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XV. On the Determination of the Exterior and Interior Attractions of
Ellipsoids of Variable Densities. By Grorce Greew, Esq.,
Cuaius College.

[Read May 6, 1833.]

THE determination of the attractions of ellipsoids, even on the hypo-
thesis of a uniform density, has, on account of the utility and difficulty
of the problem, engaged the attention of the greatest mathematicians.
Its solution, first attempted by Newton, has been improved by the suc-
cessive labours of Maclaurin, d’Alembert, Lagrange, Legendre, Laplace,
and Ivory. Before presenting a new solution of such a problem, it
will raturally be expected that I should explain in some degree the
nature of the method to be employed for that end, in the following
paper; and this explanation will be the more requisite, because, from
a fear of encroaching too much upon the Society’s time, some very
eomprehensive analytical theorems have been in the first instance given
in all their generality.

It is well known, that when the attracted point p is situated within
the ellipsoid, the solution of the problem is comparatively easy, but
that from a breach of the law of continuity in the values of the
attractions when p passes from the interior of the ellipsoid into the
exterior space, the functions by which these attractions are given in the
former case will not apply to the latter. As however this violation
of the law of continuity may always be avoided by simply adding a
positive quantity, #«* for instance, to that under the radical signs in
the original integrals, it seemed probable that some advantage might
thus be obtained, and the attractions in both cases, deduced from one
common formula which would only require the auxiliary wvariable « to
become evanescent in the final result. The principal advantage how-
ever which arises from the introduction of the new variable w, depends

Vor. V. Parr III. sF
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on the property which a certain function #°* then possesses of satisfy-
ing a partial differential equation, whenever the law of the attraction
is inversely as any power n of the distance. For by a proper applica-
tion of this equation we may avoid all the difficulty usually presented
by the integrations, and at the same time find the required attrac-
tions when the density p' is expressed by the product of two factors,
one of which is a simple algebraic quantity, and the remaining one

any rational and entire function of the rectangular co-ordinates of the
element to which ' belongs.

The original problem being thus brought completely within the pale
of analysis, is no longer confined as it were to the three dimensions of
space. In fact, o’ may represent a function of any number s of in-
dependent variables, each of which may be marked with an accent, in
order to distinguish this first system from another system of s analo-
gous and unaccented variables, to be afterwards noticed, and ¥ may
represent the value of a multiple integral of s dimensions, of which every
element is expre:-,m:d by a fraction having for numerator the continued
product of o' into the elements of all the accented variables, and for
denominator a quantity containing the whole of these, with the um-
accented ones also formed exactly on the model of the corresponding
one in the value of 7 belonging to the original problem. Supposing
now the auxiliary variable # is introduced, and the s integrations are
effected, then will the resulting value of # be a funection of « and of
the s unaccented variable to be determined. But after the introduction

* This function in its original form is given by

¥ — f prde’ dy dz
{(F =2y +(y =)+ (& =2}
where dx'dy dz represents the volume of any element of the attracting bﬂﬂ_',.: of which p
is the density and x, y, z’ are the rectangular co-ordinates; z, y, = being the co-ordinates

of the attracted point p. But when we introduce the auxiliary variable » which is to be
made equal to zero in the final result,

v — pdx r.fal; r:f:

]

(& — 2P+ (f — 9+ (& — 2P + )T

both integrals being supposed to extend over the whole volume of the attraa:tin'éc body.
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of u, the funetion ¥ has the property of satisfying a partial differen-
tial equation of the second order, and by an application of the Cal-
culus of Variations «it will be proved in the sequel that the required
value of F may always be obtained by merely satisfying this equation,
and certain other simple conditions when p’ is equal to the produect
of two:factors, one of which may be any rational and entire function
of the s accented variables, the remaining one being a simple algebraic
funetion whose form continues unchanged, whatever that of the first
factor may be.

The chief object of the present paper is to resolve the problem
in the more extended signification which we have endeavoured to ex-
plain in the preceding paragraph, and, as is by no means unusual, the
simplicity of the conclusions corresponds with the generality of the
method employed in obtaining them. For when we introduce other
variables connected with the original ones by the most simple rela-
tions, the rational and entire factor in p’ still remains rational and
entire of the same degree, and may under its altered form be ex-
paﬁde{l in a series of a ﬁnite.uumher of similar quantities, to each of
which there corresponds a term in ¥V, expressed by the product of two
factors; the first being a rational and entire function of s of the new
variables entering into 7, and the second a function of the remaining
-new variable %, whose differential coefficient is an algebraic quantity.
Moreover the first is immediately deducible from the corresponding
part of p’ without calculation.

The solution of the problem in its extended signification being thus
completed, no difficulties can arise in applying it to particular cases.
We have therefore on the present occasion given two applications
only. In the first, which relates to the attractions of ellipsoids, both
the interior and exterior ones are comprised in a common formula
agreeably to a preceding observation, and the discontinuity before
noticed falls upon one of the independent variables, in functions of
~which both these attractions are expressed; this variable being con-
stantly equal to zero so long as the attracted point p remains within
the ellipsoid, but becoming equal to a determinate function of the co-

3F2
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ordinates of p, when p is situated in the exterior space. Instead too
of seeking directly the value of 7/, all its differentials have first been
deduced, and thence the value of F obtained by integration. This
slight modification has been given to our method, both because it
renders the determination of F in the case considered more easy, and
may likewise be usefully employed in the more general one before
mentioned. The other application is remarkable both on account of
the simplicity of the results to which it leads, and of their analogy
with those obtained by Laplace. (Mée. Cél. Liv. 111. Chap. 2.) In fact,
it would be easy to shew that these last are only particular cases of
the more general ones contained in the article now under notice.

The general solution of the partial differential equation of the second
order, deducible from the seventh and three following articles of this
paper, and in which the principal variable 7~ is a function of s+ 1
independent variables, is capable of being applied with advantage to
various interesting physico-mathematical enquiries. Indeed the law of
the distribution of heat in a body of ellipsoidal figure, and that of the
motion of a non-elastic fluid over a solid obstacle of similar form,
may be thence almost immediately deduced; but the length of our
paper entirely precludes any thing more than an allusion to these ap-
plications on the present occasion.

1. The object of the present paper will be to exhibit certain
general analytical formule, from which may be deduced as a very
particular case the values of the attractions exerted by ellipsoids upon
any exterior or interior point, supposing their densities to be represented
by functions of great generality.

