftum. ButA:B::C X A*:Cx
AxB (by22.7.)and A:B::CxAxB:CxB,
Therefore Cx A4+ CxAXxB+CxB'(=Cx
A* + A X B + B%, by Schol. to 20, 4.) is the true
content, in this cafe.

Hence, to find the content of the fruftum of any

fquare pyramid, add the produft of the two fides of
‘the lower and upper ends to the fum of their [quares,

and thzn multiply the aggregate by % of the fruffum’s
peight. |

From the con- :f_),.-—-r-—B —

of any conical fru-
ftum (PQ) 1s rea-
dily obtained ; be-
ing in proportion
to the content (C X

| [ere

R L
‘of the frultum of a Q

{guare pyramid cir-
cumfcribing it, as the bafe of the former is to the
bafe of the latter (4y Cor. 5. 10 8. 8.), or as the frac-
tion ,7854 1s to #nity : And fo, will be equal to the
;7854 part of C X A* + A&x B 4 B = E x
A* 4+ AB + B*; by taking E—,7854 xC = the
,2618 part of the whole given altitude. There-
1ore,

187
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{egment [AK of

Of the Menfuration of
fore, to find the content of any fruffum of a cone,
add the produll of the diameters of the two ends to
the fum of their [Jquaress then multiply the aggregate
by the fruftum’s beight, and the produci, again, by
the fraction 42618,
Hence, and ©

from Theor. 11.
B. VIIL a Rule

for finding the gT | r
content of any 7 -r}_. KRG

a {phere, may
alfo be deduced :
For, it appears,

from thence, that

the fegment propofed, TAK, is equal to the dif-
ferencé between a conical fruftum FCDH and a
cylinder ECDG of the fame altitude, ftanding upon
a bafe, whofe radius CA is equal to that (AO)
of the fphere itfelf. But the content of the fru-
ftum FCDH, if the two diameters CD, FH be re-
prefented (as above) by A and B, and the ,2618
part of the altitude (D) by E, will be = E %

" A* 4+ A X B + B* (that is, equal to a parallelepi-

pedon whofe altitude is E, and bafe = A* 4+ A X
B 4 B*): And the content of the cylinder ECDG
will be = 3E X A* or E x 3A* Therefore the
difference (or the content of the fegment IAK) will
be = E X 2A*— A X B — B* (Schol. to 20. 7. and
Ax.5.1.) But2A*—A X B—DBis compofed
of A*— A X B and A* — B*; whereof the for-
mer part A>—AXBis = A—BxA (¥ 5. 2.)
— 2D % A (becaufe A —B (or CD—FH) =FE
+ HG = 2AB or 2D); and the latter A* —bB*=
A—BxA+4+BYy v 2,) 2D X 2Aa—12D:
Whence the fum of both will confequently be =

2D X 3A — 2D ; and the content of the fegment
| itfelf
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qtlelf = E % 2D x 3A — 2D = ,5236 X D* ¥
3A—2D (becaufe 2E = ,5236D).

Therefore, 70 find the content of any [egment of a

' fphere, multiply the fquare of the fegment’s height by

the excefs of thrice the [phere’s diameter above the

double of that beight s and then multiply by the frac-

tion ,5236. '

The demonftration of the rules for determining
the fuperfictal content of the cylinder, cone and
{phere, and of their feveral {egments, or fruftums, is
colleéted from the two Lemmas here fubjoined,

LB NENE e

- The upper Juperficies, or the area of ail the fides of
a regular pyramid, in which a cone may be inferibed,
is equal to a reilangle under the perimeter of the bafe
and balf the length of the cone’s flant fide.

For, let BCDE,
&¢c. be the bafe
of the pyramid,
and BPGM that
of the infcribed
cone; and from
the vertex A to
the point P where
any fide DE of
the polyo.touches
the circle, let AP
be drawn. Then,
fince the triangle
ADE is = LAP PR
% ‘DE =14B
DE ; and as the
like holds good
with regard to
every other fide

of
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of the pyramid, it is evident that the fum of all |
the fides, or the whole fuperficies of the pyramid
(exclufive of the bafe) will, be equal to LAB x
DE + EF + (e that is, equal to. a. reCtangle |
under +AB and the whole perimeter of, the bafe.

— 0 " i il e e

COROLELARY I

Hence it will alfo appear, that all the fides
of any fruftum Bg of the pyramid, will be equal
to. a reGangle under half the length of each fide
and the fum of the perimeters of the two ends ;
For, the area of the fide DEed being = ;Pp X
DE -+ de, or 3Bé X DE «4 de*(éy 4. 2.), the
area of all the fides will, therefore; be = 1Bb X

DE + 4 + EF + o + G

COROLELARY 1L

T herefore, feeing that the foregoing conclufions
hold univerfally, whatever the number of the fides
may be; and as the pyramid, by increaling the
pumber of its fides, approaches nearer and nearer,
continually, to the infcribed cone, which is its li-
mit ; thence will the upper fuverficies of the cone
(as well as that of the pyramid) be equal to a reft-
angle under half the length of its flant fide and the
perimeter of its bafe. And the convex {uperficies
of any fruftum of the cone will, a/fe, be equal to
a rectangle under half the length of its flant fide
and the fum of the peripheries of its two ends,
or bafes: Whence it likewife follows, that the con-
vex furface of a cylinder will be equal to a reét-
angle under half its altitude and twice the peri-
phery of its bafe (or under the whole altitude and,
once that periphery); becaule then the two ends are
equal.—From this Corollary, the rules for finding

the fuperficies of the cylinder and cone, are given.
L E M-
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LEMMA 2.

| a regular polygon ABCDE, &c. of an eves
Hﬂi};gr af ﬁdf{,ﬁ raﬁa:&er with its :'nﬁrf&fd circle
RQSy, be fuppofed to revolve about the (produced)
diameter RS, as an axis; the fuperficies of the folid
generated by the polygon, will-be equal to a reitangle
under its axis AF and a right line equal to the cir-
cumference RQSq of the inferibed circle,

From the
center O, to Q.'

C
the point of B ot

- N-

B

conta¢t Q, of
let the radius 6 |P

any fide BC, A

- OQ be drawn i1l 18
alfo drawB4M,
DEo ~CEY M

{Fc. perpendi- N e 2
cular to AF, 1 R
and BN per-

pendicular to CL.
Becaufe the folid generated by the plane B4cC

is the fruftum of a cone, the convex fuperficies

thereof, generated by BC, is equal to a reCtangle
under  BC and the {um of the peripheries of the
two circles defcribed by Bj and Ce¢ (&y Cor. 2, to
the precedent) : But the fum of thefe two periphe-
ries, as QP is an arithmetical mean between B

and Ce, is equal to twice the periphery Qg and

therefore the convex fuperficies of the faid fruftum
equal to 1BC x 2 periph. Q7 = BC x periph. Qgq.
Bur, becaule of the fimilar triangles OPQ, BNC,
we have BC : BN (4¢) :: 0Q : PQ : : periph.
RQSq : periph. Qg (2y 4. 8); and confequently
BC x periph. Qg = &¢ x periph, RQSg = the fu-

perficies
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perficies generated by BC. By the very fame at-
gument, the fuperficies generated by any other fide
CD is = ¢d x periph, RQSg: Whence it is mani-
feft, thar the {uperficies of the whole folid is =
Ab + be + ¢d + e, X periph, RQSg = AF X
periph, RQSg. |

COROLLARY "1

Since the fuperficies of the folid is, univerfally,
equal to AF x periph. RQSg,let the number of fides
of the generating polygon be what it will ; and as

the faid fuperficies, by increafing the number of

fides, approaches nearer and nearer, continually, to
the fuperficies of the infcribed fphere, which 1s its
limit ; thence will the fuperficies of the fphere, it-
felf, be alfo equal to a retangle under its axis RS
and- periphery RQS¢: and the convex fuperfi-
cies of any {fegment thereof vRw, will likewife be

equal to a rectangle under its axis (or height) Re

and the {fame periphery RQSg; fince it is proved,
that the correfponding fuperficies of CBAML, is
univerfally equal to Ac X periph, RQSy.

COROLLARY 1L

Hence it alfo appears, that the fuperficies of every
fphere 1s equal to four times its generating circle :
Becaufe (2y 2. 8) the circle RQ3g =+RSx;periph,
RQSg = RS X periph, RQSg.

In deriving thefe conclufions, as well as thofe de-
pending upon the preceding Lemma, the Reader
muft have obferved, that fomething is affumed,
which is not demonftrated in any part of thefe /-
ments, But this will not, I imagine, be confidered as
a fault, by thofe who know, that it is impofiible
to prove in a manner perfefly regular and ceome-
trical, that a curve furface, of any kind, is equal

LQ
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Superficies and Solids.

to a plane-one of an afligned magnitude. Plane
furfaces are compared with one another, in virtue
of the 10rh Axiom; in which, whatever relates ro
the equality of plane figures, has its original. But
no principles have been yet admitted into.the com-
mon, or lower Geometry, whereby a curve-furface
can be compared with a plane one; nor even by
which the proportion of any one curve-line to a
right-line can be known: Nor can it be demon-
ftrated by all the Geometry in Euclid’s Elements,
that the periphery of a circle “is lefs than the peri-
meter of its circumicribing fquare.~~We can deteg-
mine the proportion of folids bounded by curve-
furfaces, by defcribing other folids in, and about
them, fo as to differ lefs from them, than by any
affigned part however fmall. But in comparing
of the furfaces, this method fails ; becaufe, let the
number of fides of the inferibed, or circumfcribed
folid be ever fo great,.or let. the folid itfelf ap-
proach ever fo near to the propoled one; the two
furfaces, after all, wil/ bave no part in common on
which a demonftration can be formed, but will
ftill be diftinct things. Before fuch a comparifon can
poffibly be made, in a regular and fcientific manner,
new principles muft be laid down : But #befe belong
to, and are beft fupplied in the Modern Geometry,

or Method of Fluxions.
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MAXIMA and MINIMA

o F

Geometrical Quantities.

e
-

T.HEOREM, I

If from two given points A, B, on the fame jide of
an indefinite line PQ (in the fame plane with them)
two lines AE, BE be drawn to meet on, and make
equal angles AEQ, BEP with the faid line PQ ;
the lines [o drawn, taken togetber, [ball be lefs than
any other two AG, BG, drawn from the fame poinis
1o meet on the fame line PQ.

For, let BNM be per= B A
pendicular to PNQ, and
let AE be produced to
meet it in M, alfo let
MG be drawn. P N o\

Then the triangles A
MNE, BNE, having
the angle MEN (=

T AEQ*=BEN°’MNE M

bjyp. = BNEF, and NE com-

© Conftr. mon to both ; have alfo MN = BN, and ME =
| BE

= " =
! e i e T ik—— T o . e -
- ==
=




Of the Maxima and Minima &c.

195

BE ¢; whence alfo MG = BG©: But AM (AE 4% 15. 1.

BE) is lefs than AG 4+ MG, or, than its equa
AG + BG. 2. E.D.

THEOR E M-"1].

Of all right-lines AP, BP ; AQ, BQ, tbat canbe
drawn from two given points A, B, to meet, two by
iwo, on the convexity of a given circle RPQR ; thofe
two AP, BP taken together, fball be the leaft, which
make equal angles with the tangent MPN (or with

¢he radius DP) at the point of concourfe P.

For, if to any pointzin A B
the part of the tangent in- -
tercepted by AQ and BQ,
there bedrawn An and Bx;, ™M X

then will AP 4+ BP be lefs
than An4B#s, and An+- Q
Bn lefs than AQ_+4 BQ™: l}/ W\R
Confequently AP 4 BP
is lefs than AQ + BQ, D
9. E. D.

This demonftration holds equally true, when the
curve RPR is {uppofed of any other kind; pro-
vided all tangents to it, fall intirely without the

Curve,

THEOREM IIL

If, in a given triangle ABC, a point isto be de-
termined, fo that the fum of all the three lines drawn
Jrom thence to the three angles, fball be the leaft poffible s
[ fay, the pofition of that point muft be fuch, that all
the angles formed about it by thofe lines, fball be equal
among themfelves, - ;

O 2 If

1‘&::.10.1.
fig. 1.

ETheor. 1.
.
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If you deny it, then
let fome point E, at
which the angles BEA,
CEA are unequal, be the
required one,

Upon the center A,

" thro’ E, let the circum-

ference of acircle RER -
be defcribed 3 and let D
be that point in it, where =
the angles ADB and ADC are equal.

Theor.2+. Becaufe BD 4+ CD is lefs than BE 4 CEY,
therefore is AD 4 BD + CD alfo lefs than AE 4

 Ax.6,1, BE + CE *; wbhich is repugnant. Therefore no
point at which the angles are unequal, can be the
required one. 2. E. D.

The fame otherwife.

Let the point P
be that, at which all
the angles APB,
RPC TBEC dre
equal * ; and from
any other point Q,
upen the lines form-
ing them, let fall
the three perpendi- /
culars Qa, Q&, Qec.py
1 fay, firft, that the -
fum of the three diftances Aa, Bb, Ce¢, intercepted

by thofe'perpendiculars, and the three given points
A, B, C, will be equal to the fum of the three

oo

ol i i M i

* The determination of the pofition of a point, at which, lines
drawn from three given points, fball form any given angles, is
given among the Geometrical Conflrudlions, in the next fedion.

firlt
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firlt ditances AP + BP 4+ CP. Faor, if thro’
the interfection M of P¢ and 4Q, rv be’ drawn
parallel to Aa, meeting B/ (produced) in v; -and
PS, parallel to &'Q inS; itis cv1dent (becaufe the
angle v = !BPz = ¥PM = % of a right-angle ™)' Cor. to
that the triangle PoM is eqmlaterai and that e o
right-angled tnangles QMc:e, QMr, havmn' QME yp-
("— PMé = vMb) = QMy, have alfocM = rM
to which let MP = Mw be added ; fo fhall ¢P =
—aP + vS = aP + Pé. And, if to the firlt and laﬂ:
of thefe, AP+BP4-Ce (be again} added ; then will
AP 4+ BP 4 CP = Aa 4 Bé 4= Ce, as was af~
Jerted : Whence the Theorem itfelf is exceedingly
‘obvious: For fﬁemgthal: the fum AP+ BP 4+ CP
1s but equal to the fum of the three bafes Aq, Bb, .-
Ce¢, it mult neceffarily be lefs than ‘that of the =
three hypothenufes AQ, BQ and CQ. 9. E. D.
e TN EE R RENL 1Y,

e graarg’z‘ triangle ABD that can poffibly be con-
tained under two right-lines, given in length, and any
other-right-line joining their extremes, will be when
the two given lines AB, BD make rng: :mg:’f: with
each otber.

For, let BC. be
equal to BD, and
the angle ABC ei-
ther greater, or lefs
than the right angle
ABD ; let alfo CF
be drawn parallel to A
AB, meeting BD
(produced, if 1 neceffary) in I, and let A F, and A,

C be joined.

¥ hen the angle BFC being a right-one ", it is evi=n . 4,
dent that BC(BD) 18 frreater than BF°; ; and there-.° zo. 1.
fpre the triangle ABD, being greater than ABE* :*é:r =
i3 alfo greater chan its equal ! v ABEL 9y B D, .

2 3o
O 3 T HE Q-
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THEOREM V.