Let us therefore begin with considering p' as a function of the s
independent variables

L

m‘l”- ".'rﬂi'_l I:I’c---o-------x]j
and let us afterwards form the function

g, AR £ R
V= f dsj din A = B MO

{2, =2/ +(@— &Y+ .eeenren + (@, —x,/ Y +u} ?
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the sign [ serving to indicate s integrations relative to the wvariables
el YR #/, and similar to the double and triple ones employed
in the solution of geometrical and mechanical problems. Then it is
easy to perceive that the function ¥ will satisfy the partial differen-
tial equation

vV 4V dV &'V n-sdV

=Em_-:§-+ + -.---l-ii-+ ﬂ+

0 - da s - o dm (2)

seeing that in consequence of the denominator of the expression (1).
every one of its elements satisfies for / to the equation (2).

To give an example of the manner in which the multiple integral
is to be taken, we may conceive it to comprise all the real wvalues
both positive and negative of the variables x/, a/,......x/, which satisfy
the condition

a C-]
4
-+

2

+ + 3:;2«::] (a)
3 "R F paE AEE {t.-l‘g lllllllll

% ]
~l:.""“I
— =+

IL3
|8

=

the symbol £, as is the case also in what follows, not excluding equality.

2. In order to avoid the difficulties usually attendant on integra-
tions like those of the formula (1), it will here be convenient to notice
two or three very simple properties of the function ¥~

In the first place, then, it is clear that the denominator of the
formula (1) may always be expanded in an ascending series of the
entire powers of the increments of the variables z,, ,......2,, u, and
their various products by means of Taylor's Theorem, unless we have
simultaneously

B,=2, Zo=Xireereee..y=% and u=0;
and therefore 7 may always be expanded in a series of like form,
unless the s+ 1 equations immediately preceding are all satisfied for
one at least of the elements of 7. It is thus evident that the func-
tion F possesses the property in question, except only when the two
conditions
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‘1.2 3:-2 ank .I?E
L+ =+ =+ .. +—= 21 and u = 0.........(3)
a, al a a,

are satisfied simultaneously, considering as we shall in what follows

the limits of the multiple integral (1) to be determined by. the con-
dition (a)*.

In like manner it is clear that when

s &
e + '_,E + R e + """E
T a

L]

<ty TR

the expansion of # in powers of « will contain none but the even
powers of this variable.

Again, it is quite evident from the form of the function # that
when any one of the s +1 independent variables therein contained be-
comes nfinite, this function will vanish of itself.

3. The three foregoing properties of 7~ combined with the equa-
tion (2) will furnish some useful results. In fact, let us consider the
quantity

; o [R PN pd PN AV  dP\®

[dz, dz,...de,duw". {(Et_,) + (H) Ry e (d—ml-) + (H’E) } ...... (5)
where the multiple integral comprises all the real values whether posi-
tive or negative of z,, 2,,...... x,, with all the real and positive values

of # which satisfy the condition

* The necessity of this first property does not explicitly appear in what follows, but
it must be understood in order to place the application of the method of integration by
parts, in Nos. 3, 4, and 5, beyond the reach of objection. In fact, when / possesses this
property, the theorems demonstrated in these Nos. are certainly correct: but they are not
necessarily so for every form of the function V, as will be evident from what has been
shewn in the third article of my Essay on the Application of Mathematical Analysis to
the Theories of Electricity and Magnetism.
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B a, and % being positive constant quantities; and such that
we may have generally
a >da,.

In this case the multiple integral (5) will have two extreme limits,
viz. one in which the conditions
.’b‘.’ 522 22 o

_'_+ +l'l-!l-lll-l+_+
ﬂlz I'.If ﬂ!fﬁ Ji?

=1 and = a positive quantity......... (7)

are satisfied; and another defined by

e 2
! - +"“""'+EL2 £1 and u=0.

¥

@’ “‘_:2
Moreover, for greater distinctness, we shall mark the quantities be-
longing to the former with two accents, and those belonging to the

latter with one only.

Let us now suppose that /7" is completely given, and likewise V'
or that portion of 77’ in which the condition (3) is satisfied; then if
we regard V7 or the rest of 7~ as quite arbitrary, and afterwards endea-
vour to make the quantity (5) a minimum, we shall get in the usual
way, by applying the Calculus of Variations,
¥ d'V ﬁ—xrﬂ’}

dzt d u du

e Az, .. de dv e Er{zg-

dvV;
T (8)

seeing that 67" = 0 and J¢F, = 0, because the quantities /7 and V7’
are supposed given.

— [dz, da,...... da,w "V,

The first line of the expression immediately preceding gives generally

d:'f’_l_d V+:-'¢—--5*£”" ()

0 =3+t .
' odx? ol e’ w  du

which is identical with the equation (2) No. 1, and the second line gives

0 =u""’ {IJ (#" being evanescent)......... (9).
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From the nature of the question de minimo just resolved, there can
be little doubt but that the equations (2') and (9) will suffice for the
complete determination of #, where F” and V' are both given. But
as the truth of this will be of consequence in what follows, we will,
before proceeding farther, give a demonstration of it; and the more
willingly because it is simple and very general,

4. Now since in the expression (5) » is always positive, every one
of the elements of this expression will therefore be positive; and as
moreover F" and V' are given, there must necessarily exist a function
¥V, which will render the quantity (5) a proper minimum. But it
follows, from the principles of the Calculus of Variations, that this
function 7, whatever it may be, must moreover satisfy the equations
(2 and (9). If then there exists any other function #, which satisfies
the last-named equations, and the given values of F and #7/, it is easy
to perceive that the function

V=VF,+ AV, - V)

will do so likewise, whatever the value of the arbitrary constant quan-
tity 4 may be. Suppose therefore that 4 originally equal to zero
is augmented successively by the infinitely small increments &4, then
the corresponding increment of 7~ will be

F i S

and the quantity (5) will remain constantly equal to its minimum
value, however great 4 may become, seeing that by what precedes
the variation of this quantity must be equal to zero whatever the
variation of 7~ may be, provided the foregoing conditions are all satis-
fied. 1If then, besides ¥, there exists another function F, satisfying
them all, we might give to the partial differentials of ¥V, any values
however great, by augmenting the quantity 4 sufficiently, and thus
cause the quantity (5) to exceed any finite positive one, contrary to
what has just been proved. Hence no such value as V, exists.

We thus see that when P and V7' are both given, there is one
and only one way of satisfying simultaneously the partial differential
equation (2), and the condition (9).
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5. Again, it is clear that the condition (4) is satisfied for the whole
of 7'; and it has before been observed (No, 2.) that when ¥V is deter-
mined by the formula (1), it may always be expanded in a series of
the form

F=A4d+ Bu + Cu* + &ec.

Hence the right side of the equation (9) is a quantity of the order
#**'; and # being evanescent, this equation will then evidently be
satisfied, provided we suppose, as we shall in what follows, that

n — s + 1 is positive.