Of all triangles ABC, ABD, baving the fame bafe
AB, and the fum of their otber jfides the fame, the
ifofceles one ACB, is the greateft.

Let CH be perpendi- . C
cular to AB, and DEF oA D
parallel to AB, interfect- Al
ing HC (produced if need by

be)in E ; likewife let AE /

and BE be drawn.

It is manifeft that the A £

¢ 16. ang2ngles ALF, BED are . H e
2. 1, €qual’; therefore AE 4+ BE is lefs than AD +
*Theor.1, BD %, or than its equal AC 4 BC*®; and fo the
*Hyp. triangle AEB, falling within the triangle ACB®,
"23- 1. muft be lefs than ACB ™ ; and therefore ADB (=

wAx. 2.1

x Cor. 1. AEB*) muft alfo be lefs than ACB. 9, £. D.

to 2. z.
THEOREM VI

Of all triangles ABC, ABD Jtanding upon the fame
bafe AB, and baving equal wvertical angles ACB,
ADB, tbe ifofceles one ACB is the greateft.

Let ACDB be a
fegment of a’ circle,
in which the equal
angles ACB, ADB
are contained” 3 make
CEG perpendicular,
and DE parallel, to
AB; from the center
O draw OD, and let
A, E and B, E be
joined. It is evident
J(':Sr ’;a that CG, not only bifects AB?, but alfo pafies

.. through the center O * = Therefore, OD (OC) be-

:I 31-
Ing

* e X S
and 11.1,

e e, I . ] R o il ot el
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ing greater than OE %, the triangle ACB will alfo?20 1.
be greater than AEB, or than its equal ADB®, Cor.2.2+

% . D. and Ax.2»

THEOREM  VIL

Of all right-lines DE, FG that can be drawn 1o
cut off equal areas ADE, AFG from a given triangle
ABC, that DE is the leaft, which makes the triangl
ADE, cut off, an ifofceles one,

Let AFG be
the circumfe-
rence of a circle
paffing through
the three points
A, F, G; alfo
let PH be per-
pendicular to
FG,at the mid-
dle point P,
meeting thecir-
cumference in
H, and let FH
and GH be drawn. The triangle FHG, being -
ifofceles ©, is therefore greater than FAG ¢, orc Ax. 1o,
than its equal * ADE : 'Whence, as the triangles ‘ Theor.6.
FHG, ADE are equiangularf, the bafe FG of the =Hyp.

f
greater, muft confequently exceed the bafe DE of HSE{? ::fl
the lefler. @ E. D. ' 19. 1.

THEOREM. VI

Of all right-lines EF, GH, GH that can be drawn
thro’ a given point D, between two right-lines BA,
BC given in pofition 5 that EF which is bifected by
the given poimt D, forms with them the leaft triangle
(EBF).

O 4 For,
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hs,and
T 1.

! Hyp.
kgg. 1.

t Ax. 2.

m Ax. 6.

®15. 1.

P24 L

q Cor, to
z#':l

Of the Maxima and Minima

For, if EIl, parallel
to BC, be drawn,meet-
ing GH in |; the " equi-
angular triangles DFH
and DEI, having DF
=DE!, will be equal ¥;
and DFH will there-
fore be lels, or greater
than DEG !, according °
as BG is greater or lefs
than BY¥. +In the for-
mer cafe let DEBH AGE| T AR
common, be addedto 1 , .
both; fo fhall FEB be lefs than HGB*., And if,
in the latter cafe, DGBF be added, then will HGB
be greater than FEB ™ ; and cnnfeciﬁ_enrly FEB (in
this cafe alfo) lefs than HGB. 2. E. D. b

‘ﬂi‘.lr."‘n.!{‘.l

2

CORGLLARES!

If DM and DN be drawn parallel to BC and
BA ; the two equal e triangles DEM, DFN, taken
together (fince EM = DN ° = MB?) will be equal
to the parallelogram DMBN ¢ 5 and | confequently
the parallelogram DMBN = # BEF —3 { BGH,
Whence it is manifeft, that a parallelogram 1s al-
ways lefs than half a triangle in which it is in-
{cribed, except when the bafe of the one is half
the bafe of the other; in which cafe the parallelo-
gram is juft half the triangle, =~

$C H O-
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SCHOLIUM.

From the
preceding Co-
rollary alone,
it may be very
ealily made to
appear, that
the leaft tri-
angle EGM
which can pof-

fibly be de- :
ﬁ:nbed about, iy 7 ¢ A ;% i E
and the great-
eft parallelogram EFB# that can be defcribed in,
any curve ABCD, concave to its axis AE, will be
when the fub-tangent F'G is equal to half the bafe
EG of the triangle, or to the whole bafe EF of
the paralielogram; and thac the two figures will
be in the ratio of #wo to one. For let HN be a
fide of any other circumicribing triangle .LILHN}
touching the curve in C, and meeting .FBr in 7 :
Then, the curve being concave to ‘its axis, the
point r will fall above B ; whence, if 7 be drawn
parallel to B, then will EGM =4 ] g ) 1 P
EHN Again, if IC, parallel to EM, be pro-
duced to meet GM in p, and CK and p j!l:u: drawn
parallel to AL ; then, alfo, will BE ._; IEGM =
pE © CE, as was to be fhewn.

THEDREM IX."

Of all right lined fizures, coutained under rbe  [ame
number of fides, and infcribed in the fame circle, that
15 the greateft whofe fides are all equal, -

For,

20I
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LY

*Theor.6.
and 11. 3

Of the Maxima and Miniina

For, if poffible, let D
fome polygonABCFE,
whofe fides CF, EF are

unequal,bethegreateft.

et CDE:be an C%E
fofceles triangle de-
fcribed in the fame
fegment with CFE;
which being greater 74
than CFE ", the whole - B A

polygon ABCDE will

alfo be greater than '

the whole polygon ABCFE ; which is repugnant.
Therefore the polygon is the greateft when the
fides are all equal,

I

THEOREM X

Of all right-lined figures, contained under the fame
perimeter, and number of fides, the greateft is, when
the jides are all equal,

For, if ABCDE : D
be the greateft pof- F
fible, the triangle
CDE muft, mani- o ~
feftly, be greater E
than any other tri-
angle CFE upon the
{ame bafe, whereof
the fum of the other
fides 1s allo the B A
fame. But, &y Theo-
rem V. the greateft triangle, when the bafe and
the fum of the fides are given, is that whofe fides
are equal: Therefore DC and ED are equal. In
the fame manner it appears that BC = CD, &e.

9. E. D.

T HEO-
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THEOREM XL

If all the fides of a polygon, except one, be given
in length, and their pofition be required, fo as to make
the poligon. itfelf the greateft poffible s I fay, their
pofition muft be fuch, that two lines drawn from the
extremes of the unknown fide to any angle of the poly-
gon, fball form a right anglec _

For, ifyouwould” - - o
have the polygon :

ABCDEF to be g /7

the greateft poflible,

and yet ADF, fub-".

tended by the un- ¥ i,

known fide AF,not A _ F
aright-angle: Then -

let PSO be a right-~ ¢ R ——8
angle,contained un-

der PS'= AD, and 'Q

OS ‘= FDy and

vpon PS and OS,

let the figures PS

RQ and OST beP

defcribed equilates . - -

ral, and equal, t0 ADCB and FDFE *. 5 10:6.

The triangle PSO is greater than ADF * ; there’ tTheor.4.
fore, PSRQ being = ADCB, and OST = FDE *," Conilr,
the whole polygon PQRSTO is alfo greater than
the whole polygon ABCDEF ¥, which is repugnant.” Ax. 6.1

COROLLARY,

Hence, becaufe the angle in a femi-circle is a
right-angle *; it appears, that the greateft poly-x 3. 3,
gon that can be contained under any propofed
number of given fides, and one other fide any how
taken, will be, when 2 may be infcribed in a {emi-
circle, whereof the indetermined line will be the
diameter,

THE O-
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THEOREM. XIL .
- Apolygon ABCDEA in a circle, is greater than any

other polygon PQRSTP, whatever, whoft fides are the
fame both in length and number.. fam wol

Let AF be the diameter of the circle, and join
E, F; alfo make the angle PTO = AEF, TO =
EF, and let PO be drawn. Rt

.FP .‘:_ - L 0

Becaufe AB = PQ, BC = QR,CD = RS, DE
fHype —OL> and EF = TO?, the polygop' ABCDEF;
being infcribed in a {emi-circle, will be greater than
= Theor. the polygon PQRSTO*; and, if from thefe, the
1. equal triangles AEF, PTO be taken away, there
will remain ABCDEA © PQRSTP,  9.4&:.D.
That the magnitude C | 3
of the greateft polygon, F
which can be contained
under any number of
unequal fides, does not
at all depend upon the
order in which thofe
lines are connected to A B

each other, will appear, -
thus. Let ABCDE be the greateft, one way, or
according to one order of the fides; and upon BD
det a triangle BDF be conftituted whofe fides DF
and BF are, refpectively, equal to BC and DC
thﬁﬂ, the triangits BCD, BEFD being cqua], the
whole
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whole polygons ABCDE and ABFDE will like-
wife be equal, notwithftanding their equal fides
BC, DF, &F. are placed according to different

orders.

THEOREM XIIL

Of all polygons, contained under the fame perime=
ter, and number of fides 5 that whafe fides, and angles,
are equal, is the greareft.

For, the greateft polygon that can be contained
under a given perimeter, is one whofe fides are all

205

equal . But, of all the polygons of this fort, that 2 Theor.

is the greateft which may be infcribed in a circle®:
Therefore the greateft of all, is that whofe fides
are all equal, and which may be infcribed in a
circle, or whereof the angles, as well as the fides,

are all equal. 2. E. D.

THEOREM XIV.

The greateff area that can poffibly be contained by
one right line, any bow taken, and any other line or
lines, whatever, whereof the (um is given; will be,
when two right-lines drawn from the extremes of the
unknown line firft mentioned, to meet any where in the
given boundary, make right-angles with each other.

For, if you would have thearea ACDEBA, con-
tained by fome right-line AB, and ACDEB where-
of the length is given, to be the greateit pofiible,
and ADB, at the {fame time, not a righr angle:
Then, let PSQ be a right-angle, contained under
PS = AD, and QS =BD; and, baving joined

D S,

: T
C B

A B P Q
PQ,

b

10.

Theor,
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€ Theor,

¢ Hy
Ype
¢ Ax, 6,

5133

Of the Maxima and Minima

PQ, upon PS and QS conceive two figures PRS
and QST to be formed, equal, and alike in all re-
fpects to ACD and DBE. Since the area PSQ is
greater than ADB ©5 it is manifeft, that the area
PRSTQP, contained by the right line (PQ) and
PRSTQ (= ACDEB ?) will alfo be greater than
the area ACDEBA ®, wbich is repugnant : There-
fore the area ACDEBA cannot be the greateft
pofiible, unlefs the angle ADB be a right one.
QJ.E! .I}a
yWCOROLLARY,

Hence, becaufe the angle in a femi-circle is a
right-angle, itis evident that the area will be the
greateft poflible, when the given length, or boun-
dary, forms the arch of afemi-circle; whereof the
indetermined right-line propofed is the diameter.

THEOREM XV.

Of all plane figures ABCD, EFGH, contained
under equal perimeters (or limits ), the circle (ABCD)
is the greatef.
~ For, if the diameter AC be drawn, and EFG

be taken equal to the arch ABC ; then the area
ABCA will (&y the precedent) be greater than the

area EFGE, contained by EFG and the right- liqc
EG; and ADCA will alio be greater than EHGE :
Therefore ABCD muft, neceflarily, be greater than

EFGH. 9, E. D.
GO RG:L-
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C-OR O MR Y.

Hence it appears, that the greateft area that can
poflibly be contained by a right-line AB, and a
curve-line AeB, both given in length; will be,
when the latter is an arch of a circle. For, let
AnB be any other curve-line, equal to AeB, and let
the whole circle A¢eBCD be completed ; which
will (it is proved) be greater than the mixed figure
AnBCD; and confequently, by taking away the
common fegment ABCD, there will remain A¢BA
greater than AnBA.

THEOREM XVIL

The greatelt parallelepipedon that can be contained
under the three parts of a given line AB, any how
taken, will be when all the parts are equal to each
otber.

For, if poffible, let B I o
two parts AE, ED A 5 ‘ B
be unequal. Bifect AD in C; then will the reét-
angle under Ak (AC+4CE) and ED (AC — CE)
be lefs than AC* (or AC X CD) by the fquare of

207

CE 5. Therefore the folid AExXEDx DB will alfﬂi?z'lz'
be lefs than the folid AC x CDx DB T T A 7

contrary to bypothbefis.

COROLLARY.

Hence, of all retangular parallelepipedons, hav-
ing the fum of their three dimenfions the fame, the
cube is the greateft,

T HEOs
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THEOREM XVII°

The greateft parallelepipedon AC* x CB that can
pollibly be contained under the fquare of one part AC
of a given line AB and the other part AC, any how
taken ; will be, when the former part is the duble of
the laiter.

For, let Ac and /D ol
Be be any other A < o
parts, into which
the given line AB may be divided ; and let AC and
Ac be bifeéted in D and 4. So fhall AC* xCB =
i 4AD X DC XCB! - 4Adxdex cB* (Ac* X ¢BY)
x (Em-. to by the precedent. 9. E. D.

« 2o

B

i Cor. to
6. 2. and

THEOREM XVIIL

The bypothenufe AB of a right-angled triangle
ABC leing givens the folid BC X AC* contained
under one leg BC and the [quare of the other AC,
will be the greateft poffible, when the [quare of the
latter leg AC is double to that of the former BC,

For, if CD be con- By o
ceived perpendicular to E
AB, and DE to AC; it
1 Cor. to willbe AC*(ABXAD'):
19. 4. AB*:: AD:AB™::DE:
:IT.'::‘ BC "; and conlequently A D B
©23. 7. ACXBC=AB*XDE °;
r Cor. 2. which (as AB* 1s given) will, evidently, be the great-
to 6. z.eft poflible, when DE, or its fquare ® (DE?) is the
! ?I“ Pgreateft poffible. But DE*: AD*::9BC* (BD x
A N:AB*::BD : AB™; and therefore DE*xAB
= AD*xBD°; which (and confequently DE?*) will
be the greateft poflible, when AD 1s the double
* Theor. of BD *; that is, when AC* (AD x AB) is the
17-  double of BC* (BD X AB). 9. £. D.
THE O-

P e
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THEQREMLXIX,

T be altitude BC of the greateft cylinder HG that
can poffibly be infcribed in any cone ADE, is one third
part of the altitude AB of the cone, and the cylinder
sfelf & parts of the cone.

For, let gh be any" A
other cylinder infcribed
in the cone ; and it will
bé: AL BEFEGF X
1B MR T STl & P L S =
Actieg*t 21 A X Be:pg F,:T—'{rm{ﬁcm c OhE. 12s

4

*¢g* X BC; whence, & s o - 4
alternation, AC* x BC : Rt A

At ¢ Be v CG* 3 BC 1Tl |t ols N

¢g* X Be : and fo'like- S * 3, and
wife is the cylinder HG 5. of 8,

to the cylinder * /g3 but AC* x BC is greater ¥ ¥ Theor.

than Ac* x Be; therefore HG is alfo greater than 7k

bg. Again, lince AC = 3AB, and therefore CG, g:r' ;

= +BE; wealfo have, cylinder HG: cone ADE 8. 3.

(or cylinder ? DN) : : CG* (4BE*) : *BE*:: £:1.%21. 7.

'(.2; B : and 3. 8.
SCHOLIUM.

From this propofition, by reafoning as in the
Scholium to Theorem VIIIL. it will appear, that
the leaft cone that can be defcribed abour, and the
greatelt cylinder that can poflibly be defcribed in,
any lolid generated by the rotation of a curve, con-
cave to its axis, will be, when the fub rangent is
two-thirds of the altitude of the cone, or twice the
altitude of the cylinder; and that the two Ggures
will be in the ratio of nine to four. From whence
the dimenfions of the greateft and leaft cylinders
and cones, that can be defcribed in, and about folids
generated by curves, to which the niethod of draw-

ing tangents is known, may be readily determined."
THE
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CONSTRUCTION

. Of a great Varicty of

Geometrical Problems.

Being a farther

APPLICATION of what has been delivered
in the Elementary Part of this Work,

PROBLEM L

In a given triangle ABC, o infiribe a [quare
DEFN.

CONSTRUCTION.

R O M any point M,
F in either fide, upon
the bafe AB, let
fall the perpendicular MG 5 np
make MR perpendicular,
and equal, thereto, and let A;
ARE be drawn, meeting !
the other fide of the tri- & G N S
angle in E ; then draw ED
parallel, and EF and DN perpendicular, to AB;
and the thing is done.
D E-

o S — e —




The Conflruction, &c.

DEMONSTRATION,

Let RS be drawn parallel to EF: Then (4y /-
wuilar triangles) RS (MG) : EF (: : AR : AE) : :
MR : DE : Therefore, as MG and MR are equal,
by conftruction, EF and DE will likewife be equal.

By the fame method a retangle may be infcribed
in a triangie, whofe fides fhall bein a given ratio ;

if MR and MG (inftead of being equal) be taken
in the given ratio; thereft of the conftruction be-

ing exactly the fame.

PROBERM - IL

In a given triangle ABC, to inferibe a refangle
EFGH egual to any given right-lined figure Q, not
exceeding balf the triangle,

CONST REECT IO N

On the bafe AB (2y .
6.) let a re¢tangle ABPL
be conftituted — Q;and Q
let LP meet the perpen- oF

@

4

dicular CDof the triangle = '——

(produced) in K. Thgen E/A N ""{{ E
(b 17. 5.) let CD be di- 1 D l\p
videdin I, fo that CIx ~ [ H M G
Dl = CD x DK (thatis, L K P

lettwo femi-circles be de-
fcribed on CD and CK; drawing MN and NI pa-
rallel to CD and AB): So thall DI be the alti-
tude of the required refangle.

DPEMONSTRATION
Since (4y Confir.) CI x DI (= NI =MP*) =
CD x DK, thence will DI: DK ::CD: Cl:: AB:
EF (Jy 20. 5.) ; and confequently DI x EF (by 10,
4)=ABXDK =Q. 9.E, D.
' P That
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That the Problem will be impoflible, when Q
is greater than half the triangle, is evident from
the Conftruction, as well as from the Theorem on
2. 200. It may alfo be obferved, thatthere s another
way, befides that ufed above, for dividing CD in
the manner propofed; which (though not more
obvious) is, in point of concifenefs, rather prefer-
able s and is thus. Having (as before) found a
mean-proportional DM between CD and DK, and
bifected CD in C; from M to CD apply MR =
OD, and rake O1 = RD. So fhall CI x Bl=00D*
— Ol (4y 7. 2.) = MR*— RD* (¢y Hyp.) = DM
= CD x DK (as before).
| PROBLEM IIL

In a given circle APBQ, 1o inferibe a reclangle
equal to a given right lined figure RSTU, not excecds
ing balf the fquare of the diameier.

CONSTRUCT IO N,

i
I C K
V g
Aoy
AR .
R R e

Upon the diameter AB defcribe the rectangle
ABKI = RSTU (&y 7. 6.); and from the point
C, where the fide K1 interfeéts the periphery of the
circle, draw CA and CB, parallel to which draw
BD and AD ; then will ACBD be the rectangle
that was to be conftrutied.

4 D E-
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Geometrical Problems.

DEMONSTRATION.

The lines AC, BD, and AD, BC being parallel
(&y Confir.) and the angle ACB a right one (4y 13.
3.) the figure ACBD is a rectangle (&y Cor. to 24.
1.) and D is alfo in the circumference of the circle.

But ACBD = 2ACB = ABKI = RSTU.

That the Problem will be impofiible, when BK
is greater than *AB, or when BI (RT) is greater
than 2AB* is manifeft from hence, becaufe KI
will then fall intirely above the circle,

FROBLE M, 4V,

To draw a line KL parallel to a given line AG,
which fball terminate in two other lines AB, AC,
given by pofition, [o as to form with them a triangle
AKL, equal to a given reftangle ADEF.

CONS T R U.GIH T-O:N;
Let FE, produced,

T+ »C
meet AG and .a_&C, in TG 1D /
G and H; and, in AB, /H

take a mean propor-
tional AK betweenGH
and 2EF ; then draw J 5
KL parallel to AG,

and the thing is done. A D K

DEMONSTRATION,.

The triangles AKL, HGA being equiangular,
it will be AKL : HGA : : AK* ( = GH x 2EF,
by Conftr.) : GH=: : EF : 1GH (y'7. 4.) : : EF x
AF::GH x AF (= HGA) : Therefore, the con-
{equents being equal, the. antecedents. AKL and
EF x AF muft alfo be equal. &, E. D.

¥-3 PR O
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PR O BEEM V5

Between two lines AB, AC, given by pofition, to
apply a line KL, equal to a given line MN, fo that
the triangle AKL formed from thence, fball be of a

given magnitude,

CONSTRULCT Q) N,

Having bifet- ., H A
edMN 1n IJ,OHWF =
MD defcribe a

rectangleMDEF
(&y 7. 6.) = the L
magnitudegiven: 3 D N /}1;'(. E\

alfo on MN let

a fegment of a circle be defcribed (4y22. 5.) to
contain an angle = A ; and from its interfeétion
with EF, draw HM and HN ; then make AK —
HM, AL = HN, and join K, L. So fhall the
bafe KL be alfo = the bafe MN, and the triangle
AKL equal, and like in all refpects, to HMN ;
which laft (4y Cor. to 2. 2.) is, manifeftly, equal to
the magnitude given MDEF. 2, E. D.

PIR. O BILFESN 7 VE

Through a given point P, to draw a line EPD to
meet two lines AB, AC, given by pofition, fo tbat the
triangle ADE formed from thence, fhall be of agiven
magnitude.

CONSTRUCTION,

Draw FPH parallelto g
AB, interfecting AC in = D T

F ; and on AF, let a pa- o
rallelogram AFHI be |
formed, equal to the M
given area of the trian- =1 O F
gle: Make IK perpen- # I'l/ e
dicular to Al, and equal =




Geometrical Problems;

to FP; and from K, to AB, apply KD = PH ;
then draw DPE, and the thing is done. N

DEMONSTRATION.

The triangles PHM, PFE and MDI, by rea-
fon of the parallel lines, are {imilar; and there-
fore, fince the three homologous fides PH (KD ),
FP (IK) and DI are fuch, as to form a right-an-
gled triangle (&y Confir.), the triangle PHM on the
firlt of them, is equal to both the other two FPE
and MDI (4y 29. 4.) : and, if to thefe equal quan-
gities, AFPMI be added ; then will AFHI be alfo
= ADE.

This Problem will be impoffible, when KD (PH )
is lefs than KI (PF); that is; when the area given
is lefs than a parallelogram under AF and 2FP.

PROBLEM VIL

From a given polygon ABCDEFH, to cut off &
part AIKFH, equal to a given refiangle MN, by a
line (1K), either parallel to a given line AQ, or
paffing through a givén point P.

CION ST RUC T 16N,

Let BA and
EF be produ-
ced to meet in
G ; and upon
ON let a reét-
angle OQ_be
conftituted (&y
7. 6.) equal to
AGFH; then,
by prob. the
4th, or 6th,ac-
cording to the
cafe propofed,

P 4 draw
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draw IK, fo as ro make the triangle GKI = MQ,
and tbe thing is done.

The Demonftration whereof is manifelt from
the Conftruction.

And, in the fame manner, the polyson may be
divided according to any given ratio ; becaufe, the
whole being given, each part will be given,

PROBLE-M: VIIIL

To divide a given triangle ABC into any propofed
number of parts (AKM, KN, LC) /o as to have any
given proportion to each other 5 by means of lines
drawn parallel to one of the fides BC of the triangle.

CONSTRUCTION,

Let AB be divided C
into parts, AL, EF, FB,
having the fame given
Pproportionto each other, §
as the parts of the tri- =&
angle are to have. Upon
AB let a {emi-circle
AHIB be defcribed ;
and perpendicular 1o
AB, draw EH, FI,
meeting the circumfe-< ¢+ | .
rence in H and I: From ‘the center A, through

- H and I, defcribe the arc¥ HK,,E‘L, meeting AB in

K and L. ; then draw KM and
and the thing is done,

DEMONSTRATION:

The triangles AKM, ALN and ABC, are in
proportion, to one another, as AK* {ABx AE),
AL* (AB x AF) and AB: (4 19. and 24. 4.)3
that is, as AE, AF and AB (é4y 7. 4.) Whence
{8y divifion) the propofition is manifeft.

2N parallel to BC,

PRQ-

= a
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PROBLEM IX.

To divide a given line PQ into any propofed num-
ber of parts, [o that fimilar right-lined figures PMm,
ML/, LQgq, deferibed upon them, fhall bhave the fame
given ratio among themfelves, as an equal number of
righi-lines AB, AC, AD affigned.

CONSTRUC T'TO'N,

Upon the greateft AD of the given lines AD,
AC, AB, delcribe a femi-circle AEFD ; and per-
pendicular to AD, draw BE and CF, meeting the
circumference in E and F; and, having drawn

é/ﬁjiﬂ F

b

PR, at pleafure, in it take PH = dift. AE, HI
= dift. AF, and IK = AD; draw KQ, and pa-
rallel thereto draw HM, IL ; which will divide
PQ, as required,

DEMONSTRATION.
PMm: LQg:: PM*: LQ* (4 26. 4.) : : PH"
(=AE*=ABx AD, % 19.4.): IK*(AD*):: AB:
AD (%y 7. 6.). In the very fame manner it appears,

that MLJ: L.Qg:: AC: AD. 9, E. D.

P R O-
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PROBLEM X,

To determine the pofition of a point P, fo that
lines drawn from thence to the extremes of three right-
lines AB, CD, EF, given in length and pofition, fbal]

form three triangles ABP, CPD, EPF, mutuaily

equal to each other.

CONSTRUCTION.

Let the given lines be produced to meet in G
and H; in which take Gm = AB, Hs = EF, and

.I'
e
il ™ L
s
-

H
+
[ > %
& e |
W - -
- - %
H
=T

T

" (]
H (-] .
3 q."' - 3 % 5
E.---......‘,.‘:-;ra.- I‘l"_:‘ll-l.-lll-....
G U ST T 5 X H

Gn, Hr, equal each to CD: Complete the paral-
lelograms Gampn, Hris; and let the diagonals Gp
and H¢ be produced till they meet in P, and tbe
thing is done.

DEMONSTRATION.

Let PA, PB, Pm, &c. bedrawn. The triangles
GPn, GPm, having the fame bafe GP, and equal
altitudes (becaufe GMpn 1s a parallelogram) are
therefore equal to each other: But CPD = GP#,
and APB = GPm (&y Cor. 10 2. 2.); whence CPD
and APB are likewife equal. And, from the very
fame reafoning, it appears that CPD and FPE are
equal. 2, E, D.

PR O-
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PROBLEM XL

From two given points A, B, 20 draw two lines
AC, BC, to meet in a line DE of any kind, given
by paf Grion ;5 fo that the difference of their fquares fhall
be equal to a fquare given (MN?).

CONSTRUCTION.

Make AF perpendicular 4
to the line AB, and equal ec Sl 2 M
to MN; draw BF, which
bifet with the perpendicu-
lar GH; and from its in-
terfe€tion with AB, draw
HC perpendicular to AB,
meeting DE in C; draw
AC and BC, and the thing
is done. G
For BC* — AC* — BH*
— AH* (¢y 9. 2.) =FH*
— AH® = AF* = MN-.

PROBLEM XIL

From two given points A, B, to draw two lines
AC, BC, 10 meet in a line DE of any kind, given by
pofition 5 [o that the fum of their fquarcs [ball be eg#a!
o a grven fquare, MN?,

CONSTRUCTION.

Bifeét AB with the
perpendicular FG, in
which take FP = FA,
and draw. APQ =
MN; on AB (pro-
duced, if neceflary) let
fall the perpendicular X
QR ; from At FG AN
apply AH = AR, and

about
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about the center F, thro’ H, let the circumference
of a circle be defcribed ; and from its interfetion
C with the given line DE, draw CA and CB, and
the thing is done.

DEMONSTRATION.

Let BH be drawn; which being = AH = AR
— RQ (becaufe FP = AF); thence will AC* +
BC* = AR* 4 BH* (4 20. 3.) = AR* 4 RQ>
= A =NMNs- S4FE.D,

PROBLEM XIIL

From two given points A, B, to draw two lines
AC, BC, meetzng in a line DE of any kind, given by
pofition 5 [0 as toovtain the ratio of two unequal right-
lines Mim, Nn ajigaed.

LONSTRUCTIDN.

Having joined the pp— B NC
given points,divide AB Nr———i;,
in F (&y 15. 5.) {o that
AF :BF :: Mm : Nau; .
make Af and F/ paral M-F B 6" G
lel to each other,taking f[/%/

the former = AF, and

‘the latter = FB; and thro’ their extremes draw

J6Q, meeting AB, produced. in U ; from whence,
with the radius CF, let the {femi-circle FCG be de-
{cribed, cutting DE 1n C; then draw AC and BC,
and the thing is done.

DEMONSTRATION.

Becaufe OA : Af (AF)::OF: Fb (FB), we have
(by divifion) OA : OF : : OF : OB; orOA:0OC::
OC : OB. And fo, the triangles OAC, OCB,
having one angle FOC common, and the fides
about it proportional, they mult, therefore, be fi-

milar




Geometrical Probleiss.

milar (%y 15. 4 ); whence the other fides will alfo
be proportional, or AC : BC::0A ; OC (OF)::
Af:Fb::Mm: Nun (éy Confir.) 2. E. D.

Note, When, in either of the two preceding Pro-
blems, the circle defcribed, neither cuts nor touches
the given line DE, the thing propofed to be done,
will be impoflible ; as no two lines drawn from
A and B, to meet above the circamference, can
poflibly bhave their ratin,* or the fum of their
jquares, the fame as two lines meeting in the cire
cumference.

PROBLEM XIV.