If now we could by any means determine the values of /7 and
V. belonging to the expression (1), the value of #~ would be had
without integration by simply satisfying (2') and (9), as is evident from
what precedes. But by supposing all the econstant quantities @, @, a
...... a, and % infinite, it is clear that we shall have

0=V,

and then we have only to find 7, and thence deduce the general
value of V.

6. For this purpose let us consider the quantity

4 T
fdxld.r—p..d.r,dnw*‘{ifyd[’ dV dU dVdU rJVdD}

da, dz, | du, Az, +"'+£?:Ed'—:m+ e i L i )

the limits of the multiple integral being the same as those of the
expression (5), and U being a funection of =z, ,,...... z, and wu, satis-
fying the condition 0 = U" when «a,, a.,...... a, and % are infinite.

But the method of integration by parts reduces the quantity (10) to

!

i B e
— [dz da....... dx, > P A
f w@U d*U n—=3sdU
— [dz,dz,...dz,duw p’{z,+ da:f-l_ P R du}"“"”'(“}

since 0 = F"; and as we have likewise 0 = U”, the same quantity (10)
may also be put under the form
Vor. V. Part IIIL 3G
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dV' " i
— [dz, dxg...,..dm,—du i
# R Oy ol s ﬂ—-—-&'dV}
Jda, da,...de,duw- . U {E. * de: T aw PP ol CLLPUTEED (12).

Supposing therefore that U like F” also satisfies the equation (2'),
each of the expressions (11) and (12) will be reduced to its upper line,
and we shall get by equating these two forms of the same quantity :

B arv’

d fa=j i | : L ¥
Idw]rixg...dx,ﬁﬂ V' = fdmldmg...d:r,-d;;n [ 4

the quantities bearing an accent belonging, as was before explained, to
one of the extreme limits.

Because ¥ satisfies the condition (9), the equation immediately pre-
ceding may be written

()

Jdx, d:m...rf.r,iti W'V = [dx ds,...dz 3

V:I. H:"_l le'-
du

" du

If now we give to the general function U the particular value

U= {(z, — 2" + (2 — "V +...... + (o, = 2"y + u*f"‘_:

which is admissible, since it satisfies for 7~ to the equation (2), and gives
U" = 0, the last formula will become

_ i P N e
j e u
n-1
i BT oy — e + (x, — x) + u}®
il Fu—i P"’
=/ o 2 dn (o) o I
Ha, — 2"y + (2 — &"F + ...... +(x, —2")y+u"}?

in which expression # must be regarded as an evanescent positive
quantity.

In order now to effect the integrations indicated in the second
member of this equation, let us make
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a,—a"=u'p cos 0,3 x,—a,"=upsing, cos,; x;—x;"=upsind, sin b, cos 6;, &c.
until we arrive at the two last, viz.,

11"5._. '—'-li-.:_i == iﬁiP Sin Hj Si“ Hgllltlclmi ----ili--'sill Hj_u c{)s H;—l,

@ — & '=upsing, 8iN6:....cio0000uvee..8IN B, 58N 0,_,;
u' being, as before, a vanishing quantity.
Then by the ordinary formule for the transformation of multiple
integrals we get
Hatdayten dd, =u g Bin 6 B8 0... ...8in 8 _odp dB, d0....d0,_,,

and the second number of the equation (13) by substitution will become

T e AR S U e (R Sl b ¢ B N

fdp de, do;......de,_,p'~"' sin 6, sin 6, ...... sinf,_,. (1 —a)F"
(1 +pﬂ}T

But since ' is evanescent, we shall have p infinite, whenever «,, .,...a,
differ sensibly from =z, 2.",...2,"; and as moreover #—=s+1 is positive,
it is easy to perceive that we may neglect all the parts of the last
integral for which these differences are sensible. Hence #” may be
replaced with the constant value ¥, in which we have generally

OO

Again, because the integrals in (14) ought to be taken from 6,_,=0
to 6,_,=2m, and afterwards from 6,=0 to 6, =, whatever whole number
less than s—1 may be represented by », we easily obtain by means of

the well known function Gamma:

[ein g gn o= tan ... ..q.. sin @,_.do, db,...de,_, =

and as by the aid of the same function we readily get

8\ L (m—s+1
- pdp TG T

" (1 _I_Ps}“Tfl ar (ﬂ;—l) »

3c?2
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the integral (14) will in consequence become

—ﬂ-ni.r(
r(*3)

and thus the equation (13) will take the form

:rz—s-{—l)
2

r
Vs

tf,-rldxu.,.“....d.r,n'“-*f”r‘ —...?rft_r(ﬂ__,il)
i 3 2 o
m=1 2 (L]
% Elf::l:, -y )+ (-2 + .o + (2, —2") + ?a‘!;!} 7 E (n 2 1)
In this equation 7 is supposed to be such a function of z,, a....... 2,

and u, that the equation (2) and condition (9) are both satisfied. More-
over ¥"=0, and ¥V, is the particular value of ¥ for which

R gl S R M and u« = 0.
Let us now make, for abridgment,
Lav
P=uwu i (when #=0).icicenssvinenskh),

and afterwards change « into 2/, and 2" into x in the expression im-
mediately preceding, there will then result

¥ n—8+1
/ da) da/.........dw! P 1 Fanwe ko (1
T A R |

P being what P becomes by changing generally z, into 2, the unit
attached to the foot of P’ indicating, as before, that the multiple
integral comprises only the values admitted by the condition (a), and
V" being what 7 becomes when we make u = 0.

The equation just given supposes #' evanescent; but if we were to
replace #' with the general value #« in the first member, and make a
corresponding change in the second by replacing /7 with the general
value ¥, this equation would still be correct, and we should thus have
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s (—8+1
I de/da;.........dz P/ s '"2’“”: 3 );r (16)
=1 — - e i
o —2)+ (2 =) + ...+ (@ =2 )+t T r (ﬂ ;—IJ

For under the present form both its members evidently satisfy the
equation (2), the condition (9), and give #”= 0. Moreover, when the
condition (3) is satisfied, the same members are equal in consequence
of (15). Hence by what has before been proved (No. 4), they are
necessarily equal in general.