From two given points A, B, o draw twe lines
AC, BC, mecting in a right-line DE, given by pofi=
tion y [0 as to make therewith two angles ACD, BCE,
whofe difference [ball be equal to an angle given, bch,

CONSTRUCTION,

Make AFG perpendi-
cular to DE, and FG = & / J&
AF ; and, having drawn :
GB, on it let a fegment
of a circle GCB be de-
fcribed (4y 22 5.) to con-'
tain an angle equal to the
fupplement (bcg) of the -
given one bch 3 and from its interfection (C) with
DE, draw CA and CB; and the thing 5 done.

For, if BC and GCH be drawn, then will ACD

— GCD = ECH = BCE — BCH (&¢b).

A

In the fame manner, the Problem will be con-
firucted, when, inftead of the difference of ACD
and BCE, tbat of ABC and BAC is given: Be-
caufe, when DE is parallel to AB, the latter dif-

ference
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ference is equal to the former; and, in all other
cafes, differs from it by twice the given angle GCI,
exprefling the inclination of the faid lines.—~When
the fum of the angles ACD and BCE is given,
the angle ACB is alfo given: And here, nothing
more is neceflary, than barely to defcribe, upon AB,
a fegment of a circle to contain the faid given an-
gle ACB.

L E MM A

If, of any three proportional lines AB, DB, FB, the
difference AF of the two extremes be bifetled in G 5 and
if on the greateft AB, as a bafe, a triangle ABC be [0

Sformed, that its leffer fide AC fball be to the diftance

MG of the perpendicular from the bifefiing point G,
in the givenratio of AB to DB ; then fball the greater
Jide BC exceed the leffer AC by the given line DB.

DEMONSTRATION

Becaufe M exceeds c
AM by 2GM, BM will
exceed it by 2GM -+ BF;
and the rectangle under |
this excefs and the whole S e
bife AR (= sMCGwAB: bl
-+ BF x AB) will therefore (4y 9. 2 ) be = BC*—
AC*: But (&y bypothefis and 10. 4.) MG x AB =
AC x BD, and BFx AB = BD*: Therefore 2AC
X BD + BD*=BC* — AC*; and, by adding AC?,
common, AC* 4+ 2AC x BD 4 BD* (or the iquare
of AC + BD, &y 6. 2.) will be = BC*; and, con-
fequently, AC + BED =BC. 9. E. D.

This Lemma is not only of ufe in the Problem
next following, but will be found a ready inftru-
ment in the folution of many others; for which
reafon it is here put down, ;

PR O-
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Geometrical Problems.

PROBLEM XV,

From two given points A, B, to dra:w two lines
AC, BC o meet in o right-line DE, given by pofi-
tion 5 fo that their difference fball be equal 1o @ given
right-line BD,

CONSTRUCTITON.

In AB, take a third- -2J5 _C o
proportional BF to BA
and Bd; and, hav-
ing bifeted AF in G,
take GI = Bd; make
GH and IK perpendi-
cular to AB, meeting
DE in H and K; and
draw HAL, to which,
from K, apply KL =
AB 3 and parallel thereto draw AC, meeting DE
in C; join B, C; and the thing is done.

M & o R

DEMONSTRATION.

Let CM be perpendicular to AB.

‘T'hen, becaufe of the parallel lines, it will be
AC : KL (AB) : : HC: HK :: GM : GI (B4.)
Whence (y alternation) AC being to GM, as BA.
to Bd; and AB, 4B, FB being alfo propor-

tionals ; the whole Conftruion is manifeft - [from.

the Lemma premifed.

If the fum, inftead of the difference, of the two
lines (AC, BC) be given, the method of conftruc-
tion will be exactly the fame, without the leatt al-
teration of any one ftep ; provided that Bd be firit
of all taken (in BA, produced) equal to the given
fum, inltead of the difference,

PR O-

223



224

. to AB,to it, from A, ap- f
ply AO=AH; and from / 0 }
the center O, through A ! __f,/

The Conflruction of

PROBLEM XVL

Lrom two given points A, B, to draw two lines

AC, BC, fo as to meef in a right-line DE parallel
to that (AB) joining the faid points, and that the
reciangle (AC X BC) contained by them, fball be equal
10 a rectangle given, ADEF.

CONST-RUCTLOIN.

Bife& AB and AF, in
G and H; and, having = I C \H
drawn GI perpendicular /

and B, let the circum- A GIT K BF
ference of a circle be de-
fcribed interfe&ting DE in C; from whence draw
CA and CB, and the thing is done.

For, if CK be drawn perpendicular to AB, it
is evident (4y 25.3 ) that ACX BC = CK X 2A0
= ADx AF. £&. E,D.

PROBLEM XVIL

Through a given point P, fo to draw a line FPE,
that the parts thereof PE, PE, intercepted by that
point and two lines AB, CD, given in pofition, fhall
obtain a given ratio,

CO N-




&e&mﬂ“ﬁ}:‘a{ Probdlems,
CONSTRUCTION;.

_ Through P, to any
point ih AB, draw
PG, ‘in which (& 13.
5.) take PH to PG,
in the given ratio of
PF to PE 3 draw HF
parallel to AB, meet- , :
ing CD in-Fji then <~ ® > Hie
draw FPE, and the thing is done.

For, the triangles PGE, PHF being equiangu-
lar (4y 3.and 7.2.)thenceis PF: PE:: PH : PG:
and fo PF and PE (as well as PH and PG) are
in the ratio given.

In this conftruction, it is neceflary that one of
the two given lines fhould be a right-one: The
other may; it is manifeft, be a line of any kind
whatever, ;

PROBLEM XVIII

Through a given point P, to draw a line GH fer-
minating in a right-line AB, and in a line CD of any
kind, given both by pofitiony fo thai the reclangle
#nder the two parts thereof PG, PH, fball be of a
given magnitude.

CONSTRUCTION.

Having drawn EPF F
perpendicular to AB; take
therein PF (4y 7. 6.) fo ¢
that PE x PF — the mag-
nitude given : Upon PF,
as a diameter; let a circle
be deferibed, interfeéting

CD min G then draw /P

GPH, and the thing is AlL 5 el 3T
doie.
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DEMONSTRATION.

If FG be drawn, the triangles PFG and PHE,
having FPG = HPE, and FGP (= a right-angle,
by 13. 3.) = PEH, will be equiangular: And,
confequently (&y 24. 3.) PGXPH = PF X PE =
the magnitude given. 2. £. D.

PROBLEM XIX.

Through a given point P, between two right-lines
AB, AC, given by pofition, [o to draw a line ED,
that the fum of the fegments (AD + AE) cat off byit
from the two former, fball be cqual to a given line
RS.

CONSTRUCTION.

Draw PF and 1 /€
PG parallel to AB
and AC; in BA
produced take AM
— AF, and MN - ;
= RS; thendivide 'wffgh 470 2 NS
GNinD(éy17.5.)
fothat GDx ND = AM x AG ; draw DPE, and
the thing is done. :

DEMONSTRATION.

By fimilar triangles, GD : GP (= AF=AM)::
FP (= AG): FE; and confequently GD X FE =
AM x AG = GD x ND (&y Confir.) : Whence FE
—ND ; and therefore FE4+AF4+AD (AE4AD)
— ND 4+ AM 4+ AD = MN =RS. £ E. D.

It appears from the Conftruction, that the Pro-
blem will be impoffible, when (GN) the excefs of
RS above PF and PG, is lefs than the double of a
‘mean- proportional between thefe two quantities.

PR O-
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PROBLEM XX.

Throngh a given point P, between two right-lines
AB, AC, given by pofition, fo to draw a line DF,
that the difference (AD — AE) of the fegments cut
off &y it from the two former, fhall be equal to a given
Jine RS.

CONSTRUCTION.

Draw PF and PG pa- [ R
rallel to ABand AC; in :

AB take AM=AF, and
MN=RS ; then (sy 18.
5.)letaline ND be added
to GN, fo that GDxXND, A
PG X PF;draw DPE, and “
sbe thing is dene,

G N ' DB

DEMONSTRATION.

Becaufe of the fimilar triangles PGD, EFP, we
have GD x FE = PG x PF = GD x ND (4y
Conftr.) and confequently FE = ND; whence AD
—AE=AN—AF (AM) =MN=RS. . Z. D.

PROBLEM XXI.

Between two right lines NBN, MBM, given by
pofision, to apply a line DE of a given length, and
which (produced, if neceffary) fhall pafs through a
.‘g:’wa point A, equally diffant from the faid given
ines.

Q 2 C ON-
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NS TRUE TIOMN.
Let G be the N\D
F

length " given ; and, o e .Y
having drawn ADB,

make the angles F, G

equal each to ABD H

(or ABE); and in A3 : B
produced take AC (&y E \
18. 5.) fo that ACX V¥V E D
BC = HG*: from C A N
to NN apply CD = M/\ N
HG ; then draw DAE | &

(DEA), and the thing

15 done.

DEMONSTRATION. {

Becaufe AC:CD ::CD: BC (3y Conftr. and 10. !
4.) the triangles CAD and CDB (having one an-

gle common, and the {ides about 1t proportional) )

will be equiangular (2y 15. 4.) : And therefore, fince
CDA = DBC = ABE (& bypothefis), the circum-
ference of a circle may be defcribed through all the
four points C, D, B, E (&y 11. 3. or 19. 3.). And
fo the angle DEC, ftanding on the fame fubtenfe
(DC) with DBC, will be equal to it; and, confe-
quently, equal to EDC. Therefore the ifofceles
triangles EDC, FGH being equiangular, and hav- |
ing CD = HG, their bafes ED and FG will allo }
be equal. 2. £.D.

PROBLEM XXIL

In a given circle ABDC, t0 apply a chord AB
equal to a given line RS (lefs than the diameter) and
which fhall pafs through a given point P,

C O N-




Geometrical Problems. 229

CONSTRUCTION.

Infcribe  CD = RS,
upon which, from the
center O, let fall the
perpendicular OF 3 alfo
draw OP, upon which let
a {femi-circle be deﬁ:rihed_, e
and iniitapply OE=OF; ©
laftly, through P and E, R o
let AB be drawn 4 WHIGHT 2SS _
will, manifeftly, be equal to CD (=RS, & 3. 3)
as being equally diftant from the center, by con-
ftruétion. Dsehiade

When the point given is placed without.the cir-
cle, the conftruction will be no-ways diffcrent,

PROBLEM XXIIL

Through a given point P, fo to draw a line AB,
that the paris thereof AP, BP, intercepled by that point
and ihe circumference of a given circle, Joall bave a
given difference, DE, Tiida

CONSTRUGTTITONY
~ From the center C, draw .
CP, upon which let a femi- A/ Lo, Q B
circle PQC be defcribed, and
in 1t apply PQ equal to half ;
DE, producing the {fame, both c
ways, to mect the circumfe- \ D
rence in A and B: So fhall
AQ = BQ (4 2.3.); and
therefore PB (= FQ + PQ _ g .
=AQ +PQ = AP + 2PQ)= AP -+ DE, which

was to be done.

E

Q.3 FRQO-
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PROBLEM XXIV.

From a given point P, to the circumference of a

given circle C, to draw a right-line PBA, fo as to

be dividedin a given ratio by a line RBS of any kind,
given in pofition.

CONSTRUCTION,

To any point D in the R
circumference, draw PD,
which divide at E in the
ratio given ; and, having _
drawn PC and the radius P>
CD, parallel to the latter
draw EF, meeting the for-
mer in F; from whence,
to RS, apply FB =FE;
then through B draw PA, and the thing is done.

DEMONSTRATION,

Let CA be drawn, Then, becaufe of the pa-
rallel lines CD, EF, it will be, CD (AC) : EF
(FB) : : PC : PF; and fo the triangles PAC, PBF
will likewife be equiangular (4y 16. 4.). And there-
fore PB:BA ¢ PF'EC .2 PE ED [4Y 13..4 )
. E. D, ;

PROBLEM XXV.

Through a given point P, to draw a line GH,
terminating in the circumference of a given circle
BGA, and in a line MIN of any kind, given by
pofition ; fo that the reflangle under the two parts
thereof PG, PH, foall be of a given magnitude.

CON-

- P TPE— .
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CONSTRUCTION.

Through P draw
the diameter AB, in
which let PD be fo
taken (y %.6.) that
PA X PD = the mag-
nitude given. From |
any point E in the cir-
cumference, draw EP
and the radius EC;
and,having joined BE,
draw DF parallel to
BE, and from its in- A
terfe¢tion with PE, _ ‘
draw FO parallel to EC, meéting PB in O ; from
whence, to MN, apply OH = OF; and through
P draw HG for the line required.

DEMONSTRATION,

Let PH be produced (if peceflary) to meet the
circumference of the circle in I; and let C, I be
joined. ,

The lines OF, CE being parallel, thence will
PO:PC:: OF (OH): CE (Cl); and therefore
OH and Cl will likewife be parallels (4y 16. 4.)
Therefore PH: Pl :: PO: PC::PF: PE::PD:
PB; whence, alternately, PH :PD:: Pl: PB::
PA : PG (by 21. 3. and 10 4.) and confequently
PHXxPG=PDxPA. 9 E.D.

PROBLEM XXVI

From the circumference of a given circle C, 10 a
line MN of any kind, given by pofition, [o to draw a
right-line EF, as to be both equal and paraliel to a
grven right line PQ.

Q 4 C O N-
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CONSTRUCTION

From the center C, E F /M
draw CD equal and '
arallel to PQ ; and,
iErnm D to MN, ap P~ |

ply DF = the radius jB D
CB; draw CE equal K/
and parallel to DF

then,EF be:m clrawn
it will (by 26 I.) e
_equal and parallel to CD; wbn:é was m Jw done.

PROBLEM XXVH

From the point of interfeflion P of: tawo gﬂreﬂ cin-
cles O and C, [o 10 draw a line PR, that the part
thereof QR intercepted by the two pﬂnpb.éﬂes, Shail
be equal 1o a given line AB.

CONSTRUCrom

Upon  the ling OC po— 15 &
joining the two centers, :
let a+femi-circle ODC
be ‘defcribed, in whu’:h
applj,r RS = A B
and parallel thf'rem,
draw PR, and the thing \
g.f dpre

*“DEMONSTRATION.
Let CD, and OF parallel to CD, be drawn, meet-
ing PR in E and F. Then, the angle ODC being

a right one (4y13% 3. Yand PR parallel to DO, E and
F m]l alfo be right-angles, and EF =DO ( &y 24.1.):

“And  fo; PE-—-.[*F 'bemg =DO) = 1AB; itis

madifeft; ‘that 2 PE (PR)_APF !’PQ)....&B ar
that "QR'= AB." 9.’ E. D.

PRO-
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PROBLEM ‘XXvil.
From a given point P, in the line paffing through
Fhe centers of two given circles C.and Q5 [0 to draw
a line PD, - that the parts theveof DE, EG,. inter-
cepted by thofe circles, fhall be.in a given ratio, (viz.

as pistoq)

i

CONSTRUCTION.
Take CH to OR, as p tog¢; and CI to OR,
as PC ro PO : Upon HI let a femi-circle be des
{cribed, interfecting the circle CDE.in K; through

= -
) =
-

which pointdraw IKL, and make CL. perpendicu-
lar thereto ; at which diftance, from the center C,
et a circle ML be delcribed : Then, if from P'a
lipe PD be drawn to touch this circle, tbe thing
is done.

PBEMONSTRATITON.

Let CD, CKi;:HK, FO be drawn, and alfo CM
and ON, perpendicular to PD, and HQ to CL.