By comparing the equation (16) with the formula (1), it will become
evident, that whenever we can by any means obtain a value of 7~ satis-
fying the foregoing conditions, we shall always be able to assign a value
of p’ which substituted in (1) shall reproduce this value of 7. 1In fact,
by omitting the unit at the foot of P, which only serves to indicate

the limits of the integral, we readily see that the required value of g is
n—1
; Esallr

P = = ‘ T Pil!l!i-llli-!-l LI N !Il'!‘{c}l
9T (ﬂ ;+1)

7. The foregoing results being obtained, it will now be convenient
to introduce other independent variables in the place of the original
ones, such that

m| = ﬂ] EI, mk = EEEE’ lllllllll 1'17.; = ﬂ,s;, W = ku,,
By Be.unss a, being functions of %, one of the new independent variables,
determined by
@’ = a+ 8 a*=a’+hk......... al=a’ + &,

and » a function of the remaining new variables, f,, &, &,......E. satis-
fying the equation

1 =0+ E2+ E} dunrvanee. + £
B e, M iinas a, being the same constant quantities as in the equation
(a), No 1, Moreover, a,, a,,......a, will take the wvalues belonging to
the extreme limit before marked with two accents, by simply assigning
to & an infinite value.
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The easiest way of transforming the equation (2) will be to remark,
that it is the general one which presents itself when we apply the
Calculus of Variations to the quantity (5), in order to render it a
minimum. We have therefore in the first place

() +30 () == (Gag) +{ () - G 38 ) Y3 528)

and by the ordinary formula for the transformation of multiple integrals,

a ﬂg' I'ft"

fE¥ 2
dz, dz,.........dz. dy = = (1 —Z %) dE dE,...dE dh.

w

e rHE
v+ BE O,

ﬂ..'”g' ;
z

r r

But since 1 — =+

the expression (5) after substitution will become

[BE Bhriniris BETB @ Gs BoniisaBRe o e L B
[+ e ) s (A7) + (45 -2 (2 & 55}

Applying now the method of integration by parts to the variation of
this quantity, by reduction, we get for the equivalent of (2) the equation

v av o sy £ dV
:1_T+(n s )I—ﬁﬂl SEN T g + mn=1) 3 G
A AT 7 T i
+I&QEEXEH£{££E h*ZE ar ,_Tr dfdfr‘ ............ [E”:l
o BT £dV
+EEW*—FE—FRE ’dE

where the finite integrals are all supposed taken from » =1 to r = s + 1,
and from =1 to v =5 + 1.

The last equation may be put under the abridged form,

d*V a d¥V
ar + ("~ 2F) i@
provided we have generally

) il T L PR |
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: o e S e T
coefficient of dE? in yV = ~ {1 -E£°=%, " E* + px £,
d*V 2/
coefficient of ———— dfdf n gV =——5s &b
i ill_ e LS
coeflicient ﬂf EE in ?F-ﬂ,} WtE a:’}'
Moreover, when we employ the new variables
dV (7l e RE. dV  dV)
e s N LT Tl — e T
% T (1=25) '{E o dE ~ ak }
and therefore the condition (9) in like manner will become
L ‘E” iy g dF, . dV ,
— g =it ]l =y S el N, Sl W T .
0=+ (1 S . ] {E at dF dﬁ}-.--m--tﬂ),

where the values of the variables f,, E.,......E, must be such as satisfy
the equation +*=0, whatever 2 may be; and as n—-s+1 is positive, it
is clear that this condition will always be satisfied, provided the partial
differentials of 7 relative to the new variables are all finite.

8. Let us now try whether it is possible to satisfy the equation
(2") by means of a function of the form

Pocad it . 2brmcindads. st JBY
H depending on the variable % only, and ¢ being a rational and entire
function of §,, &,...... £ of the degree », and quite independent of 4.

By substituting this value of F7 in (2") and making

d* H ‘o dH .
0="37 4 (n_ < ]Mf SORE . kLB,

we readily get

0 =V — o cevniininnicniiniiiinniia. (18) 5
where, in virtue of (17) « must necessarily be a function of % only;
and as the required value of ¢, if it exist, must be independent of #.
we have, by making 2=0 in the equation immediately preceding,

0 = mr e — Rt s b ntvs it iniivns (19) 3
k, being the value r, and ¢'¢ that of v¢ when /4= 0.
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We shall demonstrate almost immediately that every function ¢ of
the form (20), No. 9, which satisfies the equation (19), and which there-
fore is independent of A, will likewise satisfy the equation (18); and
the corresponding value of « obtained from the latter being substituted
in the ordinary differential equation (17), we shall only have to integrate
this last in order to have a proper value of F.

9. To satisfy the equation (19) let us assume

b= FES &Y EferneeeebD Ers Eup 8iCunenrernsnneeas(B0)3

F' being the characteristic of a rational and entire function of the
degree 2+, and the most general of its kind, and £, §,, &c. designating
the variables in ¢ which are affected with odd exponents only; so that
if their number be » we shall have

T:ETF"'”:

the remaining variables having none but even exponents. Then it is
easy to perceive, that after substitution the second member of the
equation (19) will be precisely of the same form as the assumed wvalue
of ¢, and by equating separately to zero the coefficients of the various
powers and products of £, &,...... £, we shall obtain just the same
number of linear algebraic equations as there are coefficients in ¢, and
consequently be enabled to determine the ratios of these coefficients
together with the constant quantity 4.

In fact, by writing the foregoing value of ¢ under the form
& = Sl L S e Ex L askiaons

and proceeding as above described, the coefficient of £ £ ...... e
will give the general equation

m,(m, -8+ n)
EIIH

r

0 = {5 T R el el

L gy e+ (m+1)

r

s SR 03w i

(m,+2) (m,+1) A

ol 141
2 a.

LIt -'!""'H,-ﬁ-ﬁl""ﬂ‘,!
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the double finite integral comprising all the values of » and #, except
those in which » =/, and consequently containing when completely
expanded s (s—1) terms.

For the terms of the highest degree + and of which the number is

Y+l +2. iy +8=1 v
o, I S ey

the last line of the expression (21) evidently vanishes, and thus we
obtain N distinet linear equations between the coefficients of the degree
v in ¢ and k.

Moreover, from the form of these equations it is evident that we
may obtain by elimination one equation in %, of the degree N, of
which each of the N roots will give a distinet value of the function
¢, having one arbitrary constant for factor; the homogeneous function
¢ being composed of all the terms of the highest degree, + in ¢.
But the coeflicients of ¢ and %, being known, we may thence easily
deduce all the remaining coefficients in ¢, by means of the formula (21).