- The night angled' triangles CDMy €KL having
LD =CK,; andCM = CL, havealloDM = LK
=QH (lince, £y.13. 3. the angle HKI, as well as L,
is. a right-one). Moreover (&y confirutiion) CI :
ORA(OF) : : PC PO . CM (CL): ON; and fo
the triangles CiL, OFN (having their fides pro-
portional) muft be fimilar; and confequently
OEN allo imilar to CHQ : whence, as QH (or
DM):FN ::CH : FO (OR): : p: ¢ (&y Confir.).
2. E..D.

PRO-
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PROBLEM XXIX.

To draw a line EC, to make given angles with
a line MN paffing through the common center O, of
two given circles MEN, KDF, fo that the parts
thereof CD, ED, intercepted by that line and the 1wo
peripberies, fhall obtain a given ratio.

CONSTRUCTION,.

Let QOM be the given
angle, to which ECM fhall
be equal : In OM produced,
let KA be fo taken, as to be
to the radius OK in the given
ratio of ED to CD; upon
which let a fegment of a circle
ABK be defcribed to contain L\
an angle equal ©© QOM,; and,
from its interfeétion with the
circle MEN, draw BA ; pa-
rallel to which, draw the ra-

dius OD ; and then, through D, draw EC paral-
lel to QO, '

DEMONSTRATION.

Let BK, BO, EO be drawn, and alfo E P pa-
rallel to DO, meeting OQ and OM in Q and P,

Then, the triangles AKB, POQ, having ABK
= POQ (&y Conftruétion), and KAB — OPQ (4
7+ 1.) bave their external angles OKB, EQO alio
cqual (4y 9. 1.) : Therefore, becaufe EQ (= OD)
= OK, and EO = BO, thence is OQ = KB (%
17, I.); and therefore, as the triangles POQ, ABK
are equiangular, PQ is alfo = AK : But (becaufe
of the parallel lines) CD : ED : : DO (OK) : PQ
(Al 2, E.-Pi

PR O-
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PROBLEM XXX,

To determine a point P, [o that three perpendicu-
Jars drawn from thence, to as many right lines AB,
AC, BC, given by paofition, fball obiain the ratio of
three given lines my n and p, refpelfively.

CONSTREULET]QN.

Take AE
and BF eachm
oty T S
draw EM and?b_____
FN parallel r
to AB; in
which  take
EG = n, and
FH — P; : H '
theo' G and &L Lo -

H draw AP A L Q B
and BP, and

the point of concourle P, will be that which was
to be determined.

DEMONSTRATION.

Upon the fides of the triangle ABC let fall the
perpendiculars GL, GK, PR, PQ, PS; and let GI,
parallel to AC, be drawn,

The angle LEG being = LAK = GIK (Cor,
1. 20 7.1.) and L and K being both right-angles (4y
Confir.), the triangles EGL and GIK are fimilar;
and therefore 1G (m): EG(#n):: GK: GL :: PQ :
PR (4y 21. 4.). And, in the very fame manner,
mep us PQsPSy v Ee DL

.....

After the fame way, the Problem may be con-
ftruéted, when the lines drawn from P are re-
quired to make, any given angles with the lines
ppon which they fall.

PR O.
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PROBLEM XXXIL
To determine @ point P, fo that three lines PA,
PB, PC, drawn from thence to three given poinis A,
B, C, Jball obtain the'ratio of three given lines‘a, b
and c, refpedlively. : '

CONSTRUCTION.

B )

Having joined the
given points, in AB
take AF = g, and Al
= ¢; make the an-
gles AFG and AIK
equal, each, to ACB ;
and from the centers
F and G, withthe ra-. K
dii and AK, lettwo I
arcs be defcribed, in AT I Fas B
terfeCting in H ; from o s e
which point draw HF g E ‘
and HA ; then draw BP to make the angle ABP
=: AHF, and it will meet AH (produced) in the
point P, required. Sk A

DEMONSTRATION.

Let BP, CP, and GH ' be drawn. :
The triangles ABP, AHF being equiangular, ic

will. be, AP:BP:: AF (a): FH (3); alfo AB :

AP:: AH:AF; and AB: AC : - AG: AF (be-
caufe ABC and AGF are likewife equiangular, (4y

* Conftr.). Now, feeing the extremes of the two lait

proportions are the fame, the fourmeans AP A
AG, AH (&y 10. 4.) will therefore be proportionals ;
and fo, the triangles ACP,AHG being equiancular
(&y 15.4.) itwillbe AP: CP:: AG - G11 (AK)::
EA(a): Al (¢). Q.°E. D,

ER Oy
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PROBLEM XXXIL

T'o determine the pofition of a point P, at which,
lines drawn from three given points A, B, C, jhall
make given angles, one with another.

CONSTRUCTLON.

Draw AB, upon which ( 4y
22. 5.) let afegment of a cir-
cle APB be defcribed, capa- |
ble of containing the given
angle which the lines drawn
from A and B are to in-
clude ; and let the whole
circle be completed ; make
the angle ABD equal to that
which the lines drawn from iz
A and C are to include ; and from the point D,
where BD meets. the circumference, through C,
let DP be drawn, meeting the circumference in P
which is the point required. it :

For, AP and BP being drawn, the angle APC
will be = the given angle ABD (&y 11. 3.) both
ftanding on the [ame arch AD : And APB is alfo
of the given magnitude by conftrution. |

PROBLEM,  XXXIIL

Any two unequal [egments AB, CD of a right.line
AD being given, as well in pofition as lengthy to de-
termine a point P in a line MN of any kind, given
by pofition 5 at which the two angles APB, CPD,

237

Jubtended by thofe fegments, fball (if poffible) be equat-

1o each other.

C ON-
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CONSTRUCTION.

Make B¢ and De n1 6P N
arallel to each other,
taking the former =
BA, and the latter = H

DC, and thro’ their

extremes draw ¢a0O, Q ALl FC
meeting DA produ-

ced, in O: Take OF - ?

a mean-proportional

between OB and OC; and from the center O,
with the interval OF, let a circle FG be defcribed ;
which (when the Problem is poffible) will cut (or
touch) MN, andthe point of interfection P, will

be that required.

DEMONSTRATION.

Let PO, PA, PB, PF, PC, and PD be drawn.

Becaufe OD: D¢ (DC): :OB: Bz (BA), it will
be (&y divifion) OD:OC :: OB: OA ; and confe-
quently ODXOA=0C X OB =0P* (%y Confir.).
Therefore,’ feeing that OA: OP:: OP: OD, and
that the angle O is common to both the triangles
OAP, OPD, thefe triangles muft be equiangular
(& 15. 4.) and confequently APF = OPF (OFP)
— OPA (ODP) = DPF (%y 9. 1.). In the very
fame manner, becaufe OB : OP:: OP: QC, the
angle BPF will be = CPF ; and, confequently,
APB alfo =CPD. Q. E. D,

PR O-
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PROBLEM XXXIV.

Two right-lines AB, AC being given, both in
length and pofition 5 from the point of their concourfe
A, /o ta draw another line Al, that two perpendicy-
lars 1P, IN, falling from the extreme thereof upon
the two given lines, fball cut off alternate fegments
BP, CN in a given ratio cach to the line Al fo
drawn. -

-

CONSTRUCTION.

Let thegiven p
ratio of Al, BP 7
and CN bethat »—— L
of the lines p,
¢ and r, refpec-
tively. Take BE
=¢,- and CL
= r; making
BD, -EG, CD
and LG perpen- A
dicular to AB
and AC, fo as
to meet in D and G: draw DA and DG, and
from G to AD, apply GH=p, and parallel thereto
draw Al, meeting DG produced (if needful) in I,
and the thing is done.

E IE B

DEMONSTRATION.

Becaufe of the parallel lines, Al : GH (: : ID :.

GD)::BP: BE; whence, alternately, Al: BP: :
GH () : BE (g). In the very fame manner AJ -
CN::p:2. 9. E D.

P R O-
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PROBLIEM XXXV

 Between two lines AG, BH, given both in pofi-
tion and length, to draw a line MIN, which [hall bé

~in a given ratio to each of the fegments MG, NH

cut off from the two given lines.

CONSTRUCTION.

Let the given ratioof ,__ 7°
MN, MG and NH be 7
that of »,mand », refpec- 72 N

tively: In AG and BH
take Gg =m, and Hb
=3 and, having drawn < |

GH, parallel to it draw
bl ; to which, from g,
apply gK —=r; draw -
GKN, meeting BH in A
N, and parallel to K¢

draw MN, and the thing is done,

DEMONSTRATION.

Becaufe of the parallel lines, it will therefore be

"MN : GM : : gK () : Gg (m); and likewife
MN 2 2K () TGN : GK oo NE: S5 (m) 5
which laft (&y alternation) is MN : NH :: 7 : m.
9. E. D.

P R O-
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PROBLEM XXXVI.

To draw a line DF, to cut three other lines AB,
AG, BC, given by pofition s fo that the iwo parts
tbereof DE, EF, intercepted by thofe lines, fball be
refpectively equal to two given lines, de, ef, -

CONSTRUCTION.

Upon the
right-lines df, .
¢f let two feg-
ments of cir-
cles, daf, ecf,
be defcribed,
to contain an-
gles, refpec-
tively  equal
to BAG and
BCG : Then

(o Preb. 27.) draw fa, fothat the part ac,intercepted
by the two peripheries, fhail be equal to AC  join
a, d, and take AF — af, AD = ad; then draw
DF, and the thing is done,

DEMONSTRATION.

The triangles FAD, fzd; having AF = af,
AD = ad,and A = a {4y Confruttion), are equal in
all refpets; and therefore (if ce be drawn) the
triangles FCE, fee, having F = £, FCE = f¢e, and
CE = ¢f, will alfo be equal and alike : Therefore,
fecing the wholes DF, 4f, and the parts FE, fz are
€qual, the remaining parts DE and 4e muft like-
wife be equal, 9. A. D,

R i p iDL
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PROBLEM XXXVIL

T braugb a given point Y, 1o draw a line DPF,
10 cut three lines’AC, CB, ABb, given by pofition.

ﬁ that the parts. thereof DE, EF m:ercfp:fd ﬁy 1bofe

lines, ﬁ:aff a&:mn a given. r.::fw

CONSTRUCTION

In CA pro- C
duced, take AT
to CA in the
given ratioof DE
to EF ; and, hav-

>
ing joined B, T, A ._
R

draw PQ paral.
lel thereto; and
from its interfec-
tion .with. BC,
draw QN parallel to CT'; alfﬂ draw AR parallel
to. :BC:: ﬂ.nd in RB take RH (& 18. 5.) fo that
NH xRH = PQ x TR : Then draw AH, and
DPEF parallel to it, and the thing is done.

DEMONSTRATION,

Becaufe (5:_:.! Conftr. and 10. 4.) NH : TR :
I'Q: RH::QE: AR {by 14. 4.) it follows (&_}'
alternation) that NH : Q - TR : AR: : TB:BC
(8 124.40). ¢ + BN BQy: Thf:rf:furc EH (when
drawn) will I::-e parallel to QN or AD (&y Cor. to
K24 )% and fo DEH& being a parallelﬁoram, we
have agatn (by fimilar tr:angles) as DE\(AL3) :

:1H: 1B : AT: AC, Q. E.D,

When the i'egménta AD, BE, cut off from the
given lines AC, BC, are reqmred to be in a given

ratio (inftead of DE and EF), the conftruction will
be
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- be the fame ; provided that CT be taken to BC
in the ratio given. - For, then AD (EH): BE : :
£ T, BC. b1 W (B &

PROBELEM XXXVIL

To draw a line ABCD to cut four other lines
MONP, NQ, ROT, SMT, given by pofition s fo
that the three parts thereof. AB, BC, CD; intercepted
by thofe lines, may obtain the ratio of three given
lines m, n, and p, refpedtively,

CONSTRUCTION,

From any point g/
f in NP draw
fog parallel to
TMS, interfect-
ing NQ_in 2;
and,havingtaken
bg to bf in the
given ratio of 7
to m, draw NgE : ML
Moreover, hav- /<
ing taken OH to T ,_Z_, yeb by oy WM,
MO in the given
ratio of # to p, draw THG ; and from (G) its in-
terfe&ion with NE, draw GI and GF parallel to
MP and ST, refpetively, cutting NQ and TR
in B and C ; thro’ which two points draw ABCD,
and the thing is done. -

DEMONSTRATION.

By imilar( AB: BC:: BF:BG :: 8f:%g::m:n;

trianglﬁsg BC:CD:CG:Cl:: OH : MO :: z:p.
9. B, "D.

R 2 P R O.
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PROBLEM XXXIX.

To draw two lines CA, CB, from a given point
C, to terminate in $wo other lines PM. PN, given
by pofirion, and which, togetber with the line AB,
joining their extremes, fhall form a triangle, ABC,
Jimilar to a given oney abc.

CONSTRUCTION.

Upon @b let a
fegment of a circle
apb be delcribed,
to contain an an-

gle equal to MPN,

and let the whole B
circle be complet-
ed ; draw PC, and N

alfo ae, making

the angle fa¢ = CPN, and interfe&ting the peri-
phery in e; and through ¢ draw ¢p, meeting the
periphery in p; make the angles PCA and PCB
refpectively equal to pcz and pct 5 then join A, B,
and the thing is done.

“DEMONSTRATION.

If pa and pb be drawn ; then will the angle Jae
(CPB) = ¢pb, both ftanding on the fame arch
be ; therefore, APB being allo = apé (4y Conlir.),
the remaining angles APC and apc mult confe-
quently be equal; whence, as PCA = pca, and
PCB = pcb \by Confir.), the triangles APC, ape,
and BPC, 4pc are equiangular; and therefore AC:
ac(::PC:pc):: CB: ¢h. And fo the triangles
ABC, abe, having the {ides about the equal angles
ACB, acb, proportional, they are like to each other
(y 15. 4.)s &, E.. D,

| PR O-
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PROBLEM XL.

To deferibe a triangle PQR, equal and fimilar to
a given triangle pqr, which fhall have its angular
points placed in three right-limes ABC, BD, AE,
given by pofition. - CREe

CONSTRUCTION.

Upon the two fides pg, pr, let two fegments

of circles pbq, par be defcribed, to contain angles
rz{pectively equal to CBD and CAE : Then draw
pa (by Prob. 27.) fo that the part thereof 44, in-
tercepted by the two peripheries, thall be equal to

BA ; and, having joined &, ¢, and @, r, make BP
= bp, BQ = 29, AR = ar, and let PQ, PR, and
QR be drawn for the fides of the triangle re-
quired.

DEMONSTRATION.

The triangles PAR, par ; PBQ, plg, being equal
and ahike in all refpeéts (4y Confir.), not only the
fides PR, pr; PQ, pg, but the angles QPR, gpr,
will be equal ; and, confequently, the two trian-
gles PQR, pgr alfo equal and like to each other.
RLE, D,

R 3 PR O.
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PROBLEM XLI

‘.éaﬂ.-;tfﬁ:ff?‘ﬁ?lﬂ a fﬁi;&ezf:;m fimilaxr to a given one
efgh, baving its angular points placed in four right-
lines CN, BM, AL, CBAK grven by pofition.

CONSTRUCTION.