Now, since the N linear equations have no terms except those of
which the coefficients of ¢ are factors, it follows that if £, were taken
at will, the resulting values of all these coeflicients would be equal to
zero. If however we obtain the values of N —1 of the coefficients
in terms of the remaining one 4 from N -1 of the equations, by the
ordinary formule, and substitute these in the remaining equation, we
shall get a result of the form

K.d=0,
where K is a function of %, of the degree N. We shall thus have
only two cases to consider: First, that in which 4 =0, and consequently
also all the other coefficients of ¢ together with the remaining ones
in ¢, as will be evident from the formule (21). Hence, in this case

¢ =10:
Secondly, that in which %4 is one of the N roots of 0=K, as for
instance, &, in this case all the coefficients of ¢ will become multiples
of A4, and we shall have
Vor. V. Parr III. s H
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¢ = A ¢1 :
¢, being a determinate function of £, &.,......E.
We thus see that when we consider functions of the form (20)
only, the most general solution that the equation

0=v¢ -k ¢.........(19)

admits is

or, ¢ =0; or, = ag;
« being a quantity independent of &, &, ......£. and ¢ any function
which satisfies for ¢ to the equation (19). But by affecting both sides
of the equation
0=vVe¢-k'¢
with the symbol ¢, we get
0=9.V¢-4&.V;
and we shall afterwards prove the operations indicated by v and ¢’
to be such, that whatever ¢ may be,

vV ¢ =VVe
Hence, the last equation becomes
V(Ve) -k VP
and as v¢ like ¢ is of the form (20), it follows from what has just

heen shewn, that
either 0=v¢, or, Vo = agp,

« being a quantity independent Of Fis Cxavednss B
The first is inadmissible, since it would give ¢ = 0: therefore when

¢ satisfies (19", we have
?'ﬁj:ﬂl}b- i.e. 0 =v¢ — a.
But since « is independent of &, &,......5, this last equation is

evidently identical with (18), since the equation (18) merely requires that
« should be independent of &, &,......E.
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Having thus proved that every function of the form (20) which
satisfies (19) will likewise satisfy (18), it will be more simple to deter-
mine the remaining coeflicients of ¢ from those of ¢ by means of
the last equation, than to employ the formula (21) for that purpose.

Making therefore % infinite in (18), and writing ::'T; in the place

of x, we get
d: @
0=3+, (1—£2 f;’ E(EE}E,E..dEr-(?EF—’-’#E‘“E {7 s

A -1 T ; .
where (£E) comprises the %——} combinations which can be formed of
the s indices taken in pairs.

If now we substitute the value of ¢ before given (20", and recol-
lect that for the terms of the highest degree we have Zm,=~, we shall

readily get
0=(y—-2m,) (y+Zm,+n-1) 4, , mgr = m, H(+2) (m,+1}zi‘,1t, s e el 2BY,

from which all the remaining coefficients in ¢ will readily be deduced,
when those of the part ¢ are known.

10. It now remains, as was before observed, to integrate the ordi-
nary differential equation (17) No. 8. But, by the known theory of
linear equations, the integration of (17) will always become more simple
when we have a particular value satisfying it, and fortunately in the
present case such a value may always be obtained from ¢ by simply

changing £, into —% _ . In fact if we represent the value thus ob-

V@)
tained by H, we shall have
a5 . Emdq} h
dk = ' dE .4/ (Eay’
“and by a second differentiation
d* H, =E£_3_¢_> a’ .:F-;; Rt d*p I3

et e o el TR e e e e e
SHZ2
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2 2 s.8-1 o By e
(£%) as before comprising all the — combinations of the s indices

A2
taken in pairs.

Hence, the quantity on the right side of the equation (17). when
we make H = H, becomes

<dp a’ A M
23 /Gy T2 arza P
e ek B satdeR g
+ SR T, dE, dE. " aa-Sdr ™ L”_E ,"’)lﬂff.'a. Vv (Eah) oo KB

But if we recollect that we have generally

£=—
" W (Ea)
it is easy to perceive that in consequence of the equation (18) the
quantity (23) will vanish, and therefore the foregoing value of H,
will always satisfy the equation (17).

..(24),

Having thus a particular value of H, we immediately get the
general one by assuming

H = H, [zdh.
In fact, there thence results

-rdh
H = K H, Jan @y sy Ogues.nilly

the two arbitrary constants which the general integral ought to con-
tain being K, and that which enters implicitly into the indefinite in-
tegral. But the condition 0 = V" requires that H should vanish when
ke is infinite, and consequently the particular wvalue adapted to the
present investigation is

e~ dh
Hu = K Hf -Hﬂl a;, ﬂf .,.-.-f}--‘

11. The values of ¢ and H being known, we may readily find
the corresponding values of ¥ and p. For we have immediately
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V=H¢=Ko¢H, [ ESEely of e (26).

i’ H’r;‘zalj. ﬂ‘::_....”,ﬂ'.

and as the function ¢ is rational and entire, and the partial differen-
tial of P relative to % is finite, it follows that all the partial differ-
entials of V are finite; and consequently, by what precedes (No. 7.)
the condition (9) is satisfied by the foregoing value of 7., as well as
the equation (2) and condition 0 = F”. Hence the equations () and
(¢) No. 6 will give, since

dr:.._u(l _E_li-ilfilr':_!-i-)- .{Ef"&‘f' dV rf;*’}.
" i,

idn e

and & must be supposed equal to zero in these equations

T |
! = - (-2 ) SiisE Fa""[”: (where £ = 0):
P 1 n—a8+1 v . _.I"Fj':l' ...... ; e o =10):
21 (25)

since where & =0, a, = «,; and therefore,

e Rl
I - llﬂ_l ;E._,;_ =1 — lf"'"f,‘ = v.

If now we substitute for ¥ its value (26), and recollect that #—s+1 is
always positive, we get

I [n— 1)
~ | .
e B = e B L 3 o
3 'Eqrir (H‘3+1) ’ A ! P P \27),
2

since it is clear from the form of H, that this quantity may always
be expanded in a series of the entire powers of 4. In the preceding
expression, (27), H. indicates the value of H, when %, =0, and ¢’
the corresponding value of ¢ or that which would be obtained by
simply changing the unaccented letter £, &.,......& into the accented
ones &/, £,......E/ deduced from

P L}

() x, = ”!PEJF; x, =a/t/; x =a'k.
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It will now be easy to obtain the value of ¥ corresponding to

without integrating the formula (1) No 1, where F is the character-
istic of any rational and entire function. In fact it is easy to see from
what precedes (No. 9), that we may always expand F' in a finite series
of the form

Flaf, & ...oow) = bl + bigpt' + bup + bupt + &e.

after x/, 2/, &c. have been replaced with their values (). Hence, we
immediately get
r}* = gt {E‘ﬂiﬁ'ﬂr + bl¢]. + bg';bﬂp e &E.;..”..{EQ).

By comparing the formulae (26) and (27) it is clear that any term,
as b.¢, for instance, of the series entering into p', will have for cor-
responding term in the required value of V. the quantity

2‘” T (J;—.!‘.'+1)

E —
. (=1 i =
r (%)
H, being a particular value of H satisfying the equation (17), and
immediately deducible from ¢ by the method before explained.

12. All that now remains, is to demonstrate that
VV¢p=vV¢....(31),

whatever ¢ may be. For this purpose let us here resume the value
of A¢, as immediately deduced from the equation (2") No. 7, viz.