“'Let three points p, ¢, 7 be found, from whence,
as centers, fegments of circles'may be defcribed,
upon ¢f, eg, eb, to contain angles equal to the
three given angles KAL, KBM, KCN, refpec-
tively ; draw pg, in which, produced (if neceflary)
take g5 to gp in the proportion of BC to ABj;

and, having drawn 7s¢, make es perpendicular
thereto, interfecting the three circles in a, b, c.
Take AE:AB: :ae:ab; and make the angles
CEH, CEG, and CEF, refpectively equal to ceb,
ceg, and'cef ; then let H, G and G, F be joined ;
and, I fay, the trapezium EFGH will be fimilar to
the given one ¢fgh. '

DE:




Geornetricgl Probleins.

DEMONSTRATION.

Let af, &g, ch, be drawn, and allo pw, qw, per-
pendicular to ec, So fhall ab = eb ~rta.= 260V =
new — 2vwsy and ¢ = e — eb = 26t ==p¢v =
2vf: And therefore ab: b it vw 1t : 1pg & gs (by
13.4.) : : AB: BC (& Conft.). Again, feeing the
triangles EAF, eaf ; EBG,-¢bg; ECH, ech are, rer
fpeQively, equiangular (&y Confir.) it will be EG:
eg: :EB:eb:: AEy ae (by Confir. and Compafition)
-+ EF 1 ¢f (8y.14. 4.) 5 and fa the t'r.iarigité.;.fGEF;.‘g{{
(having the ides about theequal angles proportiona
are fimilar.  And, inthe very fame manner, the two
remaining triangles EGH, ¢gb (and confequently
the whole trapeziums EEGH, efgh) will appear to
be Amlan. ' D, Laddhst w4y 46 ol B idieos 51 o

PROBLEM XLIIL
To defcribe the circumferénce of a circle through
two given poinis A, B, which fball touch a righy-line
CD given by pofitions |

CONSTRUCTION.

Draw AB, which |
bifet in E by the
perpendicular EF, \
meeting CD in F3
from any point H
in EF, draw HG
ptrpcndicularmCD;
and, having drawn
BF, to the fame ap-
ply HI = HG, and
parallel thereto draw BK, meeting EF in K 5 then
from the center K, with the radius BK, let a cir-
cle be defcribed, and the thing is done. _

R 4 D E-
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DEMONSTRATION.

Join X, A, and draw KL perpendicular to CD :
Then, becaufe of the parallel lines, HG : HI -
KL : KB (4 21. 4.); whence, as HG and HJ are
equal, KL and KB are equal likewife : But it is
evident, from the Conftruétion, that KA is — KB s
therefore KB = KL = KA. 9, E. D.

Becaufe two equal lines HI, Hi may be ap-
plied from H to BF (except, when DIH is a
right angle) the Problem will therefore admit of
two folutions. But when a perpendicular let fall
from H upon BF is greater than HG ; the Problem
will be impoffible, And the like is to be underftood
in the conftruction of the fubfequent Problems,

PROBLEM XLIIIL

To deferibe the circumference of a circle through a
gren point A, which fball touch two right lines BC,
BD given by pofition.

CONSTFRUCTION.

From the point
of concourfe B
of the two given
lines, draw BA ;
and alfo BN, to
bifect the angle
CBD; from any
point E in BN,
upon BC, let fall
the perpendicu-
lar EF, and to |
BA apoly EG =




Geometrical Problems.

EF, parallel to which draw AH, meeting BN in
H ; then from the center H, with the interval
HA, let a circle be defcribed, and the thing is

done.

DEMONSTRATION.

Upon BC and BD let fall the perpendiculars
HI and HK; which are manifeftly equal, be-
caufe (4y Conftr.) the angle HBI = HBK : Mare-
over, as EF and EG are equal, HI and HA are
alfo equal (&y 21. 4.). 2. E. D, :

PROBLEM XLIV.

To defiribe a circle, which jhall touch a given
circle AaM, and two right-lines BC, BD, given by
pofition.

CONSTRUCTION.

Draw PQ parallel to BC, at the diftance of the
radius A ; and through the point of concourfe
B of the two given lines, draw NBP, ‘bifecting
the angle CBD, and meeting PQ in P ; moreover,
from any point E in PN, upon PQ, let fall the

L.

perpens
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perpendicular EF, and from the fame point, to
PA, apply EG = EF; draw AH parallel to EG,
meeting the periphery of the given circle in M,
and the right-line PN in H, from which laft
point, as a center, through M, defcribe the cir-
cumference of acircle; and the thing is done.

 DEMONSTRATION.

Draw HS perpendicular to BD, and HK to
PQ, interfeting BCinL. -

Then, becaufe EG and EF are equal (%y Conftr.),
HA and HK (&y 21. 4.) are likewile equal ; from
which take away KI =AM (Aa4), and the re-
mainders HI, HM will be equal : But, it is evi-
dent, that HI is — HS, becanfe BH bife&s
the angle IBS; therefore HI — HM = HS.
9. E. D,

PROBLEM XLV.

To defcribe the circumference of a circle through
two given points A, B, and which fhall alfo touch
another circle Odb, given in pofition and magni-
tude. '

CONST R CING &

Bife&t the given diftance AB with the perpendi-
cular DE, in which (&y Prob. 15.) let the point C

be
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be {o determined, that CO (when drawn) thall ex-
ceed CA by the radius Od of the given circle.
Then that point, it is manifeft, will be the center
of the circle to be defcribed.

PROBLEM XLVL

* Through a given point A, to defcribe the circume
ference of a circle, which fhall touch a given circle B,
and alfo a right-line PQ given by pofition.

CONSTRUCTION.

Make AH perpendi-
cular to PQ, and BD to
AH ; and having drawn
‘AB, n'it take.EF"a
third-proportional to AB
and the radius Bd, and
let AF be bifeted in' G :
then draw MN (&y Proé.
35.) fo that MN, NH,
and MG may be in the fame given ratio, among
themfelves, as BD, BA, and Bd: and at M and
N let two perpendiculars be erected on AB and
AG; which will interfe& each other in the center
C of the required circle.

DEMONSTRATION.

Let CA :and CB be drawn, and alfo CK per-
pendicular to BQ. Becaufe MN : NH : : BD:
BA (&y Confir.): : MN : AC (by 22. 4.), thence (5
NH (CK) = AC. And fince (& Confir.) NH
(AC) : MG : : BA : B4, itis allo manifeft, from
the Lemima on p. 222. that BC = AC + Bd.,
QLB D, | '

T &t P R O-
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! The Conflruttion of

PROBLEM  XLVIIL

To deferibe a circle Oamb, which fhall touckh two
giver circles AEa, BYb, and alfo a right-line CD,
given by pofition.

CONSTRUCTION.

From the radius BF of the greater circle, take
away Fb equal to the radius AE of the leffer,
and from the center B, with the interval BA, de-
fcribe the circle Bbv; alfo draw PQ paralle] to
CD, at the diftance of F5 or AE : Then, by the

A
a
i Jc
b R
1 m* 3
com e Sl
P v Q

laft Problem, let the center O of a circle be found,
whofe circumference fhall pafs thro’ A, and touch
PQ and Bbv ; and the fame point O will, likewife,
be the center of the required circle Oamé.

DEMONSTRATION.

Draw On, perpendicular to PQ, cutting CD in
a5 allo let OA and OB be drawn interfeéting the

circles
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circles A and Bin a and v : Then, fince (5y Confir.
AO = v0 = 70, and Aa (AE) = dv (Fh) = mm,
let thefe laft be refpectively taken from the for-
mer, and there will remain Og¢ = 0F = Qm.
9. E, D.

PROBLEM XLVIIL

To defcribe the circumference of a circle through a
given point A, which /hall touch two other circles B
and C, given in pefition and magnitude.

CONSTRUCTION.

To the centers of the
given circles, draw AB
and AC; in which take
B, = a third propor-
tional to AB and the ra-
diuvs BE; and Ce =2
third-proportionalto AC
and the radius CF : bi-

fet A2 and Ac in G ﬂ\i‘i'ﬂ' 3 B

and H, and let Fr be / b
drawn parallel to AB,

meeting BC in #. Then

(&y Prob. 34.) draw AO, fo that OM and ON bein
drawn perpendicular to AB and AC, the three
lines AO, GM and HN fhall have the fame given

ratio among themfelves, as AB, BE and F». Then
fhall the point O be the center of the required
circle: For, fince (4y Conffr.) AO : GM : : AB -
BE; and AO: HN (:: AB: Fr):: AC:CF; it
1s manifeft, from the Lemma on pP. 22 2. that OB
— AO+ BE; andOC = AO 4 CF. 9. E. D.

In

253



254

The Conftruction, &c.

In the very fame manner, a’ circle may be de-

Acribed to touch three given circles'; the Problem

amounting to no more than, To find a point from
whence lines, drawn to three given points, [ball have
given differences : Since a point fo found, will al-
ways be the center of the required circle, as well
when the three given circles are to touch that circle
inwardly, as when they are all required to touch
it outwardly.

The End of the GEOMETRICAL CONSTRUCTIONS:

" NOTES




GromeTRrRICAL and CRITICAL
2O N T HE
Elementary Part of this Work,

XIO M 1o, Book 1. What is here laid

down, as-an Axiom,  would, more properly,

have been made a propofition, had it ad-
mitted of fuch a demonltration,. as is pcrfe&ly
confiftent with geometrical ftrictnefs and purity.
But the laying of one figure upon another, what-
ever evidence it may afford, is a mechanical con-
fideration, and depends on no Poftulate.

Tbeor. 4. and 5, Book 1. There is {carce any
thing more obvious to fenfle, and at the fame time
more difficult to demonftate, than the firft, and
moft fimple properties of parallel lines. Even
when we have (in Theor. 4, ) proved the poflibility
of the exiftence of fuch lines, we cannot from
thence infer, that their diftance from one another
is every where the fame ; without having recourfe
to an Axiom, which, though very evident to
fenfr:, cannot be demonltrated, Thele difficuls
ties wholly arife from our not having any proper-
ties, previoufly demonftrated, whereby the progrefs
of a right-line, produced out, can be traced, with
refnf:tr to its diltance from fome other right-line

alligned ;
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afligned ; nothing lefs being required here, than
the proportionality of the fides of equiangular tri-
angles; which is not proved before the middle of
the Fourth Book, and which depends upon thefe
very principles,

Schal. to Theor 5. Book. I. As there are feveral
conditions requifite to make up the definitions of
a rectangle and fquare, it was neceflary to fhew here,
that the {everal properties afcribed to thofe figures,
are not incompatible one with another. Euclid is
very {tri¢t in this particular, and never undertakes
to demonftrate any thing relating to a figure, till
he has proved the pofiibility of the exiftence of
fuch figure by an actual conftruction,

Theor. 22. Book 1. This propofition, which is
not in Euclid, is of confiderable ufe, being often
wanted in determining the Maxima and Minima,
in mathematical enquiries.

Tbeor. 27. Book 1. This Theorem, though not
in Euclid, is alfo very ufeful, at leaft, to our defign :
by it we are not only enabled to divide a right-
line into any number of equal parts, without the
help of proportions, but alfo to demonfirate that
moft important propofition, That the homologous
fides of equiangular triangles are proportional, 1t is
true, the method purfued here, is not exatly con-
formable to the idea of proportions delivered in
the 6th Def, of Euclid's 5th Book. Bur, even
in that light, the demonftration will be equally
eafy, without inferring it trom the proportionality
of triangular fpaces.

Theor.
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Theor. 1. Book 11. This propofition, which is not
mentioned by £uclid, may be thought unneceffary
but it muft either be o EC T
demonftrated, or af- - '
fumed,asitiswanted

in almoft every pro-
pofition of the fecond A

i D
book : By means of - £ c_€ ]E
it, we alfo arrive ata | P
oeneral,and veryealy '
demonf(tration of that

important Theorem, @
That all parallelograms "

(AEFD, aefd) which ftand upon equal bafes, and
have equal altitudes, are themfelves equal : For, when
itis known that thefe parallelograms AEFD, aefd,

are equal, refpectively, to rectangles ABCD, abed,

of the fame bafe and altitude {which is proved in
Prop. 2.) it 1s allo manifeft that they muft be equal
to one another, as their equal rectangles ABCD,
abed are thewn (by Theor. 1.) to be equal, the one
to the other. This determination is more general
than that given by Euc/id, in the 36th Prop, of his
firlt book ; where he demonftrates the equality of
parallelograms, whofe equal bafes are in the fame
ftraight line : Which may, perhaps,be thought fufh-
cient for the whole; becaufe, if the bafes are not
in the fame right-line, one of the two figures may
be conceived to be removed, and fo placed, thatits
bafe fhall be in the fame right-line with the bafe of
the other.—But, that thefe were not Euclid’s fenti-
ments, 1s evident from this; He hints at no fuch
thing : And had he approved of this fort of de-
manftration, his 36th Prop. would have been in-
tirely ufelefs ; as nothing more (after the 35th)
would be neceffary, in order to a general. demon-
ftration, than barely to place one bale upon the

S other.
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other. But itis certain, that this is a kind of de-
monf{tration, which Euclid never has recourfe to,
when the thing in hand can be done without it.
For which reafon I cannot help wondering a little,
that that very accurate Geometer, Profeffor Simpfon
of Glafgow, fhould make ufe of i, where (1 ap-
prehend) Euclia would not, The place, I have
now particularly in my eye, is the addition (for
it cannot properly be called a corollary) made
by him to the firft propofition of the fixth book :
Which addition would have been quite unneceffary,
had what is above remarked, refpeéting the equa-
lity of parallelograms, been fully eftablifhed in
the fecond book : For then the demonfiration, that
parallelograms, having equal altitudes, are as their
bafes, would nothing differ from that whereby pa-
rallelograms, ftanding between the fame parallels,
are proved to be in proportion as their bales.

Theor. g, 11, 12, 13. Book 1. Thefe four Theo-
rems, tho’ not in Euclid, are of very confiderable
ufe, particulasly the two firft of them.

Theor. 1. Book 111, This ealy propofition is add-

ed in order to give the learner a proper, and more -

precife idea of the quantity of an angle, and of its
divifion in practical uies.

Theor. 2, 35 4> 55 65 75 8. Book III. Thefe feven
propofitions comprehend all that 1s moft mate-
rial in the firlt feventeen Theorems of Euclid’s
3d book.—As there is no where, in this author,
io long a run of propofitions together that are lefs
entertaining to learners, or of lefs real importance,
than the greater part of the faid Theorems; I
thought it would be of ufeto reduce the fubftance
of them into a lefs compafs : And I flatter myfelf,

that I have not fucceeded ill, in this particular.
Tbeor.
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- Theor. 245 25, 26, 27, 28. Badk 11I. ‘Thefe
Theorems, which are all of very confiderable ufe,
will not, I flatter mylelf, appear lefs plain by
being proved independent of proportions, as the
demonitrations here given are, not only more con-
cife, but depend alfo upon fewer principles.

Def. 12. and 13. Book 1V. The explication here
given, is not ftri¢tly conformable to the idea of
ancient Commentators, but is delivered in a fenfe
fomewhat more generzl. With them, ke compo-
Jition and divifion of ratios, extends to thofe cafes
oniy, where the fum, or difference of each antece-
dent and its confequent, is compared witch the con-

fequent. When the antecedent 1s compared with

its excefs above the confequent, this they call the
converfion of raties. But in fuch cafes where the
antecedent is lefs than the confequent, and where
the fum, or difference of the antecedent and con~
fequent is required to be compared with the ante-
cedent 3 it does not appear that any ferms have
been given to fignify {uch a comparifon. Prafeffor
Simpfon thinks, that the definitions we have, are not
Euclid’s, but an addition by Thesn ; which to me
appears highly probable : This at leaft feems clear
that thefe definitions ought, either to have been
extended to a greater number, or elfe to have been
rendered more general. ' For this realon I have,
after the example of modern Geometers, given the
fignification of thofe terms, {o as to include all'the
feveral cafes: And this, I thought, might be done
with the greater propriety, as the truth of whatever
is here underftood, depends upon the fame de-
monftration,

Theor. 20, 21, 22,23, Book1V. All thefe The-
orems, tho’ not in Zuclid, are of confiderable ufe
32 by
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by the two former, the demonftration of feveral
others is rendered more eafly ;5 and the latter have
been applied, to good purpofe, in the analytical
determination of fome difficult geometrical pro-
blems.

Prob. 344, 5, 6. Book Vi In the demonftrations

_here given, it may be thought, that I have af-

fected an unneceflary exactnefs, by making them

.depend on Axiems alone. But I was willing that

thefe fundamental propofitions fhould have the
fameé foundation and evidence, as they appear to
ftand upon in Euclid; withour referring to any
thing derived in virtue of the 4th Poftulate. Bur,
whether I judged well, or ill, in this particular, is
of little confequence, as the demonftrations here

-given, are not lefs plain, and but very little longer,

than they otherwife would have been.—The Pro-
blems themfelves might, indeed, have been given
along with the Theorems, as they became necel-
fary, according to the method purfued by Euchd;
whereby any objettion, of this fort, might have
been avoided., But, befides fome fmall convenience
to the learner, there is a real advantage in having
the Problems all together, after the Theorems ;
fince, from a great choice of properties, ready de-
monitrated to our hands, we are often able to ar-
rive at a fhorter and better conftruétion, than
could poffibly be given from fuch properties alone
as are antecedent to Euclid’s {olution of the fame

Problem; his method of writing having obliged

him to intrdduce the leading Problems as foon as
poffible, in order to evince and eftablith the con-
filtence of his definitions, and to open his way in
a regular manner to the many ufeful Theorems
thercon depending. And it is for this reafon alone,

_ that many of his Conftructions are not fo well

adapted to practice, as thofe in common ule.
Upon
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Upon which account, {fome have been precipitate
enough to blame him ; not feeing, or confidering,
that fuch conftruftions, tho® not fuited to anfwer
~every purpofe, were the moft proper for his plan,
and the beft that could be given in the places
where they ftand.

Prob. 8. Bock V. The reafoning in this propo-
fition, to prove that the two circles will cut each
other, may, to fome, appear needlefs. Profe[for Sim-
fon (at p. 359.0f his Euclid, 4to Edit. 1756 has been
a little {evere upon me, on this head, for attempting
_to fupply, what I thought, a fmall defect in Euclid.
¢¢ Who is fo dull ({ays he) tho’ only beginning to

¢ learn the Elements, as not to perceive that the
-%¢ gircle defcribed from the center F, &c.” It is
not without a real concern that 1 here fee this
able Geometer drop his own charafter fo far, as
to exprefs himfelf 1n a manner {o very angcometri-
cel. If the thing is, indeed, ealy to be perceived,
it mutt be fo, either, as an immediate objecl of the
fenfes, that is, in plain terms, by infpedtion; or
elfe it muft be in confequence of geometrical rea-
fonings antecedent to the thing itfelf.  Now I am
clear that he would pot be thought to mean the
former ; and, as to the latter, nothing had been
given from whence the evidence of the inference
could be fo clearly feen: For, tho’ it is proved,
that any two [ides of every triangle are greater
than the third fide, it would be ablurd to urge that
conclufion in the cafe before us; becaule the quel-
tion here, is, whether a triangle, under certain
{pecified conditions, can, or cannot be formed ?
and, therefore, to conclude any thing from the
properties of triangles, would be ridiculous, and
nothing lefs than begging the queftion. That the
determination propoled limits the Problem,no body
will difpute: But then, is it not necellary thac
83 this
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this fhould be proved, in Elements of Geometry,
where a reafon for every thing is, or ought to be
given? From this confideration, I cannot intirely
approve of the emendation propofed by this Editor
to Euclid’s 24th Prop. Book I. For, tho® the addi-
tion there made, does indeed reftrain the propofi-
tion to one cafe; yet this ought to have been de-
monftrated, by thewing that the point F (vid.p 29.)
mult in confequence of f{uch reftriction, neceflarily
fall below the line EG; but this is not done.
Many other inftances might be produced to fhew,
that this gentleman, who often appears a little too
hafty and fevere in his cenfures, is not, himfelf,
every where equally guarded. In Prop. I. Book 111,
he bids you to draw a ftraight-line within a circle,
without fpecifying that it muft terminare in the
circumference ; and, what is a grear deal worfe,
he here very improperly ufes the word within ;
when the propofition itfelf is laid down in order to
prove, in the fubfequent one, that fuch line muft
neceflarily fall within the circle. Thefe are, it is
true, but little mateers; but lefs than thefe have
fallen under this gentleman’s notice. At p. 358,
M. Clairaut is glanced at, for an inadvertency of
this fort. And, in the note at the head of p. 415,
it 1s faid, * The words, for a firaight-line cannot
““ meet a firaight-line in more than one point, are left
“* out, asan addition by forne unfkilful hand 5 for
¢ this is to be demonftrated, not afflumed.”” Now
can it pofiibly fhew any want of {kill in an editor,
to refer to an axiom which Euclid himfelf had laid
down (Book I. N°. 14 ) and not to have demon-
itrated, what no man can demonftrate ?

Prob. 16, 17, 18. Book V. Thefe three Pro-
blems, tho’ not fo frequently wanted as fome of
the preceding ones, are neverthelefs of very confi-
derable ufe. The two laft of them are the fame,

in
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in effect, with the 28th and 29th of Eauc/id’s 6th
book ; but are here put down in a manner rather
more commodious.

Axiom, p. 131. This Axiom is [ubftituted in-
{tead of the common definition of equal {folids,
which, I really think, is too bad to be the work
of Euclid. * ltis not a definition, but a propofition,
¢ whofe truth or fallhood ought (as a very judi-
¢« cious writer obferves) to be demonftrated, not
¢« affumed.” Neither is it at all conformable o
Euclid’s manner of writing, where he eftablifhes the
foundation whereon the equality of plane figures is
grounded; which he does, not by means of a de-
finition, but from the application of two of the
moft fimple figures to each other; fo that, from
the coincidence of their bounds, their equality may
appear manifeft. And this method we have pur-
fued in treating of folids; without which a clear
and diftinét idea of their equality can be no more
obtained, than of the equality of plane figures in-
dependent of the 4th Prop. of the firft book, which
is,our 1oth Axiom. I fhould have faid a good
deal more on this head, but 1 find that Profeffor
Simfon has already placed this matter in fo {ftrong
and clear a light, as to render any farther apology,
or comment, unneceflary here. Tho’ I muft con-
fefs, that, had this gentleman’s work come into
my hands * before the elementary part of my own

" had

* This did not happen till the middle of Nowember 1759 5 awhen
being in towwn, in company with my bookfeller, and being preffed by
bim to finifb ; I acquainted him that every thing was addually
ready except the Preface, which awould coff me fome pains, fince it
avould be neceffary to cbviate fome objeciions, particularly with
regard to the reafons for my vejecting Buclid’s definition of equal
Solids, and building upon a different foundation, On awbhich, be im-
wediately let me knaw, that Mr. Rob. Simfon bad already cleared

5:{7 HP
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‘had been intirely printed off, the definition of fi-

milar {olids, which I have given, from Euclid, would
have been delivered under a form fomewhat dif-
ferent. For, tho’ it involves no abfurdity, as it
now ftands, yet there are certain cafes (but fuch in-
deed as do not occur in any Elements of Geometry)
where it will not afford the precife idea it ought
to convey.

Poftulatum, p. 131. * The unfatisfattory and in-
conclufive demonftration given to Exclid’s 2d Prop.,
Book XI. (by Euclid him{elf,or fome lefs fkilful Ed:-
tor) feemed to render fomething of this fort necef-
fary. In thatdemonftration it is taken for granted,
that one part of the triangle, at leaft, muft be in
the fame plane. But it has been very juftly ob-
ferved, that a curve furface may be bounded by
three right lines: Nor does it feem eafy to form a
clear idea, that even a partof any one of the three
lines will be in the {ame plane with one of the
others, unlefs by conceiving a plane to be turned
about upon the ane, till it meets with, or falls
upon fome point in the other. And I have the
fatistaction in this particular, tofee my fentiments
exaCtly agree with thofe of a very good judge,
whole name, I have, more than once, had occafion
to mention in thefe notes. It is true, he makes
that a Theorem, which I lay down as a Poftulate.
But, fince a plane can no more be turned about
upon a line, than a line can be drawn from ene
point to anothcr, it feemed to me, that the one

up that point 5 and expreffed bis furprize that a work of fo much
repute, wherein (be told me) my own name avas more than bnce
mentioned, Pad nof come into my bands. A copy of avbich I re-
ceived from bim the wext morming. In confequence awbereof I
changed my firft defign of awriting a long Preface ; thinking it
awould be better to give awbat I had to offers in notes, after 168
example of this Editer,

was

o
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was as properly a Poftulate, as the other, How-
ever, whether this be, or be not allowed, is imma-
terial, as the degree of evidence is precifely the
{ame. T here is, indeed, ene reafon, why this Theo-
rem, or Poftulate, ought to have preceded that gen-
tleman’s demonftration of Prop. 1. Book XI; Itis
there wanted : For, in the Corollary, on which
that demonftration is made to depend, the lines
AB, BD, BC are fuppofed to be zll in the fame
plane ; which ought by no means to be aflumed in
the firlt of the rith. Euclid’s 1oth Axiom, which
that Corollary is intended to fupply, and by which
the propofition is ufually demonftrated, is not li<
mited by any fuch reftriction,

Theor. 12. Book V1I. This propafition is added
on account of its ufe, being the foundation on
which the whole ar# of per/peffive in a manner de-
pends.

Theor 25. Book V1I. From this Theorem, which
is very extenfive in its application, feveral others
of confiderable note may be deduced: one, or
two of which, for the fake of the learner, I fhall
here derive, and put down by way of example.

Let A, B, C, D denote four lines in continual
proportion.

Then, %A 2 BieaCis D’éit follows ¢ from

fince i g i g: T beor.25.) that

A:B1::CBA:CBD::A:D (& 22:
7.) or that, of four lines in continual proportion,
the cube of the firft is to the cube of the fecond,
as the firft line is to the fourth. £
Again, let, A:a:: B:b::C:c(where A, a3
B, 4; C, ¢, may be {uppofed to reprefent the
homologous fides of two fimilar parallelepipe~
dons).

T hen,

2635



266 |

Notes geometrical and critical,

ikagiar:z Bord

Than, A:a::C:cp italfo follows,
Nt

that A3 : 31 : BCA: bea 5 or, that fimilar pa<
rallelepipedons are to one another, as the cubes of
their homologous fides.—~The proportionality of
fimilar parallelepipedons, defcribed upen propor-
tional lines, is alfo included in the fame Theorem ;
being no other than that cafe of it, where the pro-
pofed ratios are all equal.

~ fince

Theor 5. Book VI1II. The demonftration of this
Theorem might have been delivered under a form
fomewhat different, by affuming two other folids
(without regard to figure) the one lefs, and the
other greater than the propofed parallelepipedon
IP, and proving that cylinder muft, a//o, be greater
than the one, and lefs than the other: which is
done by means of Lem. 1. that is, by taking P,
or P#, fofmall a part of IP, as to be lefs than the
difference between the given parallelepipedon and
either of the faid folids: from whence the de-
monftration will proceed on, in the fame manner
in which we have given it. But, as thefe ad-
ditional confiderations would have increafed the
number of fchemes, and lengthened the procefs,
without adding one jot to the degree of evidence,
it was thought proper, for the fake of the learner,
to omit them, .

Theor. 8. Book VIIL. This Theorem is not fo
ufeful as the Corollaries that follow from it, which
are all of very great importance: In the 3d and
4th of them, the proportion of all kinds of prifms
and pyramids is affigned, without the affiftance
of the ufual demonftrations given for this purpofe ;
which, tho’ fufficiently evident in themfelves, are
often found a little perplexing to learners, on ac-

count
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count of the fchemes, wherein fo great.a num-
ber of lines is neceflary.

Nothing, in the courfe of thefe notes, hasbeen
faid relative to the Theorems on proportions, tho’
fo nice and critical a {ubject, and tho’ the method
I have therein purfued may ftand in need of fome
apology. But, indeed, the whole of what I have
to offer on this head, was too much to be com-
prized in the compafs of one fingle note, and
could not fo properly be delivered in feveral de-
tached ones : For which reafon, I fhall here throw
together all that I have to advance on that fub-
je€t,

2 There are two objettions that may be brought
againft the method in which proportions are treated
of in this work ; the one, grounded on the impol-
fibility of dividing every magnitude into equal
parts; and the other, on the incommen{urabnlicy
of two or more magnitudes of the fame kind,
when compared with each other. The firlt of
thefe objettions appears, to me, to have very little
weight, For, tho’ a magnitude may be fo con-
fticuted, that the divifion of it, into an affigned
number of equal parts cannot be, afually, effected
by any geometrical conftruétion ; yet it is-no lefs
evident, for that reafon, that every fuch magnitude
has really its third, fourth, or other affigned
part, tho’ we are at a lofs how to take it; or, in
other words, it feems very clear to conceive, that
in every propofed magnitude, whatever its figure
may be, a lefs magnitude is contained, which, re-
peated an affigned number of times, fhall be equal
to the magnitude given. If, as the moft ngid
judges allow, every plane figure is equal to fome
fquare, and every folid equal to fome parallelepipe-
don; then the parts of the fquare, or parallelepi-
pedon, which are atually determinable by a geo-
' metrical
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metrical conftruction, will alfo be like parts of the
higure firlt propofed, and fuch as we conceive to
be taken.