Ap=(1- Ee]z‘f¢+(a n— 1}z‘fd¢'

A E «dE
o S e
+EE_HE?"IE? :’J-EE dedE,
Edo < Ed
+ 2k — ksl - }'Td% ...... (32),
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where for simplicity the indices at the foot of the letters £ and « have
been omitted, and their accents transferred to the letters themselves.
Moreover all the finite integrals are supposed taken from 1 to s+1.

By making 2 =0 in the last expression we immediately get v'g.
and if for a moment, to prevent ambiguity, we write b, in the place
of the original ¢, and omit the lower indices as before, we obtain

vafp__:{l_ﬁgejz%.{u{#—ﬁ lﬁlE f? . (33);

where to avoid all risk of confusion » has been changed into #*, and
the double accent of this index transferred to the letters & and ¥
themselves.

We will now conceive the expression (32) to be written in the
abridged form

Ve =vi¢ + &i?'ﬂ{}ﬁ = k?f;sf?} 1 ﬁ*i‘-—':qb = -&!Va'ﬁ‘q
the order of the terms remaining unchanged.

If then we recollect that the accents have no other office to per-
form than to keep the various finite integrations quite distinct, and
consequently that in the final results they may be permuted in any
way at will, we shall readily get

VVigp— ViV =

1\ Ed*g I d* op o e N ol
[l_s'g}{atEEL e a'b‘”)df*df’m +23 Byl —23px>

= e |
INENRIRPE Y dapy, o5 10 pr ey }
+2(s—n ”{1?“&&"‘“; Lk

VVip— V2VP=

ko oy d'¢p 1 d*q
) {mﬂ,w "APAE o 2B EME.__ }

E E d¢ d* ¢
42-—— EE e EE E
+ x pry d‘fdf’”m + x..‘i x FdE
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LB Sl £ 1 d'¢
+g('-‘ "H_”{ q-'r.i" l;ﬁ??:um _mezﬂgfﬁ.‘_?""}

VsV - Vs =

g Ed'g gyt }

\1 lE}{ 4-25{{?“;2&,2‘{5‘:{_": (12) 22”4'!‘?. dE
N JE R

= llﬂ"ﬁ""'ffffffrg (4 _Eh o E'r PAE 5

VVip — V=

9{14352}1‘.%’— A EEF}:EHE'P

Y dE g DdE s
ViV = U Vs =
i 1 1 dig 1 £ d* o
= {l"\}?}l_ @b ‘-"’EE (18) S EFHE_&KE*{’J?[LN

all the finite integrals being taken from » =1 to » = + 1, and from
=1 fto r=¢4+1.

In order to obtain the required value
VVp—VV ¢,
it is clear that we shall only have to add the first of the five preceding
quantities to the sum of the four following ones multiplied by 4%, and

to render this more easy, we have appended to each of the terms in the
preceding quantities a number inclosed in a small parenthesis.

Now since the accents may be permuted at will, and we have like-
wise a =& + I, it is easy to see that the terms marked (1), (6) and
(12) mutually destroy each other. In like manner, (2), (3), (7) and
(18) mutually destroy each other; the same may evidently be said of
(13) and (16), of (15) and (17), of (9) and (19), and of (8) and (14).
Moreover the four quantities (4), (5), (10) and (11) will do so likewise,
and consequently, we have

TVP -9V =0.

Hence the truth of the equation (31) is manifest.
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Application of the preceding General Theory to the Determination of the
Attractions of Ellipsoids.

13. Suppose it is required to determine the attractions exerted by
an ellipsoid whose semi-axes are «', ¥, ¢ whether the attracted point
p is situated within the ellipsoid or not, the law of the attraction being
inversely as the »"™ power of the distance. Then it is well known
that the required attractions may always be deduced from the funection

pda dy dx _
{le—2Y+@—y)+ G-y} 7

¢ being the density of the element da'dy dx' of the ellipsoid, and
x, y, = being the rectangular co-ordinates of p.

V=

i s

We may avoid the breach of the law of continuity which takes
place in the value of 7, when the point p passes from the interior of
the ellipsoid into the exterior space, by adding the positive quantity
#* to that inclosed in the braces, and may afterwards suppose u eva-
nescent in the final result. Let us therefore now consider the funetion,
Jde dy d¥

V=

-
n=11

{(@-a)+@=y)+GE=—o +u} T

this triple integral like the preceding including all the values of 2/, ¥/, ¥,
admitted by the condition

mrn: g zrg
F+%’:’§+F£la

If now we suppose the density p' is of the form

& e AR Lk
o = [1 - 55— g—_, R ) N T

which will simplify f (2, ¥, ) when p’' is constant and #'= 2, and then
compare this value with the one immediately deducible from the general
expression (28) by supposing for a moment #'=u, viz.
. a y'# el :_;_l gl
p=(1-5 - % - ) * F(@.9.5),
VYor. V. Parr IIL 31
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we see that the function f will always be two degrees higher than I
But since our formule become more complicated in proportion as the
degree of F' is higher, it will be simpler to determine the differentials
of ¥, because for these differentials the degree of F and f is the same.
Let us therefore make

L od¥ . g ple=aVda dy & =

1-an dx {{x_lrﬂ:.'.a+{y_y'}i_i_{:_z'}!..'..u#}% :

.r'l

then this quantity naturally divides itself into two parts, such that
A=zxd + A",
where A' = + [- p Uity Sues Ak
2y +(y—y) + =)} T

x'p de’ dy dy

and A4"= -f - —
o=V +(y-y)Y+=-2)V+u'} T

By comparing these with the general formula (1), it is clear that
n—1=n"+1, and consequently » = 2"+ 2. In this way the expression
(28) gives

N A =")—
F=(l-F-F-a) F&)

which coincides with (34) by supposing F'= f.

The simplest case of the present theory is where f(a, ¥, ¥)=1, and
then by No 11, we have ¢,/=1 and & =1, when 4’ is the quantity
required, and as the general series (29), No 11, then reduces itself to
its first term, we immediately obtain from the formula (30), the value
of A" following,

(n
2mil | = e
e J) a'b‘c'fk fm..,........,......{35},
fu u

because in the present case H,=1, s = 3, and » = n" + 2.

Again, the same general theory being applied to the value of A"
given above, we get '
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F@,y, )=-2f,y, ¥)=—2" (when f=1),

and henece by No 11, F(z,y,%)=—da¥F. In this way the series (29)
again reduces itself to a single term, in which

¢ =¥, and b= —d,
and the particular value H, corresponding thereto, by omitting the super-

fluous constant

— ff‘+lf#'3+c'*} will be (No 10),

H, = a.

These substituted in the general formula (30) as before, immediately give

AmiL (%) aﬁﬁ.ﬂ,fnffa"”’ff&

A:+r(n_'+l) : o abe ’

and consequently by reduction since af = z,

ee (1)

¥ L Ll L ﬁ':t‘"’d'k
A=zA + A" = - I-‘—-W alce -*{;_l'lsbt'_ e )
(=

The value of 4 just given belongs to the density

values (,)
i)
e i W R T
B_l—-w’ﬁw_l,(n+l) e -{,Tx.&?
2
g'ﬂ'ir(i;) — !
el e E="dl
- = abczj; abf‘i‘
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If now we suppose moreover
L. d¥ f p da' dy d¥
e T :
He—aP+y-y) +(E-&y+at} >
the method before explained (No 11), will immediately give
eri T (2)

SR h-"dh
D=_m+_1)ﬂbcuj;gﬂﬁc
9

and therefore if for abridgment we make

ar®)

e

n+]F

D_

]

M=(n-=
M= (n'-1) 13’+1_) ;
2
the total differential of 7~ may be written
k -» riﬁs -~ dh “*dh ht- “‘d.&
(-'*F—'_.[}I{E’ﬂd J( +gyﬁryj;m + 2= oz j .5'5 -4 2 ﬂ!ﬂf },

which being integrated in the usual way by first supposing % constant,
and then completing the integral with a function of A to be after-

wards determined by making every thing in F variable, we get

e-""dh “dh o -l dh hy R dh e
-{; a'be +Y j abe T JL abce’ - abe } g

V=M { a

£ being a quantity absolutely constant, which is equal to zero when
#' >1. What has just been advanced will be quite clear if we recollect
that £ may be regarded as a function of x, . » and #, determined by
the equation

r;: y‘i’ z‘!
iy S Oy oy

seeing that @ =a*+ %, I*=0" + I°, and ¢* = ¢ + #".

I = —‘...,f +lj+§ + v .{3?};

After what precedes, it seems needless to enter into an examination
of the values of F belonging to other values of the density p', since
it must be clear that the general method is equally applicable when
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: .T;E ?m z“z n-2 1N il
P=@-F—%—ﬁ*1m%ﬂ;

where f is the characteristic of any rational and entire function.

The quantity 4 before determined when we make # =0, serves to
express the attraction in the direction of the co-ordinate a of an ellipsoid
on any point p, situated at will either within or without it. But by
making « =0 in (37) we have

& 7 z' o*
= pr gy = + ﬁ'*{,&z + Py o + 3 oo
and it is thence easy to perceive that when p is within the ellipsoid.
A must constantly remain equal to zero, and the equation (38) will always

1

Nt Ay

; ; : ok O
be satisfied by the indeterminate positive quantity et When on the

contrary p is exterior to it, £ can no longer remain equal to zero, but
must be such a function of x, y, 2, as will satisfy the equation (38), of
which the last term now evidently vanishes in consequence of the
numerator ¢°. Thus the forms of the quantities 4, B, C, D and ¥V
all remain unchanged, and the discontinuity in each of them falls upon
the quantity Z.

To compare the value of 4 here found with that obtained by the
ordinary methods, we shall simply have to make »' = 2 in the expression

3'\.

(86), recollecting that I'(1) =1, and T ( } =1+/=. In this way

2
S ek e [ 20
A=—drdlbca LE"E =—drabidz ./;r.e"ﬂr:

==

= + 4a'd'c'x f da

E’.ﬂ » b S . =
L5 J: /(@ — a® + b°) (@ — a” + )
But the last quantity may easily be put under the form of a definite

da

—— = 47
a’be

integral, by writing E in the place of @ under the sign of integration,
and again inverting the limits. Thus there will result
dral e o vidv

A= f
K o fo ot ey 2
NA1+£E{ﬁHT+iﬁiﬁ
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which agrees with the ordinary forinula, since the mass of the ellipsoid

dxal'e - 2
- and & = a® + I~

15

Examination of a particular Case of the General Theory exposed in the
Jormer Part of this Paper.

14. There is a particular case of the general theory first considered,
which merits notice, in consequence of the simplicity of the results to
which it leads. The case in question is that where we have generally
whatever » may be

Then the equation (19) which serves to determine ¢, becomes by
supposing &, = k.a”

J.'
0 = (1 =3NS+ ;,;' + (s—n-1) SHE Tgl ~

If now we employ a transformation similar to that used in obtaining
the formula (14), No 6, by making
E=pcosh, F,=psiné, cos b, £ = p sin 8, sin 6, cos 6,, &e.
and then conceive the equation (89) deduced from the condition that

must be a minimum (vide No 8), we shall h.'u'e
dE, dE....... dE, = p'~' 5in 8, sin 8y~"......51n 6,_, dp d0, d....... de
"_*"E.’)“
o (48] - (48] + 2%
VO P VR — R
and 1 — S§:=1—p.

Proceeding now in the manner before explained, (No 8), we obtain
for the equivalent of (39) by reduction

d* e cos 8, d¢
rf“q;b+ s—1—np' riqb E,ti_li‘,”+{s_r"l}sinﬂ', de,

0=+ _ 2 ! IE I
dp* "~ p(1-p%) ° +p’ ' sin@7?sing’......sin &, _, l—F"'p (40)

I——

e

.
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But this equation may be satisfied by a funetion of the form
¢ = P0,0;64....x.00,_, ;

P being a function of p only, and afterwards generally ©, a function
of 8, only. In fact, if we substitute this value of ¢ in (40), and then
divide the result by ¢, it is clear that it will be satisfied by the system

_d'—'f-},_L S
GEag s S
d-rH_;_‘ﬁ mﬁ E_:_j IIHJ_* .h;_]
— + 1, — —T= T — 1, I — - 1
e, . de,_, sin 8, _, O,_.do,_. 5 sin &, _. . (A0
dze_;_3 + EI E'-DS H;_ﬁ : d{a,_;, + ‘;.l.g.g = 11_3
Q, . deP,_, sin @,_, ©, .df,_,  siné,_,
&e. &c. &e. &c.

combined with the following equation,
'F i—1—np dP X, ke
e Shn E el Bl T E e E R, [ 1A
Pdp* % p(l=p%) " Pdp X pF L=p Vi (42)

where £, A, Ao, s, &e. are constant quantities.

In order to resolve the system (41), let us here consider the general
type of the equations therein contained, viz.

dEH‘_T E'GS 85—!’ fEB,\,—:' ( lh":i‘--l'l-l I
a s — i) B0

2= de®,_, r=1} sin 0,_," d#,_, sin €7, _,
Now if we reflect on the nature of the results obtained in a preceding
part of this paper, it will not be difficult to see that ©,_, is of the form
0., = (sinb,_.Yp = (1 —p?)ip;
where p is a rational and entire funetion of u = cos#,._,. and / a whole

number.