The other objection, depending on the incom-

-menfurability of magnitudes, is a matter of real dif-

ficulty ; which we have taken fome pains to ob-
viate, in the Scholia to our 3d and 7th Theorems.
Euclid, himfelf, feems to have been not a little em-
barrafled with 7¢, if we may be allowed to judge
from the different methods he has left usin his 5th
and 7th books; the former whereof, which is
fuited to include the bufinefs of incommenfura-
bles, being nothing near {o eafy and natural as the
latter : It has, it is true, the advantage of being ge-
neral ; but, that the principles whereon it is ground-
ed, are neither fo fimple, nor {o evident as might be
wifhed for, the many difputes about them, fince
Euclid’s time, by Geometers of the firft rank, will
In 2 great meafure evince. And farther, it feems
fufficiently plain, from Euclid’s own authority, that
he himfelf was not intirely pleafed with his own per-
formance on this head; or that he was convinced (at
leaft) that it had not every advantage : For, other-
wife, it will be very difficult to account for his
having demonftrated many things in his 7th book,
by another method, whofe demonftrations had been
actually given before, in the 4th, under a different
form. For thefe reafons, when I fee the extrava-
gant commendations thathave been lavifhed on this
5th book of Euciid, I am no farther convinced by
them, than that great men may fometimes launch
out too far in behalf of opinions which they have
adopted. And I believe that, whoever has read
the notes on the sth book, by that great reftorer
of Euclid, Profeffor Simfon, will be apt to conclude,
that thofe high encomiums are a lictle mifapplied.
Indeed, if all that is advanced in thofe . notes be
allowed of, I think the author of them has proved

toa
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Notes geometrical and critical.,
too much ; and this fuperb fabric of proportions,
reared withfo much art, ftands upon a tottering
foundation. It 1s not by choice that I go out of
my way to play the ¢ritic; but as the writers againft
the vulgar and indiftinét notion of proportions (as
they termit) are very fevere in their cen{ures, and
aflume a great fuperiority,from the boafted aecaracy
of their reafonings, it may be neceffary to thew my
reader, that, tho’ what he is bere raught on propor-
tions, is liable to fome objections, the method
which fome fo greatly prefer, has alfo its difficul-
ties 3 and that there are other objeitions to it belides
its obfcurity.  And this 1 fhall make appear from
this learned Commentator’s own authority and con-
ceflions 3 and in order thereto, fhall firft refer to his
note on Prop. 10. which proceeds thus. ¢ It was
** neceflary to give another demonftration of this
¢ propofition, becaufe that which is in the Grezk,
¢ and Latin, or in other editions, is not legitimate.
“¢ For the words greater, the fame, or equal, leffer,
¢¢ have a quite different meaning when applied to
¢ magnitudes and ratios, as is plain from the sth

“  and 7thdefinitions of Book 5. by help of thefe let |

¢ us examine the demonftration of the 1oth Prop.
¢¢ which proceeds thus, &e.” He then goes on,
in a long note, to fhew the infufficiency of a de-
monltration, which had been received, by all, as
perfectly genuine and fatisfactory; and at laft comes
to this conclufion. *¢ Wherefore the 10oth Propo-
“ fition Is not fufficiently demonftrated. And it
¢ feems, that he who has given the demonftration
< of the 10th Propofition, as we now have it, in=
“¢ ftead of that which Exc/id or Eudoxus had given,
¢ has been deceived in applying what is manifeft,
“ when underftcod of magnitudes, unto ratios,
¢ piz, that a magnitude cannot be both greater
¢ and lefs than another, That thofe things which
¢ are equal to the fame are equal to one another,
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« s a moft evident Axiom when underftood of
‘ magnitudes, yet Fucid does not make ule of it
¢ to infer that thefe ratios which are the fame to
¢ the fame ratio, are the fame to one another;
¢« but explicitly demonitrates this in Prop. 11. of
¢« Book 5. The.demonftration we have given of the
¢¢ joth Prop. is no doubt the fame with that of
¢ Eydoxus or Euclid, as it is immediately and di-
¢ reCly derived from the definition of a greater
¢¢_satio, wiz. 7th.of .5.”

Here the weight of the objection refts on its not
having been proved, that, of three given magni-
tudes A, B, C, the ratio of A to C could not, at
the fame time, be both greater and lefs than that
of Bto C, But, if in the demonftration, here re-

jected as infufficient, there is any real flaw, it is

chargeable on the definition of a greater and lels
ratio, as the reafoning from it, is clear, ftrong, and
perfeétly fcientific. And I would ferioufly afk the
Contemners of the valgar and confufed notion of
propoitions, if a definition, by which it cannot
be known, whether the ratio of the firlt to the fe-
cond of four given magnitudes, may not, at the
{ame time, be both greater and lefs, than that of the
third to the fourth, is really calculated to afford
thofe very accurate ideas they pretended to? This
Commentator has too much penetration not to be
aware of the force of this objection, which he has
attempted to obviate in one particular cafe. But
the new propolition given by him, for that purpole,
ought to have preceded the 10th, and to have been
demonftrated, independent of it. This he alie
feems apprized of, when be fays, that ‘¢ it cannot
¢ be eafilydemonftrated without the zoth, as he that
¢ tries to do it will find.” But, be this as it will,
I am not at all clear that his ¢ demonftration of
*¢ the 10th, is the fame with that of Eudoxus or
““ Buclhid.” Euclid, or (if you pleafe) Endoxus, does

never
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never (that I know of) refer to any definition, till
it has been proved, either by.an actual conftruétion,
or by fome demonltration previous to that in hand,
that fuch definition involves no abfurdity, or con-
ditions that are incompatible one with another. 1f;
therefore, it was conceived poflible, that the def-
nition of a greater and lefs ratio, could involve fo
great an abfurdity, as that, by i¢, the ratio of A ta
C might at the fame time be both greater and lefs
than that of B 1o C; this point, according to the
method prefcribed by Euclid, ought to have been
cleared up, not by means of propofitions derived in
virtue of that very definition, but by others ante-
cedent thereto, and independent thereupon. And,
to me, the 8th Prop. feems the proper place for the
doing of this, where it might be eafily introduced,
either in the Prop. itlelf, or by way of Corollary.
It is there proved, that if, of three magnitudes A,

B, G, thefirlt A is greater than the fecond B, then

certain equimultiplesof A and B maybe taken {uch,
that being compared with fome multiple of C, the
multiple of A fhall be greater, and that of Blefs than
the faid multiple of C, Whence, by the definition of
a greater ratio, the ratio of A to C is greater than
that of B toC, To which might be added—And
becaufe A is greater than B, any multiple whatfo-
ever of A muft be greater than the fame multiple
of B; and, conlequently, no equimultiples what~
foever, of A and B can poffibly be fo taken, that the
multiple of A fhall beequal to,orlefs than fome mul-
tiple of C, and that of B greater than the multiple of
C: for, if the multiple of B be greater than the
multiple of C, the multiple of A, which is greater
than that of B, mult alfo be greater than the mul-
tiple of C. Wherefore the ratio of A to C can-
not (by the definition) be lefs (as well as greater)

than the ratio of B to C.
But, notwith@tanding all that has been proved on
this head, either here, or by that gentleman him-
{elf,
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{elf, the fame objection occurs again in Prop. 137

where it remains in its full force. For, tho’ it be

allowed, that ¢ there are fome equimultiples of C

¢ and E, and fome of D and F fuch, that the

¢ multiple of Cis greater than the multiple of D,
¢ but the multiple of E not greater than the mul-
¢ tiple of F 3 yet it is not demonftrated, nor in
any fort fhewn, that other equimultdiples ot thole
quantities cannot be taken fuch, that the very con-
trary fhall happen.—1f the demonftration of the
1oth Prop. has b&en juftly rejected by this gentle-
man himfelf, as infufficient, becaufe the impoflibili=
ty of a contrary conclufion had not been thewn §
can it be thought that this 13th Propofition is, at
this day, fufficiently demonftrated, where the fame
objection occurs, and that in a much greater lati-
tude ¢ 1 have a much better opinion of this Edi-
tor’s dilcernment, than to imagine, that his pafling
this matter over in filence, prﬂcecded from his not
being aware of the difficulty ; butit feems to me,
that his great diflike to the vulpar idea of propor-
tion (fo often teftified in the courfe of his notes)
would not permit him to borrow any thing froat
thence, however evident, and though this objc::—
tion, that ftrikes deep at the very root of propor-
tions, might by means thereof be very eaﬁiy re-
moved. | fay, the very root of proportions is
deeply {truck at in this objection ; becaufe both
the alternation and equality of ratios (ex equali fc.
dift.) ‘are grounded on the faid 13th Prop. and
which, thtrfmrf, till the objection is removed,

muft be allowed to ftand upon an uncertain foun-
dation,

The principle hinted at above, whereby the di f'-
ficulty might be obviated, 1s, that if a magnitude
of any kind be given, or prupnunded, there may
(or can) be another magnitude of the fame kind
which fhall have to it any ratio affigned. This
aflumprion Mr. Profefflor will by no means admit;af
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(tho’ Euclidhimfelf, in Prop. 2. of his 12th book,has
ufed it); and, in a long note on Prop. 18. is angry
with Clavius for having recourfe to'it; affirming,
«¢ that the demonftration (given by means thereof)
¢ is of no force;” and that ¢ the thing itfelf can-
¢ not (as far as he can difcern) be demonftrated by
<¢ the preceding propolitions, fo far is it from de-
¢ ferving to be reckoned an Axiom, as Clavius.
¢¢ after other Commentators, would have it.” That
the affumption cannot be generally demonftrated
by the preceding propofitions (nor even by all the
propofitions in the Elements) I readily affent to :
but then, becaufe a thing, exceedingly obvious in
its own nature, cannot be demonftrated ; is it there-
fore lefs proper for an axiom? I fhould rather
take the other fide of the queftion, and maintain
that nothing ought to be made an Axiom, which
can be demonftrated. But we are not, it feems,
allowed to have any idea of proportion but what
is contained in the 6th and 8th (or, as this Author
makes them, the 5th and 7th) definitions of Ex=
clid’s 5th Book. ~And, in his note on the new
Prop. marked A, He is again difpleafed with ({a-
wius, for thinking it fufficiently evident, from the
nature of proportionals, that if, of four proportional
magnitudes, the firft antecedent is greater than its
conlequent, the fecond antecedent will allo be
greater than its confequent. ¢ As if there was
*¢ (fays he) any nature of proportionals antecedent
¢ to that which is to be derived and underftood
¢ from the definition of them.”” Now I cannot
help thinking, with Clavius, that there was a na-
ture, or idea of proportion antecedent to that
given in the 6th and 8th definitions of Euclid’s
5th book : For, that mankind, long before the
time of Euclid, had fome way to fhew, or exprefs,
in what degree one magnitude was greater or lefs
than another, cannot be doubted : And this was

L the
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the firft, and natural idea of proportion: And’

1 look upon thofe definitions, as refinements,
only, on the (imple and natural idea, in or-
ber to take in the bufinefs of incommenfurables ;

whereby the original notion is fo much obicured,

that it requires fome fkill, even to fee that it is
at all contained in thefe definitions. 1 intrely agree
with this gentleman, that every demonitration

ought to be ftriétly derived from principles before

eftablithed : But then, whether is it more eligible,
to have recourfe to an Axiom founded (as all other
Axioms are) on the evidence of {enfe and reafon,
or to an obfcure and perplexed definition, which
may, for any thing that has been' proved to the
contrary, involve an abfurdity ¢

That there is fomething very ingenious and fubtle

in the dorine of proportions, as delivered in Ex-
clid’s 5th book, cannot be denied. All that I con-
tend for, is, that the principles on which icis buile
arc obfeure, and not fo firmly eftablifhed, as to au-
thorize its partifans to affume that great fuperiority
they lay claim to, in point of geometrical ftrictnefs,

I have inrimated above, that the principle is re-
jeéted,by which the confiftence of thedefinition of a
oreater and lefs ratio might be eftablifhed, without
muchdifficulty: But [ wouldnotbethoughttomean,
that the fame thing cannot poflibly be effected any
other way, becaufe | am fatisfied that it may be done
from the confideration of multiples alone: But a de-
monfration of this fort is not ealy.—Were [ to treat
of proportions from the plan laid down in the sth
book of Exuclid, 1 would intirely rejeét the 1oth and
13th propofitions,and everythingelfe founded onthe

‘definition of a greater and lefs ratio, as being of no

other ufe in the Elements, than to open the way to
thufr:impor[antThenremsnntheahernatiﬂnandfqua-
lityof ratios; which maybe betterdemonftrated with-
out them, from the definition of equal ratios alones

which,
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which, from the conditions of it, can admit of no

abfurdity, and whofe confiftence is evinced in Prop. :

15. and ftill more clearly in the ficft of the fixth.
In the 14th of the sth, whereon the alternation
of ratios is grounded, it is neceflary to demonttrate,
¢« That if, of four proportional magnitudes, of the
«« fame kind, A, B, C, D, the firft be greater than
¢t the third, the fecond fhall be greater than the
<« fourth ; and if equal, equal 5 and if lefs, leffer.”
Which may be very eafily done, independent both
of the 10oth and 1z2th, in the manner following,
Firft, let A be greater than C,

IA_' B Cl D
i E i 1-F'-| I.G.! LHi

Of A and C (&y Prop. 8.) let fuch equimultiples

be taken, that the multiple of A fhall be greater,

and that‘of C lefs, than fome multiple of B ; let E
and G be any two fuch equimultiples of A and C,
and F the multiple of B; fo that E fhall be greater
than F, and G lefs than F ; and let H be the fame
multiple of D, as F is of B. Therefore, becaufe
E and G are equimultiples of the firft and third,
and F and H alfo equimultiples of the fecond and
fourth ; and feeing that, (4y Hyp.) E is greater than
F; it'is evident, from the definition of equal ra-
tios, that G muft likewife be greater than H:
Therefore much more (hall F (which exceeds G) be
greater than H ; whence alfo B fhall be greater than
D (%y Ax. 4.) Band D being like parts of F and H.

When A is lefs than C, it will be demonftrated
in the fame manner, that B 1s allo lefs than D. But
when A is equal to C, no new demonftration is
deceffary ; fince neither the 1oth nor the i3th have
any thing to do in this cale.

Again, in the 2oth Prop. (in which the roth and’

13th alfo enter) we are to prove, ¢ That if there be
“ three
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¢¢ three magpnitudes (A, B, C) and other three (D,
«¢ K, F) which taken two and two have the fame ra-
“tio{A:B::D:E,B:C::E: F)if thefirlt (A)
¢ be greater than the third (C), the fourth (D) fhall
¢ be greater than the fixth (F); and if equal, equal ;
¢ and if lefs, lefler.” Which may likewife be done,
without the affiltance of either the 1oth or the 13th,
in the fame manner, above fpecified.

For, if A be greater than C ; then of A and C
(%y Prap. 8.)*fuch equimultiples may be taken, that
the multiple of A fhall be greater, and that of C
lefs, than fome multiple of B ; let G and 1 be two
fuch equimul- G ' H 1
tiples qﬂf R s e l :

and C, and let ;._.J_A‘___,, Vb iy A s
H be the mul- '

tiple of B, fo RS RN 1-—]-?-'-—1 i---?—-l
that G fhall be ) (4 T ™
greater than = 1 Tpiabune bt

H, and T lefs

than H ; moreover take L. the fame multiple of
E, as Hisof B; and K and M the fame equimul-
tiplesof D and F, as Gand I areof A and C.
"Therefore, fince of the four proportionals A, B, D,
E, equimultiples G, K of the firft and third, and
equimultiples H, L. of the fecond and fourth, are
here taken, it is manifeft, from the definition of
equal ratios, feeing G is greater than H (dy Hyp.)
that K muft alfo be greater than L. And in the
very fame manner, becaufe B, C, E, F are propor-
tionals, and H is greater than I, L will likewife be
greater than M: Therefore much more fhall K,
which exceeds L, be greater than M. And con-
fequently (&y Ax. 4.) D fhall alfo be greater than F.
—When A is lefs than C, the demonftration is the
fame : The other cafe, when A is equal to C, does
not require, nor indeed admit of any improvement.
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