By substituting this value in the general type and making
11—.“-1 - - i"ii + r — E}---u-..............;J{-LB':I
we readily obtain

NCx o "
0=(1-w) gt - @i+nuZl — i +ii+r-1}p.
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To satisfy this equation, let us assume
p= = Ame-i-w+

Then by substituting in the above and equating separately the coefficients
of the various powers of u, we have in the first place from the highest

Micr = — €(E4+7—1) crnreroncenensend(dd),

and afterwards generally
e—i—2f.e—1—2¢—1

din = = o et

A .

But the equation (43) may evidently be made to coincide with (44), by
writing i for ¢, and ¢V for e, since then both will be comprised in

.ﬁi.,:-'r-l-'|I —li— ) {ilr}-l'?-_E} ii--i-r----rii-r--ili!'l"-{‘}l{i}l

Hence we readily get for the general solution of the system (41),

{r)

Qs —pf}:T [M:E””_im £ {g1r+!]_fir]%.{;'{rq-l‘r_u_f[ﬂ_,_ 1} fren_n
2 x 2tV 4+r—-3
fglr+l) __ g} e+l __ R __ ] greld _ L (] fr+1) __ Jr) -8 (re1)_dr)
Ar ¥ ¥ ¥ | oo

2.4 x {28 +r—8} {28 +r - 5}

where » = cos#é,_,, and " represents any positive integer whatever, pro-
vided /" is never greater than & V.

Though we have thus the solution of every equation in the system
(41), yet that of the first may be obtained under a simpler form by
writing therein for A,_, its value —i®" deduced from (45). We shall
then immediately perceive that it is satisfied by

HI = Sin {Eﬁ}ﬂi-l}'
-1 cos

In consequence of the formula (45), the equation (42) becomes

d*P s—1—np* dP {i‘"(i“’-r-a—ﬂ} k }
{!=——:,—+—2"."-—— T — P,

dp* ~ p(l—p) dp p g
which is satisfied by making k= —X, - (i + 2w) (i" + 2w + n—1), and

o

T
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2wx 21" +20+s-2 ,

T P
P=p"1p 2x 2" +4wtn—23 P

Qw.20—2x 2"+ 2w+5-2.2" + 20 +5—4 ,
2.4x2"tdw+n—3.2i+4otn—-5 I

where w represents any whole positive number.

&}

Having thus determined all the factors of ¢, it now only remains
to deduce the corresponding value of H. But H, the particular value
satisfying the differential equation in H, will be had from ¢ by simply
making therein

a,

E e = i
T NZaY T ane’

since in the present case we have generally a’'=d«'.

Hence, it is clear that the proper values of 8, 8, 6,, &c. to be here
employed are all constant, and consequently the factor

entering into ¢ is likewise constant. Negleéting therefore this factor
as superfluous, we get for the particular value of H,

H::I=P!_;

- i 3{2 T
since p'=EA+E 4 oo + B = 28 = 2

. ; . @
and P, represents what P becomes when p is changed into 7

[

Substituting this value of H, in the equation (25), No 10, there
results since & = a”® + ¥°

T et L L ORI N

a mPﬂ_ﬂ (ﬂ” + ,"_g]-a

K being an arbitrary constant quantity.

Thus the complete value of ¥ for the particular case considered in
the present number is
Vor. V. Parr IIL 3K
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V= Poo et kP | oaal) N e

W m-filttif&_+ k:}
a’

and the equation (27), No 11, will give for the corresponding value of p',

-1
= F-(‘“Er') A=g=1 lz' e -
= F'e,/6y...... Boreee...(48)

r T

4 2mil (“"”‘1)( D Pa
2

where P/, 6/, ., &ec. are the values which the functions P, 6,, 6., &c.

take when we change the unaccented variables £, £,,...... £ into the cor-

responding accented ones E/, E/,...... S, and

_..,_ﬂ_'¥+l 'u_#+3- e e e, ] +ﬂm_l
n4+2i+2w—1.24+2i+20+1....cc.... .2 +2i+40—8°

P =

or the value of P when p=1; where as well as in what follows ¢
is written in the place of .

The differential equation which serves to determine H when we
introduce @ instead of % as independent variable, may in the present
case be written under the form

d*H d H
da ada
+ i(i+s-Da" - (i+20) (142w +n-1)a'} H,

0 = a' (& —a”) + @ {na—(s—1). a”}

and the particular integral here required is that which vanishes when
% is infinite. Moreover it is easy to prove, by expanding in series, that
this particular integral is :
F—l=-n=3w

H = FdA*.a" [@¥*Vda(@—a) * ;
provided we make the variable » to which a* refers, vanish after all
the operations have been effected.

But the constant &' may be determined by comparing the coefficient
of the highest power of @ in the expansion of the last formula with
the like coefficient in that of the expression (46), and thus we have

n+2+2w-1.n+2:4+2w+1..cco.. B+2i4+40—3
TR B D 2w 3

¥ = Kai+%(=1)
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Hence we readily get for the equivalent of (47),

: W : ¥ e o
P Poo. .. Bk w+ 2 4 2uw—1 L?E-!_-_%L-E-?m _. 1 RLTRITRE LS. 2__{;&-4-_«; 3
SR T | 2w

E=1—ii=20

veeeee X K= (= 1@ Av e [daa' % (@ —a®) *
=

In certain cases the value of # just obtained will be found more

convenient than the foregoing one (47). Suppose for instance we repre-
sent the value of /~ when =0, or a=a by ¥, Then we shall hence

get
] - ] T T A 1 ey
e 0, TRt e l'ﬂ;iHﬁ_g“’Jﬂ”ﬁw n+2i+4w—3

F—1-A-0w

x Ka®+t*=(—1) . A=a® fdaa' " {a*—a®) * ......(3),

which in consequence of the well known formula

r-pr (25 =3
[fada(a' —d*) = —a'""" x £

= 1+ m
]"|
2 (57)

by reduction becomes

r (1 +.s‘—ﬂ") r (-*!‘f“ﬂ.!‘-i-;l‘_:,.u— 1)

) o
£+E£+2w)

= Ka'>......[49);
oI (w+ 1)T (_‘_g_“'

E}.= e PBIF}Q......H‘_| b

since in the formula (é), » ought to be made equal to zero at the end
of the process.

By conceiving the auxiliary variable # to wvanish, it will become clear
from what has been advanced in the preceding number, that the values
of the function F~ within circular planes and spheres, are only particular
cases of the more general one, (49), which answer to s=2 and s=3
respectively. We have thus by combining the expressions (48) and
(49). the means of determining #/. when the density p’ is given, and
vice versa; and the present method of resolving these problems seems
more simple if possible than that contained in the articles (4) and (5)

of my former paper.
GEORGE GREEN.

3K2
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